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In the work [4, 14] we have studied a generalized Finsler space (GFy) (with non-symmetric
basic tensor) and have obtained four curvature tensors by using four kinds derivatives in
the sense of Rund’s §-differentiation.

In the present work we study Bianchi type identities, related to mentioned curvature
tensors in GF , generalizing the known Bianchi identity from the usual Finsler space.
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1 Introduction

The Finsler space and it’s generalizations were investigated by many authors, for example:
I. Comi¢ [1], L. Xin and C. Zhe [3], A. Moér [5, 6], S. I. Vacaru [9], M. I. Wanas [10], 1.
Yoshihoro, L. II-Yong, and P. Hong-Suh [12] N. L. Youssef and Amr M. Sid- Ahmed [13] and
many others. Some of them found very appropriate applications of this theory in physics. A
lot of investigations are concerned with spaces which are not torsion free.

The generalized Finsler space (GFy) is a differentiable manifold with non-symmetric basic
tensor

N .1 -N)

Gl ) = gy, ),

where
gij(7, %) # gji(z, %), (9= det(gy;) #0, & = dx/dt). (1.1)

Based on (1.1), one can defined the symmetric and anti-symmetric part of g;;

1 1
9ij = §(Qz‘j+9ﬁ), 9ij = 5(91‘]‘ — gji), (1.2)
where are 801 (2,4
. 10*F?(x,1) Yij \T, T
a) gij (z,2) = 3 0iioi b) ok 0. (1.3)

The function F(z, ) is a metric function in GFy, having the properties known from the theory
of usual Finsler space (Fy) (see e.g. [8]), the following conditions are valid:
1. F(z,) is continuously differentiable at least four times in its 2N arguments.

2. F(z,z) > 0 providing all dz* are not 0.

3. F(z,z) is positively homogeneous of the 1°* degree in &, i.e. F(z, k&) =kF(z,z), k> 0.

!The authors gratefully acknowledge for support from the research projects 144032 of the Serbian Ministry
of Science.
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O?F*(z,z)
0zt 0z

The lowering and the raising of indices one defines by the tensors g;; and h¥ respectively,

4. £'¢9 > 0 for any given Z, and > (£9)? > 0, £ € R.

where h¥ is defined as following

gy W =6f, (g = det(gy) #0). (1.4)
We can define generalized Cristoffel symbols of the 15t and the 2"? kind:
1
Vijk = §(gji,k — Gikit+Gikj) F Vikjs (1.5)
i L i
k= PPy = §hp(gjp,k — GjkptIpkj) F Vi (1.6)
where, e.g., gjir = 0g;;/0z".
Then we have
VirGip = Vs kP Gip = V5,107 = Vijk- (1.7)

Introducing a tensor Cjj; as in Fy, we have

1 1
— 2
(13b) 2 o Jig

U

. ef 1
Cijk<x?x) = 591’3’,1 (1-8)

4 ¢ igighs

2

where ” o signifies "equal based on (1.3b)". We see that Cj), is symmetric in relation to
1.3b

each pair of indices. Also, we have

=l Lo =, P Cipk = HCly. (1.9)
With help of coefficients
ik = Vie — Cipvad™ # Py (1.10)
one obtains coefficients of non-symmetric affine connections in the Rund’s sense (see [8]):
ik = Yiw — W(CiapPLy+ Crap Pl — CitpPpe) ™ 7& i (1.11)
Pi*.(jk = ;Zgil = Yijk — (CZJPPks+Czkp C]kp ) £ Pz*k] (1.12)

In GFy we denote anti-symmetric and symmetric part for connection P* respectively:

1 *7 *7
5 ( ik ij) =

7 5k = Ykj)s D) Pjy, = 5( et i) (1.13)

@) Ty, #) = Pji = ;

where T} is the double torsion tensor.
It is p0881ble to define four kinds of covariant derivative of a tensor in the space GFy. For
example, for a tensor a}(z, ) we have

ajll (x,2) = Opa —I—P;:n f P]*:; ;, a@m(a: t) = dpa’ —I—P:fp f— P:f; ;), (1.14)
ag‘ m (2, &) = Omal+ Py a? — Prlal, aﬂm(x &) = bmal+ Py a; — Pibay, (1.15)
where .
o 0iP 0

G =

8xm+8xm 90 (1.15")
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Remark 1.1 Let GFy be an N-dimensional differentiable manifold, with non-symmetric con-
nection Pf given by (1.11). Because of the non-symmetry of the connection Pj, another

connection can be defined by }~7J*k‘ = P

In the work [4] we obtained 10 Ricci type identities in general case for a tensor a7/ (z, &)
and got fourth curvature tensors in GFy:

K’]mn =0, — 0P+ P Pyt — PP (1.16)

Ky = 0uByt = 0Pt Py P = PP (1.17)

I?’(’Jmn = 0, P, — 6 P4 P Pl — PV P+ PYP Py (1.18)

K’Jmn =0,P; — 6 Pri+ P P — PP + P P[pj] (1.19)

The magnitudes K ”Jmn, t = 1,2,3,4 are tensors and we call them curvature tensors of the

first, the second, the third kind and the fourth kind, respectively. Some properties for the
mentioned tensors (the antisymmetry with respect of two indices, the cyclic symmetry, the
symmetry with respect of pairs of indices) are given in the work [14].

Applying four kinds of covariant derivatives (1.14, 1.15) we get

@5 (,€) = Omas+ Povall — Pihal
1

pm Jm®p
= 0@+ (Pp+ )@y — (P +T50)a, (1.20)

= T*Za —TPal e

pm J ]m P’

aj~|m(a:,x') = a§;m+( DNTH a2 —TPal), #=1,2, and also

) pm .7 jm=p
aj|m(:13, T) =+ (— 1%~ l(TpmaJ — Tm’;ap), 6 =3,4.

6
Remark 1.2 By (;) we denoted covariant derivative with respect to the symmetric connection
P = 4P+ ).
Here we demonstrated how the tensor l;( , given by equation (1.16) can be presented:

K —5P*‘+5P*Z—(5 P —(5mP?‘£

1 Jmn jn,m

+ P*p P*z _|_ P*p P*z + P*p P*'L + P*p P*z

jm= pn ]m pn jm pn ]m pn
(1.22)
* *7 * *7 * *7 * *1
\%
where K]’mn is curvature tensor given by
K’Jmn =0n P*l -9 P*’—I—P]*,ZP;; - P;fP;jn (1.23)
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In this way, following this procedure, we obtain:

2 Bianchi identities in GFy

In [13] the authors consider some Bianchi type for different kinds of covariant derivatives. We
are extending these results and continuing investigations from [4, 14].

In the space Fy of symmetric connection (and in Ry) the following Bianchi identity [8]

G K’ — K¢

mny MY jmn;v

+KL 4K =0 (2.1)

Jjnu;m juvm;n

is valid, where & denotes a cyclic permutation of the indices m,n,v. In the GFy one can
mnv

consider 16 cases for

6 K’ 0e{l,...,4}, we{l,..., 4}. (2.2)

imn | v
mnv 0 7 LL

Here we obtained 16 new Bianchi type identities in GFy, so we can state the following

Theorem 2.1. In a space GFy of non-symmetric connection Pf,ﬁ, and torsion tensor T’;Zk for
i

the curvature tensor K, are valid next identities
1

S Kooy =2 S T 29
& Ky = 2,8 (T4 T Gy T KT, (2.4)
m@f’%m| =26 ([ K, +ThEKY,), (2.5)
& Ko =28 (T K0, + T, (2.6)

Proof. By applying (1.21), (1.22) and using cyclic permutation of indices m,n,v we get

S Ko =6 (Kot TRR? ~TPK —To K. —TPK )
1 1 1 1 1

mnw 1 jmnlv mnw jmn;v jmn pmn ipn jmp

=6 (Kt T =T AT T TP TP T

mn jm;nv jnymu jmsv—pn jm= pnv jnu—-pm

~TPT ATHK?, TR T3 K —TPK. ).
1 1 1

Jjn = pm;iv jmn pmn ipn nv sy jmp
Let us consider the following difference

T3 o= T = K T — K7, T —KP T

jm;nv jm;un jnv mnuv

Using the non-symmetry of the tensors T*

mn’

I? ijmn with respect to indices m,n, symmetry
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%

properties for K%, and appropriate Ricci identities we obtain

170 1 *p D *i 1D * | 10 *p oD *i 1D i
mGnv[fjmnlv _Kpm)ij anvam Kmanjp+vamTjn Kjvapn Km)mij
170 *p TP *i 1P *5 *i [ TP *p  kp
+Kpmnij ijnTpv Kvmnij_‘_Tpn([l{jvm_‘_ijm;v CT’jv;m)
*p (77 *i i *i (17D *p *D
+T‘jm(fl(pvn+Tpn;v_Tpv;n)+Tpm(l1(jnv+T’jv;n_T’jn;v)

+T;5([1(i +T =T )+T;5(II(P +T5P TP )

pmou pU;m pm;v jmn jn;m jmn

pnm pm;n pn;m Jjpn jpm Jpv

T30 (B s+ T Ty + 2T G T T8 )

Using (2.1) and(1.22) we get

8 Kty =K T = K T K T = K T K T = K T,
AT (K A TR T, = T35 T+ T (K, + T T~ T T3
AT (K AT T E =TT D)+ T (K + T T = T )
AT (K A T3, T8 =T T8 )+ T (K, + T T =T T
+2ATE K A T K A T )
zzmc?v:r;m:(ijpv = (2.3).

Using (1.21) for second kind of covariant derivative and (1.22), we obtain

170 _ 170 0 7 I, o L0 B e _kp I6 rkp Lo
mGnvajmngv _mcgv(ll{jmn;v—i_Tval{jmn ij Il(pmn Tvmll(jpn Tvnll{jmp)
o i *0 *0 *p *7 *P % *p *7
_mGnv(ijn;v +T’jm;nv _T1jn;mv +T‘jm;van +irjmTpn;v _T1jn;vam

TP ATHKY TP ~TR K —TPK ).
1 1 1

jn *pm;v jmn pmn Jipn n <y jmp

By help of (1.22) and Ricci identity in symmetric case and the non-symmetry of the tensors

., Il( "mn With respect to indices m,n we get
71 _ 7t *p 7P *i 7 *p P ®i | 77 *p _ Iop *i
me?wll(jmnw _Kpanjm_KjvnTmp+vamTjn_ijanp+Kpmnij_anmTvp
2

+T;21(I?p LT P )—i—T?,f(I? Ry R )

jun juin Jn;v pvm pu;m pm;v

2T K+ T Kyt T )

jpn Jjmp Jop
It is easy to prove that

pnu pn- sv pv - sn
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and the previous equation becomes

& Ky =2(T 0 K+ T K TR,

mnw 1 jmngu pnv pvm pmn
¥ TP *i TP *i TP
+2(Tmpll(jm)+Tnpll(jvm+TUp11{jmn)

2T, By T8 K, + T8 K )

Jvp amp vm=y jnp
=2 6 (Tj7 K, + T K +T;;’pf1(” ) = (2.4).

mnuv Jup Jjnv

Applying to I? the 3" kind of covariant derivative, we get

mn 1 mnw jmn;v jmn pmn Jipn vn Syt gmp

6K =6 (K.,  +THK? _TPKI TR TR
]mnl)v 1 pvy) vj 7 vm<y
:mgnv(Kijmn;v +iz?7iz;nv - T'j*'ri;mv +1}*:;,ng; +:F]*rzr’LT;;L,v - ﬂ*:,vT;&
ST A TR TR~ TR~ T,

jmn pmn jpn vn sy jmp

Using the non-symmetry of the tensors T* I:( ¢ with respect to indices m,n, symmetry

mn) jmn

properties for K ijn and appropriate Ricci identities we obtain

mnv 1 pnv pn;v pu;n

3

jun jns pum pvm pu;m pm;v
*i ( ToD 1D *p *D *p [ Tod e *i *i
+Tpv (anm + [l(jmn +7—}n,m - T}m;n) _'_Tj'l) (Kpmn + Il(pmn +Tpm;n - Tpn;m)

2T K A T K A T K ).

Jjpn ipm mn7y Jpv
According to (2.7) the previous equation becomes

S I}z —2& T* f{-z +T*Z (I}P +I’€P _TT*s TP ‘I’T*s T*P )
]mn\3v mn*y pn\-) 1 jm* sv jvT sm

mnv 1 mnuv Jvp Jum Jmu

T QR =T A TR T )+ T (K 4 S~ T3 T84T,
TR =TT A T Do) AT (Kt S =T T, 15, T0)

jmn jnm

AT 2K =T T+ T i)

pmn
=28 (T2 K+ T ) = (25).

Analogously to previous case, by applying (1.22) and fourth kind of covariant derivative, we
have

mnv 1 mnuv Jnu Jpv

S K"jmny =26 (T;;ifpfl(p +T;;’7’111(" ) = (2.6).

O

Theorem 2.2. For the curvature tensor I?Jmn given by (1.17) and (1.24) the next four Bianchi
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type identities:

S Ko =28 (T K+ T T 50, (2:8)
B =28 0K 2
& Ko =28 (T K0+ T K, (2.10)
& Ko =28 (LK + T (2.11)
are valid.
Proof. The proof is analogous to previous one. ]

Theorem 2.3. For the curvature tensor I? giwen by (1.18) and (1.25) the next Bianchi

jmn

type identities:

S Knjo =28 [T+ Ty b+ Lo (B A T )+ T (B s+ Do) (2.12)
AT (K =Ty = T T+ TH T3],
8 Knjo = 2.8 [T+ Ty it + oy (B = K5, = T35,) (2.13)
AT (B = K= Ty A Tt (B = T, = T T A T T ),
S Klinnpy = 2,8 [T+ Ty Tt Ty (5 + T37) (2.14)
AL (B = I = T ) A T (20, = K = T A T, T T3],
8 Kjnj =28 [T+ Ty Tt Lo (K T )+ T (K T (2.15)
ATh (2K, = K, =T, = T3 T = T3]
are valid.
Proof. Firstly, we verify identities
6 TRTITy = 6 TRTIT, = & T TrT, (2.16)
STITAT = 6 TIToTr = 6 T T (2.17)
6 THTNT,, = 6 TRTHRT = & TRTHT, = & THT T (2.18)
By virtue of equations (1.21, 1.25) we get
é&gmn = QIN(J’:mn—I?janrﬂ?‘fnm—QT;;T;’; (2.19)

and based on the third kind of covariant derivative and (2.1), (2.3), (2.18) we have

mgnvl?’(ljmnlv = 2m6nv(KjZmn +iz?7§1;n - T;;TTT’LZ;L) \11) - mczvll(zjmnlv = (212) :
To prove (2.13), we have
mGnvIS(ljmniv = 2m67w [1—7;7;;711) +1—:’;pT:;£L;U +T:r<zlp (Iggrw - Kfnv - ,‘Tj'r]zo;v)

pnv pnv pnsv Jop Juip Jp~— sv Jv=— sp

—}—T]*:;(I;{'z _I’%i _ )—I—T:ﬁz(lgl i )—|—ng T s T*i]7
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and using (2.16), (2.17), the previous equation becomes

S K =26 +T T —i—T:fp([;(p —KP T

mnv 3 jmn|v Jjm;nv Jp mn;v jnv jnv jv;n)
2

(2.20)
i B s = E = Tni) 4 Tl (B o= Ty = Ty T A U], = (2.13).

pnv pnv Jop Juvip Jp —sv Jv = sp

By virtue of (2.19) and based on (2.1), (2.5), (2.18) we have

i.e. equation (2.14) is valid.
In the same manner we have (2.15). O
Taking into account (1.25, 1.26) we get
R = B HATTE,
based on which we shall investigate
S K 0€{1,...,4}.
mnv 4 0

Following procedure in the previous case for I;( , we can formulate the next theorem:

Theorem 2.4. For the curvature tensor .{:(ijmn, given by (1.19) and (1.26), the next Bianchi

type identities are valid:

mezvfggmnlv = zmezv[ﬂgfgmﬁngT;aw+3T,§;nT;jT;5+3Tgn7;.sUT;;}'+T;;'n(f;(§m+T;;.jn) (2.21)
AT b (B s+ Do)+ Tt (B 05 2T Tt T TR T8, T T T,

8 Knjo =28 [T+ Ty Tt Ty (= K = T )+ T (B = K= T
AT (K= Ty = 2T+ 315,10 =315, T +ATY T )], (2.22)

8 Knjo = 2.8 [T+ Ty Tty Lo (K4 T )+ T (K = K+ 1) (228)
ATt (2K, — K, A T, =250 = T3, T = T3, T,

& Koo = 2.8 [Tt Ty Tt Ty (B = K+ T )+ T (K4 T) - (2:24)

Jjup Jup Juip Jju— sp Jp~sv
Proof. Knowing that

S THTTr = S THTTy = & THTHT = & THT T

mny PiTmsTmu mnp P37 msTun mny P37 sv T mn y SITmnTpuo
equation (2.18) becomes

S K :2m6m[:r.*z‘ LT TP —|—T;7f%([3(? —T® )+T;f;(f§;m—T*i) (2.25)

mnv A jmn|v jm;nv pj - mn;v jnv juin pvin
1

At (K, = 2T =T, =3T3, T+ 3T, T +-AT3, T,

Jjup Jpsv Jjuip Jjp~ sv Jju=sp pv= sj
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3 Concluding remarks
1. For g;;(z, &) = g;i(z, &) we obtain usual Finsler space Fy. All Bianchi type identities given
in this work reduce to one in the symmetric case

Kt 4Kl LK — 0.

jmn;v wwm;n Jjnv;m

2. If g;j(z) # gji(xr) one obtains a generalized Riemannian space GRy (see [2]). For
gij(z) = g;i(x) GRy reduces to the Riemannian space Ry.

In this paper we proved some Bianchi type identities for the tensors [;( , 0 =1,4. In the

future work we will employ some properties for the tensors I;f , 0 = 1,4 (the antisymmetry

with respect of two indices, the cyclic symmetry, the symmetry with respect of pairs of indices)
given in the work [14] and also proved Bianchi type identities.

In this way, we complement the properties of the four curvature tensors in GFy. All these
tensors are interesting in constructions of new mathematical and physical structures.
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