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If velocities u and v add up to give w. The three velocities form a triangle. The same
velocities, but in the opposite direction, −v and −u should add up to give −w. Isotropy
of space requires that the reversal of direction should reverse the order of addition — −v
should come before −u. Lorentz Einstein addition does not fulfill this requirement and
Wigner rotation in invoked to correct it. Reciprocal symmetric transformation, we are
proposing, maintains the isotropy of space and Wigner rotation is not needed.
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1 Introduction
Einstein’s law of composition of velocities (1.1) «is neither commutative nor associative» [1].

v ⊕ u =
v + u/λv + {1− 1/λv}

u.v

v2
v

1 + u ∙ v/c2
(1.1)

γv =
1

√
1− (v/c)2

. (1.2)

Non-associativity leads to ambiguity [2]. The sum of the 3 velocities below can be u′′ or ü

u′′ = u⊕ (v ⊕w) 6= (u⊕ v)⊕w = ü . (1.3)

To achieve an agreement between u′′ and ü one includes a Wigner-Thomas [3] rotation to u′′

or ü. Ungar has given [1] a set of prescriptions to rotate. The ambiguity persists because
one has to decide arbitrarily whether to rotate u′′ to agree with ü or vice versa. To have
a unique relative velocity, u′′ or ü and w′ or −w we have to choose a (preferred) frame of
reference. Oziewicz wrote, «We must violate the Relativity Principle in order to have the
unique Einstein’s relative velocity» [4].

Figure 1. Figure 2. Figure 3.

Another implication of the non-associativity is Mocanu paradox [5], w′ 6=−w, the inequality
below: w′ and −w from Fig. 3 and Fig. 1 above

w′ = (−u)⊕ (−v) 6= − (v ⊕ u) = −w (1.4)
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«There have been attempts [6] to explain the non-associativity, and also Mocanu paradox, as
the Thomas rotation. ... We consider this attempt not satisfactory. ... Dirac in 1928 explained
. . . the correct spin levels in terms of the Clifford algebra and the Dirac equation, without
invoking the Thomas rotation. The Dirac equation conceptually ought to be understood in
terms of the Clifford algebra alone. No longer did anyone need Thomas’s precession except for
the non-associative ⊕-addition of velocities» [4].
Ahmad has proposed a Clifford algebraic [7, 6.8] reciprocal symmetric transformation

wQ = v ⊕Q u =
v + u+ iv × u/c
1+ v ∙ u/c2

(1.5)

which is associative [2] and resolves [7] Mocanu paradox (1.4).

2 Anisotropy and Geometric Properties of Einstein’s Law of Addition
Every one of u, v and w can be written (in 3 different ways) as the sum of 2 other velocities
as in velocity triangle Fig. 1

(i) w = v ⊕ u,

(ii) u = (−v)⊕w,

(iii) v = w ⊕ (−u)

(2.1)

Every one of u, v and w can be written (in 3 different ways) as the sum of 2 other velocities
as in velocity triangle Fig. 1

(i) −w = (−u)⊕ (−v),

(ii)− u = (−w)⊕ v

(iii) − v = u⊕ (−w)

(2.2)

Isotropy requires that all the six expressions be equivalent (consistent). We shall study this
consistency below. We shall use (1.1) to calculate w ∙ u from (i) of (2.1) and from (i) of (2.2)
and compare them.
From Fig. 1 using (1.1) we get

w = v ⊕ u =
v + u/λv + {1− 1/λv}

u.v

v2
v

1 + u ∙ v/c2
(2.3)

Taking its dot product with v

w ∙ v =
v2 + u ∙ v/λv + {1− 1/λv}

u.v

v2
v2

1 + u ∙ v/c2
=
v2 + u ∙ v
1 + u ∙ v/c2

(2.4)

Again from Fig. 2 using (1.1) we get

−w = (−u)⊕ (−v) = −
u+ v/λu + {1− 1/λu}

u.v

u2
u

1 + u ∙ v/c2
(2.5)

Or

w =
u+ v/λu + {1− 1/λu}

u.v

u2
u

1 + u ∙ v/c2
(2.6)
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Taking its dot product with v

w ∙ v =
u ∙ v + v2/λu + {1− 1/λu}

(u.v)2

u2

1 + u ∙ v/c2
(2.7)

(2.4) and (2.7) give different results except when u and v are collinear.
Now we shall calculate w ∙u using (2.3) and compare with (2.7) for the case |u|= |v|.

Isotropy requires that for this case |w ∙ v|= |w ∙ u|. We shall study this below. Taking the dot
product of (2.3) we get

w ∙ u =
v ∙ u+ u2/λv + {1− 1/λv}

(u.v)2

v2

1 + u ∙ v/c2
(2.8)

Using |u|= |v|, (2.4) gives

w ∙ v =
u2 + u ∙ v
1 + u ∙ v/c2

(2.9)

Again (2.8) and (2.9) give different results except when u and v are collinear. In particular,
if u, and v are mutually orthogonal so that u ∙v=0, (2.8) and (2.9) give, contrary to our
requirement, the inconsistent result |w ∙v| 6= |w ∙u|

w ∙ u = u2/λv and w ∙ v = u2. (2.10)

We conclude, therefore, that Einstein’s law (1.1) describes an anisotropic and inhomogeneous
geometry.

3 Thomas Precession and General Validity
When applying (1.1) in situations involving electrons, it might be possible to get reasonable
results invoking Thomas precession [1], but then, the validity of Einstein’s law (1.1) will be
limited to such cases and Special Relativity loses its general validity. We need a law of addition
which represents a mathematically valid isotropic geometry. Quaternionic reciprocal symmetric
transformation (1.5) fulfills our requirements.

4 Quaternionic Transformation and Isotropic Geometry
Following the triangles in Fig. 1 and Fig. 2, quaternionic transformation (1.5) gives the same
relation (1.5). Therefore, corresponding to (2.4) and (2.7) we get the same relation in this case,
and there is no inconsistency.

5 Conclusion
Einstein’s law of addition of velocities does not represent the geometry of an isotropic space.
In recognition of this lack of mathematical validity, the is sometimes called Einstein’s law of
«composition» [8] [instead of «addition»] of velocities.
In the application of the law in situations involving electrons Thomas precession provides

a correction, but Dirac theory puts the validity of this correction in doubt. Quaternionic
transformation gives a law of addition of velocities fulfilling Einstein’s requirements and pro-
vides a mathematically valid representation of the geometry of an isotropic space; and Thomas
precession correction is not needed.
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6 Appendix
We write using (1.2)

û± = γu{σ0c± (σxux + σyuy + σzuz)} (6.1)

And require

û+û− =
1

1− (u/c)2
{c2 − u2x − u

2
y − u

2
z} = c

2 (6.2)

Consistency between (6.1) and (6.2) will be guaranteed if [9]

σiσj + σjσi = 0 for i 6= j (6.3)

σiσ0 = σ0σi (6.4)

σ2i = 1 and σ20 = 1 . (6.5)

To complete we also define [10]
σxσy = iσz.εxyz (6.6)

Now we can form the product

û+ (v̂−/c) = γuγv{σ0c+ (σxux + σyuy + σzuz)} ∙ {σ0c− (σxvx + σyvy + σzvz)} (6.7)

Using (6.3) – (6.6) we get

û+(v̂−/c) = (γuγv/c). (c
2 − u ∙ v + c.σ ∙ (u− v)− iσ ∙ (u× v))

= γy

{

c+ σ ∙
(u− v)− i (u× v) /c

1− u ∙ v/c2

}

= yy {c+ σ ∙ y}
(6.8)

Where
γy = γu.γv.

(
1− (u ∙ v) /c2

)
. (6.9)

The σ’s permit [11] the following matrix representations

σ0 =

(
1 0
0 1

)

, σx =

(
0 1
1 0

)

, σy =

(
0 −i
i 0

)

and σz =

(
1 0
0 −1

)

. (6.10)
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ЗАКОНА СЛОЖЕНИЯ СКОРОСТЕЙ И ЕГО
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Если сложить скорости u и v – получим скорость w. Те же скорости, но с
противоположным знаком: −u и −v должны дать −w. Изотропия пространства
требует, чтобы инверсия направления приводила к изменению порядка сложения:
−v должно идти перед −u. Лоренцево сложение не удовлетворяет этому требованию
и вводится вращение Вигнера, чтобы его скорректировать. Предлагаемое нами
взаимно-симметричное преобразование сохраняет изотропию пространства, и
вращение Вигнера не требуется.

Ключевые слова: закон Эйнштейна, сложение скоростей, ассоциативность,
неассоциативность, вращение Вигнера-Томаса, прецессия Томаса, матрицы Паули,
кватернионы Паули, кватернионное сложение, геометрия, изотропный.


