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HEKOTOPLKIE 3AJAUYN MATEMATNYECKON ®N3NKU B
IIOJIMYMCJIOBOM TEOPUU I10JIS

J1.T. ITaBnos!, C.C. Kokapes'?

U HUH Tuneprxomniexcrox cucmem 6 zeomempuu u dusure, Ppasuno, Poccus
2 Poccudickuti nayuno-obpazosamervoidi yenmp “Jlozoc”, Apocaaeas, Poccus

geom2004@mail.ru, logos-center@mail.ru

B crarhe paccMOTpeHBI HEKOTOPBIE MaTeMATHIeCKHE CBONCTBA WHBAPHAHTHOTO CKAJISP-
Horo oneparopa (), HOJIUYIUCIOBON TEOPUU MOJA W €ro sjapa (T.e. PeleHuil ypaBHEHUsI
On® = 0). Ilpusenens! Bbipazkenus g Merpukn Bepsasbaa-Moopa n omeparopa Oy,
B runepbomdecKux cepuydecKkoil, MUINHIPUIECKON H30TPOIHON U IMJIMHIPUIECKOM
HEM3O0TPOITHON CHCTeMaX KOOPAWHAT sl ciaydass n = 3. YacTb pe3ybTaToB IMPE/ICTABICHA
Jepe3 crennaabHble (DYHKINY, SBJIAIOIIIECS TUIIEPOOINIECKIM aHAJIOIOM TPUTOHOMETPH-
qecknX (QYHKINM, cheprudecKux rapMOHUK U MOJMHHOMOB Jlexkamapa. Boramciaen obmimit
BUJT paguabHoil gactu oneparopa (), st aoboro n. Pemena 3amaua o pacrnpeaeieHun
rUnepOONIECKOrO IMOJIsd PaBHOMEPHO 3apsi2KeHHOro Imapa. [lokaszamno, 4TO B 3-MepHOI
UIEePOOIMIECKOIT TEOPUH TIOJIsE He CYIIECTBYET IUIMHIPUICCKI-CUMMETPIYHBIX (B CIIydae
HEM30TPOIHO OCH CUMMETPHH) PEIIEHUii ¢ pa3/Ie/IeHHBIMU [IePEMEHHBIM.

KuarodgeBbie cioBa: noanducia, TpocTpancTBo Bepsanbiaa-Moopa, runepbonmndeckast Te-
opus moss, pyuknua ['puna, KpuBOIUHEHAS CHCTEMa KOOPAUHAT, cpeprdecKast CHMMe-
TpUs, pa3je/ieHrue MepeMeHHbIX.

1 Bsenenne

[IpuHIun aaredbpan3aiun sIBIAETCA KIIOUYEBbIM HHCTPYMEHTOM /I YHI(DUIIMPOBAHHOIO OIINCA-
HIS TPOCTPAHCTBEHHO-BPEMEHHBIX OTHOIIEHMI, MaTepun n (husndecknx B3ammoaeicrsuii. OH
BoIes1 (pU3NKY B MepBoii ojoBuHe XX BeKa B EPUOJL Pa3pabOTKH OCHOB U NMPUJIOKEHUN KBAH-
TOBOI T€OPHH, HECKOJIBKO YCTYIIasd BO BpeMeHH IIPUHIUILY TeOMEeTPU3AIINN, JIEsKAIeMy B OCHOBE
OTO. Oba nmpuHIHUIA CErOgHs TECHO IMEpEeIIeTaloTCd W B3aUMHO JIOMOJHAIOT APYT Apyra U, B
JIeficTBUTE/IbHOCTH, (HAIIPUMED, B TEOPUH CYIEPCTPYH) OHU PAaBOTAIOT COBMECTHO. DTO IJIOI0-
TBOPHOE €INHCTBO aJIreOPhI I FeOMETPHH HABOIUT Ha MBICIL O CYIIIECTBOBAHIH €IIMHON aaredpo-
PeOMETPUIECKOI OCHOBBI (PU3MIECKON peaabHOCTH, KOTOpash PACKPBIBAETCS ¢ PA3IMIHBIX CTO-
POH B 3aBHCHMOCTH OT BBIOOpA TOYKH 3pPEHHs Ha PEaJIbHOCTb U CPEJICTB ee onucanus [1-6].
Kak mpuHmum reomMerpusaiun, Tak W TPUHIAI aaredpan3aliiil BO3BPAIIAIOT HAC K MM
JIPEBHAX I'PEKOB O MEPBUYHOCTHU IIPOCTHIX MATEMATHIECKUX KOHCTPYKIHMIT: B IEPBOM CIIydae
pedb uaeT o Teopun I1IaTOHOBBIX aTOMOB — HPABUJIBHBIX T€OMETPUIECKUX (DUTYD, BO BTOPOM
— 006 mudaropoBoM yuUeHHH O YHCIax, KaK OCHOBe Mpupofsl |7|. AsreGpa, mo cyTu, u mpej-
cTaBJIseT coOO TyIyOOKOe 0000IeHne YHC/IOBBIX OTHONIEHWI U omeparuit Haj duciamu. Ha
CerOJIHSIIHNN IeHb HAM M3BECTHBI BCE YUCIOBBIE CUCTEMBbI, JOMYCKAIOIINe CTaHIapTHbIe apud-
METHYECKHEe OIEePAIMi: CYMMY, PA3HOCTh, YMHOXKEHHE U JIeJIeHHe ¢ MPUBBIYHBIMI CBOHCTBAMUI
aCCOIMATHBHOCTH, KOMMYTATUBHOCTH U JIUCTPUOYTUBHOCTU. DTU CHUCTEMBI TOJIYUNIN Ha3BAHUE
YucA06uLx noset. Bee ducmoBbie mosist m30MOPMHBI OJHOMY U3 CAEAYIOMNX TOJei: Moo pa-
[UOHAJIBHBIX 9HcesT (), MO0 BEIECTBEeHHBIX unces R wmm momo komiuiekcHbix uncesn C[8].
Knaccuuecknit ananns, Jexkaluil B OCHOBE TJIAJAKUX CTPYKTYP, HA KOTOPBIX B OCHOBHOM U
CTPOUTCS COBpeMeHHas (pyHIaMeHTaJIbHast (PU3NKA, ONMUPAETCsl Ha CBOMCTBA TOJIsI BEIeCTBEH-
HBIX YMCeJI WX €ero MHOTOMepHOro pacmmpenus R". VIHTepecHbIe MONBITKI aKCHOMATH3AIIAN
KBAHTOBOW TEOPUH OMUPAIOTCS Ha T.H. p-alvdecKnii aHaJIN3, KOTOPBI CTPOUTCS Ha IIOJIe PAIli-
oHasbHBIX dncest |9]. Tosme KOMIIEKCHBIX YUCesT JIEXKUT B OCHOBE ODIIENPUHSITON aKCHOMATHKI
KBAHTOBOW TEOPUM U e€e MHOTOYUCTIEeHHbIX Tpuioxkenuii [5]. Kpome Toro, MHOXKeCTBO 3a1a4



T Ilamos, C.C. KokapeB Hekoropele 3amadnm MaTeMaTHIeCKOlH (DPU3UK... 201

KJIACCHIECKOi (DU3MKHU (97EKTPO- U MACHUTOCTATUKHU, TUAPOJMHAMUKE ¥ TEOPUH YIPYTOCTH)
5 deKTUBHO peraeTcs ¢ TMOMOIIbI0 MEeTOI0B KoMIutekcHoro anaausa [10]. [Tocienuee o6eTosi-
TEJILCTBO OOYCIOBJIEHO HAJIMYNEM 3aMedaTe/IbHbIX MM depeHna bHO-aHATUTUIeCKIX CBOWCTB
KOMILJIEKCHO-TIN(bpepeHImpyeMbiX (DYyHKIINI, BbIpakaiomuxcs T.H. ycaopuamu Komu-Pumana.
DT nocaeHIe TPUHIMAIOT BHT (DU3UIECKUX ypaBHEHNIT (YCIOBHIA MOTEHIINATBHOCTH U COIEHO-
HJIAJILHOCTH COOTBETCTBYIOMUX (DU3NIECKHUX TI0JIeit) 1 obecrednBaroT 3(pEKTHBHBIN aIropuT™
OTBICKAHUs peIeHuil 3a/1a9 JIByMEPHON MaTeMaTUuIecKoil (pU3nKu.

[IpencraBisier mHTEPEC OTHICKAHIE MHOIOMEPHBIX PACIIUPEHUl MO KOMILJIEKCHBIX YHUCEI,
KOTOPBIE MTO3BOJISLIN OBbI PEIIaTh MPOCTPAHCTBEHHBIE 33/Ia9l MaTeMaTUIeCKON (GDU3UKN UIn Ja-
ke 3agaan CTO u OTO B 4-meproMm mpocTparcTBe-BpeMenn. Obmias Teopema aareOpbl, Ie-
pPeUNCIAONIAs BCe YUCIOBBIE TIOJS, 3aKPBIBAET BOIPOC O HYUCIOBBIX MOMSIX Pa3MEPHOCTU BbI-
me aByX. OmHako, mpocroe HaOJIIO/IEHNE HABOIUT HA MBICJIb O HEOOXOIWMOCTU PACIINDPEHUS
YCJIOBUIl HA YHCJIOBBIE CHCTEMbI, KOTOPbIe MOTYT MPEJICTABJIATL UHTepec s husnku. Pedn
UJIET O CBOMCTBAX T.H. JBOMHBIX UHCE], KOTOPBIE JaBHO M3BeCTHBHI MaremarukaMm [11|. /IBoii-
Hble YUC/Ta TTPEJCTABIIIOT o000l 2-MepHyIo ajredpy HaJj nmojaeM R ¢ geauresrsamu mys. JIobdoe
JIBOITHOE YMC/I0 h MOYXKHO TPEJCTaBUTh B Buje: h=a+ jb, e a,b€ R, 7 — T.H. runepbonde-
CKasg MHUMAag eIUHNIA, YIOBJIEeTBOpAIOas ycIosmio: j2 = 1. BBoas omepammio KOMILIEKCHOTO
conpskenust: h— h=a — jb 1 06pa3ys BelIeCTBeHHYI0 KoMbuHAImO0 hh = a® — b%, KoTopyIo 110
AHAJIOTUY C KOMIIJIEKCHBIMU YUCIAMEI MOYKHO HA3BATH KBAJPATOM HOPMBI (MU, TOYHEE, TICEBII0-
HOPMBI) JIBOITHOTO 9HCJIA, MBI IIPAXOINM K 2-MEPHOI MCEeBI0EBKINIOBO KBaApaTHIHO dhopMme,
KOTOpAas JIEKUT B OCHOBE TEOMETPUIECKON CTPYKTYPhI 2-MEPHOTO MPOCTPAHCTBA-BpeMenn MuH-
koBckoro. ITpu srom uncia sBuga hg =a(l £ j) He umeroT 06paTHBIX (¢ TOUKHN 3peHUs ajareOpbI
OHMU SIBJIAIOTCH T.H. JIEJIUTEJISIMUA HYJIs, T.€. OTJIMIHBIME OT HYJIsI BOSMOXKHBIMU PEIIEHUSMU YPaB-
Henug h-x =0), 9TO OPENATCTBYET OTHECEHUIO AJreOpbl JBOMHBIX YUCET K KJIACCY YHCIOBBIX
nojieit. OgHAKO ¢ (DU3UIECKON TOUKM 3PEHUs] UMEHHO JIeJIUTE/IN HYJIs OTpaykalT (hakT cytie-
CTBOBaHUS B 2-MEPHOM MTPOCTPAHCTBe-BpeMeHn (hyHIaMEeHTATBHOM KOH(MOPMHOI CTPYKTYPhI —
CBETOBOTO KOHyca. [lenmnTenn HyJIsd reoMeTPpUYECKN COOTBETCTBYIOT TOYKAM CBETOBOTO KOHYCa
(oH mpejicTaBIisier cobON Mapy MEPeceKAIONIUXCs MPsIMbIX) ¢ BepIIUHON B Hyse. Dusndeckue
ACTIEKTHI aJIreOpPbI JBOMHBIX Yuces1 ObLIM PACCMOTPEHBI B Psijie Mpeabiymux padbor [12-15].

N-MEPHBIM paCIIMpEeHneM aaredpbl IBONHBIX duces sBjsgeTcs aaredpa noaunaucen P,. Coor-
BETCTBYIOIINE €ff TeOMeTPUIecKoe MpOCTpancTBa H, SBISIOTCS MpocTpaHcTBaMu Bepsabia-
Moopa ¢ merpukamu beppasbmza-Moopa nceBmoduncieposa tuna. HecMorpst Ha BecbMa mIpo-
CTBIe CBOMCTBA 3TOI anredpbl, Ha €e OCHOBE MOYKHO CTPOUTH COOTBETCTBYIOIIUII aHAIN3 BMECTE
¢ 00O00IIeHHON KOHIIeNIrel ToJI0MOPQHOCTH, pa3BuBaTh JuddepeHnalIbHyI0 TeOMETPUIO CO-
OTBETCTBYIOIINX MPOCTPAHCTB H,,, CTPOUTH TEOPETHKO-IIOJIEBBIE JTarDaHKUaHbl U T.71. [16].

Hacrosttiast ctarhst OCBAIIEHA NCCTIEIOBAHIIO PA3INIHBIX PEICTABIEHIIT OCHOBHOTO YPaB-
HEHUS TTOJIMYICIOBON TEOPHUH TIOJIS:

OnF =0, (1)

U CBOWCTB ero perrenuit, tjae oneparop (), B CHEIHUATBHBIX (M30TPOMHBIX) KOODAWHATAX HMEET
BUJIL:
3
On=rl (2)
oxt...0x"
U SIBJISIETCsI CBOEOOpa3HbIM MHOIOMEPHBIM cuMO1no30oM oreparopos Jlamnaca u Jlagambepa BbIc-
IIEr0 TOPSJIKA.

B pazzene 2 Mbl puBO UM HEOOXOIMMBbIE CBEJICHUS M3 aJaredphl 1 TeoMeTpun nojnducest. B
pasjiesie 3 MbI IPUBOJIVIM sIBHbIE BBIDAYKEHUsI JIJIsT pellieHnii ypasHerust (1) ¢ CHHTYJISIpHO#T mpa-
BOit 9acTbio (B ToM uncie s dbyskipn ['puna oneparopa (). Pasmesn 4 memkoM moCBSIIEH 1c-
CJIeIOBAHMIO 3-MEepHOIi cepruaecKoil cucTeMbl KOOpAnHAT B H3 B KaJInOPOBOYHO-UHBAPUAHTHOM
BUJIe W BBIBOJIY sIBHBIX BbIpaxkeHuii jist Mmerpuku BM u oneparopa ()3 B 9T0it cucreme Koop-
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nuHAT. B pasnmene 5 MBI KOHIIEHTPUPYEM BHUMaHWE HA SBHOM BBIDAYKEHWN PAIUAJIBHON YacTh
onteparopa (), s Joboro n. B pazaene 6 uzydaercs obuiuit Buj cepuiecKn-CuMMETPIIHOTO
peleHnst BHe UCTOYHUKOB. MeTon pasjenenus nepemenubix B ypasuernu ()3 f =0 u cBoiicTBa
rUIepoOIMIecKX chepriecKX TapMOHIK UCCIEIYIOTCA B pasese 7. 3ajada 0 pABHOMEPHO 3a-
PSYKEHHOM TUIIEPOOINIECKOM Iape paccMaTpuBaeTcsd B pazjene 8. Pazmen 9 nmocssaien BHIBOLY
OCHOBHBIX (DOPMYJI B IUJIMHIPUIECKON CUCTEME KOOPAMHAT ¢ HEM30TPOITHON OChIO CHMMETPHH.
[Tokazamno, uro B H3 He CyIecTBYeT MUINHIPUIECKH CUMMETPUYHBIX peltennit oneparopa ()3 ¢
pasnensgonmMucs nepeMennbiMu. Hakomerr, B mpusioykeHnn npusejiena moao0pKa rumnepooste-
CKHUX aHaJIOI'OB €BKJINJOBbIX MHOI'OT'DAHHUKOB, KPUBBIX U HOBerHOCTefI, orpejgesaenne KOTOPbIX
onupaeTcs Ha (PYHKIIUIO PACCTOSTHUSI.

2 Ajrebpa m reomMeTpus IOJIUYNCEJ]
2.1 Auarebpa u ornepaiun

HamomumM, 9T0 accoruaTnBHO-KOMMYyTaTHBHAas anrebpa P, max norem R (anrebpa mosmancest
WIN n-4uces) obo0IaeT Ha BBICIINE H3MEPEHUs] XOPOIIO U3BECTHYIO Aaredpy JBOMHBIX HHCEIT
Ha ttockoctu [11]. Ee obmnit smemenT nmeer Bu:

r=z'e; +...2",, (3)
6 1 ny G P .
rae 6asuc' {e;}i—1,. , anre6psl P, yI0BIETBOPSAET COOTHOIIEHUSAM:
e;e; = 0;;¢; (Her cymmupoBammus!). (4)

U3 coorHomenns (4) BBITEKAIOT MPOCTHIE MPABIJIA YMHOXKEHUSA U JICJICHUS TOTATACET:

=3 e T=3 y— (5)
=1 =1

opu 3TOM JdeJIeHHe OIIpeae/IeHO TOJILKO Ha T. H. H@thpOZ)deeHH’bL@ INEMEHTBL, Y KOTOPBIX BCE

n
y' # 0. Ponb anrebpantdeckoil eIMHAIBI UrpaeT 1eMeHT [, = Y €;.
i=1

2.2 CreneHHBIE PSOBI

[TpaBuso (5) yMHOXKeHUs HOJUINCET B H30TPOITHOM Oa3uce MO3BOJIsieT ONPe/IeINTh IOy 11e-
JIOUHCJIEHHYIO CTelleHb MonIucia r € Py:

2" = (z')"er+ - + (2")"en. (6)

®opmyina (6) roguTes u I OTPULIATETLHBIX 3HAYEHUI N B CJlydae, KOIJIa & HEBBIPOKIEHO. DTa
dopMyia Mo3BOILET JIETKO ONPEIeTUTh (DOPMAIbHBIE CTEIEHHbIE TTOJIMYUCIOBBIE PAJIbI BUJIA!

R(z) =) " =D cpala®)e,, (7)

s=1 k=1

n
rie P, dcy= Y. cpses, Py Dz =1a'ey+- - -+1"e,. Pasenctso B (7), BeITekatomee us (6), oznauaer,
s=1
YTO CTENEHHOW psiJI MOJIMIUCIOBOI TIepeMeHo#l B N30TPOITHOM Oa3uce pacnajaeTcs Ha CYMMY N

HE3aBUCUMBIX PAJOB BEIIECTBEHHON ITEPEeMEHHON.

19701 Gasuc (mm, TouHee, Kmace 6a3MCOB) HABBLIBACTCA W30TPOITHBIM.
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2.3 ConpsxeHusi u IceBJOHOPMAa

Ha anrebpe P, onpenenena oneparus conpsizkeaus C': P, — P,,, neficTByoIas Mo IpaBuIy:
n n
Clz)=C(> _a'e)) =) ' 'e;, (8)
i=1 i=1
rie 2° = 2". Ee k-ag urepanmd jgeiicTByer mo dopMmye:
n
CHx) =) o' e, (9)
i=1

rae 2° ¢ —n < s <0 onpenenserca dhopmyaoil £ =", T. e. cl0KeHNe W BBIYUTAHNE WHJICK-
COB NPOU3BOJUTCS B apudMeTHuKe M0 MOJMIYJII0 N. DTO MPABUIO MO yMOJYAHUIO OyJIeT BCerjga
nojipasymMeBarhes u gajee. s k=n numeer mecto ToxkgecrBo C" =id. Takum obpazom, dak-
THYECKH, Ha ayiredpe P, onpejiesiena n — 1 onepariusi KOMILIEKCHOTO CONPSZKEHU, ITO 0000IIIaeT
CUTyaluio JJigd KOMIIJIEKCHBIX U JIBOIZHBIX quceJI.

OmnpejiesieHHbIE HAMU KOMILIEKCHBIE COTPSAZKEHNS TTO3BOISIOT YUCTO aJiredpanvdecKu ompee-
TTh (ncesdo)nopmy ||z|| Beskoro snementa x € Py

n n

HCk(x) = ka Zes = ||z||" I, (10)

k=1 k=1

rJle IepBoe PaBEeHCTBO aBTOMATUYECKH CJIeIyeT U3 OlpejlesieHnsd KOMIIJIEKCHOT'O COIPSI?KEeHUs
u TabJIUIBI YMHOXKEeHUS B P,, a BTOpOil 3HaK paBEeHCTBa CJeyeT MOHUMATh KaK OIpeJIe/IeHIe
n—oil cTereHn MceBIOHOPMBI sjieMenTa ©. OTMETHM, YTO MCEeBJIOHOPMA ||z|| MOXKeT MPUHIMATH
[IOJIOXKUATEIbHbIE OTPHUIAaTe/IbHbIe, HyJIeBble I MHUMBIE 3HAUEHUsI. AOCOTIOTHOM BETMINHOM 3J1e-
MeHTa x, OyJeM Ha3bIBaTh BENIECTBEHHOE YHCJIO, PABHOE

] = /1l |- (11)

OueBHIHO, UTO /ISt BCIKOTO COOCTBEHHO BBIPOK/ICHHOTO JIEMEHTA & UMEIOT MECTO PaBEHCTBA:
|z|| = |x| =0, B To Bpemst KaK /Jist HEBBIDOXKJACHHBIX 3JieMeHTOB ||x|| # 0.

2.4 CkaJjsipHOe IIOJUIpPOU3BeaeHNe 1 MeTpuka Bbepsasibaga-Moopa

Konnenmnus HOpMBI, ompejeseHne KOTOpoil onupaeTcsd Ha pOpPMY N-0T0 MOPsIKa, JIEFKO 0000-
MAETCs 10 KOHIEIIUN NOAUCKAAAPHO20 NPOU3EEICHUSA SNEMEHTOB (X1, . .., T, ), onuparoleiics
Ha N-JauHeHy0 HOPMY BUIA:

Z HC’k(xzk) = (21, .., 2n) I, (12)

U(il,...,in)
rjie CyMMHUPOBAHIE BBITIOTHSIETCSI [0 BCEM MepecTaHOBKaM o (i1, . . ., 4,) PA3JINIHBIX HHJIEKCOB
i1y -« -y in. 13 (12) merko momyvaercs ciepytorast 6osee sBHast hopMyJIa:
1 1
Ty ... Ty
(x1,...,2,) = perm : (13)
n n
xp ..ol

TJle perm — IepMaHeHT KBaJIpaTHONH MaTPUIIbl, UMEIOINH CTPYKTYPY OIPEJIeTNTE IS, BCe 3HAKU
B KOTOPOM TIOJIATAIOTCS TLTIOCAMH.
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CkassgipHOe TOMUIpOu3Be/IeHre (KaK U MePMAHEeHT) MOYKEeT ObITh 3aIlFCAHO B KOMIIOHEHTAX
B CJIEJIYIOIIEM BUJIE:
i

(331, .. ,[lZn) = Eil,,.inl’? R (14)

TJI€ €. i, — CUMMETPHUHBI cuMBOJ Jleu-UuBUTHI?, COBOKYTHOCTH KOMIIOHEHT KOTOPOTO CJIe-
JIlyeT pacCMaTpUBaTh KaK METPUYECKUN TeH30p mpocrpaHcTBa P,, orHecennsblii Kk 6asucy {e;}.
JluneiiHOE TIPOCTPAHCTBO ¢ MOJIMIMHENRHON MeTpudeckoit dopmoit (14) HaspiBaeTcss npocmpan-
cmeom Bepsaavda-Moopa (obosnavaercst H,,), a Merpuka B (14) HasbIBaeTCS N-MEPHOT MEMPU-
xoti Bepsaavda-Moopa, KOTOpyIo B HaCTOsAMIel cTaThe MBI 6yaem obozHadaTh (™ e. opmyn (10)
u (12) 06HAPYKUBAIOT FEHETUIECKYIO CBA3b POCTpaHcTB P, u H,,: aarebpa moImIuce) HHLy Iu-
pyer MeTpuky Bepsasbaa-Moopa 1momo6H0 ToMY, KakK ajaredpa KOMILIEKCHBIX YUCeI HHILYIUPYeT
eBKJIMJIOBY MeTpuKy Ha miockoctu [17]. OrmernM, aro mpocrpancrBo Bepsanbna-Moopa H,
OTHOCHUTCSI K THUITY N-KOPHEBBIX (DUHCIEPOBBIX IIPOCTPAHCTB, N3yYaeMblX (DUHCIEPOBOIT Teome-
Tpueit [18].

2.5 W3omerpum n KOH(OPMHBIE CUMMETPUN

Hanmomuum wekoTopble auddepeHnuajibHo-reoMeTprudecKe acnekThl npocrpanctsa H,. Me-
tpuka (Me B 5TUX KoOpamHATAX B cOOTBeTCTBHN ¢ (13)-(14) IMpuHIMaeTr creayommuii BuI:

e = S(de' @ --- @ da™), (15)

rae S — omeparop cuMMerpu3anuu (6e3 IucIoBoro MHOXKUTESs ). HenpepbIBHbIE CHMMeTpHH
(KoH(OPMHBIE CUMMETPHI U U30METpHUK) MeTpuku bBepsasibia-Moopa onucbiBarorces: aarebpoi
JIn BeKTOpHBIX ToJIelt X, yI0OBJIETBOPSIONINX KOH(MOPMHBIM ypaBHeHusiM Kusinnra:

Lyx™e=)\.M¢, (16)
rjie A — HeKoTopas ckaJsgpHas dhyHKIms Koopausat. MoxkHo nmokaszars [19], ato obimee perenne
ypasHenuii (16) ucuepnbBaeTCst CJIEYIONMMI KJIACCAMI BEKTOPHBIX MOJIEIH:

1. Ty = 0;, (i=1,...,n) (Tpancusimu);
2. Dy = 219, — 20;, (i = 1,n — 1) — (yHUMOIYIIpHBIE JUIATAIME, CyMMUPOBAHU TIO i
Her!);
n
3. Ctry,p) = 2 Fi(24)0;, tne F; (1 = 1,...,n) — mpou3Bo/bHbIE IviajKue (DYyHKINN OHOI
i=1
nepeMeHHoii (KoH(DOPMHBIE TTIPeOOPa30BaHNUS ).

[TepBble JBa Kjacca BEKTOPHBIX MOJIed MHIAyIUpyoOT rpyminy usomerpun Iso(H,), KoTopas
SIBJIsIeTCs IOy IpsaMbiM tipousseserueM T,,(H,) x D, _1(H,) nByx abejeBbIX MOArPYII: abe-
neBoit moarpynnel Tpancasuuii T, (H,) u abeneBoil MOArPYIIbl YHUMOYISIPHBIX JIHJIaTAIAT
D,,_1(H,). B KoHe4uHOM BH/Ie B KOODJIMHATAX [IPEOOPA30BaHusi N30MEeTPUU MeTPUKH BepBasibia-
Moopa uMeroT cieayromuiit oot BU/I:

T,: ' — 2' + ¢
D, 1: 2t = a'a?, (17)

[Tai=1,i=1,...,n, ¢',a’ € R.

20H omnpeieseTcss aHAJOIHIHO CTAHJAPTHOMY AHTHUCUMMETPUIHOMY CUMBOIY JleBu-UuBHUTHI, 1719 KOTOPOTO
MBI OCTaBJIsIEM 0DO3HAYEHUE £;,  ; , C 3aMEHON 3HAKOB MUHYC Ha ILIIOC.
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Tperwnit K1acc BEKTOPHBIX MOJIEH HHIYIUPYeT OECKOHETHOMEPHYIO HeabeieBy IPYIITY KOH(POPM-
HbIX Tipeobpaszosanuiit C(H,,), SIBHbIH KOHEYHbI BIJI KOTOPOIl B BLIODPAHHOM M30TPOINHOM Hasuce
OIIpeJIeIIeTCsl HaOOPOM IIPOM3BOIBHBIX IvIagkuxX GyHkumit {f'};—1  , OAHOIl IepeMeHHOIt:

C(H,): 2" =y =fi(z") i=1,...,n. (18)

[Ipu srom Merpura Me mpeobpasyercs Mo 3aKOHY:

()¢ — )y

€= H e €. (19)
k=1

[TomuepkueM, uto pacemarpusaeMas Hamu rpymnmna C(H,) sBjisieTcsi BeCbMa, CIeIUAaIbHON 0T~

rpynmoii rpynmsl gauddeomopdusMoB, 1mosTomMy KoHbOpMHOe TipeobpasoBanue Bujga (19) He

IPUBOAUT K ITOABJIEHUIO HeTpHBHaJ’IbHDfI KPUBU3HbI METPUKU BepBaﬂbga—Moopa.

2.6 HexkoTropbie meTpuiyeckue o0beKTbl B H,

Kak mokazano Beie, rpynma unzoMerpunt 18o(H,) COMEpXKUT MOJHYIO HOAIPYIILY TPAHCIIs-
it T),. D10 03HAYAET, 9TO BRIOpAHHAS HAMU U30TPOITHAS CHCTeMa KOOP/IMHAT JIOMYCKAeT KJIACC
adOUHHO-9KBUBAJIEHTHBIX €ff CHCTeM KOOPIMHAT (T.e. CBSI3aHHBIX C HCXOHON HEBBIPOZK IEHHBIM
addUHHBIM TIpeoOpa3oBaHueM ), B KOTOPOM KOMIIOHEHTHI MeTpuku Bepsasibna-Moopa ocraror-
csI TOCTOAHHBIMU. JIpyrumu ciioBaMu, MbI MOXKeM pabotarsb B H,, ¢ riaobanbHbiMEI apdUHHBIME
KOHCTPYKIUSIMU (THUIIA PaNyC-BEKTOPOB, MOMEHTOB PA3JIMYHOTO TOPsJIKA U T.JI.), OCTABAsICh
B Kyacce ahbdUHHO-IKBUBAJICHTHBIX CHCTEM KOODJAMHAT (B KOTOPOM, KOHEYHO, OTHIOJb HE BCE
[PEJICTABUTENN OYIYT SIBISITHCS W30TPOIHBIMU CHCTEMaMu). B CHily BO3MOXKHOCTH TJIOGAITH-
HOT'O OTOXKJIECTBJIEHUsI KacaTeJbHOTO npocTpanctsa 1, H, ¢ camum H, B J1000ii TOYKe X, TO-
JINCKAJIAPHOE MPOU3BEIEHNE TPUBHUAJIBHO MEPEHOCUTCs ¢ auddepeHnnaabHO-reOMeTPUIeCKIX
(kacaresbHBIX) BeKTOPOB B H,, Ha addUHHBIE BEKTODHI.
PacemorpuMm ypaBHenne MeTpuuecKoi eIMHUIHON cdephbl Sg}} B npocTpancrse bM:

|Me(z,... x)] =1, (20)

rae z=(z',...,2") nonnMaercs Kax adpuHHBI BeKTOp B mpocTpancTse H, B M30TPOMHOIL
cucreMe KoopanHaT ¢ (pukcupoBaHHbIM HadaaoM. OrnpeesieHHass TAKIM 00pa3oM MeTpudecKast
cepa nmeer 2" CBA3HBIX HEKOMITAKTHBIX KOMIIOHEHT S 1:

on

n—1 __ n—1
Siat = | ] su (21)
a=1
OTH KOMIOHEHTHI MOXKHO KiaccuuuupoBarh smeMeHTaMu Buga {7, = (£1, ..., +1)}az1 on,

KayKJBIl U3 KOTOPBIX MPUHAJJIEXKUT POBHO OJHOW M3 CBA3HBIX KOMIIOHEHT cephl. B cooTBet-
CTBHUM C 9TOii KjaccuuKanueii, KOMIOHEHTHI MOXKHO Pa3/Ie/INTh Ha YeTHBbIE WM HEYETHbIE, B
3aBUCUMOCTH OT KOJIMYECTBa OTPpUIATEJIbHBIX KOMIIOHEHT B KHaCCI/I(bI/IKaTOpe Ta- KOMHOHGH—
Ty S}y, CooTBeTCTBYIONTYIO daeMenty Ti = (1,...,1), Oyaem HasbBaTh momoxuTe bHON. 1o
CBOWIM TeOMeTPITIeCKNM cBoifcTBaM cdepa Sp,; BechbMa 6/IM3Ka K TIOCKOMY 1 — l-MepHOMY
pocTpancTBY: B Shy7, HAIPUMeD, depes Mobyio TOUKY, He JIeKallyto Ha JaHHON SKCTpeMaJIi
A7UHBL (T.e. Ha TIQJKOH KPUBOI, JOCTAB/IsIONMeil SKeTpeMyM byHKIMOHATY JTHHBL Ha Sphy;,
UHIYIIUPOBAHHOMY BJIOYKEHUIEM Sg]} — H,) MOXKHO TIPOBECTH €IMHCTBEHHYIO 9KCTpPEMAaJb, HE

nepecexatoryiocs ¢ mepsoit [20]. OTmeTnm 37ech eme oIHy BaxKHYIO ananormio chepbl Sy

3Taxske GymeM Ha3bIBATL IOJIOKUTEILHON UacTh P, COIEPIKAIIYIO BCe T SJeMEHTHl &, y KOTOPHIX ' > 0
ansd BcexX ¢ = 1,...,n.
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C eBKJMIOBOH cepoii: TOYKH, JerKalie Ha JeTHBIX KOMIOHeHTax chepbl Sphy}, PACCMATDH-
BaeMble KaK JIeMeHTBI arebpsl P, nzobpazxaior noarpymiy D, ;1 (0 yMHOXKEHUIO) TDYIIIbL
uzomerpuii Iso(H,).

Hazosem xonycom Con(zg) Touku zg € H,, MHOKeCTBO TOUeK B H,,, yJJOBICTBOPSAIONINX YPaB-
HEHUIO:

|z — x| = 0. (22)

OueBnIHO, KOHYCBI BCEX TOYEK M30MOP(MHBI U 3TOT M30MOP(MU3M yCTAHABIUBAETCS CUMBO/TAYIE-
CKOl (popMy.JIOii:
—
Con(z1) = Con(zg) + 1 — xo.
Dnements! © € Con(xg), ecim UX HHTEPIPETHPOBATH KAK JIEMEHTHI aaredphl F,, IPeICTaBIIsIOT
co6Oit B TOYHOCTH BCE Te JIEMEHTHI, JJIs KOTOPBIX & — T He IMeeT 00PATHOrO IO YMHOXKEHHUIO.

HenocpencrBeHnoit mpoBepKoii ¢ momMomnipio (5) JIerko yoeanThest B CIPABEIJIHBOCTI CJIEJLY-
FOIIEeTo MpeACTaBIeHHsI JTI000T0 HEBBIPOXKIEHHOIO HOJINIucIa T € Py,:

v=Y a'e, = 1(x)lzleY, (23)
s=1

— o n—1
rae T(x):Ta(;v) — KJIaCCI/I(bI/IKaTOp TOU KOMIIOHEHTHBI SBM’ KOTOPYIO IIepeceKaeT JIyd )\I,

R>) >0,
X = Z Xaes (24)
s=1

— mosmyroa = (T.e. yrjoBas TepeMeHHasi, sBJIAIONIAACA 110 CBOEH ajrebpamdecKoii mpupoje
HOJITYUCTIOM TOTO YKe THIIA, YTO U ),

T S
X; = In— (25)
|z |
T.H. 9KCNOHEHUUGADHDLE Y2Abl INEMENMA T,
o= 2 (26)
Ta(z)

HpHBe,[LeHHbIﬁ (K HOJIOXKUTEJIbHOI KOMIIOHEHTE Sg}}) QJIEMEHT A, Y KOTOpPOT'O BC€ KOMIIOHEHTDBI
B U30TPOITHOM basuce moJsoKUTEAbHbI. [1o CaMOMY CBOEMY OIIpeJe/ICHUIO 9KCIIOHCHIIMAJIbHbIC
YIUIbI YAOBJIETBOPAIOT TO2KIECTBY:

Tr(x) =) _x° =0, (27)

YTO, B CBOIO O4Yepe/Ib, 00eCIeunBaeT TOXKIECTBO
eX] =1, (28)

AHaJIOTUYIHOE II0O CMBICIY YCJIOBUIO €IMHUYIHOCTU MOOYJId KOMIIJIEKCHBIX YHCEJI, JIe2KalllUX Ha
e):[I/IHI/IqHOﬁ OKPY2KHOCTH B KOMILJIEKCHOI MIocKocTH. MoXKHO IIOKa3aThb, 9YTO BEJIMYNHa

e = It (29)
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MMEeT CMBICT aHaJIora eBKInIoBa yriaat mesk iy snemenramu(-Bekropamu) z u T(z). Ona Hasbl-
BAETCS B3AUMHbLM Y2A0M MEZK Ly HUMU. B3aNMHBIN YTOJT MeZKJLy HEBBIPOZKIEHHBIMU 5/IEMEHTAMHE
z€P, nye€ P, upu T(x) = 7(y) onpenensiercs no dopmyiie:

¢(l‘,y) = |Xy/a:|' (30)

[Tepexos ot snemenToB P, K ux mojmyraaM 1o dhopmysie (25) MOXKHO TTIOHIMATH KaK HEKOTOPOe
orobpaxkenue: b : P, — P,. Harnanuo o6pas b(P,) = QF, uzobpaxkaercs B npocrpascTse P,
B BUJIE TUIEPIIOCKOCTH, OPTOTOHAIBHON (B €BKJIMIOBOM CMBICIE) MPOCTPAHCTBEHHON GHCCEK-
Tpucce (IIOHUMAEMOM TAKKe B €BKJIMJIOBOM CMBICIE) TIOJIOXKUTEIbHON KOMIIOHEHTBI P, TIPOX0/1si-
mieii yepes HyJ1eBoil snement aareoper P,. OTobpazkenue b, KOTOpOe Mbl HA3BIBAEM D-IIPOEKITHEH
(6umpoekimeit), mpeacrapisier cobol HeslMHEiHOe 0TOOpaYKeHNe JINHEHHBIX TPOCTPAHCTB U J10-
IIyCKaeT MOCIELYIOIINE UTEePAIIIN:

P, > QP, > Q*P, - 5 QFP, 5 (31)

Kaxkaplit mar urepanuy IpoeKTUBU3UPYET PooOpa3 U MOHUZKAET Pa3sMepHOCTb obpasza (Kak

nojMHOroobpasust P,) #a exnauiry. Takum o6pazom, pasMepHOCTb MHOrOOOpasust TOJINYTJIOB
k

OFP, paBna n — k, 1 Bcero cymecTByeT n — 1 HE3aBHCHMBIX B3aUMHBIX yIJIOB X&, ). Dra mocrte-

JIOBATEJIbHOCTh HE3aBUCHUMbBIX B3aUMHBIX YTJIOB MO3BOJISET 3AIMCATH JIECTHUYHOE SKCIIOHEHIIN-

asbHOe IpejicTaienne nommancia [20)]:
n—2
x = H xPexpo | x" 7. (32)
p=0

2.7 HekoTopsbie ob1ue cBoiicTBa (pyHKIMI ITOJIUINCIOBON IIepeMEHHOM

Besikyto yHKIMIO TOMMYINCTIOBOI TepeMenHoit Kak otoopaxkenue f: P, — P, MOXHO 3a7aBaTh
B M30TPOITHOM 0a3mce COBOKYITHOCTBIO BEIIECTBEHHBIX KOMIIOHEHT:

z— flz)= Zfi(xl,...,x”)e,-. (33)

[Ipu sTOM 3HAYMTETbHAS YACTh CBOWCTB U CBA3aHHBIX ¢ HUMHU ONpeJiesieHnit (DyHKINN MHOTUX
BEII[ECTBEHHBIX ITEPEMEHHBIX MTEPEHOCUTCS Ha (DYHKINH ITOIIMIICIOBOM TepeMEHHOM].

2.7.1 Amnamutudeckue PYHKIUH ITOJIMYUCIOBON ITepeMeHHO

Bo3MOKHOCTB OIIpe/iesieHnst CTeNeHHbIX PAIoB (pa3zen 2.2) mo3BoIsieT OlpeIenTh KIace aHa-
JUTHIeCKUX (DYHKIMHA TOJMIUCIoBOi nepemenHoit C¥(P,) Kak COBOKYITHOCTH OTOOparKeHHii
P, — P,, Ipe/ICTaBUMbIX B BUJIE CXOJISAIIUXCSI MOJIMIUCIOBBIX CTEMEeHHbIX PsAoB Bua (7) (¢ mpo-
U3BOJIBHBIM IEHTPOM DPAa3JIOXKEHNUsT ). DTO ONPEJIeJICHNE JIONMyCKaeT 0O0DIIeHe Ha OTPUIATE b
Hble CTeleHn (IIOJMIUC/IOBbIe Pkl JIopaHa) BHE KOHyca IeHTpa pasjioxkeHus B psiji. [Ipu srom
AHAJTUTHYIECKOE TTPOJIOJIZKEeHIe aHAIUTUIECKON BEIlleCTBEHHOM (DYHKIINN OJIHOI ITepeMeHHO Bee-
rja cymiecTByer u exnHcTBeHHO [16]. Ha camom neste, cipasenmnBo Gostee obiee yTBEpK IeHNIe:
umeem mecmo buexkmuenoe coomeememeue medcdy nabopamu {fsts—1, . N GeWECMBEHNHIT
anarumuyeckur gynruuti om k sewecmeennvxr nepemennvix RF — R u anasumuveckumu
dyrxyuamu P, — P, om k nosuvucrosuxr nepemernur euda:

l1 lo li

P, xP,x---x P,— P,

40u obasaeT CBOMCTBOM A UIHTHBHOCTH U MOMKET OBITH ONPEIE/IeH KAK JJTMHA SKCTPEMAH HA eIHHIIHOL
cdepe Spy}, coemumsonuit Touky T(z) n eX(®) ma wmeii [16].



208 I'mnepkominiekcHble dncia B reomerpun u ¢usuke, 2 (18), rom 9, 2012

2de
lq

= C'(Py)

u ecely daa q=1,...,k nonapro pazauwno [16].

2.8 Tonomopdusie nuddepeHIaIbHbIE OTIEPATOPHI

Mpu1 He ocTaHaBIUBaeMCcs 37eCh Ha omnpejeseHnn AuddepeHnupyeMocT OYHKINA TOTUIUCTIO-
Boil mepemenHoit (ero mMoxuo Hafitu B [16]). MaTynrusHo onpejesnenne nuddepeHnnpoBanms
BJIOJIb HEM3OTPOIIHBIX HaIpaBJIEHUI MOYTH JIOCTOBHO MOBTOpseT KJIACCUYECKON ompejiesieHne
MIPOU3BOHOM 110 HAITPABJIECHUIO (DYHKIIMU MHOTUX MEPEMEHHBIX, a JauddepeHnmpoBanne BIoIb
M30TPOMHBIX HAITPABJIEHUI TaKyKe, IO CyTH, CBOJAUTCA K KJIACCUIECKOMY, TTOCTe HEKOTOPOTO J10-
OTIpe/IeJIEHN s ONIEPAIINT JIeJIEHUs U TIEPeX0o/ly B IPOCTpaHcTBO bM MeHbIero uncia n3Mepenuii.

k
Pacemorpum dopmasbibie guddepernnanbubie onepatopsl {0} g—1, . OUpeIeIseMble II0

dopmy.e:
o= CH(0), (34)

raoe o= Z 6585. BBe,ZLeHI/Ie 9TUX OIIepaTOpOB MOTHUBHPYETCA CJICAYIOINUMU COO6pa)KeHI/IHMI/I7
s=1
AHAJIOTUYIHBIMI MOTHBHUPYIOIIUM COO6pa)KeHI/I$IM JJId BBEACHHA OIIepaTOpPOB 82 n ag B KOM-

IeKcHOM anasmze [17]. YMmuoKast paBeHCTBA

k _ _ _
= " k+161+$n k+2€2"'—|—$2n ken’ (35)

KOTOpbI€ MO2KHO IIOHUMAaTb KaK CbOpMy.HbI nepexoaa OT BEIIEeCTBEHHBIX KOOP/AWHAT K ITOJIUYM-

CJIOBBIM, TIOCTIEZ0BATENBHO Ha €; (I =1,...,n) HOJYINM CepUIO PABEHCTB:
_ k _ k+1 _ k+n
ez Ml = 2 e Ml =g,z . e Fl=e, T, (36)

OTKY/Ia MojiydaeM oOpaTHbie (DOPMYJIBI ITepeXo/1a OT MOJUIUCIOBBIX IePEMEHHBIX K BeIeCTBEH-

HbIMsi

n
k—1
i T ey, (39)
k=1
i€ HyMepallys CONMPSKEH KaK 00BITHO MPOU3BOIUTCS TI0 MOJYJIIO 1. Teneph, B COOTBETCTBUN
¢ bopmynamu (39) Gymem mMeTs 110 paButy AudepeHnupoBatis CI0KHOM (DYHKIUT:

Of 0z° = Of ok
—f Zazs = 2 gt =0/ (40)

B COOTBETCTBUU C omnpejiesieHneM (34).

5()TMeTI/IM JJId TIOJTHOTBI KapTUHBI, 9TO dpopmaanaﬂ «sIKOOMeBa, MaTpuIlla» 3a/1a€TCdAd KOMIIOHEHTaMM:

o _ Ozx°

ol 67:5: = €l+s; (37)

a SIKOOMAHBbI — 9TO HEBBIPOXKJIEHHBIE SJIEMEHTHI U3 MHOXKecTBa Kiaaccudukaropos T(F,). OrmeruM Takxke, 4To
B cuty (37) MMeeT MeCTO TOXKJIECTBO:

n

== oo ; = eaymeism = Ind;. (38)

S n

oz o 896
1
x m=1 l‘ m=1
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2.9 Tomomopdubie QYHKIINHU MMOJIUTYNUCIOBON MEpeMEHHO

Onpenenum 2040MmopPhHvie GYHKUUL NOAUMUCA0B0T NePemMeENHOT KAK TaKIe OTOOPAXKEHHs TPU-
palenne, KOTOPbIX MOYKHO MPEJCTAaBUTH B BUJIE:

Af = a(zg)Az + B(xo)o(Azx), (41)

rie o u 3 — HeKoTopble HempepbiBHBIE GyHKIUU P, — P,. Kiacc romomopdubix yHKIIM
SBJIIETCS BeCbMa Y3KUM IOJKIaccoM juddepentupyeMbix dyuxmnuit. C moMonibo dhopMab-

k
HBIX auddepeHnnaIbHbIX onepaTopos {J} yciaoBue rogoMopdHOCTH MOXKHO 3alUCATh TAK:

5F=0 k=1, . .n—1 (42)

B kommonenTax ycioBust (42) IPUHUMAIOT BUJL NOAUNUCAOSUT Ycaosuli Kowu-Pumana 6 u3o-
mponnom basuce:
afs
oxk
Takum 0bpazoM, 2040MopPHbIE GYHKUUL NOAUNUCA0B0T NEPEMENHOT 6 U30OMPONHOM basuce
TaAParmepusyromea npoussosviom nabopom {f*}rs—1 ., n sewecmeenno-dugpepernyupyemoir
pyrryut 00Hoti nepemenmnoti:

=0 mpu s#k. (43)

f@) = filzher+ -+ fM(a")en. (44)

Kak 1 B KOMIUIEKCHOM CJIydae, yCJIOBHIO MOJIOMOPMHOCTH MOKHO MPUIATH BUJL YCIOBUS HE3ABH-
CUMOCTH TPOU3BOJIHON OT HanpasjieHus. JleficTBuresbHO, pacnucbiBas yciaosue muddepeHnn-
pyemoctu B obuieii popme npu bUKCHPOBAHHOM (HEBBIPOXKIEHHOM ) HAIPABJIEHUN [TPUPAILEHUST
Az = T(Az)eeX, (x = constp,) TOTyIUM:

AF =" an(zo) T (A F)ge* + B0, X)om(0), (45)

IOJIYIUM J1JI5 HpOHBBO,ILHOﬁ 11O HEBBIPO2KJICHHOMY HallpaBJICHUIO X B TOYKeE Tg:

_ o f(@o + T(Az)0e¥) —
dX 0—0 T(Al‘)gex

20) S~ w) (AR /A0S (46)

B obmem caygae suadenne npoussouoii df /dx muddepentmpyemoit dyakun f npu duxcu-
POBaHHOM HallpaBjieHnn JudGEepeHInpOBAHUST X 3aBUCUAT OT BHIOOpA 3TOr0O HaIpaBeHus . Kein
ke ysakus f P,-romoMopdHa, TO 3aBUCHMOCTb OT HampabieHus B (46) mpomagaer (aHAIO-
PUIHO KOMILIEKCHOMY CJIYUAl0).

MpbI IPUXOJUM K BBIBOLLY O TOM, YTO 2040MOPPHbIE PYHKUUL NOAUYNUCAOB0T NepemMerHot
— 2mo (¢ mounocmwro do nepecmanosky Koopdunam) Kak pa3 me GYHKUUL, KOmopule ocyule-
cMeAAIm Kongopmroie npeobpasosanus mempuku bBepsaavda-Moopa. InBaprmaHTHOCTH YTJIOB
MEKJIy HEBBIPOXKJIEHHBIME BeKTOpamu X,Y KacareJbHOro mpoctpanctsa 1, H, mpoBepsieTcs
psIMO#i BBIKJIAIKOM ¢ yaeTom onpeseserust (30):

¢(X> Y) = ’XY/X’ L d)(X,vYI) = d)(f,X? fIY> = ‘Xf’Y/f’X| = |XX/Y| = ¢(Xa Y)a (47)

riae f' = df /dx m yareno, 910 3aKOH IpeoOpa3OBaHUs BEKTOPOB TIPU MOJIOMOPGhHBIX Mpeobpa-
30BaHMAX KOOPAMHAT 3aJaeTCs MIPOCTHIM ajredpamdyeckuM mnpasuiaoM: X' = /- X.
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AHaJIOrIIHO KJTACCHIEeCKOMY KOMILJIEKCHOMY aHAJM3y B TOYKAX, B KOTOPBIX MOJLYJIb TOJIU-
YUCI0BOI pou3BoaHoil [/ rosomopdHoil GpyHKIMN 0OpalaeTcss B HyJIb:

f] = 1A =0, (48)

n
rae Ay= [] 0f°/0x® — (BemiecrBenmblit) sKOOUAH IPeoOPA30OBAHUS KOOPIUHAT, COOTBETCTBYIO-
s=1

1ero rojjoMopdHoit GyHKIMI f, yeaoBue KOHPOPMHOCTH IPeodPa30BaHUst MOXKET HAPYIIATHCS.
Hanpumep orobpazkenue x — z2 nekonodopMuo B Touke =0 (paccysKjeHne, IpUBeJIeHHOE B
NpEeIbIYIIEM MYHKTE He MPOHJIeT BBUIY TOTO, YTO B ONpejeseHue SKCIIOHEHIINAIBHOTO yIJa
BXOJIUT HOPMa BEKTOPOB, KOTOPYIO MBI Ha BCEX ITAllaX PACCYKIEHUS MOJATAJN OTJIUIHON OT
HYJIsA).

2.10 O06o061eHHO-TOIOMOP@dHBIE DYHKIINH ITOJIUYNCIOBOI epeMeHHOI

PaccmoTpennoe Bbitie ycmoBue roioMmopdHOCTH B pOpMe paBEHCTBA HYJIIO HEKOTOPOro HAbopa
YACTHBIX MPOM3BOJHBIX MEPBOrO MOpsifka (42) JI0IMycKaeT MHOTOYUC/IEHHBbIE 0DOOIIEHUs, KO-
TOpBIE MOI'YT OBITH NOJIE3HBIMHU B NpHIoKeHusAX. Obo3HadnM mnocpegcrsoM A7 monmdncioBoe
JINHEHOe TPOCTPAHCTBO raaakuxX Gyukmmit f: P, — P, yI0BI€TBOPAIONINX YPaBHEHHIO:

af=0. (49)

k
Hpyrumvu ciosamu, A7 = ker 9. HerpyaHo namucars obmuii Bug snementa f € A}, nepexojs K
BelecTBeHHbIM KoopauaaTaM. CormacHo (49)

k n
Of =) Ourfies=0, (50)
s=1
OTKYy/la ycjIoBHe mpuHajieskuoctu f kiaccy Aj BbIpaxKkaercs hOpMyJIaM [T KOMIIOHEHT:
afs
—— =0, s=1,...,n. o1
Oxs—k (51)

Tenepb, ¢ yuaerom cooTHOmeHnii (42), MOXKHO CKa3aTh, YTO ONPEIEIEHHbIN BbIIIE KJIACC TOJIO-
MOPGHBIX DYHKIUI ONMICHIBACTCA KaK MepecevdeHne saepHbIX MOIMPOCTPAHCTB BUIA:

n—1
n — n
r=) AL (52)
s=1
Anajtornyno, onpegeaumM® Kaacchl ronoMopdHbBIX DyHKIUI g;g k=1,...,n—1 nocpeacrsom
COOTHOIIEHUA:
n — n
r= ()AL (53)
s#k

Bynem HazbiBaTh MHOXKECTBO (DYHKITHI 13 KIacca gg k-20n0Mmopprvimu. B KoopanHATHOM TIpe/I-
cTaBJIEHUN OOIIUil k-TOJIOMOP(HBIN 97IEMEHT OMUCHIBACTCS (DOPMYJION:

@) =3 e H)e, = Chyla), (54)

63necs u maee mpeamosaraeTcs, UTO BCe (PYHKIMHE MMEIOT HeIPepLIBHBIE UACTHEBIE IIPOU3BOIHLIE TAKOTO
MOPSAIKA, KOTOPBI HEOOXOIUM [IJ1sT KOPPEKTHOCTH BBOJIUMBIX OIPEIE/ICeHAN.
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rie g(z) € Gy

MokHO POIOJIZKUTH TTOCTPOEHHOe 0000IenHne u najee. /s sroit nesm paceMorpum 0600-
IIEHHOE YCJIOBUE TOJIOMOP(MHOCTU B BHUE HAOOpa MOHOMHBIX AuddepeHnnaabHbIX ypaBHEHU
BUJIA:

ﬁ (3) DR (55)

m=1

. (¥3 2 n m
B Bripazkenun (55) ko — 371eMEHT n-MepHOII IIeJIOUNC/IeHHON HeoTpunaTebHoi pemerkn Z7 , k)
— €r0 TeJI0YNCIeHHbIe HEOTPUIIATEIbHBIE KOMIIOHEHTHI, v =1, . .., 7 — qucsio yeaosuit tuma (55).
Jl;1s1 KpaTKOCTH MBI BBEJIH CHMBOJIIYEcKoe obosHauenme DFe — «BeKTOp B CTENeHH BEKTOD»,
oIlpeJiesICHIe KOTOPOT'O OYCeBUIHO:

vV =vuy>. . U (56)

Beujy Toro, uro KaxKjoe yciaoBue Bujaa (55) mapamerpusyercs IeJIOYNCIEHHBIM BEKTOPOM,
a KOMITO3WIMs Mapbl TAKUX YCIOBHH (KoTOpas sBisgercs anddepeHInaTbHbIM CIeCTBUEM
NCXOJHBIX yCHOBHﬁ) XapaKTepugyeTcd CyMl\lOIU/I OeJIOYUC/JIEHHBIX BEKTOPOB, MMEEeM B3aMMHO-
OJTHO3HAYHOEe 0TOOpazkenne MuddepeHImanIbHbIX OepaTopoB Buaa (55) B Komblo Z7 Ham 7.
Ouesnano, 3aaBas ycioBue roloMop@HOCTH HaDOPOM 3JIeMeHTOB B £}, 1e1ecoobpasHo orpa-
HIYMBATHCS JIMHEHHO-HE3aBUCHMBIME | B Z" anemenTaMu Kojblia Z'. Bogsa oboznauenus:

A = ker D™, (57)

oJiydaeM B KadecTBe ODODIEHHBIX KJIACCOB TOJOMOPMHBIX (DYHKINI MepeceueHns sJIepHBIX
[IPOCTPAHCTB BUJIA:

g&lv“"kr) = ﬂ AZO(' (58)
a=1

Paccmorpennble BbIIe Kitacchl gg = Q?E s e {E;}iz1,.. n — HaOOP OABUCHBIX BEKTOPOB

la“'»Em'“aE’n
pemeTKn Z_T,'f (y EyZ Ha i—OM MeCTe CTOUT €MHHIla, Ha OCTaJIbHBIX MEeCTaX — HYJII/I), a «IIJIAIIKa»,
KaK O6quHO, Oo3Ha4daeT HpHHy,ILHTeHbeIﬁ MIPOIIYyCK COOTBETCTBYIOIIETO 3JIEMECHTA.
n o
OHI/HHGI\I 60.]166 HO,HpO6HO CTPYKTYDPY IPOCTPpAaHCTBa ApEk . COOTBGTCTBYIOHH/H/I €My aHHYJIN-
pYIOHlHﬁ orepaTop DpEk MOZKET 6bITb npeacTaB/i€eH B BUJIE:

k k
DPPe = (9)F = ()" "o 9, (59)

gro BMecTe ¢ onpenesnenueM (49) mag A} gaer ciemyioliee CHMBOJINYECKOE PABEHCTBO IS
n .
obriero snementa f € pEL:

DYV f — An. (60)
CHOBa HCIIONIb3y4 IIPpEeACTaBJIEHNE

pDw—1E, _ (5)1)—20 5 (61)

1 BBIIIOJIHAA CUMBOJIMYECKOE NHTEI'PUPOBaHUE (60), IOJIY9IUM:

DP 2B f —f @ AT + AT (62)

"HecMOTpST Ha KOHEYHOMEPHOCTD Z% Kak momMHoKecTBa B Z™, Z'} 6eCKOHEYHOMEPHO KaK KOJIbIIO Hat, Z | .
K npumepy, 6eckonednas nocegoBareabHoctb 3tementos (0,0...,0),(1,0,...,0),(2,0,...,0),... guHeitno ue-
3aBHuCHMa B Z7.
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[IpomomKas 9TOT TpoIiece jrajiee, MOJyIruM OOIIUil BUJ IPECTABUTES KJIacca TOJIOMOMHOCTH

gEk: ZEk:
p—1 )
Ap, =P oA (63)
q=0
M B SIBHOM BHJIE:
k k ko _
A Sf=fo+thiT+faz’+. .. fraz? (64)

rie Bee f; € Ay ©Qopmynst Tumna (63) Gyzem HaswiBath dopmyaamu npusedenua Ayp kA

n
MokHO BHITIICATH aHAIOTHYHYT0 (GOPMYITY TPUBECHNST N OOTIMX AJePHBIX TpocTpancTs A K
npocrpascTBaM A

n ki—1
=P Priea, (65)
s=1 ¢=0

CIIpaBeJJINBOCTh KOTOPOI BIIOJTHE OYE€BUIHA U3 MIPEJbLIYIIEro PACCMOTPEHUS.
e n
B zax/mouenue 5Toro pasje/ia ONMIIeM cleluabiblii Kiace G o p -TOTOMOPQHBIX (DYHK-
Wi, OTpeJIesIsieMblii HHBAPUAHTHBIM (ITOJIMCKAISPHBIM ) (D dOEPEHITNATBHBIM OEPATOPOM:

n

On=lloI"L =] 5. (66)
s=1

Omnepatop (), SABJIsIeTCs MOTMIUCIOBOI Bepcueit 1ByMepHoro omeparopa Jlammaca Ay = 40,05 n

MHOTOMEPHBIM 0000IIeHIEeM 2-MePHOT0 BOJTHOBOTO onepaTtopa Uy = 49,05, time h € Ps. Tlo sroit
n

npuanHe Kinace G | p OylleM Jyis KPATKOCTH Ha3bIBATh NOAUZAPMOHUMECKUMU HYHKUUAMU

u obosnavars Harm(P,). B coorsercrsun ¢ obmmeii dhopmysioit npuseaenns (65), Mbl MOIydaeM

JIJIsT 9TOTO KJIacca CAeYIoliee 00Iee CUMMETPUIHOE TIPe/ICTABICHHUE:

Harm(P,) = @AZ (67)
k=1
WIN B KOOPJIMHATHOM BHJIE:
Harm(P,) > f=> ) fies, (68)
s=1 k=1
rae fi — Bemecrsennble dbyukmun R"1 — R, yIOBJIETBOPAIONIHE YCTOBUSAM:

ofi
ozk

=0, s,k=1,...,n. (69)

3 @yukuuga 'puna oneparopa (), U CUHTYJIsPHbIE YpPaBHEHUSs
3.1 HexkoTopble BcnoMorareJibHble KOHCTPYKIINN

OnpeneTnM HECKOJBKO TOJIE3HBIX B JAJIbHEHIIIEM BCIIOMOTATENbHBIX (DYHKIUN TOTMINCIOBOIM
nepemennoii P, — P,,. Ilpex e Bcero, onpeaennm OyHKIUIO

abs(z) = Z |z®es, (70)

rae |£L'S| — OOBIYHBII MOJYJIb BEIIECTBEHHOI'O YHCIA. DTa (DYHKINA SABJISIETCS MOJMIUCTIOBOM
Bepcreil OOBITHOIO MOJIYJISI: OHA OTOOpaykaeT BCe KOOPAUMHATHBIE N-MepHBIE MOIyKyObl Ha, IIep-
BBl (moJI0’KUTENIbHBIN) moyKy6. Ee duncaeposa HOpMa cBsA3aHa ¢ MOIYJIEM MOJIUIUCIA 10
dopmy.e:

labs(z) || = || (71)
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OrnpenenuM apy HOPMUPOBAHHBIX ITHKOOOPA3HBIX (OYHKITNI:

Che =2 abs(z) < abs(a)
we(z) = =
0, abs(z) > abs(a)
(72)
n _ (a®)?
) Y Cie @)=, |2t < @], (s =1,...,n)
- s=1
0, |z°| > |a®|, (s =1,...,n)
u
%a() = 7rac2 a2 ? z%)? as)Qes' (73)

s=1

B (72) C, = Cle;+- - -+CTe, — mommuucyo ¢ kommonenTamu C*, yI0BIETBOPAIONUME YCIOBHIO
HOPMUPOBKH Ha €IMHUILY:

as $)2

cg/kiﬁf?%:1. (74)

—as

O6e yHKIIUN MPEJICTABIAIOT COOOM MOJIMIUCIOBYIO BEPCUIO (DYHKIIUI- «IITAMTOYEK», IIMUPOKO UC-
HOJIB3YEMbBIX B TeopHu 0600IIEeHHBIX (DYHKIWI [21] 1 yI0BIETBOPSIOT HOJMYUCIOBOMY YCIOBHIO

HOPAHPOBKT
/ { C;Eg }d‘”:{ z } (75)

rep;t

rae P — kmace sewecmeenno-nodobnuix myreit B P, KOTOPBIl onpe/ensaercs TpeGOBaHNSMIE:
1) abs(ir(t))=42r(t) u |2|(t) #0 mis Becex ¢t u3 mHTepBaJa napamerpusanuu myru I' € P,
2) T'~ {(I,), tne £(I,,) — BemecTBeHHAst OCh B P,, ~ — oTHOMmeHne romororuu. [lommaucioBoit
uHTerpas B (75) HOHMMAETCS OKOMIIOHEHTHO:

/ fa)dr =Y / Foa (6 (0) dt, (76)

rie xp(t) — mapaMerpusarysi MyTH WHTErpupoBaHust .
PaccvoTpuM, HaKOHEI IOJIMYNCIOBYIO BEPCUIO CTyIeHYaToll dyHKimn Xepucaiia:

= 0(2)es, (77)

rjie B MPABOW YaCTU ONPEJIeJIEHUs] CTOAT CTaHJAPTHBIE CTyIeH4YaTbie (DyHKIIUU OT BEIECTBEH-
HBIX apryMeHToB. OuUHC/IEpOBA HOPMa, 3TOU (PYHKIIMU OMPEJIEISIET CTAHIAPTHYI0 MHOTOMEPHYIO
CTYTIEHYATYIO (DYHKITUIO:

1©@)|" = b(z',...,2") = ] o). (78)
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3.2 lenbra-dpyHKIUs HAA MOJIUYUUCTIAMUT

Onpenenum Tenepb MOJIUIUCIOBYIO BEPCUIO J1e/bTa~(DyHKINKI, pacCMaTpUBast CJIeIyIONINe Ipe-
JeJIbl:

Az) = (lll_r% we(z) = (lllir(l) o.(z). (79)

Kak u B BemecTBeHHOM citydae, npejesbl B (79), WHTepIpeTupyeMble TIOTOYEYHO, HE OIpeie-
NS0T HUKaKOl Kiaaccudeckoil dyukimu. C apyroii croponbl, 00bekTy A(x) MOXKHO TPHIATH
CMBICJI, €CTH paccMaTpuBaTh BMecto (79) ciabble mpejiebr:

a—0 a—0
rep; rep;

lim / f(2)wa(x) dz = lim / f(x)ou(z)dz = £(0), (80)

rae f — Hekoropas rosomopdHasg nonnuucioBas dyukima. CoorHomenusi (80) MO3BOIAIOT
BIIOJIHE CTPOTO OmpeaesuTh A(z) Kak JUHEHHBIH TommancaoBoil hyHKIoHAI 10 GopMyJie:

(A(@), f(2))r = / Ax)f () dz = £(0). (81)

rep;t

Hepexo;j,ﬂ K KOMIIOHEHTaM, U3 (81) O49€BUIHO UMeEM CJleJyroliee IIpeacTaB/JICHUE:

Alz) =) d(a)es, (82)

r7le B IIPaBOil YaCTU CTOAT OOBIYHBIE JIe/TbTa-(PYHKIIUU BEIIECTBEHHON ITepEeMEeHHOIM.
B cBasu ¢ onpenenennem A(z) HeOOXOAUMO CJIeJIATh HECKOIBKO 3aMeYaHuii.

1. @ynknuonan A(z) B oTIMYIMe OT cTaHAAPTHONH MHOrOMepHOii nenbra-bynkimn d, (z!, ... x")
HMeeT CHHIYJISIPHOCTD, COCPEJOTOUYCHHYIO He B TOUKe, a Ha Konyce Con(z). MuOromepHas
JieJIbTa~-(PYHKIMS BOZHUKAET B M3/IaraeMOM TIOJIXOJIe €CTECTBEHHBIM 00pPa30M KaK n-asd cTe-

II€Hb HOPMUBI:
n

Sz, .2 = [[6(2%) = |A()]" . (83)
s=1

2. @opmysst (81) min (82) OAHO3HATHO ONPEIE/IAIOT JHHEHHDIH (DYHKIMOHAT JIUIIL B TOM CIIy-
Jae, KOIJa YKeCTKO (BPUKCHPOBAH KJAacC MyTeil mHTerpupoBamus (Mbl (DUKCHPOBAIN KJIACC
IIOJIO?KUTEIHHO OPHEHTHPOBAHHBIX BEIIECTBEHHO-IIOA00HDIX myTeil). B dopmyie (81) sasu-
CHMOCTB 3HadYeHus GyHKImonata A(z) OT MyTH HHTErPHPOBAHNST YKa3aHa SBHO. 3/1€Ch PO~
SIBJISIETCsL MHOroMepHast crenuduka P,. B ciaydae myTu obmero nosoxkenust (HIH Jazke MHO-

rocsstzHoro myTn) dpopmyny (81) ciemyer 0606IUTE CreayOmuM 06pa3oM:

(A, fir = Nrf(0), (84)

rae moanducao N yIuThIBAET KOJTMYECTBO MEepPecedeHuil My TH MJIOCKOCTeH KOHYCa, Ha KOTO-
POM COCPEIOTOUEHA CHHTYIIAPHOCTH A(z). DT0 gucsio onpeessercs: hopMyJIoii:

n

Ne =) " sign(@(tm) e, — @))€ (85)

s=1 m

3. Bp160p KOHKpETHOTO KJ1acca OCHOBHBIX (DYHKIINI MTOJTMIUCIOBOI TEPEMEHHO, HaJT KOTOPHIMU
oTpeIeIIeTCs TPOCTPAHCTBO OOOOIIEHHBIX (DYHKIINI KaK MPOCTPAHCTBO JTUHEHHBIX (DYHKITHI-
OHAJIOB, 3aBUCHUT OT pelraeMbIx 3ajad. O0Iee TpeboBaHMe 3aKI0IaeTC B CyIIECTBOBAHUN



T Ilamos, C.C. KokapeB Hekoropele 3amadnm MaTeMaTHIeCKOlH (DPU3UK... 215

nHTerpasioB Buja (81). DToro MOXKHO JOOGUTHCsI, HAPUMED BBOJs MOJMYUCIOBOM aHAJIOT

IPOCTPAHCTBA TIAJIKUX PYHKIMI ¢ GUHUTHBIM HOCHTEEM (OIpe/esieHne KOTOPOTO TIOKOM-

MIOHEHTHO CBOJIUTCSI K KJIACCHIECKOMY OIPEEIeHNUI0), WIN OIPAHNINBAs MHTETDUPOBAHUE

[JIAJIKUX WJTH TOJTOMOPMHBIX (DYHKIUH HA «TOJMYUCIOBON MHOTOMEPHBIH SIIUK», C pa3Me-
n

pom L= > Le,. Tam rye 910 BO3MOKHO, Mbl He KOHKPETH3UDYEeM KOHKDETHbIe CBOWCTBA

s=1
KJiIaCCa OCHOBHBIX (byHKILI/Ifl, nopearnoJiarad JUIIb CYIEeCTBOBaHNMe NHTEI'PaJiOB 1 3aKOHHOCTD

MIPOU3BOIMMBIX OIEPAIINil.

k
4. Herpyano ompenenntsh HabOp roromopdubix jgenbra-byskmmit {A(z)} nocpeacrBom dop-
MYJIBL:

A(Z) = CF(A(2)), (86)

a TakzKe TOJIMIUCIOBYIO JIebTa-(DyHKIINI0, 0COOEHHOCTh KOTOPOI COCPEI0TOYEHa Ha HEKO-
TOPOM TIOAMHOroo6pasun M, B P,

Ap, = Al — xp9), (87)

q

rae o : R — P, — napamerpusarus M.

3.3 ®Pynkuus I'puna oneparopa (), U CUHTYJISIpHbIE ypaBHEHUs

PaccemorpuM HeoHOpPOIHOE YpaBHEHNE BUIA!

OnG(z, o) = Az — o), (88)

B IIPaBO#l 9aCTH KOTOPOT'O CTOUT TMOJUYMCIOBON aHaJIOI TOYEYHOI'O MCTOYHUKA C BEPIIUHON B
Touke Zo. [losmaucioBoe ypasaenue (88) pacnagaercs Ha COBOKYITHOCTD 1 CKAJISPHBIX YDaBHe-
HUT B KOMIIOHEHTaX:

angs
— =0(z° — x}). 89
C yd4eroM M3BeCTHOIO B KJIACCHYECKOIT Teopun 0600IeHHbIX DyHKIUiT cooTHOeHns [21]:
do(§)
—=0(), €k, (90)
dg
MBI TOJIY9IaeM € MOMOIIBIO HEMOCPEICTBEHHOTO TIOC/IEI0BATEILHOIO HHTEIPHPOBAHNS:
G =0(z* —xd)xt - 252"+ S (91)

/e IIISIKa, KaK 0OBIYHO, O3HAYaeT IPOIYCK COOTBETCTBYIOIIETO YJIeHA MTOCIEJ0OBATEIHBHOCTH, &
f§ — s-ag KoMImOHeHTa TPOU3BOIBHOI mosmrapmonmaeckoit dyukimm fo € Harm(P,). Pemenne
(91) MoKHO 3amucaTh U B MOJIXIUCTOBON CUMMETPUIHON hopMme:

G(x — ) = (O(z — x9) - 9)||lx — zo||" L. + fo, (92)

rae fo € Harm(P,). Boipaxkenue (92) npezcrapisier obmmit Buyg dbyukiun ['puna st mogandu-
CJIOBOTO TAPMOHUYIECKOTO oreparopa. Ecim B mpaBoit gactu (88) Gyer cTosiTh pacipe/ e/ IeHHbI
HOJITIUCTIOBOf MCTOYHUK J (), TO 00lIee pelieHne ypaBHeHUsT

On® = J (93)

OyJeT BbIpazkaThest 110 obuwM dopmysiam Teopun dyukuii ['puna depes cieayonryo (B 0TIn-
que OT Teopuu noJist B R, 10 CyIIecTBY OJIHOMEPHYIO) CBEPTKY:

B(z) = / Gz — 2)J(2)dz' + fo, (94)

rcp;
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rie dbyukiys fo € Harm(P,) onpeensercs TpaHUIHBIMU YCIOBUSIMH.

PacemoTrpuM Takike eme mapy CHHTYJISPHBIX ypaBHEHMI, KOTOpPbIE MOI'YT BCTPETUTHCS B
MPUIOKEHUSIX TOININCI0BOM Teopru mojst. OIHO W3 HUX OMUCHLIBAET CUHTYJISPHBINA MCTOYHUK,
COCPEJIOTOYEHHBIN HA KOHYce MeTpuKu bM, u yuantbiBaeT 3pdekT ero yObIBaHUs ¢ pACCTOSHUEM,
COBMECTHUMBIil ¢ rpymmoit cumMerpun MeTpuku BM. DTo ypaBHeHHE nMeeT CJIe Iy oMl BU,I:

OnGrn = 5(”m - Z'OHH) (95)

3aech mpaBast 9acTh — cKassp, a G, — ckandpHag Gyakuus ['puna ypasuaerus (95). C mo-
MOIIBIO TIPABUJI OOpaleHus ¢ nenbTa-DyHKIweil or GyHKIUN, TpaByo 9acTh B (95) MOKHO
peobpa30BaTh K BHUJLY:

n

> (@ — )6z — ). (96)

s=1

1
[ = o

([l = zoll") =

HenocpencTBeHEBIM TIOCTIEI0BATEIBHBIM HHTErpHpoBanueM (95) ¢ yaerom (96) mosrydaem:
n
O(x* — xf)
H In(z® — zj Z In(zF — 28 (97)
k=1 0
C TOYHOCTBIO /IO PEIIeHUs OJHOPOJHOIO YPABHEHHUsI.

Eme oany ckansgpryo ¢yHkmuio ['puHa ompeenser cKajaspHOe ypaBHEHUE CJIEIyIONIero
BUJA:

OnRi = [|A(z — o) " = H 5(z* — ). (98)

Ero HEIIoCpeJCTBEHHOE ITOC/IEA0BATE/IbHOE NHTECI'PUPOBaHNE IIPUBOJAUT K CJIeAYyIOoIIeMYy beHﬂa—

MEHTaJIbHOMY PEHICHUIO:
k

Ry = 0z — o)l = [ [ 0(z" — ). (99)

s=1

4 Merpuka BM u oneparop ()3 B cpepudecKoii u HMUJINHIPUIECKON
(M30TPONHOIT) cucTeMax KOOPAMHAT

B stom pasmesre Mbl paccmorpum obmuit Bug Merpukun BM u ckamsgproro omepartopa ()3 B
dunCIEPOBOIT chepuueckoil M MUIMHIAPUIECKON crcTeMax KOOpAWHAT. B mepBoM ciaydae MbI
IIPOBEJIEM PACCMOTPEHUE JIJIsl TPOM3BOILHOIO BHIOOPA YIJVIOBBIX KOOD/IMHAT HA WHINKATPUCCE, &
TaK YKe JIJisi HEKOTOPBIX KOHKPETHBIX YIJIOBBIX KAJIUOPOBOK.

Haurewm ¢ 6ostee mpocToit huHCIEPOBOI MTUINHIPUIECKON CHCTEMBI KOODIWHAT, KOTOPas CBsI-

3aHa C UCXOJHOW M30TPOITHON CUCTEMOUN MOCPEICTBOM COOTHOIIIEHUH®:

et =pe¥; X?2=pe ¥ X3=2 (100)
Hna 6asucubix 1-cbopm nosydaem:

dx' = dpe¥ + pe¥ dip;  da? = dpe? — pe¥ dip;  dxd = dz, (101)

8Tlosicaum npoucxox ierne 31ux Gopmyi ¢ anredpoit nonuaucest. CoracHo obIeMy BHIPayKeHHUIO J1JTst MeTPH-
weckoro 6unrta (29) s n = 2 umeem: ¢ = [— In(z'/p) In(x?/p)]'/? = In[z' /p|, tae Gbut0 yuTeHO COOTHOMTEHITE
p = Vxlz?, copasenuBoe B IEPBOM UM TPETHEM KJIMHBSX IUIOCKOCTH JIBONHHON mepemenHo#. Orcroma cpasy
nosyaatores dpopmyast (100).
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a Jyisi nHTepBasia bepsasbna-Moopa mocse TensopHoro mepemuoxkenus 1-popm B (101), cpasy
IOJTy YaeM:

ds%y = (dp* — p* dyp?)dz. (102)
BanuceiBas JyaabHBIE COOTHONIEHUS [/t ONepaTopos auddepeHmpoBanus:
0, =e¥0 + e ¥y
Op = 1e%0) — re ¥ y; (103)
0, =05

U BbIpazkasi M30TPOIHBIE OMepaTophl O;:

—
0 = < <8r + %&ﬁ) ;

2
e 1 104
3225(@—;81/1); (104
a3 = az;

MOJTyIaeM TI0C/Ie HEKOTOPBIX MPeodpasoBaHuil 11 MHBAPUAHTHOTO orepaTtopa ()3 ClIeIyroree
IIpeJICTaB/IeHUe B IUJIMH/IPUYECKOIl cucTeMe KOOPJANHAT:

O3 = ;1(02;) - p72812/;)aza (105)

rie Oap = p10,p0, — pammanbhast qacth 2-meproro oneparopa’ Os.
[lepeiizeM K BeIpazKeHusM B obmieil buncaepoBoil chepruuecKoii cucreMe KOOPANHAT, CBA3h
KOTOPBIX C IJIOCKIME H30TPOIHBIMI KOOPANHATAMHI 33,Ja€TCA TIOCPEICTBOM CICLYIONIX OOITIX

dopmy.r:

z! = ref1;

:L.2 = reF2; (106)

23 =re 112
rie bynkuun F; = Fj(€1,€%) (nmoka nmpousBosibHBIE TIVIaJKue HezaBUCHMble (DYHKIMH JIBYX
BEII[ECTBEHHBIX IEPEMEHHBIX) 3a/IAI0T apaMeTPU3AINI0 WHINKATPUCCHI B IpocTpaHcTBe Hj,
r3 = zlz?z® = ||z||*. U3 (106) nomyuaem nisa 6a3ucHbix 1-popM cieayonue COOTHOIECHNUS:

dzt = ef'(dr + r(Fy 1 d&t + F 2d€?));
dz? = ef2(dr + r(Fy1d&t + Fp0d€?)); (107)
d$3 = e_Fl_Fz(d'l“ —r ((F171 + ngl)dfl -+ (F1’2 -+ F2’2)d£2)) ,

IJle 3amaTas ¢ HOMEpoM 4 o3HavaeT JactHoe muddepeniuposanue o nepemennoit £ (1 = 1,2).

Axobuan nmpeobpazosanus (106) jerko Bbrancisgercs depe3 KoahduimeHTs MaTpulpl Ikobu B

(107):

D(zt, 2% x3) 5 o D(F1, F)
=3r .

D(r, ¢, &%) D(¢&',€?)

9KOTOPpHIil, ¢ TOYHOCTBIO A0 UHCIOBOTO MHOMKHTENH, COBIAJACT CO CTAHIAPTHELIM BOJHOBLIM OIEPATOPOM B
JBYMEPHOM IPOCTPAHCTBe-BpeMeHn MUHKOBCKOTO.

J(r, €8

(108)
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[Toacrasnsas (107) B BbIparKeHue
3 = S(dat @ da® @ da®),

U BblJIe/Isisd KOI(MMUIMEHTH! PN PA3JIMYHBIX TEH30PHBIX CTENEHIX KPUBOJIUHENHBIX OA3MCHBIX
1-popm {dr,d€, d€?}, Mbl IpUXOUM K CIEIYIONMM BBIPAsKEHUSIM [JIsi KOMIIOHEHT MeTPUKH
BM B obmieit cchepuieckoii cucreMe KOOp/IMHAT:

3[jrrr = 1)
3h111 = —7“3F1,1F2,1(F1,1 + Fyq); (109)
3Bz = —7’3F1,2F2,2(F1,2 + Fy);

3brr1 = Oa 3brr2 - Oa
1 = —§(F1,1F2,1+F12,1+F22,1); (110)
Bpe = — % (FioFae + F2, + F3,);

2

r
10 = _EQFI’IFLQ +2F 1 Fh o + F11Fop+ FioFh1); (111)
3
r
*hr1z = —§(2F1,1F2,1F2,2 + F1,2F22,1 +2F 1 FaaFip + F12,1F2,2); (112)
3 _ _7’3 2 2
Bi22 = §(2F1,2F2,2F2,1 + F11F5 9 + 2F9F50F1 5 + F1,2F2,1)- (113)

[IpuBenem saBubI Bug merpukn BM B Tpex KaJmOpoOBKax:

axcnonenyuarvras xasubposka Fy = 4 Fy = £2:
ds® = dr® — r*(3du® + dv®) dr — 2r*(du® — dv®) du, (114)
rae u = (' +&%)/2, v=(§ - €)/2;

mpuzonomempureckas xaiubposka Fy = 261 sin €2 /1/3, Fy = ' (cos €2 — sin £2/4/3):

2
ds® = dr® — rdr(du® + v?dv®) + %gr?’(sin v(4cos? v — 1)(3u?dv? — du?) du+

(115)
+ cosv(4 cos? v — 3)(u?dv? — 3du?)u dv),
7€ JUIe TIPOCTOTH UTenusa pOpMYIbI MBI TonoxKmmm &L =u, €2 =v.
aecmuusnas Kaaubposka Fy =&le | Fy=¢le €
ds® = dr® — r?dr(4dw?® + ds?) + 2rids*duw, (116)

rie w =& ch €2 ds? = (€)% (d€?)? — (d€Y)? — 2-mepnas merpuka BM (2-mepnas merpuka Mun-
KOBCKOI'O B TUNEPOOIMYECKUX MOJSIPHBIX KOOPINHATAX ).
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[Tepeitmem Temepb K BBIYUC/IEHNIO MWHBapuaHTHOrO omeparopa ()3 B obmeit cdepuaeckoii
cucreme koopiuuat (106). Bamumem dopmyibl, jgyaiababie K (107), BhITEKaoIue HEMOCPeI-
crBerno u3 (106):

8T = €F1 (91 —+ €F282 —+ G_Fl_F2(93;
au = T(F1’16F181 + F2,1€F282> — (Fl,l —+ Fg’l)e_Fl_FQa?,; (117)
Oy = 1(F1 6™ 01 + Fy0e™05) — (Fi o + Fyo)e 1171205,

e u = &L v =€ 0, = §/0x° (i = 1,2,3). Paccmarpusast (117) kak cucremy JuHEHHBIX
ypasHenuil oTHocuTe bHO MU dhepeHIUuaNIbLHBIX OMepaTopoB J; W paspelas ee, HaXOJIUM:

2e~F1 Fyo+2F 2F,, + F
o =< (ar 2t the, 2t %) ; (118)
J r r
2e~F2 Foo +2F 2F, + F
0y = = (aT - et e, AT 2’lav> : (119)
J T r
2eF1+Fy Fio—F Fy, —F
83 _ r €~ (ar + 1,2 2,2 8u + 2,1 1,1 8v> ’ (120)
T T

[Tepemuozkast muddepenuanbibe oneparops! (118)-(120) u BmonHsIs Bee HEOOXOMMBIE TUb-
depennmpoBanusd, moaydaeM Bbipaxkenue st ()3 B 00Mux chepriaecKnx KOOPAUHATAX B BUJIE
cyMMBI Kybmueckoit Q3, xBagparmanoit Q2 u ymHeitnoit @ ¢$hopM OTHOCHTEILHO OIEPATOPOB

{0r, Ou, 0, }:
03 — Qg(aru azuav) + Q2(8r’ au: au) + Q(ar; auu av)7 (121)

rjie OTJIMYHbIE OT HYJd KOI(MMUIUEHTH 3TUX (GOPM UMEIOT CJIeIYIONINl BU/I:

1 1 1
3 2 1
_ 1. _ L. _ 122
err 97’ er o’ QT 2772 ( )
Q3 _ _TZ(FEQ + FioFy o + F22,2) Q3 _ _Tz(Fl%l t Pk + F22’1) (123)
rUU 332 ! rvv 332 ’
b r2(Fi1Fos + 2Fy0Fy 1 + 2F o Fy 1 + FioF31). (124)
TUV 632 !
, 743(1;112,2172’1 — 2F 3 Fy 1 Fyy — 2}7’271]5’22,2 + 2F171F12,2 +2F 1 Fi9F 9 — F1,1F22,2)

Qe = 33 B
Q3 B 7“3(F22,1F1,2 —2F 1 51 F 9 — 2F1,2Flz,1 + 2F212F22,1 t 2P0 — F12’1F2’2)' (126)

33
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9r7
Q3 :?(SFZ%QF%FQQ,I + 6Ff’72F2272F171F271 — 2}713,21?2%21751 — 4F2472F171F172F2,1+

12
+2F),FT ) — 2F, F3y + AL Fo 1 FogFiy — 6F5 o Fy 1 FE oy Fay + 2F5 , FE L Foy+ (127)

9r7
Q== (—2F) | F{, + 2F7 | F3, + 2F7 | F3 FY + 3FF  FL L, Fyy — 3F5 3o FY +

RE
2 3 4 2 4 4 (128)
-+ 6F171F271F172F2,2 + 3F271F1,1F2’2 — 4F1’1F272F172F2’1 + 4F2,1F172F2’2F171—

- 6F1371F272F172F2271 - 2F2371F2272F1271 - 3F171F24’1F1272);

Q2 = (3P Fa s — 6o Fig ) — OFai o + 3P0 iy
+ 6F1572F2,1F2,1,1 + 6F1,1’2F;‘72F1271 - 12F1,2F17172F23’2F1271 - 9F2272F5’,2F271F1’1,1—
— OF}  F3 o i1 Fany + 9F5 o FLyFo 1 Fipq + 12Fy , Fy 1 o Fo 1 Fy —
— 9F22,2F13,2F2,1F2,1,1 + 6F2,2,2F1,2F2271F22,2F1,1 - 6Fﬁ2F2,1F2,2F1,1,1+
+ 6F1,2F1,2,2F22,2F13,1 - 6F12,2F2,2,2F13,1F2,2 - 6F2,2F1,1F13,2F2,1,2F2,1+
+ 12F 0 Fy10F o Fyy — 12F3 ,Fi 10 F5  Fip + 6Fy 3 Fi 1 Fi o F g 1—
— 6F2,2F2,2,2F12,2F23,1 - 9F1,2F§2F1,1F1,1,1 + 3F1,2F12,1F22,2F1,2,2F2,1—
- 3F12,1F2,2,2F12,2F2,1F2,2 - 6F2272F1,1F2,1,2F12,2F2,1 - 3F2,2,2F3,2F§1F2,2F1,1+
+ 6F1,1F2,2,2F13,2F22,1 — 3F1,2F2,2,2F13,1F22,2 + 6F§2F1,2,2F§1F1,2+ (129)
+6F o Fy y Fi1oFo 1 Fiy — 12F5,Fy 1 o Fy \ FLy + 12F7  FY yFy g o Fa o+
+ 12F13,2F2,2F1,1F1,1,2F2,1 + 3F2,2F1,2,2F23,1F12,2 — 6F23,2F1,2,2F22,1F1,1+
+ 6F2,2F13,2F22,1F1,1,2 - 6Fﬁ2F2,2F1,1F2,1,1 - 6F23,2F12,2F2,1F2,1,1—
— 6F1,2,2F2,2F12,1F12,2F2,1 + 6F12,2F2272F1,1F1,1,2F2,1 + 9F12,2F2372F1,1F1,1,1+
+ 9F23,2F1,1F12,2F2,1,1 + 3F1,2F22’2F1,2,2F22,1F1,1 + 9F2,2F14,2F2,1F2,1,1—
—12F1 1 F} Fo19Fsy — 6F 0 F3  FY Fy 1o — 12F ) F5 o FL Fuy o+
+ OF}  FaooFL \ Foy + 12F 0 F y FY Fa 1o + 6F5, F1 o Fy 1 Fip i —

— 6F1,1F272F17272F2271F12’2 + 6F1271F2,2,2F1,2F2,1F22,2 + 6F13,2F22,2F1,1F1,1,1+

+ 12F2272F27172F1272F22,1 — 6F12,1F23,2F172,2F271 — 12F§2F1,1F271,2F1,2F2,1);
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2
vi =

2
Qru

9r7
— —(—12F1,2F14,1F2,1,2F2,2 + 12F2271F2,1,2F1271F1272 + 9F12,1F1,2F§1F1,2,2—

— 6F FyoFi a1 Fig + 12F5  Foy o FY Fyo 4+ 6F} | F1 o F3  Fi oo+
2 3 3 2 3 12

—‘I_ 6F]_’2F27171F272F171 - ]_2F271F171,2F272F171 - 3F171F172F2,1F2’171_
- 9F1,1F2471F1,2F1,2,2 + 9F1271F1,2F23,1F2,2,2 — 6F1,2Ff1,1F2,1F2,2,2—

2 12 2 2 3 3 2
- ]_2F1’1F2’1F171’2F172 - 6F171F172F27171F271 - 12F1’1F271F17172F172+
+ 6F§1F§2F1,1,1F1,1 - 6F1471F2,2F1,2,2F2,1 — 6F§,1F2,1,2F1,1Fﬁ2+
+ 12F;‘,1F2,2F1,1,2F1,2 + 6F13,1F1,1,2F2,1F22,2 - 9F13,1F1,2F22,1F2,2,2+
+ 3F2,2F1,1F12,2F22,1F1,1,1 - 3F12,1F2,2F12,2F2,1,1F2,1 - 3F1,2F2,1F22,2F12,1F2,1,1—
— 6F2371F272F1’171F1272 + 12F1371F271,2F12’2F271 =+ 6F13’1F1272F271’1F272—

3 2 2 2 2 2 3
—OF FyoF1Fon — 12F7 \ F5 \ F110Fsy — OFy  Fo o F7 Fop o+
4 3 3 4 2 3 3

+ 6F2,1F1,2F2,2,2F1,1 - 3F2,1,1F2,2F1,1 - 6F1,1F2,1,2F2,2 + 3F1,1,1F2,1F1,2+
+ 6F1,1F1372F22,1F1,1,1 + 3F2,1F23,2F12,1F1,1,1 + 6F2271F1,2F2,1,1F22,2F1,1—
- 6F2271F1,2F2,1,2F12,1F2,2 — 12F23,1F2,2F2,1,2F1,1F1,2 + 6F12,1F1,2F2271F1,1,2F2,2—
— OF}  FyoF100F5 1 + 9F5  Fao L1 Fioo + 12F) Fi o Fy 1 2 Fa 1 Fo g+
+ 6F24’1F171’2F12’2 - 6F25”1F172F1,2,2 + 6F15’1F2,2F2,2’2 + 6F1,2F23’1F171’2F2,2F171+
+ 12F2,1F2,1,2F31F22’2 - 6F2’1F23’2F12’1F2,171 + 3F22’1F172F2272F1,171F1,1+
+ 6F22,1F1%2F2,1,1F2,2F1,1 - 6F12,1F2,2F1,1,1F12,2F2,1 - 6F1,2F2,1F2,1,2F13,1F2,2+
+ 9F2,1Fﬁ1F2,2F2,2,2 - 6F1,2F2,1F22,2F12,1F1,1,1 — 6F23,1F2,2F12,1F2,2,2+

+ 6F§1F2,2F1,1F1,2,2);

3rt
S 2—33(—F17171F§72 + Fy P o Py FyoFioFong + 2F 5 Fr o Fy i —

2 2
— FyoF10F1 11 — FaoFi00F T +2F52F1 1 F19F1 10 — Fop P11 Fip0Fs1—
2 2
— FooF11F19Fs 10 — FooF o Fiu1 — FooFi00Fs ) — 2F20Fs 1 0 F1 2 Fo 1+
2 2
+ FooF o Fo11 + FaoFioFo1Fri0+ FloFapob i) + FiaiFo0F 0Fs1—

2 3 2 2 .
—2F1 1 F o B0+ FroFonn — FioFo1Fono + Fiolo by y);

(130)

(131)
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Qu

3r

4
2 2 2 2
Q. = — T3(F272F2,1,1F1,1 - F272F2,1F1,1,1 - F2,2F2,1,2F1,1 —2F50F 1 Fy 1 Fo 1 o+

2 _
qu_

97

35

29

+ FyoF 1 FiaoFo g + Fooly 1 FioFsig — FoolFi11F2Fs  + 2F2,2F§1F1,1,2+
3 2 2 2 2 (132)

+ F2,2,2F1,1 - 2F1,1F1,2F2,1,2 + F1,1F2,1F2,2,2 - F1,1F1,2,2F2,1 + F1,1F172F2,1,1+

+2F 2F5 1 Fi10F 1 + F1,1F22,1F2,2,2 — Fi11F510F 1 0F5 1 — F1,1F1,2,2F22,1—

3 2 2 .
— Iy Fiop — FioF1 11 Fo ) + FlaoF5 Flo);

9y5
ﬁ(—8F1272F12,1F2,1,2 - 4F12,2F2,1F2,2F1,1,1 - 2F1,2F1,1F22,2F1,1,1—

— 4F1,2F2,1,1F22,2F171 + 4F§2F2,1F1,1F2,1,2 + 5F1,2F2,1F2,2,2F31—

— 2F§2F1,1F2,1,1 + 4F2,2F1,2,2F23,1 + 2F§2Ff71F1,1,2 + F2,2,2F13,1F2,2+
+ F§2F1,1,1F1,1 + 4F2,1F§2F1,1,1 + 4F13,2F1,1F2,1,1 — 8F§,1F§2F1,1,2—
— 2F1,2F§1F2,2,2 + 4F1,2F13,1F2,2,2 + 8F 1 oFo 1 F 1 2F5 0 F 1+

+ 8F o F5 1 Fo 05 1 9F 1 1 — 2F32F2,2F1,1F1,1,1 + 4F1,2F22,1F2,2F2,1,2—
_ 2F2,2F§1F1,1F2,2,2 — 6F§2F2,1F1,1F1,1,2 — 6F1,2F2,2F12,1F2,1,2— (133)
— 2F1,2F2,1FE1F1,2,2 — 6F1,2F22,1F2,2F1,1,2 — 4F1,2F22,1F2,2,2F1,1+

+ 4F1,2F2,2F1271F1,1,2 + 5F22,1F1,2,2F2,2F1,1 — 2F1,2F2,1F22,2F2,1,1+

+ 5F1,2F2,1F2272F1,1,1 — 2F1,2F§1F1,1F1,2,2 — 4F1271F1,2,2F271F2,2—

— 6F12,2F2,1F2,1,2F1,1 — 2F12,2F2,1F2,2F2,1,1 + 4F1272F2,1F1,1F1,1,2—

- 2F12,1F2,1F2,2,2F2,2 + 5F12,2F2,1,1F2,2F1,1 + F1,2F23,1F1,2,2—

— 2F2,2F1?:1F1,2,2 — 2F1372F2,1F1,1,1 + F32F2,1,1F2,1 + 2F12,2F2271F1,1,2+

+ 2F12,2F2271F2’1,2 + 2F2272F2,172F1271);

5 2 14 3 2 2 4
(_2F2,2F1,171,1F1,1 - 2Fl,2,2,2F2,2F1,1 + 3F1,1,1F272,2F1,2F2,1 - 6F1,2F2,2,2F1,1_

3 13 5 4 72 4 12
- 3F2,1,2,2F1,2F2,1 + 2F1,2F2,1,1,1F2,1 - 3F2,1,1,2F1,2F2,1 - 9F2,2F1,2F2,1,1+

+ 9F1,2F2472F12,1,1 — GFﬁlpﬁmF;Q + 6F 11 Fo100FT 0 Fy ) + 2F272’272F1272F2471+

+ 3F;

3 13 3 2 12 3 2 4
1,2 2F2,2F1,1 - 6F1,2F2,2F1,1,1 + 6F1,2F271,2,2F1,1F2,1 - 6F1,1F1,2F2,1,1,2F2,1+

)Ly &y
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3 2 3 2 2 2 2 4
+ 3F o Fo ol 11 0F5 — 3F112F002F7 1 F5 5 + 6F5 0 Fo110F7 2 Fo  + 6F5 0 F1112F2 1 F1 01—
3 2 4 4 2 3
—3F5 o, FioFn110F T — 12853 F10F5 11 F 111 + 12F 511 F2 0110 + 6F1 0 F1 100 F5 5 FY  —
3 2 2 3
- 24F1,2F2,1,1F1,1,2F2,2F1,1 - 27F2,2F1,2F2,1,1F1,1,2F1,1 + 18F2,2F2,2,2F1,1,2F2,1F1,2+
4 2 2 3
+ 6F1,2,2F2,2F1,1F2,2,2 - 3F1,1,1F2,2F1,2,2F2,1F1,2 + 12F2,2F2,1,2F1,2,2F271F1,2—
2 3 2 4
- 6F1,2,2F2,2F1,1F1,1,1F172F2,1 + 3F2,2F1,1,2,2F2,1F1,2 + 3F2,2F172F2,1,1,1F2,1—
2 2 3 2 3
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+ 3F22,1F2,2,2F1,1F2,1,1F32 - 6F1,1F23,1F1,1,2,2F12,2 + 3F13,2F23:1F1,1,1,2 - 12F1,2F1271F12,172F2,1F2,2—
— 18F22,2F2,1F2,1,2F1,1F1,2F2,1,1 — 9F§2F1,1F1,1,2F2,1F1,171 — 24F2,2Fl,1Fz,1,2Fl,1,1F12,2Fz,1—

— 18F1,2F22,1F272,2F1271F2,1,2 + 2Fg‘,l17’1,2,2,2Fz,2Fl,1 — 18F2,2F2,1F2,172F1,1F12,2F2,1,1+

+ 3F1,2F§1F1,1,2,2F2,2F1,1 — 6F1,2F1271F1,2,2F2,1F1,1,1F2,2 — 21F2,2F1,1F1,1,2F2,1,1F1272F2,1+

+ 6F13,1F1,2,2F2,1F2,2F1,1,2 — 12F1,2F22,1F2,2,2F1,1,1F2,2F1,1 — 36F2,1,2F22,1F1,1,2F22,2F1,1+

+2F1 1,4

1ty

3 2 2 2 2
1F172F2,1F2,2F1,1 + 9F2,1F2,2,2F1,1F1,1,1F1,2 + 9F1,1,1F2,1F1,2,2F2,2F1,1—

2 2 3 2 2 2
— 24F5 T\ FonoF110F0 1 + 0F5 0 Fy  F110F 11 + 6F20F5  Fia0Fe 1 1F] 50—
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- 3F22,1F2,2,2,2F13,1F2,2 - 27F2,2F1,1F23,1F1,2,2F1,1,2 + 18F1,2F12,1F1,2,2F22,1F1,1,2—

- 3F1,2F2,1F2,1,2,2F13,1F2,2 — 3F1,1F£4,1F1,2,2,2F1,2 + 2F1371F1,2,2,2F2271F1,2+

+ 18F12’1,2F2271F2272F1,1 — 6F1,1F1,272F22’1F1,171F12,2 — 9F2,1,1F2,2’2F1271F1272F2,1+
+6Fy 1 Fy o FEy — 2TF 10 F  Fap o FL 1 Fiio + 3F1 0 Fa 11 Fy o FE +

+ 36F12,1F1,1,2F2,1,2F12,2F2,1 - 42F1,2F2,1,2F§1F1,1,2F2,2F1,1 + 6F1,2FilF1,2,2F2,1,1F2,2+

+ 3F2,1,1F2,2,2F13,1F22,2 - 6F12,1F13,2F2,1,1,2F2,1 - 18F2,2F2,1F2,2,2F31F2,1,2 - 6F1,1Fﬁ2F22,1,1+
+6F o FY 1 Fi100Fs 1 Fan — 6F 1 1 Fy oy FL Fo 1 g + 95 Fy o Y —

- 27F1,2F22,1F22,2F1,1,1F1,1,2 + 9F2,2F{4,1F2,2,2F2,1,2 — 6F22,1F2,2,2F1,1,1F22,2F1,1+

+ 3F 1o F5  Fy \ FiaipFiy — 6F FL 3 o1 Fiy — 18F 1 o Fy 11 F o FE Fag ot

F18F o Fy o Fy 1 FY 1 o — 18F 0 Fy | Fan o L1 Fono — 2F5 1 Fan oo Fr 1 Foa—

— 12F2271F1,2,2F2,1,1F22,2F1,1 + 24F1,2F22,1,2F2,1F12,1F2,2)-

[IpuBenem siBHBIE BhIpazkeHus s ornepatopa ()3 B TPEX paCCMOTPEHHBIX BBIIIE KAJTNOPOBKAX.
IKCNOHEHUUAAOHAA KAAUOPOBKG:

1 1
O3z = Osr — @(312 + 05 — 0,02)0, + W@ag + 205 — 30,05 — 3070s); (136)
MPULOHOMEMPUECKAA KANUOPOBKA:

1
03_037'_?72

1 Prs 2 s
@ + (10, + (e PR)0, + ~ 3 (;1;,530{“ s (s
k=0,3;5s=0,3—k
JECTMHUYMYHAA %’CL./L'LL6p067€CL:

Os = Qs + . > Mafag. (138)

3,32 1\k—3
216r°e k=0,3;5=0,3—k (€

B (136)-(138) ucmonb3oBanb! ciaeayomnie obosHadennst: (s, — paJuaibHasd 9acTh ONEPATOpPa
()3, KOTOpasi He 3aBUCHUT OT BBIOOPA yIJIOBOM KATUOPOBKU U OMPEIEISIeTCs] COOTHOIIEHUEM:

O = Q0,02+ Q02 + QM. = o (03 + (32 + (1/7)0)); (139)

01 =0/0&, B, =0/0€?; nonuuombl Py, oT Tpuronomerpudecknx (GyHKImil nepementoii £2 B
(137) onpenessioTcss COOTHOMICHUSAMMU:

3
Pso = _\3/_6: sin&?(4cos? €2 — 1); Poyy = —3Psy;

3
Py = —£ cos€?(4cos? €2 — 3); Pia = Pop;

12
P11 = —3Pay; Pao = —Pho; (140)
12
Pos = 2—7P21; Poz = 6Psp;

8
Po1 = 57321; Poo = 05
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2
nosmHOMBI 0T €¢ B (138) onpeenstoTcst COOTHOMEHUAMMU:

Kso(z) = 22° — 32* — 32 + 2;

Koo(z) = — 625 — 32* — 327 — 6;

Koi(z) = — 62° + 32" — 32* + 6;

Kio(z) = — Koo(2);

K11 (x) = 182° + 32* — 32* — 18;
(141)

Kiz(z) = — Kayo(z);

Koo(z) = 0;

Koi(z) = 16(1 — 2°);

Koz(z) = 2Ks0(2);

Kos(z) = — 225 — 32* + 32 + 2.

5 PaagmnanbHas 9actb ().

Pacemorpum Bompoc 06 obiiem Bujie pajauaabhoit gactu (), oneparopa (), B MPOCTPAHCTBE
H,, npoussosbhoii pasmeproctu. [Ipocroe mabsonenne B Hy u Hs (a Tak:ke HabsroeHue ¢
KJaccnaeckuM omneparopom Jlammaca B R") obrapyzkuBaet, 910 (), HE 3aBUCHT OT YIJIOBBIX
koopauHaT (popmysst (105) n (122)). Dror pe3yabraT MOKHO JOKA3aTh U B OOIIEM BHJE JJIs
pou3BOIbHON pasmepHocTu. [leiictBurensho, ecnin dyuknus f: H, — R nocrosguna Ha GuH-
ciiepoBbix cdepax, r.e. f = f(r), To pesyabrar jeficteus omneparopa (), Ha Heil 0YEBUIHO
CBOJIUTCS K BUJLY:

Onf = Onrf- (142)

1 .

C zipyroii CTOPOHBI € yUeTOM BbIpaxkeHus r = (z --x")l/ " MBI MOYKEM HEMOCPEJICTBEHHO BbI-

YUC/JIUTD: 1 1
81f = f’@lr = %]H’f‘; 8281f = m(f’r)’r; .. (143)
u, CTaJio 6I>ITI>7 OKOHYaTeJIbHO:
1 d\"
Onf=01-0.f = r—| f. (144)
n"rm \_ dr

Cpasrubast npasble dactu (142) u (144), npuxoaum K 3ak/ar0deHno, 910 ()p, HE 3aBUCHT OT
YIJIOBBIX MIEPEMEHHBIX (HE3aBUCUMO OT BBIOOpA YIJIOBO# KATUOPOBKM) U OOLIHIl BUJ paUaIbHOM
gactu oneparopa (), JAeTcs CJIeAYIONMM CBEPHYTBIM BBIPAZKEHUEM:

1 d\"
= — ) . 14
O nhrn (T dr> (145)

st moyaenust pazsepHyToro Buga (), MOYKHO HCIOJb30BATH PEKYPPEHTHOE COOTHOIIEHUE:

(n— 1) (n 1

nr T

d
Onr = Onfl,r +%On1,r> ) (146)

KOTOpOe BbITeKaeT HerocpeacTBeHHo u3 suaa (145). Mbr BeIBeieM pa3BepHYTOe MpPeJICTABICHIE
it (O MATPUIHBIM MeTOHOM. JI1s1 9TOr0 cHavasta mpegacrauM ornepatop (), B BHJIE ITOJUHO-
Ma 1o crenensM d/dr ¢ koadduimenTaMu, yI0BIETBOPSIONIMA COOOPAKEHUIM OJTHOPOJIHOCTH
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(oneparop Oy, (1 gazxe omeparop (),) OAHOPOIHBI IO 7' CO CTENEHBIO OJHOPOIHOCTH —N):

Onr = En: fﬁi (%)s, (147)

s=1

rie Aps — auciosbie KoadgdunuenTsl, nomexkaiue onpeaesernio. C momornibio dhopmysibt (144)
pacemorpum geiictue Oy, Ha bynkuun @y (r) = r*. C oxmoit cropons: mo dopaye (144) cpasy
HOJTy9aeM:

EN" 1
Oy ®p = (;) e (148)
C apyroit ctoporsl 110 dopmyite (147) momygaem:
1
Onr®r = e (Apk 4+ Anok(kE — 1) 4 -+ - + Apsk! /(K — )V + ... Apik!) . (149)

[Tpupasuusas (148) u (149) npuxoaum K cucTeMe ypaBHEHHIL:

k n
An1k+An2k(k—1)+---+Amk!/(k—s)!+...Ankk:!:(ﬁ>, k=1,...,n.  (150)

Paznenus 06e gactu (150) Ha k! 1 mepexojisi K MATPUIHBIM 0003HAYEHUSAM, TIOIYIaeM MaTPH-
HOE ypaBHEHUE:

M, - A, =F, (151)
rie
Anl l/n"
An = ;o Fh= )
Ann 1/n!
1 0 0 0 0
1 1 0 0 0 (152)
1/2! 1 1 0 0
M, = 1/3! 1/2! 1 1 0
1/4] /30 120 1 1
-1 1/tn—2)! ... 1/20 1 1

Obiue snementsl MaTpull F, u M, 3amaiorcs ciaeayonmMr (hpopMyIaMu:

(F)r = % <§)n (M) = { é’/(i — kb z i Z (153)

Marpuua M, sBaseTcss HUXKHETPEYTONBHOI, T03TOMy 1 obpaTHas K Heil Mmatpuna M, ! takxe
OyzeT HIXKHETpeyroibHoil. HeTpy HO NMpoBepuThH HEMOCPEICTBEHHBIM BBIYHC/IEHHEM, YTO 3Ta
oOpaTHas MaTpPUIla UMEET CJIeIYIONIUH BUI:

1 0 0 0 0
~1 1 0 0 0
1/2! —1 1 0 0
M= —1/3! 1/2! -1 1 0 (154)
1/4! ~1/3! /20 -1 1

1) =1 (=1)"/(n—2) ... 1/2 -1 1
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NJIN B KOMIIOHEHTAaX: )
(=D (i — k), 0>k
(M Vi = (155)
0, 1 < k.

IIpoussenenne marpun M, u M, ! 3anmchiBaercsa B KOMIIOHEHTAX CJICLYIOIIIM OOPa30M:

(00 M o= DM = 3 = (156)

s=1 s=k

rie Obun yuarenst dhopmyist (153) u (155). Bamenss MHAEKC CYMMUPOBaHUS § HA p=S —k U
nosnaras ¢ — k= N, nonydaem:

i s+k N N 1—-1 N
> _<8) -S> W 2 oy = L (157)

ll
& — —p)'p!

410 paBHO Hys0 B ciydae N # 0, (r.e. npu i@ # k) u pasuo egunuie npu N = 0, (T.e. npu
i = k,) aro u rpebyercst g obparHoii Marpuiel. Tenepsh uz (151) mocie yMHOXKeHUs Ha
00paTHYIO MATPHUILY, HOJTYIAEM:

A, =M F, (158)

n

win, ¢ yderoM (152) u (156), B KOMIOHeHTaxX

n

k k+s
Anke = Z(Mi Z —3) ‘s' (8) N n”k:' 1°Css". (159)

s=1 s=1

[Ipu n = 2 u 3 nonyderHas (popMy/ia BOCIPOU3BOIUT YK€ IMPUBE/ICHHBIC BBIIIEC BbIPAYKEHU

JJIA 021’ n O3r~

6 Toueunsle INEeHTPaJIbHO-CUMMMETPHUYIHbIE€ NCTOYHUKN

[Tepexoss B hopmyiie (144) k HOBOIT epemenHoit u = In 7, moydnm Gosiee TIPOCTOE BBIPaXKEHUE

qutst ortepatopa (py:
—nu dTL

(&

Ob1iee neHTpaIbHO-CUMMETpUYIHOE pertierne ypaBHeHuss ()n,- R, = 0 09eBUIHO MMeeT BUJL TO-
JIMHOMa TIOPSAIKA 1 — 1 ¢ TPOU3BOJILHBIMU BEIIECTBEHHBIMU KO3(DDUIIMEHTAMI WU, B TEPMIHAX
UCXO/THON paJuaIbHON TIepeMeHHOil 7, TIOJIMHOMA I10 JiorapudMaM:

Ry(r)=co+ecilnr +cyln?r+...cp In" o (161)

Oynkuus (161) yaosmersopsier ypasuenuto (), R, =0 Bcroy 3a HCKIIOUYEHTEM MHOKECTBA TO-
4yeK, KoHyca 7 =0, Ha KoTopoM pyHKIHA I, Heomnpeenerna. [lo aHazornum ¢ eBKJIMI0BBIM IIPO-
crpaHcTBoM, perterne (161) MOKHO paccMaTpPUBATh KaK M0JIe HEKOTOPOIO MCTOYHUKA, JIOKAJIU-
soBanHoro Ha Konyce!® r=0. ITpu 3ToM PU3MIECKUM CMBICTIOM 00J1aIaI0T He CAMU KOHCTAHTHI
Ci, & UX CllenuajJbHble KOMOWHAINH, KOTOPBIE MOJIyYaloTCsi CpaBHEHHEeM Bbipaxkenus (161) u
SKBHUBAJEHTHOI'O €MY BBIPDA’KEHUS:

Ru(r) = Q (61 In L} + ey In? F} 4oty I { - D , (162)

T Tn—1

WXora dynkmua (161) we apnserca dynkimeit I'puna aus oneparopa (O, ¢ CHHIYJIAPHBIM HCTOYHHKOM B
OpaBoOi 4acCTH.
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8_
6_
41
2_
G T T T T T T 1
100 200 300 400
i rho
-2

Puc. 1: Cnea — 3aBucumocts npusenensoro norennuana Fs(p,n) or napamerpos, ciipaBa — ee ceue-
uue npu ) =0.01 (¢ =+ 1 ay1a BepxHeil KpuBoii u € = —1 jy1g HUXKHEN KPUBOIA).

B KOTOPOM BOCCTAHOBJIEHA IpaBUIbHas (pU3MIecKas pa3sMepHOCTb. 371ech €; = £ 1 — 3HAKOBBIe
MHOXKUTENMN. TakuM 00pa3oM, n KOHCTAHT WHTEIPUPOBAHUS PACIPEIeISIIOTCs Ha OJHY (hU3n-
YECKYI0 KOHCTAHTY, UMEIOIIYI0 CMBICI 3apsj/ia UCTOYHUKA, U N — 1 MacIITabHbIX 77 KOHCTAHT,
3aJIaI0IINX pa3JIndHble MaciITabbl unbl. g ciydaeB n =3 u n =4 coorBercTByIolme Gop-
MyJIBl CBs3H HabopoB {¢;} u {Q,r;} AAI0TCA BHIPAYKEHUAMM:

2
_ &, _ (Cl - 815202) —4dcpeo ] o €1Cy — €9C1
Q=—; ri=exp 5 y To=€Xp | —(F—

€2 de1e9cs

28202

C

Q=21 1=
€

C3E9 — Cos3 —3cic3 + 3e163C3 + €2 — 2c9c98963 + €2
——= =71 ro=exp
3

38363 6528363

r1 = exp[(—108sge3cocs + 27c2ca + (26 + 18¢163)cs + 3¢5 — Seachcs+

(164)
+ (6 + 18e162)cac2 — (18 + Bdees)cicy — 18cicacs + 36eae3c1caca—
— 36e169¢2¢3) /(108169¢3)].
Uccnenyem noapobree MpuUBEICHHYIO 3aBUCUMOCTD R3 BHIa
Fy =Inp+eln’(np), (165)

B KOTODOIl OCTaBJIEHBI JINIIb CYIIECTBEHHBIE MapaMeTphl. 3aBucuMoCcTh F3(p,n) momydarcs us
(162) npu Q=1, e1=1, eg=¢, p=r/r;, n=r1/r2. [pacdux mua F3(p,n) npeiacrasied Ha pu-
cyake 1.

W3 rpadukoB BHIHO, YTO PA3IUIHBIN BHIOODP 3HAKOBBIX MHOXKHUTEJEH OIpeessieT OOIInii
XapakTep TOBeJIeHNsI MOTeHIMa a (Bo3pacTanne Wil yObIBaHHEe B OKPECTHOCTH HYJIs WJIM Ha
GeckoHedHOCTH ). XapaKTepHOil 0COOEHHOCTHIO MOJMHOMUAIBHO-IOrapUMMIIECKOr0 MOTeH A
Ja ABJISETCS HAJIMIKMEe TOUYEK PAaBHOBecHsl (yCTONYNBBIX HA BepXHel KPUBOW M HEyCTONYUBBIX HA
ukHeit). [Tpu srom my1st HizkHeit BeTBu € = —1 HyJIb U 6ECKOHETHOCTD Pa3/Ie/IeHbl HECKOHETHO
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——
rrRraRaRaRaaaa.s
:;:\\“\\\\\\\\\\\\
N NN

“A‘v‘:“““\:.\x
NS

Puc. 2: Ciepa — 3aBuCMMOCTD IIOIOXKEHUSA SKCTPEMYMOB pj_E_ norennuasia Fy, cmpasa — 3KCTpeMyMOB

p:i:+ TOI'O 2Ke€ IIoTeHIaJia.

BBICOKUM IOTEHINAIBHBIM OapbepoM. KoopanHaThl SKCTPEMYMOB JIEIKO MOIyYaroTcs audde-
peHnmpoBanneM 3asucuMocTi (165) mo mepemenHoit p. Pesysbrar gaercss BhIpasKeHHEM:

pr = , (166)
Ui
TJIe 3HAK «ILJTIOC» COOTBETCTBYET MUHUMYMY BEPXHEH 3aBUCUMOCTH, & 3HAK MIUHYC — MaKCUMYMYy
HIKHEl. BUjiHO, 9T0 NpH yBeJMYeHnH mapaMeTpa 1) 9KCTPEMYMbl CIBUIAIOTCs BJIeBO (rpadu-
KU CXKUMAIOTCsT ), & IPU yMEHbIIIEHUN TTapaMeTpa 1) 3KCTPEMYMbI CJIBUTAIOTCA BOPaBo (rpaduku
pactsiruBatorcsi). OTMeTnM, HAKOHEIl, 9TO BU3YATbHBIN 3deKT COMPUKOCHOBEHUsI BeTBeil He-
CIydaeH: OHU JIEiICTBUTEIBHO COMPUKACAIOTCS B TOUKe p=1/7.
[Tepeitgem K mpuBeieHHON 3aBUCUMOCTU F)y, KOTOpas JIaeTCsd BbIPaXKeHUEM:

Fy(p,m,m2) = Inp + &1 In*(mp) + €2 In° (). (167)

Toukn sKcTpemyma (Hysnn npousBoaHol 0F,/0p) natorcs ciaeayromnieit obieit hopmynoii:

67251:|:\/1*362+662 In(n2/m)

+
_ . 168
Peres n (168)

Tenepb MBI WMeeM dYeTbIpe BETBH TMOTeHIWaia (Bce Caydan BbIOOpA 3HAKOBBIX KOHCTAHT
g1=*t1,e9= £ 1) u qy1s1 KAXKIO M3 HUX MBI OyJIeM UMETh 10 JBe, OIHO WM HU OJTHON TOIKN
9KCTPEMyMa, B 3aBUCHUMOCTH OT 3HAKa IMOJKOPEHHOI'O BBIPAXKEHUsI B MOKA3aTese SKCIIOHEHTHI
(9TO JMCKPUMUHAHT KBaJpaTHOrO ypasHenus ). Ha rpadukax (puc. 2) npupeeHa napa Xapak-
TEPHBIX 3aBUCUMOCTEIA.

W3 rpacdukoB BUIHO, 9TO BCs 00JIACTH 3HAYEHUIT TApAMETPOB 7); U 1)y pasbUBaeTCs Ha TOJI-
obnacth, rae vy Fy HeT sKCcTpeMyMOB, TOJI00aCTh, e y Hee JBa SKCTPEMyMa U UX T'DAHUILY
— KPHUBYIO, Ha KOTOPOH SKCTpeMyM oiuH. TunmaHass 3aBUCUMOCTD F)y ¢ JIBYyMsl SKCTPEMYMaMM
[peJICTaB/IeHa Ha PUCYHKe 3 (ciieBa).

Boobrie Bbibupas jorapudyudeckuii moauHoM R, () npu 10CTATOYHO GOIBIIOM 7, MOKHO
[IOJIyYaTh JOBOJILHO CJI0XKHBIE HEMOHOTOHHBIE 3aBucuMocT. Ha rpaduke 3 cupasa mpeacraBieH
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8 0,00021 /\

] 5s~—"6 7 8 9 N\ o
-0,0002 r
4 -0,0004
-0,0006

-0,0008

————T———T———T———T——T1——T——1_ -0,00101
01 02 03 04 05 06 07 08 |

rho
-0,00121

-0,0014

-0,0016-

Puc. 3: Cnesa — 3aBucumocts Fy(p) npu €1 =e3=m; =1, ne = 10. CrnpaBa — dparmMeHT 3aBuCHMO-
et Rip(r) npu ¢ ~ —62, co ~ 383, c3~ —1018, ¢y~ 1545, c5~ —1480, cg~ 929, c7~ —383, cg~ 100,
Cog~ —15, Clo ~ 1.

dbparment sasucumocT Rig(r) Ipu HEKOTOPOM CHEIMaIbHOM BIOOpEe KOHCTAHT ¢;, i =1, ..., 10.
OTmeruM, 9TO acCUMOTOTHYECKOE ToBeeHne R, (r) mpu r— 0 mwin r — 0o OyIeT onpeesisaTh-
cd crapiieii cremenbio Jjorapudma. 1o sroit mpuunbe Ko3hpUIMEHT Ipu cTapiieil cTerneHn
Jjorapudma 1 CaeyeT OTOXKJIECTBUTH ¢ TUIEPOOTUIECKUM 3apsI/IoM, B 9eM MbI yOeIMMCs HETo-
CpeNCTBEHHO B pasjelie 8.

7 Pa3znenenune nepemenHbix B oneparope ()3

B srom paszenie MBI nccieyeM BONPOC O pasfiefieHun MepeMeHHbIX B omepatope ()3 B 9KC-
MIOHEHIINAIbHOM KajmOpoBKe. Mbl BbiBesieM siBHBbIE (DOPMYJIBI JjIsT TUIIEPOOTMIECKUX AHAJIOTOB
cpeprUecKX rapMOHUK U PAIUAJIBHBIX TOJIUHOMOB. PaccMorpuM ypaBHeHue

Os® =0, (169)

KOTOPOE TIPEJICTABJIAET CcO0O «TurnepbomyeckKuii cuMono3» ypasHeHus Jlamimaca u BOJIHOBOTO
ypasaenusi. Oneparop ()3 BO3bMEM B 9KCIOHEHINAIBbHON KaanOopoBke (136), a perenune mpe-
CTaBUM B BHJIE CJIEJYIONIETO TPOU3BEICHIA:

®(r,&1,62) = R(r)Z21(61)22(&2)- (170)
[Moacrasnss 510 Bepazkenue B (169) u pasnensas nmepeMenusie, noaydnm (169) B Bue:
Qs R (Z] 25 E|E
- S xl|l=tT== == ]+ 171
R 9r2R i} =9 fanlly s} ( )
=0 gm mEr mrE
v (20 22 s2 2 52 o
27r3 ( = = =12 =12,

Ob1mee ycsoBue paszesenns nepeMeHabix B (171) nveer Bu:

Ell = 0'151; 5/2 = 0'252 (172)
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NJIN 9KBUBAJICHTHO:

[1]

—_
—
—

o 1‘ — —_ &2
1= Zo1e” By = Fgpe™, (173)

rje 01,09 — MPOU3BOJIbHBbIE BEIIECTBEHHbIE KOHCTAHTHI. TAaKMM 00pa3oM, poJib chepruiaecKux
rapMOHUK UTPAIOT BENIeCTBEHHBbIE SKCIOHEHTHI. HeTpyaHno ydbeauThbes, 4To Kaxkiaas u3 pyHK-
it (173) peamusyer mempuBouMoe (1-MepHOe, KaK W JIOJZKHO OBITH Jist abesieBOi IPYIIIbI)
IIpeJICTaBJIeHNEe TPYIIIBI TUIIEPOOIMTIeCKX BpalieHnii. /leiicTBUTeIbHO, TPOM3BOIBHBIN 9JIeMEeHT
ex'ertx’e=("+x*)es ppvinpl runepGoIMIecKIX BpalleHnil AefCTByeT Ha YIVIOBbIE KOODIUHATHI
{€!, €2} no npasuny:

R I e e IR (174)

Ob6o3Hauas omeparuo rumepoOIMIecKOr0 BPAIIEHNS OIEPATOPOM ZA)(lexz), ¢ yaerom (174) na-
xoauM 11 pyHKImin ©;:

~ ~

1
60'1X —

1
o P— . =, = pf1X' =
D(X17X2)\_,1 - =1, D(Xl,x?‘)‘—‘l - =

1, (175)
T.e. QYHKIUN =1, Zp ABJIAIOTCA COOCTBEHHBIMU (DYHKIMAME onepaTopa Dy y2y.

C y4deToM dABHOI'O BHIA yI‘JIOBOﬁ YJaCTU pelleHud, ImojaydaeM JJjid paﬂI/IaJIbHOﬁ JaCTUu ypaB-
HEeHue BUa:

3 b
R'"+°R'+ 2R+ 2R= 0, (176)
r r2 r3

rae
a=1-3(0?+0%—0109) <1; b=2(c>+03) —3(010% + 0207). (177)

[lepexosisi K HOBO# mepeMenHOit 7= Inr, npuBogum ypapuerue (176) K ypaBHEHUIO ¢ MOCTOSIH-
HBIME KO3 durimenramu:

R+(a—1)R+bR=0 (178)

9TO ypaBHEHIe MOXKHO HEMHOT'O YIIPOCTUTB, CIIEJIaB ellle O/IHY 3aMeHy ITepeMeHHOI:
S (179)

[Tpu sToM ypasrerue (178) mepexoauT B ypaBHEHHE ¢ OJHUM CBOOOHBIM HEIPEPBIBHBIM Mapa-
METPOM:

R—R+qR=0, (180)

rmeq=>b/(1—a)*?>npua#1uq=>bnpu a=1. B ypasuenuu (180) MBI COXPAHMIIH IITPUX JIJIsI
[IPOU3BO/IHON 10 HOBOI 1epeMeHHoil 7/, mpu 9ToM Korja a = 1 Mbl monaraem B HeM 7/ = 7. O1-
METHM, YTO 3HaueHue ¢ =1 COOTBETCTBYET C(HepUIECKU-CUMMETPUIHOMY CiIydai o1 =0y =0,
noApOOHO pa3obpaHHOMY B IpeablayIneM paszesne. [1o 3Toit mpudnne najiee Mbl €0 HE paccMa-
TPUBAEM.
Hanbueiiniee uccnenoBanne ypasuenus (180) cBoanTest K M3y9eHUIO CTPYKTYPBI KOPHEHT Xa-
PAKTEPUCTUIECKOTO YPABHEHUS:
M —A+qg=0. (181)

TpI/I KOpPpHHA 9TOr'0 YpaBHEHUA MOXKHO IIPpEJCTaBUTDH B CJAECAYIOIIEM BUIEC:

1 2 AY? 3 (A 2
Mo = AL+ Ai:—L—%iii 1] (182)
6 A, 12 A, 2 6 A,

rae A, = —108¢ + 124/81¢? — 12. PaccMorpuM Bce BO3MOXKHBIE CIIydall.
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Puc. 4: Cnesa — Tummaneiii Buj rpadbika XapaKTepUCTHYECKOro MHOrodwIeHa mpu |¢| < 2v/3/9. Bee
TPHU KOPHST A1, A2, A3 — BemecTtBeHHbI. ClipaBa — THUIIMYHBIN BUJI TPApQUKa XapaKTePUCTUIECKOIO MHO-
rowiena mpu |q| > 23 /9. Ilpu sTOM OJIMH €ro KOPEHb A9 — BEIIECTBEHEH, a J1BA Af — KOMILIEKCHO-
CONPSI?KEHBDI.

1. |¢| < 2v/3/9. B stom ciiyuae rpaduk KyGHUeCKOro TPEXt/IeHa HMEeeT BUJ, MOKA3AHHbI Ha
pucynke 4 (ciesa).
[Tpu 5TOM, KaK 9T0 MOYKHO HEMOCPEJICTBEHHO TIPOBEPUTH BCe TP KOpH# B (182) okasbiBaloTCs
BelecTBeHHbIME U pasindabivu. Obiiee pererne ypapaernsi (180) MOKHO TpeJCTABUTH B
BUJIE:
R(TI) = 016)\17—, + 026)\27—/ + 036)\37—/ (183)

1M BO3BpallasdChb K pa,ZLI/IaJH)HOIL/'I HepelVIeHHOIL/.I:
R (r) = Oyrvize 4 Cypheviza 4 Cyetaviza (184)

riae C; (i =1,2,3) — npousBoJbHbIE KOHCTAHTHI HHTETPHPOBAHMSI.

2. |g| >2v/3/9. B srom ciayuae rpaduk KyGHUECKOro TPEXHICHA HMEET B[, OKA3AHHBIM
Ha pucynke 4 (cnpasa). Vmeercss OJMH BelIECTBEHHBIH KOPEHb Ag M JIBA KOMILJIEKCHO-
CONpsAZKEHHBIX A4. IIpu sTOM 0bIee pemrenne GyaeT UMeTh CIeAYIOMM BUI:

R(r') = 1% + "7 (Cysin[y/[As]? — ReAer’] + Cycosly/Ael? — RePAsr])  (185)
nim B paJuaJIbHBIX KOOpAMWHaTaX:

RO (1) = CyoVTa 4 pRersvi=ay (156)

(Cy sin[\/|)\i|2 —Re*AevV1—alnr] + Cs Cos[\/|)\i|2 —Re’A:vV1 —alnr)).

3. |g| =2v/3/9. Bux rpaduxa XapaKTepHCTHUECKOrO TPEXWIeHA MOKA3AH Ha PHC. 5 CIICBA.
Tenepb Bce Tpu KOPHS BEIIECTBEHHBI, HO OJIMH M3 KOPHEH JIBYKPATHO BBIPOXKJIEH: Ao = A3.
OOI1ee perrenne nMeeT BUI:

R(T') = C1eM™ + (Cy + Ca7')e™ (187)
I B TEPpMHUHAX pa,ZLHaJIbHOﬁ KOOpAWHATDBI:

R(T/) _ Olr)\lm + (02 + 03 IHT)TAZ\/E. (188)
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Puc. 5: CieBa — Buj rpaduka XapaKTepHCTHIECKOro MHOTOWIeHa mpu ¢ = 24/3/9. Bee kophu Berme-
CTBEHHBI, HO JIBA KOPHS COBIAJAIOT Ao = Agz. Ilpu ¢ = —2\/§/ 9 rpaduK TpUMBIKAET K OCU abCITUCC
cnesa n cumsy. Cripaa — sasucumocts byrknmn F'(q? — 12/81)(0? + 02 — 0102)® ot mapamerpos
01, 09. DTa DYHKIUS BCIOLY HENOIOKUTEIbHA, CIeJI0BATeIbHO ¢° < 12 /81.

C,ILeJ'IaeM HECKOJIbKO 3aMedYaHuil 110 IIOBO/1Yy IIOJIYyYEHHBIX PE3YJIbTaTOB.

1. BBujty TOro, 9TO IMEHHO PABEHCTEO HYJTIO BeJIMUUHbL 1 — a = 3(0%+02—0109) onpejieisieT me-
pexoJ K cheprIecKu-CUMMETPIIHOMY CITy a0, BeJMIUHY 1 — @ CJIeyeT CIuTaTh IpOIopII-
OHAJIBHOMN KBaJIpaTy MOMEHTa UMITY/Ibca 1o/1st £2. Tl puMedaTebHO, 9TO B 9KCIOHEHITUATLHOM
KaJmOPOBKe KBaJIpaT MOMEHTA [PEJICTaBIIseTCst eBKIINI0BOMN MOJIOKUTEIbHO-OIIPE/IeJIeHHOI
dbopwmoit kommonent {0y, oo}

0? = K(0} 4+ 05 — 0102) = K|[(01 — 02/2)* + 303 /4] = K[(02 — 01/2)* + 307 /4].  (189)

2. Cdepuuecku-CUMMETPUIHBIN Cilydaii He IoJIydaeTcs IpeIebHbIM mepexogoM a — 1 u3 dop-
Myt (183)-(188).

3. Cayuait b=0 (wmn ¢=0) He sBisteTcsi 0COOBIM. EMy COOTBETCTBYIOT peleHus: oq =203,
09 =201 U 01 =09.

4. Bornee nertasbHbIi aHAIN3 3aBUCHMOCTH [apamMeTrpa ¢ OT 01,03 MOKA3BIBAET, YTO CJIydaii
q*>12/81 ma camom Jejie He peanusyercs, T.e. IIPU BCEX 3HAUEHHAX MApAMETPOB 01 U Oy
uMeer MecTo HepasencTso g2 < 12/81. Tlo stoit npuunne pemenue (185)-(186) ne peanusy-
ercs B geficturensHocTr. ['paduk Ha puc. 5 (cnpasa) HAIISIHO WILTIOCTPUPYET CKA3AHHOE.
HepasencTBo npespaiaercst B paBeHCTBO Ha ocax 01 =0, 09 =0 u Ha buccekTpucce o1 = 0.
DTUM cirydasM cooTBercTByeT perenne Bujia (188). Beem ocrambabIM mapam (og,02) co-
orsercrByer pemterue (184). Hakower, nmeercs eme ocobasi Touka o1 =0y =0, KOTOPOii
COOTBETCTBYeT ¢(hepUIeCKU-CUMMETPUIHOE PEIlIeHre, ONUCAHHOE B IIPEIBIIAYIIEM DasJielie.

8 I'mmepbosmyeckoe I10Jie OAHOPOJHO 3apPsi>KEHHOTO MIapa

PaccmorpuM 3a/1ady o pacrpejiesieHun MOTEHIIUAIA B THIIEPOOIMYECKOil TEOPUH TIOJIsT B OKPECT-
HOCTHU OJTHOPO/THO 3aPs2KEHHOTr0 THIIepOOInIecKoro mapa pajunyca R. OcHoBHOe ypaBHeHue Jijist
3TON 3aa91 IpUHUMaeT BU/I:

Oszr® = kpo, (190)

re pg = const — MJIOTHOCTDH pacupeeseHust THIePOOTNIECKOro 3aps/ia, k — KOHCTaHTa, 3aBU-
cdmast oT BbIbOpa cucreMbl enunuil. Onpejiesienne MIOTHOCTUH py TPeOyeT HEKOTOPOro JIOTOJI-
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HUTEJILHOTO 00CYKJIeHUs, BBULY OECKOHETHOCTH TLIOMIAIN JTIOO0H KOMIIOHEHTHI WHTUKATPUCCHI
(T.e. GECKOHEUHOCTH TIOJTHOIO TEJIECHOTO yTila B pocTpancree BM) u, kax ciencrue, 6eCKoHed-
HOCTH OObeMa Iapa J00ro OTJIMIHOrO OT HyJId paanyca R. /Ijas mposicHeHUsT 9TOro BOIIpoca
npounTerpupyem ypasaerue (190) mo oobemy mapa pasmyca r > R. IIpu sTom B cooTBeTCTBII
¢ (108) smeMeHT WHTErPUPOBAHUST MOYKHO TIPEJICTABUTH B BUJIE:

d®V =r?drdQ, (191)

rae df) — sjIeMeHT MHTerpupoOBaHUsl B IPOCTPAHCTBE HANPABJICHU (3JIEMEHT TEJIECHOrO YIJIa),
a B CUJIY cpepUyueckoil CUMMETPUN UHTEIPUPOBAHUE TI0 PAJIUYCy U yryiaM (DaKTOPU3yeTCs:

rue V = R*Q/3 — obbem 3apsikenHoro mapa, Q= [ dQ — mepa MHOxecTBa Hanpasienuii (Gec-
KoHeuHas!), () — mosHbI 3apsan mapa. CieoBaTebHO IOTHOCTh PABHOMEPHO 3apsi?KeHHOTO
runepooIMIecKoro mapa CIeyeT ONMpeIenTh KaK BeJTNInHY:

_Q_ 3¢
=y~ Ry

(193)

COJIEP2KAIIYyI0 OECKOHEUHYIO TeoMeTpuiecKyto KoHcrtanty ) mpocrpancrsa Hs. [lamee, pacrm-
coiBas orneparop (s, B JeBoii vactu (192), momydaem:

1 4\ . Q[ d)?
0

Ypasuenue (194) spisiercst rUmepOOIMIECKUM aHAJIOTOM JIEKTPOCTATHIECKO TeopeMbl Laycca.
Boibepem cucremy epuuuil, B KoTopoii k = €2/27, B pe3ysbrare MpujieM K YPaBHEHUIO:

d 2
(7’%> o(r) = Q, (195)
nocjiea0BaTeJIbHO UHTEI'PUPOBaHre KOTOPOTI'O JaeT O6HL€€ pemeHnne BHE IIapas
Peyi (1) = QIn*r + Cy Inr + Cy, (196)

cojiepzKalliee JiBe HeOlpeIeIeHHbIe KOHCTAHTBI. DTO PEIIeHNe ABJIAETC WICHOM ODIIEro Kacca
(161)-(162) npu n=3.

BuyTpu 3apsizkensoro mapa ypasaenue (190) (¢ yuerom Hammx onpejeseHuii po u k) mpu-
HUMAET CJIEJIYFOIInii BUJI:

d [ d\° 3Qr?
—|r— | &= . 197
dr <T dr) R3 (197)
Ero HEIIOCPEJACTBEHHOE NHTETPUPOBaHWE ITPUBOJIUT K CIIEJYIONIEMY O6IH€My BUY pPEHICHUA:
Oy, (r) = %7’3 +CyIln*r + CyInr + Cj. (198)

TpeboBanue pPeryyisspHOCTH DEIIeHUsl Ha KOHyce Hadasa CHCTEMbl KOODAWHAT (OHO B 9TOM

3ajiate HUYEeM He BblAeIeHo), T.e. npu 7 =0 mpuBoaur K BbIOOpY KoHCTanT C] =0, C,=0.

Koncranta C) orBedaer 3a BbOOp Hadama oTcdera HoTeHnuaaa. Mbl morpebyem, UTOOBI
!

®;,(0) = 0, orkyna Cy=0.
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0,8

0,6

d
D 4 — D(x
3 o (x)
0,4
24
0,2
1_
0 T T T T 1 0 T T T T 1
0 2 4 6 8 10 0 2 4 6 8 10
7 r
Puc. 6:
29 19
E 0 T T 1
] 0,5 1,5
1,59
. 1
d? 2
O 11
. FE
— D(x) -39
1 dx? )
0,5- —4-
:
0 T T 1
i 3 71
,6_
Puc. 7:

Tenepsp nHeoOxomumo ciiuth vactu pemenns P, um P Ha rpanune mapa npu r=R.
ITonaras

Oin(R) = Pex(R);  Pi(R) = e (R), (199)
HaXOJUM
C/ _ Q 201 . ! 1 2 1
1 =3 QlnR; Cy=0Q §—ln R—glnR . (200)
OxoHuaTe/IbHO, PelleHne 3a/1a9i OMUChIBACTCS CEIYIONIel COCTaBHON (hopMyJIoii:
Qr’
@, r S R
b = (201)

Q (1n2(r/R) + %ln(r/R) + %) , r>R

J g mapamerpoB R=1 u () =1 coorBercTByIONNe rpaduKN JIsd TOTEHIAIA U €r0 ITPOU3BOJI-
HBIX, ONUChIBaeMbIX (hopMysioii (201) mokasaHbl Ha puCyHKax 6-7.
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20

0,5

Puc. 8:

0,8 4+

3
—<D4(x)

0,4 24

0,2 1

Puc. 9:

AnamorngabiM  00pa30M MOXKHO PaCCMOTPETh 7N —MEPHBI 3apsKeHHBIH Iap, MTOTEHIHAJ
KOTOPOT'O OYJIET ONMUCHIBATHCA CKOOKOI:

TI:Q—Z.Rn’ r S R
b, = " (202)
Q ("' (r/R) + oo " (r/R)+ -+ + ), 7>R,
e KOHCTaHTBI C; (@ =0,...,n— 2) OIIpeIeIATC U3 YCIOBUIl HEIPEPBIBHOCTU IIOTEHIIAAJIA 1 €TI0

HPOM3BOHBIX JI0 I — 2-0T0 BKIIOYUTEILHO. HeTpyaHo npoBepuTh, 9ro co=1/n""1 ¢, =1/n""2
co=1/2n"73 ... Jlnsa n =4 370 JaeT pelieHue BUjA:

Qr'
GART et

o, = (203)
Q(lns(r/R)—i—ian(r/R)+%ln(r/R)+6i4) , 7> R.

Basucumoctu noreniuasa (203) u ero npomssoaHbix npu Q =1, R=1 npejcraBieHbl Ha
puc. 8-9.
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9 IlnameapuYeckKasi CHMMETPHUA — CJIy4ail Hem30TPOITHOM
OCH CUMMETPUN

PacemorpuMm Tenepb mogapoOHO HMUINHAPUIECKYIO CUCTEMY KOOPIMHAT, OChb KOTOPOI SABJISIETCS
HEU30TPOIHOM MpsAMOii. BBIK/IAIKN B 9TOM CIydae OKa3bIBAIOTCs CYIIECTBEHHO OOJIee CI0XKHbBI-
MH, 9eM B U30TPOITHOM CJIydae, II09TOMY MbI MOCBSIIIAEM 3TOMY CJIydaio OT/IebHbII maparpad.
Hemnsorponuyto ock OZ mocpeicTBoM Bpaltennit u3 rpymmnst Iso( Hs) Becera MOXKHO COBMECTHTD
¢ equananbiM Jiydom £(I3). Koopauaary z BIOIL 9T0i 0CH MOXKHO BBIODATH B BHUJIE:

z=x"+2°+2° (204)

rie {xi}izl’g’g — cHcTeMa HeM30TPOITHBIX KoopauHaT. OCTaBIIyIocs mapy KOOPANHAT HEOOXOIH-
MO BBIOpATh TAaKUM 00pa30M, I9TOOBI OJTHA U3 HUX — KOOP/AMHATA 0 UMeJIa CMbBIC PACCTOSTHUASA OT
HEKOTOPON TOYKHU, IMUINHIPHIECKIE KOOPANHATHI KOTOPOil MbI BhIUucasgeM, 10 ocu OZ, orcuu-
TAHHOI'O BJIOJIb IJIOCKOCTH C ypaBHeHUeM z = const. Bropas koopanHaTta JI077KHA IMETH CMBICT
YIJIOBOI KOOPJIMHATHI ¢ Ha 3TOH MJIOCKOCTH, TOYHOE OIpeJie/IeHne KOTOPOil Mbl ¢chOpMYIUpyeM
qyTh 1mo3Ke. OThICKaHNe KOOPJAUHAT p U 1 OyaeM Mpou3BOANTHL B JBa 3Tama. CHadaia BBeJIEM
napy HOBBIX apUHHBIX KOOPJAWHAT % W ¥ COIVIACHO OIPE/ICIEHUSIM:

u=2r*—2'—2* v=22"—z' -2 (205)

2

OcraBmasgcsa CUMMETPHUYIHasd KOOpAWHaTa W = 2.’L‘1 — T — 1’3 YAOBJIETBOPAET YyC/JIOBUIO:

w+u+v=0, (206)

T.e., IpyruMu ciaoBamu, adbGuHHbI BekTOp V' ¢ KoopauHatamu (w, u, v) JIeXKHUT B IVIOCKOCTH 2 =
const, nockosbky dz(V) = 0. Herpyano naiitu dopmysibl 06paTHONO mepexosa 0T KOOPAUHAT
{u,v, 2} K U30TPOIHBIM KOODIHHATAM:
—v—u+z z+u v+ 2z
o VT UTE e R Ly (207)
3 3 3

3 dbopmyar (207) mqudpdepenimpoBaHneM Moy YaroTcsi COOTHOIICHNUS, CBA3BIBAIOIINE JyaJbHbIE
6asucel. B HOBBIX ad)UHHBIX KOOpAMHATAX {Z, U, v} nHTepBas Merpuk BM B pesysbrare mpu-
HUMAeT BUJI:

1
ds® = dz' do* do® — 77 (dz(dv® + du® + dudv) + dv® du + du® dv — dz°) . (208)

Tenepb paccMOTPUM TOUKY € IPOU3BOIBLHBIME H30TPONHBIMU KoopiuHatamu (z!, 22, z%). Tepes
3Ty TOUKY NMPOXOAUT KOOPJMHATHASI INIOCKOCTD 2 = &t + 22 + 23 = const. Mckomoe paccrosiane
p TpeACTaBiAeT co00i (DUHCIEPOBO PACCTOSIHEE OT STOIl TOYKM J0 TOYKU IIepecevdeHns JIyda
£(I3) ¢ WIOCKOCTBIO 2z = const, KOTOpasi, OYEBUIHO UMeeT KoopauHatsl (z/3,2/3,z/3). Takum
00pa3oM, HCKOMasi KOODJIUHATA ) ONPEICIACTC YPABHEHIEM:

pP=(a! = 2/3)- (2" — 2/3) (2" — 2/3), (209)
koTopoe ¢ yderoM (204) u (205) MOXKHO 3aIicaTh B BHJIE:
1 1
3 _ _ [
P = Gruvw 27uv(u + ). (210)

[Iepeiiem K ompejenieHnIo yriaoBoit kKoopauHaThl . [lo cymiecTBy OHO COOTBETCTBYeT OOIIIeit
ujiee, peyiozkeHHoi B [20]. YToa ¢ Mbl onpesesnM Kak JUIHHY OKPY?KHOCTH €IMHIYHOTO Pa-
JINyca, TOCTPOEHHON Ha IJIOCKOCTH Zz = cOonst, OTCYUTHIBAEMON OT HEKOTOPOI'O HAIPABJICHHUS.
s mepexona Ha 91y maockocTh nepenurirem (209) B Bue:

p* = (x' — 2)(2® — 2)(22/3 — ' — 2?) (211)
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(MBI HNCKJIIOYUJIN KOOPpAUHATY $3, a KOOpAMHATBI l’l n .I‘Q HCIIOJIb3YyEeM KaK ABYMEDPHYIO KOODIU-

HATHYIO KapTy Ha [JIOCKOCTH z = const). Ypasaerue (211) npu puKCHpOBAHHOM p MpeICTaBIIsi-
eT coboil HesBHOE ypaBHEHUE TUIEPOOIMIECKOr0 MUINHIPA eIMHIIHOrO pajanyca ¢ ockio Oz.
uddepennupys 310 ypaBHeHUe TPU (DUKCUPOBAHHOM Z U 0, HAXOJIUM CBI3b OA3UCHBIX OJIMH
dopM Ha eTMHUIHON OKPYZKHOCTH:

dz? o  —4r?z + 6222 + 3(2?)? + 22 — 220!

— =1 = . 212
dz' " dzx! — 3(x')? — 6222t — 22 + 2222 (212)

Tenepsb 151 91€MeHTa JUIMHBL HA €IUHIIHON OKPYKHOCTH (T.e. it yIyia 1)) TOdydaeM CIey-
IOIIYIO TEMOYKY PABEHCTB!

1 1
== / s —const pconst =) = / ldz'dz?(dzt + da?)]'/3 (213)
p p
Spum p=const
Lo a2
pp:const

(214)

X! {(—31’2 +2)(z — 2% — 221 (2! — 2?) (=32 + 22 — 32?%) 1/3 o

ol
P (=3z! + 2)%(2 — 2! — 222)?)
e B TIOC/IeHeM HHTerpaJe MBI BBeJIN IIepeMeHHbIit Bepxauil mpegesn X1, a 22 monmmaercs Kax

bynkuua z!, neasHo 3ajanHag nocpeactoM (211). Ypasuenue (211) siBasercss KBaJpaTHBIM
oTHOCUTEIbHO z2. Ero pemmenns MOKHO IIPeCTABUTD ciemyroreit oomeir popmyIoit:

22 = %(z )+ VA, (215)

rie
2% —9z'2% + 27(21)?2 + 108p — 27(z1)?

z — 3!

A= ;e ==£1.

JoBosibHO TPOMO3/IKast TIPOBEPKa ¢ TIOMOIIILI0 hopmyit (204) u (211) obHapyKUBaeT TOKIECTBO:
A =9(a* —2°)?, (216)

KOTOpOE TapaHTUPYeT KOPPEKTHOCTh NpejcTaBleHns pemienus aid z2 B suge (215) Ha Bcem
Hj;. TloacranoBka (215) B (214) mocsie HEKOTOPBIX 9JIEMEHTAPHBIX, HO TPOMO3JIKHUX YITPOIIEHII
PUBOJUT K CJIEJIYIONIEMY UHTErpaJly Jjisi yIJIOBOM IepeMeHHOi:
Xl
1 270%(27p5 + 54(z1)3 — 54(z!)2z + 182221 — 228)  ]° o
v= / {(—3951 + 2)3(2% — 92221 + 27(21)22 + 108p3 — 27(331)3)} v

(217)

a

I[Tepexoas K HoBoit nepemennoit &€ =z'/p n nopomy napamerpy ¢ = z/p, nosydaem 1oc/ie mpo-
CTBIX MPe0OpPA3OBAHMIL:

X'/p

1/3
(27 + 5AE3 — 5AL2C + 18C%¢ — 2¢7) )] de (218)

v=-3 / [(—35 + €)3(¢® — 9C2€ + 27€2¢ + 108 — 27&3

a

Crpuras mepeMeHHYI0 WHTerPUPOBAHUS 10 (hOPMYyJIe:

£=U+(/3, (219)
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noJrydaeM OoJiee TPOCTOI TIO0 BUy WHTETpaJ:

X'/p—¢/3
1 [14203

= / 5{4_—U3r/3da (220)

a

Hakomern, mesast IONOTHATENBHYIO 3aMEHy TIepEMEHHOII:
~ 3In|U|+1n2
=

OpuxXoaAuM K CJI€AYIOIHNM MHTErPpaJIbHBIM IIPpEJACTaBJICHUAM IJId yIvia:

(221)

( (31n[(3z1—2)/p]+1n2)/2

9\ 5/3 X
R (§> g / (tanhy — 7/9)1/3dy, (32" —2)/p > 0;
e 1 “ (222)
2 5/3 ) (3In[—(3z'—2)/p]+1n2)/2 ) d N

(3) / (cothy — 7/9)13 %Y 3z —2)/p <0,

\ a

IJIe BepXHsAs CTPOUKA ONpeIeseT 1, , a HIDKHASA 1) B COOTBETCTBYIOMINX 00JIACTSX, M MBI Bep-
HYJIICH B IIpeJieIaxX MHTEIPUPOBAHNS K cTapoMy obo3Hauenmio x'. I'panna pasmesna obiacreit
onpeesenns ¥, 1 1_ (310 mI0cKoeTh w = () He MOKPLIBAETCA Hallleil TapaMeTpusalueii yIios
U JJIst ee ONUCAHUA HeoOXOAMMO BBIOpATh MapaMeTPU3AINI0 OKPY?KHOCTH C MOMOIIBIO KOOP/IH-
HATHI 2 Wi 2.

Uurerpasbl B (222) BBIYUCISIIOTC B 9JIEMEHTAPHBIX (DYHKIIUAX:

¥+ = FArcTHs(g), (223)

rie s
‘= (wf”) (224)

AU Py 1 /3
o= (=) (225)

JUTs ), W TJie MbI BBeJIM OCHOBHYIO (byHKIHMIO runepboimdeckoit Tpuronomerpun (Hyperbolic
Trigonometry) B Hj:

2!/ <1 (= 1)*g+2)

ArcTH3(q) = —— | z1n — Vv 3arctan [

1Oq+8+9q3—3q2}>
6 \2 (@#+q+1)*(¢>—2¢+4)

V3q(3q + 10)
(226)

s 21/ 3\/§7T
— T (0(—q) + 0(—q — 10/3)) — YT
Baech crynendarsie hyHKIMA X3Bucaiiza obecnednBaior'' HenpepbiBHOCTH dyHKImun ArcTH
B TOYKAX paspbiBa IiiaBHO# BerBu apkranreHca (¢=0, ¢=10/3), a ajauruBHas KOHCTAHTA
(KOHCTAHTA MHTErPUPOBAHUsI) 0O6ECIETNBACT HOPMUPOBKY Yo = FArc¢TH3(+00) = 0. I'pacduk
sapucumoct ArcTH3(q) npeacrasien wa puc. 10 ciea.

11

1 @akTHuecKy, OHE OCYMIECTBIISIOT AHATUTIYECKHH BLIOOP PA3/IMIHLIX BEeTBEH apKTAHTEHCa, KOTOPLIH obec-
MIeYnBaeT HEIPEPLIBHOCTD 1) KaK MePBOOOPA3HOIL.
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Puc. 10: Cnesa — Bun dyskmun ArcTH3z(g) — ocHoBHO#T dyHKIMEU runepboaIndeckoii TPUroHO-
merpun B Hz. ArcTH3(oo) =0, ArcTH3(—o0)=2Y31/37/6. Beprukansubie mpsameie =1 u g=—2
— Beprukasbhbie acuMmnTorbl. Dynkmms ArcTH(g) monoronna na mnpomexkyrtkax: (—oo;—2)(1),
(—2;0.14536) (), (0.14536;1)(T), (1;4.27828)()) m Ha (4.27828;+00)(1). AGCOMIOTHBII MUHUMYM
ArcTH3(4.27828) ~ —0.0317667341. Cnpasa — 3aBucumoctsb g(u,v), onpeaensiemas dopmysoii (230)
Hizke. MaKCHMaIbHOE 3HAMECHHE ¢ JOCTHraeTCs Ha ocsx u = 0, v = 0 u cocrapmser (2/3)1/3 ~ 0.87358.
Takum obpazom, dyukims ArcTHg ciieBa nmpakTudeckn paboTaer JIMIMIb B 00J1aCTH ¢ < @max. B 3T0it
006JIaCTH OHA UMEET TPU y9acTKa MOHOTOHHOCTH.

Temepb MbI MOYKEM HEMHOT'O TPe0Opa30BaTh BhIpazKeHHe Jist lepeMeHHol ¢ B (223)-(225). s
tanhy B (224)-(225) mMeeM IENOUKY PABEHCTB:

(221) _2JUP =1 (a9 2|2" — 2/3]> — |p|* (209

tanhy 2 tanh [In(v2|U[?)| =~ 227
e R R T 0
22zt — 2% — 2P — 27|p® (205),211) 2(u + v)? — |uv)
22wt — 22— 3B+ 27p)F 2wt v)2+ |uv|

CooTBeTCTBEHHO /1 apryMenTa g u3 (224)-(225) nomydaercs creiyioniee BIpazkeHne:

T 32(u+0)? + |’

rJIe TOJIOXKUTE/IbHAS BETBb MOy OepeTcd i Y., a oTpunarenbHas — g . [Ipu srom
HepaBeHCTBO B (222), ompeesisiioliee BETBb yIJIOBOI MIePEMEHHOIT ¢, MOJKHO Meperucarh B CJie-

JIYIOIIEM BU/IE:
) <3x1 — z> (204) . (2:(;1 —x? - m?’) (211)
sign | ——— ) ="sign| ——— | =
P P

—sign <m> — sign (Z’—j) — sign (wv).

CrietoBaTeIbHO BETBb 1)y XapaKTepu3yeT yroj B TOW YACTH, IJe eUHUYHAS rUnepooindecKast
OKPY>KHOCTBb II€peceKaeT KOCOyTroJibHbIe KBajpaHThl u >0, v >0 mm u <0, v <0, a BeTBb 9_
xapakrepusyet yroi npu u >0, v <0 1 u <0, v > 0. C yaerom 91010 ycioBus Bbipazkerue (228)
JIJIE TIEPEMEHHOM ¢ MOYKHO 3aIlUCaTh B CIEIYIONEM YHUBEPCATLHOM BUJIE:

.- (4_1 (u+v)? — 4|uv|>1/3‘ (230)

32(u+v)? + |uy|

(229)

I'paduk zasucumoctu q(u,v) npejcrasien Ha puc. 10 cnpasa.
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Temepsb MBI UMeeM ciepytonme GOPMYJIBl JIJIsT 3aBUCHMOCTH KPUBOJINHENHBIX KOODIUHAT /)
u Y oT adpPUHHBIX KOOPAUHAT U, V:

PP = —%;”); i = FArCTH;

32(u+ v)? + |uv|

(4(u+v)2 —4luv|)1/3] . (231)

Hns Beraucienus Bujga Merpuk BM B mmmHapumdeckux KoopaumHaTax ¢ momorbio (208) He-
00X0IUMBI OOpaTHBIe coOoTHOIIeHUs. /IjIg mX BbIBOJA IepeiigeM cHadaaa K IMTPOMEXKYTOUHBIM
KPUBOJMHENHBIM CUMMETPUYIECKIM KOOPIMHATAM:

w =ex®, (e==%1); utv=y. (232)
3 (231)-(232) nmomywaem:
2 2
2, _ 5, Yy -4t 3 s
z7y = —27ep”; Wl 7 TH3 (Fo)- (233)

[Tpu srom byskius TH3 reomerpudecku onpenesena Ha npomexyrke [—0.0227;400), o-
HO3HauHa Ha mpomexkyTke [0.693;1.143] u aBysnauna Ha npomexyrkax [—0.227;0.693] u
[1.143; 400). Pemenunem cucremsr ypasrenuii (233) Oy/aer napa 3aBHCHMOCTEIL:

_ pa s 2—3TH§<¢>>”‘°’. _ 3 <2—3TH§<¢>)‘”‘°’
v=Ese2 (16+3TH§(¢) oV s \16 4 3T (9)) (234)

rae ¢ = Fipy. anee perenueM cucreMbl ypauenuii (232) npu (234) Gyuer napa BbIpaKeHuii:

3.22/3p
U= (141 —8eA3),
3.2%3
v P(1— V1= 8e), (235)
2 —378\'?
— 4], A=
i (16+3T3)

Tenepb Mbl MOXKEM BBIYUCIUTH KOMIOHEHTBI MaTpulibl SIkobu J(u,v|p,):

. 22/3 . 22/3 [

T 0p 44 dp 44
ou Odu  OA 8ArCTH3(q)>_1
Jup = — = — - < : (237)
A 9TH
v 04 OTH:(Y) % g=TH ()
dv  Ou DA dArcTHs(g)\
W= g5 T A aTH@) \ 4 (238)
’ g=TH;(4)

MBI He IPUBOUM sIBHBIN BUJI JIBYX ITOCJEIHUX BhIPAXKEHUIl, BBU/LY TOT'O, YTO OHU HOCAT ITPOMeE-
JKYTOYHBIN pe3ybTaT U HECKOJIbKO I'POMO3IKHU. Tenepb y HAC eCTh BCe HeOOXOIUMbIe (hOPMYJIbI
JUI BbIBOJ@ Buja MeTpuku BM B HEM30TPONHON NMJIMHIAPUYECKON cucTeMe KoopauHat. Mc-
IOJIb3Y4 TIPEJICTABICHUE:

du = Jy,dp + Jyp dip;  dv = Jy,dp + Jyy dip, (239)
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a Takxke (236)-(238), u3 (208) momydaeM myTeMm BblaeaeHAsT KOIMDMUINEHTOB PN PA3INIHBIX
crenensx {dz,dp,di}:

1
bzzz = 2_7§ bppp =1 bzzw = hzzp = bppt/} = 0; (240)
By 2 395,)3T6(T — 13T +2)*T*+ T +1)*(T? — 2T + 4)*x
N (241)
X (972 + 6T + 4)3(—3T> + 3¢T? + 2 + 16¢);
21/3 _6T3 + 3eT® — 4 + 16¢
cop = o= B ; 242
h (44 36 3T3 o 2 ( )
28/3.34A
By :Tp2T4(3T6 — 3T° — 2T* — 136T° — 132T% — 88T + 16) ¥
% (16 + 3T%)(T = 1)2(T + 2)%(T + T + 1)2(T* — 2T + 4)%(9T” + 6T + 4)°x (243
x (6eT® + 3T° — 4e + 16)%;
210/3 . 36¢
By = — Tp2T4(6T3 — 4+ 3T + 16¢€)(3T° — 2)x
x (3T — 3T — 2T* — 136T* — 132T% — 88T + 16) (244)
x (16 + 3T*)(T? + T + 1)*(T? — 2T + 4)*(9T% 4 6T + 4)*(T — 1)*(T + 2)%;
6A 2 2 2 2 3
Bppe == <7 PT°(T = 1)(T +2)(T° + T + 1)(T* = 2T + 4)(97” + 6T + 4)(3T° — 2)
x (37° — 375 — 2T — 136T° — 13272 — 88T + 16)2(16 + 37°%)*x (245)
X (—63T° + 63eTC + 19277 + 294€T? + 224 — 224e),
rae
[ 2-373\"°
~ \ 16+ 3T* ’
N = (3T° — 3T° — 2T* — 136T° — 13277 — 88T + 16)°x (246)

x (3T — 2)3(16 + 3T° — 16€ + 24€T°)(16 + 3T°),

T = TH; ().

[Tepeitaem K BoIBOAY BHjia oneparopa ()3 B HEM30TPOIHON HUIMHIPUIECKO CCTEMEe KOOP/IH-
Hat. s mpomexkyTounoit addunoit cucremsr {u, w, 2z} nmeem:

Ol = —08y — 0y + 0,3 Oy =20, — Oy + Dy Dy = —0y + 20, + .. (247)

st mpousBoaHbIX O, U 0, B CBOIO OYEpEIh UMEEM:

Oy Oy g _Opy O
Ou="L0p+ 5 0y Oy="L0,+ 5 0, (248)
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Ucnons3ys coornomenns (231) n (235) mocie JOBOIBHO MPOMO3IKUX BBIMHCJICHHUN € YIETOM
Buyia (226) dyukuun ArcTH3z u (228), moxkuo cocraButh oneparop ()s. Kak u B ciyuae cde-
PUYECKON CHUMMETDHU De3yJIbTaT MOXKHO NPEJICTABUTh B BHJE CIeIyIolieii cyMMbl (OpM 10O
{8z’ apv 81#}:

Oz = C*0,,0,,0y) + C*(9.,0,,0y) + Q(0,,0,,04). (249)

Mg! He GyaeM TPUBOIUTE 37€Ch BhIpazkeHus s Kosddbummentos dopm C3,C2,C, BBULY nX
Ype3BhIYaitHON TpoMo3akocTu. OOCY UM CTPYKTYPY HUIHHIAPUIECKA-CUMMETPUIHBIX PEIeHn i
ypasuenus ()3 f = 0 B obmem Buje. [lummHIpuIecKu-CUMMETPUYHOE PEIIeH e 0 OITPeIeIEHUI0
He 3aBUCHT OT KOOPAMHAT z U ). 3 obmux coobpazkenuii (HEMOCPeICTBEHHBIE BHIYUCICHUS C
noMoIpio (249) moATBEPKAAIOT 9TO) paauaibHasg dacTb omeparopa ()3 B HEM30TPOIHON IU-
JIMHJIPUYIECKOI crcTeMe KOOPAWHAT OyIeT MMeTh BUI:

Osp = Fo(T) 2 R i R 0. (250)
rie Fy, Fy, F3 — dyukuun nepemennoit T = TH3 (). Yenosue pasjiesienust mepeMeHHbIX B ypaB-

uennn s, f(p) = 0 umeer By
f(p) = Cop, (251)

riae C' u Cp — pousBoJIbHBIE BelllecTBeHHbIe KOHCTAHTHI. [logcranoska (251) B (250) mpusoguT
K COOTHOIICHUIO:

C(C —1)(C — 2)F5(T) + C(C — 1) Fy(T) + CF(T) = 0, (252)

YTO O3HAYaeT CIENUAJbHYIO JMHEHHYIO 3aBUCUMOCTh (byukmmit Fi, Fy, F3. HemocpeacTBennas
IPOBEPKA C MOMOINBIO BHOrO Buja (249) oOHApYKHMBAeT, YTO TaKasl 3aBUCHMOCTH HE MMeeT
Mecta B jeiicrBurenbHOcTH. OTCIO/Ia BBITEKAET JIIOOONBITHBI BbIBOL: 6 Hi (anasoeuuno u 6
H, ) ne cywecmsyem vyuaundpuuecku cummempuunvix pewenut ypasuenus Osf = 0 ¢ pas-
densrougumuca nepemenrvimult? ITo 06CTOATETHCTBO TECHO CBA3AHO ¢ PA3SMEPHOCTHIO I'PYTIILI
runepbosimieckux Bpamiennit B H3. {ummHaprdeckyio ciMMeTpUIo MOYKHO PAacCMAaTPUBATh KaK
HAPYIIEHHYIO cdepruieckyio cuMmMmeTpuio. Beibop ocu cumMmerpun Tpedyer (pUKCAIMH JIBYX Ta-
paMeTpoB (/IBa HE3ABUCHMBIX YIUIa). B eBKIMIOBOM ciaydae mociae (pUKCAIMA OCH CHMMETDHN
OCTaeTCsd eIle OJUH CBOOOJHBIN TapaMeTp — TOJSIPHBIA YIol ¢, B TO BpeMs Kak B Hs Bce
BpaliaTe/JIbHbIE ITapaMETPhbI IIOCJI€ 3aJaHnd OCU CUMMETPUN OKA3bIBAIOTCA y2KE UCHEPIIaHHBIMUA
(rpynna runepbosimdaeckux Bparenuii 8 Hy — JByMepHa).

PaccmoTpuM Takzke ¢ OOIIUX MO3UIMUIT CTPYKTYPY PeIleHUsi, OMICHIBAIOIIETO TUINHIPUYIe-
CKHUil BUXPb, KOTOPOE 3aBUCUT OT Hapbl KOOPJIMHAT p U 1), & OT KOOP/IMHATHI 2 He 3aBUCHT. Taxoe
pelreHne He UCKII0YaeTcsa coobpaskenusimu rpymmnosoit cummerpuu. Oneparop )3y, B KOTOPOM
dopmanbio 0, =0, OyIeT UMeTh CIEIYIONLY0 OOIILYI0 CTPYKTYPY:

o3 102 10 1 o

Oz = F30(T)8p3 + FQO(T);a_pQ + FlO(T);ﬁ_p + Fﬂ(T);WJF (253)
1 02 1 o 1 0 0? 03
Fii(T)— Fo(T)————+ — F + Fy
T g+ o) gy o (T + Fo s + i)
rae {Fj;} — Habop BHOMHEe omnpefereHHbIXx GyHKIUA mepemennoit T (oHm IpoOHO-
upparnuoHasbhbie). [Ipencrabiss pernerne f(p, 1)) B pasieseHHOM BUJIE:

flp, ) = R(p)¥ () (254)

12Ha camom siente, HECTOXKHbIH aHAINS OOHAPYKUBAET, YTO TAKOTO PENIeHus He CyMEeCTBYeT U B KJlacce Hece-
mapabesIbHbIX PEIeHui.



248 I'mnepkominiekcHble dncia B reomerpun u ¢usuke, 2 (18), rom 9, 2012

B (253) mpuXoauM mOCIe HEKOTOPOTO MPEABAPUTEILHOTO aHAIN3a K YCIOBUIO DA3JIEJICHH TIe-
pemennbix: R(p) = Cor®, uro nocne nojacranosku B (254) 1 IpuBeIeHNs MOOOHBIX CIATaeMbIX
JlaeT ypaBHEHHUE Ha YIVIOBYIO YaCTb BUIA:

G3(T)W + Go(T)V + G1(T)T + GV = 0, (255)
rje Touka o3Hadaer Juddepenimposanne o ¥. [lepexonst Kk HOBoIt mepemennoit x = T (), ¢
MIOMOIIBI0 (POPMYJIBL:

i_d_xi_22/3(x+2(9c—1)($2+m+1)(m2—2x+4)(9x2+6x+4)i
dyp  dipdr 326 — 325 — 224 — 13623 — 13222 — 88z + 16 dz’

(256)

KoTOpas nojydaercst u3 (226) ¢ nomorpio npasuia quddepeHiupoBanust 06paTHO (HyHKIWH,
noydaeM u3 (255) ypaBHeHUe BUA:

Gs(z)®" () + Go(z)®" () + G1(z)V'(z) + Go®(z) = 0, (257)

re dbynximun Gy(z) apsiores uHeiHbIME KoMOuHanusvu byrkumit G; uz (255) ¢ apobHo-
panmoHaJIbHBIME Ko durmertamu. Y pasaerne (257) sABIAETCs OMpeIeIsionuM st yTI0BO
qactu onepatopa ()3, & ero pereHus ABJISIOTCS TUTTEPOOTHIECKIMEI aHAJTOTAMY ITHTIH IPIIe-
CKUX TapMOHUK.

A Hekoropnble reomeTpuieckne o0beKThI B Hj

B sTom MIPpUJIO2KECHUUN MbI IIPpUBEJICM NJIJIIOCTPpAIllN FI/IHep6OJH/I‘{eCKI/IX aHaJIOT'OB HEKOTOPBIX IIPU-
BBITYHBIX €BKJIMAOBLIX I'€OMETPUICCKUX 00 BEKTOB.

A.1 IIpaBujbHBbIe MHOTOTPDAHHUKU

Jlarke Ha IJIOCKOCTH JBOMHOI ITepeMeHHO, MeTpUYIecKre OTHOIIEHUsI Ha KOTOPOi OIMUCHIBAIOT-
cd 2-mepHOIT MeTpuKoit MUHKOBCKOTrO, aJleKBaTHOE BOCIPHUATHE MPUBBIYHBIX OTHOIIEHU MPO-
crefmux (Uryp 3aTpyaHEHO U3-3a CTOJKHOBEHUsI €BKJIMJIOBON MHTYUIIUNA C HEEBKJIMJIOBBIMU
MerpudeckuMu oTHommeHussiMu. Ha puc. 11 cieBa KpacHBIM IIBETOM TOKA3aHBI JIBa PABHOCTO-
POHHHUX TPEYTOJIbHUKA, KOTOPbIE, KPOME TOI'0, KOHI'DYSHTHBI (T.e. MOT'YT OBITH COBMEIIEHBI JIPYT
C IPYyTOM TIOCPEJICTBOM TIPe0OpA30BaHUil U3 IPYIIIBI ABUKEHUIT [ICEBI0EBKIINIOBOM TLIOCKOCTH).
3eJIeHbIM I[BETOM IOKA3aHbl TPACKTOPHH MOTOKA OJHOTO M3 BO3MOXKHBIX JIBHKEHHII — IICEB-
JOEBKJINOBOTO BpallleHUs, KOTOPOE MEPEBOJUT BEPIINHBI OJTHOTO TPEYTOJbHUKA B BEPIIUHBI
JIpyroro 6e3 u3MeHeHUs UX MEeTPUIeCKUX OTHOIIeHn. OTMeTuM, 9TO IMpaBast BEPXHsIs CTOPOHA
Ka2K/JI0T'0 TpeyroJIbHUKa NMeeT KBadpaT AJINHDBI, HpOTI/IBOHOJIO}KHbeI II0 BHaKy KBa/JpaTaM JJINH
ABYX JIPYTUX CTOPOH.

Ha puc. 11 crnpaBa anajiorndHas CUTyallus IOKasaHa JJIi MHOTOrpaHHUKOB B Hs. Kpac-
HBIM I[BETOM U300parKeHbI JIBa T'UIEPOOINIECKAX Ky0a, KOTOPble KOHIPYIHTHBI MEXKIY COOOI.
YcoBue opTOroHaJIbHOCTU pedep B BEPIINHAX UMeEeT BUJI:

h(A,B,C) =0 (258)

— TpHOpTOroHabHOCTH BeKTOPOB A, B, C, m3obpaxkawoumx pebpa Kyba. Kaxkiapii u3 KyboB
MOZKET OBITH ITEPEBEJIEH B IPYTOH TOCPEICTBOM KOMOUHAIMU TPAHC/IAINA U TUTTEPOOTTIECKOTO
BpAIIeHNUS.

A.2 HexkoTopsie 3amMmeyaTebHbIE KPUBbIE

OrnpeiesieHnst €BKJINIOBBIX TEOMETPHIECKNX O00BEKTOB, OMUPAIONIEeCs JINIb Ha (PYHKIINIO Pac-
CTOSTHUS, OKA3bIBAIOTCA MPUTOTHBIMU U JIJIs ONPEJIE/IEHIs COOTBETCTBYIOIIMX UM TUIIEPOOIIe-
CKIX aHAJ0TroB. PaccMOTpUM HECKOIHBKO KOHKPETHBIX ITPUMEPOB.
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Aliiiaiinibiinrireniiliiny

4

Puc. 11: CneBa — mapa KOHIDYSHTHBIX PABHOCTOPDOHHUX TPEYTOJIBHUKOB Ha ICEB/IOEBKJ/INIOBOIT I1JI0C-
KOCTH, CBA3aHHBIX HpeO6pa30BaHI/IeM U3 T'PYIIIbI ABU2KEHUA, CIPpaBa — Hapa KOHI'PDYIHTHBIX Ky6OB B
H3, cBs3aHHDBIX IpeoOpasoBaHMeM W3 TDYIHIbLI ABHKeHnss H3 (B BepIIMHAX BBIIOIHSAETCS YCIOBHE 3-
OPTOTrOHAJIBHOCTH).

Puc. 12: CneBa — eBKINMIOB M ICEBIOEBKIMIOB SJLIUINCH ¢ OJIMHAKOBBIM ypaBHEHUEM T1 + Iy = 3,
(ri,m2 — paccroguus 1o todek (1;1) u (—1;—1)). CuopaBa — cemeificTBO ruIepOOIMUECKHIX SJITUIICOB
r1 + 7o = C. Ilpu nekoropom (Mmasiom) C' n3MeHsIeTCsI CBA3HOCTH KPHUBOIA.

A.2.1 TunepboamyvecKuit JIJIUIIC

Paccvorpum nsBectHOe (hboKaIbHOE OIpeIesIeHne JIIATICA, KOTOPOe OIpeesisieT ero KaKk MHOKe-
CTBO TOYEK IIJIOCKOCTH, CYMMa PaCCTOAHUI OT KarKA0M U3 KOTOPBIX J10 ABYX 33JaHHDBIX ABJIACTCA
BeJIMYNHON IMOCTOAHHO:

r1 + 79 = const. (259)

Ecnu oy paccrosinusgmu 11 u 7o MOHUMATH UX TUNEpOOInYeckne Bepcuu B Hy, TO Ipuxoanm K
OTpeIeSICHNIO TUIIEPOOINIecKOro d/mica. VX xapakTepHblit BUJI IpeIcTaB/IeH Ha puc. 12.

A.2.2 TunepGoamyeckasi runepoosia

Pacemorpum Tenepsb nzBectHOE (QOKATBHOE OIMpE/Ie/IeHIe TUIIEPOOJIbI, KOTOPOE OIPEJIE/IAeT ero
KaK MHOYKECTBO TOYEK IIJIOCKOCTH, PA3HOCTH PACCTOAHUI OT KaXKJIOW M3 KOTOPBLIX JI0 JIBYX 3a-
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Puc. 13: CneBa — eBKIMIOBBI U ICEBIOEBK/IWIOBLI TUNEPOOJBI C OJMHAKOBBIM YpPaBHEHHEM
r1—re= £0.5, (r1,ro — paccrosimust 1o Todek (1;1) u (—1;—1)). CuopaBa — cemeiicrBo runep6o-
Jmdeckux rumepbos r; — o = C.

Puc. 14: Cnesa — paBHOMepHAast €BKJIMI0BA CIUPAJIb, CIpaBa — PaBHOMEPHAas TUIEpOOJINIeCKas CIIU-
paJib ¢ OJIMHAKOBBIM YpaBHEHHUEM T = (.

JTAHHBIX SBJIAETCSI BEJIUYNHON MOCTOSAHHON:
r1 — ro = const. (260)

AHATOTUYIHO TpeAbIIyIeMy Caydaio, B Hy MTPUXOAUM K ONPEIETIeHNI0 TUIIEPOOTMIeCKIX TUIIep-
6os1. UIx obmiumit BT ipejicTaBjieH Ha puc. 13.

A.3 Cuoupanm

Ornpenenerre paBHOMEPHON €BKJIUIOBOI CIIpaJIn:
r = Cp (261)

6e3 u3MeHeHMsl IePEHOCUTCs Ha JIBONHYIO MJIOCKOCTD, €C/IH 110l PACCTOSHUEM U YTIJIOM MOHUMATH
ux runepbonmueckne axajoru. Ha puc. 14 nokasanbl eBKINI0Ba (caeBa) U TUIEPOOITIECKast
(cuipaBa) crimpaJin.
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Puc. 15: Cnesa — cemeiicTBo paBHOMEpHBIX ruriepboIndecKasi cnupasieii ¢ ypasaenuem p = C, cripasa
— ceMeficTBO THIIEPOOIMIECKIX criupasieii ApxumMesna ¢ ypaBaeHneM p = eF¥.

Puc. 16: Dumunruyeckast u runepbondeckasi pAaBHOMEPHbBIE CIIUPAJIH.

Ha pucyske 15 (cieBa) MoKasaHO CeMeHCTBO DPABHOMEDHBIX THIEPOOINIECKUX CIUPAJIEH
(261) ¢ pasmumunbiMu C', a cripaBa MOKa3aH BUJ Crupain ApxuMe/ia ¢ ypaBHEHHEM:

r= ek (262)

Ha puc. 16 npejcraBiieHbl KPyTroBasi S/IANITHYECKAs W TUIEPOOIUYIecKas MTPOCTPAHCTBEHHbBIE
cmpasin. [lepBas 3amaerca ypaBHeHUeM:

z(t) = o+ Rcost; y=yo+ Rsint; 2z =z, + at, (263)

a ypaBHEHHe BTOPOiil nosydaercsd u3 (263) 3aMeHO#l TPUIOHOMETPUIECKUX SN U COS HA THIep-
oommgeckue sinh u cosh.

A.3.1 Actpouasl
Ecmm B KaHOHWYeCKOM ypaBHEHUHN €BKJ/IUIOBON aCTPOUIHI:
2 4yt = a??, (264)

U3MEHHUTDb 3HAK TepeJ OJHUM U3 CJIaraeMbIX B JIEBOI YaCTH, TO MOJIYIUM CEMEHCTBO IUIepOo/Iin-
Jeckux acrpons. Vx obmumit Bua mokasaH Ha puc. 17.
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Puc. 17 CuieBa — »JjuIMITHYECKAd U FI/IHep6OJII/I‘{€CKaH aCTpon/Jbl, CIIpaBa ceMelcTBO acTponz BUIa

y2/3 _ :L‘2/3 —C.
y CX N X

U lisUlio U sU 0 U's

Puc. 18: CneBa — sumnrudeckas u runepboandecKast UKJIOUIbI, CIIPABa — SJLIUITHIECKAsT U THIIEP-
OOIYIEeCKIe TPOXOUIBI.

A.3.2 Iukaouabi

Eciu B xanonnyeckom napaMeTpuiIeCKOM YpaBHCHHNU HUKJIOW/IbI:

z(t) =t —sint; y(t) =1— cost (265)

3aMEHUTH TPUTOHOMETPHUYECKHUE Sin u cos Ha runepbommdeckue sinh u cosh, To nmomydum napa-
METPUYECKOE YpaBHEHUE THIEPOOINIECKON MUKIOUIbI. AHAJOIMIHO OOCTOUT JIEJIO U JIJIST TPO-
XOUJIAJIbHBIX KPUBBIX, ypaBHEHHe KOTOPbIX 0000maer (265)

z(t) =t —Csint; y(t) =1— Ccost. (266)

BI/I,ZL AIJIUNIITUNIECCKUX U I‘I/IHep6OJH/I‘I6CKHX OUKJIONIbI 1 TPOXOUAbI IPEJICTaBJIEH Ha PUC. 18.
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Puc. 19: Dunmunruyeckuit Top ¢ oTHOIIEHHEM panycoB 5/2.

150
200
250

Puc. 20: CneBa — KoMIoHeHTa rumepbOIMIecKOro TOpa ¢ JIBYMsl PaJuycaMil OJHOTO 3HaKa, CIpaBa —
KOMIIOHEHTA - C PAJINyCaMU Pa3HbIX 3HAKOB.

A.4 Topsl

Kanonngeckoe YpaBHEHUE TOPpa, OIIHNCHIBalollee BpallCHHE O,ILHOfI OKPY2KHOCTH BIOJIb ;:prroﬁ
nMeeT BUI:

x(u,v) = Ty + T1 COS U + T3 COS U COS U;
y(u,v) = rysinu + ro sinu cos v; (267)
z(u,v) = rosinw.

DJITUNTUYECKUil TOp TpejcTaBieH Ha puc. 19.

Ecnu B aTOM onpenieniennn 3aMeHUTh TPUTOHOMeTPHYeCKHe (DYHKIMN Ha TUIEPOOTNYecKue
U TI0J PAJINyCAMU TOHUMATH TUIIEPOOTNYecKne PACCTOAHUS, TO (DOPMAJIBLHO MIPUXOIUM K OIIpe-
JIEJIEHUIO THIEePOOTNIECKOTO Topa. UTOOBI MOMYYUTh MOJHYIO KApTUHY, HEOOXOINMO YYeCTh
9TO KBaJPAThl PAJNYCOB MOTYT WMETh Da3JIMYHble 3HAKHU ¥ ompenesnenne Tuna (267) moxer
BKJIIOYATh B ce0s PaJINnychl, KBaIPaThl KOTOPBIX MMEIOT OJINH M TOT Ke 3HaK, HJIM IPOTHBOIO-
JIOYKHBbIE 3HAKHW. DTU BO3MOYKHBIE CUTYAIIUNU MPEJICTaBIeHb! Ha puc. 20.
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Puc. 21: Tunepbonmyeckoe noaHoTopue

st mostyuenuns OHON KapTHHBI (TIOJTHOTOPUS ) HEOOXOMMO OObEIMHATE BCE KOMIIOHEHTHI [0~
BEPXHOCTHU Ha OJHON mjutiocTpanuu (puc. 21).
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SOME PROBLEMS OF MATHEMATICAL PHYSICS IN
POLYNUMBERS FIELD THEORY

D.G. Pavlov}, S.S. Kokarev!?

L Research Institute of Hypercomplex Systems in Geometry and Physics, Friazino, Russia
2 RSEC Logos, Yaroslavl, Russia

geom2004@mail.ru, logos-center@mail.ru

Some mathematical aspects of the invariant scalar operator (),, that appears in
polynumbers field theory, are considered together with some characteristic properties of
its kernel. Concrete expressions for Berwald-Moor metrics and operator (), in isotropic
cylindrical, non-isotropic cylindrical and general spherical coordinate systems are derived
in case n=3. Part of the results is expressed in terms of special functions, which are
hyperbolic analogies of trigonometric ones, spherical harmonics and Legendre polynomials.
General kind of radial part of (0, is calculated for arbitrary n. The problem of finding
of hyperbolic field, generated by homogeneously charged hyperbolic sphere, is solved. We
show, that there is no separable solutions to hyperbolic wave equation with cylindrical
symmetry.

Key Words: polynumbers, Berwald-Moor space, hyperbolic field theory, Green functions,
curvilinear coordinates, spherical symmetry, separation of variables.
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JIECTHUYHOE IIPE/ICTABJIEHUE HEBBIPO2K/IEHHBIX
ITOJIMYNCEJI

I'"'1. 'apacbko
OI'VII BOU, Mocksa, Poccus

gri9z@mail.ru, gri9z.wordpress.com

B pabore npeamoxkeno 0600IeHNe SKCIIOHEHITNAIBHOTO MPEACTABICHUST HEBBIPOXK IEHHBIX
MOJIMYUCE], KOTOPOE HA3BAHO AECMHUMHLLM, HA TPUMEPE THUIIEPKOMIIJIEKCHBIX YHCET
H,. Bosuukaomuii mpu 3TOM HTEPAIMOHHBINA IPOIECC MOXKET OOPBIBATLCHA WU OBITDH
6eckoneuHbIM. [IpesioykeH HOBBII TIOJXO/, K OCMBICJICHUIO [EMOYKN TTOHSITHSA: JIJIMHA, YTOJ,
HOBBIE OOBEKTHI — B IMOJTMIUCIOBBIX TPOCTPAHCTBAX.

KiroueBbie ciioBa: HEBBLIPO2KJ/ICHHbBIE ITIOJIUYUC/Ia, IKCIIOHEHIUaJIbHOE IIpeJcTaBJICHUE,
JIECTHUYIHOE IIpEeACTaBJICHUE, TUIIECPKOMIIJIEKCHbIEC 9IHCIA, I/ITepaHHOHHBIfI oponecc.

1 Bsenenune

JIro6oe He paBHOE HYJII0 KOMILIEKCHOE YUC/IO 2 = T + 1) MPEICTABAMO B 3KCIOHEHINAILHOM BH/IE
OIHO3HAYHO
z=p0€%, i2=—1, (1)

ec/T TTOTPedOBaTh, YTOOBI 0 U ¢ OBLIN JEHCTBUTELHBIME YUCTAMEI, KOTOPBIE YIOBIETBOPSIIOT
CJICTYIOIIAM YCIOBUAM:
0>0, 0<p<2r. (2)

HpI/I CHATUN BCEX yCJIOBI/IfI MOXKHO MHOTMMH CIIOCOOAMM npeacTaBUTh HE paBHOE HYJIIO KOM-
IIJICKCHOE 4YH1CJ/IO B BUJIE «SKCHOHGHHHaHBHOﬁ JICCCHKIM»

y = w(l)ew(2)ew(3)e (3)

KOHEYHOI mn 6ecKoHedHoi. TakuM 0Opa3oM, BMECTO eIUHCTBEHHOTO HAYAIbHOIO YNCIA 2 MbI
MOJTyJaeT HabOp KOMILIEKCHBIX YHCEJT:

Z = W) — W) = WE) —F e = We) —F e (4)

[Tosromy, 1yist TOoro 4TobBl TIOCTpOEHHE (3) ObLIO OJHO3HAYHBIM, HEOOXOJANMO HA KAZKIIOM JTa-
e (Ipu KazKJI0# uTepalyn) Ipuiep:KIUBaThCs IKCIIOHEHIIMAIBLHOTO npecTaByerust. Toraa s
KOMILTEKCHOTO JHUC/IA 2 TTOJTY THM:

z—>g—>go—>g—>g—>...—>g—>ig, (5)
ecan o0OpBaTh UTEPAIMOHHBIN IpoIece, u
z—>g—>g0—>z—>z—>...—>z..., (6)
2 2 2

€CJTH ero He 0OPLIBATD.
Jlns npoitubix uncen 2=z + jy € Hy, rie j2 =1, sKcnoHeHIMaIbHOE MPeJICTaBIeHIe BO3-
MOZKHO, €CJIH
r+y>0, r—y>0. (7)

Torna maiigyTca neficrBUTe/bHBIE YUCTIA @, (¢ TAKUE, ITO

2= el 0=z —y?, 0>0, —00 << 400; (8)
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a BMecto (5), (6) nmeem
z—0—ja 9)

i
z—=0—>ja—0, (10)

u HU4ero dosee.

O6ob1uenne Takux nocrpoenit, kax (5), (6) ais komiurekcnsix ducen u (9), (10) as gBoii-
HBIX 9HCEJT, Ha aJreOpbl MPON3BOIBLHBIX HEBBIPOKICHHBIX YUCET Py yg.y, C yIETOM MOHATHS 9KC-
MOHEHIMAIBHOTO [IPEJICTABIEHNST OCTeHnX |1]| sBiseTcst comepKaHmeM HaCTOsIIeil paboOTHL.
Takoe 00001IIeHIE SKCIIOHEHINAIBLHOIO IIPEICTAB/ICHIs HEBBIPOKICHHDIX IIOJIUYIHCET Oy1eM Ha-
3BIBATD AECTNHUYHbIM NPEJCTNABACHUEM TIOIHIUCe. XOTs: 000PBATH IPOLECC MOXKHO Ha, 000
UTePAINN, I TOIUIncesT Py o, Pa3MepHOCTH N =k + 2 - m BbIIEJEHHOI KOHETHOI MOCIe10-
BATEJIBHOCTBIO BCeria OyIeT MOCIe0BATEILHOCTD, COCTOAMIAS U3 N dncesl. JIIsa KOMITEKCHBIX
qHCeIT 9TO

z—=o—ip,  {ev},
JJIA ,ZLBOfIHbIX quceJsl —
z—=o—ja,  {oja},
a o Pyyom, —
XEX(l) —>X(2) — ... —)X(n), {W(l),W(g),...,W(n)}‘ (11)

Tak Kax B 00IIEeM cirydae moanaucesa Py s.,, TOCTPOEHUE AeCTHUYHO20 NPEOCTNABAECHUS TO-
BOJIbHO T'POMO3/IKO, TTPOBEJIEM €T0 TOC/IeI0BATE/ILHO JI1d nonuaucen Hy. Jna npyrux cucrem
HEBBIPOKIEHHBIX MOJIUIHCEN AECTHUYHOE NPEICTNABACHUE CTPOUTCA AHATOTTIHO.

Kak wmsBectno [1], mommancio X € Hy MOXKeT ObITh HPEICTABJICHO B SKCIOHEHINATHHOM
BUJIE

X = |X| - edthhtvik 1 (12)

rae 1,7, k, jk - "opronopmupoBannbiit" 6asmuc,

KOTOPBIH CBSI3aH ¢ M30TPOITHBIM OA3MCOM €1, €3, €3, €4 CIEAYIONUMUI COOTHOIITEHUSIMM:

1:€1+62+€3+€4,

Jj=ei+te —e3—ey,
(14)
k:€1—62+63—64,

Jk=e—e—e3tey, )

ecn Bee KoopamuaaTel 1, €2 €3 ¢4 nommumncena X B M30TPOIHOM Gasmce €1, €, €3, €4 ABJISIOTCS
JIeHCTBUTETBHBIMU TOJIOXKUTEIHbHBIME IUC/TAMU:

£>0. (15)
Bamumem dopmyrty (12) B msorponHoM Gasmuce:

X = (e1+eatesteq) | X|-enatreatiatne (16)
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rie

X = VEEEE, - (%) (17
BGJH/I‘{I/IHI)I 7’]1 HE ABJIAI0TCA HE3aBUCHUMBIMHU, TaK KaK
"+ttt =0, (18)
U BBIPAXKAIOTCS Yepe3 YIJIOBbIe MepeMeHHble o, 3,7y CAeyIomuM 00pa3oM:
n=a+f8+y, "=a-F-v, w=—a+f-v, n=-a-F+7. (19)

Obparuble HOPMYJIBI IMEIOT BU/I:
1y 2 _ Lo 3 _ Lo 4 2
a=g(r+n), =50 +n), y=50+un). (20)

2 JlectHmuHoe mipejicTaBjieHne mnojmuaucesa Hy

U3 ananuza dopmyi (15) — (17) BeiTekaer ecTrecTBeHHOE 0OODIIEHIE SKCIIOHEHIINATIBLHOTO TPE/I-
craBienns nojmauces X € Hy, 1jis KOTOPBIX BMECTO yCjioBust (15) MO/2KHO BBITOJTHITHCS OoJiee
caaboe ycaoBue:

£ #0. (21)
Takoe IpecTaBIeHne MOXKHO 3aIUCATh CIIeLYIONIM 00Pa30oM:
X :)Lz' . ‘)nz" e nter+n?es+nies+ntes , (22>
rie
X=sign(¢) e + sign(€?) es + sign(€°) e3 + sign(€*) es (23)
X= [ e + €] ea + | €5 + |€*] e, (24)
Y 4/1¢1¢243¢4 LX
|X| = 0= Vieeee],  x= 5, (25)
]
1 (gi)g 1 2 3 4
el Gosyeyeyain: =0. 26
=3 n<(§1§2£3§4)2 ; nEn AN +n (26)

U3 nocnenueit dbopMysibl cieayer, 9ro 7' He MOTYT OBITh BCe IOJIOKUTENbHBIMU MM BCE OT-
puniareabHbiMu. Ecim xors Gbl omHa 13 7' obpamaeTcs B Hyjlb, TO Jlajee MPOIEcC TOCTPOEHHsT
JIECTHUYHOTO TIPEJICTABJIEHUS TTPOJIOJIZKEH OBITH HE MOYKET, TO €CTb OH OoOpbIBaercs. Popmyiry
(22) moxkHO 3amucaTh 60Iee KPaTKO:

1
s m In{ X
X =Xq - |Xo|-e ( ‘“), X =X. (27)

Yucno pa3ImyaHbIX TOJTHINCE)T )S( = J; pasuo 16. B sto muoxkectBo J,, a = 1,2, ..., 16 Bxoggar
Bce OasucHble 3jeMeHThl 1, j, k, jk. [IponsBenenne nByX NpPOM3BOIBLHBIX EMEHTOB J,, 1 Jg,
JlaeT OISATh JIeMeHT J,, TOTo Ke MHOXKecTBa. [11d Kazkioro J, cyliecTByeT OOpaTHBIN 31eMeHT
13 TOTO Ke MHOKecTBa. Bee J, obramaioT cBOCTBOM:

J2=1. (28)

a
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[TosToMy MHOKECTBO 3JIEMEHTOB J, 00pa3yeT IpyIiy, KOTOPYIO eCTeCTBEHHO HAa3BAThL IPYIIIOi
CUMBOJIbHBIX THUIIEPOOINIECKIX €TMHUII,
Ecnn

1
X(g) =In (X(U) (29)
HE eCTb JeJIMTEJIb HYJId, TO IIPOIECC MO2KHO ITPOJOJIZKUTD:

1
X@) = Xz =In (X (2)) : (30)
Ecnn
1
X@ =l <X(2)) (31)
HE eCTb JeJINTEJIb HYJIH, TO Hpouecc MOXKHO HpO,H‘OJI}KI/ITI)I
1
X(g) — X(4) =In (X(g)) . (32)
TOF,ZL& MBI HOJIy‘{I/IM Ha60p ns3 4—X ,H‘ef/'ICTBI/ITeJIbHI)IX ITOJIOZKUTEJIbHBIX YHNCEJI:

, (33)

Q1=‘X(1), Q2:‘X(2)7 Qaz‘X(:a)), Q4=‘X(4)

KOTOpPBIE HA30BEM MOJIYJIEM, YTJIOM, TPUHIJIOM U 4-WHIJIOM COOTBETCTBEHHO. KaxKmaoit m3 3Tmx
BEJIMYUH COOTBETCTBYET HEKOTOPOE HAIlPABJIEHHE B YeThIPEXMEPHOM MPOCTpaHCcTBe Hy:

s s 1

s s 1
Ji=Xq), J2 =X (2), J3 =X(3), XoX@=Js X - (34)

Wrax, BMecTo nonumanciaa X Mbl TOTYyIUIN HAOOP U3 4-X MOJIMYInCce:

1
{J1Q1, J202, J303, J104 X(4)}. (35)

[Tomuaucno J; - yka3biBaeT OJuH U3 16-THM KOHYCOB, Ha KOTOpbIe Pa3dMBaETCs KOODPIMHATHOE
npoctpancTBo Hy nenurenamu Hynd. Kaxmnoe mommaucio Jo, J3, Jy - yKa3bIiBaeT Ha OJIWH W3
KOHYCOB U3 MEHbIIEro, 4eM 16-Tb, MHOKECTBA, TaK KaK B 9TO MHOXKECTBO 3aBEJIOMO HE BXOIST
KOoHyChI (+,+,+,+) u (—, —, —, —). MoxKHO cunTaTh, YTO YHUMOYJISIPHOE MOTHIUCIO

X (= € Ik (36)

yKa3bIBaeT HaIpaBjieHne B KOHYCe, KOTOPBIil ONpeiessgeTcs TOTMINCIOM Jy.

Urak, mia nonmuuaucen X € Hy, y KOTOPBIX KOOPJMHATHI B U30TPOIMHOM 0Oa3nce Ha KayKIO0i
UTEpAN OTJUYHBI OT HYJIA, TO €CTh OHU He fABJIAIOTC JAEJUTEISIMI HYJId, ToJIydaeTcs Ipe/i-
CTaBJIEHUE CJIeYIONIEero BUIA

1
J.
Ja202- € Jaes- € et

X =Jio1-e ) (37)

nim aJjigd KOoOpAuHaT B U30TPOITHOM 6&31/106

. 0458-C?
: p G Jzo3- €

£ =jior- e’ © : (38)

B1ech 1o WHIEKCY ¢ HeT CyMMHpPOBaHUsl, ji = +1 - He3aBUCHMBbIE 3HAKOBBIE KOI(DMUIMEHTH,

Jr = jier + jiea + jies + jrea; (39)
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L4 2 3 4
X@= Cer+ e+ ez + ey, (40)

1
X(4) — e a4+,6’4+'74€1 Te a4fﬂ4f’y4€2 +e *0144’/647'7463 +e *Ol4fﬁ4+'y4€4 . (41)

[Ipencrarenue (37) GyaeM Ha3BIBATD ACCMNUYHBIM Npedcmasaenuem monmances Hy.
Ecmm urepanpionssiii mporece 00pbIBAETCs paHblie, To BMeCTO (37) MOXKEM IOy dUTh

1
L o 303X (3
X = Jio-e?2X®» wm X = Jyp -e’29> € , (42)

COOTBETCTBEHHO.

3 DbeckoneuHblli UTepAIIMOHHBIN MPOIIECC

Jlectruuanoe npecrasienne (37) MOXKHO IPOJOJIZKATH J0 CKOJIb YIOIHO 00sboro (m + 1):

om Jm€ amj+Pmk+ymik
e

X = Jlgle J202€ .. ) (43)

Qs 6m7 TYm 7 Omti, /Bm—i-l; TYm+1 (4'4)

ecmn Bce X(q), a < M He ABIMIOTCA JeIUTe/IIMA Hyd. TpexmMepHoe KoopAnHaTHOEe IPOCTPaH-
CTBO @ = x, = Yy, 7Y = 2 MOXKHO pacCMaTPUBATH KaK MPOCTPAHCTBEHHYIO T'MIIEPILIOCKOCTb B
YeThbIPEXMEPHOM TTPOCTpaHCcTBe Hy, KOTOPOE MbI OTOXKJECTBJIsIEM C MPOCTPAHCTBOM COOBITHIA.
BajiaBas pas3IuyHbIe HadaabHble 3Hadenua £, €2, €3, €1 momyunm nocieioBaTe/IbHOCT TOUEK B
TPEXMEPHOM TTPOCTPAHCTBE T, Y, Z, KOTOPOE, JIJId HATJIAJTHOCTH, OyJIeM CYUTATH €BKJIMIOBBIM, a
CcaM¥ KOODJMHATHI - JEKAPTOBBIMI NPAMOYTOJIbHBIMUA:

(1'4,y4,2’4), ($5,y5,Z5), ceey (xmaymazm)v (45)

Ecnu nepeiitu k¥ ccepudeckum KoopauHaTam 7, 9%, ¢, TO TAKHEe MOCIEI0BATEIHHOCTH TOUYEK MOXK-
HO n300Opazkarh Ha HebOecHOl cdepe KoopanHaTamu 1, .

U3 BoIlle M3I02KEHHOTO CIEAYIOT KOHKPETHbIE (POPMYJIBI JIjId YKA3aHHOTO MTEPAIMOHHOTO
MIpoIecca B TPEXMEPHOM ITPOCTPAHCTBE T, ¥, Z:

(_xm + Ym — Zm)(_xm — Ym + zm)

Tmi1 = In ,

xm“’ m+zm _J:m_‘_ m — Zm
Ymt+1 = 7 In ( J i Y ) ) (46)

4 (l‘m —Ym — Zm)(_mm — Ym + Zm)

Zma1 = — In )

4 (Im —Ym — Zm)(_%m + Ym — Zm) Y,

Ecnu pononuutsb st hopmysibl popMyIoit
29,1 = |ln [Zm & Ym + Zml In [P = Y = 2| X
Pm Pm
1 (47)
_ _ _ _ 1

Y

Pm Pm
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rie
1
Pm = |($m + Ym + Zm)(wm —Ym — Zm)(_xm + Ym — Zm)(_xm — Ym T+ Zm)|4 ) (48)

IIOJIY 9UM HTepaHHOHHblﬁ oponecc B 4—MepHOM IIPOCTPAHCTBE I’O

, T, Y, 2. OT™MeTnM, 4TO B
. 47 0 46
mpaBoil 9acTu (HOpPMYJIbI OTCYTCTBYeT BeJIM4UHa Z,,, & B (DOpMyJax BEJIMINHBI

Tma1, Ymils Zmi1 BBIPAIKAIOTCS TOTBKO depe3 chepuiaeckue yribl Uy, @p,. Takum obpazom,

ﬁerl = @(ﬁmy Som) 5 )
Pm4+1 = @(19,”,“ QOM) )
(49)
T"m+1 = R('ﬂmv Spm) )
201 = X", Vs Om) -
Ha mamr B3rysii, 0cOOEHHO MHTEPECEH UTEPAIMOHHDINA ITPOIECC
79m7 Pm — ﬁm—i—la Pm+1 - (50)

[Ipu sroM yao06HO B KadecTBe MPOMEXKYTOUHBIX (OPMYJ UCHONB30BaTHL hopMmybl (46), rie
TTOJIOYKHUTH

T = sSin(Pn) €O8(0m) y  Ym = sin(dy,) sin(om),  2m = cos(Vy,) - (51)

Yrubsl Yii1, Pmt1 BBIUUCIAIOTCS 1O (hopMyIaM:

Zm+1 . Tm+1
Vi1 = arccos y ©mi1 = Sign(Ym1) arccos , (52)
Tm+1

T'm+1

rie

Tm+1 = \/x3n+1 + Yt T Zmg (53)
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The paper gives a generalization of exponential representation of nondegenerate
polynumbers, which are named as ladder representation. It given on the base of
hypercomplex numbers Hy. The representation arise an iterative process, which can be
finite or infinite. Also a new approach to understanding of notions of length and angle in
polynumber spaces are proposed.
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DIFFERENTIAL GEOMETRY OF FINSLER-SPACETIME
TANGENT BUNDLE
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I draw on my earlier work to review various aspects of the differential geometry of a
Finsler-spacetime tangent bundle, all based on the possible existence of a physical upper
bound on proper acceleration. In particular, the bundle connection and associated differ-
ential geometric fields are calculated for a Finsler-spacetime tangent bundle particularized
for the case of a statioinary measuring device.

Key Words: Finsler geometry, spacetime tangent bundle, maximal proper acceleration,
physical Finsler coordinates, spacetime structure, Kaehler spacetime, complex spacetime,
torsion.

1 Introduction

In the present work, I draw on my earlier work to review various aspects of the differential
geometry of a Finsler-spacetime tangent bundle, all based on the possible existence of a physical
upper bound on proper acceleration. The appropriate bundle coordinates are the spacetime
coordinates of the measuring device in the base manifold and the four-velocity coordinates of
the measuring device in the tangent space manifold [1]. Of particular interest is the case of a
stationary measuring device in which it is implicit that the gravitational force on the device
is balanced by a non-gravitational force, as in the case of an ordinary scale measuring weight.
For a Finsler-spacetime tangent bundle, the Levi-Civita connection coefficients reduce to the
form given by Yano and Davies for a generic tangent bundle of a Finsler manifold [2,3]. The
components of the connection in the spacetime-spacetime-fiber sector have a form consistent
with Cartan’s theory of Finsler space, provided that the gauge curvature field vanishes. A
vanishing gauge curvature field is equivalent to the condition that the four-velocity of the
measuring device be a parallel vector field. The latter is equivalent to Cartan’s condition that
there be absolute parallelism of the line elements, and that the tangent space coordinates form a
parallel vector field [3|. This is consistent with Deicke, who proved that a Finsler space cannot
be represented as a nonholonomic subspace of a Riemannian space unless the latter condition
is imposed [3, 4]. Deicke subsequently proved that a Finsler space can always be represented
as a nonholonomic subspace of a space with torsion [3, 5, 6]. If bundle torsion is included in
the Finsler-spacetime tangent bundle, then the bundle connection becomes compatible with
Cartan’s connection for Finsler space if a component of the contorsion is made to cancel the
contribution of the gauge curvature field to the connection in the spacetime-spacetime-fiber
sector [7]. The spacetime tangent bundle of a Finsler spacetime is almost complex [8]. Also
provided that the gauge curvature field is vanishing, then the Finsler-spacetime tangent bundle
is Kaehlerian with vanishing covariant derivative of the almost complex structure [8]. The
vanishing of the gauge curvature field is also the condition that the Finsler-spacetime tangent
bundle have a vanishing Nijenhuis tensor (torsion of the almost complex structure) in the
anholonomic frame adapted to the spacetime connection, and that it be complex [9]. If bundle
torsion satisfying prescribed conditions is introduced, the Finsler-spacetime tangent bundle
can be made to remain almost complex, and the covariant derivative of the almost complex
structure can be made to remain vanishing, without the need to impose the relatively restrictive
condition of vanishing gauge curvature field |7, 10|. However, the Finsler-spacetime tangent
bundle cannot be complex unless the gauge curvature field is vanishing. In the present work,
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drawing on this earlier work, the bundle connection and associated differential geometric fields
are calculated for a Finsler-spacetime tangent bundle particularized for the case of a stationary
measuring device.

2 Bundle connection

The gauge curvature field for the Finsler-spacetime tangent bundle is given by [2]

FOLV = POUAEQAMW (1)

where Greek indices range from 0 to 3, corresponding to the time component and the three
space components, respectively; po is a constant of the order of the Planck length; v*is the
four-velocity of the measuring device; and Ri,w is the spacetime Riemann curvature tensor

R Ay = Faﬂ&w B Faﬂ%cs + Faﬂvrﬂﬁé B Faﬁwrﬂﬂw (2)

written in an anholonomic basis adapted to the spacetime affine connection I'g;. In the anholo-
nomic basis, a comma followed by a lower-case Greek index implicitly denotes

0 _ 0
= g~ Mg )

expressed in terms of the gauge potential
A
Aﬁu = pov F’g)\u. (4)

The condition of vanishing gauge curvature field, Eq. (1), for the stationary measuring device
is thus given by _
Fo,fw = pOUOR Opv — 0. (5)

The four-velocity v* of the measuring device satisfies
gV’ =1, (6)
and the Finsler metric function L then becomes [2]
L? = g, v =1, (7)

which is satisfied by the indicatrix. From Eq. (6), it follows that for the stationary measuring
device, 1° is a solution to
goo(x,1°,0,0,0)0% = 1. (8)

It is to be noted that for a Finsler metric g,,(z,v), there may be multiple stationary frames
for the measuring device satisfying Eq. (8).
Thus for a stationary measuring device, the four-velocity is

{00, 0% 0%} = {2°,0,0,0}, (9)
and the gauge curvature field, Eq. (1), becomes
FO/.{I,Z/ = pOUORaO,uV' (10)
Also, the gauge potential, Eq. (4), becomes

Aﬁu = povol"ﬁ()u. (11)
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It follows from the homogeneity of the Finsler metric function that

0
0 Gl v) =0, (12)
0 0
%guu = wgaw (13)
and 5 9
Ua%gwj == angm, =0. (14)
Thus, for a stationary measuring device, it follows from Eqs. (12) - (14) that
0 0
Uoﬁguy = Uow‘goy = 0. (15)
Also from Eq. (6), it follows that
0 0
%LQ(J?, v) = Uozﬁgoo + 21}090# =0, (16)
and o o 3
L? = 0% 40’ — 29w = 0. 17
Gungort ) =V g o0 AV G 0wt 20 17)

For the Finsler spacetime, the Christoffel symbols for the four-velocity tangent space are given
by [2]
1 0

o o —1 _u\
Wos = 500 9" 5 398 (18)
which for the stationary measuring device, according to Eq. (15), for non-vanishing v°, becomes
1 0
B -1 _uk
Was = 5p0° 9" 5 5 9a8: (19)

in which the lower-case Latin index k& ranges from 1 to 3.
If the spacetime connection FZB is of the Levi-Civita form, then in the adapted anholonomic
basis, the gauge potential is given by [2]

4, =7, ), (20)
in which the Christoffel symbols are given by
1
{6 /\u} = Egu)\(ga)\,ﬁ + 98ra — JaB); (21)

and for the stationary measuring device, the gauge potential becomes

Aﬁu = pgvom. (22)

The bundle connection in the spacetime sector of the Finsler-spacetime tangent bundle is given
by [2]

(8)Fuaﬂ - {M aﬁ} = {u ocﬂ} B gwj (AA aH}\BV + AA ﬁH)\D”’ - AA VH)‘O‘B) ’ <23)

in which {“ aﬁ} is the canonical Levi-Civita symbol written in a coordinate basis. Next substi-
tuting Eq. (23) in Eq. (20), one has

A)‘ a = p0’06 {)\ 5a} — pov‘sg’w’ (A¢ 5H¢a¢ + Al/) aH¢5¢ — Aw¢H¢5a) . (24)
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From Eq. (18), one has
Po l%gaﬂ = 2ILhag, (25)
and also, from the symmetry of the spacetime metric,
yap = aps = Ugay = Hypa. (26)
Next substituting Eq. (25) in Eq. (14) and using Eq. (26), one obtains for a Finsler spacetime:
V' oy = v 1,0 = v 0 = 0. (27)

Also, substituting Eqs. (27) and (20) in Eq. (24), and solving for the gauge potential, one
obtains

A)\ a = IOO/U(S {/\ 5o¢} - p(Q)U’Y,UlS{w’WS}Hwa )\‘ (28)
Furthermore, from Eq. (23) it follows that
U”U‘;{d’w} = "0 {wvé} — g (AB gsa + AP sHgya — AP H/gws) (29)

Next using Eq. (27) in Eq. (29), one obtains

v”v‘;m = "0’ {’ﬁw} : (30)

and then substituting Eq. (30) in Eq. (28), and using Eq. (26), one gets

A 5 fA 2 5,6 A
A a = Pov { 604} - Po”ﬂlv {w'yzS} II o) (31)
For a stationary measuring device, this becomes

AN = pov { Oa} pov” {woo}HAaw- (32)

The bundle connection in the spacetime-spacetime-fiber and spacetime-fiber-spacetime sectors
is given by [2]

(8)]‘—Wab :(8) FM = HM ab + Rb)\oz p()v)\7 (33)

and for a stationary measuring device, this becomes

1 _
—POUORbOa g (34)

(O) IO
ab 9

ba

= Huab +
The bundle connection in the base-fiber-fiber sector is given by [2]

D

in which o
D
qugH H= Hab ) + r 5¢Hab - F5a¢H5b — F5b¢Ha5 : (36>

in the anholonomic basis. Alternatively, one has [2]

®rr =V, A, ", (37)
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where L
1 D
= _p 0¥
and
At = LIL " (39)
For a stationary measuring device, Egs. (35) and (37), using Eq. (6), become
D
(S)Fuab = pOUOD_xOHab ~. (40)
The bundle connection in the fiber-base-base sector is 2]
m 1=m
®rm 5= —I,,™ + 3B asPov” (41)
which for a stationary measuring device becomes
m m 1 D
(8)F Ozﬁ == _Haﬂ + §p0/UOR Oaﬂ' (42)
In the fiber-base-fiber sector, the bundle connection is [2]
®pm — _, ¢ ™
" = —pov Do 11, a, (43)
or alternatively
B, = —V,4,, ™ (44)
For a stationary measuring device, Eqs. (43) and (44) become, using Eq. (6),
D
®&rm _ 0~ rm
r ab — — PV DLEOH¢ a,* (45)
The bundle connection in the fiber-fiber-base sector is 2]
(8)Fmba = {mba}7 (46)
and this will clearly also hold for a stationary measuring device.
In the fiber sector, the bundle connection is [2]
(S)Fmab = Hmab' (47)

Summarizing the expressions for the connection in the various sectors of the Finsler-spacetime

bundle in the anholonomic frame and for a stationary measuring device, one has

Or s ={" s}

1 = n
(S)Fuab =@ M, =1, + §pOUORb0a ;

D
(S)Fuab = 0, ODQ;O Hab "

m m 1 DM
(8)F aB — _Ha,B + §IOOUOR 0af3>

m
«,?

m D
e, = _Povoﬁnb

(48)
(49)
(50)
(51)

(52)
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BT, = {"h}- (53)
(8)Pmab = 1"y, (54)
in which the Christoffel symbols of four-velocity space are given by

1 0

5 = 5009 55 Gas: (55)
and one also has
{"aph = {"ap} — AN I — AYSIL M — AN, (56)
in which the gauge potential is given by
A)\ a — pOUO {A Oa} - pg,UOZ {wOO} H)\cm/; : (57)

3 Curvature scalar

The Riemann curvature scalar of a Finsler-spacetime tangent bundle is [2]

= 1
8 _ af3 el B
“R = R—  F"Fop, = 217 T, — 2

D
Dpovg

1%,

Q, (6% D (03
—VI**'VIl,s, — VII*? VII” ; + 25— VII

(58)
]

o

A special case of the Finsler-spacetime tangent bundle is the Riemannian-spacetime tangent
bundle, for which the four-velocity space Christoffel symbols I1* . are vanishing. In this case
Eq. (58) reduces to

— 1 o
®R=R-— ZF ﬁ’yFaﬁ’Y’ (59)
For a stationary measuring device, using Eqgs. (1), (7), and (9), this becomes

a08y—=
7RocO,@“w (60)

@RZF—E%E
Equation (60) was used earlier in a perturbative calculation of possible corrections to the
gravitational red shift for a static emitter on a Schwarzschild star and for a stationary measuring
device at a large distance from the star [11|. A stationary measuring device was also invoked
in reducing the action for the spacetime tangent bundle to the ordinary vacuum Einstein’s
field equations in a Riemannian spacetime in the mathematical limit of infinite maximal proper
acceleration [12].
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B cBoux 6omee paHHIX paboTax aBTOP PaCcCMOTPEJ pa3andHbe acIeKThl auddepeHinaib-
HOIl TeOMEeTpUN KacaTeJbHBIX PacC/JIOeHUN (PUHCIEPOBa IMPOCTPAHCTBA-BPEMEHN, KOTOPHIE
OCHOBBIBAaIOTCAd Ha BO3MOZKHOM CyIlLeCTBOBaHI/H/I BerHefI I'paHUIbl PEJIATUBUCTCKHA
PaBHOYCKOPEHHOI'O JBUXKEHMsSI. B YaCTHOCTH, BBIYMCIEHBI CBSA3HOCTHL PACCIOCHUS
1 accoluupoBaHHble HUdhEepeHInalbHO-IPeOMETPUIECKIE II0JIsd I KacaTe/bHOrO
paccioeHusi (pUHCIEPOBa IIPOCTPAHCTBA-BPEMEHH JJI CJIydast CTAlMOHAPHOTO H3MepH-
TeJILHOTO MTpubdopa.

KunroueBbie ciioBa: QGUHCIEPOBA I'€OMETPUS, KacaTe/JbHOE PACC/IOeHHE IPOCTPAHCTBa-
BpeMeHU, MaKCUMaJIbHOe COOCTBEHHOE yCKOpeHue, (pusndeckrne (bUHCIEPOBBI KOOPINHATEI,
CTPYKTypa  IPOCTPAHCTBa-BPEMEHM, IIPOCTPAHCTBO-BpeMsi Ksjepa,  KOMILIEKCHOE
[IPOCTPAHCTBO-BPEMSI, BPAIIICHHE.
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In this paper we describe the groups of local transformations of coordinates which preserve
unchanged on tangent bundles the two and three dimensional Berwald-Modér metrics.
Some algebraic properties of these groups are studied. Finally, we suggest the possible
structure of these transformations in the general n-dimensional case.

Key Words: tangent bundles, Berwald-Moo6r metrics of order two and three, local trans-
formation groups of invariance.

1 Introduction

The geometrical Berwald-Moor structure |4, 10| was intensively investigated by P.K. Ra-
shevski [14] and further physically substantiated and developed by G.S. Asanov [1], D.G. Pavlov
and G.I. Garas’ko [5,12,13]. These physical studies emphasize the importance of the Finsler ge-
ometry characterized by the total equality in rights of all non-isotropic directions in the theory
of space-time structure, gravitation and electromagnetism. For this a reason, one underlines
the important role played by the Berwald-Moér metric

F,:TM" — R, F.(y) = Vy'?..y", n>2,

whose Finslerian geometry is studied on tangent bundles by M. Matsumoto and H. Shimada [§|,
and, in a jet geometrical approach, by V. Balan and M. Neagu [3]. From a physical point of
view, an Einstein relativistic law says that the form of all physical laws must be the same in any
inertial reference frame (local chart of coordinates). For such a reason, we study in this paper
the geometrical transformations which keep unchanged the Berwald-Modér metrics of order two
and three. Notice that the geometrical translation of the previous Einstein’s physical law is
that any geometrical object used in theory must have the same local form in any local chart of
coordinates.

In this perspective, let us remind that (z,y) = (z%,y") are the coordinates of the tangent
bundle TM™ (associated to an n-dimensional real manifold M™), which transform by the rules
(the Einstein convention of summation is assumed everywhere):

,oT

where 4, = 1,n and rank (07°/9z7) = n.

2 The invariance group of the Berwald-Moér metric of order two

Let us consider the Berwald-Moér metric of order two on the tangent vector bundle TM?2,

which is expressed by
B(y) =Vy'y?,  y'y* >0 (2.1)

We recall that the general transformations of coordinates on the tangent bundle T'M? are given
by

P=dlahe?), P =),
~1 1,,1 1,2 2 2,1 2,2 (2'2)
Yy 2619 "‘82 y Y 2619 "‘82 )
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where 9} := 07’ /07, ¥ i, j = 1,2. Consequently, the Berwald-Modr metric of order two (2.1)
has a global geometrical character if the equality Fy(y) = F3(y) is true. This means that for
any y' and y? we must have

T2 = yty? = 0t0? () + 0502 (v2)° + (802 + 930%) vy,

Proposition 2.1. The local transformations of coordinates that preserve invariant the
Berwald-Modor metric of order two (2.1) are given by the affine transformations

7Ea,b,0):<§;):<1?a8)(z;>+<i> (2.3)
S(A,B,C)5(§):(§1?A><i;)+(g>, (2.4)

where a,b,c, A, B,C € R, with a # 0 and A # 0.

and

Proof. The local transformations of coordinates which invariate the Berwald-Modér metric of
order two (2.1) verify the following first order PDE system:

919% = 0
9362 = 0
D12 + L% = 1.

Case 1. If we consider that 97 = 0, then we deduce that #' = Z'(z?) and 7% = Z*(z?).

Moreover, the following equality is true:

1
ol = — =aeR"
2 8%

It follows that _
' =ax®+b

ﬁa,b,c) : 1
72 =zl +oc
a

where b, c € R.
Case 2. By analogy, if we consider that we have 0} # 0, then we find

7' =Az' + B
SaBc: 1
7% = ZZQ + C,

where A,B,C e Rand A#0. =

Remark 2.2. The affine transformations Sa g ¢ include all translations of the plane R?, which
are defined by Sy 444, The plane rotations from the set of the affine transformations (2.3) and
(2.4) are only the following rotations:

10 -1 0
RO_(O 1)’ Rl_(o —1)'
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Corollary 2.3. The set of the local transformations of coordinates (which are given by Top..
and Sapc), that invariates the Berwald-Modor metric of order two (2.1), has an algebraic
structure of non-commutative group with respect to the operation of composition of functions.

Proof. By direct computations, we observe that we have the following relations:

Tiabe) © Tiar v ) = S(aja’ p+ac e+ fa)
T(abe) © Sa,8,0) = T(a/Ab+aCrctB/a)>
S4,8,0) © T(ape) = T(Aa,Ab+B,c/A+C)5
Sa,B,0) © S(ar,B,01) = S(AA", B+ AB! ,C+C'/A)-
The neutral element of this group is S1,0,0). Moreover, we have

—1 -1
(abe) = Na—ac,—bja),  S(apc) = S1/A,-B/A-AC)-

u
Using the form of the affine transformations (2.3) and (2.4), let us introduce the following

sets of matrices:
wy=da=( 0 ¢ c R*
L ~\1/a 0 “

efon (3 0 )aer)

where we have H; N H, = (). In this context, we can prove the following algebraic results of
characterization:

and

Proposition 2.4. A matriz M € Ms(R) belongs to the set Hy if and only if it verifies the
following conditions:

(1) m~ = 9m;
(2) det M = —1;

(3) MT = B - 9M-E, whereE:<(1) (1))

Proof. It is easy to see that any matrix T €, verifies the relations (1), (2) and (3). Conversely,
let us consider a matrix

a b
M = ( e d ) eM(R)
which verifies the relations (1), (2) and (3). It follows that we obtain

ad — bc = —1, a=—d
a=d, bc =1.

Solving this system, we find what we were looking for. m

Proposition 2.5. A matriz X € M>(R) belongs to the set Hy if and only if it verifies the
following conditions:

(1) X7 = x;
(2) det X = 1;
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(3) X '=E-XE.
Proof. It is easy to see that any matrix & €H, verifies the relations (1), (2) and (3). Conversely,

let us consider a matrix N
B
X = ( C D)EMQ(R)

which verifies the relations (1), (2) and (3). It follows that we obtain
B=C, AD-BC=1
B=-C, AD=1.

Solving this system, we get B=C =0and AD=1. =

3 The invariance group of the Berwald-Mooér metric of order three

Let us consider the Berwald-Moér metric of order three on the tangent vector bundle T'M3,

which is expressed by
F3(y) = Vy'y*y®. (3.1)

The general transformations of coordinates on T'M3 are given by

=22t 22 2%), 72 =2%(at, 2% 23), 2 =723(2t, 2% 2d),

y' = 01y' + 03y* + 039°,
y? = 0ty' + 03y* + 05y°,
v = 0y + 95y + 05y,

(3.2)

where 0} := 0% /027, ¥ i,j = 1,3.
It follows that the Berwald-Modr metric of order three (3.1) has a global geometrical char-
acter if the equality F3(y) = F3(y) is true. This means that for any y', ¥* and y* we must

have
~1~2~3

TTY =y’ =
= (010303 + 010305 + 0,0705 + 0,030 + 030705 + 030507 y'y*y°+
+OLR0? (y1)” + 030203 (v°)” + 010203 (v°)° +
+ (010303 + 010303 + 030320%) ()" P+
010705 + 010507 + 9;0797) (v')" v’ +
050507 + 0,0705 + 0,0305) (v°)" y'+
030303 + 030303 + D3 0303) (v*)" '+
030307 + 0103203 + 010202) ()" '+
+ (950593 + 030503 + 939503) (v°)" v,

Inspired by the form of the affine transformations (2.3) and (2.4), we will use the following
matrix notations for three dimensional affine maps:

+ 2

2\ 2

3

/N N N N

+
+
+

N a ! N !
X=AX+B, AeMR), B=|b |, X=| 22|, Xx=| 2°
x3 3

In this context, we can give the following geometrical result:
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Proposition 3.1. The local transformations of coordinates that preserve invariant the
Berwald-Modr metric of order three (3.1) are given by the following affine transformations:

Tlovsasbupaps) - X = AX + By, (3.3)
Stasasbste) | X = AsX + Ba, (3.4)
R(as,anbrbube) - X = AsX + Bs, (3.5)
Maraspiopiip + X = AsX + By, (3.6)
Nasaro s raps) X == AsX + Bs, (3.7)
Olarsarzbropirpis) - X = AsX + By, (3.8)

where 0 #a; € R, Vi=1,12, b; € R, V j = 1,18, and we have

0 ay 0 0 as 0
I K P B
0 0 0 0
a10s a30y
0 0 as 0 0 ay
y e I S U Y R
0 0 0 O
asQag arasg
ag 0 0 a1 0 0
A5: 0 410 (1) ; AGZ 0 (i) 1z )
0 0 0 0
ag9Q1o a11ai2
b3r—2
B,«: b3r_1 ,VT’:LG
b37"

Proof. The local transformations of coordinates which invariate the Berwald-Moér metric of
order three (3.1) verify the following first order PDE system:

¢

01928% = 0 (
019283 = 0 (
019283 = 0 (
010203 + 91020% + 0120 = 0 (
010203 + 91020% + D120 = 0 (V)
010203 + 910203 + 910208 = 0 (
010203 + 910203 + 01208 = 0 (
010203 + 910203 + 01208 = 0 (
010203 + 910203 + OL208 = 0 (
L0203 + OL0203 + 010203 + L2} + OLORO3 + DRO2P = 1. (
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It follows that we have the situations:

;

\

ol — 0,
92 — 0,
9 =0,

0:=0
I7: {830

af%”:o
3=
I7: {83:
agzo
al=0
I7: {83:0
95=0

For more convenience, let us rewrite the above relations as follows:

\

=0, 9 =0 (1)
ol =0, =0 2)
% =0, 3=0 (5)
=0, =0 (6)
% =0, =0 (7)
% =0, =0 (8)
% =0, &=0. ©)
Consequently, we have the following nine cases!:
Case (i):
) 03=0—05=0—03=0 +/
05 =0, (V): 93=0, (vn):{géjg:g%ig B/
2 1
(1), (11) : 2 #0010
o3 —0, (v): A0 {ETES
3} =0—83=0—92=0 /.
The sets of the corresponding solutions are given by
0} =0} = 03 = 3 = 0} = 0} = 0
7 =7Y(2%), 32 = 2(2)), P = P (a?)
N=0=01=0=08=0=0
7 = 7(2), P = P(a2), 7 = P(a)).
Case (ii):
p X 97=0—93=0—33=0 /
05 =0, (IV): B [82=0—-03=0 t
5= 0 V) Qo e (S 2000870 ¢
, =0—-03=0—-03=0 /
03 =0, (IV): 93=0 {00700
1=0, (VI) 3_ 1__
(2), (I1T1) - 1 {3ﬁ )
9;=0, (V):{aleo—ms::? v
0} =0, (1v): qo=o. vin{ G700
50, (V1) {8%:0%332):0 v

07=0—9}=0 #.

n this proof, the symbols y/ and # show the acceptable and non-acceptable solutions of our PDE system.
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(D = =R =R == =0
7 =71(2?), 72 = (21), 7 = B(2?)
) - S S gy )
7 =7(a?), 72 = B(2), B = P(2?)
D —O =R == =3 =0

= 7(2%), 7 = P2(2)), 7 = P (2?).

Case (iii):
) B [02=0—03=0 /
ol =0, (IV): 4 %0 (V”'{%:Ma%:o f
a§:0a8§=033§ =0 3\/
B JO7=0—05=0 +/
03=0, (V)'{aiil_()_)g%:i—o f
05=0—05=0
(3), (I11): 33 =0, (1V): 3 ap=o, i A0A0
61: 82:
93=0, <vn>:{a§:8:a;g:8 ﬁ¢
; 0}=0—0?=0—-02=0 +/
03 =0, (IV) : Q o ). [0h=0—03=0 v/
K )+ o2—0, (VI)-{8§:(H,9§:0 J.
(0l =03=03=03=0}=0;=0
T = T(a?), P = P(2)), 7 = P(aP)
01 =0} = 07 = 0 = 0§ = 0 = 0
7t =1(2%), 7 = 7%(2?), 7% = 7°(2)
=0 =R =05=0=0=0
| 7 = #1(22), 3 = P(?), = P(a)).
Case (iv):

( 02=0—03=0—33=0 +/

03 =0, (IV): 02=0-83=0 /
3 ’ . 3_ 02 3
H=0, (VI)'{83:0—>B§=0 Vv
) 07 =0—03=0—03=0 +/
05 =0,(IV): 1=0—-03=0
3 ’ . 3_ 1o 2
=0, (VI)‘{BS:Oaagzo v
02=0—-03=0 f
03=0—82=0 /
01=0—-03=0 ¢
93=0—0=0 /
01 =0—03=0 4
3 _ . 1 2
\ 01=0, (VI)'{8§:O—>831,:0 V-

(4), (I11) :
a1 =0, (VII):{

83 =0,(IV) : { a2=0, (v>;{

(O = O =0 = 0B = 0% = 0 = 0
=7 (2)), 72 = B(2?), 7 = 73(2?)
Dh=0b =02 =02 =00 =8 =0
7= 7l(21), 3 = B2(2%), 7° = (22
=0t =02 =B =08 = =0

| 7 =F(@?), 2 = P2, = Pa)).
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Case (v):
) 3%:0%8320—)85’:0 v
B 1_ 3
% =0, (V): { oo van {0700 ¥
®), (111) o i B0
o =0, (v): | =0 V(g N
B} =0—0}=0—03=0 /.
=0 =R =08=0=0=0
T =7(2?), 7 = P(2%), P = P(z))
=0l =R=0R=0==0
7' =734 (21), 7 = 32(2%),7° = 3 (2?).
Case (vi):
2 3_
( al=0, <w>:{§§;8:§g;8 3/
1_ 3
o R e
1_ 2,
op=0. v { G070 Y
(6)7 (III) . 1_ : 8%:0—@;‘;’:0\/
6 0; =0, (VI)-{ai’):O_)an:O i
83:0_”9%:0—}6%:0 \/
1_ 2 __
y ot=0, v {B000
| 8320—)8%:0_>831,:0 V-
(9} =0l = =0} =05=0
1 m1(361),552 _ ifz(xQ) 3 =23 (2?)
Ol =) = F = O =3 = 0 = 0
at =7'(a%),7° =2°(2?), 7’ = P(a)
=0=0t=0=0=0=0
| 7' =7 (a?), 7 = P (), 7 = P(a).
Case (vii):

( . [02=0—03=0 +/
05 =0, (IV): 01=0, WI)'{@é:o-w%:o v
03=0—0?—-02=0 +/

02=0—093=0 /

03=0—0?=0 ¢
1_ 3 _

(7), (IT1) : $ 88 =0, (1V): { =0, v 207080 ¢,
1_ 2 __

og=0, {0

5 01 =0—02=0—02=0 +/

05 =0, (IV): 81 =0-82=0 ¢

3 ’ 2__ 1% 2
n=0, (VI)'{8§:0—>611:0 i

al=0, (VII):{

\

(03 =03 =0?=02=0} =03 =0
Tt =7 (2h), 7% = 223(23), 7 = T3(2?)
0y =03=01=05=0,=03=0
7' =7 (2h), 7 = 723(2?), 7% = 73(2?)
Oh=0y=02=03=08=0:=0

L 2t =2Y(2?), 7% = 22(2h), 2% = 23(2?).
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Case (viii):

02=0—-093=0 {
1_ . 1 2
91=0, (VI)'{ag’lO—)(?%:iO 4
05=0—05=0 +/
2 _, . 2 3
n=0, (VII)'{6§:0—>611:0 i
07 =0—03=0 +/
3 . 1
=0, (V)'{ﬁf:O—n’)ll:O i
03=0—03=0 +/
1_ . 2 3
91=0, (VI)'{(ag:oHa;:o Vv
93=0—0{=0—03=0 +/
03=0—02=0 /

1_ .
%1=0, (VI)'{8%:0—>8%:0 ¢
07=0—03=0—03=0 /.

03 =0, (IV)

02 =0, (IV)

03 =0, (IV)

(8), (I11) : E

\

(D=l === =0 =0
T =7 (a2), 3 = (), P = P ()
Ol =0l === =0=0
T =7 (a%), B = P(), P = P(a?)
D=0l = =B == =0

[ # = (@), = B("), 7 = P(a?)

Case (ix):
01 =0—03=0—02=0 +/

- i 2_
| (93 = Oa (V) 8%=0, (VU){%;S:Z?;S 5/
(9), (I11) : 0;=0-01=0 |
=0, (v): |40 G0 |
3 ’ ) ) /

07=0—03=0—04=0 /.

0l =0i=02=02=03=03=0

F = 7(22), B2 = P(2)), 7 = P(?)

0y =03=0=02=0}=03=0

=7 (2t), 7% = 73(2?), 7 = 3(2®).
Finally, by eliminating the repetitive situations and replacing them into relation (X), we
obtain the following sets of solutions:
(' = a2 + by
22 = ayz! + by

1

53 = .Tg + b3
\ a1Qa9

T(a1,a2,b1.62,b5) - — X =AX+B,

( 51 = CL3.172 + b4

Slas,as,b4,bs,be) :

R(as,ae,bmbs,bg) :




M. Neagu, H. Raeisi-Dehkordi On the invariance groups of the Berwald-Modr metric... 279

1

T = a7x3 + b10

72 2 b ~
M(a7,as,b10,b11,b12) : v agf + 1 @ X - A4X +B4,

aras

7=

.Tl + b12

%l = agxl + b13

~2 2 ~
T° = ajpx° +5b
'/\/-(‘1970410,17137171471)15) : 10 1 — X = ASX + BE);

- 1
1,'3 = .133 + b15
Q9a10
51 = CL11$1 + b16
~2 3 ~
) 7% = apx® + biy _
O(a11,a12,b16,b177bls) . 1 — X = AgX + Be.
/.’53 = !132 + b18
11012

Remark 3.2. The affine transformations N(ag,a10,b15,014,015) include all translations of the space
R3, by putting N(11,200,20)- LThe spatial rotations from the set of the above affine transforma-
tions are only the following rotations:

100 1 0 0 ~10 0
Ro=|010])|, Rie={0 -1 0|, Ro:=| 0 1 0 |,
00 1 0 0 -1 0 0 —1
-1 0 0 010 0 1 0
Ry=| 0 =1 0], Re=l 00 1], Rs:=| 0 0 —1],
0 0 1 100 ~10 0

0 -1 0 0 -1 0 0 0 1
Re=| 0 0 1|, Ree=[0 0 -1 ], Rsg:=| -1 0 0],
~1 0 0 1 0 0 0 -1 0
001 0 0 -1 0 0 -1
Ro=|100]|,Ro=[1 0 0 |, Ru:=|-10 0
010 0 -1 0 0 1 0

There are some results for the Berwald-Moo6r metric of order three, which are similar with
those from the case of second order:

Corollary 3.3. The set of the local transformations of coordinates that invariates the Berwald-
Modr metric of order three (3.1) has an algebraic structure of non-commutative group with
respect to the operation of composition of functions.

Proof. The axioms of algebraic group are proved by direct computations. For instance, we
give one of them (the other ones can be similarly obtained):

bl .
abai,aza],a1bh+b1,a2b] +ba, al?c’lz +b3>

o,z i 29) © T(a a 1,,01) = O(
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In this group, the neutral element is O ,1,0,0,0). At the same time, we have

_1 .
(a1,a2,b1,b2,b3) — 7-( 11 by =Py
-1

=R —by —b
(a37a47b47b57b6) (a3a4,%,7b6a3a4,a—34,a—45)’

-1

- é; —b, —b
(a5,a6ab7»b87b9) (i,asag,a—:,—bgtga@, 57> )

o M
(a7,as8,b10,b11,b12) (a7a87i’_b12a708, 21, a;0)7
N N
(a9,a10,b13,b14,b15) (55,708,204 pisagan)’
(o o
O f— —b b .
(a11,a12,b16,b17,b18) (%7“11“127?1167—1)180'11G127 a1127>

m
We put the matrices mentioned in (3.3) — (3.8) into the following sets:

Qg 0 0
V) = 0 aq 0 ) ag,ap € R* 3
0 O L
agaig
0 as 0
Vo = 0 0 a4 as,ay € R* 3,
(SRR
0 0 as
Vg{(&@ 0 0)a5,a6€R*},
0 L 0
as5a6
0 0 ar
W, = 0 ag O a7,ag € R* 3
(SRR A
0 aq 0
Wy = aa 0 0 ai,as € R* 3,
(L)
aii 0 0
Wy = 0 (1) a2 a11,Q12 € R*
0

ai11a12

Notice that the intersection of each two sets from the above sets of matrices is the empty set.
In this context, we can show that the following result of characterization holds good:

Proposition 3.4. For a matriz X € M3(R) the following statements are true:
(1) X € V1 if and only if

(a) det X = 1;

(b) The vectors e; = (1,0,0), e2 = (0,1,0), es = (0,0,1) are eigenvectors of the matric
X.
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0 01
(2) X €Vyifand only if X - By € Vi, where By = | 1 0
010
010
(3) X € Vs if and only if X - E5 € Vi, where E = | 0 0 1
1 00
0 01
(4) X e Wy if and only if X - E5 € V;, where E35=| 0 1 0
1 00
010
(5) X eWsy if and only if X - E4 € V1, where E;,= | 1 0 0
0 01
1 00
(6) X € Wy if and only if X - Es € Vi, where Es = 0 0 1
010

Proof. In order to prove the statement (1), note that any matrix X € V; verifies the relations
(a) and (b). Conversely, let us consider an arbitrary matrix

a b c
X=|d e f
g h k

which verifies relations (a) and (b). Let us suppose that A;, Ay and A3 are the corresponding
eigenvalues of the eigenvectors e, ez, and es. In this case, we have X - e; = \je;. It follows
that a = A1, d =0, g = 0. By analogy, we have b=0,e=Xo, h=0and ¢c=0, f =0, k = 3.
Now, the condition det X = 1 implies Ay A2 3 = 1. This completes the proof of the statement
(1).

The proof of the other statements can be similarly done. m

4 Conclusions and work in progress

The affine transformations obtained in the study of invariance of the Berwald-Modr metric in
two and three dimensions suggest that there exist some similar results for an arbitrary Berwald-
Moor metric of order n. It is our work in progress to study and prove that the matrices of order
n (corresponding to the affine maps which invariate the n-dimensional Berwald-Modr metric)
are exactly the matrices A,, where o is a permutation of the set {1,2,...,n}, having as non-zero
entries only the entries ai,(1), @20(2); ---» Ano(n), verifying the equality

A1o(1) * G20(2) * -+ * no(n) = L.
It follows that we have det A, = ¢ (o) = £1. Obviously, the number of such kind of matrices
is equal to n!, that is exactly the number of all permutations of order n. For example, in the
case of the Berwald-Modr metric of order four, we must have 4! = 24 matrices corresponding
to the affine transformations of invariance of the Berwald-Moo6r metric of order four. These
must be

ay 0 0 0 0 0 Qg7 0
0 ay O 0 0 0 0 oaes
Al = 0 0 as 0 y e A23 = 0 agg O 0 )
1 1
0 0 0 0O 0 O

a1G203 6768069
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Qg 0 0 0 0 0 0 aro
0 as 0 0 0 0 arnn O
Ay=1 0 0 0 ag |, Au= 0 azs, 0 0
1 1
0 O 0 — 0 0 0
40506 A70A710a72

Finally, we would like to underline that a rigourously mathematical study of the above possible
algebraic-geometrical results related to the invariance group of the Berwald-Modr metric of
order n > 4 represents the aim of a subsequent research paper which is already in our attention.
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NMHBAPNAHTHBIE I'PVYIIIIBI METPUKU
BEPBAJIB/IA-MOOPA BTOPOI'O I TPETBHEI'O ITIOPAJIKA

M. Heary!, X. Peiimu-/Iexkopan>
Ypancunveancrut yrusepcumem, Bpawos, Pymovirus
2Teeepancruti mexnonozuneckuti ynusepcumem Amupkabup (Tezepancruti Hosumeznurym,),

Tezepan, Upar

mircea.neagu@unitbv.ro, hengameh 62Qaut.ac.ir

B sroit pabore MbI OIUCHLIBAEM I'PYIIILI JIOKAJIBHBIX TPe0OpPa30BaHmMil KOOPAMHAT, KOTOPHIE
COXPaHSIOT HEM3MEHHOW Ha KacaTe/JbHBIX PACC/IOEHUSIX JIBYX- U TPEXMEPHBIE METPHUKH
Bepsanbmaa-Moopa. zydenbr HeKOTOpbIE ajaredpanmtdeckne CBOMCTBa 9TUX rpymm. Takxke
[IPEJJIOYKEHa BOBMOXKHASA CTPYKTYpa 3TUX IPeodpa30BaHUii B 0OIIEM N-MEPHOM CJIydae..

KuroueBbie ciioBa: KacaTesbHOe pacciaoenme, MeTpuka Bepsanabna-Moopa nopsiaka gsa
U TPHU, HHBAPUAHTHBIE IPYIIIbI JTOKAJBHBIX TPEOOPa30BAHUIA.
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T'PVIIIIA JIOPEHIIA — OCHOBA OIIMCAHUA
B3AVMO/JENCTBIS BO3OHOB I PEPMIOHOB
C IICEB/IOPUMAHOBOII CTPYKTVYPOU ITPOCTPAHCTBA.
YTO B3AMEH IIPU ®UHCJIEPOBOI TEOMETPU3AIINN
TIPOCTPAHCTBA?

B.M. Peapkos!, B.B. Kucens?, E.M. Opcuiok®

L Mnemumym ¢usuxu HAH Beaapycu, Munck, Beaopyccua
2 Beaopycexudi 2ocydapemeenonti nedazozuneckuti ynusepcumem, Mumnck, Beaopyccus
3 Moswpcruti 2ocydapemesennmiti nedazozuveckud yrusepcumem, Mosvips, Beiopyccus

v.redkov@dragon.bas-net.by, e.ovsiyuk@mail.ru

JlaeTca kpaTkuit 0630p OCHOB TEOPUH BOJTHOBBIX YPABHEHUI 9JIeMEHTAPHBIX YaCTUIL B TIPHU-
CyTCTBHM BHEIIHUX IPaBUTAIMOHHBIX II0JIEl, ONMICHIBAEMbBIX KaK ICEBIOPUMAHOBA CTPYKTY-
pa npocTtpaHcTBa—BpeMenn. OOIeKOBApUAHTHBIE 0OODIIEHNsT BOJIHOBBIX YpaBHEHUI, ycTa-
HOBJIEHHBIX B IpocTpaHcTBe MHHKOBCKOrO, IpeICTaBIeHbl /s O030HOB M (PEpMHOHOB B
PaBHOII CTElleHN KaK pe3yJIbTaT MPUMEHEeHNsT €INHOTO TeTpaIHoro perenta Terpome — Beii-
asa — Qoka — VBanenko, 6a3upymolieroca Ha MpeacTaBieHusX rpynnbl Jlopenna. ['pymma
JlopeHIla UTrpaeT OMpeNe/sAoNnlylo U YHUPUIUPYIOILYIO POJIb JJIsT OIMUCAHUs MOJIell Bcex
gacTul (C pa3HBIMH CIHAMHI, MACCUBHBIX U 0E€3MAaCCOBBIX) KaK B IJIOCKOM, TaK U B HC-
KPUBJIEHHOM TPOCTpaHcTBe—BpeMenn. OTyimare cOCTOUT B TOM, UTO B IIJIOCKOM MPOCTPAH-
crBe rpynmna JlopeHia urpaer poJib IJI00aJIbHON CHMMETPUN /I BOJHOBBIX YpaBHEHUIA, B
[ICEBIOPUMAHOBOM TTPOCTPAHCTBE OHA UTPAET POJIb 3aBUCSINENH OT KOOPAWHAT JIOKAJBHOM
rpymmner cummerpun. Ocoboe BHUMaHMe yaensgercd moiaaMm dupaka n Makcsesa.

[TockombKy OT BCSAKOM HOBOI TeOpHE (DPU3UIECKOTO MPOCTPAHCTBA — BPEMEHU CJIE/IyeT
OXKWJIATH MPEEMCTBEHHOCTH C PA3BUTHIMU U YK€ APOOMPOBAHHBIMEU MOJEISIMU Ha (DOHEe
IJIOCKOM ¥ IICEBIOPUMAHOBBIX MOZEJEH IPOCTPaHCTBa, CTABUTCS BOIPOC: YeM CJeLyeT 3a-
MEHHTDL Oas3upyoluiicsa ua rpyrrme Jlopeniia crocod omucanms B3anMOIeHCTBUS SJIeMEHTAD-
HBIX JaCTHIL C IICEBJIOPUMAHOBBIM MeOMETPUIECKIM (DOHOM, €CJIM IPOCTPAHCTBO—BpPEMsI Ha~
Hensercs pUHCIepOoBoit cTPYyKTypoil. Takke MOXKHO ITOCTaBUTL O0Jiee TacTHBIM BOIIPOC: Ka-
Kre 3pheKTUBHBIE MaTEPUAIbHBIE CPEIbl MOXKHO OIUCATDH, MCIIOJIb3Ys OOOOIIEHHYIO SJIeK-
TpoauHaMuKy Makcseta Ha GoHE IPOCTPAHCTBA—BPEeMeHU ¢ (DUHCIEPOBOI reoMeTpueil.

OTBeT Ha 9TOT BOIIPOC, €CJIN OH BO3MOKEH, JOJKEH ObITh JIOCTATOYHO YHUBEPCAILHBIM
U He 3aBHUCSIINM OT BEJMYUHBI CIUHA YACTHUIBI WU ee Macchl. OOImmii oTBET HA 3TOT
BOITPOC TTO3BOJIMJI OBl JIyUIlle TOHATDH, 9er0 MOYKHO OXKUJIATh B (PU3WKE OT HCIOJIb30BAHMSI
duHCIEPOBOIT TeoMeTpuM B Hambojee KapAWHAJBHOM acCleKTe, KaK HOBOW TreoMeTpuu
GU3UIECKOTO MTPOCTPAHCTBA—BPEMEHN.

KirroueBbie ciioBa: BOJHOBBIE ypaBHEHUsI, NCKPUBJIEHHbIE MPOCTPAHCTBA, YHUDUKAIINS,
rpynna Jlopenra, mons lupaka u MakcBesuta, huHCIEpOBAa TEOMETPHS.

1 YpaBuenne /Iupaka
Ypasuenue /Iupaka

(i7" 0y —m) ¥(z) =0

[PU HAJTMYUH BHEITHETO MPABUTAIIMOHHOTO MOJIst ([ICEeBJIOPUMAHOBO IIPOCTPAHCTBO—BPEMs I ) 3alli-
CBIBAETCS B BUJIE

[i’y“(m)(@a + To(x)) — m} U(z) =0, (1)
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rIe
(0%

v (x) = el (2), €f,(z) — rerpana,
(2)

1
Co(z) == a“befa)va(e‘()‘b);ﬁ) — OUCIHHODHAS CBS3HOCTB;

2

Va1 ;a — cuMBOIBI 00IIIEKOBApUAHTHOI MMpon3BOAHON. TeTpasa dpuKcupyercss ¢ TOUHOCTHIO
J10 G-TIapaMeTpuyIecKoil CBOOOIBI:

€% () €l (x)n @O = g7 (),

10 [gap(x)] = 16 e, (2)]

B cnimropuom 6azuce

o
Qi
IS}

Ui

, n(z) = s

=

Q
IS}
o

nMeeM

0% (z) = 0% e (x), %(x) = T, (2),
ab B N 1 Sab
Ea(x) =-X e(a) va(e(b)ﬁ)’ ZOé(aj) = 5 by e(x) va(e(b)ﬁ)a
ab __ 1 a b =b _a ab 1 a =b b =a
X =-("0"—0a" 0%, 2—4(0 o’ %)

[Tonaras m = 0, nosygaem ypaBHenus Beiiyis /151 JBYXKOMIIOHEHTHBIX BOJTHOBBIX (QYHKIHI Hefi-
Tpuno 7(z) u antuHeiitpuno £().

PacemorpuMm cBoiicTBa cumMerpun ypaBHeHus /Iupaka B puMaHOBOM TpocTpaHcTBe. [[is
9TOro coBepiuM HaJ BoiHOBON dyukuumedr V(z) = ({(x),n(z)) gokanbHOE GUCHMHOPHOE Mpe-

obpa3zoBaHue:
¢'(z) = B(k(z)) &(=),

0 (z) = B* (k(z)) n(@).
Baecy B(k) — marpuna u3 rpynmst SL(2.C):

(4)

B(k) = 0% ko, det B=k2 — k2 = +1,

(5)
B*(k) = B(k*), B~\(k)=B(k), k= (ko —k;).

[Tocse nojpcranosku B ypasaenue (yukuuii £'(x) u n'(z), ¢ ucnosap3oBaHueM COOTHOIICHUIT

B(k*(z)) 0*B(k(z)) = o"Ly(z), o
6
B(k(z)) 6°B(k*(z)) = 6°L(z),
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rae Lf(x) — 4-mepHas maTpuna

Ly(z) = %Sp oy B(k()) 3 B(k"(2))] = Ly(k(), k" (2)), (7)

MIPUXO/INM K HOBBIM YPaBHEHUSM
10'(2) [0 + 2 (2)] €' (z) = mi (2),

16°(x) [0 + ()] ' (x) = m¢(x).

B,ILGCI) HITPpUXOBaHHbIE MaTPHUIIbI

’

(c?, 7, DYDYV

IIOCTPOEHBI 110 TOMY 2K€ IIpaBUJIy, YTO U MaTpPHUIbI

(0a7 6-a7 Ea’ Ea)v

HO C HCIIO/Ib30BaHUEM HOBOM (IITPUXOBAHHOI) TeTpapbl €(g) (), CBASAHHOM ¢ NCXOIHOI JIOKAIb-
HBIM ITpeobpazoBanueM JIopenma

ety (x) = Ly(k(z), k™(x)) e (). (9)

g matpunbl L nMeeM gBHOE BbIpaXKeHUe
Li(k, k*) = & ( — 00Kk, 4+ ke B+ EET el ky, k:n), (10)

rie S{j — crnenuasbHbIl cuMBOJT KpoHekepa.

BBIBO/T,

YpaBHeHUe I 9J€KTPOHA BO BHEITHEM TI'DABUTAIMOHHOM TI0jIe 00JIaJlaeT CBONCTBOM KajmoO-
POBOYHOI HMHBAPHMAHTHOCTH OTHOCHUTENbHO JIOKasbHOH rpynnsl SL(2.C'). [laxHoe cBOii-
CTBO ypaBHEHWs SBJSIETCS CBHUJIETEIHCTBOM €r0 KOPPEKTHOCTHU: TIPU 38 aHHON MeTpUuKe

IPOCTPAHCTBA-BPEMEHH (oa(T) TeTpaia e(i ) (x) dukcupyercs JUIL ¢ TOYHOCTHIO JI0 JIOKATIBHO-

ro peobpazosanus Jlopenna L8 (x) 1 MOCKOMBKY B ypaBHEHNH STBHO MPHUCYTCTBYET TeTPaJia, TO
HeO6XO,[LI/HVIO, LITO6bI ABa yYpaBHEHH, 3allUCaHHbIe C HNCIIOJIbBOBAHUEM PA3HbBIX TETPald, IIEePexXo-
JIJIA JIPYT B JIpyTa B pe3yJibTaTe COOTBETCTBYIOMIEr0 KaTUOPOBOTHOIO TIepecyera.

2 DbBo3oH co crtuHOM 1 B puMaHOBOM MPOCTPaHCTBE,

yHudukaimss ¢ GepMruoHOM
PacnipocTpanennoil siBjisieTcst TOUKa 3PEHMs, ITO CIIOCOD ydeTa BO3efiCTBUs I'PABUTAIMOHHOTO
IIoJIs1 Ha KBAHTOBO-MEXaHMYIECKYIO0 JaCTUILy MJIN KJIACCHYECKOe II0JIe CYIIECTBEHHO 3aBUCHT OT
TOrO, WJIET JIU pedb o (depmuone mium 06o30He. [Ipn 3TOM cumTaercs, 4To TEH30pPHbIE YpaBHEe-
Hust (7151 GO30HHBIX T10J1€il) 0606IIAIOTCsT Ha CIydail MCKPUBJIEHHOTO TIPOCTPAHCTBA JIerde, demM
cnuHOpHbIe ypasHenust (s dhepmuonon). Tax, vanpumep, ypasuenue [ITpoka /jisi BEKTOPHOI
gactuilsl S =1 B mpocTtpancTse MUHKOBCKOTO

aa\I’b - ab\I'(a. - m\ljaba ab\I"ab - m\ljaa
OyLyun MOABEPTHYTO 3TOH (hopMaIbHOMN MpoleLype, IPEeBPaIlacTcs B

VoVUs — VU, =mU,s VU5 =mU,. (11)
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O/1HaKO M3BECTHO W yiKe JIOBOJBHO JIOT0e BPeMsl, 9TO BCe JaCTUIIbI HE3ABUCUMO OT BEJTHIHHBI
UX CIIMHA MOIYUHSIOTCS B MCKPUBJIEHHOM IIPOCTPAHCTBE — BPEMEHH €JIMHOMY TeTPaIHOMY IO/
xoay. Ho MOXKHO KOHCTATHpPOBaTh, 9TO TETPAJHBIN (hOpMaAJIM3M B MPpUMEHEHUN K OO30HAM JI0
HeaBHETO BPEMEHU IIOYTHU HE IIPUMEHAJICA

Bynem ncxoauts n3 obbranoro ypasuenus ladpduna — Kemmepa B 10cKOM TpOCTpaHCTBE

(140, — m) ®(x) = 0, (12)

®(x) — sro 10-koMmoHeHTHAsT BosHOBas dyHKiusa; ¢ — (10 x 10)-maTpuip; B 1eKapTOBOM
peICTABICHUN

¢ = ((I)o, Dy, Dy, P3; Dg1, Po2, Po3z, Posz, D3, c1)12),

— KD N,

(%)™ = —i(8mgme — 67 g™,

Ay = — (0385 — 0765,) = —i0 7. (13)

[mn

Criesyst T€TPAJHOMY DELENTy, ypaBHeHHe JO/KHO ObITh 0000IIEHO HA PUMAHOBO IIPOCTPAHCT-
9 e e PR
BO-BPeMsl C METPHKOH Jap(2) U Kaxoii-1mbo comyTeTyrowmeit eii TeTpaoi ef, () cormacto

[i BY(x) (O + Balz)) — m} ®(z) =0,

B (x) = el (), (14)

Ypasuenue (14) comep:KuT TeTpary e(‘j‘l) (z). CrenoBaresbHO, JOIKHA CYIIECTBOBATH BO3MOXK-
HOCTB MPeoOpPa30BLIBATDL JPYT B JIpyra yPaBHEHUs, 3alIUCAHHbIE B PA3HBIX TeTPaJIax; B MIPOTUB-
HOM CJIydae YpaBHEHUE HEKOPPEKTHO. DTa CUMMETPHs JIeHCTBUTETBHO BBITOTHSICTCS

ey (r) = L (x) ety (), O(z) = P'(z) = S(x) D(x). (15)

OO0r1eKoBapraHTHBI MATPUUIHBIN (DOPMAII3M COIVIACYETCS ¢ TEeH30pHBIM MojaxoaoM [Ipoka.
JleficTBUTE/ILHO, yuTeM OJ0UHYIO CTPYKTYPY At (%, J% u ®(x):

-[yc, o a l
i[A €(ey(Oa + £ )\be?a)vae(b)ﬁ)}

[mn]

¢, = mq)[mn] )

<[ .c o a [mn]
z[m e(c)(aa + A /ﬁbefa)vae(b)/@)}l DQpn) = mPy,

9TO IIPpUBOIUT K
(€)0a®y — €3y 0a®a) + (Vo — Via) Pe = MPap,
(16)
e®ay P, + fy;‘bcbab + 47", = mdP,.

OTu ypaBHEHUsI MPEJICTABISIOT coboii TeHsopHble ypasHenus [Ipoka (11), sammcanubie B Tep-
MHUHAX TEeTPaHBIX KOMIOHEHT

Du(z) = €fy(@) Balr), Da(x) = efyy(x) €l (2) Dus(a). (17)
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Criocob 06o0menns ypapaennit Jlupaka u Jladpduna — Kemmepa B pamkax creruaibHON Teopun
OTHOCUTEJIbHOCTH Ha CIydail 0OMepeISTUBIUCTCKON TEeOPUH sICHO YKa3bIBaeT Ha TO, 9TO TPYIIIa
JlopeHIia coxpaHsieT CBOIO MCKJIIOYUTENIbHYI0 BayKHOCTH IIPU IEPEX0Je OT MPOCTPAHCTBEHHOM
MOo1e i1 MIHKOBCKOTO K TTPOM3BOJIBHO UCKPUBJIEHHOMY TTPOCTPAHCTBY -BPEMEHMU.

B mucconanc ¢ atuM dakToMm, BecTynaeT oobodIIeHne ypasuenus [Ipoka: ncnonb3ys o0IeKo-
BapUAHTHYIO TEH30PHYIO (DOPMYINPOBKY, Mbl aBTOMATHIECKU Pa3PYIIaeM BCIKYIO TECHYIO CBA3D
¢ rpynmnoit Jlopennia, XoTst caMo onpejie/ieHre Mt YACTUIbI CO CITMHOM €UHUIIA OBLIO OCHOBAHO
MUMEHHO Ha 9Toif rpymme (Kak moarpymme B rpymie lyankape).

B cBeTe n3102KeHHOTO BBIIIE AeHCTBUTENIHHO Y ANBATEIHHON U 3araJ0THON BUINTCS BO3ZMOK-
HOCTH ITepenucarhb ncxonnoe ypasuenne Jladpduna — Kemmepa B puMaHOBOM IIPOCTPAHCTBE B
TepMUHAX OOIIEKOBAPUAHTHBIX TEH30POB M IMPOM3BOAHBLIX. B 3TOM (hakTe COBIAIEHUS MOXKHO
YBHUJETH TAKzKe YKazaHue Ha TO, 4YTO rpynmna JlopeHiia JIe2KUT B OCHOBAHUH TaKzKe W T€OMEeTPUN
HCKPHUBJICHHOI'O IIPOCTPaHCTBa—BPEMEHU.

BOIIPOC:

YeM CIeyeT 3aMeHUTh Oa3upyrolniics Ha rpymie Jlopeniia crocod onucanusi B3anMoIeiCTBUS
9JIEMEHTAPHBIX YACTHUIL C TICEBIOPUMAHOBBIM T€OMETPUYEeCKUM (POHOM B CIydae, KOIa IIPOCT-
PaHCTBO-BpeMs HaJie/igeTcsd (hUHCIEPOBON CTPYKTYPOIA.

3 Marpuunas TerpagHasi dpopMa 3TeKTpoamHaMuKm MakcBesia B
cpenax B npejcTtaBiaenuu Maiiopanbl — OnneHreiimepa
B PUMaHOBOM ITPOCTPAHCTBE

WsBectubiit moaxon Pumana — 3unbbepinreitna — Maiiopansl — Omnmenreiimepa K 3/1€KTPO-
nauHaMuKe MakcBesia B cpejie

f—E+iB, h:%(D—i—z’H/C),
VI L S
2 2
MRS
(=i + &'0;) M + (—i0y + B'0;) N = J (18)

TaKKe MOKeT ObITh 0000IIEH Ha CIydail ICeBIOPUMAHOBON CTPYKTYPbhI ITPOCTPAHCTBa~BPEMEHN
B COOTBETCTBHUU ¢ TeTpaJaHbiM pererrtom Terpomae — Beitns — ®oka — lBarnenko

a,(2) [0, + Ap(x)] M + B,(2)[8, + By(z)] N = J. (19)

[Tozxo mopoxaaeT OCHOBaHHYIO Ha TerpajaHoM dopmammsme u rpymme SO(3,C) (u3omopd-
Hoii Tpyme Jloperia) TexHUKY paboThl ¢ ypaBHeHusiMu Makcsesia Ha (hboHe MICeBI0PUMAHOBOI
reomerpun. OHa B 3HAYNTEIHHON CTENEHN Oa3UPyeTCsl Ha MPOCTON anredpamdecKkoil CTPYKType
BOBJIEUEHHBIX CIOJa MATPHIL

010 0 0 010 00 01
a_|-100 0l o | 0 001 4 | 00 -10
000 —1] ~1 00 0] 01 00
001 0 0 -1 0 0 ~10 0 0
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01 00 001 0 0 001
L =10 00| ,» | 000 1| 5 | 0O 010
=100 o1['" 100 o' 7| 0 -10o0

00 -1 0 010 0 -1 00 0

ala? = —a*al = +a?,
o’a® = —a’a? = +al,
adal = —ala? = +a2,

akﬁlzﬁlak.

4 Teopussi MakcBesjia B pUMaHOBOM IIPOCTPAaHCTBEe—BPEeMEHN
1 MOJeJIMPOBaHNE MaTepPUAJIbHBIX CPe]l

NsBecTHo, uTo ypaBHeHus: MakcBesa B IpOCTPAHCTBE-BPEMEHH ¢ PUMAHOBON T'eOMeTpueil Mo-
YT paccMaTpUBaThCd KakK ypaBHeHusi Makcpesia B mnpocrpancrBe MuHKOBCKOTO B 3ddek-
THUBHOIl MaTepuaJibHOI cpeje; IpUUYEM MaTepuaJibHble YPaBHEHUs CBS3U 3a/IaI0TCA MeTpuve-
CKUM TE€H30POM IMPOCTPAHCTBa~BPEMEHNU

goo Go1 YGo2 Jos g g g g
o1 11 12 13
gor 911 G12 913 aB g g g g
xTr) = ; xr) = )
gaﬁ( ) go2 G912 Gg22 G23 g ( ) 902 912 922 923
go3 G913 Gg23 933 903 913 923 933
H7(z) = € [ /=G(x) g°"(2)g" (2) ] Fpo(z), G = det (gap(x)). (20)

B 3-mepHOM mpejcTaBieHIN KOMIIOHEHTHI T€H30pa 00O3HaYaeM JIBYMs HADOpaMU 3-BEKTOPOB:

E, = Fi, By = Fyy, B3 = Fjy,

cBy = —Fy; , cBy = —F3;, cB3 = —Fla,

D' = ¢F", D* = F*, ¢D* = F®,

Y

1 H? H3
— = —€0F23 3 7 = —60F31 3 7 = —€0F12.
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DJIEKTPOIMHAMIIECKEe MaTepHuabHble ypPaBHEHUs, TeHepupyeMble PUMAHOBOW TIeoMeTpHeit
MIPOCTPAHCTBa—BPEMEHN, UMEIOT B 3-MEPHOM TPEJICTABIEHNN CJIEIYIONINI BU/I:

‘ Di(z) ‘ € €8(x) € catf(z) Ey(z)
= . . (21)
H(x) coc 3%(z) g (n™1)* () || Br(z)
CO CBOUCTBaMM g(x) ~ e (x)7
(u )~ (@) = +uH(2), (22)
B(z) = +o ()
n OIIpeaesjdroTCd METPUIEeCKUM TEH30pPpOM
e*(xz) = V=G [9%(x) g"(z) — 9" (2) g”(x)],
(5™1Y5(2) = V=T |5 comn g™ ()™ (2) |
(23)

a*(z) = +v=G [¢"(z) ¢"(x) eia],
B*(x) = —v=G [g%(x) €ju g™ (x)].

3ajiada COCTOUT B CJEIYIOIIEM: TIOCKOJIBbKY YeThipe TeH30pa BToporo panra B (1) comepkar
6+6+9 = 21 nezaBUCUMBIX (PYHKIINIL; & UCXOTHBII UX OMPEIEISIONINI TEH30D go‘ﬁ(x) 3a/1aeTcs
TobKO 10 He3aBUCUMBIMU (DYHKITUSIMU; TO JIOJ2KHBI CyIIeCTBOBAThL 11 yC/I0BuUil CBSI3U Ha COCTAaB-
JIFIOIIIE YeThIpex TeH30poB u3 (21). HyKHo nx HaiiTH B sIBHOM BuJIE.

OTmedaeM TOXKIECTBO

Spa=SppB3=0, (24a)
a TaKz>Ke 511 512 ﬁ13
GA=0 = (¢ ¢")| 0 52 5% | =0,
531 532 ﬁ33
(24)

all 0112 Oél3

g
aft=0 = |a? a2 o= g2 | =0,
a3l a3 o3 g%
[IpuYeM MOCIeHAE TOXKJIECTBa SIKBUBAJEHTHBI IPYT APYIY.

MOKHO yCTAaHOBUTDL Bblpazkenus st Marpuil € (z) u pu*(x):
1 e (@) i(x) e daN* | = o (2
7(2) ( =Tt + (g(x) o g(z)) ) =g"(z),
i (z) /—G(z) = det (gan(z)) g% () ;

OTKYyda CjIeJyeT COOTHOIIEHUE CBA3U

e* (@) + v/—=G(2) [§(x) o §l=)] det (g (z))

PaccmoTpum mpocToit Kaace (CTalfoHapHbIX) METPHUK BHIA

g()o(I') O O 0

i (a). (24¢)

Gos(z) = 0 g1 (z) gi2(z) Gus(x)
s 0 921(55) 922(55) 923(37) ’
0 gs(®) gs2(x) gs33(v)



B.M. PenpkoB u ap. I'pynna JlopeHria — ocHOBa onucaHusT B3aUMOJECHCTBUSI. .. 291

gle) =0,  G(z) = goo det[gy;(x)] ; (25a)
[P 9TOM MATEPUAJLHBIE YDABHEHNS OIPAHUYEHbBI YCITOBUSIMU:
a=0, g =0, e (x) = —p'*(z) . (25b)

DTO B MPUHIINAIIE BO3MOXKHBIN, HO OYE€Hb CIIEIUATBHBIN KJIACC CPesl.

BOIIPOC:

KaKre CpeJibl MOXKeT MOJIETNPOBATh JIEKTPOIMHAMIKA B (DUHCIEPOBOM ITPOCTPAHCTBE—BPEMEHN.

OTrMmeTuM, YTO U3BECTHOE IIPEJICTaB/ICHIE MaTePUAJIbHBIX ypaBHeHNT MIHKOBCKOTO B (hop-
Me ['oprona — Tamma — MangenbinTama st IBUXKYIIEHCsS OJHOPOIHON MaTepHaJIbHONR CpeIbl
TaK:Ke MOXKeT OBbITh OIMCAHO B paMKax MeTPUKH 3(P@HEeKTUBHOTO MPOCTPAHCTBA

1 1
Aabmn = €g— nam + (EPJ _ 1) uaum:| = |:77bn + (eu _ 1) ubun ,

vz vz (26)
Hr(z) = A%™ F, . = €y g°(z) ¢°P(x) Fup(x).
B tpexmepnoit opme nmeer BuI:
D:+@E+mE—(VE)V EOC’)/VXB’
L i 1-V? p 1-V2 27)
1 B E
H:—B+7VX(VX2 ))+6007VX2.
ok pop 1=V p 1=V

B sTux MarepmanIbHBIX YpaBHEHUSX OYEBUIHBIM 00pa30M IPUCYTCTBYET aHU30TPONUS: YpaB-
HEHUs 3aBUCAT OT BEKTOPA CKOPOCTH JBUZKEHUS CPEJIbl OTHOCUTETHHO WHEPIINATHHON CUCTEMBI
orcueta. Fenu B ypaBuenuax Makcsesuia Jijist IBUXKYIIENCsS cpebl UCKTIOYNTH BeKTOphl D, H,
TO TIOJTYyJAIONINECS YPABHEHUS JIEKTPOIUHAMUKY STBHBIM 00Pa30M 3aBUCIT OT BHIOOPA CUCTEMBI
OTCYeTa WHEPIHATHLHOTO HAOJIOIATETS.

Ha maiiennyto mMHOTO jleT ToMy Hazal MUHKOBCKUM MPOIEAYPY KOBAPMAHTU3AIMH MaTe-
pUaJIbHBIX YPaBHEHUI MOXKHO CMOTPETh KaK Ha “‘CAETAHHYIO pyKaMH PpeIATHBU3AINIO UCXOJI-
HBIX MaTepHUaJIbHBIX ypaBHeHuil MakcBeta mokosIeiicss OJHOPOIHOM CpeJibl, KOTOpas 1Mo CyTh
6azupyercs na Beegennn OIIPE/IE/IEHN A HoBbix ypaBHeHuUit B3 B JABUXKYIIEHCS cpejie.

DTOT MpueM peIITUBU3AINEI Yepe3 UCIO/Ib30BaHue mpeodbpa3oBannii Jlopenia MoxKeT ObITH
BBITIOJTHEH BCETJIa U C JTIOOBIMU MATePHUATbHBIMEI YPABHEHUSIMEI CPEJIbI

B CcUCTEME TTOKOS: HoP = f ( Faﬁ) 7
(28)
B JIBIKYTIENCS CUCTEME: Le, P P HYB — f(Le, Lﬁﬁ, Fa’ﬁ’).

B sTOM KOHTEKCTE MOXKHO yTBEp:K/IaTh, 9YTO KOBApUAHTHAZAINS JeKTpoAnHaMukn Makcsesia
B CpeJlaxX JOCTUTAETCS 3a CUeT MOCTYJITMPOBAHUS MpaBUia 0000IIEHN YPaBHEHNN TIPU TTepexXo/ie
K JIBUKYIIEHCS crucTeMe OTCYeTa.

3akJIroueHue

['pynma Jlopeniia urpaer ompeessionlyo U yHUMUIUPYIONIYIO POJIb JJIsi ONUCAHUS IoJeit
BCE€X YaCTHUI] (C Pa3HbIMU CIIMHaMM, MaCCUBHBIX U 6631\/1&CCOBBIX) KaK B IIJIOCKOM, TaK MW B
HNCKPUBJIEHHOM TIPOCTpaHCcTBe—BpeMeHn. [I0CKOMBKY OT BCSIKON HOBOW Teopuu (DU3MIECKOTO
MIPOCTPAHCTBAa—BPEMEHHU CJIEJyeT OXKHUIATh ITPEEMCTBEHHOCTH C PA3BUTHIMU U YK€ arpoOupo-
BAHHBIMHU MOJIE/IAME Ha (pOHE IIJIOCKON U TICEeBAOPUMAHOBBIX MOJIE/Iel MTPOCTPAHCTBA, CTABUTCS



292 I'uniepkominiekcHble yucia B reomerpun u ¢usuke, 2 (18), rom 9, 2012

BOIIPOC: ¥eM CJIeJlyeT 3aMeHUTh Oa3upylomuiicss Ha rpymne JlopeHa crmocob onucanusi B3amMo-
JIECTBUSA 3JIEMEHTAPHBIX YACTHI] C IICEBIOPUMAHOBBIM T'€OMETPUYIECKUM (DOHOM, €CJIU ITPOCT-
paHCTBO—BpeMsI HaJie/isgeTcsd (hUHCIEPOBOH CTPYKTYpoit. Takske MOXKHO TMOCTABUTDH DOJIee JacT-
HBIIT Bompoc: Kakue 3((hdEeKTUBHbIE MAaTepPUAJIbHBIE CPEIbl MOYKHO OIMUCATH, UCIOIb3Ys 0000-
MEHHYTO d71eKTpoanHamMuky Makcsesa Ha ¢poHe MpOCTpaHCTBA-BPEeMEHU ¢ (PUHCIEPOBOI reo-
MEeTpUuen.

Baaromapaoctu

Pabora BbImosiHena mnpu Tojiep:KKe bBemopycckoro pecmybmkaHcKoro (ouiga QyHmaMeH-
TAJIBHBIX uccireaoBannii: Pymbiacko-Bemopycckuit npoekT, rpaat @12PA-002.
Asroper Garogapubl oprarmsatopam VI mexxayrapogaoit kKoHdepennun “OUHCIEPOBHI
00001IIeHNsT TEOPUH OTHOCUTETBHOCTH 38 TOJJIEPZKKY HAIIEr0 yIACTHs B padOTe KOH(DEPEHITIH.
[IpuBeneHHbBIN HUXKE CIUCOK JIUTEPATYPHI MEPEUUC/ISIET JIUIIL HEKOTOPbIe MyOInKaIuu, Ha
OCHOBE KOTOPBIX C/IeJIaHa JIaHHas padoTa.
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THE LORENTZ GROUP IS A BASE FOR DESCRIBING
INTERACTION OF BOSONS AND FERMIONS WITH
PSEUDO-RIEMANNIAN STRUCTURE OF
A BACKGROUND SPACE-TIME.

WHAT SHOULD BE INSTEAD FOR FINSLERIAN SPACE-TIME
MODELS?

V.M. Red’kov!, V.V. Kisel?, E.M. Ovsiyuk?

L Institute of Physics, National Academy of Sciences of Belarus, Minsk, Belarus
2 Belarus State Pedagogical University, Minsk, Belarus
3 Mozyr State Pedagogical University, Mozyr, Belarus

v.redkov@dragon.bas-net.by, e.ovsiyuk@mail.ru

A brief overview of the basics of the theory of wave equations of elementary particles in
the presence of external gravitational field, described as a pseudo-Riemannian structure
of space—time, is given. Covariant generalization of the wave equations, set in Minkowski
space, are presented for bosons and fermions equally, is presented as the result of a single
tetrad recipe by Tetrode-Weyl-Fock-Ivanenko, based on representations of the Lorentz
group. The Lorentz group plays a unifying role in describing the fields of all particles (with
different spins, massive and massless) in the flat and in curved space-time. The difference
lies in the fact that in flat space Lorentz group acts as a global symmetry of the wave
equations; and in a pseudo-Riemannian space, it plays a role of local symmetry group
(dependent on coordinates). Particular attention is given to the Dirac and Maxwell fields.
Because any new theory of physical space—time can be expected to cover already developed
and proven models, the question naturally arises: for what should be replaced the method
of describing the interactions of elementary particles with a pseudo-Rimannian geometric
background, if the space-time endowed with a Finsler structure.

The answer to this question, if possible, should be fairly universal and independent of
the magnitude of the spin of a particle or its mass. The general answer to this question
would provide us with the better understanding what we can expect in physics from the
use of Finsler geometry, in the most radical aspect as a basic new geometry of physical
space—time.

One can also put a more particular question: what effective physical media can be
described by using a generalized Maxwell electrodynamics in space-time with Finsler
geometry.

Key Words: wave equations, curved spaces, unification, Lorentz group, Dirac and
Maxwell fields, Finslerian geometry.
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OIIEPATOPLI JNO®PEPEHIIMIPOBAHNA BUKOMILJIEKCHOM
OYHKINN N1 N3OTPOIIHBIE PEJIATUBUCTCKUE U1
QJIEKTPOIVMHAMNYECKUE YPABHEHN

A.B. TI'opironoB
Vnusepcumem Typan-Acmana, Acmana, Kazaxcman

avgor@hotbox.ru

PaccmoTpenbl moHATHSA OMKOMILIEKCHOM (DYHKINK M OIMEPATOPOB YACTHBIX IPOU3BOSHBIX
97Ol (DYHKIMHU M0 €€ OUKOMILIEKCHBIM, KOMILIEKCHBIM U JIeHCTBATEBHBIM apryMeHTaM
B OMKOMILJIEKCHOM IIPOCTPAHCTBE. YCTAHOBJIEHa B3aWMOCBSI3b OIEpaTOpoB muddepeH-
IUPOBaHUS B OMKOMILJIEKCHOM ITPOCTPAHCTBE U B TICEBIOEBKJIMJIOBOM 4-TIPOCTPAHCTBE.
Tem caMbIM TOJIydeHa BO3MOXKHOCTH JAu(PEpEHITTPOBAHNS OMKOMILIEKCHON (DYHKIINN
[0 4-IPOCTPAHCTBEHHLIM II€pEMEHHLIM. B  pesyibrare, OCHOBHBLIE JudpeperyuanbHie
M30TPOIHBIE (CBETONOJOOHBIE) YPABHEHUs PEJISTHBUCTCKOIO U SJIEKTPOIMHAMUIIECKOrO
XapakTepa MOJyIeHbl KaK MPSIMOe CJIEJICTBHE COOTBETCTBYIONNX OMKOMILIEKCHBIX (.42€0pa-
UMECKUL COOTHOIIEHUI IPeabIIyIneil paboThI.

KuaouyeBbie cioBa: N-KOMILIEKCHBIE YHCIa, OMKOMILIEKCHBIE YHCIA, OMKOMILIEKCHAS
PyHKIM, omepaTophbl AudGOEpPEeHINPOBAHNA, CIENUaJbHasd TEOPHsS OTHOCUTEILHOCTH,
3JIEKTPOJUHAMUKA.

BBenenue

Hacrosiast craThs gBJgeTCs HEOCPeJCTBEHHBIM MPojo/IzKeHneM pabotsl 1]}, B KoTopoii 6bI-
Jla BBEJIHA HOBasi KOHIEMIINs OMKOMILIEKCHBIX 4YhCes (HA3bIBAEMBIX KPATKO B-uucjaamu uim
B-BekTopamu ), mogpobHo paspaborana ajrebpa B-duces, a 3aTeM 9TOT MaTeMaTHIeCKHUil allma-
paT ObLI IPUMEHEH JJIs TTOJIyYeHUsT OCHOBHBIX ajredOpamvdecKnX COOTHOIIEHWI YacTHOI Teopuu
OTHOCHUTEJIbHOCTU U JICKTPOJMHAMUNKMN.

TaK, BbIIUCJIEHUEM BCEX BO3MOZKHBIX 6HHHH€ﬁHbIX 1 KBaJApaTUIHbIX HpOI/I3Be,[LeHI/H71 qupréX
COTIPsIZKEHHBIX 3HaUeHNiT B-BekTopa B [1]| momydeHo JecaTh AefiCTBUTELHBIX BHIPAsKEeHUIH, 000~
3HaYeHHBIX Kak mepemennwie 1, X, Y Z F, G, K, L, M, N. Tem cambim B-BeKTOPY (¢
(4eThIpéM ero JIeifiCTBUTEHLHBIM KOOPJAUHATAM a, b, ¢, d) COIOCTABJIEHO JECATH B3AUMOCBSI-
3aHHBIX mepeMeHHbIX {7..N}. VccrenoBanbl COOTHOMIEHNsT 9TUX [EPEMEHHBIX U PACCMOTPEHBI
X TpanchOpMAIMOHHBIE CBOMCTBA, 00YCIOBIEHHbIE TpeoOpaszoBanueM B-sektopa. [lokazano,
uyro nepemennbie T, X, Y, Z B3aunMocBs3aHbI U MpeodPa3yIOTCcs KaK KOOPAUHATHI M30TPOITHO-
ro 4-sekropa, a nepemennbie {F..N} — Kak coCTaBJsfOIIMe AHTHCUMMETPUYHOTO 4-TE€H30pa,
AHAJIOTMIHOTO TEH30PY JIEKTPOMATHUTHOMN Oeryieil BoJHbI. TakuM 00pa3oM, MPOU3BOJIHEHOMY
B-ekTopy (B B-IpOCTpaHCTBE) COMOCTABJIEHBI W30TPOIHBIE 4-BEKTOP M AHTUCUMMETPUIHBII
4-TeH30D B MCEBIOEBKJINIOBOM 4-IIPOCTPAHCTBE C CUTHATYPOil (+ — — —), a YHUMOJLYJISIPHOMY
B-npeobpaszoBannio B-BekTOpa COMOCTaBIEHO MIpeobpas3oBaHue JIopeHIa coCTaBISIONINX STUX
4-ekTOpOoB U 4-Ter30poB. [lomydennr pengTuBucTcKkue (GopMyabl TPeoOPA30BaHUsT CKOPOCTU U
COOTHOIIEHUsI JIJIsi KOMIIOHEHTOB CUMMETPUIHOTO 4-TeH30pa, aHAJOTUYHOIO TEH30PYy SHEPTHH —
HMITYJIBbCA.

Henp HacToOsiEell cTaThu: pa3BUTh OCHOBBI AudpepeHnraIbHOr0 NCIUCTeHNsST OMKOMILIEKC-
HbIX (DYHKIUi; yCTAHOBUTH B3aUMOCBs3b JuddepeHImaibibiXx onepaluit B B-mpocTpaHcTBe
U B 4-IIPOCTPAHCTBE, ONUpAasiCh Ha M3ydYeHHBIE B 1] 3aBHCHMOCTH MEXK/y MEpeMEHHBIMHU ITUX

'B npenpaymeit meuarsoii padore A.B. I'oproHoBa «N-KOMIIIeKCHas airebpa U M30TPOIHBIE PEIATHBHCT-
CKue U jeKTpoaunamudeckue ypasuenugy (Nel7, TUI'®), no rexHuuecKuM IpUYUHAM, BOSHUK DPsifl ONEYATOK,
KOTODbIE MCIIPABJIEHbI B yieKTponuol Bepcun Nel7. (Ilpum. pen.)
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MIPOCTPAHCTB; MOJYINTh AU depeHnnaIbHble COOTHOIIEHNsT PEIITHBUCTCKOTO U JIEKTPO/IN-
HAMHIYIECKOI0 XapaKTepa, BbITEKAIOIe N3 B3aWMOCBSI3U IIEPEMEHHBIX M UX IPOU3BOIHBIX B
B-tipocrpaHcTBe 1 B 4-IIpOCTPAHCTBE.

Tax, 31ech BBeJEHBI MOHATHSA B-BEKTOPHONI (DYHKIUNA U OIMEPATOPOB YACTHBIX ITPOU3BO/I-
HBIX 9TOI (DYHKINN MO €€ OMKOMILIEKCHBIM, KOMILIEKCHBIM U JefiCTBUTEILHBIM apryMeHTaM B
B-npoctpanctBe. [lomydenbl cooTHOIIEHUS MeXJy omneparopamu guddepeHnupoBatus
(O-omeparopamu) B B-npoctpancTBe U B 4-mpocTpaHcTBe. TeMm caMbIiM MOJyYeHA BO3MOXK-
HOCTBH JuddepeHnnpoBanns B-BeKTOpHOH (YHKIUU 110 4-IIPOCTPAHCTBEHHBIM IT€PEMEHHBIM.
YCTaHOBJIEHO COOTBETCTBUE MEXKIy O-OlepaTropaMi IepBOro MOpsiKa 1m0 4-poCTPAHCTBEHHBIM
epeMeHHbIM U J-OlepaTopaMu BTOPOTrO TOPSIIKA Mo KoopamHatam B-mpoctpancrsa. [Toka-
3aHO, YTO MPOU3BOJHbIE B-BekTOopHON dyHKINNU 1o nepemenubiM 1, X, Y, Z ynoBiaerBops-
0T B 4-TIPOCTPAHCTBE BOJTHOBOMY YPaBHEHMIO, a NMPOU3BOAHBIE 1O nepeMenubiM F, G, K, L,
M, N — ypaBuenusam Maxcpesia s Oeryiieil 9eKTPOMArHUTHON BOJIHBI. DTH ITPOU3BOJI-
HbIE SIBJISIOTCS KOMIIOHEHTAMEH COOTBETCTBEHHO 4-BEKTOpPA U AHTUCUMMETPUYHOIO 4-TeH30pa.
B-nipeobpaszoBanue, oOycioBauBaoliee mpeodpazoBanue Jlopenna s 4-KOOpPJAUHAT, BBI3bI-
BaeT u mnpeobpasoBanme JlopeHIa yKasaHHBIX KOMITIOHEHTOB. [lokazaHO, 9TO MHBapHaHTAMUI
B-tipeobpaszoBaHnst sIBJIAIOTCA TICEBIOEBKINIOBBI KBAIpaT 4-BEKTOPa MPOM3BOIHBIX U CKAJIsIp-
HOE TIPOU3BeIeHNEe 4-BEKTOpa IMPOU3BOJHBIX M 4-BEKTOpa KOOPJAMHAT, a TaK:Ke OIIPee/IEHHbIE
COCTABJIAIONINE TeH30pa 4-MoMeHTa. Bee pe3y/ibTaThl COIVIaCyIOTCs C JTUTEPATYPHBIMU JAHHbI-
MU.

B kagecTBe muTepaTypbl CpaBHEHUsT U NCTOYHUKA (DU3UIECKUX 0O0O3HAYEHIIT HAMU UCITO/IB30~
sasuch kuaurn JILJ1. Jlangay u E.M. Jludmmuna [2,3]. Cebuiku Ha hopMyJIbl ¢ yKA3aHHEM TJIaBbl
(1 mmm 2) orHOCsATCst K pabore [1|. Hanpumep, cepuiky [1, 2:3.4] caemyer noHnMmarh Kak riaBa
2, pasnen 3, dpopmyia 4 paborst [1]. Tlomuepkuém, aTo sTa MybIMKAIMS TOJIHOCTHIO HACTELYET
NOHAMUA, onpedeneHusn U 0003Ha eHuA, BBIEHHBIE B [1].

1 B-BekTtopHasi QYHKIMS 1 €€ TPOU3BOIHBIE

HelicTBUTEIbHBIE TIEpEMEHHBIE a, b, ¢, d 1 conpsizkKéHHBIE (POPMbI OMKOMILIEKCHOI ITepeMeHHOM
¢ MOTYT OBITh BbIpasKeHbI JIPYT depe3 JIpyra:

q=a+ib+jc+ijd = u + jv, a= (q+q+q+q) /4= (u+u)/2
g=a—ib+jc—ijd =+ jv, b= —i(qg—q+4—q)/4=—i(u—1a)/2 L)
G=a-+ib—jc—ijd = u — jv, c= jlg+q—qd—q /4= (v+0)/2
q=a—ib—jc+ijd = u — jo, d=—ij(¢g—q—q+q)/4=—i(v—"2)/2

nuddepeHIuaibl STUX MePeEMEeHHbIX UMEI0T aHaJIorndHbIi Bu1. Hampuwmep,

dg = da + idb + jde + ijdd = du + jdv,
dc =j(dg +dg —dg—dq)/4 = (dv + dv)/2

Pacemorpum dyukmmio f (a,b,c,d) or 9eThIpEX HE3ABHCHMBIX JIEiICTBUTEIBHBIX apryMEHTOB
(a,b,c,d). Ilyrém 3amensl mepemenubix (1.1) oHa MoxkeT ObITH mpeoGpasoBaHa B (DYHKIIHIO
f(q,d,q,q) 9eTbIpéx GUKOMILIEKCHBIX TIepeMEeHHBIX Ui B (hbyHKIMIO f(u, v, %, V) 9eTHIPEX KOM-
IJIEKCHBIX TIEPEMEeHHBIX. (31eCh MBI CJIe/lyeM UCIOIb3yeMOMY B KOMILIEKCHOM AHAJII3€ CIIOCODy
sanucu [4-6|, korga mocse 3aMenbl iepeMenHbix Tuna (1.1) GyHKIMoHAIbHASI 3ABUCAMOCTD TIPO-
JlozKaeT 0603HaYAThCS TOM Ke camoii 6ykBoii f). B obmewm ciyuae dbyukuus f Gyaer Gukom-
teKcHo3HaTHOM ( B-3HauHOiT). Ha paBHBIX paBax 0y1eM HCIoIb30BaTh TepMIH — B-BeKTOpHAasT
dyukiug. HYepes cBou cocTaBidione 3Ta PyHKIUS MOYKET OBITH IIpeICTaB/IeHa B CIETYIONIEM
BHJIE:

(1.2)

f(a,b,e,d) = A(a,b,c,d) +1iB (a,b,c,d) +jC (a,b,¢,d) +1jD (a, b, ¢, d) , (1.3)
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rne A, B, C, D — neiicTBuTeibHbIE (DYHKITUU 9e€THIPEX JIEHCTBUTEIBHBIX TTepeMeHHbIX. Dopmy
sanucu (1.3) dbyskuu f, KOrga oHa UMeeT Ty Ke CTPYKTYpPY, UTO W [epeMeHHas ¢, Oyjuem
Ha3BIBATH CMaHIaPMHOT.

Ecmm dyukuuu A, B, C, D muddepenmupyemsl, To ¢ yaérom (1.2) mosmyamm

of  af  df of
Fodat Sedb - Sode + o

_of of of
_8d+8d+8~d+0q

df = dd =

0f 45
q =

_of of of f
_8ud +8vd +8ud +8v

— ‘;_f; (da +idb + jde + ijdd) + g_qu (da —idb + jde — fjdd) +

of
a1

_ (05, 0F OF 0p\. . .(0f of of of
—( + s+ o+ )da+ (aq 5 o0 acj)db+

: . . of . : .
(da + idb — jde — ijdd) + % (da — idb — jde + ijdd) = (1.4)

of [ of of of of _of _of  of
+J< )dcﬂj(@q 9  9q 8(1>dd_

af af

0 0
:%(da—i-idb) 8—f(dc+1dd) r (da—1db)+%(dc—1dd)
_ (of (’3f .(of Of of 8f .(of Of

[Ipu TakOM, KJIACCHYIECKOM CIIOCO0E 3arncu onepaTopoB auddepeHupoBanns (KpaTko — 0-01e-
paTopoB) mMaccuBbl bopmyst Tuna (1.4) BBINISAAT JTOCTATOYHO TPoMo3KO. [loaromy, Hapsay ¢
10J1HO# (pOpMOil J-omepaTopoB, UCIOJIbL3YIOT DOJIee KOMIIAKTHBIA BaApUAHT UX 3aIIUCH:

9]

%:8047

of _

%—aaf, (1.5)
OF [ OF [ OF [ O _ (5 o,40,+0)f

Oqg 0q 0q 0q

Jlns Hamero marepuajia 3TOT Crocod o0O3HAUYEHUNT MMeeT JiBe Heymdo0Hble ocobeHHOCTH. Bo-
NEPBBIX, JeficTBUE onlepaTopa Ha OTePaH/I BHEITHE BHITISIUT KaK 00bIdHOe yMHOXKeHue. [ToaTo-
My, KOTJIa TIPUXOJUTCSA UMETD JIeJI0 UMEHHO € IMPOM3BE/IeHNeM O-OTepaTopa U MepeMeHHON min
¢ YMHOXKEHHEM CaMux 0-0mepaTopoB, TO 9TO HAJO CIENUAJIBHO BBIJIECIATH U OroBapuBaTh. Bo-
BTOPBIX, Be3/ie 00uHaKo6bili CUMBOJI orepanun auddepeHimpoBanus «J» 0003HAUEH CTPOIHON
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OYKBOI1, TOT/Ia KAK PA3AUYHBIE TIEPEMEHHBIE, TI0 KOTOPBIM MPOU3BOANTCA AuddepeHnnpoBanme,
yKaz3aHbl MEJKUM IIPUGTOM B MOACTPOIHOM uHIAeKce. [Ipu 60IbIIOM KOJIMYecTBe PA3HBIX U
CJIOYKHBIX MTOJICTPOYHBIX MHIEKCOB TaKas (popMa 3aIlic OKa3bIBAeTCsl TPYI0EMKOIT J/1sT BOCIIPH-
ATusd. YToObI CKOPPEKTUPOBATH 9T OCOOEHHOCTH, BBEIEM CJIEIYIONINE, MOTU(PUIINPOBAHHBIE 110
cpasrenuio ¢ (1.5) obo3nateHns:

Oy = Ba’
0uf = (al f), (1.6)

(0g+ 074+ 0;+95) f = (Pa+°%a+°3+°4| f)

B Takmx obozHaveHHAX pa3/MIHbIe TIepeMeHHble MM depeHITMpOBaHNS 3AIMCAHBl CTPOYHBIMU
OyKBaMM, & OJINH M TOT YKe CUMBOJI orneparuu juddepenimpoBanusa «0» yKa3aH B BHJIE JIEBO-
ro HaJCTPOYHOro mHieKca. [Ipn sTom omepatop u omepany auddepeHIIpoBaHNs Pa3/Ie/IeHbl
BEPTUKAJILHON 9epToii «|», TOrJIa KaK /I OMepaIlii YMHOXKEHUsT OCTABJIEHO €€ TPAUIINOHHOE
obo3HaYeHue.

[Tpupasuusas B (1.4) BeIpazKeHUs IPHU OMUHAKOBBIX JuddepeHnmanax (1 OmMyCTHB BO BCEX
9aCTAX PaBEHCTBA 00UH U MOM dce OTepan/ f), HOJYydnM CIeYIOIIe COOTHOIICHUS JIJIsT OTle-
PATOPOB YACTHBIX ITPOU3BO/IHBIX:

ab: i(aq_aq 86_36) :i(8u_8ﬂ)
3 (1.7)
ac:J(aq+aq_aq_aq—) _ ( v+ U)
ad—lj (aq_aq_aq~+aq:) _1(81)_81—})
AHAJIOTTYIHO, U HEMTOCPEICTBEHHO U3 (1.7), MOJIYYUM TaKzKe:
499 =% —i% +j% —ij?d = (°a —i%) +j (°c — i%d) = 2 (Pu + j%v)
495 ="94+1i% + % +ij%d = ( a—l—lab) +j (8c+1ad) :2(6 +i% )
(1.8)

19— =P e 1 = (Ca=i1) =) (=) =2 (u=1%)
& (a

)
Taxum 0bpas3oM, YacTHasi IPOM3BOIHAs OT (PYHKIUU f IO MEPEMEHHO ¢ MOXKET OBITh 3alncaHa
CTIEIYIOIIUMHI CIIOCODAMMU:

0f/0a= (Pq|f) = Pu+i®|f) /2= (Pa—i%+iPc—ij%d| f) /4

0-orrepaTop 10 KOMILJIEKCHOM MepeMeHHOM, BhIpayKeHHbI Yepe3 YaCTHbIE ITPOU3BOJIHbBIE 110 JIeii-
CTBUTEJILHBIM ITePEMEHHBIM, TMeET KOMIIJIEKCHO-COMTPSAYKEHHYIO CTPYKTYPY:

149G =% +1% — jc — ij°d = (Pa+1%) — j (Pc +i%) =2

u = a+ ib, u = a — ib, v=c+id, v =c—id,
8u-(a—l )/2 aﬂz(aa—i—iab)/Q, 8112(6—1 )/2 817:(80+i8d)/2.
Tem cambiM 1 0-0mepaToOpbI MO0 OUKOMILIEKCHBIM MepeMeHHBbIM (1.8), BhIpakKeHHbIe Yepe3 mpo-

M3BOJHBIE TI0 JIeHICTBUTEIBLHBIM IIEPEMEHHBIM, UMEIOT cmpykmypy B-BEeKTOPOB, KOMIIJIEKCHO CO-
MPSIPKEHHBIX TeM IepeMEeHHBIM, 110 KOTOPBIM TpoBoauTcs aud depennuposanne. Korna 6azucuas
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enunnIa (i) BHO B IepeMeHHYT0 quddepeHImpoBatust He BXOINUT, TO CTPYKTYpa 0-0IepaTopoB
OKa3bIBAETCA TaKoil ke, Kak y camux C- nu B-Bektopos. Hamnpumep,

g=u+jy u  g=("utj%)/2.

[Toncranoska mepemensbix (1.1) B dopmysst (1.8) mokasbiBaer, 9TO 9aCcTHBIE TPOU3BOIHBIE JIFO-
60t U3 3TUX NMEPEeMEHHBIX 0 BCEM €& CONPSKEHHBIM (hopMaM paBHBI HYJIIO, a IIPOU3BOIHAS 110
cebe camoit — eanauie. Hampumep,

(%qlq) = (Pa—i%+j% —ij%d|a+ib+jc+ijd) [A=(1+1+1+1)/4=1
(%q1q) = (Pa—i%+j% —ij?d|a—ib+jc—ijd) /A=(1-1+1-1)/4=0 (1.9)
(°q1q) = (Pa+i%+j%c+ij?%dla—ib+jc—ijd) [A=(1+1+1+1)/4=1

Crangapraast ¢popma B-ekroproit dyHkimn (1.3) mompasymeBaeT BO3MOKHOCTH 3aIlUCH €&
CONPSZKEHHBIX 3HAYCHUN B COOTBETCTBYIOIMIUX CMAHIADMHBIL CONPANCENHDIE DOPMAX:

f(a,b,e,d) = A(a,b,c,d) —iB (a,b,c,d) +jC (a,b,c,d) —ijD (a, b, c,d)

f(a,b,e,d) = A(a,b,c,d) +1iB (a,b,c,d) —jC (a,b,¢,d) —ijD (a, b, c,d) (1.10)

f(a,b,e,d) = A(a,b,c,d) —iB (a,b,c,d) — jC (a,b,c,d) +1jD (a, b, c,d) .

[Tpunnun nmocrpoenns oneparopos (1.7), (1.8) He 3aBucut ot Buma muddeperimpyemoit yHK-
. [TosTomy, Te ke omepaTopHble COOTHOIIEHUs OYyT uMeTb MecTo u s dbyrkmit (1.10).
EcrecrBenHo, pe3yibrar JeiicTBUs OJHUX U TeX yKe OlepaTopOB Ha pas/ndHble (DYyHKIUE Oy1er
Pa3IMIHBIM.

2 OmepaTopbl BTOPHIX MIPON3BOIHBIX IO IIEPEMEHHBIM B-ITpoCTpaHCcTBa
OmnepaTopsbl IIEPBBIX MPON3BO/IHHIX MO IEPEMEHHBIM 4-ITPOCTPAHCTBA

Bropyto mponsBoinyio HEKOTOPOit (DyHKIIUK TO/IydaioT JuddepeHmpoBaHueM e€ IepBoil Tpo-
n3BoHOM. B TepMmuHax onepaTopoB auddepeHnupoBanns 3Ta MpoIe ypa SKBUBAJIECHTHA JIeii-
CTBUIO JIPYT Ha JPyTa JABYX 0-OMEPATOPOB MEPBOTO MOPSJIKA, MOTYIEHUs TEM CAMbIM OIlEPATOPa
BTOPOTO TOPSIJIKA, & 3aTeM ero JeficTBus Ha auddepeHnupyemMyio OyHKIHIIO:

2f 9 (of o 8 ; 5?2 ; 00
= — _— — _— = T = —-— —.
9adb _ 0b \ da ab da dadb ) " 9206~ b da
st onepaTopoB BTOpBIX (K 60Jiee BBICOKOTO MOPSIJIKA) YACTHBIX MPOU3BOJHBIX, B DA3BUTHE
(1.6), BBeIEM KOMIAKTHBIE 0O03HAUEHUS IO CJIEYIONIEMY MPUHIINIY:

9° o, 0% 0 2 9"
9adb ~ M ez T =T S

e XapakTep U IIOPSAI0K MIPOU3BOIHOI OIHOZHATHO ONPeIeIAI0TCs epedHeM IIepeMeHHbIX Tud-
bepeHIUpoBaHUs, CTOSIIMX MOCTe HAdCmpowHozo cuMBosa «0». B obosnavenusx (1.6) u (2.1)
BTOPYIO IIPOU3BOIHYIO MOYKHO KPATKO 3alUCATh TaK:

(8b|8a | f) = (6ab| f), rie (aab) = (8b|3a);
(aa }aa |f) = (%a?| f), rie (8a2) = (‘9a|‘9a) :

2

=%ab?c u T.I0., (2.1)

(2.2)

Hanpuuep, Bropas npoussoanas ot a? «1o ge a asaxiaph>: 9 (a?)/0a? = (%a®|a?) = 2.
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[TockonbKy 3HaUEHNE CMeNTaHHbIX MPOU3BOAHBIX JuddepeHupyeMoit (DyHKINNT He 3aBUCUT
oT mopsiaka anddepeHImpoBaHms, TO

(b|%a) = %ab = %ba = (°a|°) (2.3)

U MBI OyJIeM HCIOIB30BaTh CBOHCTBO (2.3) 11 TOro, YTOOB! pacmnosaraTh nepeMeHubie nudde-
peHIupoBaHus B J-OmepaTopax B HAMOOJIee HATJISITHOM MTOPSIIKE.

Ha ocuose (1.8), meiicTBysi omepaTopoM Ha OMEPATOP, JJisi BTOPBIX YACTHBIX MTPOU3BOIHBIX
TIOJTY Y M:

1699q = 4 [ui + %v0 + j(Puv + )| = + 02 492 4 9 + 2 (Pac + %bd)
169GG = 4 [ui + o0 — j(Puv + 2w)] + 92 + 92 + 942 — j2 (%ac + %bd)
16%9q = 4 [t — %00 — j(Put — Puwv)| = %a® + %b* — 9c* — 9d? — ij2 (Pad — %bc)
1694 = 4 [Puti — 2v5 + j(Puv — Ywv)] = %a% + 90 — 02 — O + §j2 (Pad — Pbc) (2.4)
169G = 4 (8u2 — 61)2) —0g2 _0p2 _ 02 L 02 _ {9 (aab _ 8cd>
16953 = 4 (952 — 7?) = 0g2 — 2 — 92 4 02 4§92 (Yab — Ocd)
169¢* = 4 (%u? + %0* + 129 w) =
(2.5)

= %% — 9 +9¢ — 9d2 — 12 (Pab + %cd) + j2 (Pac — 2bd) — ij2 (ad + bc)

Buauenns 232, 2¢%, 9G* maxomuM COOTBETCTBYIONIMM CONpszKeHneM Bbipazenus (2.5). Orme-
THM, 9TO O-OIEPaTOpPbl BTOPHIX MPOU3BOAHBLIX (2.4) m (2.5) MMET CTPYKTYpY, KOMILJIEKCHO
CONPSIZKEHHYIO CTPYKTYPE aHAJOTMYHBIX POU3BEIeHI B-BEKTOPOB.

C yuérom crpoenns nepemennbix {T.N} [1, 2:1.1] u [1, 2:4.1], uz (2.4) u (2.5) umeem
BO3MOXKHOCTD 3aIMCATD:

(%97 +24q) = (Puu + %vv) /2 = (0 + 9 + 92+ 0d%) /8 =T

(°qq +°4q) = (Puu — %vv) /2 = (%a? 4+ 90> — 92 —9?) /8 =9y

(Pq4 +%qq) = (Pu? — %v% +%u® — 99?) /4 = (Pa® — b — 9c* 4 2d?) /8 =OF

(%4 — 93) = (Pu2 — %0 — %@® + %9?) 4= —i (Pab—?cd) /4 = —i%G 20
(%qq — 2q4) = —j (Puv — %wv) /2 = —ij (%ad — %c) /4 = -ij°Z

(%qq —%G4q) = j (Puv + wv) /2 = j(%ac+%d) /4 = %X

(aq2+aq2+aqg+aq:2) /2: (au2+av2+aﬂ2+%2) /4:
_ (3a2—3b2+‘9c2—3d2) /8 _ 0

(8q2_8q—2+3q~2_3(52) /2:(8,11/2_’_3,1}2_8@2_8,(—]2) /4: —i (aab+acd) /4:—16[1 (27)
(8q2+3q2_8q’2_8§2) /2:J(8U'U+8/L_L'U) 2 — j(@ac_abd) /4 :JBM

/
O —F —2F +07) 2= (e —tw) /2 = (ad + %) 4 = N
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Omneparopst (2.6), (2.7) gBIAIOTCS KOMIIEKCOM 6MOPLIL TPOU3BOJHBIX B-BEeKTOPHO (DYHK-
IIUH 110 €€ COOCTBEHHBIM apryMeHTaM M OJHOBPEMEHHO BBICTYHAIOT B POJTH NEPEbLT IPOU3BOI-
ubIX 110 nepemenabiM {7..N}. IIpu sTom s Beex gecaru nepemennbix {T..N} u Beex necstu
J-onepaTopos (2.6), (2.7) meiicTBre HA COOCTBEHHYIO MEPEMEHHYIO AT eINHUILY, & Ha JICBIAThH
OCTAaJIBbHBIX — HOJIb. Hampuwmep,

OT|T) = P>+ + 22+ 9 | > + P + 2+ d?) /8= (2+2+2+2)/8=1
(OT|Y) = (Pa®> + 0> + 9 +2d? | a® + 0> — > —d?) /8 =(2+2—-2—-2) /8=0  (2.8)

(T |K) = (Pa®> + 0> + 9 + 942 | a®> = * + > —d?) /8= (2—2+2—2) /8 =0

MHuozkecTBO onepaTopos (2.6), (2.7) 1 ero 0oCHOBHBIE TOJMHOYKECTBA KPATKO 0003HAUNM TaK:

{°1,°X,°Y,°2,°F,°G,°K,°L,°M,°N} = {°T.°N},
{°T,°X,%Y,%2,°F,°G} ={°T..°G},
{°F,°G,°K,°L,°M,°N} ={°F.°N},
{°1,°X,%v,°7z} ={°1.°7},

{°K,°L,°M,°N} ={°K.°N}.

B obosnauenusx (2.6), (2.7) ucxogabie dopmysst (2.4), (2.5) IpuHIMAIOT B

(2.9)

29¢> = (°K —i{°L +j°M —ij°N) (2.10)

Buauenus 2¢%, 9G%, 2¢* momydaeM COOTBETCTBYIOMIUM COIPSIZKEHNEM BbIPAXKEHNS (2.10).

Taxum obpasoM, KazxaoMy u3 aecatn orneparopos {9T..9N} conocrapnserca muddepentn-
AJIbHBIN KOMILJIEKC BTOPOTO TOPSJIKA [0 Y€THIPEM HE3aBHCUMBIM [IepeMeHHbIM (a, b, ¢, d) win 1o
SKBUBAJIEHTHBIM YeTBEPKaM apryMeHTOB (q, q,q, q) nin (u, v, U, 17).
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3 CooTrHolleHnsl BTOPbIX IPON3BOAHBIX o tepeMeHubiM 1, X, Y, Z, F, (.
BosnnoBoe ypaBHeHue

U3 (2.6), meiicTBys omepaTopoM Ha OMEpaTOp, MOJIYYIHM CJIEIYIOIIe OMepATOPbl BTOPBIX MIPO-
U3BOJHBIX yiKe 10 nepementbiM {71..G}:

o2 _ (aqzqz 1 ORF ¢ 2%(}65) _
:[8a4+8b4—|—ac4+8d4+2(6a2b2+8a202—|—8a2d2+8b202—|—8b2d2+8c2d2)]/64
’X* = (°¢@¢ +°¢¢ —2%qqq) = [4 (P’ + 2’d® + 2%abed) ] /64
ay2 _ (8q2§2+8q2q2+23qqq§) _
= [8a4 + bt 49 494 + 2 (8a2b2 —9a2c% —9a2q% — %% — 2P + ac2d2)] /64 (3.1)
072 _ _ (aq2§2 O — 28qq_(jq:) _ [4 (8a2d2 4 0p202 28abcd)} /64
2 _ (8q2q~2+662§2+28q@§) _
_ [aa4 L 0Pt L 04 L 0gh 9 (6a2b2 L0022 0242 Bp2.2 | 0p22 +662d2)} /64
02 — _ (aqzqz 4 ORF 28ch(§§) _ [4 (8a2bz L0242 Qaabcd)} /64 7
rie orneparop 4-oif cMelaHHONW MPOU3BOIHOI
256 “97¢q =

:{6a2+662+6c2+8d2+j2 (8ac—|—abd) |6a2+6b2+862+8d2_j2 (aac+abd)}:

(3.2)
=[P4 + 0 1 Ot 4 Ot
+2 (%’ — %0’ + 2a’d® 4+ 2V’ — OV’ d® + 0P d?) — 8%abed} .
U3 (3.1) BBITEKAIOT CJIEYIOINE COOTHOIICHHS:
(°T* - 2X*) = (°Y* +°2%) = (PF* +°G?) = 4%qqqq. (3.3)

OrMernm, 9T0 9T COOTHOIICHUsSI MOTYT ObITh MOJIYYEHbI U HEMOCPEJICTBEHHO JCHCTBHEM JPYT
Ha JIpyTa CONPsKEHHBIX 0mepaTropos (2.9), 4ro paccMaTpuBaercs B ciejyomeM pasjese. [oka
x)e, n3 (3.3) Haxonum

(3T2 . BXZ . By2 . 8Z2) =0 (3.4)
(OT? — X2 — 9F? _9G2) = (3.5)
T = (OX*+ Y2 +°27%) = (OX? + OF? 1+ °G?). (3:6)

U3 (3.6) crenyer, uro mobas auddepentupyemas B-BekTopHast (DyHKIMs yIOBIETBOPSET B
4-poCTpaHCTBE CIEAYIONIEMY BOJTHOBOMY YPABHEHUIO:
0 f B o*f  O*f  O*f
or*  9X?  9Y?  0z*

(3.7)

AmnajiormdHoe BOJTHOBOE ypaBHeHHe uMeer Mecto u jiyist nepemennbix (1, X, F, G).
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Ecsm nepsbie npoussoable o nepemernbiM (17, X Y| Z) sanucarb B 0603HAYEHUSIX SHEPIUH
U cocTapisomux uMiyibca (€, p)

of o of __ of __ of (3.8)
or ~ < ox  Po oy T TPv 5z T 7P ‘

TO ypaBHeHne (3.7) IPUHIMAET BH

0  Op,  Op, , Op.

9T 90X oY | oz

= div p. (3.9)

A us paBe€HCTBa CME€IIaHHbIX ITPOU3BOAHBIX, JJIfd IIE€PEMEHHDBIX (38) IIOJIY9UM

Pf 0 op.  Of O Op, Pf 0 o

U — = = — = — = 1
orox o0Xx oT’ 9TdYy oY or’ 90TozZ 9z oT’ (3.10)
9TO Ja6T 3-BEKTOPHOE ypABHEHE
op
grad £ = ~37 (3.11)

Ormernm, uro B obmieM ciaydae BenduHbl (3.8), Kak Npou3BOjHbIE B-BeKTOpHOI (yHKINNI
10 JAefiCTBUTE/IbHBIM IT€PEMEHHBIM, SIBJISIOTCS B-BEeKTOPHBIMHU, U TPeOyIOT Oojiee MoIAPOOHOrO
dpusnvecKoro aHaanza B JajbHENIIeM.

4 IlpomsBeageHme m KOMIIO3UINA ollepaTopoB AnddepeHInpoBaHNS

TepMUHBI «IPOU3BEJICHNE> W «KOMITO3UIMA» TPU 0003HAUEHUN TIOC/IEI0BATETBHOTO JIEHCTBUS
0IepaTopoB YIOTPeOIAIT KaK CHHOHUMBI. B (husrke (Hanpumep, B KBAHTOBOI MeXaHUKE ) OObIY-
HO HCIIOB3YIOT TEPMUH «IIPOM3Be/ieHnes oreparopos [9]. Pesyabrar Takoro «mponsseieHus »
CYIIIECTBEHHO 3aBUCUT OT THUIIA JIMHEWHO# onepanuu. Hampumep, «mpoussejieHnes JIMHEHHBIX
byHKIMIE paccMaTpUBAETCd KAK MOJyUYeHHMe CJIOXKHON JIMHEHHOW (DYHKINUU, «ITPOU3BEIECHUE»
orepaTopoB AuddepeHIInpOBaAHNS TIEPBOTO MOPsiJIKa — KaK HAXOXKJIEHUE BTOPOIl MPON3BO/IHOI,
a «IIPOM3BeJIeHNe» KOOPJAMHAT — KaK MPOU3BeJeHne KoopamHaT u T.00. Ilpm takom moaxome
orreparys OOBITHOTO YMHOYKEHIS ITPOU3BOIHBIX OCTAETCsl BHE PAMOK JAaHHOTO (popMaJin3Ma, To-
CKOJIBKY OH HECTIOCOOEH He Npeodpa3osuieams «Ipon3BeieHnes J-0mepaTopoB B IOBTOPHOE Jind-
depennuponanne. Hanpumep, Korja B KBAHTOBOW MeXaHUKe KBaJIpATHOE YpPaBHEHUE SHEPrUU-
UMITYJIbCA MHTEPIPETUPYIOT KaK onepaTopHoe (B 0b6o3HaveHns X Tria (3.8)), To moxydator aud-
dbepentmanbHOE ypaBHEeHHE BTOPOro nopsika [9]. B 3aBucuMmoctu ot BIIa HCXOJHOTO ypABHEHsT
(M30TpOIHOE WM BPEMEHHUIIOZ00HOE), PE3YJILTATOM OyIeT BOJIHOBOE ypaBHeHue Tuna (3.7) uiu
ypasuenne Kieitna —['opmona, st KOTOPBIX MCXO/HBIE ajreOpanvecKue COOTHOIIEHUsS] UMEIOT
XapakTep JUCIEPCUOHHBIX YDABHEHMIT.

B narmeit pabore, 0-omeparopbl (haKTHIeCKH CIIyKAT JIJIsi KPATKON 3alliCH YaCTHBIX MPO-
U3BOJIHBIX, KOTOPBIE CAMU ABJIAIOTCsT B-BeKTOpaMu. YUUThIBas ONBIT TpeablyIeii paborst [1],
MOXKHO OXKHJIaTh, YTO He TOJBKO JauddepeHnuaibHble, HO U ajJredOpamdeckKue COOTHOIIEHUs
MeK/1y B-BEeKTOPHBIMU MTPOU3BOIHBIMU MOTYT MPEJICTABIIATE UHTEPEC ¢ (PU3UIECKONH TOUKHU 3pe-
nus. [losromy, xKeyraTe/IbHO UMETHh BO3MOYKHOCTH OTJIMYATh MMOBTOPHOE TnuddepeHnupoBanme Ot
ayredpamvyecKoro YMHOYKEHUs TPOM3BOJIHBIX YK€ Ha YPOBHE OMEPATOPHOTO CIIOCODA 3AITUCHU, &
TaKKe Ha YpoBHe TepMuHOI0run. Mexoas 3 9Tux coobparkeHuil, «IponsBeieHneM» (mepemMeH-
HBIX, TPOU3BOJHBIX, (DYHKIMI, 0-0IepaTopoB, MepeMeHHoil u J-omepaTopa U T.II.) MbI OyjeMm
HA3BIBATH TOJBKO X OOBITHOE YMHOXKEHHUE JIPYT Ha JApyra. TepMuH «KOMIIO3UIN> OyIeM Mpu-
MEHSTD [JIs1 0O03HAYEHHsI TTOC/IeI0BATEIbHOTO JieficTBrst J-oneparopos. Crocob zamucu (1.6),
Koryia jieficrBue J-omeparopa Ha omepan (Ipyroit J-omepaTop WM MepeMeHHY0) 0003HAUYEHO
BEPTUKAJIBHON 4epPTOii, MO3BOIAET OTINYATH KOMIIO3UIINIO O-OMEepaTOPOB OT WX IIPOU3BEIECHUS.
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[Ipumep 3amnmcu npousBeieHuT J-OnepaTopoB: (%) (‘9bc) u (%) (%) = (%)2, a mpuMep
sammen ux coorsercreyomux komnosuumuit: (Ya|%bc) = %abc u (Pa|?a) = a?.

Bce cTpyKTYpHBIE 3JIEMEHTHI CJI0KHOIO OlepaTopa JeHCTBYIOT Ha 00Hy u my oice (Ipom3-
BOJIBHYTO, Auddeperuupyemyto) dyHkuo. Ecim HeCKOIBKO 0mepaTopoB 00'beIMHEHBI B HEKO-
TOpOE ypaBHEHUE, TO BCE 9TO ypaBHEHUE OTHOCHUTCS K mot oice camoti pyukunu. [Ipun Heodbxo-
JINMOCTH 3aIlicaTh OJHO YpPaBHEHUE JJIsi PA3JIMIHBIX (DYHKIUN, 3TH (DYyHKIUNA TOJXKHBI OBIThH
yKa3aHbl sIBHO. TeM caMbIM, MBI (PaKTHIECKHU MEPEHIEM OT OIepaTOPHOrO YpaBHEHUsT K KOH-
KpeTHOMY D depeHInaIbHOMYy YPaBHEHUIO.

[IponmocTpupyemM crocod 3amucy KOMIO3UINN U IPOU3BeIeHNnsT 0-0IepaTopoB Ha IPUMepe
coorHorrennit (2.9):

(0T + 17X 9T — ) = (77 - 2X?) = 4 (qq|%4d) = 1
(oY — 72 |7Y +172) = (Y +92) = 4 (%4 |°qd) = 4°qqii (4.1)
(°F = i°G |°F + 1G) = (°F? +°G*) = 4 (%qq|°qq) = 4°4q4q,
(°T + °X) (°T - °X) = (°T)" — (°X)" = 4 (°4q) (°40)
OY —ij?2) (Y +ij°Z) = (°Y)* + (°2)" = 4 (°%4§) (°39) (4.2)
(°F = ©G) (°F + G) = (°F)" + (°G)" = 4 (°qd) (ad)
B (4.1) nostyuenbl onepaTopbl 6/Mopuix TPOU3BOAHBIX, a B (4.2) — K6adpamb, ONePaATOPOB NEPEvLL
IpOU3BOIHBIX 110 mepementbiM {71..G}.

[Ipu xommo3uUIMHU J-0MIEPATOPOB MBI 3aBEJIOMO UMEEM JeJI0 C TOM yKe MCXOMHON (DyHKITHeil.
Hanpmmep, nepsoe u3 ypaprenuii (4.1) mpu mosHoit 3amucu coryacHo (2.2) BBIISIUT Tak:

T+ X °T - X | f) = °T* - °X*| f) =4 (°qq|°dq | f) = 4 (°qqdq | f) -
[IpousBenenns MPOU3BOJHBIX MOTYT ObITH HAWJIEHBI U JIJIs PA3TUIHBIX (DYHKIINIA:

2(%q| f1) = CT+i°X | f1) u 24| f2) = (°T —j°X | f»)

4 (8(1@\ fl) (agfﬂ fz) = (8T+j8X | fl) (BT — %X | f2) = (4.3)
_ (afl df: 0fi 3f2) i (afl 0fs  Of 8f2)

or oxX 0X oT

or oI 0X 0X

B ciayuae f1 = fo, nuddepennuansroe ypasaenue (4.3) CBOAUTCs K TEPBOMY M3 OIIEPATOPHBIX
ypasrenuii (4.2).

C yuéToM CKa3aHHOTO, BEDHEMCS HEIOCPEJCTBeHHO K ypasHenusiv (4.1) u (4.2). Uz (4.1)
BBITEKAIOT MOJIyYeHHbIe BbIle BoHOBBIE ypasrenus (3.6), (3.7). Torma kak us (4.2) cremyror
COOTHOIIIEHUST:

(°1)* = (°X)" = (°Y)* = (°2)" = 4[(°aq) (°4) — (°qd) (°aq)]

(°1)" = °X)* = (°F)" - (°G)" = 4[(°qq) (°d]) — (°qd) (°2d)]
9T0 yKe He BOJTHOBBIE JudpepeHnuaibHble ypaBHEeHNsT BTOPOTO MOPSIKaA, & KBaJpaTHbIE ypaB-
HEHUs JIJIs TIePBLIX MPOU3BOJHBIX B-BEeKTOPHON (DYyHKINM, UMEIoIe 4-BeKTOPHYIO CTPYKTY-
py. g mpousBosibHOM (DYyHKIINM, MPOU3BEIEHUS TTPOM3BOIHBIX B IMIPABOW YacTU YpPaBHEHU —
(Pqql f) (Paql f), (Paql f) (Paqlf), (°qql f) (°aq|f) — ne obs3ampi GeITh paBHBL APYT APYTY.
To ecth, npaBas dacth B (4.4) MoxKeT ObITh He paBHA HyJHO. [109TOMY 4-BEKTODBI, COOTBET-

crBytoiue ypasaerusiM (4.4), B obieM ciydae He sABIAIOTCS uzompontwuwmu. Hanpumep, 3ro
OTHOCHUTCS K 4-BEKTOPY B 0O03HAUEHUSIX SHEPIUU-UMITYJIbCa (3.8).

(4.4)
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5 CooTHolIeHUsI BTOPbhIX ITPOU3BOJIHBIX IO riepeMeHHbiM F, G, K, L, M, N.
N3orponnnie ypaBHeHuss MakcgeJia

[Tpu uHTEpHIpeTanun MpOou3BOAHBIX 10 nepeMenHbIM {F..G} BoCIOIb3yeMcs aHAJIOTHel ¢ aJire-
Opamueckumu cootHomenusivu |1, 2:4.5| nyst rensopa (A, B) 1 npoBepuM aJeKBATHOCTb MPU-
MeHeHust 0603HadeHuit snekrpomarauraoro noss (E, H):

p_Of _of o _of _ of . _9f _ 0f
T 0A, OF TV 0A,  OM’ T 0A,  OL
(5.1)
of  Of of of of of
H, = =— H=—2=—-— H, = = L
“oB,  0GT Y 0B, ON’ 7 0B, oK
Huddepennnpyst nepemennsie (5.1) no T, XY, Z, nonyuanm:
0B,  O*f 0B,  0f 0B,  0%f 0B,  O*f
or — OF9T’ 90X  OFOX' Y  OFOY’ < 90Z  OFIZ
0E,  0f 0E,  O'f 0B, 0 0B,  0f
or  OMOT’ 08X — OMOX' oY  OMOIY’' 0Z  OMOZ
OE.  Of 0B,  9*f 0E.  Of 0B,  Of
or — 9LoT’ 90X  OLoX' Y  OLoY’ 90Z  OLoZ
(5.2)
oH,  O*f OH,  O*f 0H,  0*f 0H,  O*f
oT  90GAT’ 08X  9GOX’ Y 9GOy’ 90Z  0GIZ
0H,  0*f oH,  O*f oH,  0f oH,  0*f
or  ONOT’ 90X  ONOX' 9Y  ONOY’' 0Z  0ONOZ
oH,  0*f OH,  0%*f oH,  Of o0H,  0*f
oT  OKOT’ 08X  OKOX' oY  OKoOY’' 0Z  OKOZ
IIpousBomubIe (5.2) YIOBJIETBOPAIOT CJIEIYIOMINM COOTHONIEHUIM:
0E,/0X = (°FX |f) = [(%¢a+%qd) i (°ea—24q) | f] —
OE,)0Y = — (MY | f) == [i O +2¢* = 2¢* = 2¢%) /2| (°qq + %qq) | ] =
0F.[0Z = - (°LZ | f) = = [1 (°¢* = °¢ +°¢ - °@) /213j (Pad - °7d) | f] = 653

— j(°¢*qq + %937 — %93*7 — °743* | f)
= i (%233 + 293°G — 243G — °TF + °PG + TG — 278 — %4 | f) /2

= (—2¢%qG — 293G + 293G + %343 + °*q + °3*q — %43 — %43® | f) /2,

divE = 0E,/0X + 0E,/dY + 0F./0Z =0 (5.4)
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OH,/0X = (P°GX |f) = [i(%¢q—"249) |i (°eqa—23q) | ] —
0H,/0Y = — (ONY | f) = =[ij (°¢* =@ = °¢ +°¢%) /2| (Paq +°qq) | ] =
OH./0Z = (P°KZ|f)= [CP@+°@ +°¢@ +°¢) /2|ij (°qq — %39) | ] =

(5.5)
— 1j(°¢°30 — °43°7 — %4d*q + °37* | f)
= —ij (%¢°q3 — %93°q — °43°q + °330° + °¢°7 — °3°q — °3¢* + %4’ | f) /2
= ij (—%¢°q3 + %90°7 + %437 — °3d@* + °¢*7 — °3°7 — %a@* + %43’ | f) /2
divH = 9H,/0X + 0H,/dY + OH,/0Z = 0 (5.6)
OH./0Y = (°KY|f) = [(°¢®+°¢ +°¢ +°) /2] (Paq+°qq) | f] —
0H,/0Z = — (°NZ|f) = = [ij O¢® = °¢* = °@ +°¢*) /21ij (°qq — °q9) | f] =
0E, /0T = (°FT|f) = [(°aa+°3q) | (Paga+°3q) | f] = )
— ( 9¢°q3 +%93*q + %93%q + °qad + °*q + °°q + %ad° + %4d® | f) /2
= (—=9%%qq — %43°0 — %93°q — 333> + °Pq + °Pq + °33* + %43® | f) /2
= ( 9%%q3+ %93*q + %93*q + %q3d® | f)
0H,/0Y — 0H,/07 = 0E, /0T (5.8)
0H,/0Z = (°GZ|f) = [1(°4q—"°qq) i (°ad - °3d) | ] —
OH./0X = (PKX|f) = [P +°¢+°¢ +°F) /21i (a7 —23q) | ] =
OE,/0T = — (PMT|f) = — [ (¢ +°¢ = °¢ - °3) /2| (°qq+%4q) | f] = 59)
— =i ( %¢*qq + %937 — %93*q — °743* | f)
= (-%%q1 — %437 + °43*q + 0@ + °¢° 7 + °7°3 — %33> — %4d* | f) /2
= =i ( %7+ %437 — %47 — °0aq +°¢*q + 27— °a3’ — 4@’ | f) /2
0H,/0Z — OH,/0X = OE, /0T (5.10)
0H,/0X = — (°NX | f) = - [ij (°¢* = 23 — 23 + °@) /2| (°aq — %4d)| f] —
OH,/0Y = (°GY |f) = [i(%aq—"2q9) |(°eq +°39)| f] =
OE. /0T = — (LT | f) —[i(°? =@ +°@ - °¢) /2|(Paa +°q0)| f] = _—
— =i (= ?¢*q3 + %43°q — %933 + °743* + °¢°7 — °Pq + °3¢® — %4@® | f) /2

= i( %%qq - qqq+6qq~2q:—%q~§2|f)

= —i( %%qG — %4 q+%93°7 — °99¢° + °*q - °Pq + °ad® — %9@® | f) /2
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0H,/0X — 0H,/0Y = 0E, /0T (5.12)
rot H = 0E/0T (5.13)
rie Bekroproe ypasuenue (5.13) oobeauusier B cebe ypasuenus (5.8), (5.10) u (5.12).
OE.JOY = — (LY | f) = —[i (O — @ + 2 — °3) /2| (°ad + °3q) | ] —
0B, /072 = — (PMZ| f) = — [i ¢ +°3 = °¢ = °@) /2 ij (°aq — %3d) | ] =
OH, /0T = (°GT | f) = [i(°ed—"2q9) |(°eq+°39)|f] = -
= —i (%00 — 2400 + 20q — °0aP + 007~ °PT + a8 — 24| ) /2 |
= —i(=2¢°qq + °43*q — °4q*q + °33¢° + °¢*7 — °¢°7 + °a¢® — %4d’ | f) /2
= i( °%qq %@ +%93°7 — °34d° | f)
0E,/0Y —0E,/0Z = —0H, /0T (5.15)
0B./0Z = (FZ|f)= [(ai+ ) i (Pai - °ai)| ] -
0B./0X = (LX | f) = - [1 O ~ 7 + 7 ) | Cag — *a)| 1] /2 =
AT =~ CNTIS) =[5 (' ~* ="+ 08) (Caa a1 2
= 4 ( %33 —%43°7 —°4d°q +°q3d* | f)
= —ij (- %¢°33 + %93°7 + °93°q0 — °34q° + °¢°7 — °3°q — °3q" + °4d’ | f) /2
= —ij ( %¢°aq — %43°7 — %9a°7 + °34¢° + °¢*7 — °3°3 — °ad® + %4’ | f) /2
0FE,/0Z — 0FE,/0X = —0H,/0T (5.17)
0E,[/0X = — (PMX | f) == [i (°¢ +°¢ = °¢ = °¢) /2 i (°qa — %49)| f] —
0E,/0Y = (°FY |f) = [(°¢q+°qq) |(°eq +°qq)| f] =
OH./0T = (°KT |f) = [P+ +°3+°3) /2|(°qq+23q)| f] = 5.18)
= — (=240 — PG — PG °G60P + 2T+ P+ 0ad + %P f) 2
= ( °¢*qq +°4a*q + °9q*q + °73d’ | f)
= ( %33+ %937+ °9q*q + °3¢° + °¢°T + P4 + °qd® + °ad’ | f) /2
0E,/0X — 0E,/0Y = —0H,/0T (5.19)
rot E = —0H /0T (5.20)

rje BekTopHoe ypasaenne (5.20) obbeaunser B cebe ypasuenus (5.15), (5.17) u (5.19).
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Takum o6paszom, npoussoausie (5.1) yaoBrerBopsior ypasuenusm Makcsemra (5.4), (5.6) u
(5.13), (5.20) 115t 9I€KTPOMATHUTHOI BOJHBL. DTH ypABHEHUsI HUKAK HE CBA3AHBI C 3apsIaMI 1
TOKAMU ¥ OIUCHIBAIOT TIPOIECCHI, UMEIOIIHE JIUIIh CBETOBYIO CKOpOCcTh (¢=1). TToaTomy MbI uxX
TaKzKe Ha3bIBAEM Uu30mponHsimu. OTMETHM P 9TOM, 9TO ¥ npou3BojaHbe (5.1), i cKaaspHbIe
WJIN BeKTOPHBbIE IO BuIy ypasHenus u3 (5.2)—(5.20) dakrudeckn sBastorcst B-BEKTOPHBIMH.
Nwm yrosiierBopsieT mpon3BosibHas auddepernupyemMas B-BekTopHast QyHKIHS f.

Ormerum Takzke, uTo BbIOOp obOo3HaueHuit E u H Bcé emé ocraéres yc/IOBHBIM, a CaMH
9THU BEJIMYUHBI — COBEPIIEHHO paBHONpaBHbIMU. OHU BBIPAXKEHBI Yepe3 MPOU3BOJHBIE TI0 TIe-
pementbiM A u B, a He uepe3 npousBoanbie 1m0 nepemenabiM 1, XY, Z. 1o sroii npuunne
HEBO3MOYKHO MPUMUCATH MM TTOJISPHBIN WM aKCHATBHBIN XapaKTep, KaK I CAMUM ITepeEMEHHBIM
A u B, unu BeIpasuTh UX Yepe3 Kakoe-To 1oj10oue 4-sekroproro norennuasia (¢, A). Ecin 6ot
Juist onmcanus Beqmant F; u H;, BMecto npoussoaubix (5.1) df /0A; u Of /0B; 6bum BbIOpa-
Hbl pon3BojHble (—0f/0A;) u (—0f/0B;), To Ny coBnamenns ¢ ypapHeHusMu Maxcsesia ¢
y4IETOM BCeX 3HAKOB, obo3Havuenus F; u H; morpeboBagoch Obl oOMeHATH MecTtaMu. J[1s1 oKoH-
JaTeJTbHOTO BBIOOpA 0003HAYEHIIT HEOOXOIMMO BBe/IeHIE MTOHATUI 3apsiia U TOKA, YTO BBHIXOIUT
3a PAMKH JIAHHON PabOTHI.

6 B-npeobpa3oBaHue ornepaTopoB auddepeHITnpPOBaAHNSI.
ITpeobpazoBanus Jlopeniia

Bynem paccmarpusars B-npeobpaszosanue [1, 2:2.1| B-BekTopa Kak 3aMeHy MepeMeHHOi aud-
depeHImpoBaHusT: ¢ — G2 = ¢1q, TJie ¢ — MOCTOTHHBIN MHOXKHUTEb. Torna npu det g =1, momy-
UM

o 10 qqq o0 __. 0
9;  q0q  detqoq " 0g
o2 1 9 qq 0 . 0
39:03,  q7 019G,  detq 0q:0q 1 0q:10q 6.1)
# 1 ® g ® . P '
0920004, qqq 0910304,  detq 01000G K 0q10q:0¢:

ot o*
09200203200,  0q10§:0§,:0q;

Taxum obpazom, 11t 0-0TIepaTopoB Mo B-1epeMeHHbIM, B-Tipeodpa3oBaHne CBOIUTCS K JeaeH U0
Ha COOTBETCTBYIOIINE 3HAUYEHUA 9TOro npeodpaszopanusd. [Ipu det =1 310 ke npeobpazoBanme
MOKHO PaCCMaTPUBATh KaK yYMHOCEHUe Ha 3HAUEHNUsI, CONPSXKEHHbBIE TIepeMeHHbIM AuddepeH-
nupoBanus. HamoMauM, 4TO mpu mepexojie K KOHKpeTHOMY aud hepeHnnaabHOMy YPaBHEHUIO
B 00€ JaCTHu OMepaTOPHOTrO YPABHEHUS C/IeIyeT TOJACTABIATE 00ny u my osce dyrknmuioo. Hampu-
Mep, JIs OJCTAHOBKE B nepBoe ypasuenue (6.1) moxker 6biTh B3ata Gyuxuus f (g2, G2, G2, @2)-
[Tocste wero, st BeIMONTHEHUs audphepeHIMpPOBaHnsl B MPaBOil 9acTW MPOU3BOINTCS 3aMeHa
epeMEeHHOI:

8f (QQaq_2a627§2) _ laf (QQaq_2a627§2) N af (QQa(j??(ba(iQ) _ laf (quqq_l?q(jlqu(il)
0qs q oq 9q> q oq
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s 4-BekTOpHBIX orepaTopos (2.9) morydnm:
20200 = 47 °
(BTQ +j6X2) = cﬁ (aTl +j6X1) = exXp (—_]2’}/) <8T1 +j8X1) =

= (ch2y —jsh2y) (°T1 +j%X1) = (ch2y 9Ty — sh2y?X;) +j (ch2y?X; —sh2y ?T})

%00 = 37 1@
(7Y2 —ij°Zy) = qq (°Y1 —ij°Z1) = exp (—ij26) (°Y1 —ij°Zy) = (6.2)
= (cos 20—ijsin 20) (?Y1—ij?Z;) = (cos 26 Y1 —sin 26 9 Z;) —ij (sin 26 ?Y;+ cos 26 9 Z;)

%00 = 17 ° @
(aFg - iaGg) == (jq: (8F1 - iaGl) = exXp (—12ﬁ) (6F1 - iaGl) =
= (cos2[3—isin 273) (aFl—iaGl) = (cos 269 Fy—sin2p 6Gl) —i (sin 23 9 Fi+cos 23 8Gl) .

To ectb, al-npeobpasoBanne B-BeKTopoB (M CBsi3aHHOE € HEUM TIpeobpasoBaHme 4-pajimyc-
BEKTOPOB) BBI3bIBAET COOTBETCTBYIOIIIE TPeobpa3oBatus J-0IepaTopoB M0 KOOPIMHATAM 3TUX
4-gekTopoB. B wacrnocru, npeobpazosanuio Jlopenna |1, 2:2.6] 4-KoopAuHAT COOTBETCTBYET
craeyonee mpeodpa3zoBaHme OMePATOPOB:

Ty + X, = [PT - VOXy +§ (°X, - VOR)] VTV (6.3)

Ty = (°Ty — VX)) /\/1 —V2, 90X, = (X, - VOT) /\/1 e (6.4)
By = (Bi+Vpw) [VI=VZ  por = (pra+VE) [VI=V? (6.5)

Ypasuenus (6.4) npejcraBisor coboit cocrapsonie B-pekTopHoro ypasaenusi (6.3). Ypas-
uerns (6.5) mosrydeHsl moACTaHOBKOI coorHomennit (3.8) B omeparopst (6.4).
JLnst mpeobpa3oBaHus OepPaTOpPOB {3K ON }, ¢ yuérom (2.10), 3anurem:

0 —20,2

% =q *q
9Ky — 1%Ly + 7 My — ijP Ny =
= exp [-2(a +if +jy +1j0)] (K1 — 1Ly + 7M1 — i)’ V) = (6.6)
=exp[-2(a+i0)] {(° K1 —i%Ly) ch2 (y +i6) — (PM; —i?Ny) sh2 (y +i6) +
+ j[(PMy —PNy) ch2 (y +16) — (°K; —i%Ly) sh2 (y +10)] }
g y-ipeobpasosanust npu (o= =0=0) u3 (6.6) caexyer:
(PKy —i%Ls) +j (M5 — i9N,) =
= (PK,—1°Ly) ch 2y— (M, —i°Ny) sh 2y+j [ (P My —i°Ny) ch 2y— (°K,—i%L,) sh 2y]
Hy, + 1B, + j(—Ey, +1Hs,) = o
= (H1,+iE:,) ch2y— (= Eq,+iHy) sh2y+j [(— E1,+iHyy,) ch 2y— (Hy,+1E) sh 29]
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OTKYJa TIOCJIe PA3/IeJIeHHS 110 j- U i-COCTABJIAIONINM IOy IMM:

Egy = ElyCh 2’)/ + HlZSh 27, Hgy = HlyCh 2’7 — ElZSh 2’}/
E,, = Ey.ch2y — Hyysh2y, H,, = Hy,ch2vy + Ey,sh2y
Eop = Fiy, Hy, = Hy, (6.8)

By = By + VHy) [VT=V2, Hy = (Hy ~VEy) [VI-V?
E2Z - (Elz o VHI?J) / v 1- V27 HQZ = (le + VEIy) /m

rJle yaTeHa Tak:ke HezaBucumocth E, = 0f /OF u H, = 0f/0G ot 7.
Taxkum obpasom, dopmysl (6.8) MOTHOCTHIO COBIALAIOT ¢ (opMyIaMu MpeodpasoBaHUil
JlopeHta Jj1st COCTABISIONINX JIEKTPOMATHUTHOTO TTOJIS.

7 IaBapuaHTbl B-mipeobpa3oBaHUsI

JLnst HEBBIPOXKIEHHBIX B-unces, 000t B-BEKTOP ¢ MOXKeT OBITH MOIYyYeH U3 ITPOU3BOJIHHOTO
B-BexTOpa ¢ YMHOYXKEHHEM Ha COOTBETCTBYyoIIee B-dnciio q. B 5ToM cMbIcie, paccMOTpeHHBIe
B IIpeJIbIyIIeM pasjese B-npeobpasosanus (6.1) uMeror obumit xapakrep, XOTsk U CBOAATCSA K
OOBIYHOMY YMHOZXKEHHIO. PaccMOTpuUM JiBa THIIA HHBAPUAHTOB, €CTECTBEHHBIM 0OPAa30M BbITEKA-
IOIIUX U3 3TOTI'0 CBOMCTBA.

[Tpu a0-npeobpaszoBanny HHBAPUAHTHLIMK OYLyT TAKKHE ONEPATOPBI WU IPOU3BEICHUS OIle-
paTopoB, Il KOTOPBIX Mpeodpa3oBaHue B UTOTe CBOJAUTCS K JIEJIEHUIO (MM YMHOMKEHUIO) Ha
det ¢ = 1. Hampuwmep,

ot 3 0 0? 0? 2 0 0 g o0 0 0

0907040’ 0q0q0q 0q' 0qdq 0407 0q0q 9 07 9dq 07 07 0q
Kpowme nHenmocpeicTsenHo oneparopos (7.1) nHBapHAHTHBIMEU OYJIyT U MX AHAJIOTU, OTJIMIAOII-
ecst pacrpejie/ienreM TepeMeHnbix auddepentuposanns (q,q, ¢, q) MKy COMHOKUTEIAMU.
OTMeTHM, 9TO B PA3HBIX COMHOMKUTEJISIX OJHOIO MHBAPUAHTHOIO Npoussejenus auddepeHiin-
pyembie (PYHKIMNA MOTYT OBITh PAa3IUIHBIMHE.

U3 wemsmenHocTn Bhipaxkenwii tuna (7.1) ciegyer, Hampumep, d9ro omeparopbl (4.1)
u (4.2) sapisitorcss uuBapuantamu «0-TipeoOpasoBaHUs ¥, TeM CcaMbiM, ypaBHeHus (4.4)
OMUCHIBAIOT 4-BEKTOPbI (KOBEKTODBI), XapakKTep KOTOPBIX (M30TPOIHBIN, BPEMEHUNOI00HBIIH,
POCTPAHCTBEHHO-MIOIO0HBIIT ) 3aBUCUT OT COOTHOIIEHUsT nHBapuanTos (4.2). BosHoBoe ke ypas-
uenue (3.7) ot 3Hadenus nuBapuanta (4.1) (mmm (3.3)) He 3aBHCHT U BCEria OCTAETCs H30TPOIL-
HBIM.

Ecnu oneparop muddepennupoBanns 1Mo HEKOTOPOMY Habopy B-niepeMeHHBIX yMHOXKHUTh
Ha 3TOT Ke HaboOp B-mepeMeHHBIX, TO TaKas KOHCTPYKIUS OKarKeTCss MHBApUAHTOM JIFOO0OTO
B-nipeobpaszosanus (B Tom uncie, npu det ¢ # 1). Hanpumep, Boipazkenus

0 _0 _ 02 L. O (7.2)
q— q — qq ——— qq = — n T.II. .
d¢’ 03 " 9907 9¢* 0q
OCTaHYTCAd HEU3MEHHBIMU, TaK KaK OAHOTUITHBIE, HO B3aUMHO O6paTHble HpeO6paBOBaHI/Iﬂ aJire-
Oopandeckoro u juddepeHImaaIbHOro coMHOKUTEEH OyayT cokpamarbes. Tak, ns

293%q = (T +jX) T +j°X) = (T°T+X°X) +j(T°X + X °T)

2032 = (Y +1j2) (Y —ij°Z) = (Y?Y + 292) —ij (Y °Z — Z9Y) (7.3)
293%q = (F +iG) (°F —°G) = (F?F + G°G) —i(F°G — G°F)
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B obosnavenusax (3.8) u (5.1) momydanm ciemyronmii Habop MHBAPUAHTOB B-1rpeobpasoBanus:

(T€ — Xpy) — j (Tps — XE) =Inv
—(Yp, + Zp.) +1j (Yp. — Zp,) = Inv (7.4)
(A,E, + B,H,) — i (A,H, — B,E,) = Inv

Conpsizkénnble Bblpaxkenust coorHomtennit (7.3) u (7.4), oraumdaomumecst 3HAKOM TIpH 1, j 1 ij,
371eCh HE 3aIlUCAHbBI, HO TAKKe SBJII0TC nHBapuantamu. CoXpaHsaTbCst OY/IyT U BCEBO3MOXKHbBIE
CYMMBI, PA3HOCTH W MTPOM3BEICHNS ITUX MHBAPUAHTOB.

Tak, cejcTBHEM TIEPBBIX JABYX paBeHCTB (7.4) M UX CONPSI?KEHHBIX BbIDAKeHUil OyIerT nH-
BapuaHT

(T¢ — Xp, — Yp, — Zp,) = Inv, (7.5)

KOTODBIN TIPEeJICTAB/ISET CODOM TCEBI0EBKINI0BO cKassipHoe npoussenenne 4-sektopos (T, R)
u (€,p). Torna kak MHBApUAHTHI

(Tpx - Xg) u (sz - Zpy) =M, (76)

SIBJISIIOTCsT COXPAHSIOMNMUCS KOMIOHeHTamMi 4-Terzopa momenta (Tp — RE, M).
U3 npousseienus kBajpaTta B-BeKTOpa U €ro 0-omepaTopa

2¢°9¢* = (K +iL +jM +ijN) (°K —i{°L + j°M —ij°N) =
= (K°K+L°L+M°M + N°N) +i(L°K - K°L+N°M — M°N) + (7.7)
+j(MP°K+N°L+K°M+ L°N) +ij(N°K — M°L+ L°M — K°N)
B obosnavenusx (4.5) u (5.1) BbITeKaeT ciremyrolee BEIpazkKeHne

(AE, + AE. + B,H,+ B.H,)+i(-A,H, — A.H, + B,E, + B.E,) + 8)
7.8
+j(-A,H,+ A, H,+ B,E, — B.E,) +ij (-A,E. + A,E, — B,H, + B.H,) = Inv

KOTOpOE BMeCTe ¢ TpeTheii cTpokoit B (7.4) xapakrepusyer nHBapuaHThl B-ipeobpa3oBanus 1/is
cucremsl Tensopos (A, B) u (E, H).

N3 coorwomennit Tuna (7.1), (7.2) Moryr OBITH HONYYEHBI W JPYrHe HWHBAPHAHTHI
B-npeobpazosanust. O HAKO, OIPAHUYUMCs STHMHU [IPUMEPaMH, KaK Hanbojee MOKa3aTe/bHbI-
M.

3akJroueHne
06 ananutnyeckoii pyHKIUU

[Ipr KOHCTPpyHpPOBAHWM HOBBIX THIIEPKOMILIEKCHBIX YNCEJI, CINTAETCST BEChbMa BayKHBIM pPas-
BUTH WCUNCIEHHEe TaKUX THIEPKOMIIJIEKCHBIX IEePEeMEHHBIX JI0 YPOBHS TEOPUU WX GHAAU-
muveckur dyukuuit |7, 8. B wameir pabore 0-omeparopbl MOCTPOEHBI UCXOJs U3 TO-
ro, 49to B-BekTOpHasi (QYHKIUS aHAJIUTHICCKON He sasasemces. OHa 3aBUCHT OT BCEX
COTPS2KEHHBIX (DOPM  CBOUX AapryMEHTOB KakK OObluHasg (QPYHKIHUA YETHIPEX MEPEMEHHBIX:
fla,b,e,d) =f (u,v,u,9) = f(q,q,q,q). dna nonydenns muddepeHimaabubIX COOTHOIECHMUT
dusndeckoro xapakrepa B 4-IIPOCTPAHCTBE, 3aeifiCTBOBAHBI BCE IEPBLIE MPOM3BOIHBIE STOI
B-BekTopHOil (DYHKINMM, & TAKZKE X MOBTOPHBIE U CMENIaHHbIE TPOU3BOIHBIE 60JIee BHICOKUX 10~
psiikoB. B ciyuae anamurndeckoit dynknnn f (q), Korja Tpu U3 4eThIpEX Tpon3BoaHbIX O f /Jq,
df/0q, Of/0q, Of /07 paBubI HyII0, peaau3alUsa TAKOTO TOJIX0la 0KA3a1aCh Obl HEBOZMOKHOI.
Takum obpa3oM, pazBuTre aHan3a N-KOMILIEKCHBIX (DYHKIIHI 110 TPUHIIATIAM MaTeMaTUIeCKO-
ro aHajm3a PYHKIW 1 TepEMEHHBIX TIPeICTAB/ISIeTCS HaM He MeHee BaXKHBIM U IIePCIIEeKTUBHBIM,
yeM pa3paboTKa aHAJIUTUIECKOrO aCIeKTa.
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Bripoxk/ieHHbIe TpUPANIEHNs] apryMeHTa

B (1.3) neiicrBurensusie dbyukuun A, B, C, D onpeenensr Kak auddepeHupyemMble Mo CBOMM
JIeHCTBUTEILHBIM apryMeHTam a, b, ¢, d. Tem cambim B (1.3) dyukus f (a, b, ¢, d) onpenenena
kax muddepennupyemas B cMbicie RY. Oneparopnbie ypapnenns (1.8) BbIpazKaioT TPOU3BO/I-
HbIE [0 IEePEeMeHHBIM ¢, 7, §,  Yepe3 MPOU3BOJHbIE 110 epeMeHHbIM a, b, ¢, d. Hanpumep,

0f /0q = (0f /9a — i0f/Ob + jof |dc — ijof /0d) /4

B cuny onpenenérHocTH paBoil YacTu, Takoe ypaBHeHNE (DAKTUYIECKU ABJISIETCS ONPEJCACHUEM
ero JIeBOit 1acTu, To ecTh ponsBouoit 0 f /0q. Ha npupammenus (muddepenimab) apryMeHTOB
da, db, dc, dd, a 3nagur u HAa dg = da+ idb+ jdc+ ijdd, HUKAKUX orpaHMYeHNl HE HAJIOXKEHO.
B gacTHOCTH, B CcIydae BBIpOKJIECHHOTO Mpupalnenns aprymenTta dq, korna da+ idb = de+ idd,
MTOJTYIUM BBIPOK/IEHHOE 3HAUEHUe TPOM3BOIHOIN:

af /0q = (0f /da — i0f /b + 0 f /da — ijOf /Ob) /4 = (1 +j) (Of /Oa — 1Df /Ob) /4

Cam dakT Toro, 4ro npousBojnas B-BeKTOpHO#l (DyHKIIUN MOXKET NPUHUMATH BBIPOXKIEHHDbIE
3HAYEHUs BIIOJTHE 3aKOHOMEDEH, U JJIs U3JIOKEHHOI'O MaTepruaJia KpUTUIECKUM He sBJISeTCS.

3aBUCUMOCTDH InmepeMeHHbIX

Hnst B-ekroproii dyskimm (1.3) u €€ mpon3BOIHBIX HE3aBUCHMBIME SBJISIFOTCS [IEPEMEHHBIE
(a, b, c,d), KOTOpBIE IO ONPENETCHNI0 MOIYT IPUHUMATH IPOM3BOJIbHBIE JIEfICTBUTEIHHbIE 3HA~
YeHusi. AHATIOTHYIHO KOMILTIEKCHOMY aHaJu3y |5, 6|, aprymenramu (hopMaIbHO CAUTAIOTCS U e~
TBEPKH TlepeMeHHbIX (u,v,u,v) u (q,q, G, q). DTO, KOHEUHO, He O3HAYAET, YTO CONPAKEHHBIM
dopmamM OUKOMILTIEKCHOM MTepEMEHHON MOYKHO MPUCBANBATH 3HAUEHNsT HE3ABUCUMO JIPYT OT JIPY-
ra, HO JIUIIb OTpakaeT (PaKT B3aUMHO OJTHO3HAYHOI'O M JIMHEHHOTO UX BbIpAaXKeHUs depe3 apry-
MenTHI (a,b, ¢, d) cormacmo (1.1).

B-nipocTpaHCTBO XapaKTepu3yercsi deTbIpbMsi Koopamaatamu (a,b,c,d). Ilepemenubie
{T..N} samnstorca nx dyukumamu |1, 2:1.1], [1, 2:4.1|. Beruucienune nokasbiBaer, 9T0 PaHT
dbyuximonansroro onpeaenuress D (T, X, Y, Z F,G, K, L, M, N)/D (a,b, ¢, d) paBeH 4eTbIpéM.
B npuHImne, npu MCKIIOYEHNN TIepeMeHHbIX (a, b, ¢, d), B KauecTBe HE3aBUCHMbBIX MOYKHO BbI-
JIEJIUTH YeThIpe epeMeHHbIX 13 coBoKymHocTH {71..N}. IloguepkHéM OHAKO, UTO IEpeMeHHbBIE
T, X,Y, Z He3aBUCUMBIMU He ABAANMCA. ITO CIEIYeT, MPEKIe BCETO, N3 BBIUNCICHNA (DYHKITI-
OHAJILHOTO OTIPENIe/INTe . A TIpU moCIeayomeil (pU3mIecKoit MHTEPIIPETAIINN IO ITBEPK TAETCST
ypasaenueM |1, 2:1.4], B koropoe T, X, Y, Z BXOAAT KaK KOOPAMHATHI u30MpPonHo2o 4-Bekropa,
JIEZKAIIET0 Ha CBEeTOBOM KoHyce. [Tostomy B pabore [1] anrebpandeckue B3aMMOCBSA3H MeK-
ny mepemenabivu {7..N} ycraHaBIMBaauCh 0€3 BBIICJICHUS CPEIN HUX HEKOTOPOH KOHKDET-
HO «HEe3aBUCUMOI IeTBEPKI», HA OCHOBE OMKOMILIEKCHBIX COOTHOIIEHUN MEXK/Iy MTepeMEeHHBIMI
(a,b,c,d).

Taxoit ke 0/1X0/1 peain30BaH 1 B HacTos el padore. PyHKIMA f depe3 CBOU COCTABJISIONINE
A, B, C, D zaBucur ot 4eThIpéx apryMenTos (a, b, ¢, d). Bce mecsatsb oneparopos {a T.°N } BBI-
pazkennl gepes onepatops Ya, 9b, ¢, 9d (2.6), (2.7). Tem cambIM, IpUMeHEHHIE JIFOO0TO U3 OTIe-
paTopoB {‘9T..‘9N } dakTuueckn gapgeTcd auddepeHImpoOBAHIEM 0 HE3ABUCUMBIM MTEPEMEH-
HbIM (a, b, ¢, d). Orciona 06oe muddepeHImaiIbHoe COOTHOIIEHNE, 3allUCAHHOe Yepes3 OrepaTo-
pbI {ST..BN }, SIBJISIETCS CBOETO Pojia (pOpMOil KPaTKOil 3aliCH COOTBETCTBYIONIUX UM JTudde-
PEHIMATBLHBIX KOMILIEKCOB, OCTPOEHHBIX 3 oreparopos %a, 2, 9¢c, 2d. Eciu Bocnonb3oBaThes
npuMepoM MexaHuKHu Jlarpamzxka co cBsa3smu [10], To MOXKHO CKa3aTh, 9TO OKOHIATEIbHBII BI/T
nuddepeHInaIbHbIX YPABHEHUN HACTOSINENH CTAThU OIPEJIEISIeTCs aJredPaAnIecKIMUI «CBsI3sI-
vy |1, 2:1.1], [1, 2:4.1] Beipazkatomumu epementbie {1..N'} uepes nepemennsie (a, b, ¢, d). Tem
caMbIM, g depeHimaabable YpaBHEHU 9TON MyOIUKAIIME OKA3hIBAIOTCS MPSIMBIM CJIEJCTBUEM
OUKOMILIEKCHBIX ajireOpandecKux COOTHOIIEHUI npeabiymeil paborsr [1].
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Coruacno (2.8), au1s Beex gecsatu nepemennbix {7..N} u Bcex gecsitn oneparopos {?T.7 N}
JeficTBre Ha COOCTBEHHYIO TMEPEMEHHYIO JMAaéT €JIMHUILY, & Ha JEBATb OCTAJbHBIX — HOJb. MbI
HUTJIE TTOKA He UCTIOIB30BAJIA 9TO CBOWCTBO, U BO3AEHCTBOBAJIN OIIEPATOPAMHE {BT..a N } TOJIBKO
Ha camy B-Bektopuyto dyukuuio f (a,b,c,d), KaK 570 TOIBKO 4T0 06¢yKaam0ch. OMHAKO 9TO
CBOMCTBO JIAET HAM BO3MOYKHOCTDH ITOCTABUTHL BOIPOC: & He OYIyT JIN YKa3aHHbIe TIepeMEHHbIE B
dusnaeckoM mIaHe 6viaadems Kak HesaBucuMble? U He OYyAyT M CKPBITHIE OMKOMILIEKCHBIE
(anrebpandeckue u juddbepeHInaIbHble) B3aUMOCBI3H MEXKY HUMHU 60CNPUHUMAMBHCA KAK
dusmIecKne 3aKOHOMEPHOCTH !

Bouana u 4-BekTop

Mpr He 1aém moka TojkoBanus B-pekToproil hyukiun f. XoTs, ecTeCTBEHHO BOZHUKAET BOIIPOC
O BO3MOYKHOCTHU €€ pacCMOTPEHUs KaK HEKOTOPOT'O aHAJIOra KBAHTOBO-MEXaHMIECKON BOJTHOBOM
dyHKIUU. YUUTbIBas TaKyl0 BO3MOXKHOCTb, OTMETUM JIB€ OCOOEHHOCTU HAIIero IOJIXOJA, pe-
aJIN30BaHHBIE B JTaHHON pabore. Bo-mepBBIX, MBI HUTle He «3aMeHsieM» IepeMeHHbIe HX Olle-
paTopamMu uiau HA0O0POT. B KayKJ0M KOHKPETHOM CIydae Mbl 6blyuc.AfieM TTEPEMEHHYIO Ty TEM
BO3elicTBUs ornepaTopa Ha B-BekTopnyio ¢yukiuio. pyroe meno, uro #Ha camy 3Ty (DYHK-
MO TIOKA He HAJIOYKEHO HUKAKUX OrpaHudeHuii, kpome muddepenimpyemoctu. 1 Bo-BTOpBIX,
u3 0-OmepaTopoB TMEePBOTO MOPSIKA {6T..‘9N } MBI TTOJIy9aeM He TOJbKO JuddepeHnuaabHbie
COOTHOIIIEHUsI BTOPOTO NOpAJKG, HO W BbIpaXKeHUsA BTOPOit cmeneru. OIHN TPUBOIAAT K BOJIHO-
BOMY YPaBHEHHIO U BBIPAXKEHUSAM, XapaKTEPHBIM JIJIsI BEKTOPHOI'O aHaIN3a, BKJIIOYas ypaBHe-
uust Makcsesia (pasmesst 3 u 5). JIpyrue — K ajrebpamdecKuM KBaJIPATUIHBIM ¥ OMJIHHET-
HBIM 4-BEeKTOPHBIM COOTHOIIEHUSM JIJI TTPOM3BOJIHBIX, BKJIIOYas 4-BEKTOP SHEPTUU-UMITYIbCA U
4-rerzop momenTa (paszgesst 4 u 7). Ha ypoBHe 0-0mepaTopHBIX COOTHOIIEHHI IEPBOTO TOPSI/I-
Ka U TIepBOI CTEIeHN 3TU JIBa IOJXO0JIa eIlé He PAa3JessioTCs, U COJIepyKaT B cebe yKa3aHHBII
«JlyaJIT3M» B CKPBITOM BHJIE.

Pe3yJ’IbTaTbI " IMepcClieKTUBbI

Hama pabora mocssiimeHa mocTpoeHuio J-onepaTopoB /1jisi B-BeKTOPHO (DYHKIUH U UX TTPHMe-
HEHUIO JIJIs Toydenns auddepeHuaibHbIX COOTHOIIEHU YACTHON TEOPUH OTHOCUTETbHOCTU
U SJEKTPOAUHAMUKU. 1e€M caMbIM, 3Ta CTaThs MPOJOIKAET U JIOMOJHAET YUCTO aJredpamde-
ckyto mybsmkaimio [1] Toit ke Temarnku. U3 ykasaHHBIX pabOT CJIEyeT, YTO OMKOMILTIEKCHOE
UCYNCJIEHNE TIO3BOJISET BBIBECTH BCE OCHOBHBIE U30MPONHbIE COOTHOIIEHUS PEISITUBUCTCKOTO
U JIEKTPOJNHAMIYECKOTO THUMA, HO HE OXBATLIBAET 8PEMEHUNOJOOHBIT T NPOCMPAHCMEEHHO-
1n0d06HBIT 3AKOHOMEPHOCTEN. DTUM ONPEIEIeTCs BAXKHOCTD PA3pabOTKU CJIEIYIONINX YPOBHEIt
N-KOMIIJIEKCHOTO MCYUCIEHUs] U TIEPCIEKTUBHOCTD UX MPUJIOKEHUS B (PU3MKE.

Bo-nepBbIx, 9T0 IpeIOCTABUT BO3MOXKHOCTH OMUCAHUs (PU3NIECKUX sABJIEHUI HEe TOJIHKO Ha
CBETOBOM KOHYC€, HO U B 4-IIPOCTPAHCTRBE B 11e710M. Bo-BTOPBIX, — 1103BOIUT H0JIEE TOTHO 0OOCHO-
BaTh YK€ UMeoIIecs (pu3ndecKue MHTEPIPETAInt, HOCAIINe TTOKa JTOCTATOTHO (DOPMATHHBIIM
XapakTep.
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Differential Operators of Bicomplex Function and Isotropic
Relativistic and Electrodynamics Equations

A.V. Goryunov
Turan-Astana University, Astana, Kazakhstan

avgor@hotbox.ru

Concepts of bicomplex function and its differential operators in bicomplex space are
considered. Interrelations of differential operators in bicomplex space and differential
operators in 4-space are obtained. Thus the possibility of calculation of derivatives of
bicomplex function on 4-space variables is achieved. As result, the main differential
isotropic equations of theory of relativity and electrodynamics are obtained as direct
consequence of related bicomplex algebraic formulas of preceded paper.

Key Words: N-complex numbers, bicomplex numbers, bicomplex function, differential
operators, special theory of relativity, electrodynamics.
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JNOPEPEHIINTAJIDHAZ AJITEBPA BUKBATEPHINOHOB
B YPABHEHUAX MATEMATUYECKOI
1 TEOPETTYECKON ®UN3NKI

JI.A. AnekceeBa

Hnemumym mamemamuru u mamemamuyeckozo modeauposarus Komumem nayku MOH PK,
Aamamw, Kazaxcman

alexeeva@math.kz

PaccmarpuBaercs QyHKIIMOHAIBHOE TPOCTPAHCTBO OMKBATEPHUOHOB Ha IIPOCTPAHCTBE
Munkosckoro. IIpu 3TOM uCHoNb3yeTcs CKAJIIPHO-BEKTOPHAS 3allMCh OMKBATEPHUOHOB,
npemioxkerHasa Y. amuiabronom maa KBarepauonoB. C BBegenumeM muddepeHnnaibHbIX
OIepaTOPOB — B3aMMHBIX KOMIUIEKCHBIX TIDaJUeHTOB (6uzpaduenmos), 06OBIIAIOIIIX
MIOHSATHE TPaJueHTa Ha MPOCTPAHCTBO OMKBATEPHUOHOB, PACCMOTPEHBI OMKBATEPHUOHHDIE
BOJTHOBBIE (0U60.4HO6bIC) yPaBHEHUsI U uX 0O0OIIeHHbIe perieHus. VceaeaoBana nHBapH-
AHTHOCTh YpaBHEHUi i1 rpymnnbl npeobpasopanmii Jlopenmna-Ilyankape. Ilpemmoxxena
OukBaTepHHOHHaA (hopMa 060b61IeHHOr0 ypapHeHus Maxkcpea-/lupaka u onpeneseHbl ero
006001IIeHHbIE pellenns B ONKBATEPHUOHHON popMe depe3 CKaJsipHbIe MOTeHIraJIbl. [lory-
YEeHO ypaBHEHHE I CKaJIIPHBIX MMOTEHIIMAJIOB pelneHuil ypapuenusi Makcsesia-/lupaka
(KI'@II-ypasnenue), obbenHsIONIEe N3BECTHBIE YDABHEHNsI KBAHTOBOI MeXaHUKH (ypaB-
nenne Kueitna-Topnona-®oka u ypasuenne Ipeaunrepa). [Tocrpoensl HecTanuoHapHbie,
CTaTUYIEeCKHE U rapMOHHNYIECKHNE 110 BpEMEHHN CKaJIgpHbIE IIOTeHIUAaJIbl 1 ITOPO2KIaeMble NMU
CIIMHOPBI W CIIMHOPHBIE ITOJIS.

KunroueBbie ciioBa: ajrebpa, OMKBaTepHUOH, OUI'PaTMEHT, ONBOJIHOBOE ypaBHEHue, 0000~
IEHHOE DeIlleHne, yaapHble BOJHBI, mpeobpasoBanue Jlopenna, ypasnennme Makcsesnia,
ypasuenne /upaka, CiUHOP, CKAJISIPHBIN TTOTEHITHAT, CTAIIMOHAPHDBIE KOJIEOAHMUS.

[Tpemoxennas B.P. lamunbroHom anrebpa KBaTepHHOHOB [1] 1 ee KOMIUIEKCHOE pacIIipeHe
— ajrebpa OMKBATEPHUOHOB ABJSIOTCA YIOOHBIM MaTeMaTHIECKUM allapaToM Jjisd OTMUCAHUA
MHOTUX (PU3NUECKUX TPOIEeCcCcoB. B nociegane fecaTuieTnss 3TH ajredpbl CTajan aKTUBHO HC-
NOJIb30BaThCsL B paboTaxX PasHbIX aBTOPOB Jisl PEIIeHUs Psijia 3a/a4 JIeKTpouHaMuky [2-6],
KBaHTOBOII Mexanuku [7-11|, mexanuku TBepaoro Tesa [12] u reopun moms [13-16]. D1u pasmess
buBMKN AKTUBHO N3y4YaloTCs B paMKax Teopuil Kimddopaossix anredp [17-19).

31ech paspabarbiBaeTcsa auddepeHinaabaas ajaredpa OMKBATEPHIOHOB Ha IPOCTPAHCTBE
MuUHKOBCKOTO JIJTsi TOCTPOEHUsT 0OOOOIIEHHBIX PEIIeHN OMKBATEpHUOHHBIX UM depeHITNATEHBIX
ypaBHEHUI, XapaKTEePHBIX JJIsd 3a/1a9 MaTeMAaTUIeCKOl (DU3UKU.

C wucnonpzoBanuem auddepeHnraabHbIX OMePATOPOB — B3ANMHBIX KOMILIEKCHBIX T'DaJIH-
eHToB (6uzpaduenmos), 06OOIAIOIINX MOHATHE TPajeHTa Ha (DYHKIIMOHAILHOE TPOCTPAHCTBO
OMKBaTEPHUOHOB Ha IpocTpaHcTBe MUHKOBCKOrO, paccMoTpeHbl anddepeHiuaabible OMKBa-
TEePHUOHHBIE BOJHOBBIE (OUG0AHOGVIE) YPABHEHUsI 1, Ha OCHOBE ODOOIIEHHOTO IIpeodpa30BaHuUsI
Dypbe, TOCTPOEHBI UX 0000IIEHHbIE pellieHrs. PaccMOTpEHBI y1apHble BOJHBI KAK 0000IEHHbIE
pellieHnst 3TUX YpaBHEHUI U TOJIYYeHbl YCJIOBUsI Ha CKAdKM pemnteHuii Ha ux ¢porrax. Mcce-
JIOBaHa MHBAPUAHTHOCTH OMBOJTHOBBIX YpaBHEHUIT J/Isi TPYIIIT OPTOrOHAJIBHBIX TPE0OPA30BaHNUIA,
npeobpazopanwuii Jlopenma u [lyankape.

PaccmoTpenbl GukBaTepHUOHHBIE TIpejicTaBienns ypapuennii Makcsenia n /lupaka u mo-
CTpOEeHbI UX (pyH/1aMeHTaIbHbIE U 0000IIEHHBIE PEIIEHNUsI, OTICHIBAIOIINE HECTAIIMOHAPHBIE, Tap-
MOHUYECKNE U CTATHIECKHUe MOJsI U CIIMHOPHI.
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1 AJaredbpa 6mKBaTepHUOHOB

Bsemem HEKOTOpBIE MOHATHSA W 00O3HAYEHHsI, KOTOPBIMHU OyIeM Moab30BaThes gasee. Ob03HA-
9IM €1, €y, €3 — OPTHI JEKAPTOBOH cucTeMbl KoopauHar B R3, eg=1. Ilycts F — TpexuepHbIit
BEKTOD C KOMILJIEKCHBIMI KoMIoHeHTaMm: F'= Fie; + Fyeg + Fies, f € C — KOMILIEKCHOE THCIIO.

BBoauTcs mpocTpaHCTBO THIEPKOMILIEKCHBIX THCEN — OUuk6amepruoHo6 (KOMILIEKCHBIX K6a-
mepruonos) B={F = f + F'}. 1o quHeitHOE TPOCTPAHCTBO CO CJIOKEHUEM (+) U YMHOKEHUEM:

aF +0G =a(f+ F)+b(g+ G) = (af +bg) + (aF +bG), Va,beC,
U olepalueil KBATepHUOHHOI'O YMHOXKEHU (o):

FoG=(f+F)o(g+G)=(fg—(FG))+(fG+gF+[F,G]). (1)

3

Bnech n gatee oboznavaem (F,G)= F.G; — crangproe npoussejserne BeKTopoB F' u G
Y ¥ ] 9

Jj=1
3
[F,G] = > €;uF;Gre; — UX BEKTOpHOE IPOU3BENIEHIE, €5~ HceBgoTen3op Jlesu-Uusnra, d4
Jikod=1
— cuMmBO Kponekepa.

[TockombKy €jkl = Eljk = Ekljs  Ejkl = — Ejlk = — Ekjls U EjkIEmnl = 5jm5kn - 6jn5kma
€po0eyg=¢€y, €yoe; =¢ej, ejoe= _5jk+€jklel7

(ej © ek) C€lm = —Ejkm — 5jkem - 5km€j + 5mj€k: =€;0 (ek © 6m) ) ju k: lamvn =1,2,3,
(3mech u majiee BCIOAY MO OJIHOMMEHHBIM WHIEKCAM B IIPOM3BEIEHUN CyMMUpOBaHue oT 1 10 3,
0/I00HO TEH30PHOU CBepTKe) ajarebpa OUKBATEPHUOHOB aCCOIUATUBHA!

FoGoH=(FoG)oH=Fo (GoH), (2)
HO HEKOMMYTaTHBHA:
<F,G>=FoG—-GoF =2[F,G]. (3)
3 sToro cBoiicTBa KOMMYyTaTOpa CJIELyeT
mootcdecmeo Hrxobu

<<F,G>H>+<<H,F>G>+<<GH>F>=

=4[[F,G|,H| +4[[H, F|,G] + 4[ |G, H], F]| =
= —4(F(H,G)-G(H,F)+ H(G,F)—-F(G,H)+G(F,H)— H(F,G)) =0.

T.e. anredpa OUKBATEPHUOHOB SIBJSETCS a.nzebpoti JIu.
U3 (3) ciemyer, 4To mpousBejieHne JIBYX OMKBATEPHHOHOB KOMMYTATUBHO, €CJIU XOTsl Obl
OJINH M3 HUX — CKAJIAD, JIMOO X BEKTOPHBIE YacTH MapaJiiebHbI.

Onpeneinenusi.
Buksarepuunon F~ = f — F' nassiBaerca esaummoim s F = f 4 F.

BI/IKBaTepHI/IOH F= f + F7 rae 9epTa 0603HAYAET COOTBETCTBYIOIINE KOMIIOHEHTaAM KOMIIJIEKCHO-
COIIpA2KEHHbIE YHC/Ia, HASbIBACTCA KOMNAEKCHO-CONPAHCEHHBIM F.

Ecmm FoF =FoF =1, to mazoBem F yrnumaprvim.
Buksarepaunon F* = f — F nazosem conpascernrvim F .

Ecmu F* =F, GukBaTepHUOH HA3BIBACTCH CAMOCONPAHCEHHDIM.
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CamoconpsizkeHHbIe OMKBaTEePHUOHBI MMetoT Bua: F = f +iF, rne f u F' — nelicrBuTe/bHbBIE.

Cranaprvim npoussedernuem oukBatepanonoB Fi, Fy HazoBeMm OumHeHyO omeparuio

(F1,F2) = fifo + (F1, Fy).

Hopmoti buksarepanona F HazoBeM HEOTpPUIIATE/HHYIO CKAIAPHYIO BEJIMIUHY

IF|| =/ (F,F) = \/f -+ (E,F) = /IfI” +|IF] (4)

Ecm F — xeamepnuon (neiicrsurenbuslit 6usarepmuon), To F* =

IF|*=F'cF=FoF (5)

lcesdonopmoti dbukBarepunona F nHazoBem Besmmauny

— /- F=(FF)=+\/IfF=|IF|>, Re<F>>0, (6)

Jlerko Busers, ecmu F — camoconpsikennsiit, o F = F~ u

FoF=FoF = ((F))% (7)

Ecmm Fo G =1, ro G — npaswiti obpammwiti ansa F n obosnagaerca G = F~1, coorBercTBenno
F — seewiti obpamnwiti nna G u oboznagaerca ~G.

HpOCTbH\/I BBIYHUC/ICHUEM JOKa3bIBAlOTCA PaBEHCTBA

(FoG) =G*oF*, (FoG)'=GloFL (8)

Jlerko JOKa3bIBAIOTCS CJIEIYIONINE JIEMMa U TEOPEMA.

JIemma 1.1. Ecau(F,F) # 0, mo cywecmeyrom ob6a 06pammuix GUKEGMEPHUOHA U OHU PAGHDL:
F!'="'F=F/(F,F). 9)

Ecau(F,F) =0, obpamuud 6ukeamepruon e cyuwecmsyem.

Teopema 1.1. IIpu ussecmuviz F u B 6uksamepruonnoie aunetinve (busunetinoe) ypasnenus

suda

FoG=B wm GoF=B
umerom eduncmeennoe pewenue G = F1o B uwu G = B o F~! coomsememseno, ecau
(F,F) #0.

JlokazaTe/IbCTBO TeOpeMbI ciieayeT u3 jJeMmbl 1.1.

Ecmm (F,F) = 0, Bonpoc CyImecTBOBAHUS PEIICHHS ONPEIETISAeTCs PAHIOM MATPUIIBI PACIIIN-
peHHoIT cucreMbl, KOTOpHIil 3aBucut ot Buga B (em.[20]).

BeejieM GUKBATEPHUOH 9HEP2UU-UMNYADCA

— W4 iP = %F oF" = (|fP + |F|?)/2 + i (1n(FF) + Re F, In FY).

p—

Bnecy W u P— neitcturennsubie, ((E))2 =W?2 —|P||> =E0E".
B sajgauax maremaTuueckoil (bUBMKH, KaK TOKazKeM Jajiee, OH ONHUCHIBACT IJIOTHOCTh
SHEPTUU-UMITY/IHCA CKAJISIPHO-BEKTOPHOTO TI0/I Ha 4-X MepHOM MpocTpaHcTBe MUHKOBCKOTO.
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2 lIpeobpazoBanme JlopeHnia,
IIyankape na nmpocrpancTBe MUHKOBCKOTO

PaccMoTpuM GuKBaTepHHOHBI Ha TpocTpanctse Munkosckoro M = {(1,z): 7 € R}, x € R?}
U TPyHIbl JUHEHHBIX IpeoOpasoBaHuii Ha HeMm. KparepHusupyem M, BBOJs KOMILIEKCHO-
COTIPsIZKeHHbIE OMKBATEPHUOHBI:

Z=1+ix, Z=7 =71—izx, T€ER, zeR.

Onu camoconpsikennbie: Z = Z*, Z = Z*, uMeoT 0IMHaKOBbIe HOPMY U TICEBIOHOPMY:

— 2 — — —
1Z|° = |Z|]" = =* + ||z]* = (2,Z), (Z))*=((Z)*=7"~|lz|*=ZoZ (10)
u
2 Z)(B) 7 =2/(Z)
CrnemoBaTensio, Ha ceemosom konyce (|| = ||z||) obparabx qna Z, Z He cymiecTsyer.

Opmozonanvrovie npeobpaszosarus. PaccMoTpuM conpsizkeHHble KBAT€PHUOHBL:
U(p,e) =cosp +esing, U'=U" =cosp —esinp, |e| =1, ¢<cR.

Jlerko BumeTh:

U= U =1, UoU*=U oU=1. (11)

Jlemma 2.1. Conpsaoicennvie xeamepruonve U(p,e), U*(p,e), ¢ € RY, onpedeasrom epynny
Aunetinuz npeobpasosarut M, opmozonasvhoixr na sexmoprot wacmu 7

Z =UoZoU* Z=U"0Z oU.

Omo npeobpasosanue ecmv epawsenue npocmparcmea RS coxpye eexmopa e na yeon 2.

JokazaTesibcTBO. Boruncisss GopMyay JIEeMMBbI, TOIYIUM COXpaHEHHEe CKAJSpPHON JacTh U
YKa3aHHOE BpalllecHUE BEKTOPHOI:

=7, 2 =ele,x)+ (x —e(e,x))cos2p + [e, x]sin2¢p.
I[Ipu srom, B cuy (10),(11),
(Z))?=UoZoU*oUoZoU" = ((Z))

T.x. 7 = 7/, HOpMa BekTOpa Z coxpansercs: || Z]| = || Z'].
PaccMorpuMm cyneprio3uiinio AByX OPTONOHAJBHBIX Tpeobpa3oBaHMil:

U1 O Uz = U3 = usz + U3 = (COSQOl + e Singpl) @) (COSQPQ + €9 Singpg) =

= €08 (1 COS g — (€1, €a) Sin 1 sin @y + €9 8in Y CoS 1 + €7 sin 1 €os Yy + [e1, €3] sin s sin @s.
[TockombKy
U;l = (U 0Uy) ' = U toUrl = Uy 0Uy, U= (Ui0Uy) =UloUl = U, oUy = Usg,

IIOJIYyYUM:

U;0U; =(U;0Uz)0(UjoUs) =Uj;o0Uz0U, o Uy =1
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T.e. Uz ToxKe siBIsieTcs OPTOrOHAIBHBIM IIPeo0pa30BaHIEM:

Us
1Us]]-

U; = cosps + egsings, @3 = arc(cosus), ez =

IIpeobpasosanus Jlopenua. PaccmoTpum B3anMHBIE CAMOCOIIPS2KEHHbIE OMKBATEPHUOHBI
L(0,e) = chf +ieshf, L™ =ch0 —iesh®, 6c R |e|=1

(3/1€CH UCTIONMB3YIOTCsI TUIEPOOJINIECKII CHHYC U KOCHHYC).
JIerko BUJIeTh, YTO OHU yHUTAPHBIE:

LoL™ =ch#® — shh® = 1. (12)

[IpsiMBbIM BBIYHCIEHIEM JOKA3BIBAIOTCS Coetytorne jeMMbr [20).
JIemma 2.2. Ilpeobpasosariue Jlopenya umeem caedyrowee bUK6GMEPHUONHOE NPEICTNABAEHUE

Z' =LoZoL, Z=L oZ oL, ((Z)*=({(Z)% (13)
Jlerko BUJIETDH, 9TO MCEBIOHOPMA COXPAHSETCS, B CIUIY aCCOLMATHBHOCTU M yHUTApHOCTH (12):

(ZVV?=LoZoLoL oZoL™ = ((Z))2

Ecmn Bectn obo3HaueHusA:

ch20 = (1 —v*)"Y2 sh20 =v(1 —0*)"Y2 |u| <1,

TO, BBIUUCIISS, OJLYIUM, YTO CKAJsIpHAsI M BEKTOPHas 4acTb Z' u Z uMeT BHUJ M3BECTHBIX
peasmusucmerux gopmya 2]:

, THu(e ) F—( (e.2)) + (e,z) 4+ vT
T=—=2 2= (z—ele,x))+ e,
o AN,
7_:7- U(eax) x:(w’—e(e,x’))qLe(e’x) vT

V=2’
9TO COOTBETCTBYET JBHKEHUIO cucteMbl Koopauuat { X1, Xo, X3} B HampasjeHun BeKTOpa € o
CKOPOCTBIO 0.
Cynepnosunust aByx JlopeHI-mpeobpa3oBaHuii ¢ OJMHAKOBBIM € 00/1aJaeT TI'PYIIOBBIME
CBONICTBaAMU:
L oLy = L3 =13+ L3 = (chypy + ieshfy) o (chly + ieshly) =
= (chB,chBy + shByshbs) + ie(shBachfy + shbichlsy) = ch(0; + 03) + ie sh(0y + 02)
Onnako cyneprosuiust JByX JIopeHI-TipeobpazoBanuii ¢ pasHbIME (HENApaJIeJbHBIMI) € Mpe-
obpaszoBanueM JlopeHiia He SBJISETCS:
L1 o) L2 = L3 = l3 + L3 = (ch01 + i€18h91> e} (Chgg + i€28h02) =
= (ch@,chOy + (e1, e3)shb1shby) + i(egshbachfy + e1shbchly) — [e1, es]shhashb;

Kak BU UM, HOJIy‘IeHHbeI 6I/IKBaTepHI/IOH nmMeer ,ZLGﬁCTBHTeJIbHOG cJlaraeMoe B BeKTOpHOﬁ qacCTH.

IIpeobpasosarusn Ilyanxape. 3amernm, 4TO

L(0,e) = U(—ib,e).
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Hcnonb3ys cyneprnos3uiuio 3TUX JABYX MTpeodpa3soBaHuil, TOIYyIUM OOIIUil BUJI ITPeodpa3oBaHusl,
KOTOpOe Ha30BeM npeobpasosaruem [lyanxape.

Omnpegenenne. [Ipeobpazosanue Ilyankape Ha M — 3710 InHeHOE Tpeobpa3oBaHe BHIA:
7 =PoZoP* Z=P oZ oP*", (14)

P=UoL = cos(p +i0) + esin(p + i),
P*=L" o U" = cos(¢ —i0) — esin(p — i0),
KOTOPOE COXPAHACT IICEBIOHOPMY:
((Z)) = ((Z)).
[Tocnennee B cuny Po P~ =P*o P*™ = 1.

[Tpu npeobpaszosanusx Jlopenmna-Ilyankape cBeToBoii KoHyc T = ||z|| mepexoauT B cBETOBOI
xomyc: ((Z)) = ((Z7)) = 0.

Cynepnosunus npeobpaszosanuii [lyankape ¢ OIMHAKOBBIM € TaKzKe 00J1a/1aeT IPYIIIOBLIMA
CBOMCTBAMH, 9TO JIETKO JOKA3LIBAETCA HA OCHOBE ACCOIMMATUBHOCTH M KOMMYTATUBHOCTH IIPO-
N3BEOCHNA 6I/IKBaTepHI/IOHOB C IIapaJijieJIbHbIMI BEKTOPAaMM:

PioP;=L;oUjolLyoUy=LioLy;oU;0U; =L3oU; =Ps.

Cymnepriosunus aByx npeobpasoBanmii [lyaHkape ¢ pasHbIMEI € TaKUM CBOMCTBOM He 00J1a1aer.

3 IIpoctpancTBO 00061IeHHBIX OUKBaTepHUOHOB B' (M)

Pacemorpum na M dyHKIIMOHAIBHOE TPOCTPAHCTBO OMKBATEPHUOHOB:

B(M) =A{F = f(r,2) + F(7,2)},

rie f — KoMILIeKcHO3HauHas (pYHKIMS, a ' — TpexMepHasi BEKTOP-(DYHKIINAA ¢ KOMILIEKCHBIMH
Komnonentamu Fj, j = 1,2, 3.
HacTHyI0 IPOU3BOAHYI0 OMKBATEPHUOHA 110 IIEPEMEHHON T UIN Z; OyneM 0003HauaTh:

O.F =0,f +0.F, 0,F=0,f+0,F.
Bsenem nBa npocrpaHcTBa OUKBATEPHUOHOB, 0CHOBHOE —
B(M)={® = ¢(r,2) + ®(1,2)}, ¢ € D(RY, &, € D(RY),j=1,2,3,

rae D(R*) — npocrpancrso dpunnTHBIX 6eckoneuHo-tuddepenimpyembix dbynknuit na R* [21],
U CONPsI?KEHHOE MPOCTPAHCTBO JIMHETHBIX HEMPEPBIBHBIX (DYHKINOHAIOB Ha B(M) —

B(M)={F=f+F}

(F7(I)) = (fa 90) + Z(Fjv@j)v Ve e B(M),

j=1

KOTOpOE HAa30BEM NpPocmparcmeom obobwernnvix bursamepruornos (OBK).
JTrobomy perymsipaomy 6uksarepurnony F coorBercrByer dbyukimonas (6yaem momedars €ro
MIAMOYKO{T ), KOTOPBIii MOKHO NPEJCTABUTH B UHTEIPATHLHOM BUJIE:

(F,®) = /(F(T, z), ®(7,x))drdxdxedrs, Y® € B(M).

R4
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Ecmu neiicrBue OBk Henmb3s npeacTaBuTh B TAKOM HHTErPAIBLHOM BHUJE, OYIeM HA3BIBATH €TI0
CUHLYAAPHBIM.

Cunrynspubie dynkiun uz D'(R*) onpesensior n coorBercTBytomue uM cKangpubie OBK ¢
HYJIEBOI BEKTOPHON uacThio. Mcmonb3ys nx MoKHO cTpouth u 6osee cioxubie OBk. B gacTHo-
CTH, B 33/]a9aX MaTeMAaTUIeCKON (PU3NKHN YaCTO UCIOIB3YIOTCA npocmoie caou. VIx obobiennem
Ha B (M) ssasiiorcs OBk Fdg, koTropsie onpenensitor (byHKIMOHABI BUJIA:

(Fos, ®) — /(F(T,m),@(T,m))d& V& € B(M),
S
31ech mHTErpas bepercs 1o mopepxHoctu S C R* pPa3MepPHOCTDb, KOTOPOI MOYKET ObITh paBHOI
1,2,3. Onpenenennbiii 1 wHTErpUpyeMblii Ha S OukBaTepHHOH F Has30BeM, Kak MPUHSITO [21],

NAOMHOCTBIO TIPOCTOTO CJIOS.
Ucnonb3ys onpemenenne nponssoguoit Ob:

(O,F, ®) = —(F,0;®) s V® € B(M)
MOKHO CTPOUTH YACTHBIE TTPOM3BOJIHBIE JIIOOBIX MOPSIKOB, AHAJOTUYHO, KAaK B [4]

Onpenenenune. Obobuernovim peweruem TuddEepeHITnaIbLHOTO YPaBHEHUS
D(0;,0,)F = G,

rae D — nuddepennmanbubiit oneparop, 6yaem HasbiBarh OBk F, YIOBJIETBOPLAIOINIT paBeH-
CTBY: .
(DF,®) = (G, ®) auaV® € B(M).
OHpe,ZLeJII/IM CBEPTKY ABYX 6I/IKBaTepHI/IOHOB B BUE:
3
A(r,z)«B(r,x) =axb— Y (A% B))+ (ax Aj)e; + (b* B;)e; + i1 (A; x By) e,

ij,l=1

rJe B CKOOKax CTOAT OOBIYHBbIE CBepTKH 0600ImeHHbIX (hyHKImii [21]. Jlerko Bugersb, uro 3/1ech
00beIMHEHBI OTlepalny OUKBATEPHUOHHOTO YMHOYKEHUS U CBEPTKA.
B cuny cBoitictBa mudpdepentiupoBanust ¢cBepTKH 0000IIEHHBIX (DYHKITHIA,

GJ(A*B) = (OJA) x B :A*ﬁjB, 8]' 287,81,62,83. (15)

Onpenenenne. O6o0mennbM TpeodbpazoBanneM Dypbe G naspBaercs OBk G, YIOBJIETBO-
PSIIOIINT PABEHCTBY:

(G,®) = (G,®) anaV® € BM).

31ech & — kiaccuueckoe npeobpazoanne Oypbe P:

F[®(T,z)] = <i>(w,§) = /<I>(7', z)exp(itw + (&, x))drdrdzodrs, P € B(M),
R4
KOTOpOE BCEerJia CYIIECTBYET B CHIy cBoicTB B(M).

AHajloruyHo, Kak B Teopuu 0OOOIIEHHBIX (DYHKIINN, MOYKHO MOKA3aTh,9TO €C/Ii OUKBaTEp-
HUOH PEeryJsgpHBI U CyIMIEeCTBYeT KJaccumdeckoe mpeobpaszopanne Pypbe, TO OHO sIBJIAETCS U
00001IeHHbIM. TaKzKe JIErKo oKa3aTh,0CHOBBIBAsACH Ha CBOMCTBAX CBEPTKHU OOOOIICHHBIX (PYHK-
nuit [21], aro

F[A(T,z) * B(7,2)] = A(w, &) o B(w, €). (16)

Drtu cpoiictsa ceeprku ((15),(16)) ouennb mosesnsl npu permennn quddepeHuagIbHbIX OUKBa-
TEPHUOHHBIX yPaBHEHMIA.
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4 bBurpaameHThl 1 npeodpasoBaHue JlopeHia

Paccmorpum gactabie caydan audpepeHnnaabHbIX OIEePATOPOB, XapaKTepHbIe MU 3a1a9 Ma-
TeMaTudeckoii pusuku, HO Oyjem paccMarpuBarTh ux Ha B'(M).

Bsenem OukparepHnonHbie quddepeHnnaabHble OEPATOPhI — 83AUMHBIE KOMNAECKCHBLE 2Pa-
duermot:

Vt=0,+iV, V =0,—1iV, (18)

riae V = grad = (01, 02, 03). Koporko OyjieM Ha3bIBATh UX 6U2padueHmamu.

B cmblcie BbIME JAHHBIX ONPEIETCHAl NX CHMBOJIBI KOMILIEKCHO-CONMPSIZKEHHBIE U CAMO-
conpsizkennble: (V7)* = V—, (VT)* = V. Ux neiicreue wa K onpegennm kak B anrebpe
OUKBATEPHUOHOB: (COOTBETCTBEHHO 3HAKAM )

VEF = (0, +iV)o (f+ F) = (0,f Fi(V,F)) £ 0. F £iVf +i[V, F]
nJjin B Tpa,HI/IHI/IOHHOf/'I 3allnucmm —
V*F = (0.f FidivF) £ 0,F +igrad f +irot F.

Jlerko mpoBepuTh, YTO BOJHOBOM omeparop O mpejacraBuM B BUIE CYIEPIOSUIIN B3aUMHBIX
OUrpaIeHTOB:

92
O=—-A=V oV =V'oV", (19)
or?
rie /A - TpexMepHbIit oneparop Jlamaca.
Wcnonb3ys 910 CBOMCTBO, MOXKHO CTPOUTH YacTHBIE pemnieHus auddepennnaabubix OuKBa-

TepHUOHHBIX ypaBHeHuit Ha B'(M) Buia:
V*K(r,z) = G(1,2), (20)

KOTOpoe Oy/1eM Ha3blBaTh OUBOAHOBLLM YpPasHeHUueM. A peleHrs 3Toro ypaBHeHus OyIeM Ha-
3bIBaTh *+oOunomenyuaramu G.

[Tpu npeobpazosanugax [lyankape GurpajJueHTsl 1 OGUBOJHOBbIE YPaBHEHUS MPeodPas3yIoTCst
B COOTBETCTBUU CO CJIEAYIOIUME yTBepK IeHusaMu |20].

Teopema 4.1. IIpu npeobpazosanuu yanxape Z — Z' =P o Z o P* 6uzpaduenmu D — D'
D'=P oDoP, D=PoD'oP,

0
(D=V" aubo D=V"). IIpu smom D' = <F + iV’) coxpanaom 6ud, a OuB0AHOB0E YPas-
T

HEeHnue np606pa3y6m0ﬂ 68 buBoAHOG0E

0
:i: . !/ KI — /
(_37" AY ) G,

(peasmusucmerue Bopmyaot)
K =P ocKoP, G =P oGoP.

JleficTBUTE/ILHO, JIETKO BUJIETD,

D'K' = (P*ODOP) (P*OKOP):P*oDoKoP:P*oGoP:G'.
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5 O06o0IIeHHbIE pellleHns OMBOJITHOBOTO YpPaBHEHUSsI. Y/ IapHbIE BOJIHBI
[Tepeitnem K pereHUI0 OMBOJIHOBOTO YPaBHEHUS.

Teopema 5.1. Jloboe obobwernoe pewerue 6usoano6ozo ypasrenus (20) moorcno npedcma-
sumov 6 sude:

K =V7G * ¢ + K. (21)
ede (1, x) —npocmoti caoli na ceemosom konyce T = ||x||:
= (4r ||z ]) 7 o(r — |l=]), - (22)

PyHdamenmarvroe peteHue 60A4H08020 YPABHEHUA:
Oy = 6(7)0(z). (23)
Ko(7, x) — pewerue 00nopodtozo 6us0an06020 YpasHeHUA, KOMOPOE UMeEEM 6UQ:
Ko = VH{Gg * (7, 2)}, (25)
ede o(T,T) — pewenue 00HOPOOH020 B0AHOB020 YPABHEHUA:

Oy = 0, (26)
ol ) = / 6(6) exp (i (€, 2) £ |E]| 7)) dV(€),  Yo(€) € Ly(BY), (27)

a Go(T, x)— moboti buxeamepruon, donycrarowud ceepmky ¢ vy, AubO NPEICMABUMO KaK CYM-
Ma pewenuti nodobrozo euda.

JokazarejbcTBO. leificTBUTEILHO, HCIOAL3Yd aCCOLNUATUBHOCTDL U CBOWCTBO auddepeHim-
poBanus cBeprku (15), m1st mepBoro ciaaraemoro B (21) mosyanm

VEK = VAV (G 0) = 0 (Gip) = Gu = G o(n)i(2) = G

31ech ucrnonb3oBaan (23) u cBOCTBA CBEPTKU C CHHTYJISIpHO 0-dyHKumeit [21].
AHaIOrM9HO, I BTOPOTO CJAraeMOro OJTY IiM:

VKo = VEVT{Cy * (1, 7)} = O{Cp * ¥o(7,2)} = {Otho(1,7)} * Co = 0.

Ob6parno, ecin Ko — perrenne ofHOpOAHOr0 GHBOJHOBOIO YPaBHEHHsI, TOT/IA KaK/Ias KOMIIO-
HEHTa $BJISIETCS PEIleHneM OJHOpPOAHOro ypasHeHus (26). ITosTomy ero MOXKHO Hpe/CTaBUThH
B BuJe (25) wim pasiokuTh B CyMMY 4-X TAKUX OGUIIOTEHIMATIOB JIsi KayKJIOH KOMIIOHEHTBI C
Pa3HBIMU PEIIEHUsIMU OJHOPOHOIO BOJHOBOIO YPABHEHMUSI.

Buy perennit BoHOBOTO ypasHenus (27), B ToM 4ucie pyHIAMEHTATBHOTO (22), XOPOIIo
ussecren (18, 21|. B cuity smmeitnoctn, ux cymma B (21) gBisieTcsa pemieHneM OHBOTHOBOTO
ypasuenus (20).

Cremyer 3aMeTuTh, 4To0 CBOiicTBO AuddepeHmpoBanus cBepTky (15) M03BO/IAET BBIYUCIIAT
ee TO-PAa3HOMY, B 3aBHCHUMOCTHU OT CBOficTB auddepentupyemoct G, 910 CI€1yeT yIuThIBATH
Opu KOHKPETHBIX Bbluncaenusx. Tak, momaras G = 6(7)d(x), nomydamm

PyndamernmanrvHoe peuweHue OUBOTHOBOIO yPABHEHUsT

W(r,x) = 0,9 +igradi,
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KOTOPpOE€ IIO3BOJIAET CTPOUTDL pPelIeHUA OMBOJIHOBOTO YpaBHEHUA B BUIE CBEPTKU:
K=Gx¥+K,

JTst 000 ipaBoit wactu (20), gomycKaroieil TaKyio CBEpTKY.

YdapHuvie 8oarwv. PaccmoTpum 0000IIEHHBIE PEIIEHUsT OJTHOPOIHOTO OMBOJIHOBOTO YPaBHEHUS.
[TockobKy OHO SKBUBAJEHTHO CHUCTEME T'HIIEPOOIMYECKUX YPABHEHUi, CIe0BATENLHO, CyIIle-
CTBYIOT Da3pbIBHBbIE HA XapAKTEPHCTHYECKUX MOBEPXHOCTSX (S) PEIleHus 9TOH CHCTeMbI, Ha
KOTOPBIX, KaK JIETKO BHJIETh,

n? = |nll” (28)

rie (ny,ny, Mg, ng) — HopMasb K S B M, n = (ny,na,n3), ||n|*> = n? + n2 + n2. Dro xomyc
XapaKTEePUCTHIECKIX HOPMaJIeil BOJTHOBOTO yPaBHEHUA.

OnpenesTnM yCa0BUS, KOTOPBIM JIOJIZKHBI yI0BJIETBOPATH CKAYKN PEIIeHNI Ha TAKUX TOBEPX-
HOCTSIX, 9TOOBI OHU OB 0000IIEHHBIMI peleHusMu (23).

[Iycts S — Takas moBepxHocTh B M. IIpeanonoxkum, 9To BHE ee OHU HEPEepbIBHBI 1 iudde-
pennmpyeMbl. Vcronb3ysd npaBuio 06001meHHoro andQepennupoBannsa Pa3pbIBHBIX (DYHKITUI
[21], mosryuarm 06061IIeHEBIE TTIPOM3BOIHBIE GUKBATEPHUOHOB:

O, F = 0.F +n, [Fl s(r,x), O;F =0F +n,;[Flgds(r, ),

IJie IIepBoe cIaraeMoe — OOBbIMHAsI IPOU3BO/IHASL, & BTOPOe — IPOCTOi ci1oit Ha S, (N, Ny, N2, N3)
— KOMIIOHEHTBI einHIIHOf HopMau K S B M: n2 +nf +n3 +nj = 1; [F]g — ckadok Ha S:

F(r,z)]g = lirJrrlo {F(r+en;,z+en) —F(r —en,,z —en)}, (1,2) € S.

B cumy sToro,

VK = VK + {n, [k]g — i (n, [K]g) + n, [K]g + in[k]g +in, [K]g]} ds(T,2) =
= V'K + (n, +in) o [K]|4ds(t,z) =0

[Tockonbky VTK = 0, oTciona cieyloT ycjaoBUs Ha CKAUKH:
n.lkls —i(n,[K]s) =0, n.[K]|s+in[kls+in,[K]s] =0. (29)

XapaKTepuCcTHIecKoil TOBEPXHOCTH S COOTBETCTBYET MOIBIZKHLIN BoIHOBOI dbponT Sy B R3, ¢
HOPMAJIbio (ng, N2, N3), KOTOPBIH PACIPOCTPAHIETCSA CO CKOPOCTHIO
nr

c=—— =1. (30)

Inll

[Mocneauee — B cuy (28). Takue pereHnst HA3BIBAIOTCS YOAGPHHMU BOAHAMU.
OueBuIHO, TIPU PETYJISPHON MPaBOil YacTu OMBOJTHOBOIO YPABHEHUS TOJYUNM T€ YKe COOT-
nomrennsi. ChopMyaupyeM 3TOT pPe3yabTaT B BUJIE MOJE3HON TEOPEMBI.

Teopema 5.2. Pezyaaphvie pa3puieHvie pewerus OUG0AH08020 YpasHeHUs YIOBAETEOPAIOM, CAe-
AYOWUM YCAOBUAM HA GPOHMAT YOAPHLT GONH.:

K ]g =imo [K]g,

ede m = n/||n||— edurnuunviii 60410601 6€KMOP, HANPABACHHVLT 6 CMOPOHY PACTLPOCTPAHEHUSA
soanb, 6 R3.
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HoxkazaresnbcrBo. Ecin nogennts (29) Ha ||n||, ¢ yaerom (30) , momyunm ycnosus Ha GpoHTAX
VZIAPHBIX BOJIH:

kg = =i (m, [K]g), [K]g=iml[k]g+i[m, [K]] (31)

BI/IKBaTepHI/IOHHaﬂ 3allUCh 9TUX ypaBHeHI/Iﬁ JaHa B d)opMyﬂe TEeOPEMBI.

HepBoe YpaBHEHUE (3].) OIIKMCBbIBa€T IIPOAOJIbHbBIE BOJIHBI. ECJII/I IIOJACTaBUTL €0 BO BTOPOE
YpaBHEHUE, IIOJIYIUM COOTHOIIICHUE IJIg KacaTeIbHOI COCT&BHHIOHLGIU/I BEKTOpa K x (prHTy
BOJIHBI:

[K]S - m(m7 [K]S) =1 [mv [K]S]7
KOTOpasd CBA3bIBACT CKaYKM1 ﬂeﬁCTBHTeﬂbHOﬁ 1N MHUMO BeKTOpHOﬁ HqacTunu 6I/IKBaTepHI/IOHa Apyr
gepes Apyra.

3amaga Kommm aj1s1 6MBOJTHOBOTO ypaBHEHUSA

PaCCMOTpI/IM 3a1a49y Komm JJIA OUBOJIHOBOI'O YpaBHEHUI. HyCTb JdaHbl HAYAADHBLE YCAOBUA:
K(0,z) = K°=z), K°x) <€ B/(R®

Tpebyercst mocrpouts perenne ypahenus (20), yI0BJI€TBOPSIONIEE ITUM JTAHHBIM.

Ucnonb3yem st 9roro Meron 06o0IeHubix (yHkimuit. Beegem peryssipabie 00001IeHHbIE
dbyHKIMKI BUIA G=H (1)G(r, z), tne H(7)— dbyuxuus Xesucaiiga. [Ipeanonoxum, aro K° —
perynapubiit BK. Ncnonbsys cBoiictBo qudpdepennupoBanus peryagpHbIx 0000MEHHBIX (DYHK-
LI, TTOJIYYUM

VK = G + 6(1)K°(x).

CrnenoBareIbHO, 0OOOIIEHHOE PEIIeHe NMEeeT B/
H(7)K(7,2) = VI{H(T)G * ¢} + G(0,2) * ¢ + VT{K®(z) * ¢} (32)

(3mech 3HaK "* "o3HaUAeT, UTO cBepTKA GEpeTcs TOIBKO TI0 ).
x

Jlnga peryisipHOil paBoOil YacTu OMBOJIHOBOI'O YpaBHEHHS e€e WHTErpajibHas 3alliCh JIETKO
BBIMMICBIBACTCS, ¢ YIETOM BUJIA TTOJIHON W HEIOJHOW CBEPTKH C 1. A MMEHHO,

/ K°(y)dS(y) b — 77! / G(0,4)dS(y).

Bneck u ganee v = ||y — z||, dV(y) = dyidyadys, dS(y) — nuddepennman miomann cdepst
r=r.

47K (T, )

B ciaydae CHHTYJISIDHBIX HAYa bHBIX JaHHBIX pernerue naet dpopmyiy (32), rae ciempyer
OpaTb CBEPTKH COTVIACHO MPABUJIAM TEOPUU ODODOIIEHHBIX (PYHKIINIA.

Ota hopmyia ABsgeTcs 00odIIeHneM nu3BecTHoit popmysisl Kupxroda s pemenns 3aaadu
Ko miist BostHOBOTO ypasrenus [21]. [Tosromy HazoBem ee obobwernoti gopmyroti Kupreopa
JIJIs OUBOJTHOBOTO yPaBHEHUS.

6 bukBarepumonHasi opma ypaBHeHmnii MaKcBeslia
1 X MOIUMPUKAITNS

B kadecrBe mpumepa NPHIOKEHNs H3JI0KEHHON Teopuy GHBOIHOBOIO YPaBHEHUs PACCMOTPHUM
ypasaenus Maxcsesuia (YM) mas smekrpomarauraoro (M) moms.
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Cucrema ypaHennst Makcpesuia, cocrosinas u3 8 ypaBHeHH (2-X BEKTOPHBIX U 2-X CKa-
JIIPHBIX ), B IPOCTPAHCTBE OMKBATEPHUOHOB UMeeT BUJI OMBOJHOBOrO ypaBHeHus [4,24]:

VIA+0=0. (33)
Buxsarepuuonsl nanpasicennocmu A u sapada-moka © DM-nosist onpeiesIeHbl PABEHCTBAMMU:
A=0+A=VeE(r,z)+iypH(r,z), © =ip(r,z)+ J(1,x),

rie F — HaIpsA»KeHHOCTD 37eKTPUUECKOro 1oJist, H — HAIIPSyKeHHOCTH MATHUTHOTO HOJIS; MA0M-
nocmb p U umnyave J BEIPAsKAIOTCS Uepes IJIOTHOCTH JIeKTPIYecKOro 3apsana pb u snexTpu-
geckoro Toka j¥ dopaymamu:

p=p"/Ne=VediwE, J=\/uj"

€, I-KOHCTAHTBI 3JIEKTPUIECKOl IIPOBOJAMMOCTU U MATHUTHON MPOHUIIAEMOCTH CPeibl;T = ct, t-
Bpems, ¢ = 1//E[l ~CKOPOCTH CBeTa.

PacriicbiBast CKaJISIpPHYIO U BEKTOPHYIO 9aCTh 9TOTO ypaBHeHUs (33), MOIyINM HU3BECTHYIO
KOMILIEKCHYIO (popMy ypasHenuii Makcsesuia :

p=divA, O, A+irotA+J=0,

KOTOPYIO HA3BIBAIOT 2aMUAbMOoN060T hopmoti YM [22,25]. BeimuceiBast JefiCTBUTEIBHYIO T MHU-
MYIO 9aCTH 3THUX YPaBHEHHIl TOJYYUM KJIacCH4ecKyio (popMmy ypaBuHenmit MakcBemia nz 2-x
BEKTOPHBIX U 2-X CKaJSIPHBIX YPaBHEHMII.

Eciu B3dTh B3auMHBIN OurpajueHT B OukBarepHuoHHoii ¢popme YM (33), momyunm B cKa-
JISIPHOI YaCTU 3aKOH COXPaHEHUs 3apsi/ia 1 BOJTHOBOE YpaBHEHUE JJIsI HAPszKeHHOCTH D M-1107151
B BEKTOPHOM:

O.p+div =0, OA=r1irotJ — gradp— 0,J.

Borauciss OUKBATEPHUOH IHEP2UU-UMNYADCG A-TIOTS:
E=W+iP=—-Ao0cA",
2
noJiyuuM usBecTHble [26] miaorHoCTh SHEprIn DM-mosist —

W =0,5[AI" = 5 (|EI* + u | HI"),

N | —

u BekTOp YMoBa-IloiitHTHHTa —

P = %[A,A] =c'ExH.

Ipeobpasosarus I[Tyankape nst ypauenus MakcBesia UMEIOT BU/I:

VTA =@/, 20¢ A'=P 0cAoP, © =P 0@®oP.

Yoaprwvie IM-8oanvt. 13 Teopembl 4.1 mosydunm yeaoBrue Ha ppoHTAX yAapHbIX DM-Bosm:

[A]lg = im o [A]g
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e M — eJIMHUYHBIIA BOJTHOBOII BEKTOD, HAIIPABJIEHHBIN B CTOPOHY PACIPOCTPAHEHUS BOJHBI B
R3. Jlnsa ckagapHOi M BeKTOPHOI YacTeil B 9TOM cJlydae OHO UMeeT BUJL:

(mv {A]S> =0, [A]S = i[mv [A]S] (34)

[TepBoe ycioBue o3uavqaeT, 9To yaapHbie D M-BOTHBI ABISIOTCS nonepeunvmu. PaciucbiBast BTO-
poe ycIoBHe A JAeWCTBUTEIBHON U MHUMON 9acTH, MOJIYYUM CBS3b CKAYKA SJIEKTPUIECKOTO
OJIsi CO CKAYKOM MAarHUTHOT'O:

Ve[Els = Vu[[H]s,m], /p[H]g = Vem,[E]].

WM, UCTIIOTB3Ysl BEKTOPA JEKTPIUIECKOTO CMEIEeHNsT 1 MArHUTHON WHTYKINH
D=c¢E, B=uH,

copMyaupyeM pe3yJIbTaT B BUJIE TEOPEMBI.

Teopema 6.1. Ha ¢ponmax yoaproix 2AeKmMPOMAHUMHBLE BOAH BLINONHAIOMCA CACOYIOULUE
YCAOBUA MO CKAYKU HANPAHCEHHOCTNU IAEKMPULECKO20 U MA2ZHUMHO20 TOAA:

[E]S:C[[B]Svm]v [H}S:C[HL [D]S]a
Umo IK6UBAAEHIMHO YCAOBUAM.
[D]s = ¢ *[[H]s,m], [Bls=c '[m,[E]s],

2de ¢ = 1/\/z 1.
3adava Kowu. ITpr n3BeCTHBIX 3apsiiax-TOKAX U HAYaIbHBIX JJAHHBIX U3 KJIACCA PETYJISTPHBIX
dyHKImL:
A0,7) = A%®x).

pertenne 3a1aqn Komn fy1s ypasuenuit Makcesuia gaercs obobiernoit hopmystoit Kupxroda:

ATA =V~ /@(T—r,y)M—FT_l/Ao(y)dS(y) —|—T_1/G)(O,y)d5(y).

r

Orciofa HETPYIHO 3aUCATh HHTETrPAIbHBIE ITPEICTABICHHS /IJIsI BEKTOPOB HAIPSI2KEHHOCTH D M-
ot B, H, koTopble OY1yT UMETH JOBOJIbHO I'POMO3IKII BUI.

Moodugpuuyuposarnwvie ypasrnenus Maxceeana. B cucreme YM (34) BekTOpHOE ypaBHeHHe
OTIpeJIeIsieT TOKH, CKAJISIPHOE YPABHEHUE SBJISETCs ONpPEeIe/IEHUEM 3apsi/ia, a 3aKOH COXPAHEHUS
3apsiia sBJISETCS CJIEJICTBUEM STUX JIBYX ypaBHeHMil. Fro momydaem u3 9Tux ypaBHEHUil, B3SB
JINBEPTEHIINI0 OT BEKTOPHOIO C YIETOM OIpeJesIeHns 3apsia.

BamMeruM, 9TO B OHUIpaueHTe HAIPs>KeHHOCTH DM-11o/1s cKaaspHas 9acTh paBHA HYJIIO.
CreicTBIEM 9TOTO, KaK BBIIIE TIOKA3AHO, TOXKE SBJISIETCS 3aKOH coXpaHeHus 3apsa. T.e. cucre-
Ma ypaBHeHuit MakcBesia OnmuchbIBA€T 3aMKHYTBIE CHCTEMbI 9JIEKTPUIECKIX 3aPSI0B U TOKOB 1
MOpPOXK TaeMbIX nMu D M-1osis.

JIJ1st OTKPBITBIX CHCTEM, Kak mokasaHo B [16], ypasuenus Maxcsesia HeoOXoauMo Moudu-
[POBATH BBEJCHUEM CKAJISPHOTO 1MoJIsA a7, ) B OMKBATEPHUOH HAIPSYKEHHOCTH

A =a(r,z)+ A(r, ).
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[TocnenoBaTeTbHBIN OMKBATEPHUOHHBIN MTOIXO0/T, KAaK 37€Ch TTOKA3aHO, IPUBOJIUT K MOIN(U-
Kalu cucTeMbl ypasaeruil Makcseuia, Koropast, Kak ciaeiyer u3 (33), umeer Bu:
(modugpunyuposarnvie ypasnenus Maxceenrna)

0,A+irotA+J=grada, p=divA—O0:a. (35)

Ecnu 3apsiipt p u Toku J W3BeCTHBI, 3Ta CUCTEMa YpaBHEHUN [1/ist onpejiesieHus a u A 3aMKHyTa.

Ckassiproe mosie a7, ) MOYKHO Ha3BATh TOJIEM CONPOMUBAECHUA-NO2AOWEHUA. PaHee B pa-
6ore aBropa [16] sTOT BOMPOC TOAPOOHO PACCMOTDEH Jis OJHON OMKBATEPHHOHHOM MOJIeN
B3aMMO/IEIICTBHS 9JIEKTPO-IPABUMATHUTHBIX ITOJIEH, 3apPsIOB U TOKOB € UCIOIBL30BAHIEM IT0JIE-
BBIX aHAJIOIOB 3aKOoHOB HbioTOHA.

3amenwarue. Buksarepunonnas ¢gopma ypasuenns Makcsesuia (33) umeer riybokuit (husn-
gecknit cMbict. VI3 Hee ciepyer, 910 nanpascennocms IM-noss asasemcea OuUnomenuyuaiom
€60€20 3apAda-moka, a 3aPA0VI-MOKU ABAAOMCA Pusuveckum npoasienuem ouepaduerma M-
NOAA.

7 CramuoHapHbIe OUTPAJIMEHTHI U ypaBHEHUS KOJieOaHUIA

PaccmorpuM periennst 6uBoHOBOTO ypaBHeHus (20), OMUCHIBAIOIINE CTAIMOHAPHBIE KOJIEOAHST
¢ gactoToit w > 0:
K(7,z) = K(z)exp(—iwT).

AHaJIorn4HbIii BUJ UMeEET IIpaBad 9aCThb 3TOI'O YpaBHEHUA.
B sTom ClIyda€ ypaBHEHUE IJId KOMILJIEKCHO AMILJIUTY/Ibl ©UMEE€T BU/I:

ViK(z) = wk(z) T div K(2) + grad k(z) + wK (z) + rot K(z) = iG(z), (36)

e BBEJICHBI 63auMmvle w-2paduenmo, VE = (w + 7).
B3sB oT 3TOrO0 ypaBHeHUs B3aUMHBIN W-TPAJIMEHT, IOy YUM HEOTHOPOIHOE yYpaBHeHue [erhb-
MTOJIBII JIJIT KOMIJIEKCHBIX aMILIHTY/I:

AK(z) + w?K(z) = iVIG(z).
Permienne sToro ypaBHeHusi, B CHIy CBOHCTBa A DepeHInpOBaHnsi CBEPTKH, NMEET BHI:

K =iV {¢, *xG} =i¥, x G, (37)
riae W, (z) -dynnamenranbaoe perterne ypasaerust (36):

(1) = w lz) + gradisu (),
a 1, — QyHIaMeHTaIbHOE pelieHne ypaBHeHus [ebMrombIa;

(V 4w, = d(x). (38)
TakoBbIME, B 4ACTHOCTH, ABJIAIOTCA (DYHKIIUN
—(4rl|z) " exp(Liw|z]),

rj1e BBIGOD 3HAKA B IPABOH YACTH 3aBHCHT OT BBIOOpA YCIIOBUI U3JIyUeHMs Ha GECKOHETHOCTH.
Tak, ecam perieHune JO/KHO YIOBIETBOPATH YCJIOBHAM HM3JIydeHust 3oMMepderbia Ha 6ecKo-
weqnoctu [21], To

ciwllzl

alEdi

¢w(x) =
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Hobasisist K perternto (37) peleHne 0JHOPOTHOTO yPABHEHUSI:

ViK(z) =0, (39)

HOJTydnM O0IIee pellleHne ypaBHeHusl JJisi KOMILUIEKCHBIX aMIuTy i (36).
Dopmysy (37) MOXKHO HCIONIB30BATEH Jisl JIOOBIX OOOOIIEHHBIX (DYHKIUI, JOIYCKAIOIIX
cBepTKy C ¥, (z). Qs perynspupix G(z) ee MOXKHO 3aIlncaTh B MHTETPATHLHOM BHUJIE.

Teopema 7.1. Ecau npu x — oo ||G(z)]| = O(||z]|~?*9)), e > 0, mo obwee pewenue ypacne-
nus (36) umeem 6uo:

wr wr wr

e

" dV(y) + Ko(z).

—4inK(z) = dz’v/G(y) av(y) — grad/g(y)e av(y) — 7’01€/G(y)e
R3 " R3 ' R3
Eeau G(z) — duddepenyupyemuli bureamepruon u €20 npoudeodnvie Yoo8AemeEopAIOm Ycao-

swo: ||0;G(z)|| = O(|[z[|~**) (j = 7,21, 22, 25), mo

exp(iwr)

—dirK(z) = /{divG(y) —gradg(y) —rotG(y)} aVv(y) + Ko(z).

R3

r

3decv Ko(z) — pewenue odnopodnozo ypasrenus (39), r = ||z — y||.

JlokazaTejIbCTBO ClIeIyeT U3 MPeICTABICHUs CBEPTKHU peryasapHbix dyHknmi. CXommmMocThb
UHTErpajioB CIelyeT U3 acCUMITOTUIECKUX CBOWCTB IMOJBIHTErpabHbIX (GyHKIWMI. Brenenune
IPOU3BOIHOMN M0/} 3HAK MHTErPAJIOB BO3MOXKHO IIPU 3aJaHHBIX YCIOBUAX Ha MPABYIO YaCTh.

B sToMm ciyuae peltienne siBasgeTcs KJIacCUYeCKUM B cuity JieMMbl Jio6ya-Peiivona st pe-
DYJISIPHBIX 0000MmeHHbIX DyHKImit [21].

Teopema 7.2. Pewenue 00nopodnozo ypasuenus (39) npedcmasumo 6 sude :
Ko = V{5 * C},
ede Y0 — pewenue ypasnenus Leavmzorvua: (A + w?)l = 0,
Wa) = [ pe)eeste) (40)
llell=1

p(e) — V dynryus, unmezpupyemas na edunuwnoli cgepe, C(x) — Y amoboti bursamepruon,
donycrarowuti 2my ceePMKY.

okazarenbcTBO. Jlerko BUaeTD,
ViKo = VIVI{C x¢2(w,2)} = (A +w){Cx 2} = Cx (A +w)y = 0.

Onpenemm 0 (z). Vcnonssys npeobpazoanns Pypbe 10 T U3 ypaBHeHHs [eJbMIOIbIA 10
JIYUUM :

(lEl]* = w*)F()] =0 =  FEi@)] = g(€)s (IlE]° - w*), vg(&) =

1 —i(&,x ? —iw(e,x
B = [ g us© = o [ glwe) e ds(e).
(2m) (2m)
l§ll=w llell=1
Otrkyna, B crty npousBosbaocTH (), momyanm (40).
Pemenust ypasaenusi [eIbMro/bla Xopouio u3yv4eHbl B TEOPUH CIENUATLHBIX (6eCCeeBhiX)

byHKIWMI, KOTOPbIe MOXKHO MOJIyYUThH U3 npejacrasiedust (40) st onpeiesieHHbIX BUJI0B p(e).
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8 I'paamenTHBIle OMKBATEpPHUOHHBIE YPABHEHWsI W TOTEHINAJbI BeEK-
TOPHBIX MHOJIEen

B ciyuae, korja mpaBasi 4acTh OHBOIHOBOTO ypaBHeHust (20) He 3aBUCHT OT BPEMEHHU, PEIIeHIe
TOXKe, TOTJIa ypPaBHEHMEe peodpas3yeTcs K BUY 2paduenHmmozo:

VK(z) = —div K (z) + grad k(z) + rot K (z) = G(z). (41)
[Tockonbky V o V = —A| orciofa nveem
AK(z) = — 7 G(z). (42)

Orkyza, ¢ TOYHOCTBIO O PEIIeHNs] OJHOPOAHOIO ypPaBHEHHs, IIOIYIHM DeIIeHHe yDaBHEeHUs
(42): X A
K(z) = =V{yo * G(2)}, (43)

rie Yo(x) — dyHIaMeHTaIbHOE pellleHns ypaBHeHus Jlammaca:

Atpo(z) = §(z)
B gactHOCTH, 11 3aTyXaroNux Ha OECKOHEYHOCTH PEIIeHUit

1
A

Yo(z) = (44)

@opmyity (43) MOXKHO UCTIONB30BATD JJIsl JIIOOBIX 0000IEHHBIX (DYHKITHIA, JTOMYCKAIOIINX CBEPT-

Ky ¢ Po(T).

I/ICXO,ILﬂ "3 IIpeacTaB/JI€HUYA CBEPTKU, OJId PETryJIsAPHBIX G(I) JIETKO IJOKa3bIBaeTCA

Teopema 8.1. Ecau npu z — oo ||G(2)| = O(||z]|=?*9)), e > 0, mo pewenue zpaduermmozo
ypasnenus (40) umeem eud:

47K (z) = div / @ av(y) — gmd/ 9) av(y) — rot/ @ av(y)

r
R3 R3 R3
(¢ mounocmuwio do pewenus 00nopodrozo ypasrerus). Ecau G(z) — dudpepenyupyemot bu-
xeamepnuon u na 6eckoneurnocmu ||0;G(z)|| = O(||z||=®+9)) (j = 7,21, 29, 3), Mo
av
ArK(z) = /(div G(y) — gradg(y) — rot G(y)) ﬂ
r

R3

Kax npuiozkenne 3TuxX TeopeM pacCMOTPUM 3aJa9l OIPeIeeHNs IOTEHIINAIOB BEKTOPHBIX I10-
JIel.

ITomenuyuaast cmamuvweckuxr 6eKmMOPHHLT nosaedi. Jlerko BujeTb, UTO OUrPaJIMEHTHOE
ypasHeHue (41) coBmajaer ¢ ypaBHEHHSIMU TEOPHUHU IOJIsI, KOIJa TPEOYeTCs ONPEe/UTh CKa-
napHblii @(x) n BekTopHbIH V(z) moTeHImabl BeKTOpHOTO nosist V (x):

V(x) = gradp(z) + rot ¥(z),

¢ KaJIMOPOBKOIT :

divV¥(z) = f(z)

Torpa, monarast G(z) = — f(x) + V(z), ucnonbsys teopemsr 8.1 nim 8.2, mosydnm
1 divV(y) + grad —rotV
o)+ ¥lo) = o [ FEERE Ty

RS
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Tak npu rayccosoit kKanubposke ( div U(x) = 0) mveem

1 divV(y) —rotV
o)+ ¥(o) = o [ L by,

R3

ITomenuuaas, OuHaMUYECKUT 8EKMOPHBIT Noaeti. OTpeaenTh CKaISPHBI 1 BEKTOPHBII
norernuasbl F = f —iF BekropHoro nois V (7, x) ¢ JOpeHIeBoli KaJiubpoBKoii :

o.f = divF
B sToM ciryuae numeeM GHBOJTHOBOE ypaBHEHIE
V*tF = —i0,F +igrad f + rot F = V(1,z).

Pemrenne 9roro ypaBHeHuUs1, yIOBIETBOPSIONIEE YCIOBUSIM H3JIydeHUs1, JaeT 00obmeHHass Hhop-
mysta Kupxroda:
—AnF(1,2) =

_ v VT —lly =zl y) 1 1
=V / Tz =7l dy1dy2dy3+7_ / Fo(y)dS(y) +- / V(0,)dS(y).

ly—zll <7 ly—zll=7 ly—zll=7

Bunorenmnuast onpe/esiseTcest HEOAHO3HATHO, ¢ TOYHOCTHIO J0 HadaabHoro ycaosus Fo(z).

9 DburpamuenTtsr m marpunsl /lupaka

Busosnrosoe ypasuenue (20) MOXKHO 3amicaTh B MATPUTIHOM BH/IE:

3
ZD:’L]b] = gm7 m?j - 07]‘?2737 (44)

J=0

rae bp=b, go=g, b;=B;, 9;=G;, 7=1,2,3; a Dij — KommonenTsl Marpur;, DE (coorser-
CTBEHHO 3HAKY ), KOTOPbIE UMEIOT B/

o, iy —idy —ids o, oy 0y iy

.o e e oy i, I B MR N7}

D=D=9ia, i, o, —io (* P ~P7\ <iay —iow 0, o | P
i0; —idy iy 0, —idy 0y, —ioy O,

JIerko mpoBepuTh, UTO X MPOU3BeIeHNe (CYIEePIIO3UIIHsI OIEPATOPOB) YIOBJIETBOPSIOT COOTHO-

MIEeHNIO:
3

Y D,,;Dy=6m0, jm,1=0123 (46)
j=0
[Tokaxkem, UTO MaTpPHUIIBI (45) — 910 auddepeHnnaJlbHble MaTpuIHbIe oneparopbl JInpaka,

KOTOpbIe UMEHHO TaKuM CBOHcCTBOM obsanaror [18|. st 9T0r0 mpejicTaBuM X B MATPHIHOM

BUJIE:
3

Dt =Y " Dio;, (47)

J=0
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rje, Kak cieyer u3 (45), MaTpuiibl D7 nMeroT cireLytone KOMIIOHEHTH:

0 —i 0 0 0 0 —i 0 00 0 —i
- . Ji o0 0o . Jo 0o 0 i s J oo —i o0
DP=LDi=009 0 0 i(> P yi 0 o0 Y0i o0 o
0 0 —i 0 0 —i 0 0 i 00 0

Bnechb I — equanaHasg MaTpuiia. Kak BUIIM, 3TO 9eThbIpexXMepHble YHUTApHBIe MaTpuilsl Jnpaka,
COCTaBJIEHHBIE U3 JIBYXMepHbIX MaTpull [layn:

10 +i 0 0 i 0 i
o01)>\Vo /) \+ o) \x o)

CrnenoBaTesbHO, MATPHYHLI omepaTop Jupaka DT — 310 mampuyunoe npedcmasaerue buzpa-
duenma V* .

10 DBukBarepumonnass ¢opma ypaBuenuss Jlupaka wn KI'®PIII-
ypaBHEHUE

PaCCMOTpI/IM 6I/IKBaTepHI/IOHH06 YpaBHEHUE BUOA:
DiB=(Vf+m)oB=F, meCc, (48)

[Ipu m = 0 ypaBHeHUE CTAHOBUTCS OMBOJTHOBBIM.

B cmty marpuunbix cBoiicTB 6urpasuenta (46), (47), u GMUIpaJHeHTHOrO TIpe/ICTaBIeHHsI
ypaBuenuit MakcBesiia, 3T0 ypaBHEHIE MOXKHO HA3BaTh 0000wennvim ypasrenuem Maxceerna-
Jlupaxa B 6ukBarepuunonnoit popme (YM/), a quddepernuaababe omeparopbr:

D) =V*+m, D, =V +m

ABJIAIOTCS H6U2PaduenmmvLM Npedcmasaenuem MaTPIIHBIX onepaTopos Jupaxa: DF + ml.
HpOCTbH\/I BBIIHUC/ICHUEM JIET'KO IIOKa3aTh, YTO UX CYIIEPIIO3UINA KOMMYTaTHUBHa U o6ﬂa,uaeT
CJIeTYIONINM TIOJIE3HBIM CBOHCTBOM.

D' oD, =D, oD} =0+ m?+2mo,. (49)
[Ipu umcro MEUMOM M = ©p
D} oD;, =0 — p* + 2ip0;.

B1ech B npagoii yactu, nomumo oneparopa Kieiina-Topaona-®@oxa (0—p?), conepsKuTes nepeast
MIPOM3BOJIHAS IO BPEMEHM ¢ KOMILJIEKCHON eIMHUIel, MOM0OHO MHIMOMY WIEHY B OIEpaTope
[[Ipeaunrepa, mosTOMy ypaBHEHHE BUJIA :

Ou + 2mo,u + m?u = f(7,2) (50)

HazoBeM ypashenuem Kaetina-Topdona-Poka-Ilpeduneepa (KI'PII-ypasneruem).

MHTepeCHO, YTO IOgdABJIEHHE 9TOI'0 AOIIOJTHUTEJIbHOT'O YJjI€Ha 3Ha4YUTEe/JIbHO YIPOIIaeT BUI
dyHIAMEHTATBHOTO PEIIeHns, B CpaBHEHUH C (pyHJIaMEHTAJbHBIM pPEIIeHueM ypaBHEHUs
Kaneitna-I'opnona-Poxka.

Teopema 10.1. Pewenue YMJ] (48) umeem 6uo:

B=B’+DJ (vx F) =B+ ¥ +F, (51)
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2de BY(1,z) — pewenue ypasnenus Jupaxa:
DB’ =0, (52)
¥ —pyndamenmanvroe pewenue YMJI:
(7, x) = 0,0 + my +igradi,

(T, 2)— Pyndamernmanvnoe pewenue KI'OI-ypasrenua.

HoxkazaresnbcTBO: B cuty mmHeiiHOCTH ypaBHEHUS, JTOCTATOYHO JOKA3ATh YTBEPKIECHUE JIJId
Broporo ciaaraemoro B dopmyiie (51). Togcrasus ero B (48), ucnons3ys coiicto auddepen-
LIUPOBAHUSA CBEPTOK U O-(DyHKIUH, IOJIYIUM Tpebyemoe:

D;.D;, (¢x F) =F % (0¢ + 2md,¢ + m*p) = F + §(1)0(z) = F.

OueBuHO, B CUJIY JIMHEHHOCTH, JTI060€ pellleHre ypaBHeHust (48) MOXKHO MpeJICTABUTH B BUJIE
(51).

N3 Teopembr 10.1 j1erko mosydnM cJieJICTBUE JJIsi MHUMBIX M = 10, KOTOPOe cPOPMYJIUPYyeEM
TOXKE€ B BHUJIE TEOPEMBI.

Teopema 10.2. IIpu m = ip, Imp = 0, pewenue YM/] 6uda :
(VE+ip) B=F (53)
MOHCHO npedcmasums 6 popme:
B =B+ (VT +ip) o (Fx v), (54)
2de (T, x)— pewenue ypasHeHus:
Oy — p*¢ + 2ip 9,1p = 6(7)d(x), (55)
Bo(T, z) — pewenue ypasnerus Aupara:

(VE +ip) By =0. (56)

Craaspruie nomenyuaase. Pacemorpum 0606mienubie pemtennst KI'OII-ypasuenns (50) st
Pa3HBIX M. I/IX MO2KHO IIpeJCTaBUTL B BHJIE:

u=f v+ ug,
rie 1 — dyngamentanbroe pemmenne KI'OII — ypasuennst (55), ug(7,2) — pemenue oHOPOI-
Horo ypasrenus (npu f = 0).
Teopema 10.3 Dyndamernmanvroe pewernus KI'OII — ypasnenus umerom 6ud:

1
4[|

Y= (a H(r)e ™=ls(r — ||z||) + (1 — a)H(—7)d( + H:L“||)em”x”) +1o, VaeC,

ede §(T=x||x||) — npocmoii caoti na ceemosom konyce ||z|| = |T]; o(T, ) — pewenue odnopodnozo

KI'@III-ypasrerus, K0mopoe Cyu,ecmsayem moAbko NPl “UCmo MHUMOM M = 10 U MOAHCEM,
bvimb npedcmasieno 6 sude:

tho(7, ) = 6_"”/¢(€) exp (i ((§,2) £ €] 7)) dV(€), V(&) € Li(R?). (57)
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okazaresbcTBo. U3 ypaBHenus /st pyHIaMEHTAJIbHOTO PEIIeHUs:
Ot + m* 4 2mo.y = 6(7)6(z), (58)

ceyer, uro HenosHoe npeobpazosanue Pypobe (IID) no 7 dyukuun (7, ) saBiserca dyHga-
MEHTAJIbHBIM pellleHreM ypaBHeHus [enmbMrosbia:

{A—K}F.[Y]+6(z) =0, k=iw—m.

C TOYHOCTBIO JI0 PEIIeHus] OJHOPOHOTO YPaBHEHNUsI, €r0 MOYKHO TPEJICTABUThL B BUJIE:

] = —

Az

(ae—kHzll +(1- a)ek\lzll) , VaeC(C.

CremoBaTesbHO,

1
4 (||

Y = (ae(w*m)llw\\ +(1— a)ef(zw*m)\\wll) . VaecC.
Orcrona, ncnonb3ys cpoiicrBa 11D, mpu obpaTHOM MPeodPA3OBAHUU MO W IMOJIYIUM (DOPMYJIY
TEOPeMBbI, Tjle HOCHUTENb 10 BpeMeHn mepBoro ciaaraemoro 7 > 0, a Broporo 7 < 0. 910 pac-
mMUpAIONINecs U cyzKaloluecs: co BpeMeHeM B R3 ¢ equuuunoil ckopocTbio cdepbl pajauyca |T].
Y.
Ecmu m = ip — 4ncTo MHMMOE YUCTIO U HOCUTE b pertenud 7 > 0, To
5 ) (59)
Y = ot —||z). 59
A |||
3/1eCch MIOTHOCTHIO MMPOCTOTO CJIOsT HA CBETOBOM KOHYCe sABJISeTCs (PyHIaMeHTATbHOE PerteHne
ypaBHeHus ['eJIbMrosibiia ¢ BOJTHOBBIM YUCIOM p .

Pewernus odnopoonozo KI'®@III-ypasrerus. [loctponm perieHnst ypaBHEHUS:
Ou + m*u + 2md,u = 0. (60)
B npocrpancrse I1® u3 (60) mmeem:
(IEll® — w +m? = 2imw) Fug fu(r,2)] = (Il — @+ im)) w' (@, =0, (61)

rae u*(w, &) = F,¢ [u(T, )] — mommoe I1® mo T, z.

Ecin Rem # 0, rorma ||€]° — (w + im)? # 0 npu V€ € R3. B sToMm ciiydae 3T0 ypaBHEHUe
UMeeT TOJILbKO TpUBHabHOE HyJsieBoe pererue: u* = 0. OgHaKO Mpu YUCTO MHUMOM M = ip
ypaBHEHUE UMeeT OeCUNC/IeHHOe MHOYKECTBO CUHIY/ISIPHBIX PeIleHuii BIIA:

u(w, €) = ¢, )3 ([€]° — (w = p)?) (62)
rie ¢(w, &) — MIOTHOCTb NPOCTOrO CJI0si — NPOM3BOJIBHO 3aJ/IaHHAS MHTErPUPYeMast Ha KOHyCax
€]l = |w — p| dyuKIms. Borancisisg opurunast, moryduM:

1 r . .
wra) = e [ [ g e (itg @) ~wr)asie) =

-0 €l=lw—pl

(

Baeck dS(§) — muddepenimalt miomaam moBepxHOCTH ¢hepbl pajnyca, YKA3aHHOTO 0] 3HAKOM
cooTBeTcTByIONIEro uurerpasa, dV (£) = d&1désd€s. Orciona, B culy IpOU3BOJIBHOCTH ¢, CIEIyer
dbopmysa (57) Teopemsbr.

w / {o(p+ 11, )e™ ™ — p(p — €]l §)e'léI™} exp (i€, ) dV (€)-
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11 OO6GoOGmieHHbIE pelneHns ypaBHeHud Jlupaka.
BukBaTepHmnoHHOE IIpeacTaB/JIeHNe CIIMHOPHBIX IOJIeit

PaccmorpuM OnMKBaTepHHOHHBIE pellleHns ypaBHeHUs /Inpaka:
(V¥ +ip)Sp=0, Rep=0. (63)
B kBaHTOBOIT MeXaHUKe UX Ha3bIBAIOT cnunopamu [18,28].

Teopema 11.1. Henyaesvie pewernus ypasuenua Jupara (63) moorcrno npedcmasumo 6 sude

ceepmKY:
Sp = D7, (¢ * C(7,z)), (64)

2de C — npoussosvhblii burxsamepruon, a Py — pewerue oonopodnozo KI'QII-ypasrerua, Aubo
npedcmasumo 6 sude cymmu, peweruti nodobrozo euda.

Hoxkazaresnnbcrso. [loacrasias (64) B (63), mosy<anM (COOTBETCTBEHHO BEPXHEMY W HUZKHE-
My 3HAKaM):

D;.Sp = D D7, (1o * C) = (Ot + 2md,tbg + m*thy) xC =0, m = ip.
Ob6parno, ecim (64) — permenne (63), Torga:
(O +2md, +m*) Sp = D}, D;.Sp = D}.0 = 0.

T.e. u ckajgpHAas 9acTh U KOMIIOHEHTBI BEKTOPHON YacTu SP SBJSIOTCS PENIeHuEM OTHOPOIHOTO
KI'®III-ypasuenus. CienoBarenbHO, SP MOXKHO TPEJICTABUTH B BUJE CYMMBI DEIIeHUil BHJA
(64).

B uwactaoMm ciyuae, korga C = (7, x), HOIYUUM CRUHOP CKAAAPHO20 Yo-NOAA

UF = (VT +m) o = mapy + 0-hy F i gradby,

Ucnonbsys ero, cnunopnoe C-nose, opoxkjgaeMoe MOTEHIIUATIOM 1y, MOXKHO TPEJICTABUTH B
BUJIEC:

Spt = ¥F « C 65

p - 0 * (Ta CL'), ( )

rae C(T, :U) — OMKBATEPHUOH, JOMYCKAIOMN 3Ty cBepTKYy. [locmeHee 3aBucuT oT CBOHCTB CKa-

JIAPHOTO TIOTEHIHAIA 1y, BUJ KOTOPOro jaeT teopeMa 10.2.

CraaapHvie 2apmoHudeckue nomeHuuaasv,. PaccmorpuM perrenne ogaopogaoro KI'OIII-
ypasHenusi (57), rje 1o/ 3HAKOM MHTErpaJia CTOAT JIBe MJIOCKUEe TAPMOHUYECKHUE BOJIHBL:

pe (1,2) = exp (i ((€,2) — pr £ [|€]| 7)),

KOTODbIE CAMU SIBJISIOTCS €r0 pelleHusIMU. BoJIHOBOI BeKTOp & OmpejiesisieT HalpabJie-
HUe JBUXKEHWsl BOJIHBI, JTMHA KOTOpoii paBHa =27/ |/£]|, gacrora w= |p+ ||£|||, mepuon

T=2n/|pEElll-
B szaBucmmocT oT 3HaKa, OJHA M3 HUX cBepxcBeroBad (V' > 1) | a apyras - JocBeTOBast
(V < 1), r.k. dasoBas cKOpocTh JBuUKeHUs BOAHBL V = 1 + ﬁ

ITpu ||€|| = oo wacTora w — 00, a V' — 1+0. Ipu ||€|| — |p| ckopoctn V' — 1;0, a gacToTh!
7r

COOTBETCTBEHHO W — —; OO.

CHI/IHOpr, IIOpPO2KJTa€MbI€ 9TUMHU BOJIHAMMU, UMEIOT BU:

(VT +ip) ¢ () = £ (0 [I€]| + €) ¢ -
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Onpenenenue. HazoBem anemenmapnvimu 2apMOHUMECKUMU CNUHOPAMY OTKBATEPHUOHBI

L exp(i((§,2) —pr £ €[ 7)) & L _
Sp£ \/5 < + ||§||) HSp£ H =1, < Sp£>

DHEPTrUsA-UMITYJIHC Spét paBHBI :

_ C e _
== spfo(Sp) =1-ipr I8I=2 (@) =0

Tapmonuueckue cnuroprve C-noas — 9T0 CIHHOPHI BUJIA:
Sp = C(7,z) * szt(r, ). (66)

Ucnonbsys ux u dbopmyry (64), nomyanm OHKBATEpHHOHHOE IpejcTaBienne cuuHopaoro C-
MOJIs Yepes szt.

Teopema 11.2. Cnunoproe C-noae moorcho npedcmasums 6 eude (66), aubo 6 sude ceepmru:

Sp = C(r,z) * / 6(6)SpE (7, 2)dV (€),

ede ¢(&) € L1(R?), aubo 6 6ude aunetinoti xombunayuy nodobHsT cnunopHbLT NoAet.

12 CranmoHapHBIE U CTaTUYeCcKne pelieHnd ypaBHeHust Inpaka

Paccmorpum kjtace pemennit Y/IM suga B = B(z)e ™7, KoTOpble OMUCHLIBAIOT rapMOHUYeE-
ckue Kosiebanus ¢ dactoroil w. IIpennomaraercs, aro npasas dacts ¥YJIM (48) mmeer Ty xe
crpykTypy. Torma /st KOMIIEKCHBIX aMIUIATY/ TOJYIiM (w + p)-rpaJiieHTHOe ypaBHEHHE :

Viosp B(@) = F(z). (67)

(w+p)

N3 teopembr 7.2 ciemyer Teopema 12.1.

Teopema 12.1. Pewenua (w+ p)-epaduermmozo ypasuenua (67) moorcro npedcmasumsv 6 sude
CYMMBL DUKBAMEPHUOHOB:

B=V7_, (xx F)+Sp“t),
2de | e
ik||x 1— —ikl||z
y=-2 QAT gl #0, Vaec,
4 ||z 4 || z||

Sp(w+p ij:-i-p (XO * C(LL')) )
X()(QE)* peweHue ypaeHeHu,ﬂ Fe./L’bMZO,/Lbu(I C 60/,4HOBBIM HYUCSAOM ]C:
Yola) = / ple) e e ds(e),
lell=1

p(e) =V dynryus, unmezpupyeman na edunuunot cepe, C(x) —V bursamepruon, donycraro-
wut omy ceepmry.
Daemenmapnvie 2apmonudeckue (W + p)-cnuHops: ONPEIETNM KaK CIIMHOPHI BHJIA:

1 - 1
\I;(uH-P) z,e) = V 4w+ e*lk(e,m) _ W+ p—ike —ik(e,x) 68
£ 0.6) = T (V) (oo ike)e 69
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Nx HopMa u 1mceBJIOHOPMa COOTBETCTBEHHO PaBHBI

[e5™][ =1, ((¥5™")) =0. (69)
3/ech € — HampaBJieHne w-CuHopa, k = |w + p| — ero BOJHOBOE YUCIIO.
DHEPrusg-uMITyJIbC CIITHOPA \Il(()w+p ) paBHBI

=0 o (T = 1 — e sign(w + p)
Hepes HUX TaKyKe MOXKHO MPEJICTABUTH KOMILIEKCHbIE aMILTUTY/IbI (W + p)-CIIMHOPOB.
Teopema 12.2. (w + p)-cnunopv. ModcHo npedcmasums 6 6ude c6EPMKU:
Sp“ T = G(z) * ¥ (z, e)

AU00
Sp°7 = Glo)+ [ ple) W5z edSe)
llell=1

npu Vp(e) € L1(Spe), Spe = {e € R3 : |le|| = 1}, aubo 6 sude cnunopos maxozo euda.

Cmamuueckue cnuropsvt oayanm npu w = 0. PopMyJibl Teopembl 12.2 Tpu 3TOM COXPAHSIIOT
BuL, T.K. k= |p| # 0.

3akJro4YeHne

B nauasie ObL710 OTMeUEHO, YTO KBATEPHUOHHBIM M OUKBATEPHUOHHBIM IMPEJCTABICHUEM yDaB-
mennit Makcsenna n Jlupaka n aHaan3oM WX CBOMCTB 3aHUMAETCH Pl HccaeaoBaTesteit. s
KazKJIOr0 M3 HUX XapaKTepHa COOCTBEHHAsd TEPMUHOJIOTHsA, CUCTeMa ODO3HAYEHUI KAK CaMUX
KBATEPHUOHOB M OMKBATEPHUOHOB, TAK M BBOJUMBIX JU(dEpeHIINaIbHBIX OTIePATOPOB.

3/1eCh UCIONIB3YeTCs CKAJIAPHO-BEKTOPHAs 3AICh OMKBATEPHUOHOB, ITpeI0KeHHasd ete ['a-
MIJIBTOHOM |1, 28| 7151 KBATEPHUOHOB, KOTOPasi OYeHb HALJISJIHA, YIUBUTEIHLHO IIPUCIIOCODIEHA
JUTsT 3auCH (PUBUUIECKUX BEJTMYIWH U yPABHEHUN W OY€Hb MPOCTAa MPU BBIYHUCIEHUSX. ABTOD
cTapaJics, 10 BO3MOXKHOCTHU, UCIIOJIb30BaTh OOIIENPUHATHIE B MaTeMaTUIecKoli pu3nke 0003Ha-
YeHUA U TEPMUHOJIOTHUIO, JINOO STUMOJOTHIECKH O0YCIOBICHHYIO.

BukBarepanonnasi ¢popma ypaBHeHUil, KaK BUJIIM, MO3BOJIAET IIEPEXOIUTh OT PEIIeHUs CHU-
creM n3 8-Mu auddepeHnuaIbHbIX YPaBHEHHIT IEPBOTO MOPsIIKa K PENIEHN0 OTHOTO auddepen-
IMAJLHOTO, HO OMKBATEPHUOHHOTO YpaBHEHUS MEPBOIO MOPSAJIKA, UTO 3HAYUTEHHO YITPOIIAET
UX pellleHre ¥ pelleHre KPaeBbiX 3a7ad. B kadecrBe miutoctpanun oM. [29, 30|, rme moctpo-
eHbl 0DOOIIEHHBbIE PEIeHNs CTAIMOHAPHBIX W HECTAIlMOHAPHBIX KPAaEeBBIX 3aJad JIjId CHUCTEMbI
ypaBHennit Makcpesia. DT pe3yabTaTbl MOXKHO 3HAYUTE/IHHO IPOIIE MOIYIUTh, UCIOIb3YHd
OMKBATEPHUOHHYIO (POPMY STHX ypaBHEHUI. 3aMETUM, ITO 9TO TaKyKe 3HAUUTEIbHO YIIPOIIAeT
peleHne KpaeBbix 3aa41 Ha YBM.

Bamernm, 9To pernennsi ypaBHennit Makcpemta-/lupaka 37ech moaydeHbl B Kiacce 0000-
MIEHHBIX (PYHKIIHI, 9TO TO3BOJISET CTPOUTD PEIIeHNs KaK JJIsi KJIACCUIeCKINX OMKBATEePHUOHHBIX
GYHKIUI, TaK U IPpU HAJIMIUU CUHTYJISPHBIX UCTOYHUKOB B €r0 IPaBoil 9aCTH, KOTOPhIE MOYKHO
HCITOTb30BATh IPU MMOCTPOEHNN OMKBATEPHUOHHON TEOPHUH 3JIeMEHTapHBIX dacTull. [Ipu BbIam-
CJIGHUU CIIMHOPHBIX MOJIEl, UCTOb3ys CBONCTBa auddepeHInpoBaHns CBEPTKU, TPOU3BOIHBIC
MOKHO TIepedpachiBaTh Ha KOMIOHEHTHI C'-T101s1, KOT/1a 3TO YA00HO, KOTOPBIE TOYXKe MOTYT OBITh
CUHTYJIAPHBIMU O0OOIIEHHBIMU (DYHKITUSIMUA.

Kak 3mech mokaszaHo, BOCCTAHOBJIEHHE CKAJSIPHOI'O M BEKTOPHOI'O IMOTEHIIMAJa BEKTOPHO-
r'o TOJIsI TaKzKe MPUBOJIUTCA K OMKBATEPHUOHHBIM AuddepeHnnaabHbIM YPaBHEHUSIM, KOTOPhIE
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Jerko pertatored. ['pynmy nmpeodbpaszosanuit [lyankape, JlopeHmia n oproroHaJibHbIX Tpeodpaz3o-
BaHUIl TAKYKe JIETKO BBIUHC/IATD, UCIOJIb3Ys UX ONKBATEPHUOHHOE IIpe/icTaBienre. B MaTpuanom
MIPEJICTABJIEHUN 3TO JOBOJIBHO TPY/I0EMKas MPOIEILyPa.

BurpasuenTsr, 6MBOJIHOBbIE ypaBHEHNS U UX PEIIEHUs aBTOP UCIOIb30BAJ PaHee JJisd I110-
CTPOEHNUST OTHO MOJICJIH SJIEKTPO-TPABUMATHUTHOTO TI0JIell 1 uxX B3anmoseicrsuii [15, 16]. Moxk-
HO HAWTU MHOT'O JIPYTUX MOJIE3HBIX MPUJIOKeHUi mauddepeHimaabaoil aareOpbl ONKBaTepHUO-
HOB, YTO U TIPeJ/JTaraeTcsl 3anHTEPECOBAHHOMY UNTATEJTIO.
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THE DIFFERENTIAL ALGEBRA OF BIQUATERNIONS IN
EQUATIONS OF MATHEMATICAL AND THEORETICAL
PHYSICS

L.A. Alexeyeva
Institute of mathematics and mathematical modelling, Almaty, Kazakhstan

alexeeva@math.kz

The functional space of biquaternions is considered on Minkovskiy space. Here the
scalar-vector biquaternions representation is used which was offered by W. Hamilton
for quaternions. With introduction of differential operator — a mutual complex
gradient (bigradients), which generalize the notion of a gradient on biquaternions space,
biquaternionic wave (biwave) equations are considered, their invariance for group of the
Lorence-Puancare transformations is proved and their generalized solutions have been
obtained. Biquaternionic form of generalized Maxwell-Dirac equation is constructed and
its decisions are researched on base of the differential biquaternions algebra. Its generalized
decisions are built with use of scalar potential. The new equation for these potential are
constructed which unites known equations of quantum mechanics (Klein-Gordon and
Schrodinger Eq.). The nonstationary, steady-state and harmonic on time scalar fields and
generated by them the spinors and spinors fields in biquaternionic form are constructed.

Key Words: algebra, biquaternion, bigradient, biwave equation, generalized solution,
shock waves, Lorenz transformation, Maxwell equation, Dirac equation, spinor, scalar
potential, stationary vibration.
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FINSLERIAN APPROACH TO THE ELECTROMAGNETIC
INTERACTION IN THE PRESENCE OF ISOTOPIC
FIELD-CHARGES AND A KINETIC FIELD

Gyorgy Darvas
Symmetrion, Budapest, Hungary
darvasg@iif.hu

This paper deals with the application of the isotopic field-charge spin theory to the
electromagnetic interaction. First there is derived a modified Dirac equation in the
presence of a velocity dependent gauge field and isotopic field charges (namely Coulomb
and Lorentz type electric charges, as well as gravitational and inertial masses). This
equation is compared with the classical Dirac equation and there are discussed the
consequences [6,34,35,37].

There is shown that since the presence of isotopic field-charges would distort the
Lorentz invariance of the equation, there is a transformation, which restores the invari-
ance, in accordance with the conservation of the isotopic field-charge spin [8]. It is based
on the determination of the F'*¥ field tensor adapted to the above conditions.

The presence of the kinetic gauge field makes impossible to assume a flat electromag-
netic interaction field. The connection field, which determines the curvature, is derived
from the covariant derivative of the kinetic (velocity dependent) gauge field. In this
case, there appears a velocity dependent metric, what involves a (velocity arrowed)
direction-dependent, that means, Finsler geometry [11,14|. The option of such a «theory
of the electrons» (with the words of Dirac) was shown in the extension of his theory
in [23]. This paper is an attempt to a further extension.

Key Words: field-charges, isotopic electric charges, isotopic masses, isotopic electric-
charge spin, conservation, electromagnetic interaction, electroweak interaction, kinetic
gauge field, extended Dirac equation, magneto-kinetic moment, electro-kinetic moment,
coupling spin, accidental symmetry, conserved Noether currents.

Introduction

I presented the isotopic field-charge spin theory [10,12] and its possible applications to the
description of gravitational interaction at FERT 2011 [13]. It was shown that the presence
of a kinetic field with a velocity dependent metric and isotopic field-charges (namely in that
case distinguished gravitational and inertial masses) involve a (velocity arrowed) direction-
dependent, that means, Finsler geometry [11,14].

Electromagnetic field theories were related with Finsler geometries in, at least, two terms.
First, the Dirac matrices, introduced in QED [19] follow the rules of hypercomplex numbers,
as shown, among others, by Achiezer and Berestetskii [1, p. 90]. Later Dirac published two
essential extensions to his QED theory. In [23], he introduced a curvilinear co-ordinate system.
So, at second, he defined a second (auxiliary) co-ordinate system y*, «which is kept fixed during
the variation process and use the functions y*(z) to describe the z co-ordinate system in terms
of the y co-ordinate system». He defines the y system «so that the metric for the z system»
be g, = vauy). This metric, which then appears in the Hamiltonian of the electromagnetic
interaction, is the first step to a Finsler extension.

Now, I will make three steps to a further extension of the field theoretic model of the elec-
tromagnetic interaction. First, I introduce the isotopic electric charges in the classical Maxwell
EM theory [12]. Secondly, I introduce the isotopic electric charges in the classical Dirac equa-
tion. At third, I extend the Dirac equation with a kinetic field (see in more details in [15]. The
main part of the paper discusses this extended equation.
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1 Isotopic electric charges in classical EM

According to the isotopic field-charge theory [10], we can replace the charges appearing in our
equations by two different (isotopic) charges, a Coulomb-type one, and a kinetic-type one. The
Coulomb-type charge is associated with the potential part of the Hamiltonian (V'), and the
kinetic type with the kinetic part of the Hamiltonian (7"), and they appear in the components
of a current density respectively.

In classical electrodynamics, the A, four-potentials of the electromagnetic field were in-
variant under Lorentz transformation, and the four-current j, components transformed like a
vector. We assumed, that the sources of the Coulomb force (gy) are different type charges,
than moving charges as sources of currents (gr). The same charges play both roles (cf. co-
variance), we assume only, that in the two situations they behave as two isotopic states of the
same physical property (i.e., field-charge). Provided, that the fourth component (in + + + —
signature) of a j, current density, namely j; =icp contains a different kind of charge-density
(pv), than those moving (current-like, kinetic) charges (pr) in j; (i=1,2,3), the j current
would lose its invariance under Lorentz transformation. We can demonstrate this through the
transformation of the Lorentz force:

1 dz,
Ft =—-F"j, (where j, = pu, and u, = &y ).
c dr

In the traditional picture this formulation applies the identical charge density for all compo-
nents, F'* and j, behave like vector components.

Provided, that current-like charges are associated with pr charges, and the real- or Coulomb-
charges are py-denoted charges, we should apply j; =pru; (i=1,2,3), and js=icpy in the
proposed isotopic electric charge picture. This latter j, does not transform like a vector, and
the electromagnetic force should be written as:

- R } - u u .
0 By —By —ib op L Bspr— — Bypr— + E1py
c c c
. u u
1 -B3; 0 B, —iky ,OT% —Bspr— + Bipr— + Eapy
F* = Fuy—jy = c = ¢ ¢ =
¢ : Uus . U2
32 —B1 0 —ZE3 pT? B2pT - BlpT c + Egpv
(B, B, By 0 | Lipv] |iBapr— +iBapr— +iBspr— |
i B3U2 — BQUg CEl_

:_Hnl 1
c Pl (1)

—B3u1 + B1U3 CE2 or 1
Bgul — B1U2 CE3

PV
iElul + iEQ’LLQ + iEgUg 0

10A4;
where (k=1,...,4), (I1=1,2), E;=—0;p — _88151
c

the first column of the matrix H™ represents components of the kinetic Lorentz force, wile
the second column of the matrix represents components of the Coulomb force!. Here B; are

associated only with pz, while E; both with py and pr, where p = [ PV 4V and A = 1l Mdv
T

r

and B; =rot; A. It is easy to recognise, that

IThis expression is very close to the approach applied by [21]. The roots are, however, much elder. To see
the origins, I must mention a few other historical steps.

Following the Symmetry Festival 2003, when I first discussed the basic ideas — developed in detail in my book

[12] — with Yuval Ne’eman, there appeared a few similar approach publications. Starting from the fundamental
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are the retarded scalar and vector potentials. It is obvious from the above matrix equation
that this j, is not a four-vector, and for py and pr are mixed during the multiplication by F*,
the components F* do not transform as vector components either.

The result of this example is not in compliance with our experience! With the introduction
of the isotopic electric charges, we lost certain symmetry?. As a consequence, to restore Lorentz
invariance and compliance with experience, our program must include the requirement of the
existence of an additional transformation that should counteract the loss of symmetry caused
by the introduction of two isotopic states of the charges. This additional transformation was
presented in [10,12] by the proof of the conservation of the isotopic field-charge spin. The
Lorentz transformation and the isotopic field-charge spin transformation combined restore the
covariance of the theory. In the next sections, I specify it to the electromagnetic field.

equation by Dirac [21] 0, J* A", de Haas E.P.J. [16,17] in his PIRT paper, for example, derives similar (but
not the same) conclusions like we, for QED and the SM, according to which physical real quantities can be
derived by the distinction of the (spatially localised) electric potential and the Dirac velocity field. Although, in
contrary to Dirac, our theory does not need to assume an ether, we can refer to Dirac’s statement [22] where he
defines the velocity field through the electromagnetic four-potential: «We have now the velocity at all points of
space-time, playing a fundamental part in electrodynamics. It is natural to regard this as the velocity of some
real physical things. While Dirac identifies this «real physical thing» with an ether, our work is an attempt
to identify these «things» with the quanta of a gauge-field, «localised» in that velocity field. For I received
objections since I first communicated the essence of the theory presented later in detail in [10], which objections
stated that the assumption of a velocity dependent gauge contradicts localisation, I advise to keep in mind the
cited words by Dirac (in addition to my main argument, namely the original formulation of Noether’s second
theorem). De Haas assumes an analogy between Mie’s [30] non-gauge invariant stress-energy tensor, and the
stress-energy tensor in Dirac’s 1951 theory in a four-velocity field. The analogy works only partially (in my
opinion), but the acknowledgement of the role of the velocity field in defining the stress-energy tensor is worth
attention, it partially confirms my approach, and leads to the same derivation of the Lorentz transformation
of the electromagnetic field components, as I have interpreted it. As de Haas [18] refers to it, the stress-energy
tensor by M. von Laue [38] can be written as T}, = J,A,, where

A J
A, =1 and J, =
' .
v icp
S0
J|[A JoA ‘a3
THV = Z = C
icp E(I) icpA  —pd

what demonstrates an analogy with our formula.

2For other forms of Lorentz violating phenomena see, e.g., [26] where he writes that «Effective field theories
with explicit Lorentz violation are intimately linked to Riemann-Finsler geometry. The quadratic single-fermion
restriction of the Standard-Model Extension provides a rich source of pseudo-Riemann-Finsler spacetimes and
Riemann-Finsler spaces. An example is presented that is constructed from a 1-form coefficient and has Finsler
structure complementary to the Randers structure.». In [27,28] he writes that «Our basic premise is that
minuscule apparent violations of Lorentz and CPT invariance might be observable in nature. The idea is
that the violations would arise as suppressed effects from a more fundamental theory. We have shown in our
publications that arbitrary Lorentz and CPT violations are quantitatively described by a theory called the
Standard-Model Extension (SME), which is a modification of the usual Standard Model of particle physics and
Einstein’s theory of gravity, General Relativity.» Coleman and Glashow [7]| proposed that «The existence of
high-energy cosmic rays places strong constraints on Lorentz non-invariance. Furthermore, if the maximum
attainable speed of a particle depends on its identity, then neutrinos, even if massless, may exhibit flavor
oscillations. Velocity differences far smaller than any previously probed can produce characteristic effects at
accelerators and solar neutrino experiments.»
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2 Isotopic electric charges in QED

I presented the effect of the introduction of isotopic electric charges in the classical electrody-
namics in the previous section. Now, as an example, I introduce isotopic field charges in the
derivation of the Dirac equation [19].

Dirac considered in first (unperturbed) approximation a case of no field, when the wave
equation reduces to

(=i +p} +m*c)p =0 (1a)
w0 L, 0 : :
where py = — = th— and p; = —ih (1=1,2,3) and the wave equation be in the form
c cot o0x;
(H—-—W)y=0.

To maintain the required linearity of the Hamiltonian H in p,, one introduces the dynamical
variables o; and @ which are independent of p,, i.e., that they commute with ¢, ;. Here Dirac
considered particles moving in empty space, so that all points in space were equivalent, and one
can expect the Hamiltonian not to involve ¢, and x;. It follows that «; and 3 are independent
of t, z;, i.e., that they commute with p, (©x=1,2,3,4), although this latter held only until we
did not distinguish gravitational and inertial masses. Dirac introduced his matrices in order
to have other dynamical variables besides the co-ordinates and momentums of the electron,
so that «; and 8 may be functions of them, and that the relativistic Lorentz invariant wave
function depended on these variables. So Dirac’s wave equation took the form:

(P4 + a1p1 + agps + azps + B)Y =0 (2)

According to our assumptions, from here on we should modify the clue followed by Dirac.
This equation must lead to a condition where we consider that the interacting two charges
are carried by particles with masses in two isotopic field-charge (IFC) states, one of them in
potential, the other in kinetic state. Since the masses of the carriers appear explicitly in 3, we
have to introduce two kinds of (3, corresponding to the two states: gy and Br. We have to note
that for the sake of relativistic invariance of the four-momentum’s square the mass square in
the equation (la) must be equal with the rest mass. We will see, this is — at least numerically
— equal with the potential (gravitational) mass: my = mg. We make a qualitative distinction
between the masses my and mq, where the numerical value of the kinetic mass at relativistic
velocities is

124
==
C

(here my is the rest mass of the particle, and v is the velocity of the particle in kinetic state

relative to the interacting other particle in potential state). This qualitative distinction will
obtain significance later. Thus the equation (2) leads to

(—pa + a1p1 + aops + asps + By) - (pa + a1p1 + asps + asps + Br)Y =0 (3)

In order to agree with Eq. (1a) in the form (—p2 + p? + mymzc?)yy =0 — considering, in
accordance with [9, 10] that a particle in a kinetic state interacts always with another, which



G. Darvas Finslerian Approach to the Electromagnetic Interaction... 345

is in potential state — we must demand that the coefficients fulfil the conditions:
(d1) o? =1

(d2) a;a; +ajo; =0, i#j

(d3) Bvfr = mymypc?

(d4) c;pifr + Bvaip; =0

(d5) Byps —pafr =0

(d1) and (d2) coincide with conditions established by Dirac. The conditions (d3) — (d5) do not
follow from Dirac’s original clue.

The results of the discussion of the extra conditions coincide with the conditions deduced by
Dirac (the only difference is the qualitative replacement of m? by mymr, taking into account
the above notice on the relativistic invariance of the four-momentum’s square), and they involve
that the derived Dirac matrices will not take different forms in our treatment either. Replacing
a; and @ with appropriate practical multiplets and notations, Dirac introduced the matrices
named after him.

In the presence of an arbitrary electromagnetic field with a scalar potential & = A, and vec-
tor potential A, we substitute py + (er/c) A4 for py, and p; + (ey /c) A; for p; in the Hamiltonian
for no field, where ey and er denote the potential (Coulomb) and kinetic (Lorentz) charges.
Note, that according to the assumption introduced in the IFCS theory [12], there appear po-
tential charges in the scalar field potential (A4), which interacts solely with kinetic charges,
and vice versa, there appear kinetic charges in the vector field potential (A), which interacts
solely with potential charges. Similar to mr, er takes also three different values according to
the spatial directions, like three components of a three-vector. However, I must mention, that
er transforms with the velocity in a different way than my. In fact, it is not just the value of
the charge of ey, what changes at relativistic velocities, rather the charge density.

Introducing the above deduced conditions in the equation (3), the Dirac matrices, which
follow from those conditions, and make the mentioned replacements to consider the effects of
an electromagnetic field on our wave equation, we obtain:

e e
[— (p4 + ?TA4) — V5 (0'7 p+ ?VA) + ’)/4mVC} .

. [(p4 + %TA4> — 75 (a,p + e?VA) + 74mTc] ¥ =0.

(According to the convention, we replaced the p matrices applied in Dirac’s original [19] paper
with the more widespread v matrices, so that p; = —v; and p3 =4, and also in accordance with
the convention, we replace the original A in Dirac’s equations with . To get a more easily
comparable equation with the original, derived by Dirac — among other algebraic transforma-
tions — we make also the following replacement: mymyc® =mé.c® +my (mr — my)c?. We use
during the transformation of the wave equation that the differential operators are ineffective
on the stationary my and ey.) We derive:

([ (e 2 (o ) e (o on ()

+ ihys (a’,grad (e?TA4) + %% ((%VA))} + (5)

+ [— (p4 + %TA4) + s (0, P+ %VA) + 74mvc} (mp — mv)C} b=0
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The first three terms in the first [ ] bracket coincide with those in the relativistic wave equa-
tion for electromagnetic fields derived by Dirac (with the assumption my =mg) while making
qualitative distinction between the potential (Coulomb) and kinetic (current-, or Lorentz)
charges.

The fourth and fifth terms include rot (e—VA> =eyH, where H is the magnetic vector of

c
the field, as well as the electric vector of the field in a modified form, where the potential

e 0 (e
and the kinetic charges are taken into account: grad (—TA4) + — (—V> A =¢'E, where €' is
c c

ot

a quantum mixture of ey and er. The charges appear under the derivation, because the value
of er changes in relativistic covariant fields (for it is a function of its velocity in the given
frame, cf., e.g., [1, §90 |, and we are free to write ey also under the time derivative, because
the derivative operator has no effect on the potential charge ey. More precisely, it is rather the
density of ep, which changes with its velocity. So, in the following, I will replace the isotopic
charges er with pr and ey with py in the formulas.

The expression in the first [ | bracket in (5) — with the mentioned alteration in the charges
— coincides with the quadratic form of the Dirac equation.

Equation (5) differs from Dirac’s result essentially in the last, additional term:

e e
V4 [— (P4 + ?TA4> + 7% (0'7P + %A> + ’Y4mvc] (mr —my)c

This expression can be written by inserting the p, and p operators in the following

h O
V4 [— (Z—— + p—TA4) -5 (U,ih grad — p—VA) + 74mvc] (mp —my)c
c Ot c c

The components in this term can be regarded as the additional energy of the interacting two
massive, electrically charged particles due to their assumed additional degree of freedom (ar-
bitrary positions in the IFCS field). They express the effect of the relativistic mass increase —
difference between the «dressed» and «bare» masses, i.e., the «dress» in itself — on the electro-
magnetic field. The expression in this last square bracket [ | coincides again with the Dirac
wave equation, in its Hamiltonian form.

This last part of the equation gives account on the cross-interaction of the electromagnetic
field and its two isotopic field charges with the two kinds of isotopic masses in QED. The state
function ¢ in this equation, unlike in the original Dirac equation, depends not only on the
space-time co-ordinates and the spin, but also on a two valued variable that makes distinction
between the isotopic field charges.

In rest (when my =my, pr = py), equation (5) coincides with the Dirac equation. However,
in relativistic covariant fields the charges of both the gravitational and the electromagnetic fields
will differ not only qualitatively, but also in their quantity, and we must take into account the
last term. The appearance of this last term brings in the already acquainted (cf., [10, Secs. 3 and
3.2]) inconvenient, but not unexpected, asymmetry in our theory that should be counteracted
by the presumed new symmetry transformation between the states of the isotopic field charges.

The effects of the operators in the two | | square brackets in (5) must be equal:
(a2 P AN 4 m2 e v
{ (p4+ - A4) + (p—l— . A) + mj.c —|—h(0',rot< . A)) +
1
+ihys (a’,grad (p—TA4) + —2 (p—VA))] S (5a)
c cot \ ¢

=7 [(p4 + p%/h) — % (0', p+ %A) — 74mvc] (mp —my)cy
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In the case of classical QED, the left side is equal to 0. The right side is 0, if my=my, that
means, in a non-relativistic approximation. The effect of the operator in bracket { } on v in Eq.
(5) will vanish as a result of the operators in the two square | | brackets together. If we demand
that our mathematical derivations be in agreement with the time-proven Dirac equation, we
must require that the effect of the operators in the first and the second square brackets on the
wave function ¢ be equal to 0 separately, according to the two sides of the Eq. (5a). Thus our
equation (5) separates into two equations.
The first equation:

2 2
(e 2a) e (o ra) et (oo (24)) ¢

+ ihys (a,grad (p?TA4) + %% ('%/A))] Y =0

will provide the solutions of the Dirac equation in the presence of potential and kinetic charges
in an electromagnetic field. Note, that there appears only the rest mass (my =myg) of the
particle. This equation differs from the original Dirac equation only in the presence of the two
different isotopic electric charges.

The second equation:

—1 |~ (p+ 2 A1) + 5 (0, + 22A) + qumve] (mr —my)ey = 0 (7)

holds either in rest when quantitatively ms =my,, or when the value in the square bracket is 0.

The form of equation (5) guarantees that in boundary conditions our result coincides with
the traditional. In a state close to rest, the second part vanishes and we get back to the well
known Dirac equation (6). In extreme relativistic situation, when mg > my =mg, (we can
neglect the first component in (5), and) we get Eq. (7), and can divide the full modified Dirac
equation by (mr —my). Eq. (7) can be written in a Schrédinger type form of a wave equation.
The Dirac expression in the square bracket in Eq. (7) can be transformed in:

0 )
zhaib = [—pTA4 — 75 (o, ih grad — pyA) + ’)/4mvcz} WY (8)

where —p; Ay — 75 (0, ih grad — py A) + v4myc* =H is the Hamiltonian of the system. There
appears only the rest energy of the particles. However, due to the difference between pr and
pv, this equation cannot be linearized in the four charge current components unless the isotopic
field-charge spin invariance rotates the two isotopic electric charges of the electric field into
each other in an IFCS gauge field (cf. [15]). This equation does not reflect the effect of that
gauge field, because the Dirac equation expresses the interaction of the two electrons in the
electromagnetic field, more precisely the scalar Coulomb field with the electromagnetic vector
field. In this semi-classical approach?®, I have not taken into account the interaction with the

3Later, Dirac [21] considered that the classical theories of electromagnetic field are approzimate and are valid
only if the accelerations of the electrons are small. He stated that the earlier problems of QED resulted not in
quantization, rather in the incompleteness of the classical theory of electrons, and one must try to improve on
it. For this reason, he proposed to replace the application of the Lorentz condition with a gauge theory. He
emphasised also the Hamiltonian approach instead of the Lagrangian one. He introduced a function A (which
was different from the quantity introduced by Feynman [24] and got a current j, = — A(9S/9z* + A%) where S
was a gauge function attributed to A, and A could be chosen to be an arbitrary infinitesimal at one instant of
time, while its value at other times was then fixed by the conservation law 0j,/0x, =0. This method resulted
in the conclusion that the theory (as expected) involves only the ratio e/m, not e and m separately. This [21]
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IFCS gauge field*.

We can construct the Lagrangian of the interacting coupled two-electron system in the
fields of each other from this Hamiltonian. Due to the two kinds of charges, this L differs from
the usual form that appears in most textbooks. In principle, one can derive the non-linear
charge—four-current from this L. The condition of linearization is that the gauge field, in which
the charges pr and py can substitute for each other, become invariant under an arbitrary gauge
transformation. I will consider the interaction with a kinetic, concretely, IFCS gauge field in
the next section.

3 Isotopic electric charges in the presence of a kinetic gauge field

Let’s introduce a kinetic gauge field D similar to the general field-theoretical approach in [10].
As we saw in section 1 that the vierbein 7, does not transform like a vector, we cannot expect
this property of D either. This D kinetic gauge field is associated with the electromagnetic
field. Therefore, I extend the Dirac equation, discussed in section 2, with the components of
this D gauge field. For D is a kinetic field, all the four of its components interact with the
potential electric (Coulomb) charge. Thus, I will start from the following, extended form of
the equation:

[— (p4 + A+ p—VD4> — 5 (mp + A B ) +74mvc} :
c c c c
(9)
. [(p4+p?TA4+p7VD4) — 5 (U,p+p?VA+p?V ) +’Y4mv0} Y =0

here D, is the fourth component of D, and D depends on the velocity components D;, = D(z&*).
Note, that Dy, being a component of the kinetic gauge field interacts with the potential electric
charge in contrast to the A4 scalar potential of the electric field in the first () brackets, and D
in the second ( ) brackets is a three-component, vector-like quantity. Making the multiplica-

tion, applying the same transformations like in section 2, and considering that p, =i—— and

c Ot

theory did not introduce the interaction of the electron with the electromagnetic field as a perturbation, like
in the 1929-1932 Dirac—Fermi—Breit theories. The electron of that new theory could not be considered apart
from its interaction with the electromagnetic field. As Dirac mentioned: «The theory of the present paper is
put forward as a basis for a passage to a quantum theory of electrons. ... one can hope that its correct solution
will lead to the quantization of electric charge ...» and «... questions of the interaction of the electron with
itself no longer arise.» Then, a further model by Dirac [23, p. 64| provided a possible solution for eliminating
the runaway motions of the electron.

Dirac’s [21] paper was an attempt to exclude approximations by perturbation in either direction. It was in
harmony with the aim of Bethe and Fermi (1932) [3] to show the equivalence of the perturbations applied by
Breit (1929, 1932) [4,5] and Mgller (1931) [32]. In this respect Dirac’s models were kin to the present attempt,
in which, instead of a perturbation, we acknowledge the asymmetric roles of the interacting charged particles
(as it can be read originally in [32] and apply a gauge theory that has led us to a quantised theory. The theory
applied in this paper to QED and having been proposed in a general form in [10] eliminates the runaway motions
of the electron too, although in an alternative way.

1At the end of their paper Bethe and Fermi [3, p. 306] showed that the formula introduced by Mgller
holds also when one of the interacting particles is in bound state. They consider also the option that the
two interacting particles emit two quanta, but they reject it, because (for symmetry consideration for the
momentums of the two quanta) they take into account only identical type quanta to be emitted and absorbed.
(Although, the emission of one quantum painted another asymmetry in the picture, in which they aimed at
eliminating the asymmetry caused by Mgller’s scattering matrix.) This conclusion by Bethe and Fermi is a
result of their artificial symmetrisation of the potentials, and does not arise in the theory set forth, among
others, in this paper.
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L 0 :
Di=— th, as well as commutation of the components, one gets:
:EZ
2 2
{ {— (p4 + 4,4 p—VD4) + (p + VA p—TD) + m%cQ] +
c c c c
10
+h (a’7 rot ('O—VA)) + hys <0', grad ('O—TA4) + - (p—VA)> +
c c cot \ c
(10)
2
+h <0', rot ('O—VD)) +h (0', PV |D; Dy — DyD;) +
c c
, pv 10 /py v
+ihvys (o, grad (—Dy )+ ——= (—D) | + 53— (o, DD — DDy) +
c cot \ ¢ c?
# [~ (put e+ B2D0) 3 (00 + A+ G0 ) b yumve] (e = myjef v =0

Eq. (10) is the extended Dirac equation, in the presence of isotopic electric charges and a kinetic
gauge field D. There was considered that both the components of the EM vector potential A,
and the elements of D commute with o, the components of A commute with each other, but,
for the elements of D do not compose a four-vector (in contrast to the components of A), we
have no reason to assume that the elements of D would commute with each other. Thus, in
the multiplication in (9) we considered the following equalities:

2 2
(o-,p—|—p—VA+p—V ) :(p—i-p—VA—i—p—V ) —|—h(0', rot(p—vA))—i-
c c c c c

+h (0', rot (pTVD)) + h (0', i—i/(DjDk — Dij))

and
V5 <p4+p?TA4+p7VD4) (O',P—Fp?vAﬂLp?VD) -

= ithys (a’, grad (p%fh) + %% (p—VA)> +

C

2

: pv 190 (pv Pr _

+ihys (a, grad( . D4) + e ( . D)) + v 2 (o,D,D —DD,)

4 Discussion of the modified Dirac equation in the presence of isotopic
electric charges and a kinetic gauge field

Equation (10) can be written in the following form: [W + W4+ WP — H(mgy —my)c] ¢ =0,
where W refers to the first line of (10), W4 to the second line, WP to the third and fourth
lines, and H(mr —my)c to the fifth line of Eq. (10).

4.1 Coincidence with the classical Dirac equation in boundary case, when no
kinetic field is present

The first line of the operator in Eq. (10), W expresses the first three elements of the classical
Dirac equation, with the modifications that it contains (a) the isotopic electric charges, and
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(b) the kinetic vector potential D of the considered kinetic field.

4.2 The magnetic and the electric moments

The two elements in W4 — considering the isotopic electric charges — coincide with the two
elements of the classical Dirac equation as discussed in section 2, and yield the magnetic and
the electric moments of the electron interacting with the electromagnetic field, respectively.

4.3 The magneto-kinetic and electro-kinetic moments

The essential difference, compared to the Eq. (5) of the semi-classical QED model discussed in
section 2, is in WP expressed in the lines 3 and 4 of the Eq. (10). The expression

h (a, rot (%D)) +h (a’, &<DjDk — Dij)) +

c2

(11)

2

10
+ihys (a, grad (%D;;) +-—= (%D)) + 75’2—‘2/ (o, D,D —DD,)

provides a kinetic moment of the D field. Introducing the commutator of D, one can write the
following:

2
h (o’, rot (p—vD)) + ighp—‘; (o, C;ijDk) +
c c

(11a)
: pv 10 (pv P
+ihrys (0', grad( . D4) + oo ( c )) + s =2 (o, D,D —DDy,)
or
h h 2
(—07 1"Ot(va)> + <—G,igC}-kp—VDjDk) +
C C C
(11b)

2
+iys |:<7—;LO', grad (pyDy) + Lo (pVD)) + (Ea, pTVD4D - DD;;)}
c c ot c ' c
Here C’;k are the structure constants appearing with the multiplication of D;-s, and ¢ is the cou-
pling constant for the electromagnetic interaction. C7, are the coefficients in the commutation
rule of the generators (transformation matrices) of the symmetry group of the kinetic (isotopic
field-charge) field, as we saw in [10]. Since this field is subject of an SU(2) symmetry, there
are three C’J’:k structure constants. This commutation term does not appear in W4, because the
A vector potential of the EM field composes a vector, and the derivatives of A commute with
each other as vectors.

Since the derivatives of D, = D(&") appearing in (10) are derived by the space-time co-

D.
ordinates, and D, depends on ¥, all derivatives of D, must be interpreted as 3 £ =

xV
oD, 0i*
ozl Oxv

= DM = Dy (where p,v,p=1,...,4).
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For simplicity, let us assume that D depends only on the linear combinations of the first

1
derivatives and multiplications of the velocity, on the velocity itself, as well as on kK =

)

T
)

c

and a constant. So o
ot OiP

(0 2~

ozr 0¥
where «, 3,7,6 and ¢ are coefficients, not depending on the actual relative velocity of the
interacting charges. In this plausible, but quite not the most general case, the commutator of
D; and Dy, is not identically 0. However, all the three elements of D; (i=1,2,3) commute with

D,. In this case the third term in NP vanishes.

h h
In the general case, (11b) can be written as <—cr, MD) + 175 (—cr, ND), where
c c

D(i") =

+6I1$3 +’}/.I‘Z +5H+€

2

MP = rotpy D + ng’z D i Dy, and
1 a 2 (116)
NP = gradpy Dy + il vD + v e V.(DD, — D4D)

Note, that in the expressions of M” and N there appear only the potential (Coulomb) charge
densities. This is natural, because the velocity dependence is considered in the kinetic gauge
potential D, which these charges interact with. Since py does not depend either on space-time
co-ordinates, or on the actual velocity, it is not subject of derivation:

2
MP = pyrotD + z’gc;ik%VDjDk and

)
v v oD+ pV(DD4 ~ D,D)

The kinetic moment is an additional, new quantity in the isotopic electric charge theory com-
pared to the classical Dirac theory. The two kinetic moments determine the isotopic electric
charge spin Ag. According to [10] the isotopic field-charge spin (including also the isotopic
electric charge spin) is a conserved quantity, so it must commute with the Hamiltonian.

NP = pygradD, + —

4.3.1 The magneto-kinetic moment

The first term in (11), M? (with an (mg —my ) divider) can be considered as a «magneto-
kinetic» additional energy of the electric charge due to its additional degree of freedom assigned
to it by the interaction with the kinetic field. For D, does not behave as a vector, its derivatives
include an additional, gauge term, what the derivation of the extended Dirac equation (10)
provided automatically in the form of the third term (W?) in the expression (10). So, this
second term of MP forms part of the «magneto-kinetic> momentum of the field (cf., the first
line of (11)).

The full magnetic moment of the interaction (with a mass-dimension divider), in the pres-
ence of the kinetic gauge field, will be:

h h
(Ea, MFULL) = <zo',pvrot(A + D) +igC, VD Dk>

4.3.2 The electro-kinetic moment

The third term in (11) is similar to the expression got for the electric moment of the EM field in
the line 2 (W4) of (10), extended also with a gauge term. It can be considered in a similar way,
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like in Dirac’s theory, as an «electro-kinetic» additional energy of the electron. Also, similar

1
to ihys <0', grad (p—TA4) + —% (—A)), the «electro-kinetic»
c c

. h v 0 h 2
i K o, pygradDy + = (”—VD)) + (Z"’ (DD, — Dm))}

is apparently imaginary too. Dirac observed the following: «It is doubtful whether the electric
moment has any physical meaning» as a result that the multiplication due to which the imagi-
nary term appeared, was an artificial involvement in the equation. In our case the multiplier of
the three-vector o (or v50) is a sum, which includes the components of the velocity-dependent
field. In the presence of that kinetic field, one can choose the co-ordinate system fitted to the
electron’s velocity arrow so that the multiplier of the imaginary oo be non-zero. Then, the
expression will yield a real component for the sum of the electric and the electro-kinetic energy,
while there will be left two imaginary terms for the multiplication by o; and o3, whose sum
should be made equal to 0, and provide a constraint for the energy of the interaction. Note, that
these two expressions are not fully imaginary, since Dy, depending on the fourth component of
the velocity, is imaginary itself. On the other side, the multiplier of o9 contains an imaginary
component, too (grad,D,). With these conditions, one can eliminate the imaginary terms in
(10) and give physical meaning to the electric and the electro-kinetic moments.

ihys <01,grad1 ('O?TA4) + 12 (—A1)> + ihys <01,grad1 ('OVD4) + 12 ( D1)> +

c Ot c Ot
2
+75h—;/2(01, DyDy — D1D4) =0
Zh"}/5 03 grad3 (p—TA4> 1 0 (,OV Ag) + Zh")/5 03 grad3 (IO_VD4> + 12 (IO—VD3> +
’ c cot ’ c cOt \ ¢
0
+v5-—5 (03, DyDs — D3Dy) =0

he2
The two conditions of the above equation can be satisfied, if both the imaginary and the real
parts are equal to 0 separately.

2

v 0
ih [grad (prAy) + _E(Al +D )} + %(D4D1 — D1D,) =0

grad; Dy =0

and
2

, 0
ih {grad3(pTA4) + p—va(Ag + D3):| + %(D;;Dg — D3D4) =0

grads Dy =0

We add from among the multipliers of os:
grad, Dy =0

Provided that the components of the A vector potential and the value of the interacting charges
are known, this is a set of differential equations to determine the components Dy, Dy, D3, Dy,
and the actual value of the velocity arrowed parallel to g9, in each space-time point.

The reference frame, in which we calculated the constraints for D, rotates together with the
kinetic charge density pr. This choice provided a restriction for the interacting system, while
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at the same time, it made us possible to calculate the exact forms of the four components of
D,, in the given reference frame.

Considering also the assumption formulated in section 4.3, the set of differential equations
reduces to the following:

0
grad, (prAs) + p?vg(/ll +Dy)=0; grad;Ds =0
grad2D4 =0 (11d>
pv 0 e -
grad3(pTA4) + ?&(Ag + D3) = 0, grad3D4 =0

This set of five differential equations can be solved and yield the four D, and — through pr —
the actual relative velocity of the two-charge system.

In this case the electro-kinetic moment (with a mass-dimension divider) will take the form
where the first and third terms in the right side are equal to 0, so the electro-kinetic moment
(with a mass-dimension divider) will reduce to:

h o1
s (—a,ND> — sy (—cr, —QD) .
c c 'cOt

The full electric moment (with an (mg —my ) divider) can be written as:

h h 0
,L',YE) (-O’,NFULL) — 275 (_a’gradeA4+ p_v_(A+D)> ,
c c c Ot

whose second component is real, first and third components are 0. The electric moment of
the interacting particles is directed towards the real component of the spin, and this direction
coincides with the direction of the velocity of one of the interacting particles, while the position
of the other is fixed. We have not experienced such moment in the classical Dirac theory?®.

4.4 The Hamiltonian and the Lagrangian of the interaction

0
Line 5 of the Eq. (10) yields the Schrodinger wave equation zhaip = Hy), similar to the clue

we followed in section 2:
ih%zb = [=prAs — pv Dy — 75(0, ikic grad — py A — pyD) + yumy ] ¢ (12)
and hence the Hamiltonian
H = —prAs — pv Dy — v5(0, ihc grad — py A — pyD) + yymyc®
The Lagrangian of the interaction field can be constructed from the Hamiltonian. So
L = prAs + py Dy — v5(0, ihe grad — py A — pyD) + yumy ¢’

Obviously, this expression differs from the classical one in the two terms, which include the
three-component D, and the fourth component of the vierbein, i.e., Dy, as well as in the two
isotopic electric charges.

°The fact is, that Dirac [19, p. 619] could not do anything with the electric moment, and so did all but
most textbooks following him. The appearance of the kinetic field D made possible to calculate the full electric
moment.
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As we showed in Sec. 2, the condition for getting the Schrodinger equation was, that
mr > my, that means, an extreme relativistic situation. If mqg £ my, one can divide the full
Eq. (10) by (mg —my). One could obtain Eq. (12) in this way. The division by (mg —my)
may cause an increase in the energy of the system when the difference between my —my ap-
proaches to 0, unless the increase in D does not counterbalance it. This means, first, that D
must be a monotone function of the velocity, at second we can determine a limit of its monotone
increase with the increase of the velocity.

Let we write again Eq. (10) in the form of

W+ WA+ WP — H(mg —my)c] ¢ =0 (13)

Close to the rest, division of Eq. (10) or (13) by (mg —my) makes W and W, high. This
operation gets sense only at far relativistic velocities. Nevertheless, just in the case of low

velocities, the role of H(my — my )c can be neglected, since (mr —my ) — 0. What is interesting
for us, it is the role of WP. Let’s divide WP (11) by (mp —my):

(EL,pV I'OtD) + (EL Cl pVD Dk)

cmr — my cmp — my ¥ he
, h o 0 h o 2
+iys || ————, py gradDy + — PV +—— 'O—V(DD4 —D/D) || .
cmr —my c ot cmp —my he
As we saw, the last term can be disregarded, since according to our simplifying assumption D;
and D4 commute with each other. So can one do with grad D, which is 0. We get:

o 10

A h
pr (—L,mn +igCy D, Dk> + 5Py ( — ——D) (14)
cmr —my cmp —my cot

Note, that in (14) there appear only the potential (Coulomb) charges, and the mass difference
between the kinetic and potential states. (14) can be written also in the form:

h h
(——" ,MD> + s (——" ,ND> =
cmr —my cmr —my

1
(T 0 i) s (2 12)

)
cmp —my cmr —my cOt

(14a)

where M? and N? are the same, as defined in (11c), considering the mentioned neglecting. The
two terms in the left side of (14a) are the additional magneto-kinetic and the electro-kinetic
moments of the kinetic gauge field of the interaction. As we saw above, in contrast to the
classical Dirac theory, in the presence of a kinetic gauge field the electro-kinetic momentum
cannot be disregarded. Added to the components which are calculated from the electromagnetic
field, it may have real components, and in a properly-chosen reference frame it obtained physical
meaning. This latter option was not considered in the classical QED (cf. footnote 4).

The full magnetic moment of the interaction in the presence of the kinetic gauge field, will

(EL, MFULL) = pv (EL, rot(A + D) + ng" pVD Dk>

cmr —my cmr —my
The full electric moment can be written as:

h h v 0
s (_LJ\IFULL) = i (_L rotpTA4+ (A+D))
cmr —my cmr —my c Ot

Note, that in N¥U | there appears also the kinetic charge density.
There are these MYVMY and NFUE which should commute with the Hamiltonian operator
of the interacting two charges (cf. Sec. 5).
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5 The field tensors of the EM and the kinetic fields
5.1 The field tensor of the EM field

In accordance with [10] the obtained equations yield the classical QED fields in the absence of
a kinetic D field. Thus the elements of the field tensor of the EM field, as well as the conserved
current are of the same form, like we learned in our usual textbooks. They provide the same
conserved quantities, that means, the electric charge, like we learned in the classical theory.
This conclusion coincides with all said in connection with J®) in [10].

5.2 The field tensor of the kinetic field

The field tensor of the kinetic field can be obtained as:
ODsNo DD

FOm (g) = G T gn T DaNDeA] + DeAI DN, (15)
v p
P
where \f, = 0,37 = g% = @, (cf. Eq. (6) in [10]).

Like we obtained the elements of the field tensor for the EM field from the terms in the
second line in (10), we can determine the elements of the kinetic field tensor from (11)-(11b).
For this reason, we will use the expressions defined for M” and NP, which denote the two
components of the field strengths of the field’s kinetic potential D. From

2
MP = py rotD + ng]’k VD, i Dy, and
c

(16)
0
N? = py gradD, + ?‘TVED i "(DD, - D,D)
one can construct the following tensor:
[0 MP  —MP  —iys NPT
-MP 0 MY —ipNY
py F* =
(NP i Ny iyNg 0
where
M? = 9;pv Dy — Oypyv D; +ZQCJZk - D Dy = pv(0;Dy, — 0D )—HgC’]’k - D Dy =
(17)
= py rot;D (&) + igCs, VD Dy, = py |(0,Dy,) )\ — (9;D;) X, +igCy, VD ;i Dy,
and
D 1 Py Py
NZ» = 0iva4 + —atvai + —DiD4 — D4D =
he he he (18)

1
= pv(8Da+ 1-0:Di) + %V (D, D4 — DuDD;).

Considering that grad Dy, =0 and D, commutes with D;:
MP = py, ( rot;D () + igCt, 2 b, Dk) . [(apDk) N — (9,D5) Xo] +igCh, VD Dy (17a)

and
NP = %atpi. (18)

)
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6 The curvature of the connection field

The curvature of the connection field can be read from the coefficient of the covariant extension
of the matrix terms in F* (16)(18). MP can be written also in the form (17a), where the
last two terms define a covariant commutation of the elements D;:

MY? = py (rot;D (i) + igl%D;Dy).

Here I’;k = C’J’kp—v denotes that I' depends only on constants, while D; depend on the #* four-
c

velocity components. The latter i#(z,) corresponds to the functions® marked by Dirac [23] as
y) through which he defined the metric of the field. The metric of the field is much simpler
than we expected, while the velocity dependence is transferred to the components of the D
field.

0 MP —MP NP [, 0]
C
L |TMP 0 MY NP
F'LL = F‘uy—jy = — C ==
R I R A
C
iy NP a5 NG iys Ny 0 | Lipy |
[ i i® 1
M pr=— — Mg’ pr—+ %N pv
D i'l D jjg D
1 —Mgpr— + My pr— + 5Ny pv
v it 32 -
MQDpT? - MleT? + N pv
. @t P i3
Z’75N1DPT? + 275N2D:0T? + WsNng,OT?
i MPi* — My & 15N
) —MPit + MPi? cysNP | | pr .
cpy MPit — MPi? cys NP , c P
14
ivsNPat + iy NPi? + iy NPi3 0
where (k=1,...,4), (I=1,2), or in the form
O MPER-MPR e
. —MPi' + MPi3 s NP | [P
[ pPv
= MPit — MPi? Y5 NP (19)
1

It is obvious in the latter form that the isotopic electric charges do not concern the electric
moment, only their ratio is a coefficient to the magneto-kinetic moment. This ratio depends

SWhile the Dirac equation introduced and discussed first in his 1928 and 1929 papers is presented in almost
all usual textbooks on QED and field theory, his extension published in 1962 is mentioned rarely (cf., [40]).
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only on the Lorentz transformation, in which there appears the relative velocity of the two
interacting charges to each other. This expression for the Lorentz force shows that our I'
curvature obtained for the kinetic field is in its form similar to the I' curvature for the EM field
as determined by Landau and Lifshitz [29, §85].

The kinetic addition to the Lorentz force can be defined with the use of the above F*:

1 [[M;?Xi’j] CVsNZ-D] [ﬂT

Ft=— = 1HD“lpl (19a)
s NP0 c

v 4%

This expression for the Lorentz force indicates that the weak intermediate bosons can be derived
from the tensor in the first square bracket | |: 7, with mass zero, is associated with HP?? W=
with HP'2 and HP?', while Z° with HP''. Please, note the asymmetry between HP'? and HP*,
what confirms the assumption by C. Mgller [32], and what was indicated by Weinberg [39]
in another way. Note that we derived the unification of the electromagnetic and the weak
interactions in a different way than Weinberg did. Nevertheless, this latter is the theme of
another paper.

The kinetic addition to the Lorentz force expresses the velocity dependence (which was
foreseen by Dirac), and through this, the Finsler geometry (like also in [26]) to be applied for
the extended electromagnetic field.
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OMHCJIEPOB I10AX0O/1 K 9JIEKTPOMATHUTHOMY
B3ANMOJENCTBUIO B IPUCYTCTBUN N30TOIMYECKIX
3APAT0OBBIX I KWHETNYECKIIX ITOJIEN

FOpwuit /Tapsamnt
Cummempuon, bydanewm, Benepus

darvasg@iif.hu

[Tpeamer HAaCTOAMIEH CTATHY — NPUMEHEHHE TEOPHH M30TOMMYECKUX 3apAJ0BBIX CIIMHOBBIX
mojiefl K 9JIeKTPOMAarHUTHOMY B3aumojeiicTBuio. [lomyuensr MoauduInpoBaHHbe ypaBHE-
nug Jlupaka B IIPUCYTCTBHM 3aBUCAIIMX OT CKOPOCTH KaJUOPOBOYHBIX M M30TOMHYECKUX
3apsiIOBBIX Mosieil (ekTpuyeckux 3apsanoB Kynonosckoro u JIopeHresckoro Tuia, a
TaKyKe TPABUTAIMOHHON ¥ WMHEPTHON Macc), KOTOpble CPABHUBAIOTCHA € KJIACCHUYECKUM
ypasuennem /lupaxa [6, 34, 35, 37].

[TokazaHo, YTO MPHUCYTCTBUE HM30TONUYECKUX 3apsAJOBBIX TOJEH OyJeT BO3MYIIATh
JIOPEHIIEBY WHBAPUAHTHOCTH 3TOro ypasHeHnus. CyimecTByeT npeobpaszoBaHue, KOTOPOE
BOCCTAHABJIMBAET 3Ty WHBAPUAHTHOCTH B COOTBETCTBUM C COXPAHEHUEM H30TONUIECKOTO
3apgAI0BOro  cnuHoBoro mojist [8]. OHO OCHOBBIBaeTCsl Ha ONPEJEJeHUH TEH30pa MOJId,
KOTOprﬁ aJallTUPOBaH K BBIMIECTIPUBEICHHBIM YyCJIOBUAM.

[TpucyTcTBUEe KMHETHYECKUX KaJMOPOBOYHBIX MOJIEH Je1aeT HEeBO3MOXKHBIM IPe/I-
IIOJIOZKEHUE O BSaHMOﬂeﬁCTBHI/I IIJIOCKUX 3JIEKTPOMAarHUTHBIX TIOJIEHA. HO.He CBZA3HOCTH,
KOTOPOE OIPEJIEIAET KPUBU3HY, BBIBOJAUTCA U3 KOBAPHMAHTHON MTPOM3BOAHON KHHETHIECKOTO
(3aBHCHAIIErO OT CKOPOCTH) KAJIUOPOBOYHOrO MOJIsA. B 9TOM CiIydae BO3HMKAET 3aBUCSIIAs
OT CKOPOCTH METPUKA, KOTOPasi IPUBOIUT K 3aBUCAIIEH OT HAIpAB/IEHUs, T.e. (PUHCIEPOBOI
reomerpun |11, 14]. Buibop rakoit «reopun amekrponas (no ciosam /Iupaka) 6bL1 oKa3aH
B pacmupenun ero teopunu B [23]. Hacrosimasi pabora mupeacrapiaser coboil MOIBITKY
JAJIbHEHAIIEro pacumpeHus.

KuroueBbie cjioBa: U30TONMUYECKUE 3IEKTPUUECKUE 3apsIbl, W30TOMUYECKHE MaCChI,
U30TOIMYECKUIl CIOUH 3JIEKTPUYECKOI'O 3apdja, COXpaHeHHe,  3JIEKTPOMarHUTHOE
B3aUMOJIEHICTBHE,  JIEKTpocjaboe B3aUMOJEHCTBUE, KUHETUIECKHE KaJUOPOBOYHBIE
MoJist, paciupeHHoe ypaBHenuwe Jlupaka, MarHUTO-KHHETHYIECKUI MOMEHT, 3JIEKTPO-
KMHETUYECKUIT  MOMEHT, B3aUMOJEHCTBYIONINI  CIUH, ciaydaliHasg — CUMMETDPHd,
COXPAHAIONINECT HETEPOBBI TOKH.
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®UNHCJIEPOBA TEOMETPUA B TEPMIHAX MPOBON
OYHKIINN

FO.A. PouioB

Hrnemumym npobaem mexanuxy PAH, Mockea, Poccus

rylov@ipmnet.ru

[TokazaHo, YTO reOMETPHIO IPOCTPAHCTBA-BPEMEHH ClIeayeT (hbOpMYJIUpPOBaTh B TEPMUHAX
MHUPOBOH (DYHKIIUNA, MTOTOMY 9YTO TOJbKO OIKUCAHHE B TEPMUHAX MHUPOBOI QyHKINHT
MTO3BOJIFET PACIIO3HATH OJUHAKOBBIE T€OMETPUIECKHE OOBEKTHI B ODJIACTIX IMPOCTPAHCTBA-
BpeMeHHU C pasjaudHoii reomerpueii. l'eomerpusa Bepsasbaa-Moopa, chopmynupoBanHas
B TEepMHUHAX MHUPOBOH (PYHKIUN, OKA3BIBAETCS MHOTOBAPUAHTHONW IeOMEeTpHell, KOTOpas
€e/Ba JIM MOXKET MCIOJIb30BAThCdA KAaK I'eOMETPUd IPOCTPAHCTBA-BPEMEHU, MMOTOMY YTO B
3TOl reoOMeTpHHN BUXJISHUS MUPOBBLIX JIMHUM CBOOOMHBIX UACTHUIL OTINIHBI OT PEATbHBIX
BUXJIIHUA.

KitroueBblie cjioBa: pacro3HaBaHUe OJUHAKOBBIX T€OMETPUIECKUX 0ObEKTOB; TPUHITAI JIe-
dopmary; MHOrOBapUaHTHAS IeOMEeTpHUsl; MUPOBasd (DYHKIMSA; JIMHEHHOE BEKTOPHOE ITPO-
CTPAHCTBO; BEKTOPHOE PACCJI0EHUE; POIb KOOPIUHAT.

1 Bsenenue

QuHCIepOBA N€OMETPHS ABJISIETCsT HEKOTOPBIM 0D0DIIEHNEM PUMAHOBOM MeOMETPHH, UCIIOIb3Y-
IoIIeit BEKTOpHOE paccioenue [1,2]. 9to paccioenne 0b6opymoBaHo MeTpudecKoil dyHKIueil. Jra
MeTpudeckas PYHKIUS TOPOXKIAeT HEKOTOPYIO FeOMETPHIO, KOTOPasi MOYKET He ObITh JIOKAJTHHO
eBKJIMIOBOI (MJIH TICeBIOEBKIINIOBOI). DTO O3HAYAET, UTO (HDUHCIEPOBA TEOMETPHsI SIBJISIETCST
0000ITIeHnEM PUMAHOBO T€OMETPHUH, IIOTOMY 9TO PUMaHOBA T€OMETPHUs sIBJSIETCS JIOKAJTBHO €B-
kymgoBoii. Ho douHcaepoBbl reoMeTpun, Tak »Ke KakK 1 PUMaHOBBI T€OMETPUN SABJISIIOTCS JIOKAJIb-
HBIMU I'eOMETpUuAMU. OHI/I OIINCHBIBAaIOTCA 6eCKOHeLIHO MaJIbIM PaCCTOAHUEM dS MeKAy TOYKaMM
x 1 x + dr, KOTOpoe B CIydyae PUMAHOBOI T€OMETPUN OINPEIE/IAeTCS COOTHOIIEHTEM

20 (z,z + dz) = ds* = gydr'dz” (1.1)

3/ech 0 ecth MUpOBas (DYHKIWS PUMAHOBOI reoMerpun. JIg mocTpoeHusi TeOMeTpUn B He-
KOTOPO#l KOHETHON 00/IACTU HCIIOJIb3YeTCs CUCTeMa KOODJNHAT, KOTOPasi CBI3bIBACT OIMUCAHUS
B Pa3HBIX OECKOHEYHO MaJIbIX obsacTsax. Kpome toro reomerpust G, B objactu {2y OKa3bIBAET-
cd CBsI3aHHOM ¢ reomerpueit G B obnactu )y, Hampumep, B obactu ); ¢ mpocTpaHCTBEHHO-
BpeMeHHO# reomerpueit MuHKOBCKOTO Gy mMeeTcst reomeTpudecknit 00beKT Oy DTOT reome-
TPUYIECKNiT 0OBEKT JBUYKETCs B MPOCTpaHcTBe-BpeMenn 6e3 gedopmanun. OH OKa3bIBACTCsd B
Japyroit obsractu (g TpocTpaHCTBa-BpeMeHu ¢ reomerpueii G. B reomerpun G 5T0T 00BEKT OIN-
ceiBaercs kak (0. Kak onucanue reomerpudeckoro oobekta (O B MPOCTPAHCTBEHHO-BPEMEHHOI
reoMerpun § MOXKeT OBITh BBIPAXKEHO 1epe3 omucanue Toro ke oobekra Oy B reomerpun Gyy?
Hu pumanoBa, Hu puHCIEPOBA T€OMETPHS HE MOTYT OTBETUTH HA TOT BOIPOC, TIOTOMY 9TO 3THU
reOMEeTPUH He PacCMaTPUBAIOT TPodJeMy jieOpMAIUN TeOMeTPUH. K IMHCTBeHHBIM UCKTIOYe-
HIEM ABJIFeTCA OTPe30K T[ap) IpaAMoil muHnn Mexkay Toukamu A u B. Ilpemnonaraercs, 49ro
OTPe30K T[4p] ABILETCA OTHOMEPHBIM OTPE3KOM KPUBOI B PEMAHOBOI UK B (DUHCIEPOBOIT reo-
METPUH.

OtBeTuTh Ha 3TOT BazKHBII Bompoc 0 cBsa3u Mexk 1y O nu Oy MOKHO TOJTBKO B TOM CIydae, KO-
I/1a TeOMETPHUS IPOCTPAHCTBA-BPEMEHN OMUCHIBACTCH B TEPMUHAX MUPOBOH dyHkinn o. Takas
reoMeTpus Ha3blBaeTCd u3mdeckoil reomerpueii. Jliobas dusnyeckas reomeTpus MOTydaeT-
cd B pedyJbrare JedopMannuu cOOCTBEHHO €BKJIMI0BON IMeOMeTpUN, KOTOpas PacCMaTPUBAETCS
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KaK CTaHJIapTHas reoMerpus. B pesysibrare dpusndeckas reoMeTpus MOXKET ObITh MOIyYeHa U3
Ipyroit (busnaecKkoit reoMeTpUN ¢ IMOMOIIBI0O HEKOTOPOH JebOpMAaIII.

DTO OYeHb cTapasi ujies MOJHOCTHIO OIMMCHIBATH T€OMETPHUIO C TOMOIIBIO (PYHKIIUU PACCTO-
staust (um MupoBoit dyHKIwn). Bradase 310 6bLI0 METPHYECKOE TIPOCTPAHCTBO, OMHUCHIBAEMOE
¢ moMoIIbio MeTpuku (paccrosianst). Merpuka OblLia orpaHudeHa psAIOM YCJIOBHII TAKHX Kak
AKCHOMa TPEYTOJIbHUKA U YCJIOBHE HEOTPUIIATEILHOCTH METPUKH. YC/IOBHE HEOTPUIATETHLHOCTI
METPUKHU He T03BOJISII0 TPUMEHUTh MEeTPUIECKOe ITPOCTPAHCTBO JIjisl ONMUCAHUS TPOCTPAHCTBA-
BpeMenn. [JIaBHBIM HEJIOCTATKOM METPUYECKOl reOMeTpUn 1 JIUCTaHTHO# reomerpun [3,4] Gbuia
HEBO3MOYKHOCTH ITOCTPOEHUsI T€OMETPUIECKIX O0bEKTOB B TEPMUHAX METPUKU P, UJIU B TEPMU-

HaX MUPOBON (PYHKINH 0 = 3 p%. TlocTpoenne reoMeTpuIecKix 00bEKTOB B TEPMIHAX MUPOBOiT

byHKIUI 0IKHO GBITH BO3MOYKHBIM, IOTOMY YTO IIPEJIIOIATAeTCs, ITO TEOMETPUS OJTHOCTHIO
OIUCHIBAETCS B TEPMUHAX MUPOBOil (DyHKIUM U TOJBKO B TEPMUHAX MUPOBOiil dbyHKInu. Bosee
Toro, bu3NUecKasi TEOMETPHsI JIOIYCKAeT OECKOOPMHATHOE OIUCAHNE.

Takas cuTyanusi BOSMOKHA, €C/IH [OHATUS T€OMETPUU U TeOMEeTPUIECKUe OO'beKThI OIUCHI-
BAIOTCs PABIJILHO [6].

Onpepesienne 1.1. Qusnveckas reomerpust G = {0, Q} ectb MHOXKECTBO TO4eK () ¢ 3aJaHHOMN
Ha HeM OJHO3Ha4HOI dyHKImel o Ha {2 X )

o: Qx0Q—R, o(P,P)=0, o(P,Q)=0(Q,P), P,Q e (1.2)

Onpepesienne 1.2. Ousnueckue reomerpun Gy = {01,Q1} u Gy = {03,Q2} sKBUBAIECHTHBI
(G1eqv@s), eciin MHOKeCTBO TOUeK 21 C Qo A oy = 09, muitn Qy C Oy Aoy = 07.

Sameuwanue: CoBHajieHNe TOYEUYHBIX MHOXKECTB () 1 )y He sABJISETCS HEOOXOMMMBIM JIJIst
SKBHUBaJEHTHOCTH reomeTpuit G; u G,. Ecau norpeboBath coBnajenus §2; u (o B cIydae 9KBU-
BasieHTHOCTU G 1 Ga, TO yIaJeHue OJHON TOYKU P U3 TOYeYHOr0 MHOXKECTBA {2 IpeBpalaer
reomerpuio G, = {01, Q4 } B reomerpuio Gy = {01, Q1 \ P}, KoTopast oKa3bIBaeTCst He SKBUBAJIECHT-
Hoil reomerpun Gp. Takas curyalust MpeaCcTABIAETCS HEJIOIMYCTUMOM, TIOTOMY YTO M€OMETPHUsI
Ha JacTu w C () TOYeYHOro MHOXKeCTBa {27 OKa3bIBACTCA HESKBUBAJECHTHON reOMeTpUn Ha BCEM
TOYEYHOM MHOXKeCTBe ().

B coorsercreun ¢ onpegesernem reomerpun Gi={o,w;} u Go={0,ws} Ha YacTIAX MHOKE-
crBa Q, wy C Q uwy CQ sxBusasentus! (G1eqvG), (GoeqvG) reomerpun G = {0, 1}, Torna
kak reomerpnn Gy={o,w;} u Go={0,ws} BoOOIE TOBOPsI, HE SKBUBAJEHTHBI, €CJIU W1 g wWo
u Wwo g wi. Takum ob6pazoM, OTHOIIEHNE SKBUBAJIEHTHOCTHU, BOOOIIE TOBOPs, MHTPAH3UTUBHO.
[FeomeTpus mpocTpaHCTBa-BPEMEHN MOYKET BapbUPOBATLCS B PA3HBIX 00/1aCTAX IPOCTPAHCTBA-
BPEMEHH. DTO 03HAYAET, 9TO (PU3NIECKOE TEJI0, PACCMATPUBAEMOE KaK IeOMETPUIECKUl 00bEKT,
MOZKET SBOJIIOIUOHUPOBATH TAKIM 00Pa30M, YTO OHO OyIeT OKA3bIBATLCA B 00JIACTIX C PA3JIMY-
HOII reoMeTpueil IPOCTPAHCTBA-BPEMEHU.

Onpepesienne 1.3. ['eomerpuaecknii 00bekT gp, reomerpun G = {o, {2} ecTh MOIMHOKECTBO
gp, C € Toyek MHOXKecTBa ). DTOT TeOMETPHIECKUil 0OBLEKT ¢p, €CTh MHOXKECTBO KODHEeNH

R € Q dyukuyuu Fp , P, = {Po, P1,...P,} C

Fp Q—R (1.3)

rie
Fp, Fp, (R) = Gp, (u1,us,...us) , s = % n+1)(n+2) (1.4)
w o= ownwy), ik=01.n+1, =12, ..%(n+1) (n+2)  (L5)
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wr, = Pg GQ, k‘:O,].,...n, Wn+1 =ReQ) (16)

Baecy P, = { Py, Py, ..., P} C Q ¢yt n + 1 Touek, ABIAIONIMXCA TTapaMeTpaMil TeOMeTpIIe-
CKOT'O 00BbEKTA gp,

gp, ={R|Fp,(R)=0}, ReQ, P,cQ"" (1.7)

Fp, (R) = Gp, (u1,us, ...us) ectb Hekoropas dyHKIus 0T & (n+ 1) (n + 2) aprymeHToB u, 1 of
n+ 1 napamerpos P,,. MuoxkectBo P, mapamMeTpoB reoMeTPUIECKOr0 00bEKTa HA3BIBACTCSA Kap-
KaCcOM IeOMEeTPHIeCKOro oobekTa. [IoqMHOKECTBO gp, HAa3BIBAETC 000IOUKOI KapKaca. Beskmit
PeOMETPUIECKUIT OOBEKT OIPE/ENIseTCsl B TEPMUHAX M TOJILKO B TEPMHUHAX MUPOBOii (DyHKIIHL.
D10 ompeesIeHIE He COIEPIKUT CCBUIKH HA CHCTEMY KOODMHAT.

Korja wacTuma paccMaTpuBaeTCsi KaK DEOMETPUYECKHiT OObEKT, TO ee JBHUKCHHC B
IPOCTPAHCTBE-BPEMEHH OINCHIBACTCsI IVIABHBIM 00pa3oM ee kapkacoM P,. Kapkac ssisiercs
AHAJIONOM Delepa, IPUKPENIeHHOro K dusndeckomy resty. Ciesist 3a IBUKEHHEM perepa, MOXK-
HO CJIEJUTH 3a JABIKeHueM Tesa. OJUH Kapkac MOKET MMeTh MHOTO 0DOJIOUEK U ONHCBIBATD
pasHble TeOMETPUIECKIE OOBEKTHL.

Ecmu nBa reomerpuieckux o0bexkta gp,, U gp o OJAMHAKOBBI, TO HX KapKachl Py,
{Po, P1,..P,},u P! ,={P,P,..P,} 10mKHbLl ObITH OMUHAKOBEL DTO O3HAYAET, ITO

o(P,P) =0 (P,P), i,k=0,1,..n (1.8)

Samevarue: 1IponsBoabHOE TOJAMHOYKECTBO TOYEK TOUETHOIO MHOXKECTBa ) He SBJISIETCH,
BOOOIIE TOBOps, TeOMeTpuiecKnuM o0beKToM. [Ipemnonaraercs, 9ro usmdeckoe TEJIO0 MOKET
uMeTb (GOPMY T€OMETPHIECKOTO 00BEKTa TOJBKO B CIydae, KOTJa OHa OMpejeseHa COOTHOIIe-
musmu (1.3) - (1.7), moTomy 9T0 TOIBKO B 9TOM CJIydae MOKHO OTOXKICCTBUTE (bU3NIECKHE Tesia
(reomeTpuueckre OOBEKTHI) B PA3HBIX [€OMETPHSIX IIPOCTPAHCTBA-BPEMEHN.

Ipumep: Orpesok npsimoii T[4,z B COOCTBEHHO eBK/INI0BOI reomerpun Gy = {og, 2} omnpe-
nejidercd Kak MHOXKecTBO Todek R € €

TiaB = {RI\/%E (A,R) + \/20g (R, B) = \/20% (A,B)} (1.9)

9T0T 0TPe30K T4, 5] OAHOMEPEH B Gi. DTO 1O OIpeJie/IeHNIO O3HAYAET, IT0 cedeHne S (7@1, B, P)
oTpeska T4 p) B moboit Touke P € T4 p) cocTouT U3 oanoit Toukn P.

S(Ts,P) =Rl \ V20:(R,C)=+/205(P,C)  ={P} (1.10)

C=A,B

B npyroit dusnuaeckoii reomerpun G = {0, 1} oTpe30k npaMoit T[4 p| ONpee/IHeTCs COOTHOLIIE-
HUEM

Tian = { RIv20 (4, R) + 20 (R, B) = V20 (4, B) } (1.11)

Ero ceuenme umeer Bug

S(Tan,P) =Rl /\ v20(R,C)=+/20(P,C) (1.12)

C=A,B

MmuozxkecTBO TOUEK S (ﬁA,B],P) MOZKET COJiepzKaTh MHOI'O TOYEK, IOTOMY YTO OJHO ypaBHe-
aue (1.11) B n-MepHOM TIpOCTpaHCTBE MpejcTaBaser coboii, Boodue rosopsi, (n — 1)-MepHyto



FO.A. PrrioB @uHciepoBa reoMeTpusi B TEPMHUHAX MHPOBOH (DyHKITHH 363

noBepxHoCTh. Tor dakt, uro (1.9) B Gg npejcraBisier coboii OJHOMEDHBI OTPE30K SABJIAETCS
CJIeJICTBUEM CIIENMAIbHBIX CBONCTB MUPOBOil (DYHKINH 0.

ITonuepknenm, aro onpenenenns (1.9), (1.11) orpeska npsamoii Tja,p B reomerpusx Gg u G
HE COJep’KaT CCBLIOK Ha CHCTeMY KOOPIMHAT. DTO BayKHO IMOTOMY, 9TO OECKOOPIUHATHOE OIN-
caHue UMeeT JIeJI0 ¢ TeOMeTpHeil IPOCTPAHCTBA-BPEMEHN KakK TAaKOBOM (6e3 CChLIOK Ha CUCTeMY
KOODJIMHAT, UTO MOYKET OKA3aThCsl CyIIeCTBEHHbBIM ). MbI TIOKazKeM, 9TO TPAJMIIHOHHAS CUCTEMA
KOOD/IMHAT MOYKeT OBbITh BBEJEeHa He BCErJia, MOTOMY YTO HEKOTOPbIe (hU3UIeCKue reoMeTpUn
(HampUMeD, JMCKpPEeTHAsT TeOMEeTpPHUsT MPOCTPAHCTBA-BPEMEHH ) NMEIOT HEOIIPEICJICHHY0 MeTPHU-
YEeCKYI0 PA3MEPHOCTh (MaKCUMAJbHOE YHC/IO JIMHEHHO He3aBUCHMbIX BEKTOPOB).

OToxKIecTB/IEHNE TEOMETPUYECKUX OOBHEKTOB B PA3HBIX ODJIACTSX C PA3JIUYHON reoMeTpH-
eil TpOCTPaHCTBA-BPEMEHN $IBJISETCA OY€Hb BayKHOII orepariueil, KoTopas MOXKeT OBITb OCYIIIe-
CTBJIEHA TOJILKO TIPU OMKMCAHUU B T€PMUHAX MUPOBOH byHKIMU. TpajuninoHHoe omucanme reo-
MeTPHUH TPOCTPAHCTBa-BPEMEHN OCHOBAHO Ha (popMasn3Me JUHEHHOr0 TPOCTPAHCTBA, KOTOPHI
s dekTuBenH TOIBKO B MPOCTPAHCTBEHHO-BPEMEHHON Teomerpun MUHKOBCKOTO Gy M 9ACTUYIHO
B pUMaHoBOl reomerpuu. Jarxke ommcanue oTpesKa IpaMoil T[4 5] TIPUBOIUT K PA3HLIM PE3yIb-
TaTaM B (bU3UUIeCcKoil reoMeTpun u reoMerpun MunkoBckoro. B ¢pusndeckoit reomerpun Bpeme-
HUMO/I00HbIH 0Tpe30K Tlap) (1.11) aBisercs, Boodiie roBops, 3-MepHOil TPYOKOii, TOr/ia KaK B
G\ 9TO OJIHOMEpHAs JIMHUsA. B COOTBETCTBUU € TPAIUIIUOHHBIM aKCHOMATHIECKUM TTOIXOIOM K
reoMeTpUH IIPOCTPAHCTBA-BPEMEHN OTPE30K T[4p] ABIAETCA OJHOMEPHEIM B J1I000M IeOMeTpHH.
Boobiie, maremarudeckuii popMasn3M TPaJUIUOHHON MeOMETPHUH MPOCTPAHCTBA-BPEMEHU He
NPUTOJIEH )T OJIHOBPEMEHHOTO PACCMOTPEHMS HECKOJBKUX PAa3JIUYHBIX T€OMETPUN B PA3HBIX
00J1aCTIX MPOCTPAHCTBA-BPEMEHH.

MpbI BocmpuHIMAaeM TeOMETPHIO MPOCTPAHCTBA-BPEMEHU TOJIBKO Yepe3 JIBUKeHHe (usnde-
CKUX TeJl B MPOCTPAHCTBE-BPEMEHN, WM Yepe3 MOCTPOEHHe I'eOMeTPUIeCKUX OObEKTOB, COOT-
BETCTBYIOIINX 9TUM TejaM. Kak 310 ciaemyer us3 onpedeserusn 1.5 TeoOMeTpUIeCcKOro 00bEKTa,
dbyukmusa  F kak byHKIHs apryMeHTOB Us (MUPOBBIX (QYHKIHUT OT Pa3IMIHBIX TOUYEK) OHA
1 Ta XKe BO BceX (U3NUIECKUX T€OMETPHUAX. ITO O3HAYAET, 9TO reomerpudeckuii oobekt O B
reomerpuu Gy = {01, } nosydaercsa u3 TOro })e camoro reoMerpudeckoro oobekta Oy B reo-
merpun G = {03,y } ¢ IOMOIIBIO 3aMEHBI 09 — 01 B OIIPEJICJIEHUN T€OMETPUIECKOTO 00bEKTA.
DTOT METO/T CPABHEHUsI TEOMETPUIECKIX OOBEKTOB B PA3HBIX T€OMETPUSIX MTPOCT U 3D HeKTUBEH.
OH He WCHOIB3yeT TPAJUIMOHHOTO (AKCHOMATHIECKOIO) TOXOJa K TeOMETPUN. DTO SIBIISIETCS
MPUYNHOM, MMOYeMy MbI IIBITAeMCS IIPEJICTABUTH (DUHCJIEPOBY F€OMETPHUIO B TEPMHUHAX MIPOBOIt
dyuknuu. OGunciaepoBa reoMeTpusi MPOCTPAHCTBA-BPEMEHN JIOJIZKHA OMUCHIBATHCA B TEPMIHAX
MUPOBO# (DYHKIUU I TOTO, YTOOBI MOYKHO OBLIO PaCIO3HATH OJUHAKOBBIE I€OMETPUIECKUE
00BEKTHI B pa3HBbIX 00/IACTAX TTPOCTPAHCTBA-BPEMEHM.

2 MupoBas (pyHKIUSA KaK T€eHepaTOp BEKTOPHOTO PaCCJIOEHUS

CriocobnocTh MUPOBOil (QYHKIIMHM PUMAHOBOI IeOMETPHH MOPOXKIATH BEKTOPHOE DPaCC/I0eHUe
ObLIa HccIeoBaHa B pabore [7]. DT cBoiicTBa OBLIN MCHOIB30BAHBI sl TOCTPOEHUST OTHOCH-
TEJILHOTO IPABUTAIIMOHHOTO 1oJist [§]. YT06BI TOCTPOUTH PUHCIEPOBY M€OMETPUIO UCIIOIB3YeTCs
BeKTOpHOe paccioenue 1T'M pumanoBoii reomerpun Gy 3aJ@HHOI Ha IJIQJIKOM MHOTO0ODa3un
M, tne 3agana cucrema koopaunat K. PumanoBa reomerpusi Gg MOXKET pacCMaTPUBATHCS KaK
JacTHBIN ciaydail dusndeckoit reomerpru G = {0, M} ¢ muposoit dyukmeit og = o (z,z’),
rjie x u x’' cyrh KoopauHatel Todek P, P’ € M B cucreme koopaunar K. Merpudeckuii TeH30p
PUMAHOBOI reoMeTpun G MMeeT BUJT

0?0 (x, 2
)= |~

r'=x

ik=0,1,.n—1 (2.1)
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Yrob6bl TOCTPOUTH BeKTOpHOE paccioenne T M, B Touke ' € M, 0OBIYHO UCIIOIB3YETCs MHO-
JKECTBO OJHOMEPHBIX JIMHUH St,/, Ipoxoadnmx depes Touky x’. Bexkrophoe paccioenne T M,
SIBJISIETCS KAacaTeJbHBbIM KO BceM JinnusaM L C Sp,. B dusudeckoii reoMmerpun BEKTOPHOE pac-
cnoerne T'M MoxKeT OBITH TOCTPOEHO 6€3 CCHLTKU HA MHOYXKECTBO STz/. ITO BayKHO, TIOTOMY UTO
B (pUBUIECKOIl TEOMETPUN OJHOMEpPHBIE KPUBbIE MOT'YT HE CYIIEeCTBOBATH.

Huddepennupyst MuUpoBYIo DYHKIUIO, TTOJIYIaeM CJISIYIONIYIO BETUINHY

0?0 (z, )

I ,k=0,1,2,3 (2.2)
r*ox

o (z,2") =0 ,p (2,2") = 0;0p0 (z,2') =

OTa BeJIUYNHA ABJISCTCA KOBapHaHTHBIM JABYX-TOY€IHBIM TEH30POM (BeKTOp B TOYKE I 1 BEKTOD

B Touke z'). Boobmme, samaras mepen mmaexcoM k osHadaer muddepeniuposanue mo ¥, a

3amaTas Tepes HHueKcoM k' osHadaer muddepennuposanue mo o'f.

11 puMaHOBOI FeOMETPHUH UMEIOT MECTO CJIEIYIOIne CBOMCTBA

det [|gix ()| # 0 (2.3)

Torma
det ||og (z,2")|| # 0 (2.4)

B HEKOTODOIT KOHEYHOI 00JIacTH W, 1€
lr — 2| = ‘\/20 (x,z")

s 1.7
B w, MoXKIO onpenenTh KOHTPABAPUAHTHBIN IBYTEH30 O'lk C IIOMOIILIO COOTHOIICHM A
T

<R (2.5)

O'ikla'lk/ = (S; (26)

3/1ech, KaK 1 Be3JIe JIaJbIIle, IO TOBTOPSAIONINMCS BEPXHIM U HUXKHUM HHJIEKCAM MTPOU3BOINTCS
CYMMUPOBAHUE.
Onpeneum BeTUIUHY

Do (x,2')

Orkoxlox's (2.7)

Zl = Zl (SL’,J:/) = O'iSIO'kls/a Okls! (xxl) =

Bemrauna Iy, (z, 2") npeobpasyercs xkak cumson Kpucrodbddens B Touxe x, u MOKHO ompejie-
JINTh KOBAPUAHTHYIO TTPOU3BOIHYIO V; 10 T*

ViIF =T, =T}, - TETy + T5TF (2.8)

rie TF = TF (z,7') ecTb HeKOTOPBIil BYXTOUEUHbIN TEH30D B TOUKE .
Cessnocts I'}; (z,2') B ToUKe T OKa3bIBAETCSI CBS3HOCTHIO ILIIOCKOTO IIPOCTPAHCTBA, IIOTOMY
YTO TEH30D KPUBU3HBI

=0 — o, + Tt —TPTE =0 (2.9)

k,sr kr+ ms

TOXKJIECTBEHHO 00pAIlaeTcs B HyJIb. B caMoM Jierie, B cooTBeTcTBUE € (2.7) 1 B COOTBETCTBHU C

COOTHOILIECHUEM
W} T ! o /
9,0*% = —0™ 0,00 = —6" 4,0 (2.10)

KoTOpoe cieayer u3 (2.6), momydaem

(97-1_‘28 - 83112:7" + FZZF’Lmr — I

kr+ ms

; / ; / l/ son! ll on!
= ar (Oﬂm Uksm’) - 63 (Ulm Ukrm’) + (Um O-ksl’o-lp Umr,p’) - (Om O.le/o_zp Umsp')
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. 1 ’ -1 ’ -1
= a-ksm’ara-lm - O-krm’aso-lm + (Uml O-ksl’o-lp Umrp’) - (Uml Ukrl’o-zp Umsp’) =0

Takum obpazom, cumBon Kpucroddens (2.7) npezgcrapisier coboit CBSI3HOCTH ILIOCKOTO DH-
MaHOBa IpocTpancTsa F, . MHoxkecTBO Beex npocrpancts F,, ' € M obpasyer BeKTOpHOE
pacciaoenue T'M.

Nnmeem
Vioi = Oiprg — T5iosp = Opigs — 0™ Oligni 0 g = 0 (2.11)
Vo™* = —aip/@laqplaqkl =0 (2.12)
Vut'® (z') =0 (2.13)

rue ut'* (') ecTh IPOM3BOJIBHBIN OJJHO-TOYEUHBIN TeH30D B Touke 2. KoBapnaHTHBIN MeTpide-
ckuii Terszop Gy, = Gy (x, ') mrockoro puMaHoBa PoCTpaHcTBa F,y MOXkKeT GbITh IPeICTaBIeH
B BUJIe

Gir (z,2') = Jil/gﬁ)‘“”)’ (') ops (2.14)

IIOTOMY YTO B 9TOM CJIy4dae

V,Gin (z,2') =0
Heobxoaumo, 91005
det Hgfgs), (z) ‘ # 0 (2.15)

quist Toro, 1Tobst det ||Gyx|| # 0. U3 (2.11), (2.13) u (2.14) crenyet, uro

/ol

@lGik (LU, 33,) = O'ir/@lgzqo‘)s ($/) Oks' — 0 (2.16)

Omnpenermm cumBon Kpucroddensa I, B mimockom pumanoBoMm npocrpancTse E, ¢ MeTpuye-
CKUM TeH30poM (2.14)

~ . 1 .
W= §st (Gsy + Gisg — Grus) (2.17)

rne G ecThb KOHTpaBapHaHTHLIN METPHYECKHII TEH30D

/

G* = 0" gy (&) o™, goyuw (@) gid) (2') = 0}, (2.18)
[Toncrasisas (2.14) B (2.17) u ncnons3ys (2.18), norydaem
fil = O'is/O'kls/ = le (219)

Takum obpaszom, dusnaeckasi reomerpust G = {0, M} Ha riagkoMm MHOrooO6pasun M, dbsi MU-
poBas dyHKIus obanaer cpoiictoM (2.4), mopoxkaaer BekropHoe paccioerue T'M. Muposas
dyHKIWMSA o onpejensier orobpaxkeHue cucrteMbl KoopamHat K Ha M B cucTeMy KOOpIHHAT
K,/ na kaxxjaom npocrpanctse F, paccioenus: T'M. DTo oToOpazkeHue ompejiesisieT CBA3HOCTh
I, ma kaxaoM FE, Bektoproro paccuoenus TM. Onnako merpudeckuii Tensop Gy (7/,2') B
E,/, onpenensiembrit coorrHormenneM (2.14) mMoxker He coBnaiarh ¢ gyg (). Tlmockoe pumano-
BO TPOCTPAHCTBO E, MOXKeT mMeTh 0COOEHHOCTH B Touke x’. B wacrHoctn, F, MOxkeT ObITH
KOHMYECKUM IPOCTPAHCTBOM C BEPUINHOI B TOUYKe .
B Touke =’ npocrpancrBa E,

o

G (2, ) = ¢V (') gy (2) g7 (2') (2.20)

Ecrmn gy (') = g (@), Merpudecknit Tensop (G, (¢,2')],_,, B Ey coBmajaer ¢ MeTpude-
CKHUM TeH30pOM @ik (2') B reomerpun G = {0, M}, onpenensemoii coorsomenuem (2.1)
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/ / / !/
[sz (.’L‘, x )]$:$, = Gi'k’ (33 ) y eCcJin g(O)i’k’ (.T ) = gi'k’ (I‘ ) (221)
DTO O3HAYAET, 9TO ILJIOCKOE PUMAHOBO IPOCTPAHCTBO K/ aBjIgeTcs eBKINI0BbIM. B aTOM ciiydae
OHO SIBJISIETCsI KacaTeJIbHbIM K MHOT0oOOpasuto M B Touke x'.
Eciu dusuveckas reomerpuss G ={o, M} saBiagercs pUMaHOBON reoMerpueil, MupoBas
byukIwMa o = oR yaoBiaerBopsier auddepeHnuaaTbHOMy YpaBHEeHUIO |5]

don
am/i

VK (o _
orig"" (2') oriy = 20®, ORi = (2.22)
HeiictByst Ha 06e dactn ypasaenus (2.22) omeparopom V;V, 1 puHUMAasi BO BHUMaHUE COOT-

Homrenus (2.11), (2.13), momyaaem
URli’gilk, (') orskr = 6ZJRS (2.23)

Cpasnusas (2.23) ¢ (2.14) u (2.21), 3ak/ogaeM, 9T0 JJIs puMaHoBoii reomerpun G = {og, M}
MeTpUYecKHil Ten3op B K,/ B TOUKe T NPUHUMAET BHUJIL

Gik (1’, .’13/) = 6i@kUR (LI?, .’,13/) (224)

Urak, nycrs dusndeckas reomerpus G = {0, M} 3agana Ha ruiajgkom MHOroobpasun M ¢ cu-
cremoit koopauHat K Ha M u yaosrersopsier ycaosuio (2.4). Torga sra reomerpust mopozxaer
paccioenue TM Ha ma0CKHe pUMaHOBBLI IpocTrpaHcTBa F,, B KaxKnoi Touke ' € M. Ona
MOpPOXKTaeT oToOpazKeHne cucreMbl KoopauHaT K — K,» u onpejesser MeTPUYECKUl TEH30D
Gir (z,2') B KaXK10lt TOUKe T eBKIMIOBa NpocTpancTBa E, B cucreme koopaunar K. Merpu-
geckuit TeH30p Gy, (¥, ') B TOUKe T ONpeIessieTcss HEKOTOPBIM TEH30POM o)k (%) B TOUKe
z' (det H goyik (@' )H # 0). Eciin reomerpust G = {ogr, M } siBAsieTcst puMaHOBOI TeoMeTpureii, To
Merpudeckuii Terzop Gy, (z,z') Ha E, B TOUKe T MOJHOCTHIO OIPEIesieTcsi MUPOBOH (byHKIHel
OR PUMAaHOBOI T€OMETPHH.

BekTopnoe paccioenne T'M saBjseTcss KacaTeJIbHBIM BEKTOPHBIM DPAaCC/JIOCHHEM B CIydae,
korma G = {ogr, M}. Dro o3Havaer, 4TO ecau MHOroobpasme M M30METPUUECKH BIOXKEHO B
eBKJINJI0BO MHOToOoOpasue Mg Oosblneit pasmepHocTu u obpasyer moBepxHocTb S B Mg, TO
pacciaoenne T'M mpecraBisieT cob0it MHOXKECTBO KacaTeIbHBIX IJIOCKOCTEH K oBepxHOoCcTH S. B
ciaydae, korga G = {0, M } He gBJsieTcst pUMaHOBOii reoMeTpueii, BekTopHoe paccioerue T'M He
SIBJII€TCsI, BOOOIIE TOBOPSI, KACATE/ILHBIM BEKTOPHBIM PACCJIOEHUEM, TOTOMY YTO MHOTOOOpa3ne
M #He MoxKeT ObITH BJIOXKEHO M30METPUUECKH B €BKINI0BO MHOTrooOpasue My. B sTom ciaydae
npgaMbI€ IMHNU 1\/IHOFOO6paSI/IH M HE ABJIAIOTCA OAHOMEPHBIMU JIMHUAMU, U TAKUE ITPAMBIC IMHNU
Buyia (1.11) He MoryT GBITH BJIOYKEHBI H30METPHYECKH B eBKJIHI0BO MHOTOOOpasue Mg. Tem He
meHee, dusndeckas reomerpust G = {0, M} nopoxaer Bekroptaoe paccioenue T M 1iockux
PUMAaHOBBIX IPOCTPAHCTB F,» 1 oToOpazkeHue cucreMbl KoopAauHat K Ha KayKJ0e MPOCTPAHCTBO
E, paccnoenns T'M.

3 Pouab cucteMbl KOOp/IMHAT B OIMCAHUN T€OMETPUN
NPOCTPAHCTBAa-BPEMEHN

OOBIMHO TpeIoIaraeTcs, YTO CUCTeMa KOOPJINHAT €CTh HEeUYTO BHEIIHEee 110 OTHOIIEHUIO K T'e0-
MEeTPUM MPOCTPAHCTBA-BPEMEHH U, BOOOIIE, MO OTHOIIEHUIO K Ji00oit reomerpun. Ho sto He
coBceM Tak. UTOOBI MOHSATH POJIb CUCTEMbI KOOD/UHAT, PACCMOTPUM COOCTBEHHO E€BKJIAJIOBY
reoMerpuio Gg B O-TIPEJICTABJICHUH. O-TIPEJICTABICHNE TOSBIISIETCA TP METPUIECKOM TIOXO0/IE
K MeOMeTpUH, KOIJa BCe I'€OMETPUYECKHe BeJIMYUHBI U COOTHOIIEHUA OINCBIBAIOTCA B TEPMU-
HAX MUPOBOI DYHKIMH. PasMepHOCTh TeOMeTpHH U CUCTeMa KOODJIMHAT TOXKE BBIPAYKAIOTCS B
TepMHUHAX MHUPOBOil (DYHKIIIH.
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B nekaproBoii cucreme koopjunat K MupoBasi (DyHKIUsS O COOCTBEHHO €BKJIMIOBOI T'eO-
MEeTPHUH UMeeT CIHeIraIbHbIA BU/I

i (z" — :z:’k)2 (3.1)

k=1

og (P, P") =og (z,2') =

DO | —

rie P = {z!, 2% ..2"}, P/ = {2, 2" .2} cyTh TOUKH N-MepHOro eBK/IHMI0BA MPOCTPAHCTBA
E" PP € E"uz = {2',2% ..2"}, 2 = {2,727, ..2""} cyTb KoopmuHATLI B HEKOTOPOIl
JIeKapToBOil cucrteme KoopanHat K.

Criocob 06001ennss reoMerpun Gy CYIIECTBEHHO 3aBHCUT OT MeTOJa IPEeICTaBIeHN
reomerpun Gg. Umerorest jBa MeToma NpecTaB/IeHdst e€BKJNI0BOI reomerpuu Gg: (1) V-
npejicTaBienue u (2) o-npeacrasienne [9).

B V-npejcrapiennn ucmoab3yercss aKCHOMATHIECKUN MOIX01 K Ui, KOTJla eBK/IUI0Ba I'eo-
MeTpPHs CTPOUTCS Ha OCHOBE JIMHEHHOTO TpocTpaHcTBa L,. JIuneiiHoe mpocrpancTBo L, Tpe-
cTaB/sgeT coboit MHOXKecTBO (), 3/eMeHTOB u € §2,. DTH IEeMEHTBI % MbI Oy/JeM Ha3bIBATH
JIMHEHHBIMU BeKTOpaMu (JMHBEKTOpaMu). YMHOXKEHHe JIMHBEKTOpa u € (), Ha BeIeCTBeHHOe
YUCIO0 @ JaeT JuHBeKTop au € (),. Cymma AByX JUHBEKTOPOB u € {1, u v € (), 1aeT HOBBIH
TUHBEKTOP (u 4+ v) € §Q,. DT omepanuu MMerOT JuHeiiHble cBoiicTBa. Tepmun "nuaBEKTOD"
(BMECTO TpaJMIIMOHHOrO TepMUHA "BEKTOP') HMCIOIB3yeTcs MOTOMY, 9TO KazKJblil JIMHBEKTOD
u € (), CYIIECTBYET B OJIHOM 9K3EMILIsIPE.

Hamnporus, Bekrop AB B Gg onpesiensercs Kak ynopspodentoe Mmuoxkectso AB= {A, B} €
Q x Q u3 aByx touek A, B € . 3mech () ecTb MHOXKECTBO TOYEK Ha KOTOPOM OIIpeeseHa
reomerpus Gg. Cpean ektopoB PQ €€) x ) eBkammoBa mpocTpaHcTBa K™ nMeOTCst SKBUBa-
nentHble (paBHble) BekTOpbl PQ €€ x Q. MbI ucnonb3yem pasiamaabie TepMutbl (naBeKTOp"
u "Bekrop") mist ssemeHToB €2, u meMeHTOB () X (), MOTOMY YTO HEKOPPEKTHO HCIIOIh30BAThH
OJINH U TOT K€ TEPMUH JIJIsi PA3HBIX OObEKTOB C PA3IMIHBIMU CBOHCTBAMU.

MmuoxkectBo 245 BekTOopoB CD € () x (), koropbie sxkBuBaieHTHBI BeKTOpy AB € ) X Q)
oTIpeie/isieTCst KaK MHOKecTBO BeKTopoB CD, kKoTopsie mapasuienbabl BeKTopy AB u ux mymmab

|CD|, |AB| paBubi.

Qs = {CD|(CDeqvAB)} (3.2)
(CDeqvAB): (CD 1] AB) A |CD| = |AB| (3.3)
(CD 11 AB): (CD.AB)=|CD|-|AB| (3.4)

3aecy (CD.AB) € R ectsb ckansgproe npoussesenne nByx sekropos CD u AB, kotopoe omnpe-
JIeTISIeTCsl COOTHOIIIEHIEM

(CDAB) = 0OE (C,B) + 0g (D,A) — OER (C, A) — OER (D,B) (35)

|ICD|* = 205 (C, D) (3.6)

OxBuBaseHTHOCTH (3.3) AByX BekTOopoB CD € @ x @ u AB € Q x Q onpegensiercss B Tep-
MHUHAX €BKJINJO0BOII MUpOBOWl dyHKIMKN og. B Jekaprosoil cucreme koopamnar K, rie Mupo-
Bag ¢ynkuns og nmeer Buj (3.1) u roukn A, B,C, D uMeOT COOTBETCTBEHHO KOOD/MHATHI
Ta,Tp, T, Tp CKaJApHOE npomsseaenue (3.5) u |CD| npuHnMamT COOTBETCTBEHHO BUJ

(CD.AB) =Y (ah o) (s — %) (37)
k=1
CDP = (& — 2b)’ (33)

k=1
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O BbIpazK€HU s COBIIAal0T COOTBETCTBEHHO CO CKaJIAPHBIM IIPOU3BEICHNEM IBYX JIMHBEKTOPOB

2
(ucp-uap) U ¢ |ucp|”, Ipu ycioBUH, YTO Ucp M Uap VMEIOT COOTBETCTBEHHO KOODIMHATHI
k k k

(x’z) — mc) u (:pB — mA).

B G orHomenue skBuBaseHTHOCTH (3.3) pedieKCUBHO, CUMMETPHYHO U TPAH3UTUBHO. To-
718 MHOXKECTBO (LA g SBJIAETCA KJIACCOM dKBUBaJIeHTHOCTH BeKTOpa AB. M0XKHO 0TOXK1eCTBUTD
JIMHBEKTOD UAB € L, ¢ KiaccoM sKkBupajeHTHOCTH {245 BekTOopa AB € € x . Akcunomarnka
JinHeitHoro poctpancTsa L, u onepanun B L,, MOTYT OBITb UCIIOIB30BAHbI /sl TOCTPOEHUS M0~
MeTpuieckux coorHornennit B Gg. [locte 0bobmennst Gg, Koria o 3aMeHsIeTCsl APYTroit MEPOBOit
dbyuKIWEil 0, OTHOIIEHNE SKBUBATEHTHOCTH (3.3), BOOOIIE TOBODS, MepecTaeT ObITh TPAH3UTHB-
HbIM. B pesyibrare MHOXKeCTBO {24 IepecTaeT ObITH KJIACCOM SKBUBAJEHTHOCTH BeKTOpa AB.
CTaHOBUTCS HEBO3MOXKHBIM OTOXKJIECTBJIATH JIUHBEKTOD UAB € L, ¢ MHOKeCTBOM {ag, IIOTO-
My [aro He Bce BeKTOpbl CD € Qap sKxBUBaEeHTHBI Mex)iy coboii. Teomerpus G = {o,Q},
MOJTyIeHHAsT KaK Pe3yJIbTAT 3aMEHbl O — 0, OKA3bIBAETCS MHOTOBapPUAHTHOM.

Dusnueckas reomerpus G ={o,{l} aBiagercsa, BooOIe TOBOPsi, MHOTOBAPHAHTHOIN TIeo-
MeTpuit. B MHOroBapmaHTHO TreOMEeTpPUU WMeeTCsl, BOOOINE TOBOPs, MHOIO BEKTOPOB
CD,CD’,CD”, ... Touke C, KoTOpble 3KBUBaJeHTHb BekTopy AB B Touke A, HO oHE He
9KBHUBAJIEHTHBI MKy cob0oil. DxBuBajernTHocTh BekTopoB CD m AB ompenensercs dop-
mysamu (3.3) -(3.6). OTHOlIeHHe SKBUBAJEHTHOCTH JBYX BekTopoB (3.3) -(3.6) craHoBuTCH
UHTPAH3UTUBHBIM. DTa WHTPAH3UTHUBHOCTH SIBJISAETCS MPUIMHON MHOTOBAPUAHTHOCTU (DU3U-
qeckoit reomerpuu. TONBKO COOCTBEHHO €BKJIMJIOBA T'€OMETPHS HE sIBJISETCsT MHOTOBAPUAHT-
noit. [IpocTpancTBeHHO-BpeMerHast TeoMeTpusi MUHKOBCKOIO MHOTOBapHAHTHA MO OTHOIIEHUIO
K IIPOCTPAHCTBEHHOIIOIO0HBIM BEKTOPaM, HO OHa OJTHOBAPUAHTHA 110 OTHOIIECHUIO K BPEMEHUIIO-
JIOOHBIM BeKTOpaM. JluckperHasi reoMeTpust MPOCTPAHCTBA-BPEeMEeHN MHOTOBapuaHTHA 110 OTHO-
[IEHNIO K BPEMEHUIIOI00HBIM BEKTOPaM, U 9T0 00CTOSATE/IHCTBO ABJSIETCs MPUINHON KBAHTOBBIX
sdderros [10]. MHOrOBapHAHTHOCTH T€OMETPHN POCTPAHCTBA-BPEMEHH SBJISETCS OU€Hb BazK-
HBIM cBoiicTBoM [11]. OHO He MOXKeT GbITH OnmucaHo (bOPMATU3MOM JIMHEHHOTO POCTPAHCTBA,
KOTOPBIHl MCIOJIb3YeTC OOBITHO JIJIsi OIMMMCAHUs TTPOCTPAHCTBA-BPEMEHU.

[Ipu oboOIeHNN COOCTBEHHO €BKJIMIOBON T'€OMETPUU MbI MOIydaeM (PU3UIECKYIO reoMe-
tputo G = {0, 2}, 3amensig MuUpoBYIO (DYHKIMIO 0 MEPOBOil byHKIMeEH o reomerpun G BO BCex
reoMeTprYecKux COOTHOIIeHusX reomerpun Gg = {og, )}, Koropble MOryT GBITH BbIPAXKEHBI
B TEPMHUHAX TOJIBKO €BKJIUJIO0BOI MHPOBOW (PYHKIUU Of. DTU COOTHOIIEHUsI MBI Oy/IeM Ha3bI-
BaTh OOIIEreOMETPUICCKUMI COOTHOIIEHUAME. Boipaxkenus (3.5), (3.6) sBistorcs mpuMepamu
00IIIereOMeTPUIECKIX COOTHOIIEHUA.

Jpyrum mpuMepoM 0o0IIereoMeTpudIecKoro COOTHOIIEHUsI STB/IETC OIpeeaeHne JTuHeHOi
zasucuMoctu. n BeKTopoB PoP, PyPy.,..PoP,, . Bexropst PyP,, P Ps,...P(P,, nuneitno 3asu-
CUMBI, €CJTU BBITIOJTHEHO COOTHOIIIEHHE

F, (P")=0 (3.9)
Buecwy P" = {Fy, P1,...P,}, a F,, (P") ectb onpenenurens ['pama
E, (P") = det [|[(PoPi.PoPy)[|, i,k=1,2,..n (3.10)

Ckanspuoe npoussejierre B (3.10) BeIpazKaeTcs depe3 MEPOBYIO QYHKIUIO ¢ MOMOIIBIO (3.5).

Pacemorpum obobuierne G = {0, {2} coberBenHo eBK/MI0BOI reomerpun Gg = {og, 2}
Muposag dyHKIIUsA 0 3aMeHdIeTcsd MUPOBOIl (DyHKIIMEN 0 BO BCEX OOIIEreOMeTPUYECKUX COOT-
Hommerusix. OIHAKO UMEIOTCS ellle CIIeUaIbHbIe COOTHOIIEHNs TeoMeTpun Gy, KOTOPBIE 3aBUCSIT
OT CIelUaIbHbIX CBOHCTB MUPOBOH (byHKIMK og. Heb3st 3aMeHATh MUPOBYIO (DYHKIIUIO B CIIe-
[UAJBHBIX COOTHOMIEHUSX. DTU CIIENUATbHBIE CBOHCTBA ONPEIEISIOT PA3MEPHOCTH MEeOMETPUN
Gg 1 cBoiicTBa JEKapTOBBIX KOOpAMHAT B GE.



FO.A. PrrioB @uHciepoBa reoMeTpusi B TEPMHUHAX MHPOBOH (DyHKITHH 369

Ecnu o ecth MupoBas (GyHKIINSA n-MEPHOTO €BKJIMJIOBa pocTpaHcTBa K™, To oHa yI0B/Ie-
TBOPSIET CJIEAYIOIIUM COOTHOIITEHUSIM.
[. Onpenenenne pa3MepHOCT U BBeJEHUE MPSIMOJIMHEHHON CUCTEMbI KOOPINHAT:

Ip" = {P,, P,..P,} C Q, F, (P™) #0, E (5 =0, kE>n (3.11)

riae F, (P™) ectsb onpepenurens ['pama (3.10). Bexkroper PoP;, i = 1,2,..n cyTb 6asucHble
BEKTODPHI B IIPAMOJIMHEHOI cucTeMe Koopaunat K, ¢ HagaiaoMm B Touke Py. KopapuanTHbI Me-
Tpudeckuit Tenzop gix (P"), i,k = 1,2,...n 1 KOHTpaBAPUAHTHBIN MeTpuyuecKuii Tenszop g* (P7),
i,k =1,2,..n B IpaAMOIUHEIHON cucTeMe KoopAauHaT K, ONpeIe/IsaioTcs COOTHOMEHUAMU

k=n
S gF (P g (PY) =6,  ga(P") = (PP PP, il=12 .7 (3.12)
k=1
F, (P") = det |lgu (P")|| £0,  ik=1,2,..n (3.13)
II. JInneitHas CTPYKTYpa €BKINJI0BA ITPOCTPAHCTBA!

i,k=n

op (P,Q) = % Y g (P (@i (P) — 2 (Q) (@ (P) —2x(Q)),  VRPQeQ  (3.14)

ik=1

rie KoopauHatsl z; (P), i = 1,2,...n Toukn P sBISIOTCS KOBAPDUAHTHBIMEI KOODJAMHATAMI BEK-
topa PP, onpesenennoro coorHorennem

I1I: Marpuia merpudeckoro Tenszopa gy, (P™) numeer coOCTBEHHbIE 3HAYEHHUS TOJIBKO OJJHOTO
3HAKA ([TOJI0KUTETLHBIE)
>0, k=12 ..n (3.16)

IV. YcnoBue HEMPEpPbIBHOCTH: CUCTEMA YPaBHEHUIA

paccMaTpuBaeMas Kak ypaBHEHUs JJisi OTpeJe/ieHnsi TOUKn P Kak (DYHKIMA KOOPJIUHAT Y =
{y;}, 1 =1,2,...n umeer Bcerja OJHO U TOJLKO OJIHO PEIIeHNe.

He Bce ycnoBus I — IV gBisiiorcs He3aBUCUMBIMU, OHH OMPEJIE/ISIOT Pa3/JIndHble CBOHCTBA
reomerpun Gg. Hampumep, yenosue (3.11) onpeesisier pa3sMepHOCTh 1 €BKJIHJIOBA TPOCTPAHCTBA,
E™. Dta pasMepHOCTb N €CTh MAKCUMAJIHLHOE YUCIO JIMTHEHHO HEe3aBUCUMBIX BEKTOPOB B Gg. 9TO
YHCIO0 OILPEIeIdeTcs obIereoMeTpudeckiuM cootHomenneM (3.10) KoTopoe 3aBHCHT OT BHIA
mupoBoit dyakumn. Ecau yemosus (3.11) He BBIOJHEHBI, TO HEJIb3sT BBECTH CHCTEMY KOOD/HMHAT
B TPAJIUIIMOHHOM BHJIE, TOTOMY YTO METPUUECKAasi pa3MEPHOCTD N, = N FeOMeTpUu § ocTaeTcs
HEOIpeJIe/IeHHOIA.

CymMa IByX BEKTOPOB OTPEIEIISIeTCsl CIEAYIONIM 006pa3oM. Ee CKIIaIbIBAIOTCS BEKTOPHI
AB u BC, korzia KOHeI[ 0JTHOTO BEKTOpa SIBJISETCA HAYAJIOM JPYTOTO, TO MOTYIaeM

AB +BC = AC (3.18)
Ecnu cknagsiBatorcst mpousBosibabie BeKTopsl AB u CD, noxyaaem
AB+CD = AB +BR = AR (3.19)
rje Touka R ompeseisiercs U3 COOTHOIIEHUsI

(CDeqvBR) (3.20)
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B coorsercreum ¢ (3.3) - (3.5) coornomenne (3.20) mpeacraBiser coboil 1Ba ypaBHEHHs THIIA
(3.3). Ecsin 91n1 ypaBHEHUs IMEIOT BCEr/ia OJIHO U TOJIBLKO OJHO pertenue st Toukn R (kak B G ),
TO Oleparus CJOKEHUs ONpeesaercs oJHo3HauH0. OHAKO, eCu pelleHne MHOIOBAPHAHTHO,
TO HeJIb3s1 OLPEJICJUTh CJIOZKEHHE KAaK OJHO3HAYHYIO OLEPAIMIO B TOM BHJIE, KAK 9TO JICJIAeTCs
B JINHETHOM IPOCTPAaHCTBE AJId CIO02KEHUA JIMHBEKTOPOB.

YMmuOKeHne BekTopa AB Ha BellecTBeHHOE YUCIIO @ ONPEJIJISeTCsl CIeLYIOMUM 00pa3oM

aAB = AR (3.21)
e Touka R ompejessgercs U3 COOTHOIICHUI
(AB.AR) = a|AB|’, |AR|=a|AB| (3.22)

Eciu perenue ypasrenuii (3.22) MHOroBaprmaHTHO, TO OIEpAlis YMHOXKEHHUs TOXKEe MHOIOBa-
pUAHTHA.

[TogBost UTOT, MOXKHO CKA3aTh, 9TO COOCTBEHHO €BKJINI0BA reoMeTpust Gg MOXKeT ObITh MpU-
BeJleHa K JinmHelHo# airedpe. Ho 0b6obimienus: reomerpun Gg, BOOOIE roBOpsi, HE MOTYT OBbITh
NIpUBEJIEHBI K JnHeitHol anrebpe. OHU, BooOIe TOBOPsI, MHOTOBAPUAHTHBI, W 9Ta MHOTOBAPU-
AHTHOCTBH SIBJIETCSI CJIeJICTBAEM HAIPABJIEHHOCTH BEKTOPOB, KOTOpas OTCYTCTBYeT B ajrebpe.
Boobie ropopst, 2comempus e moxcem 6vms ceedena K anzedpe.

BonbmmHeTBO OrpanndeHuit Ha MUPOBYIO (DYHKIIUIO O B TeoMeTpun Gg BOSHUKAET U3 Orpa-
Huuernii (3.11), KOTopbie COCTOAT U3 MHOIMX YPaBHEHUit. DT OrpaHUYeHs HOCST NI00a IbHbII
xapakTep. MOKHO MPUBECTH 9T OTPAHUYEHNs K JIOKAJTBHOMY BUJLY

P ={P, P,..P.}CQ,  F,(PY)#0, F,(U™")=0, k>n (3.23)

rae Qa eCTb OECKOHEYHO MaJiad OKPECTHOCTb TOYKU P(), onpejgesigdeMad COOTHOIIECHUEM

’\/20— (PO,P)‘ <& e 40 (3.24)

Ecmm yenosust (3.23) BBINOJIHEHBI, TO MOYKHO JIOKAJIBHO HCIOIB30BATH (hOPMAN3M JIMHEHHOTO
IIpOCTpPpaHCTBA. PI/H\/I&HOB& reomMeTpusda ABJIAdeTCdA JIOKAJIbHO eBKﬂI/I):[OBOﬁ. PI/IM&HOB& reomMmeTpusd
MOJIy9aeTCs IpH HCrob3oBanny orpanmdenuii (3.11) B Buze (3.23). Mcnosnb3oBanue orpanu-
gennii (3.23) mMO3BOJIAET MOJABATH MHOTOBAPUAHTHOCTH SKBUBAJICHTHOCTH BEKTOPOB, NMEIOIINX
obmiee Hagaso. Ho MHOroBapMaHTHOCTH 9KBUBAJIEHTHOCTH BEKTOPOB OCTAETCs [IJIsi BEKTODOB,
MMEIOIUX Pa3Hoe Hauaso. PaccMOTpeHHe SKBUBAJIEHTHOCTH BEKTOPOB, UMEIOIINX DA3JInIHOe
HAYaJI0, 3alpPEIIeHO B PUMAHOBON I€OMETPUH, WM OHA CBA3BIBAETCS C MYTEM NEPEHOCA BEK-
TOpa. DTO HEOOXOAUMO Jis UCHOMb30BaHns (pOpMaIn3Ma JTHHEHOrO IPOCTPAHCTBA, KOTOPbIi
MOZKET HCIIOIb30BAThCs, TOIBKO €CJIH METPUYECKAst PA3MEPHOCTH CYIIECTBYET, [0 KpaiiHeil Mepe,
JIOKAJILHO, U MOYKHO JIOKAJIbHO BBECTH TIPSIMOJIMHEHYIO CUCTEMY KOOD/MHAT.

B coorBeTcTBHM CO BTOPBIM pa3feiioM Besikasi dusndeckast reomerpust G = {o, M} nopo-
JKJTaeT BEKTOpHOE pacciaoenue 1M ¢ mI0CKOil puMaHOBOI reoOMeTpreil Ha KazK/IOM ITPOCTPAHCTBE
E, paccioenus. B ciygae, korma reomerpust G = {0, M } aBasgercs puMaHOBOil, B COOTBETCTBUH
¢ (2.21) merpuuecknit Tersop (G (z,2')|,,_, B Ep B Touke 2’ B cucreme kKoopauHar K, co-
BIIAJIACT ¢ METPUYECKUM TEH30pOM gyx (2') pumanosoii reomerpun G = {o, M} B Touke z’.
Metrpudaeckuii Terzop Gy, (z,2') B Touke x Ha E, onpenensercsa dopmynamu (2.23), (2.24) B
BUJIE

Gir (z,2") = 0w g" (2') ope (3.25)

1o O3Ha4YaeT, 9YTO pHUMaHOBa I'€cOMETPUA MOXKET OIMChIBATHCA KaK €BKJINI0Ba I'€eOMETpPHudA Ha
paccjioennmn TM us E€BKJIMJOBBIX ITPOCTPAHCTB Em’- to €CTECTBEHHO, ITOCKOJIbKY PHMaHOBa
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reOMeTpUs — 9TO MHOYKECTBO €BKJIUJIOBBIX T'€OMETPUI Ha CBA3aHHBIX OECKOHEYHO MAJIBIX MHO-
roobpasusx dM. Ilepexom oT eBKIMIOBBIX reoMerpuii Ha paccioennu 1'dM OGecKoHedHO Ma-
JIBIX MHOT0O0Opasnit dM K puMaHOBOil reoMeTpun J0BOIBHO mpoct. OH onuckiBaeTcs (hopMy.Ioit
(3.25).

Ecm dbusnveckas reomerpust G = {0, M} He siBiisleTcst pUMaHOBOi TeoMeTpHeii, TO reoMe-
TPHUS Ha KayKJIOM IIPOCTpaHCcTBe F, BeKTOpHOTO paccyioenus 1T'M aBjsieTcs MI0CKON pUMaHOBOI
reomerpueii, Ho coorHomenue (3.25), BoobIe roBopsi, He BHINOIHsIETCsl. PUMaHOoBa reoMerpus
Ha E, MOXKeT uMerh 0cOGeHHOCTH B Touke z’. Bmecro sToro mosmydaem coorHomenue (2.18)

1!

Gir (z,2') = Uﬂ/géos’) (@) ops (3.26)

rJ1e TeH30D gé:f’)/ («') onpenensiercs dbusmaeckoit reomerpueit G = {0, M } Hen3BeCTHBIM CIIOCO-
ooM. OTHAKO MOXKHO HAJIESATHCS, 9TO COBOKYITHOCTD IIJIOCKUX PUMAaHOBBIX N€OMETPHUil Ha MHOTO-
obpasusx T,y M onmceiBaer dusmaeckyto reomerpuio G = {o, M'}. Mbl MOXKeM HaJesIThCsl, 9TO
MUpOBas MYHKINS 0 MOXKET ObITH TOJTyYeHa U3 COBOKYITHOCTHU IJIOCKMX PUMAaHOBBIX MeOMeTPHil
na Muorooopasusx 1, M paccioerns T'M. Mbl He MOKeM JTOKA3aTh 9TO YTBEPZKJIEHNUE, HO MbI
MOXKEM HaJIeAThCsl, 9To dusndeckas reomerpus G = {o, M} MoxKeT OBIT OImcaHa KakK MHOKE-
CTBO IJIOCKUX PUMAHOBBIX TeoMmeTpuii. Ipyrumu cjioBamu, oTae/bHas (pusndeckass TeOMeTpUst
G = {0, M} npuBomuTCst K MHOXKECTBY IIJIOCKUX PUMAHOBBIX T€OMETPHUil. DTO MHOKECTBO TLIOC-
KIX PUMAaHOBBIX T€OMEeTPHil acconuupyercst ¢ (bUHCIEPOBOI TeOMeTpHell, KOTopas 3aJaeTcs Ha
paccinoenun T'M. 3amernm, 94TO Onucanne BeKTOPHOTO paccioenus: 1T'M HesoCTaTOYHO MpUMe-
HUTEJIbHO K T€OMETPUU MPOCTPAHCTBA-BPEMEHU, MOTOMY UTO HYXKHA elle MUpOBasi (PYHKIIUs
JI OTOXKJIECTBJIEHUS] TEOMETPUIECKOTO O0OBbEKTa B PA3HBIX 00JacTdX MHOTooOpasusa M, kKak
MBI BIJIEJIN 9TO BO BBEJICHUMN.

TpaaunnonHoe mpeicTaBaeHne (BUHCIEPOBON TeOMETPHN, OCHOBAHO Ha UCTIOIB30BAHIN (POP-
MaJIM3Ma JUHEeHOro mpocTpancTBa. Mbl monbiTaeMcs 3aMeHUTh TPeJCTaB/IeHne Ha OCHOBE JIU-
HEITHOrO MPOCTPAHCTBA MpeJCTaB/IeHneM Ha OCHOBe MupoBoil dyuknuu. [Ipencrasienne B Tep-
MUHAaX MHUPOBOl (DYHKIIMU WHTEPECHO B TOM OTHOIIEHUU, 9TO MUPOBas (DYyHKIUS PUMAHOBA
(MM METPUIECKOT0) MHOTOO0OpA3Hsl OMHUCHIBAECT BEKTOPHOE PACCIOEHUE TOI0 MHOTOOOPA3HUSL.

4 @umHciaepoBa reoMeTpus B TeEPMUHAX MUPOBOU PYyHKIINN

@uHCIepoBa TeOMETpHUsl ABJIsIeTCsi 0000IEHNEeM PUMAHOBOI MeOMETPHUH, KOTOPOE MOXKET ObITh
JIOKaJIbHO HeeBKIMA0BBIM [1]. @uncrepoBa reomerpust Gg 3aaeTcsl Ha KACATEIBHOM PACCTOCHUN
T M rnagkoro pumanoBa MHoroobpasust M. Hac Oyaer maTepecoBaTh Ipuio:KeHne (DUHCIEPO-
BOII TEOMETPUHN JIJIsI OIMMCAHUS TTPOCTPAHCTBA-BPEMEHHN.

PuHcIePOBO MHOTOOOpa3ue ecTh AuddepeHnnpyeMoe MHOIroodpa3ne BMeCTe CO CTPYKTY PO
BHYTPEHHEr0 KBa3UMETPUUIECKOTO MPOCTPAHCTBA, B KOTOPOM JIJIMHA CIIPSAMJISEMON KPUBOH 7 :
[a,b] — M 3amaercs HYHKIHMOHATIOM JIJIHHBL

Liy) = / F (v ()4 (6)) dt (4.1)

rae F(z,- ) ecTb HEKOTOpasi aCMMMeTDHYHAS HOPMa Ha KarKJOM KacaTeJbHOM MPOCTPAHCTBE
T, M. ®uncaepoBo MHOroobpasme HeTPUBHAILHO 0000IIaeT PUMAaHOBO MHOrOOOpasme B TOM
CMBICJIe, YTO OHO He 00sI3aTe/IbHO €BKJIMIO0BO B GECKOHEYHO MAJIOM. DTO O3HAYAET, YTO (achuM-
MeTpHYHAs) HOPMa Ha KaXKJOM KacaTeIbHOM MPOCTPAHCTBE HE SIBJISIETCS € HEOOXOAMMOCTHIO
reHepUpYeMOil BHYTPEHHUM MPOU3BeIeHIEM (METPUIECKUM TEH30POM ).

QuncaepoBo MHOTOOOpasue ecTh auddepennupyemMoe Muoroobpaszue M BMmecrte ¢ uHCIE-
poBoii dyHKIme# F', onpeaeeHHOl Ha KacaTelbHOM pacciioennn M Tak, 9To I BCeX Kaca-
TEJTbHBIX BEKTOPOB v,
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1. F(z,v) > 0 ¢ paBeHCTBOM, €CJIE 1 TOMBKO ecn v = 0 (I0I0KNTeIbHAST OIPE/IeTICHHOCTD ).
2. F(z,yv) = AF(z,v) magaBeex A > 0 (10 He ¢ HeoOXOAMMOCTBIO 171 A < 0) (OHOPOIHOCTB ).

3. F(z,v+w) < F(z,v) + F(z,w) as Bcex w HA TOM K€ CAMOM KaCATEJHLHOM [MPOCTPAHCTBE
¢ v (IO INTUBHOCTS ).

Hpyrumu cmoBamu, F' ecTh acuMMeTpUYHAs HOpMa Ha KazK/IOM KacaTeJIbHOM ITPOCTPAHCTRBE.
Yare Bcero nogaIMTUBHOCTD 3aMEHSIETCS CJIEIYIONINM YCJIOBUEM CHJIBHON BbIyKtocTr: s
KazKJI0ro KacaTeIbHOIO BeKTopa v, reccual F? oT v MOI0KUTEILHO ompeiesieH. 31ech recChua
F? ot v ecTb cuMMeTprdHasd OuauHeiHas hopMa

1[ 02

9 (X.Y) =35 5.5

F?(z,v+ sX +tY) . X, YeT,M

s=t=0

U3BeCTHas TaKKe KaK (DyHIaMeHTAJbHbBIH TeH30p F oT v.

TpagumonHoe npejcraB/ienne (PUHCIECPOBOI T€OMETPUU OCHOBBIBAETCs Ha MCIOIb30BAHUN
dopmanmsMa JTHHEIHOTO TPOCTpaHCTBa. MBI TONbITAEMCS 3aMEHUTD MTPEJICTABIEHIE HA OCHOBE
JINHEHOTO TPOCTPAHCTBA MpeJCTaB/JIeHneM Ha OCHOBe MUPOBOil dyukuuu. [IpencraBienue B
TepMHUHAX MUPOBOil (DYHKIIMKU UHTEPECHO B TOM OTHOIIEHUU, YTO MUPOBas (DYHKINT PUMAHOBA
(MM METPUYECKOro) MHOrOOOpa3usi OMHUCHIBAET BEKTOPHOE PACCIIOCHHE STON0 MHOT00OpA3Hsl.

CymrectByer ujest, 91o (PUHCIECPOBA T'€OMETPUS MOXKET HUCIOIb30BATHCS KAK T'e€OMEeTpUs
npocrpancrBa-Bpement |14, 15]. Canraercs, aro reomerpust Bepasnbna-Moopa seisgercs dbun-
CJIEPOBOI TeoMeTpueil, TPUTOIHON I ONMUCAHUs MpocTpaHcTBa-BpeMenu. Hac Oosbiie Bce-
O MHTEPECYIOT T'€OMeTPHUHU, KOTOpPble MOTYT HCIIOIb30BaTbCs KaK IeOMeTPHUH IMPOCTPAHCTBa-
BpeMmenu. Mpbl mpencraBuMm reomerpuio bepsasbia-Moopa B TepMuHAX MUPOBOH (DYHKITUN
U TIOIBITAEMCSl WCC/IEIOBATH B KAaKOWl Mepe OHa MOXKET WCIOIb30BaThCd KAK TIeOMEeTPUS
MIPOCTPAHCTBA-BPEMEHN.

5 T'eomerpusa BepBasgbaa-Moopa kak BO3MOXKHasI
reoMeTpus IPOCTPAHCTBA-BPEMEHN

Hac unrtepecyer npuioxkenue (puHCIEpOBOil reOMETpPUN K OMUCAHUIO TPOCTPAHCTBa-BPEMEHHU.
PaccmoTpuM mmpocTpaHCTBEHHO-BPEMEHHYIO TeOMeTpHIio ¢ MeTpukoii bepsasbma-Moopa. B uzo-
TPOTHBIX KOOP/IMHATAX €€ JTMHEWHBIN 7/eMeHT NMeeT BUJT

ds* = Vdxtdz2dz3dat (5.1)

CooTtBercrBytoIIas MUpPOBast (DYHKITNS UMEET BU/L

7 (o,0') = /@ =) = o) = )t — o) 5:2)
Xors nmHelHbii memeHT (5.1) He onmpeesisier OJIHO3HAYHO MUPOBYIO (DYHKIIMIO, HO COOTHOIIIE-
uue (5.1) BMecre co cBoiicTBamMu 2 U 3 IPEJBIIYINEro pasjiesia IPUBOIUT K BbipazkeHuto (5.2) s
MUPOBOIt dpyHKIMU. Kpome Toro, J0mycTuMbl TOIBKO T€ 3HAYEHUsT KOOPAUHAT X, JJIst KOTOPBIX
MUpPOBas (PYHKINS BEHIECTBEHHA.
BMecTo m30TpOnHBIX KoopauHat o, i = 1,2,3,4 MBI Oy/1eM HCHOIB30BATh KOOPIMHATEI

th=a'+22 ty=23+2" yi=2'—2% y=2%-2 (5.3)
t t1 — t ty —

ol 1+y17 2oh y1, 5= 2+?sz A2y (5.4)
2 2 2 2
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Torna mupoBast pyHKINS TPUHUMAET BU/T
o (t1,ta, Y1, Y25 1, 1, Y1, Ya)
1
— VO = ) (= 8 = )
<0 (=) = (= 9)*) 0 (2 = t0) = (s — wb)")
1 7\ 2 7\2 1\2 \2
5 [V = = = ) (= 6 = )

<0 (=91 = (61— 1)) 0 (2 —a)° — (82 — 1)) (55)

3nech

1 ectu >0
0(:1:){ 0 ectm <0 (5.6)

Bekrop PoPy = {t1, 12, y1y2} aBasiercs Bpemenunonobubin, ecan (t; > y; > 0) A (to > yo > 0),
wim ecmn (tp <yp <0) A (t2<y2<0). O Oyger NTpPOCTPAHCTBEHHONIOJZOOHBIM, —€CIIH
(y1 > t1 > 0)A(y2 > ta > 0), wm ecsu (y; < t1 < 0)A(y2 < t2 < 0) Bexkrop PoPy = {t1,t2, y192}
Oy/leT U30TPONHbLIM, eciii t; = y; V ty = 3. Ob1acTu 3Havennit KoopauHat t3 < y? At2 > y2 u
t2 > y2 At < y2 ciieyer UCK/IOUUTh, OTOMY YTO B 9THX 00/JIACTSAX MUPOBag (DYHKIUSA MHUMA.

PaccMOTpuM 0Tpe3oK MEPOBOIl Ilelln B TPOCTPaHCTBEeHHO-BpeMeHHoil reomerpun Bepsasbia-
Moopa. MbI paccMoTpuM Tpu cMeskHbIe TOUYKU Py, Py, P» 9T0il MUPOBOIl 1I€IH, OIMUCHIBAIONIEi
IBUzKeHHe CBOOOAHOIN yacTuipl. MupoBas menb cBOOOIHON YACTHUIIBI COMEPIKUT JBA CMEXKHBIX
BekTopa PoP; u PP, Koropble 5KBUBaJIeHTHBI. DTO O3HAYAET, ITO

|POP1‘ — ’P1P2’, (P0P1'P1P2) — |POP1‘ . ‘P1P2| (57)
rie ckansgproe npouseeenne (PoP;.P1Py) umeer Bus

(POP1.P1P2) =0 (Po, PQ) — 0 (Pl, PQ) — 0 (PO, Pl) (58)

|P0P1| =20 (P(), Pl) (59)

Ypasuenust (5.7) OMUCBIBAIOT KAK BPEMEHUIIOAO0HYIO, TAK I IPOCTPAHCTBEHHOIOI00HYIO0 MIPO-
BBIE JIMHIL.
Ucnonsays (5.8), (5.9), MoxHO npeacTaBuTh ypasaenus (5.7) B Bue

O'(Po,Pl):O'(Pl,PQ), O'(Po,Pg):4U(P0,P1) (510)
[Iycts Tpu Touku Fy, P, P, nMeloT KOOpJIUHATHI
POZ{();O’O?}, Plz{tlat27y17y2}a PZ:{2t1+7—172t2+7—272y1+§1a2y2+€2} (511)

3/1ech rpevecKne mepeMeHHble T1,Ta, &,y OMUCHIBAIOT BUXJIsTHUE MUpoOBOil nenu. Ecom 79 =
7o = & = & = 0, Muposas nenb He BuxJgerT. deTbipe mepeMeHHbIE T1,Ta,&q, &y JTOKHBI
onpesiessiThest U3 n1Byx ypasHenuit (5.10).

B coorsercreunm ¢ (5.5) nunammdeckue ypasaerns (5.10) npeobpasyrorcs K BUILY

((t+ 70" = (1 +€)%) (2 +72)" = (2 + &)°) = (6 = 47) (85— 1) (5.12)

((t1 + Ty <y1 N %)2> ((t2 + ) (y2 N %>2> (- (B-1d)  (513)
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Baenem obosnauenns
(t —yd) (5 — 23)

fi(72,&5) = (ht72) — (1 1 £,) (5.14)
_ 168 —u) (55— 43)
fa(72,&5) = Rt 2] — Cunt &) (5.15)
Torna ypasuenus (5.12), (5.13) sanuceiBaiorcst B Buje
((t1 + 1) = (g1 + 51)2) = f1(72,§,) (5.16)
(20 +7)" = @ +&)°) = 2 (72.6) (5.17)

[/l JieBasl 9acTh yPABHEHUI He 3aBUCHT OT Tg, &,.
Pemmennst ypasuennii (5.16), (5.17) umeror Bug

t — f1 =3 (2 —?
51:_1T1_f2 S 5 (t1 — yi)
U1 U1

_ fo—fi 3 yi f1 fo—hf 2
“‘“(ﬂﬁzm‘5>i¢@iﬁf‘4Qﬂ %fﬁ) (5.18)

_ t fomfi 3 yifhi <f2 fi )2
G = w |\ (2(t2 yt) Z)i\/(t?—y%) 4 \(B -y !

_f2 - fi —3(75% —y%)
2y

(5.19)

CymeCTBeHHbI TOJILKO BeEHIICCTBEHHDLIC peIlleHMAd. Onu nmeror MeCTO, eCJn U TOJIbKO €CJIN

Fi(r2,6) 1 (fa(12,6)) — fi(m2,&) .\’
Fy(19,&,) = - = —-1) >0 (5.20)
YT 8-y 4 (2 —y2)
BBe,H‘eM HepeMeHHbIe
T1 T2 &1 )
a1 =—, a b=, by=->= 5.21
! ty 2 t2 ' Y1 ? Yo ( )

u paziokuM (5.20) o cTemeHsM as, by, mpeanonaras, uto a2, b2 < 1. Ilonydaem
) ) ’ 29 Y2 y

43 <2) <§> 35 (2)2 v3 (23 +13) (6_2)2
Fy (19,&,) = ‘(t% — yg) t Yo + (t% _ y%)Z ty + (t% _ y%)Q Yo (5.22)

Taxum oOpazoM, B MPUOIUKEHUN
TL T
b b oy (5.23)
ti bty y1

mosiydaeM caeayrommit  pesynabrar. B ciaydae BpemenunomobHoro BekTopa PoPi, korma
2>y2>0u t2>y2 >0, Fy(12,&) >0, ecn £5798gn (tayz) >0, U AuHAMUYECKHE ypaBHEHUSA
(5.12), (5.13) uMeroT MHOTO peIleHnii, TIOTOMY YTO T3, &, CYTh IPOU3BOJIbHbIE TAPAMETPHI, Y10
BJIeTBOpsfomIre HepasencTBaM (5.23). B npubmmkennn (5.23) nunamndeckue ypasaenns (5.12),
(5.13) mmeror Bu

(b =)

5.24
n Y1 (t% - y%) ( )
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2 2

(Tl TN ) - <4y2 (B —2) 252 a2 4 €2 (208 + tg)) (5.25)
(t3 — v3) (13 — y3) to

B ciydae mpocrpaHcTBeHHONOM0OHOTO Bekropa PoPp, korma y2>t2>0 u y?>t3>0,

F5(712,&,) >0, ecitu €5Tasgn (tay2) <0, n npunammdeckue ypasrenus (5.12), (5.13) Toxe nmeror

MHOTO PEIIeHuil, TOTOMY 9TO Ta,&s CYTh IPOU3BOJIBHBIE BEJUUUHBI, YIOBJIETBOPAIOIINE HEPa-

BercTBaM (5.23).

MoO>KHO BUIETD, UTO MUPOBbIE JIMHUN CBOOOIHBIX YaCTUI] BUXJISIOT B IPOCTPAHCTBE-BPEMEHN,
uMeroImeM reoMerprio Bepsanbna-Moopa. B peanbHOi reoMeTpun IIpOCTPAHCTBA-BPEMEHN Me-
I0TCST JIBA BUJIA BUXJISTHUIT MUPOBOit JimHuM: (1) KBaHTOBOE BUXJIsTHIE, (2) TAXHOHHOE BUXJISHUE.
KBaHTOBOE BUX/IAHUE UMEET MECTO JIjIsl TAPIUOHOB (YaCTHI], MMEIONUX BPEMEHUIOJI00HY 0 MU-
POBYIO JINHUIO ). DTO BUXJISHIE 0OYCIOBIEHO 3JIEMEHTAPHO JIMHON A JIMCKPETHON reoMeTpun
IPOCTPAHCTBA-BpEMEHH. DJIeMeHTapHas JJIMHA CBA3aHa ¢ KBAHTOBOI MOCTOAHHON i cOOTHOIIE-
nueM A5 = h/bc, Tyie ¢ ecTh CKOPOCTh CBeTa, a b ecTh HEKOTOpas YHHBEPCATbHAS MOCTOSHHAS.
DTO MOKET MHTEPIPETHPOBATHLCA B TOM CMBIC/IE, UYTO BUXJISHHE MUPOBOIl JMHUU TapAMOHOB
CBsI3aHO ¢ KBaHTOBbIMU hdexramu. MupoBast TuHUA TaxuoHa (YaCTHIBI, UMEIOIIEeil MTPOCTPaH-
CTBEHHOTIOZIOOHYIO MUPOBYIO JIMHUIO) BUXJISET ¢ OECKOHEYHON aMIUIUTYI0H. DTO BUXJIsTHUE HE
OIPaHNYEHO KBAHTOBON TOCTOSHHON. OT/HeIbHbI TaXMOH He MOXKET OBITh OOHADYYKEH WU3-3a
HEOrPAHMYEHHOI'O BUXJIAHHUS €r0 MUPOBOH jumHuu. IIpuHATO cunTarh, 9TO TaxMOHOB HeT. Ha
CaMoM JieJie, TAXUOHBI CYIIECTBYIOT, HO OTJE/IbHbII TaXUOH 0OHAPYKUTDH Heb3d. OHAKO Taxu-
OHHBII ra3 MOXKET ObITh OOHAPYKEH 110 €r0 TPABUTAIIMOHHOMY TIOJI0. TaXUOHHBIN Ta3 ABIAeTCS
HAWJIYIIIIM KaHIHIATOM Jisi TeMHO Martepuu [16].

B npocrpancreenno-spemennoii reomerpun beppasbna-Moopa BUXJISHEE MUPOBLIX JTUHMUIA
OTJIMYAETCH OT KBAHTOBOIO BUXJIAHHS TAPAMOHOB M OT TAXHOHHOI'O BUXJISHUS TAXHUOHOB. JTO
o3HauYaeT, 4To reoMerpust bepsasbiaa-Moopa ejBa i MOXKET UCIOIb30BATHCS KaK peaibHast
reoMeTpHsi IPOCTPAHCTBA-BPEMEHH.
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FINSLER GEOMETRY IN TERMS OF WORLD FUNCTION
Yu.A. Rylov

Institute for Problems in Mechanics RAS, Moscow, Russia
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It is shown that the space-time geometry should be formulated in terms of the world
function, because only description in terms of world function admits one to recognize
similar geometrical objects in regions of the space-time geometry with different geometries.
The Berwald-Moor geometry formulated in terms of the world function appears to be
multivariant geometry, which hardly can be used as a space-time geometry, because in
this geometry the world lines wobbling of free particles differs from the real wobbling.

Key Words: recognition of similar geometric objects; deformation principle; multivariant
geometry; world function; linear vector space; vector bundle; role of coordinates.
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GEOMETRIC PROPERTIES OF EINSTEIN’S LAW OF
ADDITION OF VELOCITIES AND
QUATERNIONIC LAW OF ADDITION
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mushfigahmad@gmail.com
If velocities u and v add up to give w. The three velocities form a triangle. The same
velocities, but in the opposite direction, —v and —u should add up to give —w. Isotropy
of space requires that the reversal of direction should reverse the order of addition — —v
should come before —u. Lorentz Einstein addition does not fulfill this requirement and
Wigner rotation in invoked to correct it. Reciprocal symmetric transformation, we are
proposing, maintains the isotropy of space and Wigner rotation is not needed.

Key Words: Einstein’s law, composition of velocities, associativity, non-associativity,
Wigner-Thomas rotation, Thomas precession, Pauli matrices, Pauli quaternion, quater-
nionic addition, geometry, isotropic.

1 Introduction

Einstein’s law of composition of velocities (1.1) «is neither commutative nor associative» [1].

v u/h + {1 1/0,) %v
l+u-v/c?

Yo = (12)

J1— (/e

Non-associativity leads to ambiguity [2]. The sum of the 3 velocities below can be u” or il

(1.1)

vhu=

uv=ud(vow)£uev)dw=1. (1.3)

To achieve an agreement between u” and ii one includes a Wigner-Thomas [3] rotation to u”
or . Ungar has given [1] a set of prescriptions to rotate. The ambiguity persists because
one has to decide arbitrarily whether to rotate u” to agree with i or vice versa. To have
a unique relative velocity, u” or ii and w’ or —w we have to choose a (preferred) frame of
reference. Oziewicz wrote, «We must violate the Relativity Principle in order to have the
unique Einstein’s relative velocity» [4].

-W W

Figure 1. Figure 2. Figure 3.

Another implication of the non-associativity is Mocanu paradox [5], w’# — w, the inequality
below: w' and —w from Fig. 3 and Fig. 1 above

W = (~u) @ (—v) # — (VB u) = —w (14)
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«There have been attempts [6] to explain the non-associativity, and also Mocanu paradox, as
the Thomas rotation. ... We consider this attempt not satisfactory. ... Dirac in 1928 explained
...the correct spin levels in terms of the Clifford algebra and the Dirac equation, without
invoking the Thomas rotation. The Dirac equation conceptually ought to be understood in
terms of the Clifford algebra alone. No longer did anyone need Thomas’s precession except for
the non-associative @-addition of velocities» [4].

Ahmad has proposed a Clifford algebraic |7, 6.8] reciprocal symmetric transformation

v+u+ivxu/c

v u/c (1.5)

WQ =V @Q u =
which is associative 2] and resolves [7] Mocanu paradox (1.4).

2 Anisotropy and Geometric Properties of Einstein’s Law of Addition

Every one of u, v and w can be written (in 3 different ways) as the sum of 2 other velocities
as in velocity triangle Fig. 1
(i) w=v®u,

(i) u=(—-v)dw, (2.1)
(i) v=w® (—u)

Every one of u, v and w can be written (in 3 different ways) as the sum of 2 other velocities
as in velocity triangle Fig. 1
i) —w=(-u)®(-v),

i) —u=(—-w)®vVv (2.2)
(iii) —v=u®d(—w)

Isotropy requires that all the six expressions be equivalent (consistent). We shall study this
consistency below. We shall use (1.1) to calculate w - u from (i) of (2.1) and from (i) of (2.2)
and compare them.

From Fig. 1 using (1.1) we get

v+ u/A + {1 1/A,} %v

_ — 2.3
w=vdu T+u v/ (2.3)

Taking its dot product with v

uv
"oy _ v ruv (2.4)
l+u-v/c? l+u-v/c?

Again from Fig. 2 using (1.1) we get

U+ v/ A+ {11/} %u

—w = (—u) & (-v) = —— (2.5)

Or wv
u+v/ A +{1-1/)\} ?u

_ 2.6
v l1+u-v/c? (2:6)
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Taking its dot product with v

wev v A+ {1 — 1/, &8 v)*

)
SV = 2.
vy l+u-v/c? 27)

(2.4) and (2.7) give different results except when u and v are collinear.

Now we shall calculate w-u using (2.3) and compare with (2.7) for the case |u|=|v]|.
Isotropy requires that for this case |w - v|=|w-u|. We shall study this below. Taking the dot
product of (2.3) we get

2
vou+u?/A, +{1-1/)\} (u?
‘u= v 2.8
wou s (25)
Using |u|=|v|, (2.4) gives
uw+u-v
. = 2.9
R (2.9

Again (2.8) and (2.9) give different results except when u and v are collinear. In particular,
if u, and v are mutually orthogonal so that u-v=0, (2.8) and (2.9) give, contrary to our
requirement, the inconsistent result |w-v| # |w-u|

w-u=u?/)\, and  w-v=u’ (2.10)

We conclude, therefore, that Einstein’s law (1.1) describes an anisotropic and inhomogeneous
geometry.

3 Thomas Precession and General Validity

When applying (1.1) in situations involving electrons, it might be possible to get reasonable
results invoking Thomas precession [1]|, but then, the validity of Einstein’s law (1.1) will be
limited to such cases and Special Relativity loses its general validity. We need a law of addition
which represents a mathematically valid isotropic geometry. Quaternionic reciprocal symmetric
transformation (1.5) fulfills our requirements.

4 Quaternionic Transformation and Isotropic Geometry

Following the triangles in Fig. 1 and Fig. 2, quaternionic transformation (1.5) gives the same
relation (1.5). Therefore, corresponding to (2.4) and (2.7) we get the same relation in this case,
and there is no inconsistency.

5 Conclusion

Einstein’s law of addition of velocities does not represent the geometry of an isotropic space.
In recognition of this lack of mathematical validity, the is sometimes called Einstein’s law of
«composition» [8] [instead of «addition»| of velocities.

In the application of the law in situations involving electrons Thomas precession provides
a correction, but Dirac theory puts the validity of this correction in doubt. Quaternionic
transformation gives a law of addition of velocities fulfilling Einstein’s requirements and pro-
vides a mathematically valid representation of the geometry of an isotropic space; and Thomas
precession correction is not needed.
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6 Appendix
We write using (1.2)
s = qulone £ (2, + 0y, + 0u2)} 6.1)
And require
- . (6.2)

1 —(u/c)

Consistency between (6.1) and (6.2) will be guaranteed if [9]

oi0j+0j0;, =0 for i#j (6.3)
0,00 = 000; (64)
o7=1 and op=1. (6.5)
To complete we also define [10]
Op0y = 10,.E0y, (6.6)
Now we can form the product
Uy (0 /¢) = vyw{ooc + (0puy + oyuy + o.u,)} - {ooc — (0,0, + oyvy, + 0.0,)} (6.7)

Using (6.3) — (6.6) we get

i, (0_/c) = (un/c)- (*—u-v+co- (u—v)—io-(uxv))

u—v)—z1(uxv)/c (6.8)
Where
Yy = YuYo- (1= (u-v) /). (6.9)

The o’s permit [11] the following matrix representations

10 01 0 —1 1 0
00:(0 1), 0'33:(1 O)’ Uy:<i O> and O'Z:(O _1). (6.10)
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ITEOMETPUYECKUE CBOMCTBA SUVHIIITEMHOBCKOI'O
3AKOHA CJIOXKEHIUS CKOPOCTEN 1 ETO
KBATEPHUMOHHBIN AHAJIOT
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Ecnmu cmoxurh ckopocTm U W V. — MOJAYyYUM CKOpocTb W. Te »kKe CKOpocTH, HO C
[IPOTUBOIOJIOXKHBIM 3HAKOM: —U U —V JIOJKHBI JaTh —W. I3oTpomus mpocrpaHcTBa
TpebyeT, YTOOBI WHBEPCUsT HAIIPABJIEHUS MPUBOAMIA K H3MEHEHUIO MOPSIKA CJIOKEHUS:
—V JIOJIZKHO MJATH Hepel —u. JIOpeHIeBo caoKeHne He yIOBIETBOPSAET ITOMY TPebOBAHUIO
U BBOIWTCS BpalleHme Burmepa, 9ToOBI ero CKOppeKTHpoBaTh. Ilpemraraemoe HaMmu
B3aUMHO-CUMMETPHYIHOE IIPeoOpas3soBaHuie COXpaHsSeT W30TPOINMIO IPOCTPAHCTBA, U
Bpamenne Buruepa ne tpebyercs.

KiroueBble cjioBa: 3akKOH OJUHINTEHA, CJIOYKEHHE CKOPOCTeH, acCOUATHBHOCTD,
HeacCOIMaTUBHOCTL, BpalleHne Burnaepa-Tomaca, mpereccust Tomaca, marpunsr [laymm,
KBaTepHUOHBI [layiu, KBaTepHUOHHOE CJI0YKEHUEe, TEOMETPUS, N30TPOITHDIN.
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