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In this paper we describe the groups of local transformations of coordinates which preserve
unchanged on tangent bundles the two and three dimensional Berwald-Modér metrics.
Some algebraic properties of these groups are studied. Finally, we suggest the possible
structure of these transformations in the general n-dimensional case.
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1 Introduction

The geometrical Berwald-Moor structure |4, 10| was intensively investigated by P.K. Ra-
shevski [14] and further physically substantiated and developed by G.S. Asanov [1], D.G. Pavlov
and G.I. Garas’ko [5,12,13]. These physical studies emphasize the importance of the Finsler ge-
ometry characterized by the total equality in rights of all non-isotropic directions in the theory
of space-time structure, gravitation and electromagnetism. For this a reason, one underlines
the important role played by the Berwald-Moér metric

F,:TM" — R, F.(y) = Vy'?..y", n>2,

whose Finslerian geometry is studied on tangent bundles by M. Matsumoto and H. Shimada [§|,
and, in a jet geometrical approach, by V. Balan and M. Neagu [3]. From a physical point of
view, an Einstein relativistic law says that the form of all physical laws must be the same in any
inertial reference frame (local chart of coordinates). For such a reason, we study in this paper
the geometrical transformations which keep unchanged the Berwald-Modér metrics of order two
and three. Notice that the geometrical translation of the previous Einstein’s physical law is
that any geometrical object used in theory must have the same local form in any local chart of
coordinates.

In this perspective, let us remind that (z,y) = (z%,y") are the coordinates of the tangent
bundle TM™ (associated to an n-dimensional real manifold M™), which transform by the rules
(the Einstein convention of summation is assumed everywhere):

,oT

where 4, = 1,n and rank (07°/9z7) = n.

2 The invariance group of the Berwald-Moér metric of order two

Let us consider the Berwald-Moér metric of order two on the tangent vector bundle TM?2,

which is expressed by
B(y) =Vy'y?,  y'y* >0 (2.1)

We recall that the general transformations of coordinates on the tangent bundle T'M? are given
by

P=dlahe?), P =),
~1 1,,1 1,2 2 2,1 2,2 (2'2)
Yy 2619 "‘82 y Y 2619 "‘82 )
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where 9} := 07’ /07, ¥ i, j = 1,2. Consequently, the Berwald-Modr metric of order two (2.1)
has a global geometrical character if the equality Fy(y) = F3(y) is true. This means that for
any y' and y? we must have

T2 = yty? = 0t0? () + 0502 (v2)° + (802 + 930%) vy,

Proposition 2.1. The local transformations of coordinates that preserve invariant the
Berwald-Modor metric of order two (2.1) are given by the affine transformations

7Ea,b,0):<§;):<1?a8)(z;>+<i> (2.3)
S(A,B,C)5(§):(§1?A><i;)+(g>, (2.4)

where a,b,c, A, B,C € R, with a # 0 and A # 0.

and

Proof. The local transformations of coordinates which invariate the Berwald-Modér metric of
order two (2.1) verify the following first order PDE system:

919% = 0
9362 = 0
D12 + L% = 1.

Case 1. If we consider that 97 = 0, then we deduce that #' = Z'(z?) and 7% = Z*(z?).

Moreover, the following equality is true:

1
ol = — =aeR"
2 8%

It follows that _
' =ax®+b

ﬁa,b,c) : 1
72 =zl +oc
a

where b, c € R.
Case 2. By analogy, if we consider that we have 0} # 0, then we find

7' =Az' + B
SaBc: 1
7% = ZZQ + C,

where A,B,C e Rand A#0. =

Remark 2.2. The affine transformations Sa g ¢ include all translations of the plane R?, which
are defined by Sy 444, The plane rotations from the set of the affine transformations (2.3) and
(2.4) are only the following rotations:

10 -1 0
RO_(O 1)’ Rl_(o —1)'
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Corollary 2.3. The set of the local transformations of coordinates (which are given by Top..
and Sapc), that invariates the Berwald-Modor metric of order two (2.1), has an algebraic
structure of non-commutative group with respect to the operation of composition of functions.

Proof. By direct computations, we observe that we have the following relations:

Tiabe) © Tiar v ) = S(aja’ p+ac e+ fa)
T(abe) © Sa,8,0) = T(a/Ab+aCrctB/a)>
S4,8,0) © T(ape) = T(Aa,Ab+B,c/A+C)5
Sa,B,0) © S(ar,B,01) = S(AA", B+ AB! ,C+C'/A)-
The neutral element of this group is S1,0,0). Moreover, we have

—1 -1
(abe) = Na—ac,—bja),  S(apc) = S1/A,-B/A-AC)-

u
Using the form of the affine transformations (2.3) and (2.4), let us introduce the following

sets of matrices:
wy=da=( 0 ¢ c R*
L ~\1/a 0 “

efon (3 0 )aer)

where we have H; N H, = (). In this context, we can prove the following algebraic results of
characterization:

and

Proposition 2.4. A matriz M € Ms(R) belongs to the set Hy if and only if it verifies the
following conditions:

(1) m~ = 9m;
(2) det M = —1;

(3) MT = B - 9M-E, whereE:<(1) (1))

Proof. It is easy to see that any matrix T €, verifies the relations (1), (2) and (3). Conversely,
let us consider a matrix

a b
M = ( e d ) eM(R)
which verifies the relations (1), (2) and (3). It follows that we obtain

ad — bc = —1, a=—d
a=d, bc =1.

Solving this system, we find what we were looking for. m

Proposition 2.5. A matriz X € M>(R) belongs to the set Hy if and only if it verifies the
following conditions:

(1) X7 = x;
(2) det X = 1;
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(3) X '=E-XE.
Proof. It is easy to see that any matrix & €H, verifies the relations (1), (2) and (3). Conversely,

let us consider a matrix N
B
X = ( C D)EMQ(R)

which verifies the relations (1), (2) and (3). It follows that we obtain
B=C, AD-BC=1
B=-C, AD=1.

Solving this system, we get B=C =0and AD=1. =

3 The invariance group of the Berwald-Mooér metric of order three

Let us consider the Berwald-Moér metric of order three on the tangent vector bundle T'M3,

which is expressed by
F3(y) = Vy'y*y®. (3.1)

The general transformations of coordinates on T'M3 are given by

=22t 22 2%), 72 =2%(at, 2% 23), 2 =723(2t, 2% 2d),

y' = 01y' + 03y* + 039°,
y? = 0ty' + 03y* + 05y°,
v = 0y + 95y + 05y,

(3.2)

where 0} := 0% /027, ¥ i,j = 1,3.
It follows that the Berwald-Modr metric of order three (3.1) has a global geometrical char-
acter if the equality F3(y) = F3(y) is true. This means that for any y', ¥* and y* we must

have
~1~2~3

TTY =y’ =
= (010303 + 010305 + 0,0705 + 0,030 + 030705 + 030507 y'y*y°+
+OLR0? (y1)” + 030203 (v°)” + 010203 (v°)° +
+ (010303 + 010303 + 030320%) ()" P+
010705 + 010507 + 9;0797) (v')" v’ +
050507 + 0,0705 + 0,0305) (v°)" y'+
030303 + 030303 + D3 0303) (v*)" '+
030307 + 0103203 + 010202) ()" '+
+ (950593 + 030503 + 939503) (v°)" v,

Inspired by the form of the affine transformations (2.3) and (2.4), we will use the following
matrix notations for three dimensional affine maps:

+ 2

2\ 2

3

/N N N N

+
+
+

N a ! N !
X=AX+B, AeMR), B=|b |, X=| 22|, Xx=| 2°
x3 3

In this context, we can give the following geometrical result:
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Proposition 3.1. The local transformations of coordinates that preserve invariant the
Berwald-Modr metric of order three (3.1) are given by the following affine transformations:

Tlovsasbupaps) - X = AX + By, (3.3)
Stasasbste) | X = AsX + Ba, (3.4)
R(as,anbrbube) - X = AsX + Bs, (3.5)
Maraspiopiip + X = AsX + By, (3.6)
Nasaro s raps) X == AsX + Bs, (3.7)
Olarsarzbropirpis) - X = AsX + By, (3.8)

where 0 #a; € R, Vi=1,12, b; € R, V j = 1,18, and we have

0 ay 0 0 as 0
I K P B
0 0 0 0
a10s a30y
0 0 as 0 0 ay
y e I S U Y R
0 0 0 O
asQag arasg
ag 0 0 a1 0 0
A5: 0 410 (1) ; AGZ 0 (i) 1z )
0 0 0 0
ag9Q1o a11ai2
b3r—2
B,«: b3r_1 ,VT’:LG
b37"

Proof. The local transformations of coordinates which invariate the Berwald-Moér metric of
order three (3.1) verify the following first order PDE system:

¢

01928% = 0 (
019283 = 0 (
019283 = 0 (
010203 + 91020% + 0120 = 0 (
010203 + 91020% + D120 = 0 (V)
010203 + 910203 + 910208 = 0 (
010203 + 910203 + 01208 = 0 (
010203 + 910203 + 01208 = 0 (
010203 + 910203 + OL208 = 0 (
L0203 + OL0203 + 010203 + L2} + OLORO3 + DRO2P = 1. (
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It follows that we have the situations:

;

\

ol — 0,
92 — 0,
9 =0,

0:=0
I7: {830

af%”:o
3=
I7: {83:
agzo
al=0
I7: {83:0
95=0

For more convenience, let us rewrite the above relations as follows:

\

=0, 9 =0 (1)
ol =0, =0 2)
% =0, 3=0 (5)
=0, =0 (6)
% =0, =0 (7)
% =0, =0 (8)
% =0, &=0. ©)
Consequently, we have the following nine cases!:
Case (i):
) 03=0—05=0—03=0 +/
05 =0, (V): 93=0, (vn):{géjg:g%ig B/
2 1
(1), (11) : 2 #0010
o3 —0, (v): A0 {ETES
3} =0—83=0—92=0 /.
The sets of the corresponding solutions are given by
0} =0} = 03 = 3 = 0} = 0} = 0
7 =7Y(2%), 32 = 2(2)), P = P (a?)
N=0=01=0=08=0=0
7 = 7(2), P = P(a2), 7 = P(a)).
Case (ii):
p X 97=0—93=0—33=0 /
05 =0, (IV): B [82=0—-03=0 t
5= 0 V) Qo e (S 2000870 ¢
, =0—-03=0—-03=0 /
03 =0, (IV): 93=0 {00700
1=0, (VI) 3_ 1__
(2), (I1T1) - 1 {3ﬁ )
9;=0, (V):{aleo—ms::? v
0} =0, (1v): qo=o. vin{ G700
50, (V1) {8%:0%332):0 v

07=0—9}=0 #.

n this proof, the symbols y/ and # show the acceptable and non-acceptable solutions of our PDE system.
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(D = =R =R == =0
7 =71(2?), 72 = (21), 7 = B(2?)
) - S S gy )
7 =7(a?), 72 = B(2), B = P(2?)
D —O =R == =3 =0

= 7(2%), 7 = P2(2)), 7 = P (2?).

Case (iii):
) B [02=0—03=0 /
ol =0, (IV): 4 %0 (V”'{%:Ma%:o f
a§:0a8§=033§ =0 3\/
B JO7=0—05=0 +/
03=0, (V)'{aiil_()_)g%:i—o f
05=0—05=0
(3), (I11): 33 =0, (1V): 3 ap=o, i A0A0
61: 82:
93=0, <vn>:{a§:8:a;g:8 ﬁ¢
; 0}=0—0?=0—-02=0 +/
03 =0, (IV) : Q o ). [0h=0—03=0 v/
K )+ o2—0, (VI)-{8§:(H,9§:0 J.
(0l =03=03=03=0}=0;=0
T = T(a?), P = P(2)), 7 = P(aP)
01 =0} = 07 = 0 = 0§ = 0 = 0
7t =1(2%), 7 = 7%(2?), 7% = 7°(2)
=0 =R =05=0=0=0
| 7 = #1(22), 3 = P(?), = P(a)).
Case (iv):

( 02=0—03=0—33=0 +/

03 =0, (IV): 02=0-83=0 /
3 ’ . 3_ 02 3
H=0, (VI)'{83:0—>B§=0 Vv
) 07 =0—03=0—03=0 +/
05 =0,(IV): 1=0—-03=0
3 ’ . 3_ 1o 2
=0, (VI)‘{BS:Oaagzo v
02=0—-03=0 f
03=0—82=0 /
01=0—-03=0 ¢
93=0—0=0 /
01 =0—03=0 4
3 _ . 1 2
\ 01=0, (VI)'{8§:O—>831,:0 V-

(4), (I11) :
a1 =0, (VII):{

83 =0,(IV) : { a2=0, (v>;{

(O = O =0 = 0B = 0% = 0 = 0
=7 (2)), 72 = B(2?), 7 = 73(2?)
Dh=0b =02 =02 =00 =8 =0
7= 7l(21), 3 = B2(2%), 7° = (22
=0t =02 =B =08 = =0

| 7 =F(@?), 2 = P2, = Pa)).
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Case (v):
) 3%:0%8320—)85’:0 v
B 1_ 3
% =0, (V): { oo van {0700 ¥
®), (111) o i B0
o =0, (v): | =0 V(g N
B} =0—0}=0—03=0 /.
=0 =R =08=0=0=0
T =7(2?), 7 = P(2%), P = P(z))
=0l =R=0R=0==0
7' =734 (21), 7 = 32(2%),7° = 3 (2?).
Case (vi):
2 3_
( al=0, <w>:{§§;8:§g;8 3/
1_ 3
o R e
1_ 2,
op=0. v { G070 Y
(6)7 (III) . 1_ : 8%:0—@;‘;’:0\/
6 0; =0, (VI)-{ai’):O_)an:O i
83:0_”9%:0—}6%:0 \/
1_ 2 __
y ot=0, v {B000
| 8320—)8%:0_>831,:0 V-
(9} =0l = =0} =05=0
1 m1(361),552 _ ifz(xQ) 3 =23 (2?)
Ol =) = F = O =3 = 0 = 0
at =7'(a%),7° =2°(2?), 7’ = P(a)
=0=0t=0=0=0=0
| 7' =7 (a?), 7 = P (), 7 = P(a).
Case (vii):

( . [02=0—03=0 +/
05 =0, (IV): 01=0, WI)'{@é:o-w%:o v
03=0—0?—-02=0 +/

02=0—093=0 /

03=0—0?=0 ¢
1_ 3 _

(7), (IT1) : $ 88 =0, (1V): { =0, v 207080 ¢,
1_ 2 __

og=0, {0

5 01 =0—02=0—02=0 +/

05 =0, (IV): 81 =0-82=0 ¢

3 ’ 2__ 1% 2
n=0, (VI)'{8§:0—>611:0 i

al=0, (VII):{

\

(03 =03 =0?=02=0} =03 =0
Tt =7 (2h), 7% = 223(23), 7 = T3(2?)
0y =03=01=05=0,=03=0
7' =7 (2h), 7 = 723(2?), 7% = 73(2?)
Oh=0y=02=03=08=0:=0

L 2t =2Y(2?), 7% = 22(2h), 2% = 23(2?).
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Case (viii):

02=0—-093=0 {
1_ . 1 2
91=0, (VI)'{ag’lO—)(?%:iO 4
05=0—05=0 +/
2 _, . 2 3
n=0, (VII)'{6§:0—>611:0 i
07 =0—03=0 +/
3 . 1
=0, (V)'{ﬁf:O—n’)ll:O i
03=0—03=0 +/
1_ . 2 3
91=0, (VI)'{(ag:oHa;:o Vv
93=0—0{=0—03=0 +/
03=0—02=0 /

1_ .
%1=0, (VI)'{8%:0—>8%:0 ¢
07=0—03=0—03=0 /.

03 =0, (IV)

02 =0, (IV)

03 =0, (IV)

(8), (I11) : E

\

(D=l === =0 =0
T =7 (a2), 3 = (), P = P ()
Ol =0l === =0=0
T =7 (a%), B = P(), P = P(a?)
D=0l = =B == =0

[ # = (@), = B("), 7 = P(a?)

Case (ix):
01 =0—03=0—02=0 +/

- i 2_
| (93 = Oa (V) 8%=0, (VU){%;S:Z?;S 5/
(9), (I11) : 0;=0-01=0 |
=0, (v): |40 G0 |
3 ’ ) ) /

07=0—03=0—04=0 /.

0l =0i=02=02=03=03=0

F = 7(22), B2 = P(2)), 7 = P(?)

0y =03=0=02=0}=03=0

=7 (2t), 7% = 73(2?), 7 = 3(2®).
Finally, by eliminating the repetitive situations and replacing them into relation (X), we
obtain the following sets of solutions:
(' = a2 + by
22 = ayz! + by

1

53 = .Tg + b3
\ a1Qa9

T(a1,a2,b1.62,b5) - — X =AX+B,

( 51 = CL3.172 + b4

Slas,as,b4,bs,be) :

R(as,ae,bmbs,bg) :
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1

T = a7x3 + b10

72 2 b ~
M(a7,as,b10,b11,b12) : v agf + 1 @ X - A4X +B4,

aras

7=

.Tl + b12

%l = agxl + b13

~2 2 ~
T° = ajpx° +5b
'/\/-(‘1970410,17137171471)15) : 10 1 — X = ASX + BE);

- 1
1,'3 = .133 + b15
Q9a10
51 = CL11$1 + b16
~2 3 ~
) 7% = apx® + biy _
O(a11,a12,b16,b177bls) . 1 — X = AgX + Be.
/.’53 = !132 + b18
11012

Remark 3.2. The affine transformations N(ag,a10,b15,014,015) include all translations of the space
R3, by putting N(11,200,20)- LThe spatial rotations from the set of the above affine transforma-
tions are only the following rotations:

100 1 0 0 ~10 0
Ro=|010])|, Rie={0 -1 0|, Ro:=| 0 1 0 |,
00 1 0 0 -1 0 0 —1
-1 0 0 010 0 1 0
Ry=| 0 =1 0], Re=l 00 1], Rs:=| 0 0 —1],
0 0 1 100 ~10 0

0 -1 0 0 -1 0 0 0 1
Re=| 0 0 1|, Ree=[0 0 -1 ], Rsg:=| -1 0 0],
~1 0 0 1 0 0 0 -1 0
001 0 0 -1 0 0 -1
Ro=|100]|,Ro=[1 0 0 |, Ru:=|-10 0
010 0 -1 0 0 1 0

There are some results for the Berwald-Moo6r metric of order three, which are similar with
those from the case of second order:

Corollary 3.3. The set of the local transformations of coordinates that invariates the Berwald-
Modr metric of order three (3.1) has an algebraic structure of non-commutative group with
respect to the operation of composition of functions.

Proof. The axioms of algebraic group are proved by direct computations. For instance, we
give one of them (the other ones can be similarly obtained):

bl .
abai,aza],a1bh+b1,a2b] +ba, al?c’lz +b3>

o,z i 29) © T(a a 1,,01) = O(
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In this group, the neutral element is O ,1,0,0,0). At the same time, we have

_1 .
(a1,a2,b1,b2,b3) — 7-( 11 by =Py
-1

=R —by —b
(a37a47b47b57b6) (a3a4,%,7b6a3a4,a—34,a—45)’

-1

- é; —b, —b
(a5,a6ab7»b87b9) (i,asag,a—:,—bgtga@, 57> )

o M
(a7,as8,b10,b11,b12) (a7a87i’_b12a708, 21, a;0)7
N N
(a9,a10,b13,b14,b15) (55,708,204 pisagan)’
(o o
O f— —b b .
(a11,a12,b16,b17,b18) (%7“11“127?1167—1)180'11G127 a1127>

m
We put the matrices mentioned in (3.3) — (3.8) into the following sets:

Qg 0 0
V) = 0 aq 0 ) ag,ap € R* 3
0 O L
agaig
0 as 0
Vo = 0 0 a4 as,ay € R* 3,
(SRR
0 0 as
Vg{(&@ 0 0)a5,a6€R*},
0 L 0
as5a6
0 0 ar
W, = 0 ag O a7,ag € R* 3
(SRR A
0 aq 0
Wy = aa 0 0 ai,as € R* 3,
(L)
aii 0 0
Wy = 0 (1) a2 a11,Q12 € R*
0

ai11a12

Notice that the intersection of each two sets from the above sets of matrices is the empty set.
In this context, we can show that the following result of characterization holds good:

Proposition 3.4. For a matriz X € M3(R) the following statements are true:
(1) X € V1 if and only if

(a) det X = 1;

(b) The vectors e; = (1,0,0), e2 = (0,1,0), es = (0,0,1) are eigenvectors of the matric
X.
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0 01
(2) X €Vyifand only if X - By € Vi, where By = | 1 0
010
010
(3) X € Vs if and only if X - E5 € Vi, where E = | 0 0 1
1 00
0 01
(4) X e Wy if and only if X - E5 € V;, where E35=| 0 1 0
1 00
010
(5) X eWsy if and only if X - E4 € V1, where E;,= | 1 0 0
0 01
1 00
(6) X € Wy if and only if X - Es € Vi, where Es = 0 0 1
010

Proof. In order to prove the statement (1), note that any matrix X € V; verifies the relations
(a) and (b). Conversely, let us consider an arbitrary matrix

a b c
X=|d e f
g h k

which verifies relations (a) and (b). Let us suppose that A;, Ay and A3 are the corresponding
eigenvalues of the eigenvectors e, ez, and es. In this case, we have X - e; = \je;. It follows
that a = A1, d =0, g = 0. By analogy, we have b=0,e=Xo, h=0and ¢c=0, f =0, k = 3.
Now, the condition det X = 1 implies Ay A2 3 = 1. This completes the proof of the statement
(1).

The proof of the other statements can be similarly done. m

4 Conclusions and work in progress

The affine transformations obtained in the study of invariance of the Berwald-Modr metric in
two and three dimensions suggest that there exist some similar results for an arbitrary Berwald-
Moor metric of order n. It is our work in progress to study and prove that the matrices of order
n (corresponding to the affine maps which invariate the n-dimensional Berwald-Modr metric)
are exactly the matrices A,, where o is a permutation of the set {1,2,...,n}, having as non-zero
entries only the entries ai,(1), @20(2); ---» Ano(n), verifying the equality

A1o(1) * G20(2) * -+ * no(n) = L.
It follows that we have det A, = ¢ (o) = £1. Obviously, the number of such kind of matrices
is equal to n!, that is exactly the number of all permutations of order n. For example, in the
case of the Berwald-Modr metric of order four, we must have 4! = 24 matrices corresponding
to the affine transformations of invariance of the Berwald-Moo6r metric of order four. These
must be

ay 0 0 0 0 0 Qg7 0
0 ay O 0 0 0 0 oaes
Al = 0 0 as 0 y e A23 = 0 agg O 0 )
1 1
0 0 0 0O 0 O

a1G203 6768069
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Qg 0 0 0 0 0 0 aro
0 as 0 0 0 0 arnn O
Ay=1 0 0 0 ag |, Au= 0 azs, 0 0
1 1
0 O 0 — 0 0 0
40506 A70A710a72

Finally, we would like to underline that a rigourously mathematical study of the above possible
algebraic-geometrical results related to the invariance group of the Berwald-Modr metric of
order n > 4 represents the aim of a subsequent research paper which is already in our attention.
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NMHBAPNAHTHBIE I'PVYIIIIBI METPUKU
BEPBAJIB/IA-MOOPA BTOPOI'O I TPETBHEI'O ITIOPAJIKA
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B sroit pabore MbI OIUCHLIBAEM I'PYIIILI JIOKAJIBHBIX TPe0OpPa30BaHmMil KOOPAMHAT, KOTOPHIE
COXPaHSIOT HEM3MEHHOW Ha KacaTe/JbHBIX PACC/IOEHUSIX JIBYX- U TPEXMEPHBIE METPHUKH
Bepsanbmaa-Moopa. zydenbr HeKOTOpbIE ajaredpanmtdeckne CBOMCTBa 9TUX rpymm. Takxke
[IPEJJIOYKEHa BOBMOXKHASA CTPYKTYpa 3TUX IPeodpa30BaHUii B 0OIIEM N-MEPHOM CJIydae..

KuroueBbie ciioBa: KacaTesbHOe pacciaoenme, MeTpuka Bepsanabna-Moopa nopsiaka gsa
U TPHU, HHBAPUAHTHBIE IPYIIIbI JTOKAJBHBIX TPEOOPa30BAHUIA.



