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IT'EOMETPUA I ®U3UKA T'OJIOMOP®HBIX ®YHKIINNI B
IIOJIMYMCJIOBOM TEOPUU I10JIS

J1.T. ITaBnos!, C.C. Kokapes'?

U HUH Tuneprxomnaexcrox cucmem 6 zeomempuu u dusure, Ppasuno, Poccus
2 PHOI] “/Iozoc”, HApocaasav, Poccus

geom2004@mail.ru, logos-center@mail.ru

Ha ocHoBe KOHCTDYKIMU CONPUKOCHOBEHHUsI, U3JIOXKeHHOH B [5], mcciemyercs dusuko-
reoMeTpudecKkasi WHTepIpeTanus (QYHKIUA TOJUIUCIOBON TepeMeHHON P,y pasjimaHbIx
KJj1accoB rosomopduoctu mo Tepmunosorun [5]. Tlokazano, 9T0 KOHKPETHBIH BBIGOD TO-
JoMopdHON GyHKIMU (MOJIUIUCTIOBONO MOTEHIUAJIA) OIPEIeIsieT HEKOTOPYI0 TEOPETHKO-
[IOJIEBYIO MOJEBb Ha (oHe puMaHoBa MHOrooOpasus OTO, BKIIOYAIOIIYI0 TEH30PHBIE OIS
pa3JIMYHBIX paHroB. PaccMoTpeH B o0IeM BHUIEe BOIIPOC O JIOKAJIHHOM IPUYMHHON CTPYKTY-
pe TICeBIOPUMAHOBBIX METPUK, COTPUKACAIINXCS ¢ 4-MepHOil MeTpukoil Bepsasibaa-Moopa.
[TokazaHo, 9T0 KOHCTPYKIMS COMMPUKOCHOBEHNS IIOPOXKIAET KBaAPATUIHbIE METPUKH JINIIIb
¢ aBymst tunamu cursaryp: (+, —,—, —) u (+,+, —, —). BoIBeJieHbl cucTeMbl ypaBHeHUil B
YaCTHBIX TPOU3BOJHBIX, ONPEIEIAONINX TOJHINCIOBOM TOTEHIIMAJ JIJIsT KOCMOJIOTHIECKIX
MeTpuK ppuaMaHoBCKOro Tuma u Metpuku lIBapmuisaa.

KimroueBbie ciioBa: ajrebpa mosmduces, MeTpuka bepsasibia-Moopa, COMPUKOCHOBe-
une dunciaeposoit u pumanonoit Merpuk, OTO, kocmosmornygeckue moaean Opupmana-
Pobeprcona-Yokepa, merpuka IIBapiiimibaa, 0600IeHHO-TOTOMOPMHBIE (DYHKITUN TTOTU-
YUCJIIOBON MEePEMEHHOM.

1 Bsenenne

B pabore [4] Ha 0cHOBe TIpe/IIIECTBYIOMINX MCCAEIOBAHUI 110 arebpe U reOMeTPUH JTBOHBIX TH-
cen [1-3] 6bLTa MOCTpOEHA TEopHs MO Jist | uiepisnia — AByMepHOro Mupa MUHKOBCKOTO,
paccmaTpuBaeMoro B 6osee mupokoM, dem 31o genaercd B CTO, Kontekcre KOHMOPMHOIT crM-
MeTPHUH, CBA3aHHOiT ¢ h-rosoMopdHbIMEI DYHKIUAME JABOITHOM mepemerHoit. Moennb ['unepiran-
Jla OKa3aJach MPUBJIEKATE/IHLHON B TIEPBYIO OYepe/ib TEeM, UTO OHa MPEJICTaBIsgeT co00i TpuMep
Teopuu 6€3 CBOOOJIHBIX MapaMeTPOB U 3aBUCUMOCTE: JIarpaHKuaH (PyHIAMEHTAILHOTO TOJIs,
BCe CyIIeCTBeHHBIE (DYHIaMEHTAbHbBIE KOHCTAHTHI U THUITHI MMPOCTEHINX COCTOSTHUI 3TOTO OIS
(s/1IeMeHTapHBIE YaCTHUIBI MaTepuu [ unepsHga — JabIoHA) OKA3AIUCh MOJHOCTHIO BBIYHCIIU-
MBIME (U BBIYUCTEHHBIME!) B paMKax 9Toit Teopun. Pasymeercsi, Teopust I'uniepisuna siBiisercs
IPOOHOI UIPYIIETHON MOJIE/IbIO, WLITIOCTPUPYIONIEHl HEKOTOPbIe XapaKTepHble 0COOEHHOCTH Ca-
MO HU3KOpa3MepPHON BEpPCUU MOTUMIHUCIOBONM Teopuu moss. [lepexon K 6ojiee peamCTHIHBIM
3-MEpHBIM U 4-MEePHBIM MOJEISIM B PaAMKaX MOJTHIUCIOBOTO TOAX0/1a K OMUCAHUIO (DU3UIECKOi
peasibHOCTH TpebyeT UCIoIb30BaHus ajredp Tpuancesn P u kBagapauucen Py. Hekoropbie mpe-
BapuTesbHble (PopMasbHbIe pa3spaboTku 110 ajiredbpam P, ObLau ciesnansl B 5], a Gosee meraib-
HOEe HCCJIeIOBaHe OCHOBHOI'O YpaBHEHUs MaTeMaTUIeCKON (pU3NKHI TOJIUINCTIOBON TEOPUH TTOJIs
B anrebpe Pj 6b110 mpoBeneno B [6]. [y1aBHBIM TpeMeToM paccMOTPEHUsT HACTOSIIEH CTATbI
SIBJIETCsI airebpa rmosimances1 Py u cOmyTCTBYIOIIHE eff TeOMeTPpUIecKne U aHATNTHIeCKne 00b-
ekThl. EcrecTBenHast reomerpus aiaredpol Py cBsazana ¢ 4-mepHoit mempuroti Bepsaavda-Moopa
4-0r0 TOpsi/IKa, KOTOPasi B CIEMHUAJIBHBIX (T.H. H30TPOMHBIX) KOODIMHATAX UMEET BUJL:

DG = 8(de' ® da? @ da® @ dat), (1)

riae S — omepaTop cuMMeTpusaln 6e3 YrcioBoro MuaokuTe . Merpuka (1) orHOCHTCS K Kiac-
Cy T.H. NcesioPhuHcAePOSbIT METPUK WIH M-KopHesuix MeTpukK |7]. TIpocTeifmmM ecrecTBEHHBIM
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AHAJTUTUIECKIM 00beKTOM B P, aBisercsa T.H. h—ezosomopdpras dynrkuus Py — Py Buna:

f(h) = fulzher + fo(a®)ex + f3(a)es + fa(z®)ey, (2)

rae h = x'e;, {ei}i—ta — msoTpommbii 6azuc, B KOTOpoM MeTpuKa Bepsasbia-Moopa nveer Bus
(1), fi — nuddepennupyenbie HYHKINN BEIECTBEHHON T€PEMEHHOIA.

Maer uccneayem Borpoc o ToMm, Kakue mozgen OTO omuchiBaoTCst B paMKax KOHIEIIH h-
rosiomopdHocT. OT™MeTnM, 9To oTHOIIeHHe aarebpbl Py Kk merpuke (1) u dyskumsm Buga (2)
BITOJIHE AHAJIOTMYHO OTHOIIEHUIO aJreOphl KOMILIEKCHBIX unces C K eBKINI0BOI METPUKE U ro-
JIOMOPMHBIM (DYHKIIUAM KOMILIEKCHOI TepeMeHHOi. VIMeroTcss TakKe MOJIMYHICIOBbIE aHAJIOTT
yeaosnii Komum-Pumana u yenosuit rapmonuanoctu (eM. [5]). Tlo sroii npudube B 1eaoM pe-
3yJIBTATHI HACTOSIIEH CTATHbU MOXKHO PACCMaTPUBATH KAK OTIAJEHHBIN TMOJTUIUCIOBON aHAIOT
CTaHIAPTHOTO MeTojia KoHpopMHBIX oTobpaxkenuii B TOKII, koTopsrit mocpecTBOM KOHCTPYK-
IIUU COTIPUKOCHOBEHUSI TTO3BOJISIET BBIXOUTD Ha 4-MepHbIe ITPOCTPAHCTBa-BPeMeHa MICEBI0PIMAa-
HOBa Tuma, n3ydaembie B pamMkax OTO. C apyroii cTOpOHBI, HAIlIe UCCIEIOBAHIE TIPEICTABIISIET
coboit bparMenT Oy yIIeil MOJHON JUHAMUYECKON TeOpUH MOJUYNUCIOBOIO IMOTEHIINAIA, B KO-
TOPOIl KOHKPETHBI! ero B OyJeT MOJIy4YaTbCs IMyTeM peIlIeHUil JTUHAMUYECKUX yPABHEHMUIT,
BBIBOJIUMBIX M3 HEKOTOPBIX BEChbMa OOIINX MPUHIUIOB. /IByMepHBINT BapHaHT TaKOW TEOpHH,
MOCTPOEHHBIIl Ha OCHOBE aJireOphI JIBOWHBIX YHCEJI, IpeJcTaBieH B paborax [3,4].

2 Ajrebpa xomoaman

Paccmorpum mpocrpascTo Bepsasbaa-Moopa H,, u merpuky Bepsamnbaa-Moopa WG B weit,

OTHECEHHYIO K HEKOTOPOI M30TPOIIHON cucTeMe KOOPANHAT (xl, ..., Z™), B KOTOPOH 3Ta METPUKA
UMeeT BUJI:
™G =5de' ® - @ da™), (3)
obobrmaromuii (1). Pacemorpum tersop MG Buaa:
MG =80, ®8,), (4)
KOTOPBIH OIpeJiesideT “cKaasgpHoe TOMUIPon3BeieHre” B paccyioeHun 1-copm /\1 H,, o popmy-
JTaM:
B (w1)1 Ce (wl)n
G(wiy -y wy) = € Fn (W), ... (wn)k, = perm . : (5)

(Wn)1 -+ (Wn)n

B (5) perm o3HauaeT mepMaHEeHT MATPHILI, UMEIOIINil CTPYKTYPY OOBIYHOIO OIPEIETUTE s, B

KOTOPOM BCe CIaraeMble 6epyTcs co smaxoM “mmoc”. Taxum obpason, ef-Fn = GFL-kn ppes

cTaBJIsgeT coOOl CUMMETPUYHBIN aHasIor cuMBosia JleBu-HYuBuThb (aHaJIOI‘I/I‘-IHO CAMBOJI €, %, C

HIDKHUMUI THIEKCAME OYJIeT ompeeaTh KOMIIOHEHTHI MeTpuKu Beppasibiaa-Moopa "G B u30-

TporHom 6asuce). Tersop (4) GymeM HasbBATL dyaavvim mma obpammsim K MG, D10 HasBanme

OIIPABJIBIBACTCH CIIEAYIOMIM CBOfcTBOM KommonenT ™G i (MG:
pros o

nl(n —1)! k1 kr

(6)

E €kykrkpprkn€ T = ———————perm
(n +r— 1)' My 6mr
Kr1eekin S i

Papencrsa JieBoii u mipaBoit gacreii (6) ¢ TOTHOCTHIO J10 KO3(DUIHEHTA CIIeIyI0T U3 coobparke-
HUIl CUMMEeTPUH, BUJ KO3(DPUIMEHTa CIeayeT U3 peayKIMOHHOW (hOPMYJIBI JIJIs TEPMAaHEHTOB,
BBITEKAIOIIE 13 IIPOCTOrO IMOICYETa IIePECTAHOBOK:

n

Z r Tro ... T I(TL—'—S—]_) 9 ... T : (7)
-, T Mo ... Mg meo ... Mg



192 I'mnepkomiiekcHbie ncia B reomerpun u cusuke, 2 (20), rom 10, 2013

rae
ot ..ot
reoo... T i O,
m o | EPErm| (8)
oo T o L. Oh

— COKpallleHHOe ODO3HavYeHue JIjid IepMaHeHTa, COCTABJIEHHOTO W3 YIOPSIO0YEHHBIX JeIbTa-
cuMBOJIOB. Takum oOpasoM, B KaxKjioM H, mMeeTcs, KaK MUHUMYM, 9eTbIpe THUTIA TOJTUCKAIAP-
HOI'O TIPOM3BEJIEHUSI: JIBA TIOJIHOCTHIO aHTUCUMMETPUYHBIX ITPOU3BEJIEHUST 1-OK BEKTOPOB WU
1-cbopm, accommmpoBaHHBIX ¢ (hopMaMu 0OBEMOB B KacaTeJIbHOM U KOKACATeTbHOM PACCIOCHH-
AX:

vol=dz' A--- Ada, x;glzﬁl/\---/\an, 9)

KOTODBIE MOPOXKIAIOTCS Onepalieil BHEIIHEero (KOCOCHMMETPHYHOTO0) TPOU3BEIeHNsT A 1 JBa
CHUMMETPUYHBIX IIPOU3BEJICHUS N-OK BEKTOPOB MU 1-popM, 3a/1aBaeMbIX CHMMETPUIHBIME I10-
mammaeiipivMu popMamu (1) u (4). Orvernym, 1To dhopMmbl (9) CyIIECTBYIOT Ha JTI000M IVIaIKOM
MHOroo6pasnu, B To BpeMsi kKak Haimaue dopm (1) u (4) — cnenuduyaeckast 0cCOGEHHOCTH TPO-
crpancts H,. [Ins BoccTaHoOBIeHHs GoJIee MOMHON CUMMETPUH MEKLy AHTUCUMMETPUIHBIMU 1
CUMMETPUYHBIMU METPUKAMHU, OIPEIEJUM ONePaInio \V CUMMETPUYECKOrO MPOU3BEICHNs BEK-
TopoB wim 1-chopm 1o dpopmyiam:

XVY=XQY+YR®X; wVIA=w®®IA+AQuw, (10)

st Besikux X, Y € TH, w w, A € T*H,,. Teriepb MbI MOXKeM HaUCATh 10 aHajoruu ¢ (9):

"Xy, ..., X)) = Vol(Xy, .., X)), "Glwi,. .. wn) = Vol(wr, ..., wy), (11)
rue
Vol=dz'V---Vvdz"; Vol=0,V---V, (12)

— “cuMmMeTpuvHbie (bOPMBI 00HEMOB’ .

AHaornio MeK 1y aHTHCHMMETPUIHBIMEI TeH30paMu (p-hopMaMi U P-BEKTOPAMIE) 1 CHM-
METPHUIHBIME TEH30PAMU (P-n0Auadvl U P-KONoAuadbl) MOKHO TPOJOIKATE 1 gasee. Onpese-
M paceioenne p-noyman \/? H, Kax MHOXKECTBO BCEX CUMMETPUYHBIX KOBAPUAHTHBIX TEH-
sopubIX nosieii. Oun obpasyior f (H,)-Momyib, 6a3ucoM KOTOPOrO sIBJISIIOTCA HAOODP MOJIUAL
{dxFrv---vdzFr}y,_y . Moxno onpesennts Tenepb rpaynposannyio anrebpy nomuasn \/ Hy,,

B KOTOpPOIi omeparus IOJHaJHOTO YMHOXKEHUS V MeXKIy noauajgamu P = Z Pklmkpda:kl V
E1yeskp

e Vdat e \PH,u Q= Y Qll_,,lqd:cll V- Vdrle € \/* H, onpenensiercs o dopmyiie:

I, g

PvQ=QVP= > Y Py gQu.daVv---vdafrvdav...vdal (13)
K1yeokp 11l

OueBnHO
p=0

*
AHaOrnYHO ompesiesseTcs CUMMeTpPHYHAs IpaJynpoBaHHas anarebpa xonomuman \/ H, (re.
asrebpa KOHTPABAPHAHTHBIX CHMMETPUIHBIX T€H30DOB).
[To anasioruu ¢ onepanusMu Jgyajn3aiuu (3Be3/1a X0oJKa), aCCOUUPOBAHHBIMU ¢ AHTUCUM-
MeTPUIHBIME (hOPMAMU 00'bEMOB, MOYKHO OIMPEIEIUTh JIYATH3AINI0 MOIHa L (M KOIOIHAT).
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Onpenemmmm orobpaxenne ®: \/* H, — \/"? H, (cummempuunas 36ezda Xodrnca) Kax JuHei-
HBIIL oIepaTop, JeicTByIonuii Ha 6a3uc nonuas 1o dhopmyie!:

dz™ V.-V dz™», ecin Bce Ky, ...k, pa3indHbl;

kl “ e kP _=
®(da™ V.- Vda'r) = 0, ecm xord Obl mapa u3 Habopa ki, ...k, coBnaaaer.

(15)

B nepsoit crpoke n mudp (K1, ..., kp,r1,. .., Thop) (BOBMONKHO mOC/IE HAJJIEKAIIEH TEPECTAHOB-
K1) 00pasyIoT MOCIe0BATEILHOCTD 1, ..., n (Olpe/ie/ieHne CHMMETPI30BAHHOM 3Be3/IbI X OJI7Ka
Ha KOIOJIMaIaxX aHajgorudHo). (OTMerum, 94To CHMMETpPUs oleparnun V mo3BOJIseT He CIeUTh
3a 3HaKamu u opuentareii.) K npumepy, dopmbr Vol u Vol B (12) ¢ moMoIIbIO CUMMETPIUIHOI
3Be3/IbI XOJ2Ka 3allUChIBAIOTCA 00JIee KOMITAaKTHO:

Vol = ®1; Vol = ®1*, (16)

rie 1* — nocrosinnast (enuanynast) Gyukiws Ha H,, paccMarpuBaeMasi Kak 3JeMeHT (hopMaJib-
HOT'O IIPOCTPAHCTBA KOIIOJIMA, \/0* H,,, xotopoe MbI oTOXKAecTBIsieM ¢ F (Hy,).

ITo anasornn ¢ TeM, Kak CTaHJapTHas 3Be3/a XO/Ka * B NCYUCJCHUM BHENIHUX (DOPM CBsl-
3aHa ¢ cuMBOJIOM Jlepu-UuBUTHI, cUMMeTpUUHAd 3Be31a XoKa @ CBA3aHA ¢ CUMMETPUIHBIM
AHaJIOT'OM CUMBOJIa J—[eBI/I—LII/IBI/ITbI. TaK, B KOMIIOHEHTaX onepanud AyaJu3alui IIOJITHOCTBIO CUM-
METPHYHOTO TeH30pa, (P-ToHuaIbl) () TIPEeICTABISETCS BhIPAXKEHIEM:

1
(@Q)kl...knfp - H Z Ekl...kn,prl...rpQ'rl...rp- (17)

T1,--Tp

OrmernM, 9To omepalisi ®, B OTIMYHE OT *, B CHJIY CBOero ompejesenns (15) we obiasaer
CBOMCTBOM MHBOJIIOTUBHOCTHU:

®? # id. (18)

DTO CBI3aHO C Te€M, YTO OJHOKPATHOE MPUMEHEeHNe ® CTUPAeT Ty YacTh WHMOPMAIUN B TEH-
30pe, KOTOpas CBsA3aHa C KOMIIOHEHTAMW, WMEIOIINMH XOTs Obl Mapy OJINHAKOBBIX HHJIEKCOB.
D1 yacTn MHGOPMAIMHE KOBAPUAHTHBI OTHOCUTEIBHO JeCTBIsI TPYIIb n3oMerpuii Iso(H,) u
Jazke 6osiee mpokoit koudopmuoii rpymmnsl C(H,), HO He KOBAPHAHTHBI OTHOCUTEIHHO OOIIeil
JIMHENHOI IPyIIILL.

MokHO onpeenTh CUMMETPUYHBIE aHAJIOIM BHEITHETO NuddepeHInpoBainsl U TeOPEMbI
Hap6y-Ilyankape [5|, Ho B HacTOsAIIEl cTaThe OHU HAM HE MOHAI00SITCA.

3 Conpukacaroniuecsi 00 beKThI

KoncTpyKIus cOnpUKOCHOBEHUSI, KOTOPasl CIYy?KUT MOCTHKOM MeXK1y (PUHCIEPOBOI reoOMeTpH-
eii mpocTpaHcTB Beppasbia-Moopa u nceBgopuMaHOBOI TeOMETPHUeil COBPEMEHHBIX TEOPETUKO-
MOJIEBBIX MOJIeJIell, BKJIIOYAIONMINX TPaBUTAINIO, W3Iarajach B crarbe [5|. HamomumM kpar-
KO OCHOBHBIE COCTABJISIIOIINE 9TOf KOHCTpYKImn. Pacemorpum coBokymHOCT { X7, ..., Xy m}
n — m BEKTOPHBIX nosieii B H,, (I0MyCcKaeTcs MOBTOPEHIe HEKOTOPBIX MoJieil B 9TON COBOKYII-
HOoCTH). Byjiem Ha3bIBATH 9Ty COBOKYIHOCTH 0nopot £~ ™ u 0603HAYATH ee TTOCPEICTBOM boJiee
OAPOOHOI 3amnucu

EMm={XM L XY, art.ar=n—m, (19)

!B crarbe [5] 6BLIO JaHO HEMHOTO JIpyToe ONpejesieHne, ONUpaloleecs Ha KJAcC T.H. CMEIAHHBIX MO,
Hacrosiast Bepcust onpejiesieHusi, Mo CyIIeCTBY SKBUBAJEHTHA MPEIbIIYIIel, HO He TpeOyeT OrpaHUYeHUs Ha
00J1aCTh OIpeIesIeHus onepanuu @.
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IJIe iy KPaTHOCTD IMMOBTOPEHUS BEKTOPHOTO 1osisg X;. B ciiydae ¢ MOBTOPAIOMUMUCSA BEKTOPHBIME
noyiaMu omopa E™™ yiKe He ONMHUCHIBACTCS B TEPMUHAX KJIACCHYECKOro pacrpejesnenus. Ha
onopax £"~" moxHo BBectH f (H,)-anrebpy, momaras

EmmiTmz s my +my < n
2, mi +me >n

ENTMmMg g = { , (20)
rae EMT™T™2 gonmyyaerca uz EM™ u "2 00beIMHEHNEM UX JEMEHTOB (J1s OOIIIX BeK-
TOPHBIX MOJIEH WX UHJIEKCBI-IOKA3ATE I (v; CKIAIBIBAIOTCA ), a €2 — mycras omopa. Y MHOKEHUe
OMOP Ha CKaJIsIPHBbIE (DYHKIMU TIPOU3BOIUTCS MOKOMIIOHEHTHO (KasKJ0€ BEKTOPHOE M0JIe He3aBHU-
CHMO OT ero KpaTHOCTH yMHOxkKaeTcs Ha MyHKuio). C moMoIbio ornop 1 MeTpuku bepBasibia-
Moopa MOXKHO CTPOUTDH COIPUKACAIONINECH ¢ Heil TeH30pHbIe 00bEKThI 60JIee HU3KOro paHra. A
MMEHHO, Ha30BEM TEH30D

Tenm =E"™0 "G =MG(Xy, ..., Xom, ) (21)
——

M IyCTBIX apryMeHTOB

conpuracarouumcs ¢ mempuroti Bepsaavda-Moopa edoav onopw, EM =
{X1,..., Xs—m}. OgeBugHO, € 9TO € TOUKN 3PEHUS CUMMETPUTHON AJreOphI KOMOINA],

Ten-m = R(X1 V-V Xpm).
IIo onpenenennio mojgaraemM, 4To
E2r "G =0. (22)

Autrebpa omop caeayrommM 00pa3soM B3auMOIEHCTBYeT ¢ omepaineil COMPUKOCHOBEHNSA:
EMTP(EMMPNG) = (EMMWETT™) PG (fEMTT) PG = fTETT P GE). (23)

Bosee obmas KOHCTPYKIMs COMMPUKOCHOBEHUS BJO/Ib KOMOIua el () = Q*E, cBOAUTCA K pac-
CMOTPEHHOU KOHCTPYKITNNA COMMPUKOCHOBEHUS BJIOJIL OTIOPHI C TIOMOIIBIO OMEPAIN yCPe THEHU
o KonosimagHomy 6asucy {&,}, KoTopslil pencrapisger coboit HaBOP COOTBETCTBYIONINX OIOD:

Qr Me=>"Q*E 1 Me). (24)

Bce ,HaﬂbHefIHIee N3JI02KEHUE 6y,IL6T MMOCBANIECHO ITPUMEHEHNIO KOHCTPYKIHNNU COIIPUKOCHOBEHUA
JJTA (1)I/IBI/IT—IGCKOI7I nHTepnpeTanuu 1nmoJn9Iuc/JIoBoro nmorTennuasia B TepMUIHaX TEH30PHBIX oJIe B
IICeBAOPUMAaHOBOM IIPOCTPaHCTBE-BPpEMEHU.

4 IlceBmopmMaHOBBI METPUKH, CONPHKACAIONINECsS C MEeTPUKOIi
BepBanbaa-Moopa B Hy

N3zyunm Gosee moapoOHO THUITBI TICEBOPUMAHOBBIX METPUK, KOTOpPbIE B IIPUHIIAIIE MOTYT IOJIY-

YaThCsd ¢ TIOMOIIBIO0 KOHCTPYKIUU colpuKocHoBenus B Hy. B dukcupoBannoit Touke takoe mc-

CJIeJI0BAIIE CBOAUTCS K CBOCTBAM MATPHUIBL (Jq) METPHIECKOTO TEH30PA, CONPHKACAIOIIETOCST
¢ MeTpuKoit Beppasbza-Moopa B1osb omopsl £2, TOKaILHO Tpe/cTaBageMoit muanoit AV B = F:

Jap = (f r (4)G)a5 = @(A V B)aﬁ = Eag,y(;A’yB(s. (25)

B macrosiiiem paszesie Hac 6y1eT nHTEpecoBaTh TUI (CUrHATYpa) MeTpuku ¢g. s ynpornennst
UCCTIEIOBAHUS, BO-TIEPBLIX, VAAJIIM U3 JIUaJIbl JF HECyIeCTBEHHbIE JIJId KOHCTPYKIIMH COPUKOC-
HOBEHUHA TNATOHAJbHbIE KOMIIOHEHTHI:

F = F° = @*F. (26)
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Y amaasr F° — mIecTh HE3aBHCHMBIX KOMIIOHEHT (KaK M Y TEH30pa JIEKTPOMATHHUTHOIO MOJIS
B npoctpancrBe MunkoBckoro). Vemonbsyst cBoboy BbIGOpa KOOPAMHATHOM KAaIUOPOBKH, JI0-
IYCKAEMYTO KJIACCOM M30TPOIHBIX CHCTEM KOODJIMHAT, MBI MOZKEM HCIIOIB30BATH €€ TPU CTEICHN
cBoboer (T.K. dim Iso(Hy) = 3) misa npuBeeHus aH3aa KOMIOHEHT F° K BUJLY:

(0] (o) a (o] (0] b (o] (0] C
12:}—34:5; 13:}—24:53 14:]:2325- (27)

B BBIOpanHOIT KOOpAMHATHONW KAJHOPOBKE MeTpHUKa ¢ OyHdeT XapaKTepU30BaThCs CJIELYIOIIei
MAaTPUILEA KOMIIOHEHT:

0 a b ¢
a 0 ¢ b

(9as) = b ¢ 0 a (28)
c b a O

Ee xapaxrepucrudeckuit nosmaom G(A) = det(g — AI) umeer Bu:
G(\) = M —2(a® + b* 4+ )\? — 8Xabe + a* + b* + ¢* — 2(a®b® + a*c® + b2 ). (29)

Omnupasich Ha 060011eHHY 10 Teopemy Buera, u3 Buja (29) MOXKHO ¢/ie/1aTh CJIeIyoIIue 3aK/Ire-
HI$I OTHOCHTEIHHO COOCTBEHHBIX 3HAYEHUIT MATPULEL (§ag):

1. Koadpbumuent npu A3 papubiit —(A; + Ao + A3 + Ay) = 0, ciiesoBaTebHO cOGCTBEHHBIE 3Ha-
YeHus 063aTeIbHO UMEIOT PasHble 3HAKH. DTO O3HAYaeT, YTO COMPHKACAIOIIAACH METPUKA
g MOXKET OBITh (C TOYHOCTBIO JI0 MepeHyMepauy KOOPIMHAT) JIUIIh JIBYX TUNEPOOTTIECKIX
tunos: (+, —, —, —) wm (+,+, —, —).

2. 'mnepbonmyecknii TUIT METPUKU ¢ MEHsIETCsl BCAKUI pa3 NMpH MEpPeceYeHnn MOBEPXHOCTU B
[POCTPAHCTBE MTAPAMETPOB a, b, ¢, onpeessieMoil HyieM cBOOOIHOrO |sieHa B (29):

a' + b + ¢t — 2(a’V® + a*c® + b*c?) = 0. (30)

Ha 5T0it OBEpXHOCTH MEeTpHKA g CTAHOBUTCS BHIPOZKICHHOT: HEKOTOPBIE (MOYKET OBITH JTazKe
I Bce) COOCTBEHHBIC 3HAUEHUS MATPHIBI ((a3) OOpammaiorcs Ha Heil B Hy/Ib. PackiagpiBas
7eByIo 9acThb (30) Ha MHOXKHUTENH, IOy aeM:

(a+b+c)(—a+b+c)a—b+c)(la+b—c)=0, (31)

YTO O3HAYAET pa3jIoyKeHne MOBEPXHOCTU BBIPOXKICHNSA B 00beIuHeHne 4-X III0CKOCTEM, CrM-
METPUYHO IPOXOJSIINX Yepe3 HAdaJ 0 CHCTEMBl KOOPIWHAT B IPOCTPAHCTBE MapaMeTpPOB
a,b,c.

DTa MOBEPXHOCTDH MPEJICTAB/IEHA Ha pUCYHKe 1.

[Tpocrasi mposepka (HanmpuMmep, mojcranoBka a = b = 0,¢ = 1) obHApPYKUBAET, UTO YeThl-
pexrpaHHble KOMIIOHEHTBI Ha puc. 1 cojepzxkatr runepboaudeckuii Tun (+, 4, —, —), a Tpexrpas-
Hble — runepbonmdeckuii tun (4, —, —, —). B mampreiimem, 6y1eM 0603HaIATH 9TOT HOCTEIHUI
tun HOMepoM I, a mepsbiit — nHomepom II. Herpyano coobpasuth, 4To runepOOMIecKuii TUIT
METDHKH ¢ OTPEJIeISIeTCsi 3HAKOM 0 MHOTO'WIeHa cieBa B (31):

Homep tina = 20792 e o =sign(a+b+c)(—a+b+c)(a—b+c)(a+b—c). (32)

Y1001 chopMyIUPOBATH WHBAPUAHTHYIO KJIACCH(MPUKAIINIO COMPUKACAIONIUXCS THIEPOOTHI-
YeCKNX CTPYKTYP, 3aMeTHM, UYTO ITPON3BE/IEHNUS:
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Puc. 1: TToBepxHOCTb BBIPOXKIEHUsI CONPUKACAIOMIEHCST METPUKH ¢ — YeThbIpe IJIOCKOCTHU, IIPOXO/Is-
mux 4epe3 Hadaso. MHOXKecTBa HalpaBileHHil, cojepzKaiye ocu (mecTb 4-rpaHHbIX IPOCTPAHCTBEH-
HBIX YIJIOB) 3a/Ial0T rUNepOoIndecKyo MeTpuky tuma (+,+, —, —), B TO BpeMsl KaK JOIOJHUTEIbHbIE
KOMIIOHEHTHI (BOCEMb 3-IDaHHBIX IPOCTPAHCTBEHHBIX YIVIOB) 33/IaI0T MHIEPOOINIECKYI0 METPUKY THIIA

(+7 T T _)'

SIBJISIIOTCSL  MHBAPUAHTAME OTHOCHTEIBHO Tpynmnbl [so(Hy), ecinm COBOKYIHOCTH HHJICKCOB
1, k, m,n 00pa3yoT HEKOTOPYIO MOJCTAHOBKY WHIEKCOB 1,2, 3, 4. OTcioma TPUXOIUM K 3aKTI0Ue-
HUIO, 9TO

a? = FroFay =1inv = I1; b2 = Fi3Foy = inv = Iy; & = FuFos = inv = I, (34)
" 3HaKOBadd CIDYHKLLI/ISI ag Ol’Ipe,H‘eJIS{eTCH I/IHBapI/IaHTHI)IM COOTHOIIIEHUEM:

Ha pucynke 2 nokazan rpaduk nosepxuoctu I7+I3+12—2(I; Iy+1,13+1513) = 0 B npocTpancTse
uaBapuaHToB I, I, I3.

5 T'eomerpusa n ¢dpusuka jgorapudpma B P,

XopoIro u3BeCTHO, 9TO (PYHKINs In 2 sB/IAETCS KOMILIEKCHBIM MTOTEHITHAJIOM MHOYKECTBa 3a-
Jlad 2-MepHO# MaTeMaTUdecKol (PU3NKH, CBA3aHHBIX ¢ HAJUYIHEM TOYETHOTO MCTOUYHUKA WU
toyeunoro Buxps [8]. ITo merommyeckum coOOpazKeHHsIM Mbl HAYHEM HU3ydeHUe (QU3UKO-
reOMeTPUYECKUX CBOUCTB h-rosiomopdubIX dyuknnii Ha Py ¢ dyHKImm

Inh = Inz'e; + Inz’ey + Inz’es + Inxley. (36)

Cornacho obmiemy moaxony, Hamedernnomy B [4] u [5], dyskuus Ilnh moasocTHIO “KOIUpYET”
Ha fA3bIKe P; yCcTpOHCTBO HEKOTOPOW KOHKDPETHOIN 4-MepHOI BCEJIEHHO# ¢ KBaJIPATUYIHON Me-
tpukoit. [Ipu sTrom cama mo cebe dynkius Inh ycrpoeHna JOBOJBHO MPOCTO: OHA CBOJIUTCS K
MPSIMOI CyMMe BEIIeCTBEHHBIX JIOTAPU(MOB U TIOTOMY OIpeJieieHa B TOJ0KUTE/THLHOM OKTAHTE
Py. Amamorom cdepor Pumana B KOMILIEKCHOM aHaju3e B caydae Py sBisercs 4-MepHBIi Bele-
CTBEHHBII TOP, KOTOPBIi MOTydaeTcs “‘CKJIenBaHrneM’ OeCKOHEYHO-Y/IaJeHHbIX TOUEK Ha KayKJIoi
U3 U30TPOIHBIX KOOPINHATHBIX OCEHl TIOC/IE UX MPEIBAPUTEIHHOTO CKATHS TTOCPEICTBOM 0TOOpa-
xeuus h — tanh h. PacemarpuBast dynkimio In b Ha TakoM TOpe, MBI MOYKEM 3aKJIIOYUTH, 9TO
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; -
3 _\

2
1

Puc. 2: Tlosepxuocth cmenbl 3Haka dyHKnun o. O6JacTh BHYTPH IOJOCTEH COOTBETCTBYET THILY I,
obnacte BHe nosiocreit — tuiy II. ITosocT cMBIKaIOTCS B HadYase CHCTEMbl KOODIMHAT (IIOIPEIIHOCTH
rpadonocrponrens Hessuoi dyukimn 8 MAPLE).

OHa OCyIIeCcTBIgIeT roMeoMopdusM BHyTpeHHOCTH 1/16 "actu 4-Topa Ha 4-TOp € yAaJeHHBIMU
3-Topamu, n306parKaomUMI GECKOHEUHO-YIAICHHbIE 3-IJIOCKOCTH B Pj.
Hudbdepernnpys byskImo nmoauducaooro gorapudma (36), momydaem ee roaoMopdHbI
nuddepenima:
dxt dx? dx? dx*
dlnh = —161 -+ —262 -+ —363 + —464, (37)
x x x x
BeIIeCTBeHHbIe KOMIOHEHTBI KOTOPOro w; = dz'/x’ MO3BOIAIOT IIOCTPOUTHL CHCTEMY OIOp pas-
JIMYHBIX TOPAIKOB:

' ={wp}; € ={wpwyt; £ ={wpwiwmt; £ = {wpwiwemwe) (38)

Onopbl BTOPOro nopsaka obpasyior nomany Fi, = 1/z'zk, unsapuante! Kotopoit yaoBaeTBOps-
10T cooTHOmeHusM I; = I, = I3 = 1 /2 2?232*) aro nozeonger ciaenars 3ak/moueHne, onupasich
Ha HCCIIeIOBAHNS MPEILIIYIIEro pasfesa, O MPUHAICYKHOCTH CONPHKACAIOMEHcsS PIMAHOBOM
merpuk K iy 1. Conpuxacast Merpuky Bepsaibua-Moopa? WG Broms 9TuX 010D, HOIyIaeM
dbusHKO-reomMeTpuuecKne 00beKTHI CJIeIyIOero BUIA:

CKaJIsApHOE II0JIE:

1

xlz2x3gt’

¢ =Er WG = Mg wp)wEmean = (39)
BEKTOpHOE HOJI83:

v=Y Er WG = M (Wi iwe) ekt @wrHe@we)@@rtwnwe);wer)d = (40)

20rmernm, 9TO cefiaac pedb neT 0 KOHTpaBapHaHTHOH MeTpuke Beppaibaa-Moopa (3To oTMedeHo TuiIbI0i),
oTIpe/iesienne KOTOPOil B M30TponHoM basuce P, ormmdaerca ot (1) zamenoit dz’ — 0;. MHOroMepHble MaTpH-
IIBI, TIPE/ICTABIISIONIIE KOMIOHEHTH! Ter30pos (WG u mG VIIOBJIETBOPSIIOT COOTHOMmEHMsIM: (™) G AB(”)C;’BA/ =
np!A(A, A"), tne A, A’, B — KOJUIEKTUBHBIE MHIEKCHI, 3 — YUCIO UHIEKCOB, [0 KOTOPBIM TPOU3BOIUTCS CYM-
mupoBaHne, seananna A(A, A') paBHa HyJ0, €CM B COBOKYNHOCTH MHJEKCOB A i A’ mo oTae bsHOCTH ecTh
X0Tsi OBl OJ[HA Tapa MOBTOPSIOIINXCsI, M PABHA €IUHUIE B IIPOTUBOIIOJIOKHOM CJIydae.

33mech w masee MBI yepemHAeM CONPHKOCHOBEHHE TI0 BCEM OIOPaM JAHHOTO THIIA.
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1 1 1 1
- x2m3x481 + x1x3x482 + 2ly2 95 + mlx%?’&l;

2z

CHUMMETPHUIHOE TE€H30pHOE Tojie BaseHTHoCTH (2,0):
g=> &rWa (41)

C ManI/IHeﬁ KOMIIOHEHT

0 1/z3z* 1/z%z* 1/2%3
1/x32* 0 1/xtzt 1/xta3

ik\
(9 )— 1/x2 4 1/1,1 4 0 1/:171:1:2 (42)
/2% 1/z'2® 1/z'2? 0
U CUMMETPUIHOE TEeH30pHOe T10j1e BajienTHocTu (3,0):
S=> &rWa (43)
¢ OTJIMIHBIMU OT HYJI KOMIOHEHTAMI:
1 1 1 1
123 _ 1. 124 _ L, 134 _ 1, 234 _
S =7 S =5 S =3 S =1 (44)

JLnst Ha iierkalieit ”HTeprpeTaun mo/ly9eHHOTO Habopa reOMeTPpUIeCKX 00bEKTOB, 0OpaTHMCS
MIPEeK/JIe BCETO K TEH30DPY ¢, KOTOPBI MBI OTOXKJIECTBJIIEM ¢ METPUKON PUMaHOBA MHOTOOOPAa3Us,
KOJIMPYEMOT'O TUIIEPKOMILIEKCHBIM ToTeHIaaoM In h. Ee KoBapnaHTHBIE KOMIOHEHTBI TIPEJICTA~
BJISIOTCSI MATPUIIEIA:

—2x2x32* 2t 3zt r2xt r2x?
1 .y —2rl a3t /22 2l 13 i
(gir) = 3 $2x4 g —2x1a72x4/x3 rly2 (45)
z2a’ rlz? rlz? —2xt a2 /2t

[Tonydennas MeTpuka umMeer OoraTyio rpymmny cuMmMmerpuii. Pemenne ypasuennit Kuinnra

OITNCBhbIBaeTCA CIEAYIOIUM H&60pOM IECTU He3aBUCUMBIX MOJIEit:

3 1
X(1):m In <i >31—m ln(x >83+w ln( )34, X(2)=$131—x484;
xz x! 2 4
X@ =1 'In i O —2°In " Oy + z*In Oy Xy = 270y — °04; (47)

3 2
X5 = z%In (%) Oy — 2 In (m >03+$ ln( )34, X — 2305 — 2%0,.

Homnst X(9), X4y, X(6) 1 X(1), X(3), X(6) 110 OTJesIbHOCTH 00pa3yIoT Mogaaredpsl (Iepsast TPoiika
— abesteny). Creyer oKujiaTh, 9TO PACCMATPHBAEMOE PHMAHOBO MHOIOOOpa3ie MMeeT OTHO-
menne K Mojenam OTO kocmonorndeckoro tumna. UTodbl yOEIUTHCA B CIPABEITNBOCTH STOTO
IPEJINONIOKEeHNs, CIeaeM 3aMeny KoopaumHatr: u' = Inx®, i = 1,2,3,4. B 3Tux KoopamHaTax
MerpuKa (45) npuHEMaeT KOH(MDOPMHO-TIOCKUI BH/I:

g = ettt g (48)
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rIe

1
9o = 5(—2du1 ® du' — 2dv® @ du® — 2du® ® du® — 2du* ® du’+
+dut Vv du? + du' V du® + du' v dut + du? Vo du® 4 du? Vo dut + du® v dut),  (49)

aVb=a®b+b®a. Marpuna MeTpuku go uMeeT cOOCTBEHHBIE 3HAUEHUA: A\ = Ay = A3 = —1,
Ay = 1/3, 9o coracyercs ¢ 3aKJIIOUEHUEM O JIOKATBHO-JIOPEHIIEBOM BHJIE COMPUKACAIOIIEHCsT
MEeTPUKHU ¢, caeaHHbiM paHee. COOTBETCTBYIONINE COOCTBEHHBIE BEKTOPBI:

1

Us = Uy = (50)

— = = =

1 .
0 Y
0

MOXKHO TIOJIBEPTHYTH Tportieaype oproronanu3amnuu [IIMuara, B pe3yabraTe 4ero mogydaeM op-
TOTOHAJIBHYIO MATpUILy R, TMaroHAJIU3UPYIONIYIO MATPUILY (o'

1/2 —1/v/2 —1/v6 —1/2V/3
1/2 1/vV/2 —1/v6 —1/2V/3

R = 51
1/2 0 2/vV6  —1/2V/3 (51)
/2 0 0 V3/2
(ee cTOMOIBI — HTO OPTOrOHAIU3UPOBAHHBIE COOCTBEHHBIE BEKTOPBI ().
Brinonnss renepb ¢ mOMOIIBI0 MATPUALLI R 3aMeHy MepeMeHHBIX:
L up +uy tuzt+ug up—up 2u3—Up — Uy L V3(3ug — uy — uy — ug) (52)

; L= 5 — ’
23 2 Y NG 6

BO BCEX F€OMETPUICCKUX 00bEKTAX, IIOIYYUM ICEBIOPHUMAHOBY METPHKY KOCMOJIOIMYECKOTO TH-
na (t — xkoHdOpMHOE BpeMs):

g=eVdt @ dt —dr ® dz — dy @ dy — dz ® dz); (53)
KOCMOJIOTHYECKOE CKAIPHOE TOJIe:
(t) = e 2V (54)
KOCMOJIOTHYECKOE BEKTOPHOE TI0JIe:
2
v = e V3, (55)

V3

1 KOCMOJIOTUYIECKOE CUMMETPUIHOE TEH30PHOE 110JI€ C OTJIMYHbIMU OT HYJIsI KOMIIOHEHTaMMU:

672\/§t
\/g )
SU = — 5T — \ﬁe—wﬁ- 57 = L2 (56)
3 ’ V3

Sttt — _St;m: — _Styy — _Stzz — _Sa:a:z — _S?Jyz —

CriestaeM HECKOJIBKO TOSICHEHU K MOy YeHHBIM PE3yJIbTaTaM.

1. Kocmomornveckas merpuka (53) ommchiBaeT OJHOPOJHYIO H30TPONHYIO BCEJIEHHYIO C ILIOC-
KIMI TIPOCTPAHCTBEHHBIMU cedeHnsiMi. B wmHTepnperarun sitHmreiinoBckoit OTO Takas
BCEJIEHHAsI TTOPOXKIAETCsI BEIIECTBOM € DApOTPOIHBIM YDABHEHUEM COCTOSIHUS p = —&/3
(ypaBHEHEE COCTOSIHUS CTPYHOIOJIO0HON MaTEepHH).
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2. CummeTpus cKajsgpa ¢, BEKTOpa v U TeH30pa S OKa3bIBAIOTCS ABTOMATHYECKH COTJIACOBAH-
HBIME C CHMMETPUSMEI METPHUKU ¢, (BCe TOJIs sABJIAIOTCS TOIAME KOCMOJIOTUIECKOTO THIIA).

3. IMmeroT MecTo COOTHOIIEHUS:

4 _ 4 _ 16
gmm:g;s:ﬂs:ﬁ¢ o(5.9) = 32 (57)

4. Tlpenpiaymumit MyHKT OOHAPYXKUBAET, YTO BCeJIeHHAasA, Koaupyemas (yukmnueit Inh, dpaxTn-
YeCKH, YIPABIISLETCS CKAISAPHBIM T0eM ¢ = e 2V3! = ||h~1||, mockombky

9= ¢, vzfﬁ@;sz¢&, (58)

rae go — MeETpUKa MI/IHKOBCKOI‘O, SO — IIOCTOSAHHBIN CI/IMMeTpH‘{Hblﬁ TEH30pP BaJICHTHOCTHU
(3,0).

5. Bompoc o cucreme guHAMUYECKUX YpaBHEHUil, KOTOPbIE B COBOKYITHOCTH JICJIAIOT CHCTEMY
reoMeTprueckux 06beKToB {¢, v, g, S} camocormacoBarHoil ocTaercst OTKpHIThHIM. CormacHo
00IIEel MIEOOI MY TTOJIMYUCIOBON TEOPHUH TI0JIsA, TH YPABHEHUs JOIKHBI OBITH TOYXKIECTBEH-
HBIMHU CJIeJICTBUSIMU yPaBHEHWII TEOPUU MOJMYNCIOBOIO IMOTEHINAIa, KOTOpas N3HAYAJIbHO
dopmynupyercs B Py.

6 T'eomerpus m dpusuka obimeit 0-rosomopdHOit pyukiuu B Pj.

PaccMoTpuM Terepnb 6osiee OOIHi caydaii Mpou3BoIbLHOl h-romomopduoit! dbynkimm suma:

f(h) = fl(xl)el + fz(l‘z)eg + f3($3)63 + f4(l‘4)64, (59)

rjae f; — rnagkue pyHKnun coux aprymerToB. [osomopdusrit guddepeniman df mopoxmaer
Terepb COBOKYTHOCTH 1-chopM {df; }, U3 KOTOPBIX MOKHO CTPOUTH OTOPBI 9 PA3IMUHBIX TOPSIJI-
koB ¢. Compukacasl 110 aHAJOIUN C MPEIBIAYIINM pa3aeaoM MeTpuky Bepsasbma-Moopa Bosb
9THUX OIOP, MOoIydaeM (PU3UKO-TeOMETPUIECKIe 00bEKTHI:

CKAJIIPHOE TIOJIE:

o =Er WG = dMdfydfydfsedfu = FLI S (60)

BEKTOPHOE II0JIE:

v= Zé’? P DG = M (dfyidfa;dfar, + dfridfajdfa, + dfvidfs;dfas + dfaidfs;dfu)0; = (61)

= fof5f101 + f1f5f102 + f1f5f105 + f1[3f504;

CHUMMETPHUYIHOE T€H30pHOE Tojie BasjeHTHOCTH (2,0):
g=>» &rWa (62)

C MaTpUIEl KOMIIOHEHT

0 fafs fofi fofs

w_ | 60 wn wE
R AT (93)
Ay fify 0

4TTo TepmunoTOrHE paboTh [5] 0-romomopdroit. Ciryuan k-romomopdHOCTH GyIyT TaBaTh H30MOPQHBIE KAD-
THUHBI, CBA3AHHBIE JPYT C JPYTOM IMepeobO3HATCHIEM KOOD/UHAT.
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U CUMMETPUIHOe TeH30pHOe ToJie BasjeHTHoCTH (3,0):
S=> &rWa (64)

C OTJIMYHbIMU OT HYJIsA KOMIIOHEHTaMU:
123 _ /. 124 _ pr. 134 _ g1, 234 __ gt
S _f4a S _f?;a S _f27 S _fl' (65)

Ormerum, 9T0, BBUY CXO[AHO cTpyKTyphl Inh u f B (59), Kaxkmas u3 dopmyir (60)-(65) mory-
qaercs u3 coorsercTByonmx gpopmy (39)-(44) npocroit 3amenoii: o' — 1/ f!. dto cooTBeTcTBUE
COXPAHSAETCA B HEKOTOPOIi CTENeHN W B JAJTBHEHIINX PACCYKACHUAX U MBI OyJIeM HUCIIOTb30BATh
ero Jijisi COKpAIeHNs BBIKJIAIOK. I/ KOBAPMAHTHBIX KOMIIOHEHT PUMAHOBOI METPUKH ¢ U3
(45) MBI HOJIY9IUM MATPHILY:

—2fi/fsfsfs 1/ fsli 1/f314 1/f313
(gs) = 1 Vfsfs  —2fh/fifsfs 1/ 1/f1f3 . (66)
3 1/ 1214 Ufifs  =2fs/fifafs 1/fif
1/ f2fs 1/ f1fs Vfifs  —2fi/fifafs
Crenaem renephb 3aMeny nepeMennbix u' = f;(x'). Kak u panble B 3TUX KOOPJAMHATAX METPUKA
(66) mpuHIMaeT KOH(MDOPMHO-TIJIOCKU BUJT:

_ 4—1 1 2 3 4
g_¢ (U,U,,U,U)go, (67)
Tae go — MeTpHUKa IIJIOCKOI'O IIPOCTPaHCTBa-BpeMEHHU BUa (49), a CKaJIdApHOE II0JIe

Slu',u?,ul ut) = (7 () f(F () 5 (us)) Fa(f 7 (wa)) (68)

u f; ' — obparmag dynxmua K f;. Ormernm, uro dynxmua g(u) = f/(f~1(u)) moxambHO MOKeT
OBITH BbIOpaHa MPOU3BOJIbHOM. JleiicTBUTEeIbHO, BLIOMpPast TPOU3BOIbHYIO TVIQJIKYIO § U TIEPEX0Isd
K HOBOH mepeMenHoil x = f~1(u), MBI IpUXOUM K HeJMHEHHOMY OObIKHOBeHHOMY jJud depen-
IAaJIbHOMY yPABHEHUIO

f'(@) = g(f(x)) (69)

OTHOCHTEJILHO KOMITIOHEHTHI ToTeHImaaa f. Takum obpaszom, 6e3 orpaHndeHnst OOMTHOCTH MOXKHO
CYNTATH, 9TO

¢(Ul, U2, US, U4) =01 (ul)QZ(uz)g?x (u3)g4(u4), (70)
e ¢g; — NPOU3BOJIbHBIE TJIaJIKNe (DYHKIME CBOMX apryMEHTOB.
JuaroHaausupysi MaTpuily MeTPUKH ¢y C moMombio Marpunbl (51), MBI HOSyIHM
KOH(MOPMHO-TIJIOCKYIO PUMAHOBY METPUKY BU/IA:
g=® (t,2,y,2)(dt @dt — dr @ dx — dy @ dy — dz ® dz), (71)

rie

O(t,z,y,2) = ¢ ((3t — 6z — 2 — \/§y)/\/ﬁ> 92 ((3t +V6z — V2y — z)/\/ﬁ) X (72)

g3 (\/3(37& +2v2y — 2)/6> 91 (\/ﬁ(t + z)/2) .
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Metrpuka (71) onmcbiBaeT Kiacc KOH(DOPMHO-TUIOCKUX Mojeseil mpocrpancTa Bpemern OTO
HEKOTOPOT'O CIEIUAJILHOIO Bhjla. B KadecTBe mpuMepa pacCMOTPUM TUIIEPOOJTMIeCKUil MOTeH-

mar:

4
1 ) .
HOESY = (@’ + Ces, (73)
i=1 "
rae k;, C* — BelecTBeHHBIE KOHCTAHTHL 110c/Ie MPOCTBIX BBHIMUCICHUI U Mpeodpa3oBaHuil cKa-
ngpuoe noste & B (71) MoKHO TPeobPa30BATh K BUILY:

@ — eat—l—bz—l—cy—&—dz7 (74)

rje a, b, c,d — BelecTBeHHbIEe KOHCTAHTHI, JIMHEHHO 3aBucsime oT k;. B 3aBucumocTn ot 3naka
BRIpasKeHns s2 = a? — b® — ¢ — d? oumeiinyio ¢hopMy B MOKazaTeIe SKCIOHEHTHI MOYXKHO ¢ TTOMO-
b0 npeobpaszosanuii Jloperna (OHE He U3MEHSAIOT BIJIA IJIOCKOH METPUKH o) Mpeobpa3oBaTh
K omHomy m3 Tpex Buuos: (1) et (2) 8% (3) eAl+2). Tleppriit cirywail cooTBeTcTBYeT Bee-
JIEHHO, KOJUPYEMOil MOJIMYUCIOBBIM JIOTApUMMOM, PACCMOTPEHHOH B MPEIbIIYIIEM pasJiee,
BTOPOII ONUCHIBAET HEOJHOPOIHYIO aHU30TPOIHYIO CTATUYECKYIO BCEJIEHHYIO C OTPULIATETbHOI
IJIOTHOCTBIO SHEPIUU W HAPYIIEHHBIM YCIOBHEM SHeprojoMuHanTHOCTH. HakoHer, Tperuil ciry-
gall COOTBETCTBYET JIEKTPOBAKYYMHON aHU30TPOIIHON BCEJICHHOU, 3aII0JIHEHHOW M3JIy4YCHUEM,
PACIIPOCTPAHAIONINMCS BJOIb OCU X.

MpbI He ocTaHaBIMBaEeMCs Ha SBHBIX (hOPMYyJIax JIjisi BEKTOPHOI'O M TEH30PHOIO IOJIeil B pac-
CMaTPUBAEMOM CIIydae.

7 Ilomm4uucioBoil MTOTEHIUAJ JJIsi METPUK
dpuamana-Pobeprcona-Yokepa

B mactosiem pasmesie Mbl UCCIEIYEM BOIPOC O BO3MOXKHOCTU ITOJIYUEHUS CTaHIapPTHBIX KOC-
MOJIOTUYECKUX MOJIEi (DPUIMAHOBCKOTO THIIA C METPUKOI U3 COMPUKACAIOMINXCA KOHCTPYKITUIT
B mpocTpancTBe bepsasbmpa-Moopa. [TockoabKy obasi compukacamIiasics puMaHoBa MeTpPHUKa,
BBIBO/INMAas U3 MeTpuku bBeppasibia-Moopa, B3sATOI B M30TPOMHBIX KOODMHATAX, MTOJIYIAET-
cs CHOBa B M30TPOINHBIX KOOPAMHATAX®, TO /I OTBeTa Ha MOCTABJIECHHBIH BOIIPOC MBI CHAYAJIA
nepernuiieM MeTpuky PpuanMaHa B H30TPOIHBIX KOOPAUHATAX. B 0OBIMHBIX KOOPAMHATAX (B Ka-
JTMOPOBKE KOH(MOPMHOTO BpEMeHH ) MEeTPUKU (DPUAMAHOBCKOTO TUIIA UMEOT CJI/IY Ol OOt
BUT;:

sin?(Kr)

K2

rae t — koudopMHOe Bpewms, a(t) — macurtabubiiit dakTop, K — mapamerp KpUBU3HBI IPO-
CTPAHCTBEHHBIX CEYEHUl, KOTOPBII MOYXKET UMEeTb JII0Oble BeIlleCTBEeHHbIE OTJIUYHBIE OT HYJIs
sHaveHust (3aMKHYThIH Mup Ppuamana), aucro MHUMBIE 3HaYeHUs (OTKpBITHIH Mup Pprama-
Ha) U HyJeBble 3HadYeHus (maockuil Mup @puamana). Mzorponnas koopauuata X 711 METPUKH
OpuMana yI0BIETBOPSAET YpaBHEHUIO:

g=a*(t)(dt ®dt — dr ® dr — (df ® df + sin® 0dp @ dyp)), (75)

K2
sin?(Kr)

((5)9)()2 + L(QOX)?)) =0. (76)

sin® 6

1
%0, X0 X = 2 ((c’)tX)2 —(0,X)?* —

Pasnenenne mepeMeHHBIX JaeT CAeIyIoIee 00Inee pereHne sl H30TPOIHBIX KOOPIUHAT:

X = XpeAtteesf (A/Kb K+ f(b,c,@)’ (77)

50n gBIgeTCa AaHAJTUTHYECKOi (byHKIINEH MOIMYUCIOBO MepeMEeHHOMN ¢ MOMMYHCIOBLIME KO3 hUIIeHTaMH.

5Bo BTOPOM CIIyUae H30TPOIHOCTD IIOHUMAETCS Y2Ke OTHOCUTEIBHO CBETOBOTO KOHYCA IICEBIOPHMAHOBOM Teo-
MeTpun: Koopjanuata X Ha3bIBAETCS M30TPOITHOM, €CIM HOPMa BEKTOPAa HOPMAJHU K TMIIEPIIOBEXHOCTH €€ MOCTO-
SHHOrO 3HaveHus paBHa HyJo: (0X,0X) = 0, 94T0 B KOOPJAMHATHOM IIPEJICTABJICHAN NPUBOIUT K YPABHEHUIO
g*X =0, rme g*X* — muaronanbHas X-KOMIIOHEHTa KOHTPABADHAHTHON METPUKIL.
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riae A, b, c — KoHcTaHTHI pasjesenns, a dyukiys f(b, ¢, x) sapiasiercs: pererneM juddbepeHiin-
AJIbHOT'O yPaBHEHUS:

df c?
— =4/ = . (78)
dx sin® x
B KadyecTBe Ha60pa He3aBUCUMBIX I/I3OTpOHHI)IX KOOp,ZLI/IHaT HpI/IMeM CHe,ZLyIOIHI/Ie 3aBUCHUMOCTH.
XU ot X2t XP— eAt—i—f(A/K,l,Kr)—l-e; X4 = AFF(A/KbET)+f(b10)+e (79)

Heszasucumocts koopaunar { X1, X2 X3 X*} nposepsieTcst HemocpeICTBEHHBIM BBIYUCIEHEEM
JleTepMUHaHTa MaTPHUIbl fIKOOu:

X! X! 0 0
S X? —X? 0 0 <0
| AX® X3\/A? — K?/sin®(Kr) X3 0 (80)

AXY X1\ /A2 - 2K?2/sin®(Kr) /b —1/sin’f X*
On pasen —2X'X2X3X* B nomycTuMoii 06/1aCTH 3aMEHBI KOOPAUHAT:
0 ¢ (— arcsin(1/|b|), + arcsin(1/]b])), r & (— arcsin(|bK/A|)/K,+ arcsin(|bK/A|)/K).

[Ipeobpasys koHTpaBapuanTHyio MeTpuky Ppujimana:

. P e

¢ nomorbio Marpuisl (80), npuxoaum kK Merpruke Ppujnmana B M30TPOMHBIX KOODAWHATAX C

(8t®8t—0r®8r—

MaTpUIeil KOMIIOHEHT:

0 2x1x?2 XIX3(A-f1) X X*(A—f2)
a?(t) a?(t) a?(t)
ox1x2 0 X2X3(A+f1) X2X4(A+f2)
a(t) a(t) a(t)
XX A-f1)  X2X(A+) x5 x4 s , (82)
a2 (t) a2 (t) 0 aZ(t) ( —fifa = sin2 : ))
X1X4(A-f) X2X4(A+fa) Xx3x4
N 20 ( —hh- T<KL>> 0
rie
fl(r) = f,r(A/K, 1,Kr) f2( ) (A/K b, Kr) f3(9) = fﬂ(b,l,@)' (83)
1 112y, 1 1/ v2y. X3 1. Xt
t:§ln(XX), 7“:§ln(X /X )7 ezlnm—fl 21nX2 .

[Tosarast remepb, 4T0 MeTpuKa (82) MOpOKIAETCst CONMPUKOCHOBeHNeM ¢ 1-dopmamu d@Q;, cBsi-
3aHHBIMH C KOMIIOHEHTAMHU MOJIMYUCIOBOTO MOTEHITHATIA:

Q = Q1(X)er + Q2(X)ea + Q3(X)es + Qa(X)ey, (84)
MBI PUXO/IUM K cucteme 6 HemHEHHBIX auddepeHnnansbabix ypaBHeHuil Ha 4 HEeM3BEeCTHDIE
byHKIUI:

2 4 13 A _
2" 90:0nQs = 2 2 2y agai = TN, (85)
=1 =1
4 3v4 2
23" QhQ = XS 22@@ 00 = 2 (A?—flfa—%); (86)
=1
4 2 2yv4
2 01QuonQ, = A, 2201@163@1 XXULE )
=1

B HaCTOHHLeIL/'I CTaThb€ MBI HE 6y,IL6M 3aHUMAaTbCsA €€ peI€eHUueM.
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8 IloawmumcaoBOil MOTEHITNAJ AJis METPUKHI
Isapmmmiabaa

JLnst OTBICKAHUS MOJTUYIUCIOBOTO TTOTeHIIna 1 A1 MeTpuku [IBapiimuibaa Mbl OyaeM J1eiicTBO-
BaTh KaK W paHee: cHadaja mepenuiieM MeTpuky [IBapiimuibia B M30TPOIMHBIX KOOPIUHA-
Tax, a 3aTeM OyJeM paccMaTpUBATh ee KaK COIMPUKACAIONLYIOCA BIIOIb 1-hopm muddepenimaia
HEM3BECTHOT'O TOJIMINCIOBOrO MoTeHImana. M3orponnas koopanuara X g merpuku IIBap-
MIMNAIb/Ia YIOBJIETBOPAET yPAaBHEHUIO:

1

r2sin® 6

%P0, X 03X = %(&X)Q — F(0,X)* (0pX)? (0,X)* =0. (88)

1

r2
Baech F' = 1—2M /r. Pazzesnenue nepeMeHHBIX JIaeT CJIeytolee obiee peleHne Jijis H30TPOIl-
HBIX KOOD/IMHAT:

X:at—l—bg@ifl(avM?T)if2(67ﬂ70)7 (89)

r7ie a, b, |t — KOHCTAHTHI pa3fieseHus, a GYHKIUN fi U fo ABIAIOTCH PeleHnsiMUu OOBIKHOBEHHBIX
nuddepeHInaIbHbIX YPaBHEHUI]:

ah _ e pde P (90)
dr  VF2 Fr?2’ df a sin? @’

B kauecTse Ha6opa HE3aBUCUMBIX M30TPOITHBIX KOOPpAHWHAT IIpUMEM CJIACeAYIOIINE 3aBUCUMOCTHU:

X' =t+ f1(1,0,7); X*=t— f1(1,0,7); (91)

X3 :t+90+f1(17ﬂ77.)+f2(1a:u70)a X4 :t+<P+f1(17M7T) _f2(1uu’>0)

Heszasucumocts koopaunar { X1, X2 X3 X*} npoeepsercsa HENocpeJCTBEHHBIM BBIYHCTCHIEM
JIeTepMUHAHTA MaTPHUIlbl SKOOM:

1 1/F 0 0
1 ~1/F 0 0

T=11 VI/F2 —pjr2F  \/u—1/sin?0 1 (92)
1 /1/F2 — u/r2F —/p—1/sin’0 1

On pasen —4+/p—1/sin®0/F#0 B gomyctumoit obacTé 3aMeHbl Koopamaar O ¢
(—arcsin(1//), + arcsin(1/,/p)). IIpeobpasys konrpasapuantmyio merpuxy IlIsaprmminba;

1

sin?

1 1
g:F8t®8t_F8T®ar_r_2(09®89+ 98¢®8¢) (93)

C IIOMOUIbIO MATPUIIBI (92), npuxoauM K Merpuke IIBapummibia B M30TPOMHBIX KOOPIUHATAX
C MaTpuIeil KOMIIOHEHT:

0 D, o, o,
- (I)l 0 (:Dl - (I)2 (I)l - (I)2
(g)ISO - @2 @1 _ @2 O \I/ 9 (94)
Dy P — Py v 0

rae

sin? 6

@2:1—w/1—uF/r2. \If—3<u— 1 ) (95)
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[Tpu sTom KoopamuaTer 7 u 6 B (94)-(95) KO/KHBI OBITH 3aMEHEHBI HA CBOM BBIDAsKEHNS depe3

(X1 X2, X3, X4}
r=2M(1+ L(—A%U*M)); 9=K(V), U=X"-X? V=x*—X" (96)

L — dyukuma Jlambepra, onpejiessiemMasi TpaHCHEHIEHTHBIM yPABHEHUEM: L(x)eL( =z, K —
obpamienne dyakunn fa(1, 1, ) oraocurenbHo 6.

[Tonarast Temepb, aro Merpuka (94) MopokmaeTcs conmpukocHOBeHueM ¢ 1-cdbopmamu dQ;,
CBA3aHHBIME C KOMIIOHEHTAMHU TOJIMIUCIOBOIO TTOTEHITHAJIA!

Q = Q1(X)er + Q2(X)ez + Q3(X)es + Qu(X)ey, (97)

MBI IPUXO/IUM K cucTeMe 6 HeJUHeHHbIX nuddepeHnagIbHbIX ypaBHeHnT Ha 4 Hen3BeCTHbIe
dyHKIUI:

4 4 4
2) 03Q:01Qi = ®1; 2> 0,Q:01Q; =2 0,Q;05Q; = B; (98)
i1 i=1 i1
4 4 4
2 Z 01Q:0Q; =¥; 2 Z 01Q;0.Q; =2 Z 01Q:05Q; = &1 — ®o. (99)
i1 i1 i1

B nacrosieit cratbe MbI He OyJIeM 3aHIMATHCS €€ PEIIeHUEM.

9 ®@usuka u reomMeTpusi 000OMIEHHO-TOJIOMOP(MHBIX (DYHKITIIA

PaccmorpuM B 9TOM pazjesnie COmpUKaCAIONINecss METPUKH, MTOPOXKIaeMble TOJTUYUCTIOBBIM T10-
TEHITUAJIOM, aCCOIMUPOBAHHBIM C 00OOIIEHHO-TOJIOMOP(MHBIMU WU HETOJIOMOPGMHBIMU (DYHKIIH-
sIMH TIOJIMIHUCJIOBOI TiepeMeHHo#t. OTMeTnM, 4TO JII0O0e, j1aXke HE3HAUYUTEIbHOE YCIOYKHEHUEe
Buia rosioMopdHoil dyHKIm (59) BecbMa 3HAYUTEILHO YCIOXKHAET CTPYKTYPY COMPUKACAIO-
IAXCsI 00bEKTOB, B YaCTHOCTH, CTPYKTYPY COIPHUKACAIONIEcsd KOBAPUAHTHON PUMaHOBON Me-
tpuku. [losTomy MBI paccMOTpUM MUHUMAJIbHBIE 0000IIEHNs, 00bEM BBIYUCICHUIT B KOTOPBIX
COM3MEPUM C pas3MepaMy KypHa/IbHOI craTbl. [Ipexkie Bcero paccMOTpUM MOTEHITUA BUIA:

Fy = fi(z',2%)er + fo(@?)ex + f3(2%)es + fa(z?)eq, (100)

rae f; — Habop raaakuxX (yHKINA OT YKa3aHHBIX TepeMeHHbIX. O4ueBUIHO, ToTeHIrax F aBiis-

ercs obobrmerneM norennuaa f B (59) m OTHOCHTCS K CIIENUATBHOMY THITY ggAl [0 TepMU-
sn—

Hostornt [5]. Omopa BToporo mopsiaxa mopozaaercs cucreMoit guaz {df; V df;}, tak aro conpu-
Kacalollascs KOHTpaBapuaHTHas PUMAHOBa MeTpHKa OyJ1eT UMeTh BUJIL;

4

1
g%’ = 3 > 00, fi0s f;, (101)

3,j=1
11 B KOMIIOHEHTaX:

0 ffs fifa+ fr2) fi(fs + fi2)
f3f4 0 fifi fifs
filfs+ fi2) f3fa 0 filfs+ fi2)

L+ fi2) fifs filfs+ fi2) 0

, (102)
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rie f/ = 0fi/0x', fo = 0f1/0z*. Boraucienne KOBapHAHTHON CONPUKACAIONIEHCS METPHKH
IPUBOJIUT K CJIEAYIOMIEH MATpUIle KOMIIOHEHT:

=2f1/(fa+fi2) [3a 1/f3f4 1/(fs+f1,2) /4 1/ (fst+fi2)f3
(gus) = 1/f3/4 —2(fatf12)/ fif3fa 1/fif1 1/fif3
1/(fs+fi2)fa 1/fif1 =23/ fi(fstfip)f 1/ Fi(fa+fie)
1/(fs+fi2)fs 1/fifs 1/ fi(fs+f1,2) —2f4/ [L15f5 103

Ouesnno, uro (103) mepexonut B (66) mpu fi 2 =0.

Berauciienre KOMIOHEHT TeH30pa KPUBU3HbBI U TeH30pa DifHinreiina mis merpukn (103) B
BBIOPAHHBIX M30TPOIHBIX KOOPMHATAX PUBOJAAT K JOBOJBHO IPOMO3IKUM BbIpazKeHusiM. st
nprMepa NPUBEJIEM fBHbBII BUJ| BBIDAsKEHNS CKAJISIPHON KpuBU3HbI 1yig Merpuku (103):

R = (—168f2,2f?isf45,4f1,1f1,1,2f1,1,1f1,2 + 15f§’,2f3,3f47,4f12,1,1_ (104)

108f2,2fi4f3,3,3f1271f12,2f1,1,1f3,3 - 36f2,2fi4f§,3f1,1,1f4,4,4f12,1f12,2—
84f§1,3fi1fi4f1,1,2f2,2,2 + 4:fﬁ1]?,3f13,2f4,4,4,4f42,4+
15 fssfiaftinfio — 72130 i1 35 iaf1aa 333 12—
18130 fiafssfinfiinafiz — 27 fanfi1 fiafraafsssfta—
9fssfiafraafiifiofize — 9f3sfiafraafisfiafozz—
W45 2 fLalsafi foaafis = 28F3 o i1 faafiafss—
144f22,2f12,1fi4f§,3f1,1,1f4,4,4f1,2 — 180f2,2ff,4f3i3f12,1,1f12,2_
108f22,2ff,4f3,3,3f12,1f1,2f1,1,1f3,3 - 108f2272f3?,3fﬁ1ff,4f3,3,3f4,4,4f1,2—
9faofisfiafraafiifoze — oo fisfiafraafisfize—
Ifafisfinfeafiaifoze — 9fonfssfiifoafiiifioe—
611 33 aaafiaf22fto — 6fi1fssfranafiaf12f50+
135f22,2ff,4f12,1,1f32,3f172 - 36f22,2fi4f3?,3f1,171f4,4,4f12,1f1,2—
5Afanfrafssfiifiinifie — 12 oo fiafasfiafaaafsssfio—
180f22,2ff,4f§,3f12,1,1f1,2 - 27f22,2ff,1ff,4f4,4,4f3,3,3f1,2—
8fﬁ1f§,3f4,4,4,4f4§4f§72 - 36f§1,3ff1,1f42,4f2,2,2f4,4,4f2,2—
36f?i3ff,1f42,4f1,2,2f4,4,4f2,2 + 45f2,2f§,3fi1f42,4f42,4,4f12,2+
1125 sfiafiifiinafoafie + 72f5sfiafiafiin foofi ot
72f§73fi4f1,1f1,1,1,1f2,2f12,2 - 184f2,2ff,4f§1,3f1,1f1,1,2f1,1,1f1,2—
2411 f3sfaaaaliafiafss + 45150 fasfiafiaftaafia—
6f22,2f?,1f2,4f3?,3f1,1,2f4,4,4 — 36f23,2f32,3ff1,1ff,4f3,3,3f4,4,4—
48f23,2f12,1f42,4f§l,3f1,1,1f4,4,4 — 36f§,2ff,4f3,3,3f12,1f1,1,1f3,3_
84f22,2f§,3f24f1,1f1,1,2f1,1,1 - 84f22,2ff1,1f4,4fi4,4f33,3f1,2—
92152 fiafssfiafiiefiig — 18050 fi1 fiaafssf1a—
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Afssfiafiifiiiafoefie + 1211 fasfisafiafoofto—
601 afssfii1fia — 36 safaasfiifrafssfize—
36 f1af333 11 1255 222 — 84f5af afiafii 2 i1 To—
36f45,4f3,3,3fﬁ1f1,2f3,3f2,2,2 + 24fﬁ1f§,3fiq’,2f4,4,4,4f4,4—
36f§’,3f4,4,4ff,1fj,4f1,2,2f1,2 + 6ff,4f§,3f12,1f1,1,1,2f12,2—
363 s faaafiafiafozafio — 144 oa T fiafssfiinfaaafto—
60f52fiafsafien — 36 o2 fisfiiflafiinfoza—
36f2,2f§,3f12,1fi4f1,1,1f1,2,2 + 45f22,2f3,3f47,4f12,1,1f1,2+
45 faofsafiaftinfio — 2107 fasfiafiaafon2—
21171 faafoafinafioe — Ofiafiafaaafsssfio—
6fo2fsafiafirfinefaaafio — 24111 fasfaanafiafonfio—
18fanfisfssfiifiinnfio — 30 22 11 flafiiafssfiinfiat
12ff1,1f§,3f4,4,4,4ff,4f1,2f22,2 + 6ff,4f§,3f12,1f1,1,1,2f22,2+
Aftfssfaaaatiafss — 108155 f3sfaaftifiaafassf12—
33faafssfiifiafire — 36 3sf i faafinnfiafo2—
3653 iafii1fiaf i 122 — 36 2 fiafss3f i1 55 22—
84fan i1 faaftantssfio + 15 50 sl i1 taltan—
144f2,2f12,1fi4f§,3f1,1,1f4,4,4f12,2 - 36f45,4f3,3,3f12,1f13,2f1,1,1f3,3+
45ff,4f12,1,1f9?,3f13,2 - 36f2,2f§,3fi4f1,1,1f12,1f1,2,2+
A5fsofrafiinfas — 12fonfi 1 fiafssfiaafaaaliot
Afasfasfiafiafiiafiinfio+48foafisfiaftifiazo—
50 20 55/t 1 iaf i1 — 180f22 fi1fisafssfto—
9f§,3f12,1f£4f1,1,1f1,2f1,2,2 — 8ff1,1f32,3ff,2f4,4,4,4fj,4+
241} 1 fasfaaaafaafss —60fsofi1fiaafss—
9fssfiifeafiiifiofoze — 3fssfiafiafiiefaaaftot
2fssfiifiafiiefiinfia —3f3afssfiafiafiaafaaat
2f3 2 33 fiafiafiiefiig — 54 5o f afss i fia i fiot
72111 fasfaaanfaafonfio — 36154 33 i1 frafasfiaat
15f3 s fi i faafisafio — 36 2afssfaaafisfiafioo—
243 o fiafasfiafraafsss — 2f11 fasfaaaafisfss—
18f§’,2f£4f§,3f1,1f1,1,1,1 + 135f2,2ff,4f12,1,1f§,3f12,2_
6011 fRaafsslte — 108 foafis fiaftifranfonafia—
12ff,4f32,3f1,1,1f4,4,4f12,1ff),2 +96f??,3ff,4f12,1f1,1,1,2f2,2f1,2—
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2fssfiafiafiin2fas + A4St faaftaftaalia—
2f11faafiofiaaafia — 2fasfiafiifiiiafiat
2f3,3f12,1,2f47,4f12,1f2,2 + 2f12,1f3,3f47,4f12,1,2f1,2—
Ifaofiafssafiifioe + 12111 fasfiaafiafiofs0—
36f3sfiafiifianfsssfia — 36150 5sfaafiifrinfss3—
273 fiinfassfoafiifie — 2T fanfranfassfoafiafiat
18 fopf3sfialiafia22 = 36f3sfiafianfiafii oo
3635 s/t feafinfiofioe + 12104 f3 s i iz a2 12—
241} 1 fasfiafsaafssslio — A8 S 1 fiafssfiinfaaafiot
48f§,3f13,1ff,4f1,1,2,2f1,2 + 48f§’,3ff,1fzi4f1,1,2,2f1,2—
36f22 55 saafi1fiaf222 +4f11 33 iaafiafs0—
Ifoofrafsssfiifoze — 9fsofiafiaf1aafs 33—
36 22 1 af335 11 33 122 — 36 2 fiafs33 11 33 22—
36fo2 fiaf335 11 55 122 — 3611 fasfiafraafeofio—
36ff1,1f§,3f42,4f4,4,4f1,2,2f1,2 - 36f9?,3ff1,1f42,4f3,3,3f4,4,4f13,2—
92fiafssfiifiigfiinfie — 15 /50 1 feafin2fssfiin—
84f§),3f13,1fzir),4f1,1,2f1,2,2 — 36f2,2f§,3ff,4f1,1,1f12,1f2,2,2+
72ff,1f§,3f4,4,4,4f4,4f1,2f22,2 - 108f2,2f??,:;ff@ff,4f3,3,3f4,4,4f12,2+
127 fasfoafinzefie — 6flafsafiifiiinfiat
12 fanfiafssfiifiage — 6fsafiafssfiifiii—
9ffafssafiifiafize — 9fsafsssfiifiafoza—

15 f1afeafii2fasfiinfia — B fiafssfiiifraafis—
Gfilff,4f§’,3f1,1,2f4,4,4f12,2 — 9ff,4f3,3,3f12,1f13,2f1,1,1—
9f23,2f1,1,1f3,3,3ff,4f12,1 + 48](:3?,3ff,4f12,1f1,1,1,2f22,2+
5633 uafi1 1102050
84f3sft 1 fiafi2fozs — 50 55 e fiaft1of12—

33 fsaftifaaftiof12 — 84 s ft1 fiafiiafi2—
4813 frifiafssfiinfaaa — 1250 fiafssfiiifoaafist
A8f5afiaftifranafto + 1201 f3afranafisfoaliat
56 fasfraftafuinefto — 28f i faafiaafssfio—
18ff,4f32,3f1,1f1,1,1,1fi2 + 24f§1,3ff,4f1,1f1,1,1,1f23,2+
24f§,3ff,4f1,1f1,1,1,1ff,z)/(fzi4(f4,4 + 2f3,3)3(f2,2 + f1,2)2f13,1)
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Metpuky (103) menecoobpasto mepenucaTh B KoopJuHaTax u' = f;. B 3TuX KoopauHaTax 3Ta
MEeTPHKa XapaKTepU3yeTcs CJIELyIOIIeil MaTpuIleil KOMIIOHEHT:

_1 (1+39)/2 1/2 1/2
(5] = 2 (14+30)/2 —(1+30+302) (1+¥0)/2 (1+0)/2 (105)
9a8) = 35, 3®4(1 + 1) 1/2 (1+7)/2 1 1/2 )

1/2 (1+0)/2 1/2 ~1

rie

du? Dy o(ut, u?)
®, = floft, U u?) = (u,u?) [ Si(ug) + Sa(u / +/ 2 Cdut ) .
fiol; ( ) 1( ) 1(uz) 2(us) ®q (ul, u?) 2 (ul, u?)
PaccMoTpuM 371eCh TakKe MOJIesib MPOCTPAHCTBA-BPEMEHHU, MOPOKIAEMYIO TUIepOosmye-
CKHUM TOTEHIINAIOM BUJIA:
F =&z 2% 2% 2%)(e; +ea + e3 +e4) = Py, (106)

OueBniHO, 9TO BCe (DUBUKO-TEOMETPUUECKIE XAPAKTEPUCTUKU MOJIEIN TOPOXKJIAIOTCS €JINH-
CTBEHHBIM CKaagpHbIM 1oreM . Omopa Broporo mopsiaka mopoxgaercs muajgoin {d® VvV dP},
MIPU 9TOM CONPUKACAIOIIASICS KOHTpaBapUaHTHAS PUMaHOBA MeTpUKa Oy/IeT UMeTh BU/I:

1
g = Eeaﬁwéa@a@, (107)

N1 B KOMIIOHEHTaX:

0 @3B, D0y B3,
®sd, 0 0D, D,D4

PPy P30, 0 DD, (108)
P3d, .03 O,P, 0
CooTBercTByIOIIAasi KOHTPpABAPUAHTHAS METPUKA NUMEET BU/I:
23 1 /®,® 3P, 1/® 30, 1/®,® , 1/®,® 3
( ) B 1 1/@73@’4 —2@72/q)71@’3q)74 1/@,1(1)’4 1/@’1@73
JaB) =g 1/®,0, 1/®,9, —203/P 1D, , 1/®,®,
1/(1),2(13’3 ]./(1)71(13’3 ]./(I),l(p’g —2@74/@1@’2@,3
(109)
[IpuBeieM siBHBIN BUJI BhIpayKEHUs CKAJIAPHON KPUBU3HBI JIJIsT METPUKU (109):
R= (2(—6@?1@?2@?;@?4@,1,274 — 6<I>721<I>,22<I>,23<I>f”4<1>71,273 — 6@?1@?2c1>?3<1>?4<1>71,374— (110)

6D D% P%P% D 554 + TP1 30544 1 1 + 307 ;%D 397D+
T B 5 35D D o5 + 3% 0% 3P 505D 5 + TP B 535D, P o 5+
7% D 530% %P 1 5+ 7P 11 DLP4 D% 1 4 + 30 1P, %% D 4+
TP% P 1 4PL %P 4 g + TP5 LD 54 P% P 0 4 307 D%D% D 4P o+
T3 %D 4 4 0% P 0y — 4P% P2 PP P 005 — 407 DL P 30D 5 55—
49 1 04 DLD4D 1 4 — 4DL DL PYP 4Py 4q — 4D D DLPLD 55—
4198 %P4 P 4P o 44 — 4D 1 D% D%DY D 1 5 — 4DE DD 3D D 1 55+
7% B 330%P% P 54 + 305 0% ;PP 3P 4 + T D 54D PLP 4ut
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7911 9%50%P% D 1 5 + 30 107 ,PLP% D 5 + TP P 1 2 P% PP o0 —
49% DD 3% P 554 — 4D% PLD%D 4P 544 — 4D 1 PHLPLDYD | 15—

49% @ ,OLDYD 1 55 4 3D 1 304D 3% DA D 54 + 3% P o3P 3P% PP 5 4+
30% D 55P 2% D5 0® 5+ 3D 1D 538%,D%D 1 1P 5+ 3D 11 BLPYD 4D 1D 4 gt
3 1P 1,403 %P 15 + 3011 2%D% %D 1 4 + 30H DY D5 3PP 1, P 5+
3044 DA D 1 5P 0 4P o + 3P PYD 4 4D 5P o5 P g — 4% D 3P DY PLD o 4+
30 14D P%P 4P P 54+ 3D% D 54 DD 41 D%D 54 — 4DYD ;1 PHPY PP o5+
301 30%P 3% %D o5 + 3% D5 3B%D 4D 4 4P 5 + 3D 11 P2 PY LD 1 Do nt
301D 1 30LP%PYD 1 4 + 3P] DL D 5 35D 5 1 P o — 4% D 2 DYDY DL P 5 4+

30 1 4P%D%D 4D P o g))/ DD DY DY

10 3akJroueHue

Ha ocnoBe anre6pbl Konosma (pas3f. 2) u KOHCTPYKIMU COIPUKOCHOBEHNUS (Pasji. 3) Mbl pacCMO-
TPen B3aUMOCBSI3b MTOTHINCIOBON TEOPUN MO ¢ (PU3UIECKU UHTEPIPETUPYEMBIMHI B PaMKax
OTO mopensiMu TPOCTPAHCTBAa-BPEMEHH B JIBYX HAIPABJIEHUSX: OT TOJUIUCIOBOI TEOPUN TTOJIsT
B cropory OTO (pasmenst 5,6,9) u B obparnyio ctopony (pasaenst 7 u 8). [IpeasapurenbHbrit
o0t aHa/ M3, MPUBEJEHHBIN B pa3jese 4, OOHAPYKUBAET 3aMevaTe/IbHbIN (haKT compuKaca-
IOMUXCA KOHCTPYKIM B Hy: Bce HEBBIPOXKJIEHHBIE MCEBIOPUMAHOBBI METPHUKHU, TOJIyYaeMble
MEeTOJIOM COTTPUKOCHOBEHUs ¢ MeTpuKoil beppasbaa-Moopa, MOryT OBITH JHUIIH JIBYX THIIOB — C
curnarypamu (+, —, —, —) win (+, +, —, — ). Bo3HUKHOBEeHIE IPOCTPAHCTB BTOPOrO THUIIA B PAM-
Kax reomerpuit mpocrpancTB Bepsasbaa-Moopa, nHaynupyeMbix ajaredpamMu MOTUIUCET, WI-
JIFOCTPUPYET HEKOTOPYIO BHYTPEHHIOI IPEeMCTBEHHOCTD 9TuX ajarebp: panee [4] mpocrpascTso
¢ curHarypoii (+,+, —, —) ObLIO TOIYYEHO KAaK BeKTOpHOe mpejcrapienne rpymmbl SL(2, H)
— TDYIIBl U30METPUU [IPOCTPAHCTBA TUIEPOOIMIECKUX CIUHOPOB (CIHMHOPBI HAJL JIBOWHBIMU
quciamu P). Anrebpa Py, nopoxkpatworinas Hay, sBisiercs nonanrebpoit Py, mopoxnatormmeit Hy,
[IO9TOMY CIIMHOPHBI ACTIEKT COMPUKACAIOIINXCsI MeTPUK B Hy OKa3bIBaeTCs CBOCOOPa3HBIM 00pa-
30M PACIIPEIETIEHHBIM MEXK/Iy CIIMHOPAMU HaJl KOMILIEKCHBIMI IUCIAMU B CIydae MPOCTPAHCTB
(+,—,—,—) ¥ COMHOpaAMHU HaJi JBONHBIMU YHCJIAME B CIydae OpocTpancTs (+,+, —, —). Mbl
OCTaBJIAEM HCCIEIOBAHUE CIIMHOPHBIX CBOMCTB MOJMYUCIOBBIX MOJeell i OYIyIuX UCCIeI0-
BaHUIA.

B narmeii crarbe MbI TOKa3aJ11, YTO TOJTUIUCTIOBOMN MOTEHITUAJ JIOTYCKAET MTOCTIeI0BATETbHYIO
HHTEPEeTAINI0 B paMKaX CTaHJIAPTHBIX TEOPETUKO-TIOJEBBIX Mojeseil Ha (poHe NCKPUBIECHHOTO
npoctpancTBa-spemenn OTO. Mexky Tem, ocTtaeTcss HESICHBIM BOIIPOC O TOM, BCAKYIO JIL Me-
tpuky OTO MokHO peann3oBaTh KakK COMPHUKACAIONLYIOCS KOHCTPYKIUIO ¢ 0Aa3MCOM U3 JIHA]I,
ITOCTPOEHHBIX HA OCHOBE HEKOTOPOTO TOJTUYUC/IOBOTO TIOTEHIna a. B cBoeil obimeit mocTaHoBKe
9TOT BOIPOC MMEET HEKOTOPhIE aHAJOTUUA C BOIPOCOM O BJIOXKMUMOCTHU 4-MEPHBIX PUMAHOBBIX
MHOroobpa3uii B MHOroMepHbIe 1iockue. B obieM caydae oTBeT Ha MOCTABIEHHBINH BOIIPOC, 11O
BCell BUIMMOCTH Oy 1eT oTpuriaresbHbIM. OH MOXKET 0Ka3aThCs OTPUIIATEILHBIM JazKe JIJIsI pac-
CMOTPEHHBIX MeTPUK (hbPUIMAHOBCKOrO Tuna u MerTpukn lIIBapiimmibia, TOCKOIbKY yCIOBUS
pean3yeMoCTH B 000UX CIydasdX MPEJCTABISIIOT cOOOi cucTeMy IecTH HeJTMHEHHBbIX audde-
PEHIMABHBIX YPABHEHUN B YaCTHBIX IMPOU3BOIHBIX HA YEThIPE HEU3BECTHBIX (DYHKIINH, Pelle-
HIE KOTOPBIX MOYKET CYIIEeCTBOBATH JIUIIE OJ1aroiaps BHICOKOM crerenn (CKpbITOit!) cuMMerpun
stux cucreM. Ho make B crydae HECOBMECTHOCTH YIIOMSIHYTBIX CHCTEM, MOJUYUNCTIOBAS TEOPUS
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I10JIdA OCTaeTCA MHTEePEeCHBbIM KAHAMAATOM Ha €IUHYIO TEOPUIO IIPOCTPAHCTBA-BPEMEHN-MaTepUn-
B3aUMOJEHCTBUI, TOCKOJIBbKY OHA HE SBJIAETCA 0DODIIEHNEM CYIIECTBYIOMNX CTAHIAPTHBIX Te-
opuil, B KoTopbix MeTpuka [IIBapimmibmaa nan MeTpukn GpUIMAHOBCKOIO TUIA BO3SHUKAIOT U
BBIBOJIATCS €CTECTBEHHBIM 00Pa30M, a MpeAcTaBseT co0Oi aabTePHATUBHYIO TEOPHUIO (pU3MIe-
cKoii peastbHOCTH. B ee paMKax 11 B ee ¢popMaIn3Me ONbITHBIE (PaKThI JTOJIKHBI HCTOJIKOBBIBATHCSI
Ha CBOEM $3bIKe: SA3bIKEe YPABHEHUI IMOJTUYINCTIOBON TEOPUH IO W MIPABUJI TIepexoia K HaOJII0-
JnaeMbiM BeqndnHaM. QOpMyIUPOBKY 9TUX YPABHEHUI W IMPABU Mbl OCTABJIAEM JIJI Oy IYIIAX
UCCJIETOBAHU.
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GEOMETRY AND PHYSICS OF HOLOMORPHIC FUNCTIONS
IN POLYNUMBERS FIELD THEORY
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A physical-geometric interpreting of holomorphic functions over polynumbers variable
for a number of holomorphicity classes is investigated with using tangent construction,
developed in [5]. It is shown, that any concrete choice of holomorphic function (polynumber
potential) defines some field-theoretical model with background space-time of GR together
with tensor fields of a various ranges. The question on local causal structure of pseudo-
Riemannian space-time, obtained by tangent construction in Berwald-Moor space, is
investigated in general form. It is shown, that the only two causal types of space-times
with signature (+,—,—,—) and (+,+,—, —) can be generated by tangent construction.
The systems of differential equations, defining polynumber potential for Schwarzschild
metric and cosmological FRW-metrics are derived.

Key Words: algebra of polynumbers, Berwald-Moor metric, Riemannian metric
tangent to Finslerian one, General Relativity (GR), Friedmann-Robertson-Walker (FRW)
cosmological metrics, Schwarzschild metric, generalized holomorphic functions over
polynumbers variable.
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HEPEJIASTUBUCTCKOE JABUKEHNE MATEPUAJILHOI
TOYKN B COEPNYECKU CUMMETPNYHOM
IIOTEHIIMAJIBHOM IIOJIE C YUHETOM PACIIINPEHN A
ITPOCTPAHCTBA-BPEMEHU

I'"'. I'apacbko
Q@I'VII BOU, Mocksa, Poccus

gri9zQ@yandex.ru, gri9z.wordpress.com

PaccMmorpeno npm:KeHme MareprajbHOI TOYKK B moTeHImase HbioToHA ¢ 0CODEHHOCTHIO
B HadaJjie KOOPJAUHAT IIPU y4eTe pacllupeHus IpocrpaHcTBa-BpeMmenn. Ilomydeno mudde-
pEeHIMAIBLHOE YpaBHEHHUE, ONUCHIBAIOIIEe 3aBUCUMOCTH KBaJpara OpPOUTAJBHON CKOPOCTH
OT PaCCTOSHUS 10 Hadaja KOOPIUHAT, M IPUOINKEHHOE pelleHne 3Toro ypapHenus. [Ipu
OOJIBIIINX PACCTOSHUSX OT HadaJa KOOPAUHAT KBaJApaT OpOUTAIBHON CKOPOCTH CTPEMUTCS
K OTJIUYHOI OT HyJIsl BeJIMYUHE, 3aBUCAINEH OT MHKPEMEHTa PACIINPEHHs IIPOCTPAHCTBA-
BPEMEHH.

KuroueBble ciioBa: (uUHCIEpPOBa T€OMETPUs, HBIOTOHOBKHUI TOTEHIIMAJ, PACIIUPEHUE
IIPOCTPAHCTBa-BpEMEHN

1 Bsenenne

Habmomaemblie B rajakTukax Macchbl M OTKJIOHEHUsT OT KJIACCUYIECKON 3aBUCHUMOCTH KBaJIpaTa
opbUTATTLHON CKOPOCTH vi, BpAIAIONIUXCS Ha 1epedepun raJakKTUKH BOKPYT “HENOABUKHOTO”

IeHTpa HAOJII0IaeMbIX 00bEKTOB MACCHI M, OT PACCTOSHUSA T JIO IIEHTPa OMUChIBaeMbie (pOpMy-

JIOH
9 kM
Vp = —,
r
rae I{I - I‘paBI/ITaHI/IOHHaSI IIOCTOdAHHAaAd, CBOAATCA B OCHOBHOM K TOMy, 9To HpI/I JOCTATOYIHO 60.71]3—
mmux r KBa,ILpaT Op6I/ITa,HbHOI71 CKOpOCTI/I ’U?a CTpeMI/ITCH K OTIH/ILIHOMy oT HYJIA aCI/IMHTOTI/ILIeCKOMy

SHa4YCHUIO
2

v2(r) — Vip(o0) = CONSE .

3a mocsegHe rojbl MPeJIJIOZKEHO MHOT'O TUIMOTETUYECKH BO3MOXKHBIX OObICHEHU TAKOMY -
dexty. O630p MHONOUHCIEHHBIX pabOT MO ITOI TeMaTUKe U COOCTBEHHBbIE O0bICHEHUST U TEOPUU
[PEJICTABJICHBI, HAIpUMED, B cTaTbsx [1,2| u [3].

B nannoit pabore MBI pacCMOTPUM 3aJlady JBUKEHUS MATEepPUATbHON TOYKH Maccoil m B
[10JIe HBIOTOHOBCKOI'O IIOTEHIINAJIA

rje TodedHasd macca M > m TMOKOWTCS B Hada/e KOOPAWHAT, & T — PACCTOSHUE OT Hadaja KO-
OPJIMHAT JI0 JIBUZKYIIENHCS MaTepUaJbHON TOYKHM MACCOil 1M, C yIeTOM TOrO, UTO IMPOCTPAHCTBO-
BpeMsl pacIIupsercs ¢ HHKpeMeHToM v 1o 3akony €%, Ilenbio paboThl fBJIdeTcs onpe/e/eHne
3aBUCHUMOCTH OPOUTAJILHON CKOPOCTU vf,(r) OT paJIyca .

[TosicamM, 9TO MBI TIOHUMAEM IO, PACHIMPEHUEM ITPOCTPAHCTBA-BPEMEHHN B HEPEJISITUBUCT-
CKO#l pu3nKe 1 KakK 3TO paclIupeHne IMPOCTPaHCTBa-BpeMeHN MPUBOAUT K OOIIei JUCCUTIAIIIH.
Banumrem BHadase He GyHKIMIO Jlarpanxka, a MeTprdecKkyio GYHKINIO (pUHCIepoBa TPOCTPaH-
crBa lamumes s IBUKeHUs HEPEIATUBUCTCKON MaTepHaJibHOM TOUYKM B HEKOTOPOM ITOTEHIIN-
aspraoM moste U [4], [5]:

dz? + dy? + dz>
2dt

ds = " s mcdt —m +Udt ;. (1)
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JLnst Takoit MeTpuYIecKoi (pyHKIIMH WHIMKATPUCA B KACATETHHOM MPOCTPAHCTBE B KaXKI0W TOY-
K€ OCHOBHOT'O TIPOCTPAHCTBA C T€YEeHNEM BPEMEHU CXKUMAETCs 0 IKCIOHEHITNAJTHbHOMY 3aKOHY,
YTO MPUBOJUT K YBEIUIEHUIO PACCTOAHUA MEXKIy TOYKaMH OCHOBHOTO TpocTpaHcTBa. [Iporie
BCEr0 MPEICTABISTH cede Hem3MeHHOe KOOPANHATHOE IIPOCTPAHCTBO-BPEMSI, B KazKI0il TOUKe KO-
TOPOT'O HAXOAATCS ATAJOHBI €IMHUTIHI JUTMHBI U €TUHUITBI BPEMEHH, W 3TH 3TAJOHBI CYKIMAIOTCS
10 HKCIIOHEHIMAIbHOMY 3aKoHy. CumTast mapaMeTpoM SBOIOIUU BPEMs, 3aIUIIeM JIJIsT TaKOi
MeTpudeckoir pyHKImn GpyHkmnuio Jlarpanxka u ypaBHEHUs JTBUKCHUS:

-2 -2 22
J m%_(] , 2)
= N aU
m+7x+af—0. (3)

Taxkum 06pa3oM, SKCIOHEHINATBHOE PACTSI?KEHUEe TIPOCTPAHCTBA-BPEMEHH (B YKA3aHHOM BBIIIIE
CMBICJIE) IPUBOJUT K 0OIIedi Auccunali, cue “Tpernst’ (COMPOTUBIICHNS ), HATPABIEHHOI po-
TUB CKOPOCTU JBUKEHWSsI, a 10 BeJUUNHe MIPOMOPIHOoHaIbHON ckopocTu. Kosadbdunnenrt “rpe-
HUs COBIQJIAET ¢ MHKPEMEHTOM SKCIOHEHITUATHLHOTO PACIIUPEHHS MPOCTPAHCTBA-BPEMEHH.

2 3aBUCHMOCTH YTIJIOBOIi CKOPOCTH OT PaJIiLyca

Cuurasg noreHuaa cepuiecku CMMMETPUYIHBIM, 3aruiineM QyHKImo Jlarpamka u ypaBHEeHUsT
JIBUKEHUsT B CpepUIECKUX KOOPINHATAX:

72 4+ 12 sin? 0 2 + r2?
m —

L=¢" 5 u(r) e, (4)
d : dU
maew?*—ew{m (rsin219gb2—|—m92> —%}:0, (5)
mie”’tr2 sin? 9 ¢ = 0 (6)
dt ’
d oo t2 o 2
maewrﬂ—me”yr sin? cosv¥ ¢ =0. (7)
[Tocennee ypaBHeHne aBTOMATHYECKH YJOBJIETBODsETCs, eciun O = g, HHa4Ye TOBODS, €C/IN

T
JIBUZKEHIE TTPOUCXO/IAT B ILIOCKOCTH ¥ = 5 [IpuHuMas 5To ynpolieHne u HeCKOJIbKO Tpeodpa-
30BBIBasI OCTABIINECS JBa YPABHEHUS JIBUKEHUS, TTOTYIUM

1dU
7'”'+77'“—7“<P2+E%=07 (8)

Y2
etrto =y, (9)
rie [t — IOCTOAHHASL.
Eciu v = 0, To 3Ta cucreMa ypaBHeHuil pasperiaeT paBHOMepHOe JIBUKeHUe 110 OKPYKHOCTH:
¢ = const, r = const, v, =T - ¢ = const, (10)

e IIOCTOAHHDBbIE CBA3aHbl COOTHOIICHUEM

s 1 dU
= —— 11
Ve m dr (11)

Ecmu v #£ 0, To 3Ta cucrema ypaBHEHHUI He paspernaer JBUZKEHUE 110 OKPYKHOCTH.
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3 HbroToHOBCKMIiI ITOTEHITAJI

PaCCMOTpI/IM Telepb HBbIOTOHOBCKMIA IIoTEeHIIAaJI:

Ui = - (12)

k — rpaBuTaiimonHas nocrosigHast, M — MoKosascsi Macca B HadaJjle KOOPJAUHAT, “co3amomnas’
rpasuTaliionHoe mose. Torga ypasaenus (8), (9) sanumryrcs cieayromumm 06pa3oM:

vy kM
Pty — -4 — =0, (13)
r r
e ru, =p. (14)

Ecmu v = 0, To 31a cucrema ypaBHEHUI pa3peliaeT PaBHOMEPHOE JIBUKEHUE 110 OKPYKHOCTH,
IIPY BBHITIOJIHEHUH COOTHOIIEHU S

s kM
¢

v (15)

2
I[Tpu v # 0 B KauecTBe Hy/IEBOro MPUOIIKEHHA MOXKHO B3ATh v (r) (15). Ilpn sToM MBI cTpe-
MIMCHA TIOJIyTHTh pemenne v (7, ), KoTopoe 61 mpu v — 0 mepexomuio 6ur B v3(r) (15).
Bynem cunrarh, 9TO

t=i(r), ¢=¢), (16)

a B KadecTBe HEM3BECTHON (DYHKIIUU BhIOEpeM

¢(r)=In ((%)j : (17)

U3 ypasuenus (14) mosy

1
t(r) = "2y ¢(r), (18)
MTO3TOMY
d*C
dt 1 d¢ dr 1 d*r 9 dr?
o -5 O 9y Sl oy dr? 19
dr = 2y dr’ dt . A& ae T e 19)
dr dr
Torma mpu BBITOTHEHUN YCIOBUS
dg
=20 20
= (20)
ypaBrerue (13) MOXKHO 3aIMCATDH CJIEYIONIM 00Pa30M:
d*¢
Ar2 1 2e¢ kM
— 472 dr® 92 _EE =0, (21)

i T T
dr dr
d2¢ dc\? (S kMY [d¢\?
2 75 2 S o S —
ol dr? +2 (d'r’) +< 73 72 ) (dr) 0. (22)

Bamernm, 9TO 3T0 ypaBHeHUe He U3MEHseTCs Ipu 3aMene napamerpa v Ha (— ). To ectb u npu
CXKaTUU TTPOCTPAHCTBA-BPEMEHU TI0 SKCIOHEHINAJILHOMY 3aKOHY C JIEKPEMEHTOM 3aTyXaHWs 7y

nJjm
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3aBUCUMOCTbD Uf,(r) OyZeT Ta ¥Ke camasi, 9TO U JIJI PACHIUPSIONIErocs MPOCTPaHCTBA-BPEMEHN,
[IPU COBNAJEHNN T'PAHUYHBIX U JIONOJHUTEbHBIX YCJIOBUNA.
Ecmu v = 0, To pemenneM 3TOro ypaBHEHUS SIBJISETCS

¢(=In (kMr) = V2 = @ (23)

2
L
Bynem cuanTaTh 9TO perieHue HyJIeBbIM IPUOIIZKEHIEM IO MAJIOMy IapaMeTpy 7Y, B 9TOM CIydae
caeytoniee TpuOINKeHne J1aeT
kMr + 2~*rt s kM
n—m——,—— =

e v, = 7—1—2727“2. (24)

(=1

JL1st BBITIOJTHEHUS YCIOBUSA MAaJIOCTU JOOABKU CJIEIYIONIEro MPUOIMKEHUS HEOOXOIUMO, YTOOBI
BBITIOJTHSAINCH HEPABEHCTBA!
EM 3
2 3
25| — | - (25)
8y

DyHKInOHAIbHAS 3aBUCUMOCTD KBaJpaTa OpOUTATBHON CKOPOCTH OT pajuyca (24) mmveer Mu-
HUMYM

kM ) kM 5
— > 29r = r< |\ 53
r 2y

(26)

B TOYKE T4:

[Ipu “6onpmmux” r, TO ecThb mMpu

kM \ 3
ypaBHeHue (22) npuobperaer BHI
¢ (d6Y
20+ (% —0, (29)
U ero obliee perieHue -
r+ a)? T+ a)?
g:1n< ﬁ2) = “i:"(r—2)’ (30)

rae «, 3 1 1 - HOCTOSTHHBIE.
Teneps nazgo cimts asa pemenus (24) u (30). Uexonsg us tpeboBaHmii: MOHOTOHHOTO yObI-
BAHH 3aBIHCHMOCTH U, (T) U IVIAJKOCTU CIIUBKH B TOUKE

- TIOTyInM TIPUOJIMZKEHHOE PellieHne ypaBHenust (22) Bo Beelt 06J1acTn U3MeHEHUsT TIePeMeHHO
r € (0, 00):

1 1
(E+ZR2’ R <1,
V?= 1\ 2 (32)
L (74 3)
5T 0 el
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rie R u V — 6e3pa3zMepHble BEJTUINHBL:

R="_, V=_2¢ (33)
Tj kM
T

Bapucumocts (32) KBaJpaTa HOPMUPOBAHHOI OpPOUTAIBLHON cKopocTn V2 MarepuaabHOi TOYKE
OT HOPMHUPOBAHHOTO PAaCCTOSAHUS R 10 TOYKU HAXOXKJIEHUS MAaCCHUBHOTO TeJjia n300pazkeHa Ha
puc. 1.

V2 3

Puc. 1: Basucumocth KBagpara OpOUTAIBLHON CKOPOCTH MATEPHAJIBHON TOYKM OT PACCTOSHUS 0 TI0-
KogIeicsa MacChl.

B HOPMUPOBaAHHBIX BE€JIMYMHAX TOYKa CIINBKK Rj = 1, a aCUMIITOTHMYIECKOE 3Ha4YCeHHEe Vo2o

2 _ 4 :
npu R — oo paBHo V3 = —, Win B pa3MepHBIX BeJIMYNHAX:

5)
4 kM
Vo) = 5T (34)
kM \ 3
82

W3-3a Toro, 4To TOYKA, IJle MPOUCXOANUT CIIMBKA PEIIeHNi, OJHO3HAYHO He Olpejie/ieHa U HeT
IPAHIYHOTO YCJIOBUS JIJIL ' = 0O, TOYHOCTD MOy I€HHOTO TIPHOJINKEHHOTO pererst (32) HeBe-

nuka. CpaBHUM, HAIIPUMED, BEJTMIUHY vi(oo) (34) ¢ (vi)mm (26):

4
Ax) B 0,6719578933 ~ 0, 7. (35)

IIpu BoIGOpE BMecTO 7 (31) TOUKY CINMBAHUS 7y > T MOJLY UM ACHMIITOTHYECKOE 3HAYEHHE KBa-
JipaTa opbuTabHON cKopocTH 6obIiee, e (34). Ornorrenne (35) xapaKTepusyeT BO3MOKHBIE
OTKJIOHEHUSI.

4 3akJodeHue

[IpenozkeHHbIE pACCYKICHUS TO3BOJISIOT HECKOIBLKO NHAYE B3TJIAHYTH Ha MIPODJIEMY JBUZKEHUST
MaTepHUabHbIX 0ObEKTOB BO «BPAIAIONINXCA» TAJAKTHKAX.

Heo6x01uM0 TOCKOHAJIBHO U3yYUTh ypaBHeHue (22) u MoayduTh 6ojiee TOUHOE PEIleHne BO
Beeit obactu uzmenenus r € (0,00).
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MATERIAL POINT NONRELATIVISTIC MOVEMENT IN
SPHERICAL POTENTIAL FIELD IN VIEW OF SPACE-TIME
EXPANSION

G.I. Garas’ko

Electrotechnical Institute of Russia, Moscow, Russia

gri9z@yandex.ru, gri9z.wordpress.com

Movement of material point in Newton potential with singularity in origin of coordinates
is considered. Differential equation describing dependence of square of orbital velosity on
distance from origin of coordinates is obtained and its approximate solution is presented.
In the case of large distance from origin of coordinates, square of orbital velosity go to
non-zero value, which depends on space-time expansion increment.

Key Words: Finsler geometry, Newton potential, space-time expansion



I'mnepkomiiekcHble ncia B reomerpun u ¢pusuke, 2 (20), rom 10, 2013, c. 219-233 219

OVMHCJIEPOBA TEOMETPUA

I'"'. I'apacbko
QOI'YII BoU, Mocksa, Poccus

gri9zQ@yandex.ru, gri9z.wordpress.com

Ecnu panbine dpunciepoBa reoMeTpust MpeTeHI0Ba A JUIIL Ha PEelleHre 3a/1a9i TeOMeTPH-
3aIuu KJIaCCUIeCKON MEeXaHUKM, TO mocjae (hOPMYJIMPOBKU HECKOIBKO JIET HA3A NPUHUUNG
CamMo0oCmamouHOCmU GUHCAEPOBOT 2e0MEMPUL, MOYKHO TOBOPUTH O TOM, UTO C IIOMOIIBIO
UHCIEPOBOIT TEOMETPUH, TTO-BUIUMOMY, MOXKET OBITh peIlleHa TPOohJ/IeMa NeOMETPU3AIUN
GUBUKT B IIETIOM.

W3 npuHIUIA caMOIOCTATOYHOCTH (PUHCIEPOBO MeOMETPHUH IIOIYYalOTCsS YpaBHEHHS
TOJIsT, MPUYeM I'PABUTAIMOHHOE TI0JIe U SJeKTPOMArHUTHOE II0JIe €CTECTBEHHBIM 00pa3soM
O0BEINHAIOTCS U B IICEBIOPUMAHOBOM YETBIPEXMEPHOM IIPOCTPAHCTBE, U B KPUBOM YEThI-
pexmepHOM npocTpaHcTBe Beppasibiaa-Moopa; a TeH30p HEpruu — UMILYJIbCa, CBsI3aHHBII
C 3aKOHAMH COXPAHEHN, ITOIyJIaeTcsd OOBIYHBIM 0O6pa3oM 1o Teopeme . Herep.

B npubsmkennu MaJiblx mojielt U3 MPUHIINANA CAMOIOCTATOYHOCTU (PUHCIEPOBOil Teo-
METPUU B MEPBOM MPUOIMKEHNN MOTYT IOJYyYaTbCsd JUHEHHbIE YpaBHEHUs IOJs I He-
CKOJIbKUX HE3aBUCUMBIX moseit. [Ipu ycumenun moseit, To eCTh IpU Iepexosie KO BTOPOMY
U CJIEIYIONIMM TIPUOIMKEHIAM (UM OTCYTCTBHIO TIPUOJIMKEHUUI [I0 MAJIOCTH MOJIeit), To-
JIEBBIE YPABHEHUSI CTAHOBSITCsI, BOODIIE TOBOPsI, HEJIMHEHHBIMU, U MOJIsi TIEPECTAIOT OBITH
HE3aBUCUMBIMHI, 9TO IIPUBOIUT K HEBBLIMTOJHEHUIO 3aKOHA CYIIEPIIO3UIINN JI/I KarKI0TO OT-
JIEJIBHOTO TIOJIst ¥ K JIOTIOJTHUTETBHOMY B3aUMOIEHCTBUIO MEXK Y PA3HBIMU MOJISIMU.

B n106omM dunC/IEPOBOM MPOCTPAHCTBE CYIIECTBYET IIOJIE WU IO/ B 9TOM IIPOCTPAH-
CTBE MOXKHO JOIIOJIHUTE IOJIEM, KOTOPOE MMEET CMBIC JAeHCTBHUSI KaK PYHKIIUN KOOPIIMHAT
1 KOTOpO€ aHaJIOTUIHO ﬂeﬁCTBHTeHbHOﬁ YJaCTU KOMIIVIEKCHOI'O ITOTEHIIMaJIa Ha eBKJIH,[LOBOfI
ILUIOCKOCTH. TaKoii moTeHnnas Mbl IIpeajiaraeM Ha3bIBaTh KOH(POPMHBIM IOTEHIINAIOM, TaK
KaK OH O6bILIHO CB4d3aH C ITIOJIOZKUTEJIbHBIM beHKHHOHaHbeIM MHOKHUTeJIEM I1epe/] HEKOTO-
POil MCXOIHOI MeTpuYIecKoi yHKIHEH.

HeBbipoxK ieHHbIE TTOIMYUCTA ABASIOTCA (DUHCIEPOBLIMYI TPOCTPAHCTBAME, HHTEPECHBI-
MH CaMHM IO cebe, a TaK»Ke, BO3MOXKHO, U KaK IIPOCTPAHCTBA, KOTOPbIE OYIyT MPUMEHIMBI
B dusuke.

st 1106010 (PUHCIEPOBOTO MPOCTPAHCTBA MOYKHO ITOCTPOUTH YPaBHEHIE aHATOTHIHOE
ypapuenuto I[lIpenuurepa nin ypapHenuto Kieitaa I'opnona. To ectb dpuHciepoBa reome-
TPHUsI TO3BOJISIET U MIPEJIOJIAraeT PA3BUTHE B KBAHOBO-MEXaHUIECKYIO 00/1aCTh.

KiroueBnbie cioBa: duncIepOoBa reoMeTpus, GUHCIEPOBO MIPOCTPAHCTBO, IPUHIUI CAMO-
JioctaTogHocTH, Teopus 1ojst, Tpueanacteo OTO, TpueauHcTBO (DUHCIEPOBOIT TEOMETPUN,
HEBBIPOXK/ICHHBIE MTOJTUYINCIA, KOH(MOPMHBINM MOTEHINAJ, JIEKTPOMArHUTHOE T0jIe, T'DABU-
TallMOHHOE IIOJIE.

1 Bsenenue

QunctepoBoit reoMerpun He ToBe3 0. Co3/1aHHast KAK NeOMeTPU3aIist KJIACCHIeCKO MEXaHIKH,
OHa He BbI3BaJIa 0c000T0 nHTEpeca y (GU3NKOB, TAK KaK He 3aTparnBajia BHAYAIE TeOMETPU3AIIIO
KJIACCHIECKOI Teopuu MoJisi, a 3HAYUT He MPHUBOJUIA K IVI0OATHHON reoMeTpu3aIinu (pu3nKm.
Dr1o 3ajep:xkano ee ((BUHCIEPOBON TeOMETPUN) pa3BUTHE HA MHOTHE JIeCSTKU JieT. [Ipu srom
noJTyueHue ypaBHeHuil nojis B “KpuBbix’ npocrpancTBax noj ausuueM OTO cramum “xectko”
CBSI3BIBATDH C Mapa/IIeJIbHBIM IIEPEHOCOM, KOBAPUAHTHOW MPOM3BOIHON M TEH30POM KPUBU3HBI,
TO €CTh ¢ 00sg3aTebHBIM JIOTIOJTHEHNEM OCHOBHOW reoMeTpuu erme u reomerpueil adbduHHO
CBSI3aHHOCTH, UJIH, MHAYE TOBOPs, MOTPYKEHUEM OCHOBHON M€OMETPUHU B reoMeTpHio adhOUHHOIT
CBSI3aHHOCTH.
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EBK/mioBa reoMeTpus U J1obasd MCeBIOBKINI0BA TeOMETPUA PA3MEPHOCTH N ABISIOTCA
JACTHBIMHI CIIydasMi (GHHCIEPOBON TeOMeTPUH TOYHO TAaK K€, KaK PUMAHOBLI U HCEBIOPHMA-
HOBBLI TEOMETPHUH.

Ecm B mpoctpancTBe ', 2%, ..., 2" paccTogHIE MEXKIY IBYMS OECKOHEUHO OIM3KIMN
toukamu M (zt, 22, ..., 2") u M (2! + dzt, 2* + dz?, ..., 2™ + dz™) BBRIpaxkaercs no dopmy.ie

ds = L(dz',d2?,. .. dz"; o', 2%, ... z"),

to dpyukumio L(EY, €2, ... &% 2t 2% ..., 2™) NIpuHATO HAa3BIBATHL METPUIECKOIL.

Duncaeposa 2eomempus, ONpesessieTcsi BhIbopoM MeTpudeckoii dyakunn L(E; ) npu BbI-
MOJIHEHUU CJIEJLYTONIMX YCIOBHIA:

1. L(&Y,€2,...,6m ot 2% ... 2™) >0 B kaxoit Touke M (2!, 2%, ..., 2"™) OCHOBHOTO MpPOCTpaH-
CTBa B KOHYCOOOpa3HOI 00/1aCcTH M3MEHEeHUs KOOPAUHAT HeHTPoadPUHHOIO KacaTeabHOrO
npoctpancTia £, €2 ... €™ (Bce BEKTOPBI 3TOTO KOHYCa OY/IyT ABIATHCA U3MEPUMBIMU BEK-
TOpaMn);

2. MeTpuyeckasi (PyHKIHUSA JIOKHA OBITH IMOJIOKUTEIBHO OJIHOPOIHON TepBOil cTeneHn OTHOCH-
TeJIbHO TEPBBIX N ApTYMEHTOB;

3.
0L
rang | ———— | = (n—1). 1
(5o ) = (-1 )
I3 Tperbero yclIoBus BhITEKaeT eIMHCTBEHHOCTL (DYHKIMOHAILHON 3aBUCHMOCTH
D (p1,p2, .-y Pn; ml,xQ,...,x”)zo, (2)
rie
OL(&; x
p = 212 (3
03

— KOOP/IMHATHI KACaTeIbHON K NHINKATPUCE TUIIEPIIOCKOCTH, NN B (DU3UIECKOI TEPMIHOJIOTUN
— KOMIIOHEHTHI 0000IIeHHOTo UMITy Ibca. Camy (DyHKIMOHATBHYIO 3aBUCHMOCTD (2) HA3BIBAIOT
TaHTEHIUAJIBHBIM YPaBHEHUEM WHIUKATPUCHI, TOUETHOE YpPaBHEHUE KOTOPOil MMeeT BH]L

L(&H €%, ... €™ ot 2? . . 2™ =1, (4)
a dyuknuo @ (p; x) — bdyskuueit uncnepa. [peamnonaraercs, 910 TAHNEHIMATBLHOE yPABHEHIE
BAIMCBIBACTCS TAKUM 00pa30M, 9TO B PACCMATPUBAEMOIl 00J/IACTU ITPOU3BO/IHBIE . HUTE He
obpalraioTcs B HYJIb OgHOBpeMeHHO. llociieinee mO3BOISIET 3alUCHIBATD TS SKCTi)eMaJIeI'?'I B
OCHOBHOM ITPOCTPAHCTBE KAHOHUYECKNE YpaBHEHUA, He Mpeodpas3ys TaHIeHIINaIbHOE YPaBHEHNE
UHINKATPUCHI.

B coorBercTBHE € BBIIIE TPUHATHIMEA COIVIAIIEHUSIMI B (DUHCIEPOBOI T€OMETPUN CYIIECTBY-
eT OJIHa W TOJbKO OjHa (PYHKIMOHAJbHASI 3aBUCUMOCTDH MEXKIY KOMIIOHEHTAMU D1, P2, - - - , Pn
00001eHHOTO UMITyIbca. OYeHb YaCTO U MaTeMaTHKU, U (PU3NKK 3a0bIBAIOT O TPETHEM YCIOBUI
(dopmyna (1)) u HasbIBaOT GUHCIEPOBBLIMU TEOMETPUN ¢ MeTPHYECKUMEI (DYHKIUSIMU, 001818~
IOIUMU TIEPBBIMU JABYMs CBOHCTBAMU, HO He 00/IaJAIONIIMU TPETHUM CBOMICTBOM, 9TO HEBEPHO
U IPUBOJINT K Iy TAHUIIE.

Ha HekoTOpBhIX BEKTOpax KacaTe/IbHOTO MPOCTPAHCTBA MeTpuieckas (OYHKIUS MOXKET 00pa-
AThCd B HYJIb. ByjeM Ha3blBaTh TaKue BEKTOPHI uzompontvmu. HymeBoit BekTop He Oyiem

OTHOCUTDH HU K USOTPOITHBIM BEKTOpPaM, HU K USMEPUMBIM. O,ZLH&KO, ecJm HYHGBOﬁ BEKTOp IIOHU-
MaTh Kak 0= Sf, rae 5 - HSMepHMbIﬁ BEKTOD, a ﬂeﬁCTBHTeHBHaH IIOJIOZKUTEJIbHAsA IIEPpEMEHHaA
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g — 0, ToO B 9TOM CMBIC/IE JJIMHA HYJIEBOIO BEKTOpa, KOHEYHO, BCErIa OINpeeIeHa U paBHA
nymo. Takum 00pa3oM, B KaxKJIOlf TOYKE OCHOBHOTO IPOCTPAHCTBA BCE MHOXKECTBO BEKTOPOB
HeHTpoadGUHHOrO KacaTeJILHOIO IPOCTPAHCTBA AB/SETCS 00beINHEHNEM YeThIPEX He Imepece-
Kalouxcs MHO2KECTB: HYJIEBOI'O BEKTOPa, MHOXKECTBa U30TPOITHbBIX BEKTOPOB, MHOXKeECTBa W3-
MEPUMBIX BEKTOPOB N MHOXKeCTBa HEU3MEPUMDBIX BEKTOPOB, IJid ITOCJIECIHUX IJUHA HE MO2KET
OBITH OIIpejIe/IeHa.

[MomuepkueM, uTo BEIGOP (Onpeeenne) merpuyeckoil pyukiwu L(E; z) Bkaoyaer B cebst 1
3aJaHe 00JIACTU €€ OIpeeIeHus, TO eCTh 3aJaHle B KaxK/I0i TOYKe OCHOBHOTO IPOCTPAHCTBA
KOHMYECKON 00JIACTH M3MEPHMBIX BEKTOPOB, BO3MOYKHO, 338 UCKJIOYEHHEM HEKOTOPBIX TOYEK,
JIMHU, . ..U 00J1acTeil OCHOBHOT'O TIPOCTPAHCTBA.

2 TpueauHcTBO (PUMHCIEPOBOIT TeOMeTPUN

[TceBmopuManoBa deThIpeXMepHas reoMeTpust ¢ curHarypoit (+,—,—,—) B OTO obmamgaer
mpuedurHCmeoM — 3a/laHne MeTPUIecKoil (byHKINHN TO3BOJIAET:

1. mpou3BOAUTHL BCE HEOOXOAMMbIE TEOMETPUIECKNE BHIYUC/ICHUsT U TIOCTPOCHUS;
2. moJlydaTh YpaBHEHUS JBUXKEHUs MPOOHON YaCTUIHI B TPABUTAIIMOHHOM IIOJIE;
3. MoJIydaTh ypaBHEHNs TPABUTAITMOHHOTO TIOJS /I METPUYIECKOTO TEH30pA.

VmeHHO 9TO TPHEIMHCTBO MOpazkaeT U MokopsieT B cozmanuoit A. Ditarmreiinom OTO. Takoe
TPUEIMHCTBO OOBITHO MPUHSITO MMEPEHOCUTH Ha JIIOObIE JIPYTHe PUMAaHOBBI U IMICEBIOPUMAHOBBI
MIPOCTPAHCTBA, a TaK:Ke boJiee 00IIIe MeTPIIeCcKue MPOCTPAHCTBA, CSIYIONIIM 00Pa30M: TPETHil
MYHKT OOBIYHO PEeAIN3yeTcsd MOIPYZKEHHEeM PACCMATPUBAEMOrO MPOCTPAHCTBA TE€M WM HHBIM
o0pa3oM B reoMerpuio apdUHHON CBI3HOCTH, I Yero KOHCTPYUPYIOTC TaKUe MOHATHUS, KaK:
napaJsiiebHbII TIepeHoC, KOBApUAHTHAs TTPOU3BOIHAS 1 TEH30P KPUBU3HBL.

Hng duncaepoBoii reoMerpun yKazaHHOE BbIIIE TPHEJANHCTBO CYIIECTBEHHO (KAYeCTBEHHO)
U3MEHSETC B TpeTbheM myHKTe 1o cpasueruio ¢ merogom OTO. Okazanoch, 9T0 ypaBHEHUs
oJIst /71t (DUHCIEPOBBIX MTPOCTPAHCTB MOYKHO TOJIYYIaTh C MIOMOIIBIO MIPUHITUIA CAMOI0CTATOY-
HOCTH [2], He Torpy»Kast (PUHCTIEPOBY reoMeTpuio B reoMeTputo addunuoii csiznocru. [Ipu srom
JIeHCTBUEM S )T TIOJTyYeHUS [TOJIEBBIX YPABHEHUN SBJISIETCS ¢ TOYHOCTHIO JI0 TIOCTOSTHHOTO KO-
s durmerTa THBApUAHTHBIN 00beM HeKoTopoit obactu O (uHCIepOBa MPOCTPAHCTBA

") dztda? . .. dz™
S = const/ _ 5
o (‘/7;7161)@11 ( )

e Vipg — 00beM, oMeTaeMblil e JMHUYIHBIM BEKTOPOM KacaTeJbHOI'O MPOCTPAHCTBA, KOIJ/Ia OH
npoberaeT BCIO MHANKATPUCY, B MPE/INOIOKEHNN, IYTO KacaTeIbHOE MPOCTPAHCTBO €BKIUI0BO, a
KOODJMHATHI — JIeKapTOBbI IPAMOYTOJIbHBIE.

Taxum 0OpazoM, MOJIEBBIM JIATPAHKUAHOM B (PUHCIEPOBOM MPOCTPAHCTBE SBJISETCS

const
L= T ©

eCJ/In ,ZLefICTBI/Ie IIOHUMaTh KaK

(n)
S:/ L-dr'dr? ... dax™. (7)
0

11t ppuMaHOBBIX U TICEBIOPUMAHOBBIX ITPOCTPAHCTB 3TO MPUBOJINT K JIATPAHKHUAHY CIETYIOIIETO
BUIA:

L = conct’ - i‘/(—l)m det(gij) (8)
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rie (—1)™ — 3HAKOBBIIl MHOKUTENb BBIONPAETCST B 3aBUCUMOCTH OT CUTHATYPbI [ICEBJIOPIMAHOBA
IPOCTPAHCTBA.

B duncneposoit reomerpun asuzkenne pu3NIecKOil CUCTEMBI ¢ KOHEYHBIM YHCIOM CTENeHeil
cBO0O/Ia ONMUCHIBaeTCs ypaBHeHusiMu Ditaepa — Jlarpamxka s 1eficTBUsI, KOTOPOE MPOIOPIHO-
HAJIBHO JJTHHE MUPOBOii inHum. A sBosorus (husmdeckux moseii (busnaeckux 06beKToB ¢ Hec-
KOHEYHBIM IHCJIOM CTeleHel CBOOOJIbI) OTIPeIeIIsieTCsl Y PABHEHUSIMU 0JTs1, KOTOPBIE TOJTY Yar0TCs
HA OCHOBE JIEHCTBUsI, PABHOTO C TOYHOCTHIO JIO TOCTOSHHOTO KO3 dUIineHTa nHBapUaHTHOMY
00beMy HEKOTOPOIl 0bsracTi (PUHCIEPOBOTO MTPOCTPAHCTBA.

JIobas dunciaeposa reomerpus obdsiagaeT mpueduHcmeom — 3a/1aHne MeTPIUIecKoii pyHK-
1IN TIO3BOJISIET:

1. Ipou3BOAUTL BCE H€O6XO,H‘I/IMbI€ reoMeTpnuiIeCKrue BbIYUC/ICHUA U ITIOCTPOCHU ]

2. mosydarh ypaBHEHUs JIBUYKEHUs MPOOHO YACTHUIILI B JIIOOOM I0JI€, COBMECTHMOM C PaCCMa-
TpUBaeMoil (PUHCIIEPOBOIT reOMETPHIl;

3. ToyYaTh ypaBHEHHs JIOOOTO IO/, COBMECTHIMOIO C paccMaTpuBaeMoil (pUHCIEpOBOil reo-

MeTpuil.
3 IlceBmopumaHOBO IPOCTPAHCTBO C curHaTtypoi (+,—, —, —)
PaceMoTpuM 11ceBIOPUMAHOBO TPOCTPAHCTBO € CUTHATYPOI (4, —, —, —), $IBHO BBLJIEJIUB B

o
METPHYIECKOM TEH30De ¢;;(Z) 9TOro MpOoCTPaHCTBa METPHHIECKHI TeH30p J;; IpocTpaHcTBa MuH-

KOBCKOTO,

Byznem npeanomnarars, aro moste h;;(x) Maioe, TO eCTb
|hij(z)] < e < 1. (10)

Jlarpamxuan (6), (8) mceBmopruMaHOBa MPOCTPAHCTBA C CUTHATYDOI (4, —, —, —) paBeH
L = const y/—det(gi;) - (11)

Boranciny sesmmanny [—det(g;;)] 1o wnenos |h;;(x)|* BkmounTensHo:

—det(gi;) ~ 1+ L1+ Lo, (12)
e
0tJ
Li=9 hi =hopo — hir — hag — hss, (13)
Ly = —hoo(h11 + haa + hs3) +
(14)
+ hi1has 4 hathss + hoshss — hiy — his — h3s + his + hiy + hi, -
Torma
1 1 1
~14 = - — L2 1
L +2£41—|—2 Ly 4'&1 (5>

s Toro, 4T0OBI TOIYYINTH yPABHEHUS JJI MAJIOTO MOJS B TEPBOM NMPUOIMKEHUN HAJIO HC-
[I0JIB30BaTh JIarpaHkKuaH L1, & BO BTOPOM TPUOJIMZKEHUN — JIarPaHKAAH (Ll + Lo — }IL%).
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4 (CBobogHOE 3JIEKTPOMATrHUTHOE II0JIE N YeThIpeXMepHOoe
IICEBJOPUMAaHOBO IIPOCTPAHCTBO C CUTHATYPOit (4, —, —, —)

st Toro, 9ToObl U3 KOBAPUAHTHOTO NOJst A;(X) MOCTPOUTH CUMMETPUYECKUIT JBaZKIbl KOBa-
puaHTHEBIl TeH30p h;;(z), He mpuberast K UCIOIL30BAHUIO OOBEKTOB CBSI3HOCTU, BCIOMHEM, 9TO
aJIbTEpHUPOBaHHasd TaCTHad IIPOMU3BO/JHadA OT OJNH Pa3 KOBaAPpMaHTHOI'O TE€H30pPa €CTb ABa2KJ bl
KOBApPUAHTHBIA AHTUCAMMETPUYECKUNA TEH30D:

0A; 04
oxrt  OxI
[Tocrpoum Ha ocHOBe TeHzopa Fj; cummerpudeckuii Tensop. /st 9T0ro BHavasIe 3aluiieM ¢

TOYHOCTBIO JI0 MYJIbTUILIMKATUBHON IMOCTOSIHHONW OOIIENPUHATHIN KJIACCHIECKU JIarpaHKuaH
CBODOJTHOT'O 3JIEKTPOMATHUTHOTO TIOJISI:

Fi; = (16)

0%jokm 0ijokm aAk aAm aAk 0A;
Ly= FypFi = : — — : J 17
A=99 i 79 <8$l Ox Ozt (%cm) (17)
~ OTKY/Ia CJIeJIyIOT BbIDayKeHHs JI/Is JIBYX CUMMETPHIECKUX TEH30POB
okm [ QA 0A 0A, 0A;  0Ag 0A;
h) = RNk B 18
v =Y ( ozt dri  dz' 9x™  dxi dxm )’ (18)
okm ([ JA; 0A; 0A; 0A 0A; 0A
h(?) — 2 v J ? mo_ J m 1
v =9 ( Ozk Oz™  Ox* Oxi  Oxk Ox ) (19)
[Iycts B hopmyie (9)
hi; = hg;-q’“) = const’ {X(x) hgjl-) +[1 — x(2)] h@('?)} , (20)
rae x(z) — Hekoropas ckanapHas GyHKIUs. Torna B MepBOM NPUOIMKEHUH TIOTY IUM
oiiokm [9Ay0A,,  OAp OA;
L= t' -2 S )= 21
1 = cons g9 < 92 O i 3xm> A (21)

TO €CTh B TI€PBOM Ipub/IzKeHnn ist o A;(x) ciaeayer Bbimonnerne ypasaennii Makcsesa:

0ij 2 0ij .
g’ 0 A—i(gjaA])zo. (22)

0oz * T gk o

Ecnu npuHATH JIOPEHIIEBCKYIO KAJTHMOPOBKY

0] 814]
= =0 23
g or? ’ (23)
TO ypaBHeHHus (22) IPHHAMAIOT BU
OA, = 0. (24)

5 I'paButanimonHoe U cBOOO/IHOE JIEKTPOMATHUTHOE I10JI€
B YeThIPpeXMEPHOM ITPOCTPAHCTBE COOBITHIA

JIro60€e pIMAHOBO WJIH MICEBIOPUMAHOBO TPOCTPAHCTBO MOXKHO MPEJICTABUTE KaK MOBEPXHOCTS |3
Pa3MepHOCTU T B €BKJIUJIOBOM MJIM COOTBETCTBEHHO IICEBJOEBKJ/IMJIOBOM IIPOCTPAHCTBE JIOCTa-
TOYHO OOJBIION pa3mepHOcTU. V3 3TOTO Citesiyer, 4T0 JI000#T METPUYECKUl TEH30D YeThIpeX-
MEPHOTO TICEBJOPUMAHOIO IPOCTPAHCTBA MPEICTABUM (3| B BuIe

- 00a0pa

£ -
* Oxt Oxd
(03

(25)

gij(-rO? xla $2, 'T3) =
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IJ1e €, — 3HAKOBBIE MHOKHUTENH, a (20, 21, 2%, 23) — ckanapubie Gyukmun. [peacrasienue (25)

HE ABJISAETCs eIUHCTBEHHO BO3MOXKHBIM. Torjma MeTpuyecKuii TEH30p MPOCTPAHCTBA COOBITHUIA,
OTTHCHIBAIOIIUIT SBOJIIOIUIO OJHOBPEMEHHO I'PABUTAIIMOHHOIO U CBOOOIHOTO 3JIEKTPOMATHUTHOTO
oJ1efl MOYKHO TPEJCTABUTE CJIEYIOIIIM 00pa30M:

gij(@) =935 +6 - B (@) + - B () . (26)

Baech f u v — PyHIaMEHTAJbHBIE TIOCTOSHHBIE, TEH30D hiAj’“ (x) ompenensiercst opmy.oit (20),
a rensop hi; ™ (x) — dpopmyroit, mo crpykType amanoruunoii dbopmye (25).

Kone4no, coBMecTHOE COCYIIECTBOBAHUE TPABUTALMOHHOIO HOJIA, 3JIeKTPOMATHUTHOIO HOJIS
U HEKOTOPOHl KOHKPETHO# (DUHC/IEPOBOIl T€OMETPHUN HE BCEr/ia BO3MOXKHO, HO I 4-MepHOTO
npocrpancTBa Bepsanmbaa — Moopa 3To ocymmecTBEMO. B 3TOM HPOCTpaHCTBE B M30TPOIHON

cucTeMe KOODJMHAT 3JIEMEHT JITMHBI BhIparkaeTcs (popMyJIoit

ds = /dyldy?dy3dy* = </§ijkl dy‘dy? dy*dy! (27)

rjie
) 1 1, ecnm wnnekcwl ¢, j, k, [ Bce pasHbie;
Jigt = 57 (28)
0, BO BCeX OCTAJBHBIX CIIyYasiX ;

wm B dusndeckoii cucreme xoopaunar z°, xt, 22, x3,

\

gl =20 + ol + 22 4 23,

y? =20 + ol — 22— 23,

(29)
g =20 — ! 4 — a3
yl=a0— ol — 2?4 a?, |
ds = C/Ogi]’kl dxtdxidrkdat . (30)

Torma Merpudeckuii TeH30p “KpUBOTO~ TpocTpaHcTBa beppasbia-Moopa, onuchiBaionmii 0qHo0-
BPEMEHHO M I'PABUTAIIMOHHOE, U JIEKTPOMATHUTHOE TOJIS MMEET BUI;:

(grav)

gi () = Tijua +6- Wi () + - Bt (2) (31)
rae
hijim = hij, = const’ {X(w) B + [1 = x(2)] hEi-,lm} (32)
— TEH30D, COOTBGTCTBYIOHLI/IfI QJIEKTPOMAalrHUTHOMY IIOJIIO, &

e e W R W Y e e (33)
@ _ 2614,- 0A; B 0A; 0A,, B 0A; 0A,, (34)
ijkm ozxk Ox™  Oxk OxI oxk Oxt

Tav o
Tenszop hg’kl )(:c), OTBEYAIONINI 3a TPABUTAIIMOHHOE TI0JIe, He OYyJ/IeM 3/1eCh MOJIPOOHO BBITUCHI-
BaTb. OTMETHUM JIUIIb, YTO OH CTPOUTCH aHAJOIMYIHO (25) mim Gosiee CIOKHBIM 06pPa30M Tak,
9TOOBI OBITH CUMMETPUYHBIM 110 BCEM YeThIPEM MHIEKCAM.
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6 KondopMHBI moTeHInAaJ

[Iycte xt, 22, ..., 2™ — DHUHCIEPOBO MPOCTPAHCTBO ¢ METPUIECKOH (DyHKITHIedH
— 1 2 1,2
L(&x) = L(E, &5, ..., xe, ... 2"), (35)
rae £1,€2,... €™ — nenrpoaddunnoe KacarejbHoe mpocTpaHcTBo B Touke M(zl, x?, ... ")

OCHOBHOT'O IPOCTPaHCTBa. Torga jeMenT JIJIMHBI OnpeiessieTcss (popMyJIoit
ds = L(dx',d2?,... da"™; 2t 2?, ... 2"), (36)

a KOMITIOHEHTDbI O606HI6HHOI‘O HUMITYJIbCa

OL(dz; x)
;= 37
CBSI3aHBI €JIMHCTBEHHBIM (DYHKIHOHAJIBHBIM COOTHOIICHIEM
O(p;x) =0. (38)

TaHreHIATIbHOMY YPABHEHUIO HHANKATPUCHI (38) Beeria MOXKHO MIPUIATH CIENUATbHY0 hopMmy
@, (p;z) —1=0, (39)

rae @, (p; x) — omHOpOaHAs DYyHKINA Mm-T0 Topsaka (m > 0) 1o mepBbIM 1 aprymeHTam. Ecm
dbyukuusa S(x) onpezessier B paccMaTpuBaeMoM (hIHHCIEPOBOM MPOCTPAHCTBE HOPMAJIBHY O KOH-
IPYSHIIUIO TEOJIE3UIECKHX, TO OHA JOJKHA YIOBJICTBOPATH MuddepeHmaabHoMy ypPaBHEHNIO

0 (g i) =0, (10)

Ozl’ " Ozn

Oyukuuio S(r) B KIACCHYIECKOI MeXaHUKe HA3bIBAIOT jieficTBHeM Kak (DyHKIHel KOOpUHAT,
a ypasaenne (40) — ypaBuenuem [amumibrona-xkobu. Ecmu dynkmus S(x) ussecrHa, To mose
000OIIEHHBIX UMITYJICOB HAXOIUTCA KAK

_ 08
- oxt

Di (41)

a SKCTpeMaJsn (TPAeKTOPHUN BUKEHHs, MUPOBbIe JINHUH, JTMHUU TOKA) 9TOi HOPMAIbHON KOH-
IPYSHINN HAXOOATCA U3 CUCTEMBbl ypaBHECHU

. 0D(p;x
p= WDy, (42)
P e
o dat
riae A(z) # 0 — Hekoropas byHKIMs, &' = -+ &7~ TapaMerp BAOMb SKCTPEMAIIH, MapaMeTp
T

9BOJTIOINN.
DuHCIEPOBO MPOCTPAHCTBO, KOH(MOPMHO CBI3aHHOE C HUCXOTHBIM, HUMEET METPHIECKYIO
GYHKINIO BUIA
L(& x) = K(x)L(&; x), (43)

rie k(z) > 0 — Hekasi cKagpHas QYHKIHsI. DJIEeMEeHT JJIMHBL B TAKOM IPOCTPAHCTBE OMPEIeisi-
eTcs popMyIoit
ds = k(x)L(dz;x) . (44)
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O60011IeHHbIE UMITYJIHCHI

OL(dzx;x)
pi = k() adz’) (45)
CBSI3aHBI COOTHOIIIEHUEM
O (p;z) — ™ =0, (46)

T0 ecTb pyHKIma PuHCIEPa KOH(MOPMHO CBI3aHHOTO IIPOCTPAHCTBA OIIPEIE/ISIeTCSI CJIE LY FOIIIM
obpa3oM:
q)(ﬁ7 .’IT) = (I)m(ﬁ’ LIZ‘) — K" ) (47>
rae k(z) > 0 — korudopMHbIH KO3MDMUIUEHT pACTIKEHUsI-CHKATUSL.
[Tycrs Sy (x) — ckangpHas dyHKIUs, TOTIa B 00JIACTH, [JIe BBIIOJHAETCS HEPABEHCTBO

®,, (aSW y aSW-x> >0, (48)

oxl’ " Ozn’

ompejiesieHa (bUHCIEpOBa reoMeTpusi, KOH(MPOPMHO CBs3aHHAasi ¢ UCXO/IHOM, U 1ojieM Ko puiu-
€HTa PaCTIKEHUSI-CKATHA

oxl’ oz’

k(z) = 7D, (aSW aS—Wx> (49)

npudeM B 910it ke obsiactu dbyHKImst Sy () onpeeser HOpMAIbHY0 KOHIPYSHIUIO T€0/Ie31-
YeCKNX

“Mz), (50)

dx’
FJ
dbyurms Sy (z) sBasercs pefictBueM Kak (yHKIUEH KOOPAWHAT B KOH(MOPMHO CBS3aHHOM
MTPOCTPAHCTRE.

rie S\(m) # (0 — Hekoropasd QpyHKIHUs, 7' = a 7' — mapamerp sBoyonun. Takum o6pasom,

W3 npuHImna caMog0CTATOYHOCTH (DUHCIEPOBOil TeOMETPUN CIeyeT, 9To (PYHKIUI Sy He
MOXKET OBITH IMPOU3BOJILHOM, & JO/ZKHA YIOBJIETBOPATH HEKOTOPOMY TIOJIEBOMY (DYHIaMEHTA b=
HOMY ypaBHEHHIO. Ecin B UCXOIHOM ITPOCTPAHCTBE JIEMEHT 00beMa UMeJT BT

dV = o(z)dz'dx*...dz"™, (51)

TO JlaI'PaH2KHWaH, U3 KOTOPOIr'o CJIeAy€ET beH,ILaMeHTaJIbHOe YpaBHEHUE OJId ITOJIA Sw, MeeT B

n

o(z) {@m(asw aS—W;xl,...,xn)]m, (52)

L= Q(Qj) Hn(x) Wa " O

a (bYH,HaMeHTaJIbHOG yYpaBHEeHNE€ COOTBETCTBEHHO 3allUIIeTCA CIECAYIOIUM 06pa30M:

0 n-m O, B
e o(z) Dpy a(aaivy) =0. (53)

Ecnu B kadecrBe mcxoaHOTO (BUHCIEPOBA MPOCTPAHCTBA B3dTh HEBBIPOXKJIEHHOE MOJIUYIUCIO-
BOoe mpocTpaHcTBo P, 3 X, To Jyitobast KOMIIOHEHTA TPOU3BOIBLHON AHAJINTHIECKON (DOYHKIIH
F(X) B mem yaosiersopsier dyHIaMeHTaIbHOMY ypaBHeHuto 1o (53) mis Muposoit dyHK-
tun Sy (). Anamurudeckue (hYHKIMI MOYKHO IEPEMHOXKATH, GPaTh UX JIMHEHHbIe KOMOUHAIH,
CTPOUTDH (DYHKIUIO OT (PYHKIIUHU, IIPUA ITOM OIIATEH OY/IyT IIOIyYaThCs aHATUTAIeCKasT (DyHKIIS.
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Ecnu e orosopeno spyroe, B KadecrBe MupoBoit (pyHKIINE B HEBBIPOXKJICHHOM TOJTUYINCTIOBOM

IIPOCTPAHCTBE BBICTYIIaeT KoMIoHeHTa U (xl, ce 7a:”) opu eINHUIE
1 . —1 .
FX)=Ux)- 14V (x)-j1+--4+ V" (x) ju (54)
B 6azuce 1, ji, ..., Jn_1, B KOTOPOM UMEET MECTO IKCIIOHEHIINAIbHOE IIPE/ICTABICHIE TIOJININCET,
TO €CTb

X = | X|eotdrtret (55)

rie | X| — momyis nommaucia [2].

Kondopmublit morennmas, Takium o0pa3oM MOCTPOEHHBIH ¢ TTOMOIILIO AHAJTUTHIECKOH (hyHK-
[IIU B MOJINYNCIOBOM HEBBIPOXKIEHHOM IIPOCTPAHCTBE, Hamboiee OJIM30K K IMOHSTHIO KOMILTIEKC-
HOTO MOTeHIMa a B Teopnu (GYHKIUIT KOMILIEKCHON TepeMeHHoil, mosromy dyuknuo F(X)
MOXKHO Ha3BIBATH THIIEPKOMIIJIEKCHBIM TTOTEHIITATIOM.

7 Ilpumepbl dyHIaAMEHTAJILHBIX YPaBHEHUIA
HpOCTpaHCTBa, KOH(l)OpMHO CBsd3aHHBbIE€ C €BKJIINJAOBbIMU IIPOCTPAaHCTBaAMU

HpOCTpaHCTBO, KOH(l)OpMHO CBA3aHHOE C N-MEPHbIM €BKJIMJOBBIM IIDOCTPAaHCTBOM, obJ1a-
JaeT 3JIEMEeHTOM JJIMHDBI

ds = k(z) - \/(dz')2 + (da®)® £ - - + (dz")?, (56)

rae k(z) > 0, a ypaBuenue mosst (53) mprUHIMAET BUJL:

n_y
o |osw [70sw\? [0Sw\> aSw\?|
dzt | Oxt <0m1 > * <6m2 > e oz =0 (57)

OTMmernmM, 9TO HJIs0 1 > 2 3TO ypaBHEHHE SIBJISETCS HEeJMHEHHBIM quddepeHnnaabHbIM ypaBHe-
HUEM B 9aCTHBIX IIPOU3BOAHBIX BTOPOI'O IIOPAIKA.

BanmieM Jis TPOCTPAHCTBA, KOH(MOPMHO CBA3aHHOTO C JIBYMEDHON €BKJINIOBOMN ILIOCKO-
croio (z,y), ypasuenue (57),

0 Sy N 02 Sy

0x? 0y?
TO eCcTh (DyHKIUS Sy (1’, y) JIOJIZKHA VJIOBIETBOPATH ypaBHeHnuio Jlamnaca, a 3HAYUT OHA SABJIs-
€TCsi KOMIIOHEHTOW aHAJIUTUIECKON (DYHKIINN KOMILJIEKCHON MTePEMEHHO.

=0, (58)

IIpocTpancTBa, KOHPOPMHO CBSA3aHHbBIE C IICEBIOEBKJ/INIO0OBBLIMUA IIPOCTPAHCTBAMU C
curHarypou (+,—,—,...,—)

[TpocTpancTBo, KOH(MOPMHO CBA3AHHOE C 7-MEPHBIM IICEBI0CBKINIOBLIM IIPOCTPAHCTBOM C CHUT-
HATYpOit (+, —, —, ..., —), 00JAAET TEMEHTOM JJIHHBI

ds = k() - \/(d20)2 — (dz')? — - - — (dam1)2, (59)

rie £(z) > 0. a ypasuenue noss (53) mpuHIMAaET BUI:

n_g

o | oSw | [0Sw 2_ OSy 2_ [ OSw 2] B
oxY | 020 0x9 ox! oxn—1
>1

n

osw\' . (osw ]l
ox2 Oxn—1 -

B 0 0Sw OSw
ox+ | OzH 020
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OTmeTnm, 9TO 11 1> 2 9TO ypaBHEHNE sABJISIeTCA HeJUHeHHbIM quddepeHnnaIbHbIM ypaBHe-
HHEEM B YaCTHBLIX MPOM3BOJHBIX BTOPOIO HOPSIKA.

s mpocTpancTBa, KOH(MOPMHO CBI3aHHOIO C JIBYMEPHOI IICEBI0EBKIMIOBOM IJIOCKOCTHIO
(x,y), ypaBaerue (60) npuobperaer Bu

0?Sy B 0? Sy
0x? 0y?

=0, (61)

TO €CTh B JIBYMEPHOM CJIydae ypasHenue mosst (60) — 910 BOIHOBOE ypaBHEHUE.

[IpocrpancrBa, KOH(MOPMHO CBA3aHHBIE C TPOCTPAHCTBOM MUHKOBCKOrO, UTPAIOT BasKHYIO
POJIb, TIO3TOMY BBITIUIIEM Psil (POPMYJT A1 N =4, UCHOIB3yd B HUX METPUUECKUI TEH30D MPO-
crpaHcTBa MUHKOBCKOTO f]ij: cBsi3b Mex Iy dyHkuueir Sy (r) u koaddunneHTOM pacTsKeHus-
cxkarus K(x) —

g o ai (x), (62)
JarpaHxKmnaH —
(011 3Sw 8Sw\’
£= <g oz 0w > ’ (63)

ypaBHeHUE TIOJd —

okl 9 [0Sw (oi OSw OSw
. . = 4
g Ox* {axl (g Ozt Ox’ )} 0 (64)
C JIOTIOJIHUTEIBHBIM YCIOBHEM
k(x) > 0. (65)

ITpocTpancTBa, KOH(MOPMHO CBS3aHHBIE C YeTbBIPEXMEPHBIM HPOCTPAHCTBOM
BepBaabma-Moopa

DJIeMeHT JJIMHBI B TaKOM IIPOCTPaHCTBE B CIICIIMAJILHOM HM30TPOITHOM basmce nMeeT BUL

ds = k(€1 €2, 6%, 6%) /A dERAE3dEr (66)

CooTBeTcTBEHHO YpaBHEHUE II0JIA UMEET BU

0 (&S'W 0Sw 8SW> 0 <8SW 0Sw 8SW)

aet \ 02 9es agh ) T aer \ gt ogd ot

(67)

n 0 (05w OSw OSw 0 (05w 05w dSw \ _ 0

03 \ 0¢t 0¢2 ogt ot \ 9¢r og2 oe3 ) T
Jiobasg ¢ynxius Sy, 3aBucdmas He oT Beex koopaunar £1€2 €3 €1 ynosnersopsier sToMy
YPABHEHWIO, HO HE YJIOBJIETBOPSET HEOOXOIMMOMY YCIOBHIO

k(z) > 0. (68)

8 JIBa cKaJsSpPHBIX MOJIs

[Tepexosi oT MaJibIX K 0OJiee CHJIBHBIM TIOJISIM TPUBOJUT K TMEPEXOy OT JIMHEHHBIX ypaBHe-
HUil [0/ JIJTsl HE3aBUCHMBIX TOJIefi K HeJIMHeHHbIM YPABHEHUSAM O/ JIJIs B3aMMOCBSA3aHHBIX
B3anMoieficTByonmx nojseit. [Tokaxkem 9T0 Ha TpUMepe JIBYX CKaJIAPHBIX Toeil ¢(z) u ¢(x),
“BKUIIOYAIONIMX TPABUTAIIMOHHOE I0JIe B IIPOCTPAHCTBE MUHKOBCKOTO.
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[Iycrs  merpuueckuit  Tenzop (9) TMCeBIOPUMMAHOBOTO MPOCTPAHCTBA C  CHTHATYDOI
(+,—, —, —) CONEP:KUT TEH30D
Jp 0 oY 0
hij = E¢ii Ey w —¢., (69)
Ox' 0xJ Ox* 0xJ

TJIe €,, €4 — HE3aBUCUMbIe 3HAKOBbIe Ko3dduimenTs!. Torga TOUHbI JarpanKiual MOKeT OBITh

3alluCaH CJIEAYIOIIUM O6pa30MI
Low=+V1+Li+L,, (70)

e
0l Op Oy oY oY
L“g@%@ﬁ%w@» ()
a
do O Bp Y\’ )
b= ey [_ (0330 dxt  Ox! 8900) *
(0o 0o OW\®  [(Dp d g O 2+
0zY 90z  0z2 020 0z 0z3  Oz3 020
(72)

L (D0 2 Dp By 2+ dp 0¢ D Y 2+
ozl 0z?  0z20x! ozl 0z®  Ox3 0x!

(9000 0p BuNT
0x2 0x3  Ox3 0x? ) )

B IIepBOM HpI/I6JII/I}K€HI/II/I B Ka49eCTBE JlaI'PaH2KNaHa CJIeAyeT UCIIOJIb30BaTb Ll, TOr'/la YypaBHEHUA
IIOJIgA CYTh CUCTEMa ABYX HE3aBUCHUMbBIX BOJTHOBBIX ypaBHeHI/Iﬂl

D%*p B D%p B D?p B D%*p _0
029920  Oxlox!  0x20x2  Ox30x3

Py P o
0x90z°  Oxlozx!

(73)

0x20x2  0x30x3

[Tpu srom moms ¢(x) u 1 (x) HE3ABUCUMBI U JIJIsl KAZKJIOTO M3 HUX BBINOJHAETCS 3aKOH CyIep-
[IO3UIIUH.

Ucnonbays Tounslit tarpamkuan (70) 1 IBYX CKAISPHBIX HOJIEH, TOIYIUM CHCTEMY JTBYX
HEJIMHEHBIX T depeHITnaIbHbIX YPABHEHUIT BTOPOTO TTOPSIKA:

[ Oy ors O Oy Y ors Dp OYP T )
R (1ig a7 ag;s) T
ox’ V1I+L+ Ly 7
) ) (74)
[ 0 ors Jp dp\  Op ors Jp 0P ]
s 0 | 0w (H e 0z5> o0’ owrow|
o VI+L+ L, o
i ] ),

Teneps yke mosst ¢(z), ¥(r) 3aBucaT Apyr oT ApyTa, U NPUHIUI CYIEPIO3UINA sl HIX He
Boinosiagiercst. [lepexon ot ypasuenuii (73) k ypaHenusiM (74) MOYXKHO PacCMaTpUBATh Kak
epexol] OT MaJIBIX I0JIeil K 60J1ee CUILHBIM ITOJISIM.
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9 HesBbIpoxaeHHbIE TTOJTUINCTA

PaceMoTpuM HEKOTOPYIO CHCTEMY HEBBIPOKIEHHBIX mosmdaucen P, [2|. CoorBercrBytomee Ko-
OpAMHATHOE TPOCTpaHcTBo xl, 22, ..., 2™ aBidercs (PUHCIEPOBLIM METPHICCKAM IIJIOCKHAM IIPO-
CTPaHCTBOM C 3JIEMEHTOM JIJINHBI BUIA

ds = v'azllQ'Ln dzrirdz®2 ... drin (75)

o
9i1iy..4, — METPUYIECKUI TEH30D, HE 3aBUCAILINN OT TOYKHU IIPOCTPAHCTBA.
KommoHeHTB! 06001IeHHOTO UMITYJIbca B reoMeTputt (75) BBIMUCISIOTC 10 (hOPMYyIaM:

i, i da? .. dxin
R (76)
(giliz"-n dz"dz" .. .dm“)

n

TanreHnnanabHOe ypaBHEHHE HHIUKATPUCHI B IIPOCTPAHCTBE HEBBIPOXKIEHHBIX mosmdancen P,
BCera MOXKHO 3amucarh |2] B Bume

0 1119...in

9 DPi,Diy - - - Diy, — ﬂn = O: (77)

e > 0 — HeKkoTOpasd MOoCTOAHHAS, TPUIeM Bceria Haiimercd Takoe (1 > (0 1 Takoil crenuab-
HBII 6asuc (1, BOOOIIE TOBOPsI, HE OJINH), B KOTOPOM

(gilig...in) _ (5“22%) ' (78)

[Tepeitmem K HOBOIT (PUHCIEPOBOIT T€OMETPUN HA OCHOBE MPOCTPAHCTBA HEBBIPOYKICHHBIX TOJIU-
qucen P,, Koropas (HOBasi FeOMETDHs) yzKe He sIBJISIeTCsI IIJIOCKOM, HO OTJIMIIe HOBOI TeoMeTpHn
OT MCXOJIHON OECKOHEYHO MaJjIo, IPUYEM 3JIEMEHT JJINHBI B TAKON TeOMeTPUHU MyCTh UMeeT BU/I

ds = d[-&hiz...in + €hi1izéin (.’13):| detrdat ... dat ) <79>

rj1e € — GeCKOHETHO MaJjiasi BeJIndnHa. Eein B MCXOHOM ILIOCKOM ITPOCTPAHCTBE 9JIEMEHT 0ObeMa
onpeensics (hopMyJIoi
dV =dxz"dz™ ... dx"™, (80)

TO B HOBOM IIPOCTpPpaHCTBE C TOYHOCTBIO IO € B HepBOIU/I CTEIICHU MMeeM

0 1112 n

AV, ~ |14+¢e-Cy 9 Rijig.., () | dzdz"™ ... dx"™ (81)

TO €CTb JlIa'PaHXKUaH IJIfd MaJIbIX noJieit B OPOCTPAaHCTBE C 3JIEMEHTOM JJINHDBI (79) B II€EPBOM

npub/INKEHUN 110 € CYTh
0 1112 n

Ly = const g hijig., (). (82)

Drta dopmyna sBigercss obodmennem (opmysibt (13).

10 KBanToBag MexaHUKa

B kak/10M (buHCIEPOBOM MPOCTPAHCTBE MOYKHO 3allicaTh HeKoe audddepeHnuaibHoe ypaBHe-
HUE ¢ YaCTHBIME ITPOU3BOIHBIME, KOTOPOE COBIAIAET U AHAJOTUYIHO U3BECTHBIM yPABHEHHISM
KBaHTOBOW MeXaHWKH, Hanpumep, ypapHenuto [llpeannrepa mwin ypasaenuto Kireiina-I'opmona.
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B srom cwmbicie kaxkaoe UHCIEPOBO MPOCTPAHCTBO “HaJleleHO KBAHTOBOI MeXaHUKOIl, B KO-
TOPOIi COCTOsTHIE (PU3NIECKON CUCTEMBI MOXKET ObIThH ONMCAHO B KOOPANHATHOM IIPeICTABICHUN
dbynknueit koopaunar W(zl, z? ..., x™), Boobule roBops, KOMILIEKCHOi. Byjaem HasbBaTh eé
60410601 pyrryuet, nin Gyuryuet cocmoanus pusnaeckoit cucrembl. Bee dusnvueckn Ha-
O/TIoIaeMble BEJIMYUHBI IIPU TIepexojie K KBAHTOBOM MeXaHUKEe CTAHOBSATCS OMEpPATOPaMU, Jeii-
CTBYIOIIMMH B TPOCTPAHCTBe (DYHKIMI cocTosiHust. [Ipn 9TOM KaHOHWYECKU COTPSI?KEHHBIE Be-
JIMIUHBI TIEPEXOIIT B KAHOHNIECKH CONPSXKEHHbIE HAaOII0IaeMble. K mpocTpaHCcTBO TIOCKOE,
0000IIEHHBIE UMITYJILCHI P; B KOOPJAMHATHOM IIPEJICTABICHUN SIBJIAIOTCSA OllepaTOpaMy BUIA

. .. 0
pizlhﬁy (83)

JIEMCTBYIOMIMMU HA BOJTHOBBIE (PYHKITNU. KooparmHaThl KaK HAOTIOJaeMble TaKKe ABJISIIOTCA OTle-
paTopaMu, TPUYIEM

h. ] — toJ] — 5 od] — B ST

[piapj] _07 [.’.IT,IIZ ] _07 [phx ] —Zh@ ) (84>
rie

la, b =ab—ba.

Takum obpazom, ckobku Ilyaccona zamensiorcs kommyTaTopamu. [Ipuuém mis kaHoHUYeCKn
COTIPSI?KEHHBIX BEJIMYUH PE3yJ/IbTaT YMHOXKAETCS HA Pa3MEPHBIIl MHUMBIH KO MUIIUEHT, HO TTPU
9TOM HAJI0 YYUTHIBATH 3aBUCUMOCTD, €CJIU TAKOBasg MMEETCs, dJIeMEeHTa 00beMa OT TOYKH ITPO-

crpancTBa. Korma smemenT obbema B mpocrpancTse 20, b, 22, 2° nMeer BUI

dV = w'(x) dx’dx'dz’dx® (85)
riae w(x) — HekoTopas (yHKIUs KOOPJAUHAT, TO
1 0 , A
i — AZ‘ =1h— - 2 = Ai, I = FL(SJ . 86
pi = D = ihs o [pi, z’] = ihd; (86)

[Tpu TakoM TOJIXO/Ie BOSHUKAIOT MPOOJIEMbI ¢ HHTepIperarueii camoii BoaHoBoi dyukunu W (z)
u pestranabl U (x) U (z). DTo CBA3AHO ¢ TeM, 9TO BpeMs CTAHOBATCA HAOTIONAMOI, Taze B Hepe-
JIATUBUCTCKUX 3aja4ax. TeM He MeHee, Ha JaHHBI MOMEHT Psiji KBAHTOBO-MEXaHUYECKUX 33,141
MOZKET OBbITh [OCTABJIEH U PEIeH, HAIPUMED, HEKOTOPbIE 3a/1a41 Ha COOCTBEHHbIE 3HAUCHUS.

[Ipu mepexojie OT KJIACCHIECKOH MEXaHUKN K KBAHTOBON TAHT€HIMATHHOE YPABHEHIE MH/IH-
KATPHCHI TAK’Ke KAYeCTBEHHO BUIOM3MEHIETCS: OHO OYeT COepKaTh KAHOHUIECKH COPSIZKEH-
Hble HAOJIIOIAeMBble, U [TOITOMY €ro HaJl0 MOHUMATH CJIAYIOMINM 00pPa30M:

®(p;2)¥(z) = 0. (87)

D10 MHETHOE ypaBHEHNE B YACTHBIX ITPOU3BO/IHBIX B TOM CMBIC/IE, 9TO JTI00ast IMHEHHAT KOMOH-
HaI[isl PElICHUi ONATh YKe sIBIsgercs pentenneM ypasuenns (87). Tax kak mabmmogaemble pj, *
He KOMMYTHUPYIOT, Jlazke pu 3a1aunoil (bukcuposannoit) dyukuun @unciepa, ypasuenue (87)
MOXKET OBITh 3aIlllCAHO MO-PasHoOMYy. JIJIsi HEPeIATUBUCTCKON YacTHUILI B IMOTEHIIMAJIHLHOM II0JIE
ypasaenue (87) cosnagaer ¢ ypasaenmem lllpenmnrepa, ecmm  cuntarh w(z)~ const B 3e-
MeHTe OObeMa (85), 4To /I HepesJsITHBUCTCKUX KBAHTOBBIX 3aJ1ad BIIOJIHE mpuemseMo. Jls
npocrpancTBa MuaKoBCKOTO ypaphenue (87) coBnaaer ¢ ypapuenue Keiina - [opona.

B npocrpancrse x°, 2t 22, 23, KondOpMHO CBA3AHHOM ¢ IPOCTPAHCTBOM MIHKOBCKOTO, TO

€CTh B IPOCTPAHCTBE C SJIEMEHTOM JIJINHBI
dl = k(z)\/(dz0)2 — (dz1)? — (dz2)? — (dx3)?, (88)

ypaBuenue (87) mpuHUMAET BUJT

0ii O, K
oo VT Y

rie k(x) — mose ko duimenTa pacTsyKeHsI-CKATHS.

(89)
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11 3akJirrouenue

IIpunyun camodocmamounocmu Puncaeposoti zeomempuu [2], TO-BUANMOMY, TO3BOJISIET MO-
CTPOUTDH OOBEIMHEHHYIO TEOPHIO TIOJIST I MAKCUMAJTBHO T€OMETPU30BAThH (PU3UKY. DTOT TPUHITUTT
He nporusopednt OTO A. Diinmreiina [4], a gomoHseT U pasBUBaeT ee, CHUMAas HEKOTODbIE
rpyanoctu. [eomerpuueckuit noaxo [2] B Teopun mosist, KOTOPBIl OOBIYHO JIaeT HeJIUHENHHbIe
He pas3IeIsioecs YpaBHeHUsl TOJIsd, IjId MaJIbIX II0JIell B IepBOM NPUOJIMKEHUN MOXKET IIpU-
BOJUTH K CUCTeMe HE3aBUCUMBIX JIMHEHHBIX ypaBHeHuit nosid. [Ipu ycunenun moseit npuaIun
CynepIrio3mnnu noJiei HapyHiaeTCd, YpaBHEHUA I10JIgd CTAaHOBATCHA HeJINHEeMHBIMU U I0J1d HadnHa-
0T B3aMMOJECTBOBATh MeKIy co00oil. MOXKHO CYMTATh, YTO 9TU U3MEHEHUs YPaBHEHUIA MOJIst
IpU Iepexoje OT CIabblX K 0Oojiee CHIBHBIM IOISAM IMPOUCXOMAT 3a CYeT JABYX MEXaHH3MOB:
BO-IIEPBBIX, KAYECTBEHHOE U3MEHEHNe YPaBHEHU 10JIs /It CBOOOIHBIX II0JIei; BO-BTOPBIX, 110~
daBJIeHrEe JOIIOJTHUTEJIbHBIX MCTOYHUKOB II0JIA.

B paMKax reoMeTrpuvecKoro Ioaxoja B TEOPUH IOjIs MPOUCXOAUT €CTeCTBEHHOE 00beIuHe-
HHEe JIEKTPOMAaroinuTHOT'O U I'paBUTAIIMOHHOI'O II0oJIEN KaK B YEeThIpEeXMEPHOM IICEBAOPUMAHOBOM
IIPOCTPAHCTBE C METPHIECKIM TEH30POM ;i (%), TAK U B Y€THIPEXMEPHOM KPHBOM IIPOCTPAHCTBE
Bepsasba-Moopa ¢ METPHIECKUM TEH30POM gk (). DTO TOBOPUT O TOM, ITO ITH KaIeCTBEHHO
pas3/IndHbIe IPOCTPAHCTBA BO MHOI'OM CXOXKHU, a TaK K€ O TOM, YTO IOCTPOeHUE 00beIMHEHHOI
TeOPpUU I10JIgd BO3SMO2KHO.
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FINSLER GEOMETRY
G.I. Garas’ko

Electrotechnical Institute of Russia, Moscow, Russia

gri9zQ@yandex.ru, gri9z.wordpress.com

If before Finsler geometry pretends only on geometrization of classical mechanics than
after formulation of Finsler geometry self-sufficiency principle we can speaking that the
geometry pretends on whole physics geometrization.

From that principle follow field theory equations and electromagnetic field and
gravitational field naturally unified in four-dimensional pseudo-Riemannian space and in
curved Berwald-Moore space. Energy momentum tensor concerned with conservation laws
follows from E. Neter theorem.

In weak fields approach from Finsler geometry self-sufficiency principle follows linear
field theory equations for several independent fields. In opposite case field equations
becomes nonlinear and fields becomes non-independent that leads to superposition principle
nonfulfillment.

In any Finsler space exists a field or some fields in that space may be supplemented
with field, which make sense of action as function of coordinates and analogous to real part
of complex potential on Euclidean plane. We propose name such potential as conformal
potential.

Nondegenerate polynumbers are finslerian spaces, which are very interesting itself and
possibly may use in physics.

For any finslerian space is possible to build equation analogous to Schrodinger
equation or Klein-Gordon equation. This means that the geometry allows further
quantum-mechanical development.

Key Words: Finsler geometry, Finsler space, self-sufficiency principle, field theory,
nondegenerate polynumbers, conformal potential, electromagnetic field, gravitational field.
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DUAL SPACES, PARTICLE SINGULARITIES AND QUARTIC
GEOMETRY

Peter Rowlands
University of Liverpool, Liverpool, UK

p.rowlands@liverpool.ac.uk

Relativistic quantum mechanics and the properties of Dirac fermions can be generated
in a particularly powerful way using two vector spaces which are commutative to each
other and which contain identical information. The apparently broken symmetry between
the two spaces observed through the quadratic geometry of ordinary space becomes a
perfect and unbroken symmetry in the quartic geometry which defines the single physical
quantity through which the two spaces can be combined.

Key Words: dual vector spaces, nilpotent quantum mechanics, vacuum space, fermion
singularity, H4 algebra

1 Geometry and physics

Can we construct physics entirely in terms of geometry? This is a highly relevant question
in view of the fact that our only way of apprehending Nature is through 3-dimensional space.
Nothing else is directly observable. The attempt has been made many times — Cartesian phi-
losophy general relativity, Kaluza-Klein theory, unified field theory, and string and membrane
theories are examples - but never with completely satisfactory results. Whatever number of
dimensions we add to our space-time structure, and however we contort it, we have to face
the fact that the world we observe is 3-dimensional. Clearly something else is there, but we
do not observe it. Can we find a geometrical way of constructing it, so that we create a larger
geometry which still preserves the 3-dimensional nature of observation?

I am actually going to propose that the world is not 3-dimensional, or constructed from
space of any other dimensionality. In fact, it has no structure whatsoever. It is a zero totality.
To reconcile this with our view of a 3-dimensional spatial world, we have to imagine a dual 3-
dimensional space, which in some subtle way cancels the effect of our observed space. Providing
our known 3-dimensional Euclidean space with its dual partner allows us to construct an
algebraic geometry which has a remarkable parallels to the one that seems to operate in the
real world.

The only insight ever attained into the meaning of 3-dimensionality came with the discovery
of quaternions. Here it is associated with anticommutativity. The four quaternion units, %, j,
k, 1, follow the well-known multiplication rules:

PP=42=k"=1ijk=—1 (1)
ii=—ji=k (2)
Jk=—-kj=1 (3)
ki=—ik=j. (4)

If we make our units anticommutative but still associative, we are obliged to fix them at 3.

We can of course complexify quaternions, to create a set of units, (%), (i), (ik), i, which
are the complexified versions of the quaternion ones. So (i) = i, (i) = j, (ik) = k, (il) = i
The units follow the multiplication rules:

iP=j=Kk =1 (5)
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ij = —ji= ik (6)
jk = —kk = ii (7)
ki = —ik = ij. (8)

The units, which are the complexified versions of the quaternion units, have acquired a number
of names. They are called multivariate vectors by Hestenes [1], as they have all the properties
of ordinary vectors, except that they also have a full (algebraic) product:

ab=a-b+iaxb 9)

from which all the rules concerning unit vector multiplication may be derived. They are
isomorphic to Pauli matrices. In more general terms, however, they are the units of the Clifford
(or geometrical) algebra of 3-dimensional space.

Of course, if we complexify the units of the multivariate or Clifford algebra, we revert to
quaternions, so i4 = ¢, ij = 7, tk = k, etc. However, terms like 4, ij, 7k are also recognisable
as units of pseudovectors or axial vectors (e.g. area, angular momentum) and 7 is recognisable
as a unit pseudoscalar (e.g. volume). All real vectors are of this type. There are no ’ordinary’
vectors in nature.

2 A dual vector space

The units i, j, k define a complete Clifford algebra of 3D space:

i j k wvector

i 1§ 1k bivector pseudovector quaternion
1 trivector pseudoscalar

1 scalar

where the pseudovectors give us areas and the pseudoscalars volumes.
Let us suppose we have another such algebra, isomorphic with the first:

I J K  wvector

ad J K bivector  pseudovector quaternion
7 trivector pseudoscalar

1 scalar

If we combine these two algebras commutatively in a tensor product, that is, we take the
algebraic product of the eight base units, 1, i, j, k, 7, I, J, K, we obtain 64 terms, which are +
and — versions of:

i j ki § ik i1
I J K a4 iJ K
il I kI Al HI kI
iJ 0§37 kI A I kJ
iK jK kK iK #K kK

This becomes a double vector algebra or a double Clifford algebra of 3D space.

We can also take the algebraic product of the four quaternion units, 1, ¢, 7, k,and the four
vector units i, i, j, k, to produce an exactly isomorphic vector quaternion algebra, whose units
are + and — versions of:
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i j k i ¢4 &k i1
i g3 ki g ik
it jo ki de g ke
ij jg kyj dj gy iky
ik jk kk ik ik kk
Yet another isomorphic version of the same algebra appears when we take a complexified alge-
braic product of two commutative sets of quaternion units ¢, 7, k, I, J, K. This complexified
double quaternion algebra has units which are 4+ and — versions of:
1 J k 1 iy ik i1
1 J K i i 1K
I 31 kI il gl ikl
i 3Jd  kJ  ad gJd ikJ
iK jK kK K ¢3gK ikK

This dual vector space algebra is of immense physical significance, for it is isomorphic to the
gamma algebra of the Dirac equation, which defines the relativistic quantum mechanics of
the fermionic state. Though the gamma algebra is usually based on 4 x 4 matrices, all such
matrices can, in fact, be derived from the products of two commuting sets of 2 x 2 Pauli
matrices, say o1, 0o, 03 and X1, Y, ¥3. This is identical to deriving them from the units of
two vector spaces: i, j, k and I, J, K. Relativistic quantum mechanics, it seems, requires a
dual vector space, in addition to the ’doubling’ produced by the complex nature of each vector
space.

The units also form a group of order 64, with a minimum of 5 generators. The 5 generators
of the algebraic group can be matched to the 5 gamma matrices in a number of ways. There
are many ways of doing this but the key sets of generators include all the individual units of
the two 3-dimensional quantities (vector / quaternion) or two ’spaces’ and the overall structure
of these sets is always the same. Because 5 is not a truly symmetrical number in nature, the
symmetry of one of the two spaces is preserved (here, represented by lower case characters),
while that of the other (here, represented by upper case characters) is broken:

Yo =1k; m =11 =1 =1k 5 =1].
Yo =k; m=ii; yp=idj y=idk; y5=1J.

3 The H4 algebra

The 64-part algebra has a subalgebra which is particularly significant for physics, and this
creates a symmetry between the two spaces which remains unbroken. The algebra can be
constructed using coupled quaternions, with units 1, ¢I, 3J, kK, to produce a cyclic but
commutative algebra with multiplication rules:

iIil = jJ5J = kKKK =1 (10)
iIjJ = jJil = kK (11)
JTkK = kKjJ = il (12)
kK il = i[kK = jJ (13)

Again, there are alternative ways of constructing the algebra, one of which uses the negative
values of the paired vector units 1, —iI, —jJ, —kK. (1 is equivalent here to —ii.) This time
we have:

(=il (—il) = (=jJ)(=jJ) = (-kK)(-kK) =1 (14)
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(—iD)(=3J) = (=3I) (i) = (-kK) (15)
(=3J)(—kK) = (=kK)(=jJ) = (-iI) (16)
(=kK)(—il) = (—i)(-kK) = (—jJ) (17)

Using the symbols I = I = —il, J = 3J = —jJ, K = kK = —kK, 1, to represent the units of
the algebra, we can structure the relationships between them in a group table:

* 1{I(J K
1 1({I(J K
I I 1|K|J
J JIK|1]|I
K K|T]J|1

This can be seen as a representation of the Klein-4 group, the noncyclic group of order 4.

4 Nilpotent quantum mechanics

The double vector algebra allows us to create relativistic quantum mechanics in a particularly ef-
ficient and streamlined way [2,3]. We can, for example, begin with Einstein’s energy-momentum
conservation equation (with ¢ = 1)

E*—p*—m?>=0 (18)

factorize directly using the algebra, using any of the three isomorphic representations of the
units. Here we will use the combination of four quaternion units (1, ¢, j, k) and four multi-
variate vector units (4, i, j, k), noting the similarity to Penrose’s twistors, their with four real
or norm 1 components and four imaginary or norm BTi“l components [4,5].

The eight base units (1, ¢, 7, k, 4, i, j, k) have a similar structure. There is a significant
difference, however, in that the connection between the units of space and time now comes from
a quantum rather than a classically relativistic structure. In effect, because of the mediating
gamma matrices or algebraic operators, which are different for the space and time compo-
nents, the space-time connection is now no longer purely 4-vector. Using the vector-quaternion
algebra, we now factorize (18) in the form

(ikE + dip, + ijp, + ikp, + jm)(ik E + dip, + ijp, + ikp, + jm) = 0 (19)

or
(ikE +ip +jm)(tkE+ ip+jm) = 0. (20)

The object (ik E+ip-+jm) is a nilpotent, a square root of 0. It can be used to produce a powerful
form of relativistic quantum mechanics. If we apply a canonical quantization procedure to the
first such expression in equation (20), to replace the terms E and p by the operators E — i9/0t,
p — —iV (using units where i = 1), and assume that the operators act on the phase factor
for a free fermion, e~ “#*P1) we immediately obtain the nilpotent Dirac equation for a free
fermion:

(:Fk% FiiV +jm) (+ikE £ 1ip +jm)e_i(Et_p'r) =0 (21)
As Hestenes has shown [1], spin is automatically included when we take p or V as a multivariate
vector through the extra x term in the full product. This means that we can interchange p
with o.p and V with ¢.V in equations such as (20) and (21).
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The nilpotent formalism are also derivable from the conventional Dirac equation by pre-
multiplication by -5, and conversion of the gamma matrices to algebraic operators. All con-
ventional results are accessible to both representations, but the nilpotent formalisms uncovers
additional details which tend to lie hidden in the matrix representation. As usual, The nature
of the four simultaneous solutions required for the wavefunction (2 for fermion / antifermion
x 2 for spin up / spin down) is immediately apparent. In the new formalism, we replace the
4 x 4 matrix differential operator and column vector wavefunction with a row vector operator
and a column vector wavefunction, each of which may be represented in abbreviated form by
(£ikE £ ip + jm). With choice of sign convention, the four solutions now become:

(ikE+ ip + jm) fermion spin up
(ikE—ip + jm) fermion spin down
(—tkE+ip+j3m) antifermion spin down
(—ikE — ip + jm) antifermion spin up

The meaning of the four terms is now apparent. The first term in the column may represent
the observed particle state, while the others become the accompanying vacuum states, or states
into which the observed particle could transform by respective P, T and C' transformations:

P i(tkE+ip+jm)i = (ikE—ip+jm)
T kE(tkE+ip+jmk = (—ikE+ip+jm)
C —jikE+ip+3m)j = (—ikE—ip+jm)

If we replace the observed fermion state spin up by any of the others using any of the transfor-
mations P, T'or C'we will simultaneously apply the same transformation to all the others. Since
specifying the first term necessarily specifies all the others, it is often convenient to write the
4-component wavefunction as a single term and assume the sign changes follow automatically.

To demonstrate the relation between three additional states on the fermion, the P, T, C
transformations, and vacuum we can take (+ikE + ip + jm) and post-multiply it by the
idempotent k(+ikE £ ip + jm) any number of times. Since the only effect of this operation is
to introduce a scalar multiple, which can be normalized away, then the idempotent k(+ikE +
ip + jm) is clearly acting as a vacuum operator.

(£ikE+ ip + jm)k(+ik E+ ip + jm)k(+ikE+ ip+jm) ... — (£ikE+ip+j3m) (22)

The same occurs with with ¢(+ikE + ip + jm) and ik(L£ikE + ip + jm), the extra vector
terms in the first case being absorbed into the scalar multiple and disappearing with alternate
multiplications. In effect, k(£ikE+ip+jm), i(+ikE+ip+jm) and jk(+ikE+ip+jm) can
be regarded as vacuum operators, and k, ¢ and 7, or, equivalently, K, I and J, as coefficients
of a ‘vacuum space’.

The most important consequence of adopting the nilpotent form of quantum mechanics,
however, is that it produces an extra constraint which carries a wealth of new information
about quantum systems, while reducing the information input required to a minimum. For
example, an operator of the form (ikE + ip + jm) will automatically generate the phase term
on which it operates to produce a nilpotent amplitude of the form (ikE + ip + jm), or one
that squares to zero. This completely eliminates the need for an equation. Only the operator
is required. Also, though equation (21) is specified for a free the fermion, the fermion need not
be free. The method is equally valid when we incorporate field terms or covariant derivatives
into the operator, for example, when we make the replacements E — i0/0t + e¢ + ..., and
p — —iV + eA + ... . The operator here still retains the overall form (ikE + ip + jm), but
the phase term is now no longer be e~ “#=P*) bhut whatever is needed to create an amplitude
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of the general form (ikE + ip + jm), which squares to zero, and the eigenvalues F and p in the
amplitude will be more complicated expressions resulting from the presence of the field terms.

In principle, space and time are completely variable as long as we preserve the conservation
principles which define a system. The phase factor determines the extent to which this happens.
In the case of a completely free fermion, there is no restriction on spatial position over any
time period, and this is reflected in the phase factor e “F~PT) because there is no restraining
conservation principle (except that of charge). As soon as the fermion interacts with another
system, however, say another fermion, conservation principles will be invoked (leading to terms
added to the space and time differentials) and this will be reflected in a more complicated phase
factor, with a more restricted range of spatial variation. The restrictions will increase as more
fermions are brought within range of the originally free fermion, and so the range of variation
in the phase factor will decrease even further. The classical limit will be reached when it shows
virtually no variation with space over time. The nilpotent formalism makes the quantum /
classical transition simply a consequence of the number of conservation principles that have to
be applied.

Many new results also emerge from the nilpotent formalism. Particularly important are the
structures of the three different boson-type states, considered as combinations of an original
fermion state with any of the P, T'or C'transformed ones, the result being a scalar wavefunction.

(£ikE + ip + jm)(FikE £ ip + jm) spin 1 boson
(£ikE £ ip + gm)(FikE F ip + jm) spin 0 boson
(£ikE £ ip + jm)(L£ikE F ip + jm) fermion-fermion combination

Significantly, a spin 1 boson can be massless, but a non-vanishing spin 0 boson must have a
mass, as the massless (£ikF £ ip)(FikE F ip) would immediately become zero. So, massless
Goldstone bosons must become massive Higgs bosons in the Higgs mechanism.

In principle, the nilpotent formalism defines the relativistic quantum mechanics for a fermion
in any state, subject to any number of interactions, simply by creating an operator of the form
(+ikE + ip + jm), which then uniquely determines the phase factor which will make the
amplitude nilpotent.

operator acting on phase factor? = amplitude? = 0. (23)

This can be accomplished without defining any equation at all.

5 The fermion as singularity

But where does this formalism come from? Space is a nonconserved quantity, and so cannot
define on its own a point. Two ’spaces’ are the minimum needed to define a particle singular-
ity. While mathematicians may discuss points in ordinary 3-D space, physically they have no
meaning, as space is a nonconserved quantity whose units have no definable identity because
they have translation and rotation symmetry. In effect, we cannot identify anything in a single
space, but identification becomes possible if we have two spaces.

We can here apply a reverse argument from topology. The creation of a particle singularity
using its intersection with a dual space can be seen as the creation of a multiply-connected
space from a simply-connected space through the insertion of a topological singularity. For
fermions, we can describe one of these as real space and the other as the 'vacuum space’ which
we have previously defined. This space is closely connected with charge and the weak, strong
and electric interactions, as well as T, P and c¢ transformations. In this sense, we can say that
the fermion always exists in the two spaces from which it is constructed, real space and vacuum
space, and the non-classical zitterbewgung motion, which Schredinger found in the solution to
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the free-particle Dirac equation, represents the switching between these spaces which makes it
possible to define the fermion as creating a point singularity through the intersection of two
spaces.

The creation of a singularity using these two spaces determines that they are precisely dual
and that each contains the same information as the other, though in a different form as regards
observation. But as observers within the system, we are forced to 'privilege’ one space over the
other, to maintain the symmetry of one while losing that of the other. It is similar to the way
in which our most primitive form of numbering, binary arithmetic, 'privileges’ 1 over 8h"l,
making them dual in summing to 0, but appearing very different in the way they are perceived
from within a system defined by unit 1.

An asymmetry or chirality appears in the fermionic structure because it results from an
asymmetric combination of the space of observation with an unobserved dual vacuum space.
Perfect symmetry would have been preserved if we had used 6 generators (i, j, k, I, J, K),
but this is not the minimum. The minimum number of generators of the combined 64-part
algebra is 5, a number intrinsically suggesting asymmetry, and this, as we have seen, requires
the symmetry of one space to be broken while the other is preserved:

K i oj dk Al
enerqgy momentum mass
time space proper time

The space, in this formulation, with the unbroken symmetry (represented by lower case charac-
ters) is real space, the space of observation. The space with the broken symmetry (represented
by upper case characters) is 'vacuum space’, and it seems to be the space which combines
all the unobservable quantities (specifically, time, mass, charge). The zeroing produced by the
nilpotent condition ensures, as we can show, that the information in the two spaces represented
by the respective units i, j, k and I, J, K is identical. It also defines, in principle, the meaning
of a point in either of the two spaces as the norm 0 crossover between them.

Pauli exclusion, a fundamentally nonlocal phenomenon, is an immediate and unavoidable
consequence of the fact that, in nilpotent quantum mechanics, the total structure of the universe
is exactly zero. A fermion with a wavefunction of the form ¢; = (ikE + ip + jm) created
from absolutely nothing requires the simultaneous existence of a dual 'vacuum’ term, 1y =
—(ikE 4 ip + jm), which is its precise negation in both superposition and combination:

Y+, = (ikE+tp+jm) — (ikE+tp+jm)=0 (24)

Yy = —(kE+ip+jm)(ikE+ip+jm) =0 (25)

In this representation, Pauli exclusion ensures that no two fermions share the same vacuum.
Pauli exclusion is an obvious consequence of nilpotency. But, conventionally, we derive it
from the fact that fermion wavefunctions are antisymmetric, so that:

(¢1¢2 - ¢2¢1) = _(¢2¢1 - ¢1¢2) (26)
In nilpotent terms, we write (1119 — 1911 as

(£tkEy£ipr+7my)(LikEx£ipar +Jma1) = 4p1P2 —4p2p1 = 8ip1 X p2 = —8ix p1p2 (27)

This result is clearly antisymmetric, but it also has a quite astonishing consequence, for it
requires any nilpotent wavefunction to have a p vector, in real space, the one defined by the
axes i, j, k, at a different orientation to any other. The wavefunctions of all nilpotent fermions
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then instantaneously correlate because the planes of their p vector directions must all intersect.
This is the only source of the entire physical information relating to the fermion, for, at the
same time, the nilpotent condition requires the iF, p and m combinations to be unique, and
we can visualize this as constituting a unique direction in vacuum space along a set of axes
defined by k, ¢, 7 or k, i, j, with coordinates defined by the values of ¢E, p and m.

Fermion singularity, in this context, can only ever result from spatial duality. The duality
has to be made manifest, and specifically in a chiral manner, because the combination of the
two spaces produces a chiral result. We see the duality in the characteristic spin % which show
fermion ‘rotation’ negotiating 2 spaces through the zitterbewegung motion and the chirality in
the positive nonzero rest mass which results from this. This chirality is necessarily the same
as that produced by that produced by the chirality of vacuum space in the Higgs mechanism.
Berry phase in any of its manifestations (Aharonov-Bohm effect, Jahn-Teller effect, quantum
Hall effect, Cooper pairing, etc.) [6] and can be seen as a consequence, or even an expression, of
the singularity of the fermion state, leading to a topology with an extra twist, equivalent to spin
%. The pole in the fermion propagator occurs at the precise 'boundary’ between the two spaces,
respectively characterised by positive and negative energies, (+ F) and vacuum space (- E), or
forward and reverse times, (+ t) and (- t), the very combination which makes the singularity
possible. The combination of two spaces becomes the same thing as the actual creation of point
charges, the charges, in their extended form as sources of all gauge interactions [2|, being a
manifestation of the 'directions’ of the vacuum space. Ultimately, through zitterbewegung and
the Higgs mechanism, point charges are also the only source of invariant ('rest’) mass, and, in
the combined spaces, of relativistic quantization.

6 The nilpotent condition

So, what is the origin of this other space? Clifford algebra, significantly, has 3 subalgebras,
which we can describe as scalar, complex and quaternion, or scalar, trivector and bivector. Each
of these is an algebra in its own right, and it is difficult to see why only the full Clifford algebra
should have a physical meaning. In fact, previous work suggests that all of the subalgebras have
physical meanings on the same level as Clifford algebra, and that they represent the respective
physical concepts of mass, time and charge [2,7]. That is, besides the vector algebra of space,
we have three independent algebras which have a physical representation on the same level as
space. If we combine these the three physical concepts as representing everything that is ex-
cluded from space as represented by I, J, K, then the total structure is equivalent to a single vec-
tor space represented by these units, but without anything which directly corresponds to them:

charge ¢ 5 k Dbivector pseudovector quaternion
time 7 trivector pseudoscalar
mass 1 scalar

Of course, when we refer here to 'charge’, we mean the quantity that is the source of the
electric, strong and weak gauge fields before the symmetry-breaking which will result from the
‘compactification’ of the units into the minimum number of group generators, a kind of 'grand
unified’ value.

The space represented by %, 7, k or I, J, K is then never observed directly, because it is
a mathematical composite, not a physical quantity. In addition to its effect in generating the
new combined quantized quantities of energy, momentum and rest mass, we can also see that
the symmetry breaking between the units of the 'vacuum’ space can be seen as generating the
symmetry breaking that is observed in the units of weak, strong and electric charge, which are
respectively associated with pseudoscalar, vector and scalar quantities, and the SU(2), SU(3)
and U(1) group symmetries which are ultimately derived from them: [2]
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ik 1 1j ik 17

K i dk Al

energy momentum mass

weak charge strong charge electric charge
SU(2) SU(3) U(1)

We can even see how the Clifford algebra extends to 10 dimensions of the kind required by
string theory (5 for energy, momentum and mass and 5 for charge), with 6 fixed or compactified
(that is, all except energy and momentum) [2].

7 The physical significance of the H4 algebra

Besides the algebraic properties defined by their units, which may be described as real (norm
1) / imaginary (norm 1), and commutative (1D) / anticommutative (3D), the conserved and
nonconserved natures of charge and space are related to the way they are combined in the 5
group generators creating the norm 0 overall structure, while the corresponding natures of mass
and time are related to the fact that quantities with their algebraic characteristics are needed
to complete the quaternion and vector properties of charge and space [2,7].

Work done over the last decade suggests that we should we take mass, time, charge and
space as successive descriptions of the universe generated by a 'universal rewrite system’, with
their four commutative algebras existing as a simultaneous description [2,8,9]. The first two of
these are scalar and complex, so the description reduces to a combination of scalar, complex
and quaternion acting as though it were a vector space, together with another vector space.
The combination, which we have called 'vacuum space’, remains unobservable because it is
not physical. However, the breaking of the symmetry of this ’space’ which occurs when we
create the 5 generators of the algebra becomes the ultimate source of the breaking of symmetry
between the physical interactions.

In fact, this, along with previous work [2,7,10,12| suggests that the fundamental parameters
mass, time, charge and space have a fundamental relationship (before combination) which can
be identified as a Klein-4 symmetry:

mass  real (norm +1) commutative conserved
time  imaginary (norm -1) commutative nonconserved
charge imaginary (norm -1) anticommutative (3D)) conserved
space  real (norm +1) anticommutative (3D)  nonconserved

This symmetry, as we have seen, is the same as that of the H4 double algebra in which the
two spaces have equal status, and we can equally arrange the parameters mass (M), time (T),
charge (C) and space (S) in equivalent tables reflecting this algebra, for example:

* M|T|C|S
M M| T|C]|S
T T M| S|C
C C|S|M|T
S S| T|C|M

Similar considerations could be applied to identity and the 7, P and C'transformations, as these
are related to the respective properties of mass, time, charge and space. Their fundamental
algebraic units, which are respectively scalar, pseudoscalar, quaternion and vector, also have a
Klein-4 symmetry when expressed as the Clifford algebra equivalents scalar, trivector, bivector
and vector (where the last two are taken over a resultant dimension).
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8 Defining a dual space spinor

Though the double quadratic nature of the parameters is manifested in these structures, we
can, in fact, also relate this characteristic, as manifested in the spin property of point particles,
to a quartic geometry which preserves the exact equivalence of the two spaces. One way of
generating the four solutions for the wavefunction, say v, required by the Dirac equation is
to multiply it by a 4-spinor, a summation of 4 terms which adds to 1. The four terms in the
wavefunction then become 1 multiplied each of the 4 terms in the spinor, with individual terms
in the spinor used as projection operators to project out individual states: fermion / antifermion
and spin up / down. In the nilpotent formalism, spinors are not directly necessary because the
terms are already projected, but the formalism can be set up in such a way that spinors can be
used. The way which seems to be most convenient is to use both pre- and post-multiplication
of ¥, as with the C, P, T operators.

A 4-spinor requires a set of primitive idempotents which add up to 1, and are orthogonal,
with products between them being 0. In nilpotent quantum mechanics, we can define such
idempotents in terms of the H4 algebra, constructed from the dual vector spaces:

(1—iI—jJ—kK) /4
(1—il+jJ+KK) /4
(14+i1—jI+kK) /4
(1+il+jJ—KK) /4

Here, we see immediately that the 4 terms add up to 1, and that they are orthogonal as well
as idempotent.
We can generate the same terms using coupled quaternions rather than vectors:

(14l +j5J+4l) /4
(144l —35J —<I)
(1—iIl+35J—1I)/4
(1=l —jJ+4I)/4

Though the ’spaces’ in these structures are completely dual, since the corresponding units from

the two spaces are always paired, the system is nevertheless unavoidably chiral, as the signs
cannot be completely reversed. We can only reverse any two of them. For example:

(1+HI-jJ+kK)/4
(1+il+jJ-kK)/4
(1-iI—jJ-kK)/4
(1-iI+jJ+kK)/4

The full ’spinor’ form of the nilpotent wavefunction can be recovered by pre- and post-
multiplying a ’pre-spinor’ form of the nilpotent either by the original set of double vector
spinors, or the set with signs reversed. A typical result would be:

1 0 0 0 ikE+ ip + jm 1 0 0 0
0 —ikk 0 0 ikE+ ip + jm 0 ikk 0 0
0 0 —di 0 ikE+ ip + jm 0 0 @i 0
0 0 0 —ijj ikE+ ip + jm 0 0 0 —ijj

= ( (ikE+ip+jm) (kE—ip+jm) (—ikE+ip+jm) (—ikE—ip+jm))
(28)

Here, the chirality is assigned to the mass term.
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The spinor structures we have generated have the exact form of the components of the two
forms of the Berwald-Moor metric, a structure in a quartic space:

(t—zxz—y—2)t—z+y+2)t+rz—y+2)t+z—y+2) (29)

t+z+y+2)t+z—y—2)t—z+y—2)t—x—y+2) (30)

The quartic Berwald-Moor metric can be seen as an expression of the fundamentally rotationally
quartic nature of the underlying algebra. Multiplication of the units of the algebra produces
rotations in the spaces and generates identity after a complete cycle. Multiplication of the spin
metric, producing a zero product, shows that it describes a singularity. The perfect duality
between the two component spaces manifested in the spinor structure (which ultimately conveys
all the information in a fermionic system) means that, in principle, we could restructure physical
equations to locate the singularity in real space, rather than spinor (or vacuum) space.

The generation of a quartic space from two quadratic ones is related to the fact that the
spinor structure ultimately comes from 4 x 4 matrices which are themselves products two sets
of 2 x 2 matrices, each of which are isomorphic to the units of the usual quadratic vector
spaces. In the case of the primitive idempotent spinors, multiplying the 4 components in any
order will always produce a zero product, in effect defining a singularity in ’spinor space’. This
singularity is identifiable as the one produced by applying the nilpotent condition, which, as
we have seen, distorts the vacuum (or spinor) space.

The significance of the H4 algebra and the Klein-4 group can be seen from their many
manifestations at a fundamental level in physics. Another one may be seen in their general
relevance to the creation of an information structure in any self-organizing system, of which
the fermion is a classic example [12]. Many people have been interested in creating a picture
of the physical world in terms of cellular automata. Here, we imagine a 3-dimensional grid of
cells which are either occupied or unoccupied, with the state of occupation being determined
according to a number of fixed rules. In a quantum mechanical world, however, composed of
point-like particles, the cell size would have to be reduced to infinitesimal size, and there would
be an infinite number of possible cells in any given space. The key fact here is that long-lived
correlation in cellular automata can only be accomplished through the Klein-4 group, exactly
as we have accomplished using the spin property of fermions.

9 Conclusion

While many people have thought that a redefinition of space might lead to a description of
physics in terms of a single concept, a system constructed from dual vector spaces, each of
which is commutative to the other, can be used immediately to construct relativistic quantum
mechanics and a description of the fermion state with the required properties. Examination of
the structure reveals that the two spaces contain identical information. The apparently broken
symmetry between the two spaces observed through the quadratic geometry of ordinary space
becomes a perfect and unbroken symmetry in the quartic geometry which defines the single
physical quantity through which the two spaces can be combined. The symmetry appears
broken to the observer using the quadratic geometry of ordinary space because the underlying
group structure requires 5 generators, which automatically leads to a broken symmetry. How-
ever, the spin structure that connects the two spaces can be described by a quartic geometry
which manifests a perfect and unbroken symmetry between the two component spaces. The
Klein-4 group appears to be the symmetry which is most significant at the fundamental level,
and its equivalent significance in the theory of cellular automata hints at another way in which
the overall structure could be made manifest.
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PengaruBucrckass KBaHTOBasi MexXaHUKa U cBoiicTBa depmuonoB [lupaka mMoryt ObITh
MTOJIY9YeHBI C UCIIOIb30BAHUEM KOMMYTUPYIOMIMX MEXKY COOON MICHTUIHBIX 2-BEKTOPHBIX
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PHYSICAL FINSLER COORDINATES FOR CLASSICAL
MOTION
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It was argued in earlier work that the four-velocity of a measured quantum particle
excitation of a Finslerian quantum field in the tangent space manifold of spacetime is not
a suitable Finsler coordinate, whereas the four velocity of the measuring device relative to
the vacuum is a suitable Finsler coordinate. Furthermore, in the present work, it is argued
that the physical Finsler coordinate for describing the classical motion of a macroscopic
object is the four-velocity of the classical object, which in effect acts as a measuring
device measuring the characteristics of the metric field. Specifically, geodesic motion of a
macroscopic object in a Finslerian spacetime is considered, where the appropriate physical
Finsler coordinate is the four-velocity of the object undergoing geodesic motion. It is also
claimed that for a macroscopic object, such as a macroscopic measuring device, consisting
of more than Avogadro’s number of atoms, any supposed quantum state is negligibly
small; so that for all practical purposes the object is best described by classical mechanics.
It is argued that this and the above follow from a reasonable upper bound on physically
possible proper acceleration.

Key Words: Finslerian spacetime, Finsler coordinates, spacetime tangent bundle, maxi-
mal proper acceleration, geodesics, quantum-classical boundary, Avogadro’s number.

1 Introduction

It was argued in earlier work that physically meaningful coordinates of a point in the tangent
bundle of spacetime are the spacetime coordinates and the four-velocity coordinates of the
measuring device relative to the vacuum [1,2]. In the one case considered earlier, the moving
device detected a relativistic vacuum particle excitation of a Finslerian quantum field. It was
argued that the four-velocity of a measuring device is the physical Finsler coordinate, whereas
the four-velocity of the measured quantum particle is not. The four-velocity of a measured
quantum particle excitation of a Finslerian quantum field in the tangent space manifold of
spacetime is not a suitable Finsler coordinate. This is related to the fact that, because of the
quantum uncertainty principle, the particle velocity at a point in spacetime is intrinsically
unknown.

In the present work, I argue that the physical Finsler coordinate for describing the classical
motion of a macroscopic object is the four-velocity of the classical object with respect to the
metric field. The object effectively acts as a measuring device measuring the metric field. In
the case of standard classical electrodynamics, for example, the Lorentz force depends explicitly
on the four-velocity of a classical charged particle with respect to the electromagnetic field and
can serve as a measuring device in which its motion is effectively a measure of the strength
of the electromagnetic field acting on the classical particle. Also, in the case of the classical
Vlasov equation, including a gravitational field, the Finsler coordinates are the four-velocities
of the classical particles in the Vlasov distribution of particles moving in spacetime, and the
Vlasov distribution effectively measures the spacetime metric field [3], [4].

In the present work, I consider geodesic motion of a macroscopic object in a Finsler-
spacetime tangent bundle, incorporating the constraint of a limiting proper acceleration [5],

!Dedicated to the distinguished Finsler geometer, Prof. Dr. Lajos Tamassy, on his 90th birthday
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in which the appropriate physical Finsler coordinate is the four-velocity of the object under-
going geodesic motion. The motion of the classical object effectively measures the presence of
the spacetime metric field because, in the absence of non-gravitational forces, the motion of
classical objects is determined by the spacetime metric through its appearance in the geodesic
equation of motion [6]. It is significant to note that because the spacetime metric depends on
the Finsler coordinate, the restriction of the four-velocity to the four-velocity shell may require,
in general, a multi-sheeted structure |7].

It is also argued, on the basis of the Finsler coordinate and the associated maximal proper
acceleration, that for macroscopic objects (including measuring devices) consisting of more than
Avogadro’s number of atoms, any supposed quantum state of the object is negligibly small, so
that, for all practical purposes, the object is best described by classical relativistic mechanics.

2 Classical particle geodesic motion

Classical particle geodesic motion in the tangent bundle of spacetime with the constraint
of a limiting proper acceleration was exposited in earlier work [6]. In the simple case of a
Riemannian-spacetime base manifold, it was argued that the natural lift of a classical particle
geodesic in spacetime is also geodesic in the tangent bundle of spacetime. In this case the
geodesic motion in the tangent bundle of spacetime is given generally by [6]:

D%zt Dv® dz®
— R H = = 1
do? + agv M do do ’ (1)
and D2y
v
o, )

in which D denotes a covariant differential, do is the invariant infinitesimal path length along
the particle trajectory in the spacetime tangent bundle, namely,

2
do? = (1 - “—2) ds?, (3)

Qg

where ds is the ordinary spacetime line element, a is the proper acceleration of the classical
particle, ag is the limiting proper acceleration [8], ¢ is the speed of light in vacuum, and R?, ,,
is the spacetime curvature tensor. Here, it is to be emphasized that v* in Eqs. (1) and
(2) is the Finsler coordinate, namely, the four-velocity of the classical particle relative to the
frame in which the metric field is defined. It is reasonable to interpret the classical particle
as a measuring device whose motion effectively measures the strength of the metric field as
it appears in the curvature and connection. Thus v* is effectively the four-velocity of the
measuring device, namely, if # denotes the spacetime coordinates of the device, then

dz*
p_ & 4
o= (4)

as was also the case in the analysis of quantum fields in the tangent bundle of spacetime [1], [2].
Also noteworthy is that the Finsler coordinate v* must lie on the four-velocity shell, namely,
for spacetime metric g,,, one requires |7

Gz, v)v"" =1, (5)

which implies the possibility in a general Finslerian spacetime tangent bundle of a multi-sheeted
structure consisting of multiple distributions in the fiber, associated with the respective roots of
Eq. (5). Multivaluedness of the Finsler coordinate evidently corresponds to different possible
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trajectories of the measuring device in four-velocity space. These correspond to trajectories of
the measuring device on different sections of the bundle. Any measuring deice lies at any instant
not only in the neighborhood of a single point in spacetime but also in the neighborhood of a
single point in four-velocity space. If the base manifold is Riemannian, this multivaluedness
is not an issue because in this case, the spacetime metric is independent of the four-velocity
coordinates.

In a canonical pure gravitational field, according to general relativity, one has in Riemannian
spacetime the standard geodesic equation with vanishing four-acceleration in the absence of
non-gravitational forces,

Dv*  dv*
= —— 4" %P = 6
ds ds of ’ (6)
where T op s the Riemannian Levi-Civita connection. In this case the proper acceleration is
vanishing, as it is in general relativity in the absence of non-gravitational forces, namely,
Dov* Dy
2 4
a = —C = 0, 7
Juw ds ds (M)
and according to Eq. (3), the bundle line element collapses to the ordinary spacetime line
element,

2

2
do® = <1 - a_> ds* = ds?, (8)

o
or 4
o
9 _q 9
s (9)
for the spacetime geodesic, Eq. (6). It then follows from Eqgs. (9) and (6) that
Dv* Do
= =0 10
do ds (10)

for the geodesic lift. Substituting Eqgs. (10) and (4) in Egs. (1)-(2), it follows that the geodesic
natural lift trivially satisfies

Dv* Dv*
B =0 11
ds +ag axg VY ds ’ (11)
and Do
)
72 =0. (12)

Thus according to Eq. (10), it follows that Eqs. (11) and (12), are both satisfied for a spacetime
geodesic. One concludes that if the spacetime is Riemannian, then the natural lift of a spacetime
geodesic, representing the path of the measuring device, is also a geodesic in the spacetime
tangent bundle. However it is important to note that for non-Riemannian spacetimes ( e.g.
Finsler spacetime), any relation between geodesics in the bundle and in spacetime will generally
be very complex.

The role of the Finsler coordinate as the four-velocity of a measuring device was also manifest
in an earlier analysis of the intrinsic redshift of star light as measured at large distances,
resulting from enforcing the constraint of a limiting proper acceleration, leading to a perturbed
Schwarzschild solution for the metric outside a star [9], |7].

From the above, one can conclude that a measuring device for measuring both quantum
and classical fields is generally a macroscopic object. In the following it is argued by means of a
simplified quantum field theoretical model that a macroscopic object, such as a measuring de-
vice, is well described by classical mechanics, as is the case in the standard quantum mechanics
of measurement in which the measuring device is treated as a classical macroscopic device [11].
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3 The quantum-classical boundary

There is no generally accepted theory of why the world of macroscopic objects is not usefully
described in terms of quantum states. For example, a planet is never observed to be in a
quantum superposition state. It has however been speculated that for the description of classical
macroscopic many-body systems of sufficient complexity, quantified by the number of atoms of
which it is composed, quantum mechanics can be replaced by classical mechanics. (Of course
for a highly correlated mesoscopic system such as a Bose condensate, which consists of a single
quantum state, a quantum description is needed. Also, quantum mechanics is clearly needed to
understand the atomic and molecular structure of macroscopic objects) It is here to be shown
that for macroscopic objects consisting of more than Avogadro’s number of atoms, any supposed
quantum state of the object as a whole is negligibly small, so that for all practical purposes
the system is best described by classical mechanics. This follows from the physics-based upper
bound on physically possible proper acceleration [8-10].

A possible implication of the limiting proper acceleration ag is that for a free particle with
four-momentum p* and for a measuring device with spacetime coordinates x* and four-velocity
coordinates v* with respect to a particle excitation in flat Minkowski spacetime, the quantum
state is given by [12-14]

¥(z,v) = (0l¢(z,v)p), (13)
in which |0) is the vacuum state, |p) is the state of the particle with four-momentum p*, and
the scalar quantum field associated with the particle is given by

7.0) = d3p e~ wz/ho=popv/h v/h)a
oae) =2 [ T | Opopv/)a(p) "

+ ePr/herreIho(—popu/h)al(p)] -

Here 6 is the Heaviside step function; A is Planck’s constant divided by 27; N is a normalization
constant; a'(p) and and a(p) are particle creation and annihilation operators for the spatial
component of four-momentum p, and pg is of the order of the Planck length, namely,

C2

=< 15
£o a()’ ( )

in which c¢ is the speed of light in vacuum, and the limiting proper acceleration ag is given by

o 1/2
ag = 2wQ (ﬁ) ) (16)

where « is a number of order unity, and G is the universal gravitational constant. One notes
that in the mathematical limit of infinite maximal proper acceleration ag, one has vanishing
po, and Eq. (14) the reduces to the same form as a canonical Lorentz-invariant scalar quantum
field (as it must).

It can be shown that both the positive and negative frequency terms in Eq. (14) and
appearing in the quantum state Eq. 13) are proportional to |6, 14, 15]

2>1/2?-d7/dt

1 vym
exp(—polpv| /) = exp |~ <1+ %

2T mp;

, (17)

mc?

where m is the rest mass of the quantum particle, mp; is the Planck mass, and
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where d 7’ /dt is the spatial component of the four-velocity of the measuring device relative to
the particle. For velocities of the measuring device much less than the velocity of light, and for
particles masses much less than the Planck mass, Eq. (17) is for all practical purposes unity
because py is so small (of the order of the Planck length).

From Eqgs. (13)—(18), it follows that the quantum state, in the case in which the measuring
device is at rest with respect to a particle excitation from the vacuum is given by

1 -
¢(13ad?/dt =0)=Aexp - m (1 + ‘mﬁc

2mo mpy

o\ 1/2
) exp (—ipz/h), (19)

where A is a normalization constant. Equation (19) can be expected to hold for any nonrel-
ativistic bosonic or fermionic state. Then suppose that this state (wave function) is taken to
describe a macroscopic object containing more than Avogadro’s number of atoms, in which
case its mass m satisfies the following:

m > Nam,, (20)

where N, is Avogadro’s Number, and m,, is the mass of a nucleon. Then according to Eqgs.
(19) and (20), one obtains for the quantum state of this macroscopic many-body object in this
simplified model:

1
P < Alexp ——NAmn <1+ z
me

2t T mpy

o\ 1/2
) exp (—iNapz/h), (21)

in which A’ is the normalization constant for N4 particles. Equivalently, one can write the state
as a product of N, copies of Eq. (19), since the exponents add. Substituting Ny = 6 x 10 |
my, = 1.7x107?"kg , and mp; = 2.2 x 10 kg in Eq. (21), the many-body wave function is seen
to be negligible. This suggests that, for all practical purposes, a macroscopic object, such as a
macroscopic measuring device, should not be described by quantum mechanics, and instead is
best described by classical mechanics.

4 Conclusion

It can be reasonably concluded that in both classical and quantum mechanics, the appropriate
physically meaningful Finsler coordinate is the four-velocity of the measuring device relative
to that which is being measured. Also, it is argued that the measuring device can be treated
as a macroscopic many-body system described by classical mechanics.
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OUMHCJIEPOBbI ®PUSNYECKUNE KOOPAWUHATDBI J1JI41
KJIACCUYECKOI'O ABN2XKEHUN A
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Kak Oputo mokazano panee 4-CKOPOCTH BO30Y2KIEHUsI KBAHTOBON YaCTHUIIBI (DUHCIEPOBA
KBaHTOBOTO TIOJISI B KACATEIbHOM MHOIOOOPAa3UU IIPOCTPAHCTBA-BPEMEHU HE sIBJISETCS
MOAXOIAIIEH (PUHCIEPOBON KOOPAUHATON, B TO BpeMs KaK 4-CKOPOCTb U3MEPUTETHLHOTO
npubopa TO OTHOIIEHWIO K BaKyyMy sBJIsieTCd TakoBoil. Bosiee Toro, B HacTosmeit
paboTe TOKA3bIBAETCsdA, ¢UTO (pusudecKkue QUHCIEPOBbI KOOPIUHATLI I OIUCAHWSI
KJIACCHYIECKOTO JBMKEHHUSI MaKPOCKOIMMIECKOTO 00beKTa — 3TO 4-CKOPOCTh KJIACCHIECKOTO
o0bekTa, KOTOpas B JIEHCTBUTEJBHOCTH BBICTYIIACT, KaK HW3MEPUTEIbHBIN mpudop,
U3MEPSIONINI XapaKTEPUCTUKU METPUIECKOTO TOJIA. B 9aCTHOCTH, PACCMOTPEHO JBUYKEHNE
IO Te0/Ie3NIECKONl MAKPOCKOTTNYIECKOTO 00beKTa B (PUHCIEPOBOM ITPOCTPAHCTBE-BPEMEHH,
e TMOAXOAAIIUMEA  (PUHCIEPOBBIMI  KOOPAMHATAMU —SBJISIETCA  4-CKOPOCTh OOBEKTA,
JiexKalas B OCHOBAHUU JIBUXKEHUsI IO TeoJie3mdeckoil. TakxKe yTBEpPXKIAaeTCd, UTO st
MaKPOCKOIITIECKOTO O0BbEeKTa, TAKOI0 KaK MaKPOCKOMUYECKWI M3MepUTebHBIN mpudop,
COCTOSIINY U3 aTOMOB YHUCIO KOTOPBIX MPEBBIMIAET YnUCI0 ABOTajipo Jiroboe MBICIIMOE
KBAHTOBOE COCTOSHUE $ABJISIETCA TMPEHEOPEeXKUMO MaJbIM M, I[IOITOMY, [JId JIIOOBIX
OPAKTUIECKUX [eJefl TaKoil OOBEKT JIydIle OIUCHIBACTCH KJIACCHIECKON MEXaHUKOIL.
Ormedaercss, 9TO BCe BBIIMIECKA3aHHOE CJIEJAyeT W3 Pa3yMHOI BepxHeill TIpaHUIbl Ha
du3nIECKn BOZMOXKHOE PEISITUBUCTCKI PABHOYCKOPEHHOE JIBHUKEHUE.

KuaroueBbie cioBa:  (QUHCIEPOBO MPOCTPAHCTBO-BpeMs, (DUHCIEPOBBI KOODINHATHI,
KacaTeJIbHOE  PACCIOCHHE  MPOCTPAHCTBA-BPEMEHH, MaKCHMAaJbHO  BO3MOXKHOE
PEIATUBUCTCKA PABHOYCKOPEHHOE JIBUYKEHHE,KBAHTOBO-K/IACCHIECKAE TDAHUIBI, HHCIIO
Aporaspo.
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ITIOJINMA/INMYECKHNE OIIEPAIIVINI HA MHO2KECTBAX
MATPUYHO3HAYHBIX ®YHKIINUN
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Mozunescrudi 2ocydapecmeennviti yrusepcumem npodososvcmeus, Moaunes, Beaopyccus
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OcHOBHBIMU OOBbEKTAMHU U3yYeHHs B JIAHHOW CTATHE SIBJISFOTCS IOJIUAIMIECKUE OIepaIliu
Ha MHOKecTBe MY (P), sneMeHTAME KOTOPOTO SIBJISIIOTCS (DYHKIMU, OIpE/IeIEHHbIE Ha
HEIlyCTOM MHOXKecTBe J, y KOTODBIX BCe 3Ha4YeHHsi NpUHAJIekar MHOxkectBy M(P)
BCEX MATPHI] C dJeMeHTaMU U3 HEeKOTOporo Kosblia P. Takue mommaaudeckue onepaun
BrepBble nosiBunch y . [Tocra, Koropslit paccmarpusad ciaydait J ={1,...,m—1}, C —
[10JIe KOMILJIEKCHBIX YHCEJI.

KunrodueBble cjioBa: monauaeckas orneparns, MaTpuiia, GyHKIUs, OJIyTPyIIa, TPYyIIa.

1 Bsenenue

Brepoie nonmanudeckas oreparys HAa MHOXKECTBE MATPUIHO3HAYHBIX (PYHKIINN TOSBUIACD
B pabore 9.Ilocra [1]. DTa omeparms BO3HHWKIA €CTECTBEHHBIM 00OpDA30M Ha IIyTH U3Yyde-
HUN Mm-apHbIX Marpuil, kKotopble . [loct ompegemma [1, c.331| kak ynopsiiodeHHble HAGOPHI
(M, ..., M,;,_1), BCe KOMIOHEHTbI KOTOPBIX SIBJISIFOTCSI HEBBIPOKIEHHBIME KBAIPATHBIMU Ma-
TPUIIAMU N-TO MOPsAiKa Ha moieM C KoMIIeKCHbIX dncest. [IoHgTHO, 9T0 MHOXKeCTBO BCEX TaKUX
M-apHBIX MaTPUI] coBHagaeT ¢ (m — 1)-0if 1eKapTOBOIl CTENEHBIO GL;”*I(C) IIOJTHOM JIMHEHOM
rpynmbl GL, (C). Vmenno na muoxkectse GL7 1 (C) 9. [TocT 1 onpeIe/nI cBoio m-apHyIo orre-
PAIIIiO, OTHOCHTEIBHO KOTOPOA, KAK OH yCTAaHOBILI |1, ¢. 332], 970 MHOKECTBO SABJISI€TCST M-apHOT
rpymmnoit. [Ipu m = 2 m-apusie maTpuib . [locta — 9T0 0OBIYHBIE MATPUIIBI, & M-apHasd IPYTI-
na GL7'(C) cosnmamaer c rpynmoit GL, (C). Tak Kax 060it 37eMenT (a1, . . . , Gy 1) KOHEIHOI
nekapToBoit crenenn A™! nmpousBoabHOrO MHOMKECTBA A MOMKHO OTOXKIECTBUTL C HEKOTOPOIl
dbyuxnueit f:j—a; ¢ obmacreio onpenenenus J={1,...,m—1} u co 3HaAUEHHAMU BO MHO-
)KecTBe A, TO MOXKHO CYUTATDh, 4TO onepaius . llocta, o KoTopoit naéT pednb, ompe/ieseHa Ha
mrozkectse GL? (C) Beex dynxmmit ¢ obmactbio onpesenenus J ={1,...,m — 1} u co 3HadeHn-
SAMH B TOJIHON JmHeiinoi rpynne GL,(C).

Koncrpyxkius, koropyio ucnosnbzoBaa . [loct npu mocrpoennn cBoeit mapHoii onepanun,
JIOITyCKAaeT pa3/IndHble 00001eHns. Peasmzannm HeKOTOPBIX U3 9TUX 0000IIEHMIT TTOCBSIIEHBI Pa-
6orer A.K. Ciumenko [2,3], a Takke ps paboT aBTOpa, CCBLIKU Ha KOTOPBIE OY/IYT MOSBIATHCS
Jajiee B TEKCTe MO Mepe HeoOXOIMMOCTH. 3/1eCh YKe OTMEeTHM TOJbKO KHHUTY [4|, B KoTOpOii, B
YACTHOCTH, U3yYaIuCh CBoiicTBa [-apuoro rpymnmnouga < A7, [ 1,7 >, rae J — mpoussoibHOe
MHOKECTBO, 0 — JI0bast ero moJcTaHoBKa, A — Ipou3BosIbHBI rpymmow. [Ipu sTom [-apHast ome-
pamus [ ];, 7 onpejesnsercs o cejyroniell cxeme: BHadaste Ha Muoxkectse A7 Beex dbynkmmii ¢
001aCThIO omnpeiesieHns J U cO 3HAYEHUsIMU B Tpynmnonge A paBeHCTBOM

(x 0 y)(j) = x()y(o(5), j€J (1.1)
ompeesieTcs OnHapHas OIePaIlHs g, a 3aTeM C e€ MOMOIIBIO — [-apHas OIepaIlis

(X1X2 ... X|100 = X1 5 (x2 5 (.o (Xi—2 % (x7-1 5 X)) ...)). (1.2)

q

[TonsrHo, uTO Onmepanus | |z, COBIAZAET C OIEpPALHeii O.

Bameuanne 1.1. Ecmr J ={1,2,...,k}, To onepamuu 6 1 [ 14,7 = |10 ONpenenens ua k-oii
nexaprogoii crenenn A* [5-7|. IIpu stom pasencrso (1.1) MOxkKeT GBITH 3aMUCAHO B BUJIE

X0y = (mlya(l)y L2Ys(2)y - - - >xkya(k));
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rie
X:($1,$2,...,I’k), y:(y17y27"'7y/€)'

g
JIerko 3aMeTuTh, YTO €/ 0 — MOJACTAHOBKA MHOYKECTBA {1, 2,..., k}, TO OIlepallisi © COBIaJdaeT
C onepanuen

Xoy = ($1,$2’ - 7$k) o (yl,yQ, e ,yk) = ($1y27l‘2ysa vy Tp—1Yk, xk?h)

u3 |7, onpenernenune 2.2.3|, a onepaius [ |; . — ¢ onepanueii | |, 5 U3 TOro e oIpe/e/IeHnsI.
Ecim B onmcansoit cxeme B Kadecrse rpynnouga A B3gare rpynny GL,(C) u nmomoxursb
J={1,2,...k}, I=k+1, o=(12...k), To momyunrcst KoHcTpyKIiwms . locra.
B [4, cneacrsue 2.2.4] ycTanoBieno, 9To 3aMeHa B OIPEICICHIN OIEPAIAN | |1 5,7 TPYIIIONIA
HOJIYIPYTIIOi TTO3BOJIsieT TepenucaTh papeHcTso (1.2) B Buje

[X1X2 ... X1]10.0(7) =%x1(7)%2(0(4)) - - .xl_l(Jl_z(j))xl(al_l(j)), jeJ (1.3)

OcCHOBHBIMU OOBEKTAMU U3YyUYEHUS B JAHHOW CTATHE SBJISIIOTCS TOJUAIUIECKHE OMEpAInd Ha
muozkecTse MY (P), seMenTaMu KOTOPOro sBIAIOTCH (DYHKITIH, ONPeIeISHHbIC Ha MHOKECTBE
J, y KOTOPBIX BCe 3HaYeHNUs puHaIe)RaT MHOKecTBY M (P) Bcex MaTpuIl ¢ sJileMeHTaMI U3 He-
KoTOporo Kojbiia P. Tak Kak jiis 0/IHO3/IEMEHTHOIO MHOYKECTBa J, B 9aCTHOCTH JIJIsT MHOXKECTBA
J = {1}, muoxecrso M’ (P) cosnanaer ¢ muoxkecrsom M(P), To, BO3BpAIIAsCH K TIPON3BOIBHO-
MY MHOKECTBY o/, MO2KHO CKa3aTh, YTO MATPUIHO3HAYHbIE (DYHKITIHT U3 MJ(P) BIIOJTHE YMECTHO
paccMaTpuBaTh Kak 00OOIIEHHBIE MaTpHIlbl. VIMesd B BULy 9TO 0OCTOATETHCTBO, MATPUIHO3HAY-
upie bynxmun u3 MY (P) Mpr 6ymem nasbisarh Takxke J-marpunam. Eem J ={1,2,... k}, o
J-MaTpHIbl HA3BIBAIOT k-KOMIOHEHTHBIMU BeKTOpP-MaTpuiamu [8].

Onpenenennss HEKOTOPBIX MOHATHI U3 TEOPHUH MOJUAIMIECKUX TPYHI OYIyT MPUBOIUTHCH
B Tekcre crarbu. sKemamomum 0Oojiee TMOAPOOHO O3HAKOMUTHCS € JAHHON TEeMATUKON, MOXKHO
nopekoMenoBars crarnio . Ilocta [1], a takxke xmurm [9-11] u crarsio [12]. Heobxommvyio
MHMOPMAIIIIO O TIOJICTAHOBKAX MHOYKECTB MPOU3BOIBHON MOIITHOCTH MOYKHO MTOYEPITHYTh U3 KHUAT
[13,14].

st obo3navenusi MHOXKECTBa BCeX KBaJIPATHBIX MATPUIL MOPAIKAa n ¢ jaeMeHTaMu u3 P
OyJIeM HCIIOMBb30BaTh CTaHAApTHBIH cuMBOI M, (P), cumBomom My, « ,(P) obo3HavgaeTcst MHO-
JKEeCTBO BCeX MaTpull pa3mepa m X n Haj P. MHOXKecTBO BcexX TOJCTAHOBOK MHOXKecTBa, J
0003HAYAETCS CUMBOJIOM Sj, B YACTHOCTHU, Sp — MHOXKECTBO BCEX IIOJCTAHOBOK MHOXKECTBA
J={1,2,... k}.

Kax yzke ormeuasoch, A7 — 310 MHOXkKecTBO Beex GyHKIUiT ¢ 06/1aCTbIo onpeaeaeHnsa J u
CO 3HAYEHUSIMU BO MHOYKECTBe A, B 9aCTHOCTH,

A2kt — AR = L) xo, . ) |21, T, ... 2 € A,
AN:{<x17$27...,mi,..-)|l’i 614}7

A2 ={(...,2 gy ., T 9, T 1,00, T1, Ty ..., Th,...) |z € A}

Ecmu < A, * > — rpymmon, o < A7, > — rpynmons ¢ oneparmeii *, KoTopas ONpe/e/aercs
IOTOYEYHO:
(x*y)(4) =x() *y(4), JjeJ

Ecmu 0 — myns rpynmonzna < A, x >, To mysem rpymmouga < A7, x > apigerca mocrogmuas
dbyukiws 0, craBsimas B COOTBETCTBHE Kaxkaomy j € J mysnb rpynmnonga A: 0(7) =0. Ecim xe
rpynmon < A, % > comepKuT eaunuity 1, To eauHUIEH rpynmonga < AJ, * > gBJISIETCSI IIOCTO-
stHHAs (DYHKIUS €, CTaBsINas B COOTBETCTBUE KayKaoMy j € J enunuiy rpymmonga A : e(j) = 1.

Eciu A — kosblo (JMHeiHOe TPOCTPaHCTBO Hajl nojieM P juHeitHas aarebpa HaJl MOJeM
P), To nexapToBy crenenb A7 MOKHO IpeBpaTuTh B KOJIbIO (IMHEHHOe MpocTpaHcTBo Hal P,
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JMHeiHyI0 anre6py Haj P), onpeeus onepaluy CIOXkKeHUst 1 YMHOMKeHUs 3j1eMeHToB n3 A7,
a TaKyKe YMHOYKEeHHe CKaJIapoB u3 P Ha smementsl n3 A7 moroueuno:

(x+¥)() =x() +y0G), ¥)G) =x0)yG), Mx)(G) = Ax().

Bameuanue 1.2. Ecim A — acconmmaTnBroe KOMMYTATHBHOE KOJBIO ¢ exummmnei 1, To A7 —
ACCOLMATHBHOE KOMMYTATHBHOE KOJIBIO ¢ eauHuneii e. [I[poruBononoxKublii snement — x € A7
snementa X € A7 craBut B cooTBeTCTBHE KazKI0MY j € J NPOTHBONONOKHLI 3iement — x(5) € A
snementa X(j) € A : (—x)(j) =—x(j).

2 J-Matpuiibl

Crnenyromiee onpejeserne 0606IIAT MOHITHE BEKTOP-MATDHILI U3 [8], B TOM 4HCIe NOHSITHE
m-apHoii MaTpuilbl 13 paborsr D. [Tocra [1].

Onpeanenenune 2.1. [lycts P — acconuaTuBHOE KOJIBIO, J — IIPOU3BOIbHOE MHOXKecTBO. Ma-
TpudHO3HAaUHAA (PYHKIUA A, onpejie/ieHHas Ha MHOXKeCcTBe J, TaKasi, 9TO

A(j) € Myun, (P), j€J, (2.1)

HasbIBaeTcs J-mampuyets pasmepa (mj xn;, j € J) nad P.

[TousiTHO, UTO eciu J — OIHORIEMEHTHOE MHOZKECTBO, TO J-MaTPUIILI — 3TO OOBIUHBIE MATPHU-
ubl. Ecmm J={1,2,... k}, To J-MaTpuier — 910 A-KOMIOHEHTHBIE BEKTOP-MATPHUIIBI pa3Mepa
(myq X nq, ...,Myg X Ng), KOTOPBIE, KAK y2Ke OTMEYAJIOCh, ObLIN OMpejieseHsl B [1].

J-Marpuna A,y Koropoii Bce 3Hauenus (2.1) — MaTPUIIBI OJJHOIO U TOTO ZKe pa3Mepa m X n,
HasbIBaeTcd J-mampuyets pasmepa m X n.

J-Marpuma A, y Kotopoit Bce 3Hadenus (2.1) — KBaJIpaTHble MATPHUIBI IOPAIKOB N, Ha-
3pIBaeTcs keadpammot J-mampuyed nopadka (nj, j € J).

J-Marpuna A, y kotopoii Bce 3Hadenus (2.1) — KBaJpaTHble MATPHUIIBI OJJHOTO U TOTO Ke
opsiJiKa 1, Ha3bIBaeTCs keadpammot J-mampuueti nopadka n.

9IcHO, 9TO MHOYKECTBO BCex J-Marpuil Hajg P coBmagaer ¢ MHOXKecTBOM MY (P), nsi 06o-
3HAYEHUsT KOTOPOTO MbI OyJIeM HCIOJIb30BaTh TakKe Oe3uHeKcHbIil cumBon M(J, P), To ectb
nonaraem MY (P)=M(J, P).

Onpenenenue 2.2. Ecim | > 2, 0 — nojacraHoBKa us S,
Ai S M(J,P),’L = ].,...,l
— Takue J-marpuipl Hag P, 9aro s aoboro j € J onpeneneHo Ipou3BeeHne

Y(5) = Ai(i)Ax(0(5)) - Ara (@2 (5)) Au(a™ (4), (2.2)

TO ITOJIOZKUM

[AlAQ ‘e Al]lyg“] - Y, (23)

riae J-marpuna Y ONpesiessieTcs ¢ moMomnsio (2.2).
Taxkum obpasom, (2.2) u (2.3) ompenensior Ha MHOX)ectBe M(J,P) "acTuaHyo [-apHYTO
OIEPAIHIO | |; 5.7, KOTOPYIO HHOTJIA JJIsi KPATKOCTH OY/IeM HA3BIBATH [-APHBIM [POU3BE/ICHIEM.

ameuanue 2.1. Eciau B onpenenenun 2.2 Bce 3HadeHns J-marpuil Aq, ..., A; SIBIAIOTCI Ma-
TpuaMu 1-ro mops/Ka, TO omnepanus | |, ONpejeneHa Ha aekapTopoil crenenn P7. Takmm
00pa30M, OIEpauio | |;, ; U3 ompejeseHns 2.2 MOXKHO CIHTATH 0O0OOIIEHIEM ONEPALN | |; 5. 7
u3 [4].
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Ananorndno GuHApHOMY CIydvaio, [-apHoe TpousBejenne (2.3) ompejiesieHO He Beerja, a
TOJBKO B TeX CJIydasX, KOTJa Jist JIOObIX COCETHUX COMHOXKHUTENeil B mpaBoii dactu (2.2),
YUCIO0 CTOJIOIOB MPEINIEeCTBYIONIEr0 COMHOXKUTEIS COBIAIAET C YUCIOM CTPOK IOCIEIYIOIErO
COMHOXKUTEJIS.

ITpumep 2.1. Ilycrs (=3, J=N, 0 — noacranoBka MHOxKecTBa N, mepeBoJisiiliee HEUYETHOE
YUCJIO B CIeyIoNIee 3a HUM YHUCTIO0, & YeTHOE YUCIO — B IPEJIIeCTBYIONIee eMy YNCIO0, TO €CTh
o(j) =7+ (=1 ana moboro j € N. Ilycrs Takske

A=A =Uy, Aa=U;", A3 =Uy, Ay=U;", o0, Ao = Uy, A =U Y, o))
— kBajgpaTHag N-marpuna naj P, y KoTopoit KOMIIOHEHTBI
Age 1 =Uy, Ap=U."', k=12,...
SIBJISTFOTCST OOPATUMBIMU MATPUIIAMU TTOPSIIKA M)
B = (By, B, Bs, By, ... ,Ba,_1, Ba, ...)

— KBaJparHag N-marpuna HaJl P, y Koropoii ajst jroboro k=1,2, ... KOMIOHEHTHI Boy_1, Bay,
SIBJISIFOTCST MaTPUIIAMHU TIOPsIJIKA N, Hapumep, ng = k.
Tak kak mrs jroboro k=1,2,... BepHO

A(2k — 1)A(O’(2k’ — 1))B(O’2(2k — 1)) = A2k—1AO'(2k}—1)BO'2(2k—1) =
= Aoj—1 A2, Boy—1 = UpU, ' Bop—1 = Boy_1,
A(Zkﬁ)A(O’(Z’C))B(O’2<2k)) = AQkAO—(Qk)BO—Q(2k) = Ao Agp_1Bar = Uk_lUkng = By,

TO 7711 Jiioboro j € N orpejie/ieHO TpoOu3BeIeHne

[TosToMy, cornacHo ornpejieIeHuio 2.2
[AAB|;,~x = B.
B gactrocTH, eciu B= A o
[AAA]; ,n = A.
IIpumep 2.2. Ilycrs [ =3, J=7, 0(j)= — j st woboro j € Z. Tlycrs Takxe
A=(..,A;=U", .. A =U", A4A=E A =0, ..., 4=U; ...)

— KBaJpaTHas Z-marpuiia Hag P,y xkotopoit kommonenta Ay = FE — eluHuYHAs MATPUIA 1T0-
paaKa ng, 1 41 jaodoro j=1,2,... KommoHenTel A; n A_; ABIAIOTCA B3aHMOOOPATHBIMU Ma-
TPULAMHE HOPSIIKA 75}

B:(...,B_j,...,B_l,Bo,Bh...,Bj,...)

— KBaJpaTHad Z-MaTpuiia HaJ P, y KOTopoil 4714 /11000ro j € Z KOMIIOHEHTHI B; u B_; aBIA10TCA
MaTpHUIAMH HOPAJIKA 1.
Tak Kak mis j € Z onpeesieHO TPON3BeIeHIe

A(j)A(c(4)B(0°(j)) = AjAs(yBor) = AjA_;B; = U;U; ' B; = B; = B(j),
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TO, COIJIACHO OIIpeJiesIeHnIo 2.2

[AAB]3,0',Z - B
B wacrrocTH, eciu B= A, TO

[AAA]; .7z = A.

ITpumep 2.3. [Iycrs [ =3, J =N, ¢ — 1a ke nojcranoBka MHOKecTBa N, 9T0 U B ipumepe 2.1.
[Iycth Takxke

A= (AlaA27"'7A2k—17A2k7"')aB - (BlaB277"'7B2k—laB2k7"')a
C=(C,Cy,...,0n1,C,...)

— rtakne N-marpunsr Hag P, aro g jgwoboro k=1,2,...: y N-marpun, A u B nHedernbre
KOMIIOHEHTBI Agy 1 1 Bogp_1 UMEIOT pasMep my X Ny, a deTHble KOMIIOHEHTHI Aoy 1 Boy, mMeroT
pasmep ng X my; y N-marpuisr C #Hedernbie KOMIOHEHTHI (o1 UMEIOT pa3Mep my X My, a
JeTHble KOMIOHEHTBI (o, UMEIOT pa3Mep Ny X M.

Tak kak jts jiroboro j € N ornpesesieHo Tpou3BeIeHne

A(7)B(0(5))C(0*(j) = A;Bo(Coz(jy) = Dj = D(j),

KOTOPO€e NPU HEYETHOM j SIBJSIETCS MaTpPUIlEl pa3Mepa My . ..Mk, a IPpU YETHOM j sIBJISETCS
MaTpuIleit pazmepa ny X ng, TO onpefeneHa N-maTpuia

[ABC]J;,n =D,

KOTOpasi UMeeT TOT 2Ke pasmep, 91o u N-marpuia C.

ITpumep 2.4. Ilycts [ =3, J =N, 0 — ta ke nojcranoBka MHoxKectBa N, uTo u B nnpumepe 2.1.
[Iycth Takxke

A= (A17A27 v 7A2k717A2ka <. )7 B = (BI7B27 .- '7B2k717B2k7 <. )7

C= (017027"'702k—1702k7"')

— takne N-marpunpl Hag P, aro aas aoboro k=1,2,... HedeTHble KOMIIOHEHTHI Agp_1, Bag_1
1 Cyp,_1 UMEIOT pa3Mep My, X Ny, a 9eTHbIE KOMIIOHEHTHI Aoy, Boj 11 Cap, UMEIOT pasMep ny X my.
Tax xak a1 ao6oro j € N ompeaeaeHo MPOU3BEIEHIE

A(§)B(0(7))C(0°(7)) = A;Bo(j)Co2(j) = Dj = D(3),

KOTOpOe TIpU HEUYETHOM ] <BJIETCS MaTpuileil pazMepa my X Ng, a MPU YETHOM j BJISETCH
MaTpulleil pasMepa ny X My, TO onpejenera N-maTpuiia

[ABC]|;,~ =D,

KOTOpasl mMeeT TOT »Ke pasmep, 9ro u N-marpunsr A, B u C.

[IpuBeéHHBIE PUMEPDI JOIYCKAIOT pas3andHblie 0000IeHus . [Ipexk e, ueM MpuBecTH OIHO
u3 Takux o6obumenuit, HamomuuM [15], uro m x n marpuna A1 HasbiBaercs MceBIOOOPATHOl
JUTsT M X M MaTpuIel A, ecin

AATA = A AY = UA* = A*V,
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rme U u V — Hekoropble marpuilsl, A* — compsikenHas marpuna misa A. [lceBmoobparabre
MaTpUIbl 06/1a/1a10T PSAJIOM CBOHCTB, M3 KOTOPBIX HaM TOHanobuTcs cieayiomiee (AT)T = A,

IIpumep 2.5. [lycTb mOpsiJIOK MOJICTAHOBKU 0 MHOYXKECTBa J paBeH JIBYM, a €€ HOCUTE/Ib COBITa-
JIae€T ¢ MHOYKECTBOM J, TO €CThb MHOXKECTBO J SBJIAETCH JU3BbIOHKTHBIM OObLEINHEHUEM IBYX-
9JIEMEHTHBIX MHOXKECTB {Pg, ¢k }, TJe k mpoberaer HEKOTOPOE MHOXKECTBO A, Ha KayKJIOM U3 KO-
TOPBIX TOJICTAHOBKA 0 WHJYIUPYET TPAHCIIO3UIIUIO, TO €CTh 0 (Pk) = gk, 0(qx) = pr. Onupemennm
J-marpuiy A Hag P takum obpasom, uto ecan A(py) — MaTpuia pasmepa my X ng, 10 A(gy)
— 1iceBI0OOpaTHASL JJIsl Heé MaTpulla pasMepa ny X my, 1o ectb A(qg) = (A(pg))™.

Tak kak o2 — ToKIecTBeHHas TojcTanoBka u, kpome toro, ((A(px))™)™ =A(py), To ma
qoboro k € A mmeem

A(pr) = Ape) (A(pr) " Alpr) = Apr) Alqe) Alpe) = A(pr) Al (pr)) A0 (pr),

Algr) = Alqe) (Algr)) " Algr) = Algr) (Alpr)) ") " Algr) =
= A(qx)A(pe) Algr) = Alqr)Alo(qr) Alo* (gr),

TO JjIst JIIoboro j € J onpejiesieHo mpon3Be/ieHne

[TosTomy, coryacHO ompesesieanio 2.2
[AAA];, ;= A.
Jlerko mpoepsieTcs, 9To /s JII0OOT0 HEYeTHOTO [ CIpaBeJTMBO PABEHCTBO

[A.;.A]LGJ:A,

u3 KOTOPOro npu | =3 mosydaeTcs IpeIblIylee PaBeHCTBO.

Sameuanue 2.2. Eciu B npumepe 2.5 s 106oro k € A MONIOXKATD My, =Ny, TO J-MaTpPUIIBI
A(pr) 1 A(gy) ABIAIOTCA B3AaNMOOOPATHBIM.

Sameuanue 2.3. Eciu B npumepe 2.5 nojoxuth [ =3, J=N, A=N, 0 — Ta Ke m0JICcTaHOBKA
mHOKecTBa N, 94To 1 B ipumepe 2.1, To MHOXKeCTBO N SABJIsIeTCsl U3 BIOHKTHBIM 00beInHEeHNEM
JIBYX3JIEMEHTHBIX MHOXKecTB {2k — 1,2k}, rme k € N, Ha KaKJIOM 13 KOTOPBIX MOJCTAHOBKA O
uHIyupyet Tpancnosuimo. Ecin ganee A(py) = A(2k—1) — kBaJpaTHas MaTPUIA TTOPSAIKA N,
o A(qy) = A(2k) — obpaTnas 114 Heé Marpuna, To ectb A(2k) = (A(2k —1))~L. B pesybrare
nosydaeM paseHcTBO [AAA]; . n = A u3 npumepa 2.1.

ITpennoxenune 2.1. Ilycmv — P — accouuamusroe Koavuo,
A,eM(JP), m=1,...,21—1,

l

o — nodcmanosra u3 Sy, ydosaemeopaowasn yciosur o =o. Tozda, ecau onpedenena J-

MaAMPUYQ

(AL Al s At - Agi)io,, (2.4)

mo oas aobozo i=1,...,1 — 1 onpedeaena J-mampuua

Ay AiJAii - Ao g Aivisr - Aoitiog (2.5)
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U 6EPHO PABEHCMEB0O

(A1 Ao g A Aga]ieg =

(2.6)
=[A1. . A AL Ai+l]l,o,JAi+l+1 . -A2l71]l,a,J-

oxazameavcmeo. Ilycrs onpesenena J-marpuna (2.4) u 0og0KuM
AL Ao sArr - Ay a)ie s =R,

A Ay =Y.

Torna aaa moboro j € J, HCHOAb3ys PABEHCTBO 0! = ¢, Oy M

R(j) = Y(5)Au1(0(5)) - .- Aga(0'7(5)) =

= A1(j)A2(0(j)) - A0 () Arsa (o )) Aga(071()) =

= A1 (j)Az(0(7)) - - Ai(e*1(5))

Ait1(0(7) Aira(0"H(d )) VG ( NAL(0() - - Aialo'(4))
A (ot ( ) - Ana(0'1())) =
= A1(j)A2(0(5)) - .- Ai(0"1(5))

A1 (0 () Aiya(01(5)) - - Ay(o™ (5 ))Az+1(Ul(J)) Aipi(o1(3))
A (0H(F)) - Aga(0'71()))
Ai(j)Az(0(4)) - - Ai(a" (7))

Ai+1(0i(j))Ai+2(U(0i( ) - Ay(d (" (4))) - - Aia(aH (0 (5)))
Aivi1(0(5)) - A (071(5)),

TO €eCTb

R(j) = A1(j)As(a(j)) .. Ai(0"1(4))
Ai1(0'(7) Aiia(0(0'(5)) - - Au(a (0 (7)) - - - Avia(0 (07 (4))) (2.7)
A1 (0()) - Aaa(0171())).
[ToM0?KIM B TIOCTIEIHEM PABEHCTBE

Z(0'(5)) = Aia(0' (1)) Air2(0(0' (1)) - - AT (0" (7)) .- Ava(0' (o' (4))). (2.8)

Ecmu j npoberaer Beé MHOKECTBO J, TO 0() Takzke mpoberaer Beé MuOkKecTBO J. [TosTomy n3
(2.8) cemyer, uTo onpejesena J-marpuna

A1 Aoy = Z.
[Toncrasus (2.8) B (2.7), momyanm
R(j) = Ai1(j)A2(0(j) .. A(0" (1) Z(0" (7)) Airira (0 (1)) - .- Aua(0'71()),

a 9TO 3HAYUT, 4TO cyiiecTByer J-marpuiia (2.5) u BepHo paBeHcTBO (2.6). [Ipemmoxenne moka-
3aHO.

IIpennoxkenmne 2.2. [Iycmv P — accoyuamusroe x0avbuo,

A, eM(J,P), m=1,...,2—1,
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o — nodcmanoexa u3 Sy, ydoeaemeopaowan ycaosuro ol =o. Tozda, ecau 0as HeKOMOPO20

i=1,...,1 —1 onpedenena J-mampuua (2.5), mo onpedesera J-mampuya (2.4) u éepro (2.6).
Joxazameavcmeo. [lycrs onpenenena J-marpura (2.5) 1 MOI0KAM

A AJA Ao A - Agca)ies = S,
IyCTh TaK K€, KaK U B JOKA3aTeJIbCTBe MpeIIoyKenus 2.2,
Ay Aiilios = 2.
Torpma s sroboro j € J BepHO

S(J) = A1(j)As(a(j)) .. Ai(0 1 () Z(0" (1) Aigi1 (a7 () - .- Aga(071())) =
= A1(j)Ax(0(j)) .- Ai(a" (7))
Aii1(0'(5)Aisa(0(0°(5))) - - - Au(a™ 17 (0(5))) - - - Asa(0' (0" (4)))
A1 (0(7)) - Aga(0171())
= A1(j)A2(0(j)) - Ai(*1(4))
A1 (0 () Aira(a1(4)) - A" (7 ))Al+1(0l(3)) A ()
Airi41(0™(G)) - A (0'71())) =
= Ai(j)A2(0(4)) - Ai(0* 1 (H)
A1 (0 (1)) Air2(0™1(5)) - - A0 (5) Assa (0 (7)) - - - Aia(0?(5))
Airi41(0™(G)) - Aga(0'71())) =
= A1(j)As(0(4)) - A0 (1) Ao (5)) - - - Az (01 7(3)),

S(j) = A1(j)A2(0())) ... Au(0" () Ar1(0(h)) - . . An1 (a1 (5)). (2.9)
HOJIO}KI/IM B I1O0CJIeIHEM paBeHCTBe
Y(5) = A1(j)As(o(5)) - .. Ayla™ (1)), (2.10)

U3 (2.10) BuaHO, 9TO CyIecTByeT J-MaTpuia
[Al . Al]l,a,J =Y
co sunauennsMu (2.10). Ioxcrasus (2.10) B (2.9), moxyunm

S(J) = Y(1)Au1(0()) - .- Ana(0"1()),

a 9TO 3HAYUT, 4TO cyliecTByer J-marpuiia (2.4) u BepHo pasencrso (2.6). IIpemnokenue noka-
3aHO.

[Ipegnoxenust 2.1 u 2.2 MO3BOIAIOT CPOPMYIUPOBATH CJIEIYIONLYIO TEOPEMY.
Teopema 2.1. [lycmv P — accouyuamusroe xoavuo,

A, eM(P), m=1,...,21—1

Y

o — nodcmarosxa u3 Sy, YI0EAEMEOPAIOULAA YCAOEUIO O

1=0,1,...,1 — 1 onpedesena J-mampuua

=o0. Toeda, ecau Oaa HeKomMopozo

Ay A A Aitio g Airirr - Agii)ie s
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mo dasa awbozo 7=0,1,...,1 — 1 onpedeaena J-mampuya
(A Aj[A Ao A - Ascie,
U BEPHO PABEHCMEO

[Al LA [Ai_,_l - Ai+l]l?g7JAi+l+1 .. -A21—1]l,a,J =
- [Al e A] [Aj+1 e Aj+l]l,J,JAj+l+1 e A—2l—1]l,o’,]-

[Monaras B reopeme 3.1 J={1,2,...,k}, noayaum
Caencreue 2.1 [8]. ITyemo
A=Aty Apg), m=1,...,21—1

— k-KOMNOHEHMHDIE BEKMOP-MAMPUUDL HAOD ACCOUUAMUBHDIM KOALUoM P, o — nodcmanoska u3
Sy, ydosaemeoparouas ycaoeuwo o' =o. Tozda, ecau daa nexomopoeo i=0,1,...,1 — 1 onpede-
NEHA K-KOMNOHEHMHAA BEKMOP-MAMPULAL

A A A Aok Asriir - Agtiok,
mo dasa aobozo 7=0,1,...,1 —1 onpedesnena k-xomnonenmmas 6eKmop-mampuya

A AGA Aok A - Ag i,
U BEPHO PAGEHCIMEBO

A A A Aok Aiiir - At ior =
=[A1 A A Aok A - Aga]ioke
Tak Kak /100as MOJCTAHOBKA 0 € S 7, TIOPSAI0K KOTOPOii HE TIPeBOCXOANT 2 (KayK/Iblil He3aBUCH-

MBI IUKJI IIOACTaHOBKHM O ABJIACTCA JI60 TO}K,HGCTBGHHOIL/'I HO,H,CT&HOBKOIL/'I, JI60 TPpaHCIIO3SUIIN-

eit), yJIOBJIETBOPSIET YCIOBHIO 0% =0, 10, monaras B TeopeMe 2.1 | =3, momyunm

CrnencrBue 2.2. [fyemvA . B,C, D u E — J-mampuyve nad accoyuamusnvim xorvuom, P, o
— nodecmanoska u3 Sy, nopadox xomopot ne npesocrodum 2. Tozda, ecau onpedesena odna u3
J-mampuy

[[ABC]s, /DE];, s, [A[BCD];,  E]3 5.5, AB[CDE];, /|3.0.7

mo onpedesenvr u dse dpyaue J-mampuusl U epHbL PABEHCMEN

[[ABC]3,O',JDE]3,O',J = [A[BCD]3,U,JE}3,U,J = [AB[CDE]?),U,J]?),J,J-

3 [-Apnas noayrpymma M, (J, P)

O6osnaunM depes M,,(J, P) — MHOXKECTBO BCEX KBaIPATHBIX J-MaTPHUIl HOPSIKA N HAI acco-
n )

UAaTUBHBIM KOJiblloM P. flcuo, uro muOXKecTBO M, (J, P) coBajgaer ¢ JeKapToBOil CTENeHbIO

mHO)KecTBa M, (P) Beex KBaJIPATHBIX MATPUI] N-I'0 MOpsiika Ha P:

M,,(J, P) = [[Ma(P) = M](P).

jeJ

Hamomuum, uro [-apubiii rpynnonn < A, [ ] >, B koropom mis jioboro : =1,2, ..., — 1 BbImos-
HsIETCSA TOXKJIECTBO

[[(Il Ce al]al+1 .. ag_l] = [(11 e ai[aiﬂ ce ai+l]ai+l+1 .. agl_l],



262 I'mnepkomiiekcHbie ncia B reomerpun u cusuke, 2 (20), rom 10, 2013

HasbIBaeTcst [-aproti noayepynnoti, a l-apHas omepaius | | B 9T0M cjIydae HA3BIBACTCA GACCOUU-
amueHol.

CorsacHo Teopeme 2.1, ecim TOACTAHOBKA 0 € S; YIOBIETBOPAeT YCIOBHIO 0=, TO
< M, (J,P),]| lios > — l-apuaz nmomyrpynma. Crpoenne 9roif [-apHOil MOTyrpyNIbl KOHKDe-

TU3UPYET CJIeAYIoIas

l

Teopema 3.1[4]. ITycmo | > 2, nodemanoska o us Sy ydosaemeopsem ycaosuro o' =o. Tozda:

1. <M, (J,P),[ lio.s > — l-apnas noayepynna;

2. ecau m>2, mo sma l-apras nosyepynna nenoiyabeesa;

3. ecau o — nemosicdecmeennan nodcmanoska, mo 6 amot l-aproti noayepynne nem edunuy,
[Tonarast B reopeme 3.1 J={1,2,...,k}, noxyunm

l

CaeacrBue 3.1. ITycmo | > 2, nodcmanoska o u3 Sy ydosaemesopsaem ycaosuro o' = o. Toraa:

1. <M, (k,P),| ok > — l-apnaa noayepynna;

2. ecau n =2, mo ama l-apras noayepynna nenoayaberesa;

3. ecm 0 — Hemoorcdecmeertas nodcmanoska, mo 6 amot l-aprot noayepynne nem eduru.
[Tonaras B Teopeme 3.1 J = N, nosyanm

l

CaenctBue 3.2. [lycmov [ > 2, nodcmaroska o u3 Sy ydosaemsopsem ycaosuro o' =o. Tozda:

1. <M, (N, P),[ hon > — l-apnas noayepynna;

2. ecau n>2, mo ama l-apraa nosyepynna HeNoAYabesesa;

3. eciin 0 — HemoKHcIecmeeHHas nodcmaHoska, mo 6 amot l-aproti noayepynne wem eduHuly.
[Tomaras B Teopeme 3.1 J =7, mosyanm

l

CraenctBue 3.3. I[Iycmo 1 > 2, nodecmanoska o u3 Sy ydosaemeopsaem ycaosuro o' =ao. Toeda:

1. <M,(Z,P),] oz > — l-apras noayepynna;
2. ecau m>2, mo sma l-apras nosyepynna Henoayabeesa;

3. ecau o — nemostcdecmeennas nodcmarnosra, mo 6 amodt l-aprotii noayepynne nem eduruy.

B sr060it mostyrpytimne MaTpuIL Bce 9J1eMeHThI ABISAI0TC KBQIPATHBIMUA MaTPUIIAMU OJHOTO U TO-
r'o Ke mopsijika. B To ke BpeMs, Kak MOKa3bIBAET CJIeAyIONas TeopemMa, Ipu [ > 3 CyIecTByOT
[-apHble TIOJYTpyNIbl J-MAaTPUIl TAKWE, YTO BCE WX JIEMEHTHI He TOJBbKO He ABJIFIOTCH KBa-
JIpaTHLIMU J-MaTpUIIAMU, HO M BCE KOMIIOHEHTBI STUX SJIEMEHTOB HE SBJIAIOTCH KBaIPATHBIMU
MaTpHUIIAMH.

Teopema 3.2. ITycmwb mrooicecmso J asasemcea dudsronkmmvim 00sedunenuem 08YTrIAeMEHM-
Hox muootcecms {pr, qr}, 2de k npobezaem mexomopoe mnoorcecmso A, ma xasrcdom u3s xomo-
PULT NOOCMAHOBKA T UHOYUUPYEM MPAHCNO3ULuI0, mo ecmb o (pr) = qk, 0(qx) = pg. Q603Ha UM
wepes L mmoorcecmeo scex J-mampuy, A Had accoyuamusHuMm Koavuom P maxuz, wmo oas
1106020 k € N snauenue A(pg) asasemes mampuuets pazmepa my X g, a 3naverue A(qy) A6a-
emes mampuyet padmepa ng X my. Toeda das 106020 newémmoezo | mmuooscecmeo L samxnymo
ommocumesvno l-aproti onepayuu | |17, a ynusepcarvraa aseebpa < L[ |1, 5 > Acasemca
I-aproti noayepynnod. Ipu smom J-marpunst A € L, y xomopwx das awobozo k€ A 3nauenue
A(qr) — ncesdoobpamnas mampuya das mampuyve A(py), asairomes udemnomenmamu smot
[-aproti noayepynnol.
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Zloxaszameavcmeo. llyctb
A,eL, m=1,...,l=2s+1, s>1.
Torna mys soboro j € J nmeem

(A1 Ao () =
= A1 () Ax(0(5))As(02() Au(0°(5)) . Ara(0'(5)) Ara (02 () Au( 1 () =
= A1) Ax(0 (1) A3 () As(()) - Az1(§)Ass(0(5)) Asia (),

TO €eCTb

[Ar . Ao a(f) = A(5)As(0(4) As(i)As(o(f)) - - - Aas1(j)A2s(0(f)) Agsy1(d)-

[Iycrs mas onpenenénnoctu j € {p, g} st Hekoroporo k € A. Eciu j = py, 10

[A1 e Al]l,a,J<pk) = Al(pk)AQ(Qk)A3(pk)A4(Qk) e A2s—1(pk)A25(Qk)A2s+1(pk)-

Tak xKak MaTpPHUIIbI

Ay (pe)Az(qr), As(pe)Aslar), - - Ags—1(pr) Azs(qr)

SIBJISIOTCA KBAJPATHBIMI W HMEIOT DasMep my X My, a Marpuna Asggiq(pr) mMeer pasmep
My X ng, T0 Marpuiia [Ay ... Ayl , 7(pr) TakKe UMeeT pasMep my X ny.
Anajiorngso, ecim j = q, TO

[Al e Az]l,o,J(Qk) = Al(Qk)AQ(pk)A3(Qk)A4(pk) e A2s—1(Qk)Azs(pk)Azs+1(Qk)-

Tak Kak M ATPUIbL

Ay (gr)Az(pr), As(qr)As(pr), - -+ Aos—1(qr)Aas(pr)

SIBJISIFOTCS KBAJPATHBIME 1 IMEIOT Pa3Mep Ny X Ny, a MaTpuia Ao, 1(gx) IMeeT pasmep ny X my,
to Marpuna [A; ... A s(qr) TaKKe nMeeT pazMep ng X Mmy.
Takum obpasom,
[Al ... Al]l,a,J €L,

TO €CTh MHOKECTBO L 3aMKHYTO OTHOCHTEILHO [-apHoii onepanut | |, ;. CorsacHo Teopeme 2.1
yHuBepcasbHas anrebpa < L, [ ], 7 > aBisercs [-apHOi HOIyTpyNIOit.

[Iycrs Temeps A — J-marpuna u3 L, y kotopoii gist siioboro k € A snauenne A (gy) sBasgercs
nceB0o0paTHol MaTputeii s marpuibt A (pg), o ectb A(gr) = (A(px))". Torma

[A.. A ,s0) =
= (... (A()A(e(4)A(?(4))A(G*(5)A(c*(5))) - - - A(6"2(5))A(d'1(4))
-1
=(..(A(G)A(c(h)AU)A((1)A)) .- - Ala(4)))AQ),
-1

TO €CTb
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[Iycre mas ompenenéunoctn j € {pg,qr} maa mexoroporo k€ A. Ecmu j=pg, T0, ucnonb3ys
pasenctBo A(gx) = (A(pg))™, monyuaum

A Alios(pr) = uA(pk)A(qk)A(pk))A(qk)A(Pk)) - Algr))Alpr) =

l s—1

= (o (AP (Ae))TAlpr)) (A pe))TApr) - (Alpr)) ) Alpr) =
=(- (A(pk)E_l(pk))+A(pk)) o (A(pe)) ) A(PE) = - = Alpr) (A(pr)) " Alpr) = Alp),
iney

[A C A}Z’O—?J(pk) = A(pk)

l

Ananorununo, Eciu j = g, 1o, ucnonb3ys paseHctso A(pg) = (A(gx))™, momyaum

(A Alioa(qr) = uA(Qk)A(Pk)A(qk))A(pk)A(Qk)) o Alpr)Algr) =

= (- (Alge)(Algr)) T Algr))(Algr) T Algr)) - - (Alg)) ") Algr) =

oy
= (- (A(gr)(Agr) T A(gr)) - - (Algr)) ) A(gr) = -+ = Alge) (Algr)) " Algr) = Alar),
ey

[A Ce A]Z’O—’J(qk) = A(qk)

l

Takum obpaszom, s Joboro j € J BepHO

A Aliosi) = AG),

l

TO €CThb
A Al,;=A.

—
l

CienoBarespHOo, A — maemmnorenT [-apHoil moayrpynnel < L, | ;.7 >. Teopema nokazaHa.
) ? ) 7J
[Tomarast B Teopeme 3.2 my =m, n, =n ajg awobdoro k € A, mosryanm

CnencrBue 3.4. Ilycmv mmoorcecmeo J asasemcea dudsronkmuvim obseduneruem 06yrane-
mermuux mroocecns {pr, qr}, 2de k npobezaem mexomopoe mmoorcecmso N, na xasrcdom us
KOmopwux nodcmanoska o undyyupyem mparcnoduyuro. Qbosnavum veped L mroorcecmeo ecex
J-mampuy A nad accoyuamusnvim Koavuom P maxuz, wmo das aobozo k € A snavernue A(py)
ABAAEMCA MaAMPUUET, pazmepa m X n, a snavernue A(qy) Asaiemes mampuyed pasmepa n X m.
Tozda s 106020 newémmozo | mroocecmso L samrxnymo ommocumenvho l-aproti onepayui
[ lio.7s @ ynusepcasvian aneebpa < L,[ |15 > aeasemea l-apnot noayepynnoti. Ipu smom
J-mampuyoe A € L, y komopuix das aobozo k € A snauenue A(qg) — ncesdoobpammnas mampu-
ya das mampuyv, A(py), asaaromes udemnomenmamy, 2moti l-aphot noayepynnoL.

Tak kak 1ceBmooOpaTHas MaTPUIA I KBaIPATHON HEBHIPOXKIEHHONH MaTPUIILI COBIAIAET
¢ eé obpaTHOI MaTpuIleii, TO rmoylarasd B TeopeMe 3.2 my, = ny, JJjis jiroboro k € A, moxyanm

CrnencrBue 3.5. [lycmv mmoocecmeo J asasemca 0udsronkmuuim obseduneruem 06yxrane-
mermuux mroocecns {pr, qr}, 2de k npobezaem mexomopoe mmoorcecmso N, na xasrcdom us



A.M. TI'anpmaxk Ilomumagmdeckne onepamnuu Ha MHOXKECTBAX MATPHIHO3HAUHBIX (DYHKITHET 265

KOMopur nodcmanoska o undyyupyem mparcnoduyuto. Qbosnavum veped L mrnoorcecmeo ecex
J-mampuy, A nad accoyuamushoim koavyom P maxuzx, wmo dan aobozo k € A snaverus A(py)
u A(qr) A6AA10MCA KEAOPAMHBLMU MAMPUUAMYU PASMEPA Ny X Ny, To20a das 4106020 Heuémmozo
[ mnoorcecmeo L samrnymo omnocumenvno l-apnoti onepayuis | |1 5.5, @ yHusepcasvras anrzebpa
< L,[ |io.g > asaaemca l-aprot nosyepynnot. Ipu smom J-mampuywn, A € L, y xomopwix das
mobozo k€ A snavernue A(qy) — obpamnas mampuya das nesvipostcdernnot mampuuve A(pg),
ABAAOMCA udemnomenmamu, 2moti l-aproti noayepynnot.

[Toaras B cnencreun 3.5 ny =n ajd awobdoro k € A, mosryanm

CrnencrBue 3.6. I[lycmv mmoocecmseo J asasemcsa 0ussronkmusim 06sedureruem de8yxrane-
MeHmuor mroscecms {pr,qr}, 2de k npobezaem nexomopoe mmoorcecmso N, na xasrcdom us
Komopwuix nodcmanosra o undyyupyem mparcnoduyuro. Qboznavum vepes L mrnooicecmeo ecex
J-mampuy A nad accouuamusnvim Koavuom P makuz, wmo das aobozo j € J s3navernue A(j)
Asasemea keadpammuoti mampuueti pazmepa n X n. Tozda drs 1106020 newemmozo I MHOMHCECNBO
L samxnymo omnocumenvno l-apnot onepavyuu | 1.7, a ynusepcanvran aneeopa < L, [ ] 55 >
asasemcs l-aprot noayepynnot. Ipu smom J-mampuyve A € L, y xomopwz das aobozo k € A
snaderne A(qx) — obpamnas mampuya 0aa neswviposicdernnot mampuyv, A(pg), AsaAOMCA
udemnomernmamu, 3moti l-aprot nosyepynoL.

Cuwuras B Teopeme 3.2
J={1,2,....2r—1,2r}, Apw,ax}={2k—1,2k}, A={1,...,r}, r>1,
o(j) =7+ (=1 ana moboro j € J, momydum

CaencrBue 3.7. [Tycmo na mnoorcecmee {1,2,...,2r —1,2r}, ede r > 1, deticmsyem nodcma-
HOBKA T, NEPEBOOAULAA HEYEMMHOE YUCAO 8 CAIYIULee 3G HUM YUCAO, G HEMHOE “UCAO — 6
npedwecmsyrouwee emy wucao. Qboznavum wepes L mmoocecmeo ecex sexmop-mampuy

A = (A1, Ay, ..., Agr1, Ay

Had accoyuamuervim Kosvuom P maxux, wmo odas aobozo k=1,...,r xomnonenma Agg_1
ABAACNCA MAMPUUET PaZMePa My X Ny, @ KomMnowenma Aoy asasemces mampuueti pasmepa
ng X mg. Toeda das a106020 newémmozo | muoocecmeo L 3amrnymo ommocumenvro l-aproti
onepayuts | |1o.2r, 0 ynusepcarvras aseeopa < L[ |0, > Aeasemea l-apnotd noayepynnod.
Ipu smom sexmop-mampuuve A € L, y xomopwx das das awbozo k=1,...,r Komnonenma
Aoy, — ncesdoobpamman mampuuya OAL KOMNOHEHMbL Aog_1, ABAAIOMCA UOEMNOMEHMAMU IMOT]
l-aproti noayepynnoL.

[Tonaras B cieacrsuu 3.7 mp =m, ng=mn 1jid jgodoro k=1,...,r, moJgydum

CaencrBue 3.8. [Tycmo na mnoocecmese {1,2,...,2r —1,2r}, 2de r > 1, deticmeyem nodcma-
HOBKA O, NEPEBOOAULAA HEUETNHOE YUCAO 6 CACOYWWEE 304 HUM YUCAO, G YeMHOE YUCAO — 6
npedwecmsyrouwee emy wucao. Qbosnavum weped L mmoocecmeo ecex sexmop-mampuy,

A = <A17A27 PN ,A2T717A2T)

HA0 ACCOUUAMUBHBM KOALUOM P maxux wmo das aobozo k=1, ... r kKomnonenma Asg_1 A6AA-
emes Mampuyets paamepa m X n, a KOMnowewma Asg ABAACMCA Mampuyet pasmepa n X m.
Tozda Onsa a106020 newémmozo | mmoocecmso Lo samxnymo omuocumenvro l-aproti onepa-
yuul igor, a yrusepcarvrasn aseebpa < L[ |50, > aeasemeca l-apnoti noayepynnot. Ipu
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amom sexmop-mampuuve A € L, y xomopwx das awbozo k=1, ... r xomnonenma Asy — nces-
d00bpamHas MAMpPuUa 048 KOMNOHEHMb, Aog_q, AsAf0mMeA udemnomenmamy, 2moti l-aprot
NOAY2PYNNLL.

[Tonaras B cieacrsum 3.8 r=1, moaydum

Caencrue 3.9. [Tycmo (12) €8Sy, L — wmmooicecmso ecex sexmop-mampuy A = (Ay, As)
HA0 ACCOUUAMUBHBIM KOALUOM P makxuxr wmo xwomnonenma Ay asasemcsa mampuueti padmepa
m X n, a komnonenma Ag asasemcsa mampuueti pasmepa n X m. Tozda drs A106020 Heuémrozo
[ mmoorcecmeo L sammrymo ommocumenvro l-apnoti onepavuu | Ji(12)2, @ YHueepcarvnas ai-
eebpa < L,[ |1 (12)2 > asasemcsa l-apnoti noayepynnot. Ipu smom eexmop-mampuyov, A € L,
Y Komopwux Komnonenma As — ncesdoobpammas mampuua oas KomnoHenmor Ay, ABAAOMCA
udemnomernmamu, 3mot l-aproti noayzpynnol.

3ameuanue 3.1. U3 crencTBust 3.7 MOXKHO U3BJIEYDb CJIEICTBHUSI, AHAJOIUYIHbBIE CJIEICTBAAM 3.5
u 3.6.

4 llonnas nuHeliHada [-apHada rpynmna

Hamomuum (1], uro l-aprast noayrpynna < A,[ ] >, B KoTopoii jis mobbX ai,...,a;, bE A
pa3peInMbl ypaBHeHIA
[zag...aq)) =b,[ar...a;_1y] =0,

HasbIBaeTCs [-apHoti epynnoi.

O6oznaunm uepes GL,(J, P) MHOXKeCTBO BCeX KBaJPATHLIX J-MATPHI] N-TO MOPsIKA HAT
aCCOIUATUBHBIM KOMMYTATUBHBIM KOJBLOM P ¢ eIuHUIel, y KOTOPBIX BCE 3HAUCHUS OOPATUMBI
B KoJblle M, (P). [ousaruo, uro muoxecto GL,(J, P) MOXKHO OIpeJenTh, KAK MHOKECTBO
BCEX KBaJIPATHBIX J-MATPHIL N-IO HOPAIKA HAJl aCCOIMUATUBHBIM KOMMYTATUBHBIM KOILIOM P
C eMHUICH, Y KOTOPBIX OIpPeIeInTe b KasK bl KOMIIOHEHTEI 0OpaTuM B Kojble P.

dcro, uro GL,(J, P) cosnamaer ¢ nekapTopoii crerenbio GL? (P) mommHoit mumeiinoit rpymmb:
GL,(P).

Haee BO BeeX yTBEPXKICHUAX 3TOTO pasiaesna P — acconmaTnBHOE KOMMYTATHBHOE KOJIBIIO C
eIMHUIECH, I 0003HAYeHNs] MHOXKECTBA BCEX OOPATUMBIX 3JIEMEHTOB KOTOPOI'O HCIOJIL3YeTCs
cumBos P*.

Hnmeer mecTo

Teopema 4.1[4]. ITycmv 1 >3, n > 2, nodcmanosxa o uz Sy ydosaemeopaem ycaosuro o' =a.

Tozda:

1) ynusepcanvran anrzebpa < GL,(J, P), [ |100 > asasemca l-apnoti nodepynnod l-aproti no-
ayepynno, < My, (J, P), [ 100 >;

2) l-apnas epynna < GL,(J, P),[ 100 > umeem nycmot noayyenwmp HZ(GL,(J, P),| |io.y)
ABAAEMCA HEnoayabesesol, 6 wacmmnocmu, neabenesot;

3) ecau nodcmanoska o — wemoorcdecmeennas, mo l-apnas epynna < GL,(J, P),[ |isg >
umeem nycmot yenmp u 6 netl nem edunuy;

4) ecAU nodcmarnoska o — m09f0860m66HHO,ﬂ, mo
Z(GLn(Ja P)a [ ]l,U,J) = {A € GLn(‘L P) | A(]) = qu’rw u] S P*aj € J}a

E(GLn(JJ P); [ ]l,U,J) - {A € GLn(J7 P) | A(]) - U’]Enu ué’il - ]-7.7 S J}7

ede B, — edunuunas mampuya uz GL,(P), 1 — edunuya noas P.
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Takum o6pazoM, cormacHo yTBepzxaeHuto 4) reopemsr 4.1 J-marpuna A € GL,(J, P) npuna-
nexur uenrpy Z(GL,(J, P),[ |i.s) l-apuoit rpynnst < GL,(J, P),[ |y > TOrma n Toabko
TOrJIA, KOTJa BCE ee 3HAYeHUs fABJIAOTCS CKajaapHbiMu Marpunamu u3 GL,(P); J-marpuna
A € GL,(J, P) aBnserca enuuanueit 8 < GL,,(J, P),| |i»,s > TOrma u TOIBKO TOLA, KOLIa BCe
ee 3HAUEHUs sIBJISIIOTCS CKATApHbIME MaTputiamu 13 GL, (P), nopsaaok koropsix gemut [ — 1.

[Monaras B yrBepxaenun 1) teopemst 4.1 J={1,2,...,k}, moayunm

Cunencreue 4.1 [16]. Ecau nodcmanoska o €Sy, ydosaemeopaem ycaosuro o' =o, mo

< GL,(k, P),[ liox > — l-apnas epynna.

[Toct wmaywan [l wacrmbii ciayuait l-apmoit rpynost < GL,(J, P),[ |i,s > mupm
J={1,2,...,k},l=k+1,0=(12...k), P=C — nose komiiekcubix ances. [Ipu srom (k4 1)-
apuyio rpymy < GLy,(k, C)[ Jx41,(12..k )& > OH Ha3BIBAJI IO/IHOM JuHeiiHOM (K 4 1)-apHoil rpyn-
OW.

Cunencreue 4.2 [1|. Ecau k>2,n>2, mo < GL,(k,C), [ |k+1,12..0) 6 > — l-apraa epynna.

O6o3naunm vepes SL,(J, P) muoxkectBo Beex J-marpur u3 GL,(J, P), y KOTOPBIX OImpe/ie-
JINTEJIN BCeX 3HAYEHUI paBHBI €IMHUIE aCCOIUATUBHOIO KOMMYTATHBHOI'O KoJblla P ¢ equHu-
eit. flcHo, uro muOXKecTBO SL,, (J, P) coBIIaIaeT ¢ IEKAPTOBOI CTEIEHBIO SL;{(P) crenuaJbHOI
muHeitHoit rpynnel SL, (P). Crnpasegmsa

Teopema 4.2 [4]. I[Tycmv 1> 3, n > 2, nodemanoska o us S ydosaemeopaem ycrosuro o' =o.

Tozda:

1) ynusepcarvras anrzebpa < SL,(J, P),[ |00 > aeasemea l-apnoti nodepynnot I-aprot epyn-
noe < GL,(J, P),][ liog >;

2) l-apnas epynna < SL,(J, P),| |ie.s > umeem nycmoti noayuewmp HZ(SL,(J, P),[ |i00) u
ABAACTNCA HENoAYabenesoti, 6 wacmnocmu, Heabenaesot;

3) ecau nodcmanoska o — nemoorcdecmeennan, mo l-apnas epynna < SLy,(J, P), [ |i0,0 > umeem
nycmoti uenmp u 6 Hetl Hem eQuHUY;

4) ecau nodecmanoska o — moAcOeCMEEHHaA, Mo
Z(SLo(J, P), [ 10s) = {A € SLo(J, P) | AG) = wBn, w € P*, j€J},
E(SL.(J, P), [ lio.s) = {A € SL.(J,P) |A(j) = u;By, uj' =1, j€J},
ede E,, — edunuunas mampuya uz GL,(P), 1 — edunuya noss P.

Bameuanue 4.1. dcHo, 9To0

Z(SL,(J,P)) = Z(GL,(J, P)) (| SLn(J, P),

E(SLy(J, P)) = E(GL,(J,))( | SLn(J, P).

lI-Apnyio rpymny < GL,(J, P),| |i»,y > 10 anajoruu ¢ GMHAPHBIM CIIydaeM eCTECTBEHHO
HA3bIBATH IOJIHON JIMHEWHO# [-apHOil Ipymmoii, cooTBeTcTByOMEll fanubiM J u o, a [-apHyio
rpyuny < SL,(J, P),| Jiss > — CHeIuaabHON JIHHEHHON [-apHOi TPYIIIOii, COOTBETCTBYIOMIE
TeM ke J U 0.

[Monarast B yrBep:xaennn 1) reopemsr 4.2 J ={1,2,...,k}, nomyanm

Cnencreue 4.3 [17|. Ecau nodemanoska o €Sy ydoeaemeopsaem ycaosuio o' =a, mo
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< SL,(k, P),[ liok > — l-apraa epynna.

[Tonarast B Teopemax 4.1 u 4.2, J={1,2,...,k}, J=N nmm J =7, MOXKHO HOJYIUTH COOT-
BETCTBYIOIIUE CJICACTBHSA.

5 Kocsle sanementst B < GL,(J, P),| |10 >

g moboro smementa a [-apHoit Tpynmbr < A, [ | > pemtenne ypaBHeHus [z g . .. a] = a 06o3Ha-

-1
4al0T CUMBOJIOM G W HA3BIBAIOT KOCHIM IAECMEHINOM A Q.

Boob1iie roBops, B 0003HAYEHUE KOCOT'O 9JIEMEHTa JIOJIZKEH TTPUCYTCTBOBATH CUMBOJI [-apHOIt
IPYIIIOBOIl OIepaIy, KOTOPBIi, KaK MPaBUJIO, HE YKA3BIBAIOT, 9TOOBI HE 3arPOMOXKIATH 3aIUCH.
O1HaKO, B HEKOTOPBIX CJIyYasix, MIPUCYTCTBUE CUMBOJIA [-apHOIl IPYIIIOBOil onepanny B 0003Ha~
YEHUH KOCOTO 3IeMEHTa, YKeJaTelbHo. B Takux ciydagx [js 0003HadeHUs KOCOTO 3IeMeHTa a

l-apHoii rpynbl < A, [ | > MBI HCIIOIB3yeM CHMBOJ Al B wactaoctn, Alltes — kocoit snement
st J-marpunst A l-aproit rpynnst < GL,,(J, P), | 100 >. Takum obpasom, mobas J-marpuia
A l-apmuoit rpynnst < GL,(J, P),[ |i0,; > 061a1aeT KOCBIM 3/I€MEHTOM Alltew  xoropsiit ecre-
CTBEHHO Ha3bIBaTb kocotl J-mampuued.

[ToguepkueMm, 9TO KOCBIe J-MaTpHILI ONPEIEIAIOTCd JJid J-MaTpull [-apHON T'PYyIIIbI
< GL,(J, P),[ |i,0,s >, ¥y KOTODBIX, COIVIACHO OIPE/IEJEHNIO BCE 3HAYEHNS ABIISIOTCS 00OpATHMbI-
MU KBAJIPATHBIMUA MATPHUIIAMEI OJIHOTO U TOTO YK€ MOPAIKA 7, a IIOJCTAHOBKA O YIOBIETBOPAET

yeosuio ol = 0.

l

Ilpengioxxkenue 5.1. [lycmv nodcmanosra o u3d Sy ydosaemeopaem ycrosuro o =ao. Toeda

dns 0601 J-mampuyoe A € GL,(J, P) cywecmeyem xocas J-mampuya B = Ao spanenusn
Komopot umerom ciedyrowuti 6ud

B(j) = (A(@ (). (Ale()) ™, se (5.1)

Zloxazameavcmeo. Tak kak J-marpuiia A sB/sgeTcss JeMEHTOM [-apHON TpyHmbl <

GL,.(J, P),][ Jis.s >, TO cymmecTByer Kocoitl snement B = Allbes g kotoporo

BA ... Al =A,

TO eCThb
BA...Ali,.;()=A(), j€,
-1
OTKyJ1a, NCHOMIL3Ys ONPEJIENCHHe ONEPAIH | Ji g7 1 TOMKIECTEEHHOCTD TOACTAHOBKH o' !, TI0-
JIyJaeMm

B(j)A(0(5)) - A(o" (1) A(4) = A(5).
U3 mocsiennero pasencrsa Beirekaer (5.1). Ilpennokenne nokasaHo.
Sameyanue 5.1. JlokazanHOe IPeIOZKEHIE MOKET OBITh MOJIyUeHa U3 Tpeaozkenns 2.7.2 [4],
ecii B HeM cauTaTh rpymny A mosHoit auHelHoi rpynmoit GL,(J, P).
[Monaras B npegioxkennn 5.1 J={1,2,... k}, momyunm
l

Caencrsue 5.1[16|. ITyemws nodemanoska o us Sy ydosaemsopaem ycaosuro o' =o. Toeda das
w0601 eexmop-mampuus, A= (Ay, ..., Ax) € GL,(k, P) cywecmsyem Kkocas 6exmop-mampua

Allbor — (B1, ..., By), komnonenmo, Komopot umerom caedyrowuti 6ud

Bj:A;ll_z(j)...A_l j=1,...,k.

o(4)’
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[Tonaras B mpemyioxkennu 5.1 J =N, momyanm

Caencteue 5.2. Ilycmv nodcmanoska o u3z Sy ydosaemeopsaem ycaosuwo o' =o. To-

eda dasn 10600 N-mampuuyve A = (Aq, Ag,...) € GL,(N, P) cywecmsyem xocas N-mampuua
Alliox — (B1, Ba, . ..), Komnonenmo, komopoti umerom caedyrouyut eud
_ -1 ~1
B] — AUZ?Z(]‘) PR AO’(])’ J E N.
[Tonaras B npeioxkennu 5.1 J =7, moaydnm

Cnenctsue 5.3. IIycmv nodcmanoska o w3 Sz ydosaemeopsem ycaosuro o' =o. Toeda

ons moboti Z-mampuuyve A= (..., A 9, A 1, Ag, A1, Ay, ...) € GL,(Z, P) cywecmsyem xocas

Z-MaTpuIa Alhoz — (...,B_9,B_1,By,B1,Ba,...), KoMnonenmo, Komopot umeom caedyro-
wudi 6ud

Bj=At, .. AL JEZ.

o' =2(j) a(5)’

6 TpancrnoHUpOBaHHbIE J-MaTPUIIbI

Onpenenenne 6.1. /Ina Beakoit J-marpunbl A HaJl aCCOIMUATHBHBIM KOJIBIIOM C eIUHUIIEH
mpancnonuposanol HasbiBaercs J-marpuria A’y KoTopoii mis joboro j € J snauenne A’(j)
SIBJISIETCsl TPAHCIIOHUPOBAHHON MATPHIEH JJIsi COOTBETCTBYIONEro 3Hauennst A (j) J-MarTpuisr

A: A'(5) = (A(5))"

[MoguepkueMm, uro B onpegenennn 6.1 mas pasimuaabix ¢ u j 3Hadenust A(i) u A(j) moryr
ObITH MATPUIIAME PA3HBIX PA3MEPOB.

Ecnn onpenennts mpoussenenne snementa A € P va J-marpuiy A u cymmy J-marpur A u
B o1mHaKOBBIX pasMepoB IIOTOYETHO:

(AA)(G) = AA(j), reP; (A+B)(j)=A()+B(), je
TO, UCIIOJIL3Ys BEPHBIE [IJIsi OOBIYHBIX MATPUI] PABEHCTBA
(M) =XA", NeP; (A+B)=A+8B,
MOXKHO YOeIUTHCS B CIIPABEITMBOCTH aHAJIOTHIHBIX PABEHCTB
(M) =X, \eP; (A+B)=A"+B
I J-MaTpwuil.
Hawm monaiodburcs cieaytoniuii OMHAPHBIN pPe3yIbTaT.

Jlemma 6.1. Ecau das mampuy By, ..., B; nad accouyuamusrvim Korvuom ¢ eduruyeti onpede-
aeno npoudsedenue BBy ... By, mo onpedeseno npoussedenue By ... ByB] u eepro pasercmeo

(B\B,...B)) = B,...B,B,.

Teopema 6.1. ITycmv nodcmanosxa o u3 S ydoeaemeopsaem ycaosuro o' = o, Ay, ..., A; —
makue J-Mampuyvt Had accouUAGMUEHHM KOALUOM ¢ edununeti, wmo onpedesena J-mampuua

[A1A2 ce AlflAl]l,g,J- (61)

Tozda onpedeaena J-mampuua

[AJAL 1 AYAY 1y (6.2)
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U 6EPHO PABEHCMEO

(AAs . AL A, = [AA] . ALAY . (6.3)

Joxazameabcmeo. Ecin nonoknts 7 = 0~ !, To U3 yciaosus o' = ¢ nomydaem

r=0"2% =073 ..., ?=0 T1l=¢ r=1 (6.4)

MCHOJII)BYH 9TU PpaBEHCTBa, a TaK>Ke€ JIEMMY 6]_, TO2KJECTBEHHOCTDH ITOACTaHOBKHN 0'171 " paBE€H-

CTBa

(A, (r)) =Ai(r), i=1,...,1, rel

[IOJIYyIUM

[A1As . A A, () = (A1) Ax(0(5)) - Ara(0"2() As(0 (1)) =
= (A0 G)) (A, (072(9))) - - (Ag(e (1)) (A4 (4)) =
= (A (A (7)) - (Ay(72(1))) (A4 (4))" =
= Al(ALL(T(5)) - AS(F2() AL (TN () =
= [AJAL - ASAL- s (5) = [AAL - ASALL1(d):

Taxmm 06pa3oM, JoKa3aHbl Kak cyliectBoBanue J-marpuiia (6.2), Tak u camo paBeHcTBO (6.3).
Teopema nokazana.

Bameuanne 6.1. Pasercrso (6.3) siBIgeTCcst aHAJIONOM COOTBETCTBYIOMIETO OMHAPHOTO PABEH-
crBa u3 jieMMbl 6.1. OTyimane cocTouT B TOM, 9TO B IpaBoil yacTu paBeHcTBa (6.3) mpucyTcTByer
obpaTHasl MMOACTAHOBKa. B OMHAPHOM paBEHCTBE 3TO MPHUCYTCTBUE SBHO HE MPOSABIISIETCSI, TaK
KaK B 9TOM CJIydae IOJICTAHOBKA 0 — TOXKIeCTBEHHAS.

Ecnu kBagparuabie J-maTpuiibl Aq, ..., A; TAaKOBBI, 9TO /I JIIOOOTO J € J MaTPHUITHI

Al(j)’ AQ(U(]))7 s 7Al—1(0l_2(j))7 Al(al_l(j)) (65)

UMEIOT OJINHAKOBBII MOPsiIoK, To onpeenena J-marpura (6.1). [Tostomy u3 Teopemsr 6.1 BbI-
TeKaeT.

Caenctsue 6.1. [Tycms nodecmanosxa o u3 Sy ydosaemeopaem ycaosuo o' = o, J-mampuyol

A, ..., A} asaaomes keadpamnoimu, U 0as 4106020 j € J mampuys (6.5) umerom odunakosuvit
nopadok. Tozda eepro (6.3).

Caenctsue 6.2. ITycmb nodcmanoska o u3 Sy ydosaemeopaem ycaosuro o' =o, Ay, ..., A —
keadpammuie J-mampuiyp, 001020 u mozo orce nopadka. Tozda eepro (6.3).

Ecnu mopcranoBka o u3 S gBISIETCS TOYKIECTBEHHON WM UMEET MOPsI0K, PABHBIN JIBYM,
To 0 =07, o =0 nna moboro mewernoro [. ITosTomy m3 Teopemsl 6.1 u caencrsmit 6.1 n 6.2

IIOJIyq9aroTCd COOTBETCTBEHHO €Ile TPpU CJIIEJCTBUA.

CaencrBue 6.3. I[lycmv nodcmanoska o u3 S AGAACMCA MOACICCMBEHHOT UAU UMEEM, NO-
padok, paswoili deym; I — newémmoe, 1> 3; J-mampuune A1, ..., A; maxoswv, wmo onpedenecha
J-mampuya (6.1). Tozda onpedeaena J-mampuya [AjA]_; ... A5AY] .7 u 6epno pasencmeo

[A1A,. .. Al,lAl];@J =[AJA] ;... ASA ). (6.6)
B wacmmnocmu, ecau =3, mo

[A A2A3]3 J= = [ASALA] |30 (6.7)
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Caexncrue 6.4. [Tycmbv nodcmanoska o u3 Sy ABAACMCA MOHCICCTNEEHHOT U UMEEM, NOPA-
dox, pasHuiti deym; I — newémmoe, | > 3; keadpammovie J-mampuuv, Ay, ..., A; marxosovl, wmo oas
moboeo j € J mampuywr (6.5) umerom odunarosviti nopadox. Tozda eepro (6.6). B wacmmocmu,
ecau =3, mo eepno (6.7).

CaencrBue 6.5. [Tycmov nodcmanoska o u3 Sy asasemcs mosrcdecmaennoti Uit umeem nops-
doxk, pashoili deym; I — newémmnoe, 1 > 3; A1, ..., A; — xkeadpammnwvie J-mampuuv, 001020 U Mo20
orce nopaodka. Tozda eepro (6.6). B wacmmnocmu, ecau =3, mo sepro (6.7).

3ameuanme 6.2. B ciencrBusax 6.3 — 6.5 MOXKHO, HanpuMep, B Ka4ecTBe MHOXKeCTBa J B34Tb
MHO2KecTBO N, a B KadecTBe MOJICTAHOBKH 0 — IOJICTAHOBKY W3 puMepa 2.1, 1eficTBYIONLyIo 110
npasuity o(j) =7+ (=1 s mo6oro j € N. MoxKHO Takske B KauecTBe MHOKECTBa J B3AThH
MHOKECTBO Z, a B Ka4eCTBe MOJICTAHOBKU 0 — TOJICTAHOBKY M3 IpuMepa 2.2, IefCTBYIONLYIO O
npasuity o(j)= — j ans maoboro j € Z.

B [16] npuseneno 6osibiioe KOJMUIECTBO YTBEPKICHUN O TPAHCIIOHUPOBAHHBIX J-MaTpUIAX
st enydas J ={1,2,...,k}. Chopmyaupyem TOILKO OJHO U3 HUX.

[Tonarast B reopeme 6.1 J={1,2,...,k}, nomyqanm

Cunencreue 6.6 [16]. I[Tycmwv nodemarnoska o uz Sy ydosaemeopaem ycioeuro o' = o,

Ai:(Aila---aA’ik>a Zzl,,l

— MaKue 6eKMoP-Mampuybl Ha0 ACCOUUGMUBHBM KOADUOM ¢ edunuyeli, wmo onpedesena
BEKOP-MAMPUUQ
Ar1As . A Al

Toz0a onpedenena sexmop-mampuua
/ / / /
[ATA] ;.. A2A1]l,a—1,k
U BEPHO PABEHCMEO

(AAs . ALAY = [AJAL AL

7 CB#3b MeXK/y TPAaHCHOHUPOBAHHBIMU M KOChIMU J -MaTpUOaMn

B l-apnoit rpynne < GL,,(J, P), [ |1.0,7 > Mex1y onepanusMy TPAHCIOHUPOBAHWS U B3ATHs KO-
COTO 3JIEMEHTa CYIIECTBYeT CBsi3b, aHAJOrnYHast cBaAsu B rpyine GL, (P) Mexay omepaiusivu
TPAHCIIOHUPOBAHKUA U B3ATUs 0OPATHOTO 3JIEMEHTA. DTa CBA3b BLIPAXKACTCS IPUBOIUMOI HUZKE
TeopeMoil, n3 (bOPMYIUPOBKHA KOTOPOH BUIHO, YTO B OTJIMYUE OT OMHAPHOIO CJIydasl, IJe OIle-
paly TPAHCIOHUPOBAHUA U B3ATUs 0OPATHOIO 3JIeMEHTa IIePeCTAHOBOYHLI, B MOIHAINYECKOM
cllydae ollepalii TPAHCIOHUPOBAHUA U B3ATHs KOCOTO 3JIEMEHTA IePeCTAaHOBOYHBI ¢ TOYHOCTHIO
110 0OpaTHOI IIOACTAHOBKH. B GMHAPHOM C/Iydae 3TO OTJIMYHE HE MPOSBIACTCA, TaK KAK B 9TOM
cllydae IOJACTAHOBKA 0 — TOXKJICCTBEHHA.

Teopema 7.1. Ecau nodcmanoexa o €Sy ydosaemesopaem ycaosuio o'

u3 < GLn(‘L P)7 [ ]l,U,J >, mo

=0, A — J-mampuua

(Al o ry — (AN oy, (7.1)
oxazameabcmeo. Tak Kak 10 TIpeJIOYKeHun o 5.1

ALl (5) = (A 2() " (Ale(G)) !, G €7,
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1, KpOMe TOT0, COTJIacHO ompeeneHnio 6.1

(AT () = (ATFer ()Y, e

TO, UCHOJIB3Ys JeMMy 6.1, mosryanm

(ALY (g) = (Al () = (A(@2(G)) 7 (A ()Y =
= (AlG)) - (A2 7,
(Alher) () = (AT - (A 2GN T, G (7.2)

C apyroit CTOpOHBI, TaK Kak, COTJIACHO omnpeeaeruio 6.1

Al(r) = (A(r)), rel,

TO, TIOJIarast T =0 ', W, UCTONBL3ys paBeHcTBa (6.4), nmpeozkenue 5.1 U COOTBETCTBYIOMIMIL

OMHADHBIN pe3y/abTaT (OIeparyi TPAHCIOHUPOBAHUS U B3ATHS 0OPATHOTO 3JIEMEHTa, MepecTa-
HOBOYHBI ), TIOJTY UM

(AN et (5) = (@) - (A2 G G e (7.3)
Uz (7.2) u (7.3) Boirekaer (7.1). Teopema nokaszana.

CaencrBue 7.1. Ecau nodemanoska o u3 Sy AGAAEMCA MOAHCICCMEEHHOT UM UMEET, NOPAJOK,
pasnoviti deym; I — newémmnoe, 1> 3; A — J-mampuya us < GL,(J, P),| |00 >, mo

(A[ h,a,J)/ _ (A’)[ Jio,0

B wacmmnocmu, ecau =3, mo

(A[ ]3,a,J)/ _ (A’)[ 13,0,
[Tonarast B reopeme 7.1 u cregcreun 7.1 J={1,2,...,k}, nomyanm emgé aBa cJeCTBUs.

Cunencreue 7.2 [16]. Ecau nodcmanosxa o € Sy, ydosaemeopaem ycaosuio o'

mampuya us < GL,(k, P), [ Jiox >, mo

=0, A — sexmop-

(A[ }z,g,k)/ — (A’)[ o1k

CaencrBue 7.3. Ecau nodemanoska o us Sg ABAAECMCA MOACICCMBEHHOT UM UMEET, NOPAJOK,
pasnoiti deym; I — newémnoe, 1> 3; A — sexmop-mampuya us < GL, (K, P), | |10k >, mo

(A[ ]l,o’,k)/ _ (A’)[ Jok

B wacmmnocmu, ecau =3, mo
(A[ 13, o, k)’ — (A’)[ I3,0k



A.M. TI'anpmaxk Ilomumagmdeckne onepamnuu Ha MHOXKECTBAX MATPHIHO3HAUHBIX (DYHKITHET 273

8 KoMIuiekCHO conpsa>KEHHBbIE M 9PMHUTOBO COIIPSAKEHHBIE J-MaTPUIIbI

B nannoM pazjesnie onmpenendiorcs U U3y4YaroTcsl KOMILJIEKCHO CONPSKEHHBIE W 3PMUTOBO CO-
NpsKEHHBIE J-MaTPHUIIDL.

Onpenenenne 8.1. JIng Beskoit J-marpuier A Hayg C HA30BEM KOMNAEKCHO CONPANCENHOT
J-marpuiy A, y Koropoii aist moboro j € J 3Hadenne A(j) sABIAETCS KOMILUIEKCHO COMPSZKEHHOMN
MaTpHIeit st cooTBeTcTByIomero 3uadenns A(j) J-marpuner A: A(j) = A(j).

Onpenenenne 8.2. g Beakoit J-marpuibl A Hayy C HA30BEM 9PMUMOBO CONPANHCEHHOT
J-marpuity A*, y Koropoit 1yist siroboro j € J 3naderne A (j) sBsieTcst SPMATOBO COMPSZKEHHOMN
MAaTpHIei st cooTBeTcTBYyIomero 3uadenns A(j) J-marpunsr A: A*(j) = (A(j))*.

fcro, uTo mysa peiicrBuTeNbHON J-MaTpunbsl A, TO ecTh J-MaTpHUIbI, ¥ KOTOPOil BCe 3HA-
YeHUsl ABILIOTCH AeficTBuTebHBIMU MaTpunamu, J-marpunsl A* u A’ cosmagaror, roe A —
TPAHCIIOHUPOBaHHAA J-MaTpHIIA.

Bameuanmne 8.1. Tak kak Besakuii smemenT n3 C MOXKHO pacCMATPHUBATH KaK KBaJIPATHYIO
MaTPHILy TIEePBOTO MOPsIIKa, TO J00asd (PYHKIM Z ¢ 00J1aCTbIO onpejiesieHusd J U co 3HAYCHUSIMU
B C aBigercsa J-maTpuiieil mepBoro mopsjika, /jig KOTOPOi, coryiacHo onpeaeneHusm 8.1 u 8.2

2(j) = 2(3), =2 (5) = (2(9))", JjeJ

Kazknoe 13 BocbM1 paBeHCTB B CJIEIYIONIEM MPEJJIOKEHNN sIBISIETCA CIEJICTBHEM COOTBETCTBY-
IOIIEro PaBeHCTBA JIJIsi OOBIYHBIX MATPHII.

ITpenmoxxenue 8.1. I[Tycmv A u B — npoussoavhwvie J-mampuyor nad C. Toeda:

1) ecau A u B umerom odunarosvie pazmepos, mo
A+B=A+B, (A+B)"=A"+B%
2) ecau A€ C, mo - B
M =)A, (AA)* =A%

3) onepavyus mpaHCNoOHUpPoeaHUA NEPECTMAHOB0YHA U C onepauueﬁ KOMNAEKCHO20 CONPAHCEHUA
uc onepauuez'i IPMUINOB020 CONPANCEHUA, O ECIND

/

A=A, (A = (A

4) onepauul, KOMNAEKCHO20 CONPAHCEHUA U IPMUINOB020 CONPAHCEHUA UHBOANTMUBHDL, O
ecmdv

A=A, (A)=A.
Hawm nonamoburcst cieyromiuit OMHAPHBII pe3yJIbTar.

Jlemma 8.1. Ecau das mampuy, By, ..., By nag C onpedeaero npoussederue BB, ... By, mo
onpedeseno npoussedenue B ... BBl u eepno paserncmeo

(B\Bs...B))" = B} ... BiB.

Teopema 8.1. IIycmwb nodcmarnosxa o us Sy ydosaemeopaem ycrosuo ol =o, Ay, ..., A; ma-
xue J-mampuuwv, nad C, umo onpedesena J-mampuua

[ArAs . Ao, (8.1)
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Tozda onpedeservr J-mampuiyvs

[AA; A, [AAs. . A, (8.2)
[AsAs . AL, 5 [Af . AJAT 1 (8.3)

U BEPHDBL PABGEHCTNEA o _
AA, AL, = [AA A, (8.4)

[AAs . A, = [A . A3AL] 1.

oxazameavcmeo. Tak kak UV =UV njisg 0OBIYHBIX MATPHIL, TO

A1(7)A2(0(5) - - Au(0'71())) = A1()) A2(a())) - - Au(0"1(5)) (8.6)

s Jioboro j € J. JleBag dacTh TOCTEIHErO PABEHCTBA COBIAJAIOT CO 3HAYEHHEM IEePBOI
J-marpuiet u3 (8.2) B Touke j. [IpaBast 4acTh 9TOro paBeHCTBA COBIAIAET CO 3HAYCHUEM BTOPOI
J-marpuier u3 (8.2) B TOUKe j, TaK KAK COIVIACHO ONpejesieHnto 8.1

AZ(O-Z_I(J)) :Ki(ai_l(j))7 i=1,...,L

Taxkum 06pazom, 0be yKaszaHHbIe J-MATPHIIB! CyIIecTBYOT. Toraa paBeHCTBO (8.4) BBITEKAET U3
pasercTBa (8.6).

CymecrBoBanne tmepBoii J-marpurpl B (8.3) sBIgeTCS CIEJCTBUEM CYIIECTBOBAHMUSI
J-marpuupt (8.1).

Ucnonmbsya pasencrsa (6.4), a Takzke jemmy 8.1, TOKIECTBEHHOCTL TOACTAHOBKU ol ! u
paBeHCTBa

(A;(r)"=Al(r), 1=1,...,l, relJ,

ITOJIY YU M

[AAz A, () = (A()A2(0())) - Ara(072(5) Au(0' () =
= (Ay(0" () (AL (@2()" - (Ay(0(5)* (AL (5)" =
= (M) (A (7()* - - (Ax(T172(5))) (AL ()" =
= ATALL(T(9)) . AYT2 () AL(TH()) =
= [AJA] . ASAT s (5) = [ATA] . ASAT] -1 ().

-
S(r'”

Taxmm 06pa3oM, JOKa3aHbl KaK CyIIeCcTBOBaHUe BTOpOil J-maTpuipl B (8.3), TaK U caMo paBem-
crBo (8.5). Teopema mokaszana.

Sameuanne 8.2. Papencrso (8.5) MoxkeT OBITH MOJYUYEHO KaK CJIEACTBHE paBeHCTBa (8.4) u
pasencrsa (6.3).

Caenctsue 8.1. IIycmv nodemanosxa o u3 S; ydosaemeopaem yciosuro o' = o, J-mampuiol

A, ..., A; nag C asastomes keadpamuovimu, u das soboeo j € J marpuubt (6.4) umerom odu-
naxoswviti nopadok. Toeda eeprwv. pasencmea (8.4) u (8.5).

Caenctsue 8.2. ITycmwv nodecmanosxa o u3 Sy ydosaemeopaem ycaosuto o' =o, Ay, ..., A —
keadpammvie J-mampuuve nad C odhozo u moezo sce nopadka. Tozda eepnv pasercmesa (8.4) u

(8.5).

Ecnu nmojacranoBka o u3 S gBJIAETCA TOXKJJIECTBEHHON MM MMeeT MOPsAI0K, PABHBIN JIBYM, TO
n3 TeopeMbl 8.1 u ciegcTBuil 8.1 n 8.2 moyvaioTcs COOTBETCTBEHHO €I1le TPU CJIEJICTBUS.

CaencrBue 8.3. I[Iycmv nodcmanoska o u3 Sy AGAACMCA MOACICCMBEHHOT UAU UMEEM, NO-
padok, paswoili deym; I — newémmoe, 1> 3; J-mampuuv, A1, ..., A; maxoswv, wmo onpedencha
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J-mampuya (8.1). Tozda onpedenena J-mampuua [A] ... A5AT]1 .7, u 6epro pasencmeo
ArAy . AL, = AT AJA . (8.7)
B wacmnocmu, ecau | =3, mo
[A1AL A, 7 = [AZASAT .. (8.8)

CanencrBue 8.4. [Tycmv nodcmanoska o u3 Sy AGAAEMCA MONHCIECMEEHHOT UAU UMEEM, NOPS-
dox, pasnwili deym; | — newémmoe, | > 3; keadpammwvie J-mampuuyve Ay, ..., A; TAKOBBI, 4mo oas
mobozo j € J mampuyst (6.4) umerom odunakoswi nopadok. Tozda eepro (8.7). B wacmmnocmu,
ecau [ =3, mo eepro (8.8).

CaencrBue 8.5. [Iycmwv nodecmanoska o u3 Sy AGAAECMCA MOHCOCCTNEEHHOT UAU UMEEM, NOPA-
dox, pasHwil deym; I — newémmuoe, [ >3; Ay, ..., A; — keadpamnovie J-mampuyv, 001020 U M020
orce nopaodka. Tozda eepro (8.7). B wacmmnocmu, ecau =3, mo sepro (8.8).

Sameuanue 8.3. B cinencrBusx 8.3 — 8.5, kak u B cieAcTBugax 6.3 — 6.5, MOXKHO B KadecTBe
MHOXKecTBa J B34Th MHOXKeCTBO N, a B KadecTBe IOJICTAHOBKH 0 — IOJCTAHOBKY U3 IIPUMeEpPa
2.1 mu MOXKHO B KadecTBe MHOXKeCTBa J B3ATbh MHOXKECTBO Z, a B KadeCTBe IOJICTAHOBKU 0 —
MIOJICTAHOBKY U3 Ipumepa 2.2.

B [18] nmpuBeaeno 6osbioe KOJMYECTBO YTBEPXKACHUN O KOMIUIEKCHO COTPSIZKEHHBIX H 9D-

MHTOBO COTPSIZKEHHBIX J-Marpuiax Jis ciaydast J ={1,2,... k}. Chopmynmupyem TOIBKO 0JHO
U3 HUX.
[Monarast B reopeme 8.1 J={1,2,...,k}, noxyunm

Caencreue 8.6 [18]. ITycmwv nodemarnoska o u3 Sy ydoeaemeopaem ycioeuro o' = o,

A= (A, ., Ayg), i=1,... L
— makue sexmop-mampuyv, Had C, wmo onpedenena eKMOP-MaMPUUQL
[A1As. .. Alliok
Tozda onpedeservi eKMOP-MAMPULDL
[A1Ay A, (A Ay Ao,
[A1Ay . A0 [A] - ASAT o1

U 6EPHDBL paceHCMEA

[AAs A, = [AAs . A,
[AlAQ o Al]iayk = [A;( e A;Aﬂl,o'_l,lw

9 CBasb MexK 1y COHpH)KéHHI)IMI/I n KOCbIMMNA J—ManHHaMH

B cnemyromeit Teopeme 06001a0TCS paBeHCTBA
(A7) = (A (AT = (A7),
CIpaBeJINBbIe JIJIsT KBAIPATHBIX HEBBIPOXKIEHHBIX MATPHIIL.

l

Teopema 9.1. Ecau nodecmanoska o € Sy ydosaemeopsaem ycaosuro o' =o, A — J-mampuua

us < GL,(J,C),] |i0.0 >, mo eepnov. paserncmea

A[ ]l,a,J — (K)[ ]l,a,J’ (A[ ]Z,U,J)* — (A*)[ ]l‘o-*l!J' (91)
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Jloxazameavcmeo. [lokarxkem BTOpoe paBeHCTBO.
Tak kak 1o mpeIozKennio 5.1

AT () = (A@20)) - (A, e

1, KPOME TOTO, COTJIACHO OTPEJIeIEHNIO 8.2
(Al by () = (AU ()7, je
TO, UCHOJIB3Ys JeMMy 8.1, mosryanm
(A1) () = (AL (7)) = (A(0"2(G)) -+ (Al (7)) =
= ((Ale)N) - (A2,

(ALY () = (A () ) - (A6 ), e (9:2)

C napyroit cTOpoHBI, TaK KaK, COTJIACHO OIpeeeHuio 8.2
A*(r) = (A(r), rel,

TO, Monarasg T=o0 ', U, UCIoNb3yst paeHcrsa (6.4), npeanoxkenne 5.1 U cOOTBETCTBYIOMMIT
OUHADHBIN pe3ysbrar (Omepari KOMILIEKCHOIO COIPSI?KEHHsI W B3ATHsI 0OPATHOTO 3JIEMEHTA
[epeCTAaHOBOYHBI ), TIOJIY IUM

(A et () = (AR (r122())) 1 (AT () =
= (A2 ((
= (Al (AC2())) ™ = (Ale()) ™). (AL 2(G)N) T
(A et () = (A(@() ™) (A 2G)) Y jed (9-3)
13 (9.2) u (9.3) Boirekaer (9.1).

[Tepsoe pasercTso u3 (9.1) nokasbiBaercst anajorndno. Teopema JoKa3aHa.

TO eCThb

Bameuvanue 9.1. Bropoe paserctso B (9.1) MOXkKeT OBITH MOJIYYEHO KaK CJIEJCTBUE TIEPBOIO
pasercTBa B (9.1) u pasencrsa (6.3).

Caeacrsue 9.1. Ecau nodcmanoska o n3 Sy asasemea moscdecmeennoti uiu umeem nopadox,
pasnoviti deym; I — newémmnoe, 1> 3; A — J-mampuya us < GL,(J,C), [ 100 >, mo

(A[ h,a,J>* _ (A*)[ Jios

B wacmmocmu, ecau =3, mo

(A[ ]3,U,J)* _ (A*)[ I3,0,7
[Tonmarast B reopeme 9.1 u cregcrsum 9.1 J={1,2,...,k}, nomyanm emgé aBa cJeCTBUS.
Canenctue 9.2 [18|. Ecau nodcmaroeka o € Sy, ydoeaemeopsem ycaosuo o
mampuya us < GL,(k, C),[ ligr >, mo

=0, A — sexmop-

A[ ]l,a,k — (K)[ ]l,o,k) (A[ ]l,o,k:)* — (A*)[ }l,o_l,k'

Caeacrsue 9.3. Ecau nodemanoska o us Sg ABAAECMCA MOACICCMBEHHOT UM UMEE, NOPAJOK,
pashoiti deym; I — newémmnoe, 1> 3; A — sexmo-mampuya us < GL,(k,C),[ |iox >, mo

(A[ ]l,o’,k)* — (A*)[ }l,a‘,k'

B wacmmocmu, ecau =3, mo

(A[ }3,a,k>* — (A*)[ J3,0k
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10 J-Omnpenenuresun, IpocTeiime CcBOCTBa

B reopun 0OBIYHBIX MATPHIL KaxKI0# KBaJApaTHONH MATpHIlE HaJl acCOIMATUBHBIM KOMMY TATHB-
HBIM KOJIBIIOM C eJIUHUIE CTaBUTCA B COOTBETCTBHE €€ OIPEIE/INTEb, sIBJIAIONINNACS JJIeMEH-
TOM 3TOTO KOJIbIa. BOSHUKAET eCTeCTBEHHBII BOIPOC: Kak onpedesumsv OAf J-Mampuyvt aHa 02
00vIH020 onpedesumens?

B nammoMm pasmene gy Kaxkmaoit J-marpuibl A HAL acCONMMATHBHBIM KOMMYTATHBHBIM
KOJIBIIOM C eIuHuIeil onpenensercd J-onpeaeaurenb deta, KOTOpbIil A1 00LIYHON MaTpPUIIBI
COBITQJIAET C €€ OIPeJIeTUTETIEM.

Onpenenenne 10.1. Ilycrp P — acconmaTuBHOE KOMMYTATHBHOE KOJBIO C €IUHUIIEH.
J-onpedesumenem wBagparuoit J-marpunst A Han P, To ectb J-marpuibl A, y KOTOpOi Bce
sHavenns A (j) sABIAIOTCS KBaJIpaTHBIMI MaTpuiiamu HaJl P, nasbisaerca dynkims dety € P7
CTaBsIIasl B COOTBETCTBHE C KaxKIoMy j € J omnpeaennrens Marpuibl A(7):

deta(j) = detA(j) € P.

Bameuanme 10.1. B [19] mnsa kakmoit KBaJpaTHO k-KOMIOHEHTHOH BEKTOP-MATPUIIBI
A =(A;,..., A}) HaI aCCONUATUBHBIM KOMMYTATHBHBIM KOJIBIIOM C €JIMHUIEH OBLIT Onpe/ieseH
BEKTOP-OIIpeIeTNTENb

dety = {detAy, ..., det AL},

KOTOPBIH, KaK HECJIO’KHO 3aMETUTh, SIBJIIeTCs J-OmpeaemTeieM, ecii MHOXKeCTBO J COBIaIa-
er ¢ mHoxkectBoM {1,2) ... k}. Ormerum, uro B [19] BMecTo cumBona detp ucnosnbzoBascs
cumBosl detA. Ymorpebiaenue B obmeMm ciaydae cuMBosia deta B dopMmyax, Ha HaIl B3TJIAI,
[pPEANOYTHTE/IbHEEe, TaK KaK OTIaIaeT He0OXOAMMOCTh B PACCTAHOBKE JIMITHUX CKOOOK.

[To anmamorum co caygaem J={1,2,...,k} N-ompenemurenr N-mapuupr A = (A;, Ao, ...)
yJI00HO 3alUChIBATh B BUJIE

detp = {detA;,detA,, ...},

a Z-ompenenurensb Z-mapunbl A; = (..., A o, A1, Ay, A1, Ag, ... ) YIOOHO 3aIINCBIBATH B BUJIE
detA = {( .. ,detA_g, detA_l, detAo, detAl, detAz, PN }

flcHO, 9TO I OHORIEMEHTHOIO MHOXKECTBa J MOHATUs J-OnpeaennTess U OMpeaeanTeIs Co-
puagaior: dety =detA.

ITpumep 10.1. Ecm J={1,2,3}, P=17,

1 0 0
A= <i§>5 0 -3 0 ,
0 0 1

to det = (16,5, —3).

Sameuanwme 10.2. [lousarno, uro muO)kecrBo SL,(J, P) coBmajaeT ¢ MHOKECTBOM BCEX
J-marpurn A nag P, y KoTopsix J-onpenemmTens det s aBigeTcsa HocToanHol dyuknueii e € P,
cTaBdIIeil B COOTBETCTBUE KaxKIoMy j € J eaunuily Kosblia P: dety =e.

HHanee Bce J-MaTpHIlbl pacCMaTPpUBAIOTCA HaJl aCCOIMMATUBHBIM KOMMYTATHBHBIM KOJIBIIOM C
eIUHULEN.
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CdopmynmupoBaHHble HUXKE CBOMCTBa J-OmpeenTeieil moydaroTcs ¢ TOMOIIBIO0 COOTBeT-
CTBYIOIIUX CBOMCTB OOBIYHBIX OIPEIeTUTE IeH.

IIpennoxeune 10.1. FEcau A" — mpancnonuposannas J-mampuua oas  xeadpamnot
J-mampuuv, A, mo detp> =det,.

B cooTBeTCTBHN € coryamieHneM B pasgene 1, nas obosnavenus Gynkmms n3 P7, crapsameit
B COOTBeTCTBUE KaxkaoMy j € J Hysab () Kombia P OyaeMm ncnonb3oBaTh cuMBOT 0.

IIpengyoxxenne 10.2. Fcau xksadpamnas J-mampuua A, makxosa, wmo ors aobozo j€ J 6
mampuye A(j) umeemea cmpora uau cmoabey, cocmoawutt yeaurkom us wyaet xoavua P, mo
detp, =0¢ P’

ITpennoxenune 10.3. /lasa ao06020 A € P u a10601 keadpammoti J-mampuyoe A nad P sepro
pasencmea detya (j) = A" detA(j), j € J, 2de nj — nopadok mampuyov, A(j).

Hoxasameavcmeo. Vlconbsyss  pasenctBo u3  onpexesennss  10.1,  paBeHCTBO
(AA)(4) =MA(j), ompeznensitoiee mnpoussegerne AA  sjgementa A€ P wa J-marpumy A
Hasl P, a TakyKe COOTBETCTBYIOIINIT OMHAPHBIN PE3YJIbTAT, MOy IUM

deta(j) = det(AA)(5) = detAA(j) = A" detA(y).
[Ipemtoxkenne j10Kka3aHo.

Cumras B npeoxkernu 10.3 A kBajgparHOoil J-MaTpuieit mopsaka n, To ecTh J-MaTpuIei,
Yy KOTOPO#l BCce 3HAUYEHUS — KBaJIpATHBIE MATPUIIHI TTOPSIKA 77, TTOJIYIUM

Caeacrsue 10.1. /[aa a06020 X\ € P u aoboti keadpammoti J-mampuuve A nopsadka n wad P
seprv, pasercmea detya (j) = A"detA(j), j€J.

Bameuanne 10.3. Tax Kak Beakmii J-ompegermrens deta € P7 MoxKHO paccMaTpuBaTh Kak
J-MaTpuily mepBoro mopsiika, TO PaBeHCTBa

(AA)(G) = AAG), e,

ompeessiorye ponsseerne AA snementa A € P wa J-marpuiy A Hajg P (pasmgen 6), mo3Bo-
JIAIOT OIpeJIe/TUTh mpousBeaeHne Adet dpopmyroit

(Mdeta)(j) = Mdeta(y), j€J. (10.1)
Tenteps craepcrsue 10.1 MoKHO mTepeOpMyJIMPOBATH CIEIYIOMIIM 00pa30M.

CrnenctBue 10.2. /laa a06020 A € P u mobot xeadpamnoti J-mampuuyve A nopadka n wad P
sepro pasercmeo detya = \"dety.
Joxazameavcmeo. Ilocienosare/bno ucnoib3ys omnpejenerne 10.1, a 3aTeM paBeHCTBO
(10.1), momy4nm
A'detA(j) = A"deta(j) = (\"deta)(j),

TO €CTb

A'detA(j) = (\"deta)(j), j€J.

Torma pasencTBo u3 ciejgctus 10.1 mpuaUMaeT BuI
detya(j) = (\"deta)(j), Jj € J,

orkyna cienayer detya = A"det. Ciencrsue 10Ka3aHO.
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Hnsa  J-onpenenurens det, moboit kBagpartnoit J-marpunsl A wag Pooonpemenum
J-onpenenurenb — deta 1Mo mpaBuy

(—deta)(j) = —deta(j), j€J. (10.2)

IIpengoxkenne 10.4. Ecau 6 kaorcdom 3naveruu A(j) weadpammot J-mampuyve A nepecma-

sumb A0bvle dee cmpoku uau dea cmoabuya, mo J-onpedesumensv noaywennot J-mampuuyn B

pasen J-onpedeaumento J-mampuuor A, 63amomy co snarxom muryc: detg = — dety.
Zloxaszameavcmeo. Cornacuo onpenenennio 10.1

detp(j) = detB(j), j €,

a Tak Kak Marpuna B(j) moaydaercs uz marpuibl A(j) mepectaHOBKON CTPOK UJIM CTOJIOIOB,
TO COIVIACHO COOTBETCTBYIOMIEMY OMHAPHOMY Pe3yJILTATy

detB(j) = —detA(j).
CuoBa npumensis onpejenenne 10.1, mosmyanm
—detA(y) = —deta(y),

a cormacHo (10.2)
—deta(j) = (—dety) (7).
Takum obpasom,
detp(j) = (—deta)(j), j€

orkyna detg = — det 5. IIpemoxkenue moka3aHo.
IIpumep 10.2. Ecin
a 5] as C1 Ca C3
a b b a
A= (Cd)’ bl 62 b ) B = <dC)7 bl b2 b3 )

C1 Co C3 a a2 as

w

TO €CTb BeKTOp-Marpuiia B mosyueHa m3 BeKTOp-MaTpuilbl A MepecTaHOBKO#l CTOJOIOB B
IIepBOIl KOMIIOHEHTE M IIePECTAHOBKOW IIEpBOI M TpeTbeil CTPOK BO BTOPON KOMIIOHEHTE, TO
detB = —det A-

ITpenmoxxenue 10.5. Ecau 6 kaoscdom 3navenuu xeadpammoti J-mampuuyve A umeromes dee
00UHAKOBBIE CMPOKU UAU 066 00UHAKOBHLT CMOAOUA, MO

det, =0 € P’.

IIpenioxkenne 10.6. Ecau A u A — coomeememeento KOMNAEKCHO CONPAHCEHHAA U IPMU-
Moeo conpastcennas J-mampuyv, rs J-mampuyve A, mo

detz = detp,, detp- =dety.

oxazameavcmeo. okaxkem, HAIpUMED, BTOPOE PABEHCTBO.

[TocnenoBarenbuo ucnonb3ys onpepenenne 10.1, Bropoe paBencTBo u3 3amedanud 8.1, 6u-
HapPHBII PE3yJIbTAT O PABEHCTBE OMPEIETUTEST SPMUTOBO CONMPAXKEHHON MaTPHIIHI CONPIZKEHHO-
MY 3HaUEHUIO OIpeienTe s, cHoBa onpeesenue 10.1, a TakKe mepBoe paBeHCTBO N3 3aMedaHNsd
8.1, mosryunm Jist jr06oro j € J

deta-(j) =detA*(j) =det(A(j))" =det A(j) =deta(j) =deta(y),

TO €CTh BEPHO BTOPOE PABEHCTBO U3 (POPMYIUPOBKH MPEJIOKEHUSI.
[IepBoe paBeHCTBO JIOKA3BIBAIOTCA aHAJOTHYIHO. [Ipesmoxkenne moka3aHo.
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11 AmnaJjior TeopeMbl O IIPOU3BEJEHUN ONpPeaenTesIeil

Crenytomias Teopema 006001maeT OMHAPHBIN pe3yIbTaT O PABEHCTBE OIPEIE/INTENs IPOU3BEIe-
HUA MaTPUI, TPOU3BEJICHNAIO UX ONpEIeInTesen.

Teopema 11.1. ITycmv nodecmanoska o u3 Sy ydosaemeopaem ycaosuo o8 = o, Aq, ..., A
— J-mampuus, Had accouUGMUSHM KOMMYMAMUCSHBM KOALUOM ¢ eOUHUUET, Y KOMOPHLL OAA
A106020 j € J mampuuol

A1), Aa(0(3); -, Ara(0'72(3)), Aud)
— KBAIPAMHBIE MAMPUUDLL, 00H020 U MO020 dHce nopadka. Tozda

det[Al...Al} = [detAl e detAl]lJ,J. (111)

lo,J

oxazameavcmeo. 113 ycnoBust TeopeMbl BeITEKaeT, 9To J-marpuiia [Ag ... Al 7 cylue-
creyer. OTMeTHM TakzKe, U4TO B MpaBoii U JeBoil yacrsx pasencrBa (11.1) omHuM u Tem Ke
CUMBOJIOM 0DO3HAYEHBI pa3IUUIHbIE [-apHbIE OIepalii: B JIEBOI JacTu [-apHast Olepaliis olpe-
nesena Ha J-MaTpuIax, a B IpaBoil YacTH Ha neMeHTaX 3 P/, rae P — KOJbIO, HaJl KOTOPLIM
paccMaTpuBarOTCs J-MaTPUIH.

[MocnenoBarensro  wcnonb3ys onpexpenerne 10.1, pasercrso (1.3) st J-mMaTpuirs!
[A;...A]; s, GUHADHBIN PE3YIBTAT O PABEHCTBE OMPEIEJIUTEIsI TPOU3BEICHN MATPHIL IIPOH3-
BEJIEHNIO WX ompejesmresieii, caoBa onpenesenue 10.1, a 3arem pasernctso (1.3) mis smemenTa
[deta, ...deta,];,7 € P/, nonyanm mia moboro j € J

det(a,..a,,, ,(J)=det[A; ... Ay ;(5) =
= det(A1(j)As2(0(5)) - .- Arm1 (0" 2(5) A0 1(4))) =
=det A;(j)det As(a(j))...det Ay_1(0'72(5)) det Ay(o!1(5)) =
= dety, (j)deta, (0(j)). .. deta, (0! 2(j))deta, (o' 1(j)) =
= [dety, ... deta,]i0.s(5),
To ecTh BepHO (3.1). Teopema nokazaHa.
[Monarast B reopeme 11.1 J={1,2,...,k}, nomxyanm

Cnencrsue 11.1 [19]. ITyemv nodcmanosxa o us Sy, ydosaemeopaem ycaosuro o' = o,

Ai:(Ai17-~-;Aik); 121,71
— k-KOMNOHEHMHBIE BEKMOP-MAMPUUDLL, Y KOmMopuix das aobozo j € {1, ... k} xomnonermo
Alja A?G(j)? s 7A(l—1)0'172(j)7 Al]
— KBAIPAMMHBIE MAMPUUD, 00H020 U MO020 dHce nopadka. Tozda

det[Al---Al]l,a,k = [detAl e detAl]l,g,k.

[Tonaras B cnencreum 11.1 0 — UK/ JUIUHBL K, TTOJTYy9UM
CaencrBue 11.2 [19]. ITyemv o — yuka daunos k,

Ai:(Ail,...,Aik)7 Zzl,,k—f-l
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— k-KOMNoHeNMHbe BEKMOP-MAMPUYLL, Y Komopuix das aobozo j€{1,... k} xomnonenmao
Asjy Aza(iy, -+ -5 Apab=1(j) Akr1)
— KBaIPAMHYIE MAMPUUDLL, 00H020 U M020 dHce nopadka. Tozda

det[AI---Ak+1]k+1,a,k = [detAl e detAk+l]k+1’U’k.

[Monaras B ciencrsun 11.2 0 = (12. .. k), moxydnm

Caencreue 11.3 [19]. ITycmo
A= (A, Ag), i=1,... k+1
— k-KOMNOHEHMHDIE BEKMOP-MAMPUUDL, Y KOMOPHL daf aobozo j € {1, ... k} xomnonermo
Alj; A2(j+l)7 s A(k+1—j)k, A(k+2—j)1> s ;Ak(j—l)a A(k-i—l)j
— KBaIPAMHLE MAMPUUDLL, 00H020 U M020 dHce nopadka. Tozda

det[Al---Ak+1]k+1,(12...k),k = [detA1 s detAk+1]k+1,(12-..k),k'

[Tonaras B Teopeme 11.1 J =N, nomyunm

Cnenctsue 11.4. [Tycmv nodcmaroska o us Sy ydosaemesopaem ycaosuio o' = o,

A, = (A1, A0,...), i=1,...,1
— N-wmampuupi, y xomopwvix dan a06020 j € N KomnoneHmyl
A, Azg (i) -+ -5 Ag-nyai=2(j), A
— KBaIPAMMLE MAMPUUD, 00H020 U M020 dHce nopadka. Tozda

det[Alu_Al} = [detAl Ce detAJ[’g’N.

l,o,N

[Tonaras B Teopeme 11.1 J =7, noxydanm

Cnenctsue 11.5. [Tycms nodcmaroska o us Sz ydosaemeopaem ycaosuto o' = o,

A= (. Ae), Aicry, Aoy Ain, Ag, L), i=1,0001
— Z-mampuuydt, Yy KOMOPuT OAfL 1100020 J € 1 KOMNOHEHMDL
Arjy Aso(y)s -+ Ag-not—2(5), A
— KBAIPAMMLE MAMPUUD, 00H020 U M020 dHce nopadka. Tozda

det[AlnAz]l,o,z = [detAl ce detAz]l,U,Z
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12 Tomomopduszm u3z < GL,(J, P),][ |is7 >

B crenyromeit Teopeme cumsonom P* 0603Ha9aeTCs TpyIa BeeX 00paTHMbIX 3JIEMEHTOB KOJIhb-
ma P.
Teopema 12.1. Ecau nodemanoska o € S ydosaemesopaem ycaosuto o' = o, mo omobpasicerive
v: A—deta asasemes 2omomoppusmom l-aproti epynnoe < GLy(J, P), [ |i.0.5 > na l-apryro
epynny < P*7 [ 1157 >.

Jloxasameawvcmeo. Scro, uto v orobpaskaer GL,(J, P) = GL!(P) na scé P*/. Ilyctn

A, € GL,(J,P), i=1,...,1
1 IIOJIOZKIM
[Al Ce Al]l,a,] =Y.

[TocenoBaTeIbHO UCTIONB3YsT ONpejiesieHne 0Tobpakenus 7y, onpeenenne 10.1, paserncrso (1.3)
qutst J-marpuiist [Ag ... Ay]; .y, OHHAPHBII PE3y/IbTaT 0 PABCHCTBE ONPE/ICTUTE s IIPON3BE/ICHUS
MAaTpUIL IPOU3BEJIEHUIO UX OTIpeIesinTeeil, cHoBa onpeesenue 10.1, 3arem pasenctso (1.3) ais
snementa [deta, ... deta, ] ,.7 € P’ u onpenenenue orobpazkenus v, HOILyquM Jyis 1io6oro j € J

Y([Ar - Aidie,s)(7) = 7(Y)(J) = dety (j) = detY (j) =
= det(As1(5)A2(0 (7)) - - Ara(0' (7)) Au(d) =
= det A, (j) det Ay(0(j)) ... det Ay (072(j)) det Ay(j) =

= detAl (j)detA2 (O’(])) e detAl_l(O'l72(j))detAl (]) =

= [deta, ...deta, )10 (7) = [V(A1) ... Y(A)]1,0,7(5),
V(A1 Allies)(G) = V(A1) . v (AD)ies(5), TEJ,
OTKYJa

Y([AL Ao, s) = [Y(A1) - (A6,

CrenoBarebHO, Y — UCKOMBIIT ToMOMOpdu3M. Teopema mokazaHa.

[Tonarast B reopeme 12.1 J={1,2,...,k}, nomxyunm
Cunencreue 12.1 [19]. Ecau nodemarnoska o € Sy, ydosaiemesopsaem ycaosuro o =a, mo omo-
opasicenue v : A — detA asasemca 2omomoppusmom l-aproti epynnoe < GL,(k, P), [ Jiox >

na l-apryo epynny < P, | Jiok >
[Tonaras B cneacrBum 12.1 ¢ — UK/ JJIUHBL K, TTOJTY9IUM

Caencrue 12.2 [19]|. Ecau uyuka o uz Sy umeem dauny, paswyro k, mo omobpasicenue
v 1 A—deta asasemea 2omomoppusmom (k + 1)-aprot epynnw < GLy(k, P),[ |kt1.0k >
na (k + 1)-apruyro epynny < P* [ |10k >

[Tonaras B crencrsun 11.2 0= (12... k), noay4nm

Caencrsue 12.3 [19]. Omobpasicenue v : A — deta asasemca 2omomoppusmom (k + 1)-
aproti epynnve < GLy (K, P), [ |k+1,02..%)k > Ha (k + 1)-apruyro epynny < P | Jkt1,(12..0) 6 >

[Tonaras B Teopeme 12.1 J =N, nomyunm

Caencrsue 12.4. Ecau nodecmanoska o € Sy ydosaemsopsaem ycaosuro ol = o, mo omobpa-
orcenue y . A —deta asasemes comomoppusmom l-apnoti epynno. < GL, (N, P), [ Jion > Ha
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l-apnyro epynny < PN [ 10N >.

[Tonaras B Teopeme 11.1 J =7, nonydum

CaencrBue 12.5. Ecau nodemanoska o € Sy ydosaemeopsem ycaosuro o' =a, mo omobpa-

orcenue v 1 A —deta asasemea comomoppusmom l-aproti epynnoe < GL,(Z, P),| |10z > Ha
l-apryro epynny < P2 [ 102 >.

13 J-Omnpenenuresb KOcoit J-MaTpHUIbl

Kocyto J-marpuny mus J-marpuier A € GL,(J, P) MOXKHO 0003HAYATH CHMBOJIOM AP qen
MBI U Oy/1eM TOJIB30BAThCA B JaHHOM pasjese. O0bscHeHne OyaeT JTaHO HUKe.

l

Teopema 13.1. IIycmws nodecmanoska o € Sy ydosaemsopsaem ycaosuro o' =a, A — npoussosv-

noiti onemenm l-aprotd epynno. < GL,(J, P),[ |10 >. Toeda:
detAH] = (detA)[*I], (131)

ede 6 ne6ot wacmu npucymemeyem xocoti snemenm s A B < GL,(J, P),| 100 >, a npasas
YACTD AGAAETNCA KOCHIM INEMEHMOM Ons daemenma deta l-apnoti epynnoe < P* [ ], 5 7 >.

Zlokazameavcmeo. Ilo npemyoxkenuto 5.1 g J-marpunsl A u snementa deta cymecTBy-
tor kocas J-marprma AT 1 kocoit anement (det )™, sHAYMEHES KOTOPEIX HMEIOT C1e Ty OmImiA
BUJL

APNG) = (A2 (Al()) N Ge
(deta)! = (deta(o'2(j))) 7 ... (deta(o ()", J€J

Wcnonb3ys stn paBencTsa, onpegenenne 10.1, OMHAPHBIN Pe3yIbTAT O PABEHCTBE OMPEIE/TUTEIS
NIPOU3BEJICHNS MATPUIL NTPOU3BEJICHUIO UX OIpeJeTuTe/el, a TakxKe OMHAPHBIN pe3yabTaT 00
ompeaeauTese 0OpaTHON MATPUIIBI, TOIYIUM st JI0Ooro j € J

dety(1(j) = det AV (j) = det((A(0"2(1)) " ... (A (j))™) =
= det(A(0'2(j)))" ... det(A(0(4)) ! =
= (det A(o"2(j)))".. (det A(0(4)) ! =

= (deta(0'2(j)) " .. (deta(c(j))) " = (deta) 1)),

det ,r1(j) = (deta) "V (5).

CanenosaresbHo, BepHO paBeHCcTBO (13.1). Teopema mokaszana.

[Tomaras B Teopeme 13.1 J={1,2,...,k}, J=N wm J =7, moxxzo cchopMympoBaTh COOT-
BercrBytomue creactsus. Coyqait J={1,2,... k} nokazau B [19].

14 J-Omnpenenuresb cTelleHn J-MaTPUIThI

s Besikoro smeMeHTa a [-apHoit momyrpynnel < A, [ | > ecTecTBeHHBIM 06pa30M ONPEIEISIOTCS
HaTypaJIbHbIE CTETIEHN

% =a, dV=1[a...q], P =[a...qa,. . . ,d=]a.. .a] ...
N~
I 211 s(1-1)+1
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B gacTHOCTH,
AP = A Al —[A . A]
—
s(l-1)+1

JIIA  BCAKOTO — HaTypaJbHOro s ® Jioboit  J-marpuiibl A [-apHO#  HOIyTrpyIIIbI
< M,(J,P),| 10,0 >

Teopema 11.1 nmozBossgeT chopMyInpPOBATD

IIpeasoxenue 14.1. ITycmv nodemanoska o € Sy ydosaemeopsaem yeaosuro o' =o, A — npo-
ussonvnwill anemenm l-aproti noayepynno, < M, (J, P),| liss >, 2de P — accoyuamusnoe
KOMMYMAMUBHOE KoAvuo ¢ edunuuet. Tozda:

det 1 = (dety)!, (14.1)

ede 6 se6oli wacmu npucymemeyem cmenend aaemenm A 6 < GL,(J, P),[ |07 >, a npasas
wacmy asasemca cmnenvio snemenma deta l-apnoti epynnw < P7 [ )57 >.

s Besikoro sementa a  [-apHoif rpynmnsl < A, [ | > mOMEMO OJIOXKHUTEIbHBIX CTENeHelt,
ompenenaiorcs |1, 9] m oTpuIaTeNbHBIE cTemeHn: Aya moboro memoro s < 0 cremens al®l ectn
pellleHre ypaBHeHNUs

[xa...a] =a.
—s(1-1)

OrpunaresbHyio crenenb npu [ > 3 MOXKHO onpeaesuTs [10] ¢ moMOIBbI0 KOCOro j1eMeHTa;

to a=al™, uro ormevasocs Boe.
Takum obpaszom, AFU=A,

AP =AU AU AL LA s<0 (14.2)
—2s —s(1-3)+1

JIsT BCSKOTO HATYDPAJIBHOIO sH Jiio0oit J-marpuisr A [-apuoit rpynnst < GL,(J, P), [ |is0 >.

Teopema 14.1. /Jlaa a106020 uenozo s, 11060t nodecmanosku o € Sy, ydosaemaoparouLet ycro-

ewo o' =0, u moboti J-mampuuywv, A l-apnoti epynnw < GL,(J, P),| |i0.; > 6epno pasercmeo

(14.1).

Jloxazameavcmeo. Eciu s >0, To npumensierca npejyioxkenne 14.1. Insa s < 0, ucrnosianb-
3ys paBeHcTBO (14.2), Teopemy 11.1, a Tak:Ke ompejiesieHne OTPUIATENBHO $-O CTeIeHN JIst
snemenTa detp , mogydaum

det y1(7) = det i AFUA A () =
—_—

2s —s(1—3)+1

= [det -1y ... dety -y dety ... deta](j) = (deta)FI(j), jeJ,

.

-~

_92s —s(l—3)+1
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TO €CTh
det1(j) = (deta)(5), j€J.

CnenosaresbHo, BepHO paBeHCTBO (14.1). Teopema mokaszana.

3ameuanme 14.1. U3 teopemsr 14.1 nmpu s = — 1 BeiTekaeT Teopema 13.1.
[Tonaras B Teopeme 14.1 J={1,2,...,k}, J=N wim J =7, Mmoxxu0 cchopMyIMpOBATH COOT-
sercrBytonue crencrsust. Coayuait J ={1,2,...,k} nokazam B [19].

15 AmnaJjgorum m ob600I1IIeHUS
15.1 J-IlepmaneHr.

Omupenenurens det A marpunsr A € M, (P) M0XKHO paccMaTpuBaTh Kak 3HadeHue dbyHkmn det,
onpeesernoit Ha M, (P), co suadenusivu B P. Touno takske J-onpeenuresb deta J-MaTpuiibt
A €M, (J, P) MmoxHo cuutarh 3uadenueM dbyukiun det, koropas onpejenena Ha J-oil gekap-
ToBoii crerenn M, (J, P) =M (P), co snauenusyu B P7.

Bepst 3a ocnoBy Kakyio-mu60 dyskmmio u: M, (P) — P, oramanyio ot dbyHskimn det, MOKHO
onpeseuTh (PYHKIUIO U: MZ(P) — P7 amanormaHo ToMy, KaK 9TO OBIIO ¢/Ie/IaHo A1 (DY HKIINH
det: M,(P) — P.

B kauecrBe npumepa paccmorpum dyukuumio per: M, (P) — P, rue

perA = Z A15(1)A20(2) - - - Ano(n)
oESy

i Marpunsl A = (a;;) € M,,(P). Bnauenne perA naspiBaror mepmanenToM Marpuisr A. ITep-
MaHeHTaM HocBdiiena Kaura X. Mumka [20].

Onpeanenenune 15.1. Ilyctp P — acconmaTwBHOE KOMMYTATHBHOE KOJIBIIO C €JIMHUIICH.
J-nepmarernmom J-maTpunbl A,y KOTOPOil Bce 3HaAUCHUS SABJIAIOTCS KBaJIPATHBIMU MATPUIIAMHE
HaJ P, HaspiBaeTca GyHKINA pera € P7, crapamas B COOTBETCTBHE KazKIoMy j € J IepMaHeHT
marpuibl A(7):

per (j) =perA(j) € P.

Bameuanme 15.1. B [19] mis kaxkmoit KBaJApaTHOH k-KOMIOHEHTHOI BEKTOP-MaTPUIIBI
A =(A;,..., A}) HaJ acCOIUATUBHBIM KOMMYTATHBHBIM KOJIBIIOM C €JIMHUIEN OBLIT Onpe/ieeH
BEKTOp-IIepMaHeHT

pery = {perAb R perAk}?

KOTODBIH, KaK HECJIOYKHO 3aMETUTh, sABJISeTCs J-TepMaHeHTOM, eCJIn MHOYKECTBO J COBIAJIAET C
muoxkectBoM {1,2, ..., k}. Ormerum, aro B [19] BMecTO cuMBO/IA PEr , MCIOIB30BAJICS CUMBOJI
perA.

fcno, aro npu J = {1} umeem per, =perA, T0 eCTh B 9TOM CJIydae MOHATHS J-TIepMaHEeHTa
U TIEpPMaHEHTa COBIAIAIOT.

Wcnonb3ys cBoiicTBa epMaHEHTOB OOBIYHBIX MATPUIL, MOYKHO TMOJYYUThL UX AHAJOIH JIJIsd
J-nnepmaneHToB J-MaTpuir.

Tak kak mepMaHeHT onpesnensiercs [20| He TOJBKO I KBaJPATHBIX MATPHIl, HO U sl
MaTpUIL pasMepa m X n, Tje m < n, TO MOYKHO OIIPEIEINTh U U3y4daTh J-epMaHeHT J-MaTpuIib!
A, y koropoit s moboro j € J suadenne A(j) aABisercs MaTpHieil pasmepa mj X nj, TIe
m; <n;.
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15.2 J-CynepaeTepMUHAHT.

A B
C D
obpaTuMble MATPHIIBI TOPSAIKOB M W 7 COOTBETCTBEHHO, COCTOSAINNE U3 YETHBIX JIEMEHTOB
rpaccmanoBoit anrebpol Gy ¢ N obpasyiomumu, a 0oku B u C' — OpsiMOYTOJIbHBIE MaTpPH-
IIbI, COCTOSINNE U3 HEYETHBIX 3JIEMEHTOB 3TOil YKe I'PACcCMaHOBOI aareOphl, ABJIAETCS TPYIIIOi
[21]. Cynepdemepmunarmom naswiBaercs [21] dyukuusa sdet uz GL(m,n | N) co sHauennsMu
B Gy, onpejiesisieMasi PaBEHCTBOM

MuoxkectBo GL(m,n|N) Bcex kBaaparabix marpur K = ( ), rie ooku A u D —

sdetK = det(A — BD™'C)det D™*.

TTonoxxkum

GL(m,n|N,J) = GL'(m,n| N).
Tax xkak GL(m,n | N) — rpymnma, To, BBy Teopemsr 2.7.1 u3 [4], Bepua

Teopema 15.1. FEcau nodcmanoska o €Sy  ydosaemeopaem ycaosuro o' =0o, TO

< GL(m,n|N,J),[ lis.g > — l-apnas epynna.

Bameganue 15.2. 113 cOOTBETCTBYIONMX PE3YIbTATOB KHUTH [4] cieayer, uro [-apHas rpyia
< GL(m,n|N,J),| |ips > He NMeeT eIUHUI], €CIH 0 — HETOXKJECTBEHHAs IOJCTAHOBKA; U
sABJIsIeTCs HemoJryabesieBoil, B 4acTHOCTH HeabeJIeBoii, ecim n > 2.

Onpenenenue 15.2. J-cynepdemepmuranmonm daeMeHTa,
KeGL(m,n|N,J)

nasbiBaercs dynkiua sdetg € G, crapsmas B COOTBETCTBHE KaxKIoMy j € J cynepjerepmu-

wauT Marpunsl K(j):
sdetk (j) = sdetK(j) € Gy.

Sameuanue 15.3. B [19] mua kaxoii k-kommonenTHoii Bekrop-mMarpunsl K = (K, ..., Kj) ¢
komronerTamu u3 GL(m,n | N) 6bL1 onpe/iesieH BEKTOP-CYIIepIeTEPMIHAHT

sdetk = (sdetKy,...,sdetKy) € G*,,

KOTODBIil, KK HECJIOXKHO 3aMETUTh, SBJSETCA J-CyHepaeTepMUHAHTOM, €C/IH MHOXKeCTBO J co-
Brajgaer ¢ MHokectBoM {1,2,...,k}. Ormernm, uro B [19] BMecTo cuMBoma sdetg ucronnso-
BaJjics cuMBos sdet K.

fcno, aro npu J = {1} nonsarus J-cynepaerepMuUHaHTa U CyIEPAETEPMUHAHTA COBIIAIAIOT:
sdetx = sdetK.

[Tonarast B reopeme 15.1 J={1,2,...,k}, nomyanm

Cnencreue 15.1 [19]. Ecau nodcmanoska o €Sy ydosaiemeopsaem ycaosuo o' =a, mo

< GL(m,n|N,k),[ liox > — l-apnas epynna. B wacmnocmu, < GL(m,n | N, k), [ Jrt1,(12..8)6 >
— (k + 1)-apnas epynna.

JLnst cynep/ieTepMUHAHTOB UMeeT MeCTO IOJIHBIN aHasor TeopeMbr 11.1.

l

Teopema 15.2. Ecau nodcmanoska o € Sy ydosaemeopaem ycaosuro ' =o, mo 0ad 1100x

Ki,...,K;€ GL(m,n| N, J) sepno pasencmeo

sdetk, k), , = [sdetk, ...sdetk,|;q ;. (15.1)
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JlokazarebecTBO TeopeMbl 15.2 modTH T0CTOBHO TIOBTOPSIET TOKa3aTeabcTBO TeopeMbl 11.1. O1-
JIMYKE COCTOMT TOJBKO B TOM, UTO IIPU J0Ka3aTesbeTBe paBeHcTBa (15.1) BMECTO MyJIBTUILIN-
karuBHOCTH (ByHKIWMU det UCIoab3yeTcs My IbTUILTMKATUBHOCTL (byHkimnu sdet [21]:

sdet(K; K3) = sdet K - sdet K.

[Tonmarast B reopeme 15.2 J={1,2,...,k}, nomyuanm

CaencrBue 15.2 [19]. Ecau nodecmanoska o € Sy ydosiemeopaem yca06uo ol=0, T0 m1a

mobbix Ky, ..., K; € GL(m,n| N, k) BepHO paBeHCTBO
sdetk, k., = [sdetk, ...sdetk,|iok-

[Tonarast B Teopemax 15.1 u 15.2 J =N unn J =7, MoKHO chOpMyIMPOBATH COOTBETCTBYIOIINE
CJIeJICTBUSI.

15.3 KsBaHTOBBIi1 J-JI€eTEpPMUHAHT.

MoxKHO BBECTH IOHSTHE KBaHTOBOTO J-IeTepMHUHAHTA, SBJISIONIErOCss 0DOOIIEHHEeM IOHSITHUS
KBAHTOBOIO JETEPMUHAHTA, KOTOPBIil omnpeensercs (22| masa xkBanToBoil Marpuubl A= (a;;)
nopsiIKa n HaJ mojaeM P u ajmeMenTa q € P, yI0BJIETBOPSIONIEIO0 HEKOTOPHIM JAOMOTHUTETHHBIM
YCJIOBHSAM, CJIEIYIOIIIM 0OPa30M:

det(q, A) = Z (=)™ a1,(1)020(2) - - - Anon),

gESy

rae inv(o) — Iuea0 HHBEpPCHil MOJICTAHOBKY 0.

[Mycrs q € P/. Ecu qya kazxkjoro sHavenns A(j) J-marpunpl A onpejiesieH KBaHTOBBIi
nerepmunanT det(q(j), A(j)), To keanmoswvim J-demepmunarmom J-marpunbl A Ha3bIBAETCsI
dbynxnusa det(q ), cTaBsasg B COOTBETCTBHE KaxKI0My j € J KBAaHTOBBI JIeTePMUHAHT MaTpPU-
sl A(7):

det(qa)(7) = det((j), A(7)).

Ecmun q — mocrosiunasi (hyHKIUS, TPUHUMAIOIIAsT 3HAYEHNE ¢, TO PACCMATPUBAIOT KBAHTOBBII
J-nerepymunanT det (g A), onpeeadeMblii paBeHCTBaAME

det (g a)(j) = det(q, A(5)), jeJ

15.4 Amnajorn J-gerepMuHaHTA AJi HEKOMMYTAaTUBHBIX KOJIEI.

B cBa3u ¢ cymmecTBOBaHMEM Pa3IMYHBLIX 00OOIMICHUIT IOHATH ONpeJe/UTeNd Ha CAydail HeKOM-
MYTATHBHBIX KOJIEIl BO3HUKAET 3a/a4a OlpeJe/eHNs 1 U3yUeHH JId KazKI0r0 U3 9TuX 0600me-
Huil COOTBETCTBYIOIIEroO aHajora J-jerepMunanTa. Hanpumep, g KBasuaeTepMUHAHTOB [23,
24|, KoTOpBIE HAXOJAT MIMPOKOE MpuUMeHeHre B dbusnke, s jgerepmuHanTa Ipénonne |25, 26],
st nerepmunanTa Craau [27], nist gerepmunanTa Mypa [28], ajist ¢TpoYHBIX U CTOIOIIOBBIX
onpeesuresnedi [29], a Takxke jist APYrux 0600IMIEHNI KIACCHIECKOTO JIETEPMUHAHTA.
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Main object of the present paper are polyadic operations on the set MJ(P). Elements of
the set are functions defined on the nonempty set J with values, which belong to set of all
matrix M(P) with elements from some ring P. Such polyadic operations for the first time
introduce E.Post. He consider the case J={1,...,m — 1}, where C — field of complex
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The paper discusses the following topics: the spinor structure of space models; the
relation between the Dirac—Schwinger quantization rule and the superposition principle in
quantum mechanics; the manifestation of spinor space structure in classifying the solutions
of the Dirac equation and for the matrix elements which are related to physical quantities;
spinors in polarization optics; the Jones formalism for completely and partly polarized
light; General Relativity and Riemannian space-time models with spinor structure and
tetrad (vierbein) formalism.

Key Words: spinors, tetrads, Dirac-Schwinger quantization, Dirac equation, superpo-
sition principle, polarized light, Majorana 4-spinors, Lorentz group, relativistic fermion
parity.

General introduction

In the literature, there exist three different terminological approaches, whose intrinsic essence is
similar: a space-time spinor structure (Penrose, Rindler et al.); the Hopf and the Kustaanheimo-
Stiefel bundles.

In Hopf’s technique, one uses only complex 2-spinors (£) and their conjugates (£*), instead
of real-valued 4-vector (tensor) objects. In the Kustaanheimo-Stiefel approach, there are used
four real-valued coordinates — the real and imaginary parts of 2-spinor components.

The formalism developed in the present work exploits as well the possibilities given by
spinors to construct 3-vectors; however, the emphasis is put on doubling the set of spatial
points, so that we get an extended space model. In such a space, instead of the 27-rotation,
there is considered the 4m-rotation - which transfers the space into itself. The procedure of
doubling the manifold is achieved here much easier, while using curvilinear coordinates.

Within the framework of applications of spinor theory to Relativistic and Non-relativistic
Physics, Quantum Mechanics and Polarization Optics, we discuss several actual issues, as:

e the concept of spinor structure in space-time models;

e exact linear representations for spinor coverings of the full Lorentz group;

e internal space-time parity of a relativistic fermion;

e Euclidean 3-spaces with opposite P-properties and two kinds of Cartan spatial spinors;
[ J

parametrization of Cartan’s spatial spinors by curvilinear coordinates, non-relativistic
physics;

the role of spinor space structure in classification of solutions of the Klein-Fock-Gordon
equation and the influence on the matrix elements related to physical quantities.
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1  Spin covering for the full Lorentz group L'* and the concept of
relativistic fermion parity

To treat the problem of fermion parity, we will use 4-spinors instead of 2-spinors. Additional
motivation for this approach is that among 4-spinors there exist real-valued ones — the so-called
Majorana 4-spinors; moreover, in this way we will be able to describe discrete symmetries by
linear transformations®.

The obtained results will provide the grounds for a new discussion of the old fermion parity
problem of investigating possible linear single-valued representations of spinor coverings of the
extended Lorentz group. It is shown that in the frame of this theory, P-parity and T-parity
for a fermion do not exist as separate concepts; instead of these, only some unified concept of
(PT)-parity can be described in a group-theoretical language.

We attach to the proper orthochronous Lorentz matrices

L (k, k) = 05(—00k" K 4 kek + kXkY 4 i€ "k, L)
Lk, k*) = L(—k, —k*) '

two linear operations
P:LPP =4, 4T L= g,

where 6° = diag(+1, —1,—1,—1), of which one readily produces the full Lorentz group L.
The commutation rules between L °(k,k*) and the discrete elements P, T are

60 L,°(k,k*) = Lb(k* k) o6 . (1.2)

The group L* has four types of vector representations:

=

"L)y=fL)LL, LeLl" . (1.3)
namely

fill)y=1, fo(L) = det(L) ,

f3(L) =sgn (L°), fi(L) = det(L) sgn (L) .

which have the explicit form

(1.4)

1: Ty(L)= L 2: Ty(L)= L

T\(P) = +P Ty(P) = —P
(1.5)

3: Ty(L)= L 4: Ty(L)= L

It should be emphasized that the above-described extension of the group L,°(k, k*) by adding
the two discrete operations P and T is not an extension of the spinor group SL(2,C): actually
this is just an expansion of the orthogonal group Ll. From the spinor point of view, the
operations P and T are transformations which act on the space of 2-rank spinors, and not on
the space of 1-rank spinors. Evidently, a more comprehensive study of P,T-symmetry can be
done in the framework of first-rank spinors, when one extends the covering group SL(2,C) by
adding spinor discrete operations.

!Mainly, we will consider only the problem of accurate description of the single-valued representations of
four different spinor groups, each of them covering the full Lorentz group LE_L_, including P and T-reflections.
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Now we can start solving this task. A covering group for the total Lorentz group can be
constructed by adding two specific 4 X 4-matrices to the known set of 4-spinor transformations
of the group SL(2,C),

v [ B(k) 0 o
S(k, k) = < 0 B(F) ) € SL(2,C). (1.6)
Those two new matrices are to be taken from the following
(0 I ;o _ 0 —il Pnr
M—(I()),M—zM, N_(—H'I 0),N—2N. (1.7)

Having added any two elements of the four ones, we provide the full extension of the group
SL(2,C), by means of two new operations only. Also, we note that since the group L(2,C)
contains —I, the extension of the group by any two elements of {—M,—M', —N,—'N}, leads

to the same result. However, if one takes any other phase factor, different from +1, —1, 44, —
for M, M', N, N, then this will result in substantially new extended groups.
The multiplication table for these four discrete elements is
M M’ N 'N
M I 0 o 0 +il 0 -1 0
0 I 0 0 —il 0 +I
e +il 0 -1 0 -1 0 —l 0
0 +il 0 —I 0 +I 0 +il (1.8)
N —iI 0 +1 0 +1 0 +il 0
0 +il 0 —I 0 +7 0 +il
N +1 0 +1il 0 +il 0 —1 0
0 I 0 —il 0 +il 0 -1
Hence we obtain six covering groups,
Gy ={Skk)yMwuM}, Gy ={Skk)eNw'N},
G ={SkEk)YyMwN}, 'G ={Sk k) NWM}, (1.9)
G ={SkEk)YdsMwN}, ' ={SkkYYM &N},
with the corresponding multiplication tables
Gu: M*=+I, M?=-I, MM’ = (M')M ;
Gy : N2=+41, 'N?=-T, N(N)=(N)N ;
G': M?*=-1, N?>=+4I, (M')N = —N(M') ; (1.10)
'G: (N2=-I, M?>=+I, ('NYM =—-M(N); ’
G: M? =41, N?=+41I, MN =—-NM
‘G (M?=-I, N?=-I, (M)('N)=-(N)M"),
and
FSk,k)=Sk" k)F, Fe{M,M /N/N}. (1.11)

One can notice that the multiplication lows for the groups Gj; and Gy happen to coincide;
the same happens for G’ and 'G. This implies that the groups G); and Gy (and respectively
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G’ and 'G) represent the same abstract group. Indeed, it is readily verified that G and Gy
(and, also, G’ and 'G), can be transformed into each other by a similarity transformation:

Gn=AGy A . AS(k k") =Sk k) A,
AMA?Y'=4N, AM A '=+'N,

—iI 0
A—Const-( 0 —|—I)’ (1.12)

'G=AG A" . AS(kk)=S(k*k) A,
AM A '=4+'N, ANAt=—-M,

—iI 0
A—Const-< 0 —1—1)' (1.13)

In other words, we define here only four different covering groups. Since in literature all the
six variants are discussed, we shall accordingly trace all of them.

1.2. Representations of the extended spinor groups

We shall construct now the exact linear representations of the groups Gy, Gy, G, 'G, G, 'G'.
It suffices to consider in detail only one group; for convenience, let this be G ;. Its multiplication
table is

M)=—1, M?*=—-1, MM =MM,
FSk,k)=Sk k)F, (F=M,M"),
(kl,]%r)(kg,%g) = (< kl,kg >, < EI,%; >) . (114)

where the symbol <, > stands for the known multiplication rule in the group SL(2,C):
< by, ky >= (KOKS + kyko; kkS + kSky + ik Ks]) - (1.15)
Let us look for solution of the problem g — T'(g) in the form

T(9)=f(9)g, 9€Gu,  flg): flg) = flg1-92) (1.16)

where f(g) is a numerical function on the group Gj;. Substitution (1.16) into (1.14) yields

M) =fI),  [f(M)=f(=1),  f(S(kK)) = f(S(k" k),
F(S(k1, D)) F(S(ka), k3)) = F(S(< ko >, < ki, k3 >)) . (1.17)

There exist four different such functions f;, described by:

Gu  filg) = fag9) = f3(g) = falg) =

S(k,k*) 41 +1 +1 +1 (1.18)
M +1 —1 +1 —1
M +1 ~1 —1 +1,

which provide four representations 7;(g) of the group Gyy.

In the same manner, one can construct the analogous representation T;(g) of the remaining
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five groups. All these are described by the following table

g Ti(9) Ta(g) Ts(9)  Tulg)
S(k:,l?:*) S(k, l?:*) S(k,l?:*) S(k, /?:*) S(k, l?:*)
Gy M +M —-M +M —-M
M’ +M' —M’ —M’ +M'
Gy N +N —N +N —N
'N +'N —'N —'N +'N
G/ M/ —|—M/ —M/ —|—M/ —M/ (119)
N +N —-N —-N +N
'Q 'N +'N —'N +'N —'N
M +M —-M —-M +M
G M +M —-M +M —-M
N +N —N +N —N
/G/ M/ +M/ _M/ +M/ _M/
/N +/N _/N _/N +/N

For each of these groups, one can ask whether the four representations 7;(g) are equivalent, or
not. With the help of the relations

o - 0 7% -1 7%
F—const( 0 —l—f) , FS(k,k*)F =S(k,k"),
FMF'=—M,FMF'=_MF,

NF'=-N, 6 F'NF!'=-'N, (1.20)

it is easily follows that the type T3(g) is equivalent to the type T1(g), as well, Ty(g) is equivalent
to T3(g):

Ty(g) = F Ti(g) F~',  Tulg)=F Tz(g9) F'. (1.21)

Summarizing, we have got to the following: for each of the six groups, only two non-equivalent
representations ¢ — T'(g) = f(g) g are possible:

Ti(g) ~Tx(9) ,  Ts(g) ~Tulg) - (1.22)

Evidently, this result does not depend on the explicit realization of the discrete spinor trans-
formations.

The above study of the exact linear representations of the extended spinor groups leads to a
new concept of a space-time intrinsic parity of a fermion. In group-theoretical terms P-parity
and T-parity do not have any sense, instead only their joint characteristic, that might be called
(PT)-parity, can be defined in the group-theoretic framework.

1.3. Representations of the coverings for partly extended groups L and L'

Now we are going to consider the problem of linear representations of the spinor groups that
cover the partly extended Lorentz groups L' and L!* (improper orthochronous and proper
non-orthochronous, respectively). Such groups can be constructed by adding any matrix from
{M,M',N/ N}.
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The case of the orthogonal group L' _ leads to

T'=Ty; L= L= (sgnL,") L , (1.23)
Ty=T,; L= L= (detL)L = (detL)(sgn L,") L, (1.24)

and the case of the group L' looks as

Ty =T,; L=>L=(detL)(sgn L,°) L, (1.25)
Ty=Ty ; L= L=(detL)L = (sgnL,") L. (1.26)

With the use of one additional discrete operation, one can determine four extended spinor
groups:

—~

SL(2,C)p = { S(k,k*) © M} and so on . (1.27)

We conclude that the extended groups §i(2,(C)M , SE(ZC)N turn out to be isomorphic.

—

Analogously, 3’1(2, C) e is isomorphic to SL(2,C)/n. Each of them covers both L'* and L :
SL(2,C)y ~ SL(2,C)y , SL(2,C)pr ~ SL(2,C)ry . (1.28)

Now, we shall list the simplest representations of these groups. The obtained result is as follows:
all the representations T;(g) from above, while confining them to sub-groups SL(2, C)ps(ny and
SL(2,C) e ¢y, lead to representations changing into each other by a similarity transformation.
In other words, in fact there exists only one representation of these partly extended spinor
groups. This may be understood as the impossibility to determine any group-theoretical parity
concept (P or T') within the limits of partly extended spinor groups.

1.4. On reducing spinor groups to a real form

Till now we have considered all the spinor groups Gyy ~ Gy, G'~ G, G, 'G' as possible
group covering candidates to for the full Lorentz group LI . It is desirable to formulate some
extra arguments in order to choose only one spinor group as a natural (physical) covering.

Note that in the bispinor space a special basis can be found using the bispinor wave function

Pu(z) = p(z) +i€(z) (1.29)

which transforms under the action of the group SL(2,C) by means of real (4 x 4)-matrices.
Therefore, the real 4-spinors ¢(x) and £(z), constituents of the complex-valued ®/(z), trans-
form as independent irreducible representations. In physical context of real Majorana fermions,
this reads as a group-theoretical permission to exist. But these arguments have been based only
on continuous SL(2, C)-transformations, while the idea is to extend them on discrete operations
too. So we must find the answer to the question of which of the extended spinor groups can be
reduced to a real form. With this goal in mind, we write down the bispinor matrix a the form
that does not depend on the randomly chosen basis?:

1 1 .
S = 5 (ko + k5) + 5 (ko = k§)° + (ki + K)o + (ky — k])io™ +
(ko + k3)0% + (ko — k3)io™ + (ks + k3)0% + (ks — k3)ic™?. (1.30)
Any Majorana basis satisfies the relations

(Vi) ==, ) =7, (0) =04 = 5" =5. (1.31)

2We employed above the Weyl basis.
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It remains to write down all the used discrete operations M, M’N,” N in terms of Dirac matrices:
M=+, M=+i7", N=+iy"4", 'N=—-9570. (1.32)
In Majorana frames, the discrete operations obey the following properties
S =S, M*=-M, (M) =+M, N“=—-N, ('N)*=+'N. (1.33)
Thus, the six spinor groups behave under complex conjugation as indicated below

Gy Gy G’ 'G G 'G’

S =S5 S*=9 S*=9 S*=5 S*=9 S =9
M*:_M N*:_N M,*I—i-M, ,N*:+/N M*:_M M/*:+M
(M/)*:M/ IN*:+IN N*:_N M*:_M N*:_N /M*:,M

(1.34)

Only the group ‘G’ can be reduced to a real-valued form, and only this group allows real-valued

spinor representations, namely the Majorana fermions?.

Conclusion

The problem of fermion parity is considered on the base of investigating possible single-valued
representations of spinor coverings of the extended Lorentz group. It is shown that in the frame
of this theory, there do not exist — as separate concepts — P-parity and T-parity for a fermion;
instead of this, only some unified concept of (PT')-parity can be determined in group-theoretical
terms. Apparently, physics with spinor group significantly differs from the one based on the
orthogonal group L', and only experiment can decide on this problem. It is needless to say
that this task cannot be solved without a thorough theoretical analysis of possible experimental
verifications, in both orthogonal and spinor approaches.

2 Geometry of 3-spaces with spinor structure

Our special approach to examine the spinor structure of 3-space is based on the concept of
spatial spinor, defined through taking the "square root" of a real-valued 3-vector. Two sorts
of spatial spinors, according to the P-orientation of an initial 3-space, are introduced: proper-
vector or pseudo-vector ones. These spinors, n and &, turn out to be different functions of
Cartesian coordinates. To have a spinor space model, one has to use a doubling vector space
{ (z1,29,23) ® (x1,%9,23)" }. The information which is reachable here in the first place
concerns non-relativistic physics in the frames of ideas on spinor space structure.

Spinor functions are in one-to-one correspondence with coordinates x; ® z;, with the whole
axis

(Oa Oa il’g) > (07 Oa 55'3),

removed; they exhibit an exponential discontinuity. Due to this reason, we shall consider
the properties of spinor fields &(z; @ z}) and n(z; © z}) in terms of continuity with respect to
geometrical directions in the neighborhood of every point. This points out the possible fruitful
geometrization within the Finslerian framework.

We shall further examine two sorts of spatial spinors, with the use of: cylindrical parabolic,
spherical and parabolic coordinates. Transition from vector to spinor models is achieved by
doubling the parameterizing domain G (y1,y2,v3) = G(y1, ¥, y3) with new identification rules
on the boundaries. The differential equations satisfied by spatial spinor fields have been ex-
plicitly constructed. The use of curvilinear coordinates makes it easier to extend the formalism
to curved (pseudo-Riemannian) models.

3This variant coincides with the known in the literature Racah group.
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2.1. Two sorts of spatial spinors

We will start with the well-known Cartan’s classification of 2-spinors with respect to the spinor
P-reflection:

Sff(z)z{gGSU(z)@Jz(é (Z’) ' det g = +1, detJ:—l}, (2.1)

which provides 2-component spinors of two sorts T's:
Ty: Ti(g) =g, TH(J) =+J, Ty: Tu(g) =g, To(J) = —J . (2.2)

There exist two ways to construct 3-vectors (complex-valued, in general) in terms of these
2-spinors:

1. (€®&)=a + aj0’ , a=,/a;a;, pseudo-vector ; (2.3)
2. M®@n) = (¢; + ib;) o’ , vector. (2.4)

According to the way of taking the square root of the three real numbers — components of a
3-vector (z;), one obtains two different spatial spinors

£ = qj, n <= ¢; or (b;). (2.5)

2.2. The pseudo-vector space II3 and the spatial spinor &

This spinor model is based on the mapping

H3 — (al, as, (1,3> D (al, a2, CL3)/

¢ = ( Va+age "? > eiv_m (2.6)
Va—aen ) = e |

It should be noted that in describing IT§ and II; there arise peculiarities: at the whole axis as,
the relations contain the ambiguity (0 + ¢0)/0 (and the expressions for ¢ will contain a mute
angle variable I' : v — I

VF2az e~ /? _ _ 0
HBL : &T = ( :6 ) Iy § = \/Ta?’eﬂ'r/z 3

i v ay + ias 0, ¢ Va? + a3 e/ 27
e — 1m S —— , a3 = y = . . .
ay,a2—0 /a% _|_ a% \/m €+Z’Y/2
2.3. The proper vector space F; and the spinor Fj
This type of spatial spinor is based on the map
(n&n) = (c;+ibj)o’ . (2.8)
The vector b covers the upper half-space F3 twice; the spinor nt is given by
e Vb — (02 + b3)1/? e/ o bt by 2.9
Vo= B+ et ) YCETE |
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The vector b covers a down half-space E5 twice; the spinor 1~ is

VORI CEEE RV

N = : (2.10)
VT @R [+, i ]

The spinor field 7 is continuous in the plane b3 = 0:

0 = ( x/gaz2iz7£5 ). (2.11)

2.4. The spatial spinor ,,(a; + iaz) and Cauchy-Riemann analiticity

It is natural to regard the components of spinor { = £(a;) as complex-valued functions of
z = a1 + tas and of a real-valued function as:

g =U"+4iVt, €=U +iV?. (2.12)

We obtain the modified Cauchy-Riemann relations

Ul avt 1 1 v ]
___:—(alcoszjtagsinz) + o Fas ;
Oa; Oas 2 2 27 laya+as p? ]
oUt oVl 1 1 V ]
_+_:—(agcosz—alsinz) + axas :
Oas Oa; 2 2 27 |av/a+ as p? ]
oU?  av: 1 1 Va—as]
___:—(alcosz—agsinz) _vr )
Oay Oas 2 2 27 lav/a —ag p? ]
ou?  ov? 1 1 Vva-—
— + — = —(ay Cosz + a; sin z) Ve (2.13)
Oas daq 2 2 27 |a/a — as p?

For p — o0, the Cauchy-Riemann conditions still hold true.

A special note should be given to the behavior of the spinor field £ along the half-plane
{a; > 0,ay = 0}*3. Here the spinor ¢ is not a single-valued function of spatial points of the
vector space Pig because its values depend on the direction from which one approaches those
points.

2.5. Calculating V¢ and Vj; €. The differential equation

The spinor exhibit continuity properties. In order to point them out, let us calculate first the
2-gradient along an arbitrary direction

0 0
90, 5 Bay

in the neighborhood of an arbitrary point:

Vﬁ£1:1|: (7 a) +Z,n><a] L
af

VE = ( §),  Va&= (Vg (2.14)

2 a+ as) p?
1 (1 @) X a
vﬁ§2_§ {a(a_a?)) — i }52. (2.15)

This can be considered as a basic equation that prescribes the explicit form of the spinor £(&).
This understanding seems to be interesting, since it allows the existing of a mathematical
potential.

“we use the notation 7@ = nias + neas, @ X @ = nias — Naai.
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2.6. Spinor 7 and its differential equation

Similar things can be done for other spatial spinors. Again, we derive the differential equations
for a spatial spinor of that type

1 1 _ - 7 -
I O o 1
Vian 2/){ b(n )—l—p(nxb)}n ,
Van? = 1 +1(ﬁ b) — f(ﬁ x b)| . (2.16)
2p | b P

2.7. Comparison of the models ¢ and 7

We shall further describe several qualitative distinctions between the spinor models ¢ and 7.
The two models of spinor spaces relative to the P-orientation rely on the different mappings
¢ and 7 defined over the same extended domain G (y;). The natural question is: how do these
two maps relate? An answer can be found by comparing the derived formulas for £ and 7.

One answer emerges straightforward:

n= %(5 — i 02E¥) or inverse E= \/ii (n — io’n*). (2.17)

An issue which needs special attention is the fact that complex conjugation enters these relations
explicitly, fact which correlates to the change in orientation properties of the models.

We have seen that the description of differently P-oriented geometries in terms of spinor
fields n and £ has made hardly noticeable the distinction between these two geometries - much
more apparent and intuitively appreciable as connected with different types of spatial geometry.

2.8. Spinors ¢ and 7 in cylindrical parabolic coordinates

This coordinate system in the vector Es-space is defined by

Yy B B
X1 = 9 y L2=UY1Y2 , T3=Y3 ,
Y2 € [07+OO ) y Y1, Y3 € ( —00, 400 ) . (218)

Y2

Y1

Fig. 1. Parabolic cylindrical coordinates

where the identified points on the boundary are connected by lines, and the domain G(y;, y2)¥?
(at arbitrary y3) ranging in the half-plane (y;,y2) covers the whole vector plane (z1, x5)*3.

The spinor & of the pseudo-vector II3-model is given by

V(Y3 + (47 +93)2/4)12 + yse™ 2 /2 _ YLty

. ) s (219)
V@3 + 2+ y2)2/4) /2 — yzetin/? N
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the factor /2 runs through the upper complex half-plane in the case of vector space. At the
xr3-axis, we have:
—il'/2

¢ - 0
53—\/—1-7!/3( 0 )) fo_\/jyg(e—&—il“ﬂ) ; (2.20)
For a proper vector model, the n-spinor looks as®
\/¢y§ + (P + R)2)4 — U i/
,’70 (y) = : 2 |
\/\/y:% + (y% + y%)2/4 + % e—z'y/2

We construct the extended (spinor) models Eg and 1:[3 by doubling the range of the ys-variable:

(2.21)

Y2 €10, +00) = ys € (—00, +00) . (2.22)
Then the above factor et?/? will run through the full circle.
Y2
Rep: Y1

Fig. 2. Space with spinor structure

It is important to note the substantial change in the identification rules at the boundary set of
G(y1,y2,ys3): for the extended domain G(yy, Y2, y3) one needs no special rules at all. Another
issue needs to be emphasized: we have the same extended set G (y1, Y2, y3) for both spinor models
¢(y) and n(y). This means that only the providing of the set with doubling dimension and the
using of identification rules, do not determine in full the whole geometry of the spinor spaces.
The specification of their P-orientation apparently requires additional information about this
set. Evidently, P-orientation manifests itself in the explicitly different spinor functions &(y)
and 7(y). Moreover, a qualitative distinction between these spinor functions is revealed if one
follows the orientation of a spinor (£;,&;) and (1, n2), while going from the x5 — half-space to
the x5 — half-space.
The differential equations for spatial spinors are

1 .
Vel = [ty |
2 .
Vo= S |l - x| (2.23)
and®
g i 27 i
Vian' = % [_Ty + ;(n X y)} , o Vant= % [Ty - ;(n X ?J)} , (2.24)

These equations have no peculiarities over the complex plane y; + iy, excluding the origin
0 +10.

5The values + and — taken by the symbol ¢ correspond to the xz > 0 and z3 < 0 half-spaces, respectively.
6We denote (ﬁ g) = NniY1 + naYy2, 7 X jj: ni1Yy2 — NaYi.
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2.9. The spinors ¢ and 7 in parabolic coordinates

We shall further describe the spinor approach relative to the well-known parabolic coordinates

Ti = Y1Y2 COSY3 , Ty = Y1Y2 Sinys,
2 2
23 = Y 5 Y5

y Y1,Y2 c [07+OO) y Y3 € [07 27T] (225>

The spatial spinor 7 of the proper vector model is given by

1 (y1 — yo) e /2 1 (yo —y1) (—e 43/2)

= (W) =g () ) e

As for the pseudo-vector model II3, we have
y e—iy3/2 Nefify/Q
52 ( y;e+iy3/2 ) 52 Me+ify/2 y Y1 :N7y2 :M7y3 =7- (227)

We double the above domain G(y) = G(y)(ys € [—2m, +27],

Ys
+27
o R*
+
‘R «—— |Rexp-
//
) R* Y2
Rewp —
°
R:t

“

Fig. 3. Parabolic coordinates / vector space
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Y3
+27
L &—— Reap
Re*p | — Y2
L = R“P
/ —2m
Y1 .
Rea}p. - .

Fig. 4. Parabolic coordinates / spinor space

Instead of the domain G(y) described below

-2 +27
@ . . R -
Y1 Vs
Fig. 5. Domain parameterizing the spinor space
one can use
Y2
+2m
@ & g

Y1 Y3

Fig. 6. Alternative domain to parameterize the spinor space

Actually, various domains G (y) are acceptable for the correct parametrization of spinor spaces,
and one may choose any of them.
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2.10. Spatial spinors in spherical coordinates
We consider the system of spherical coordinates
T1 = Y1 8in Ya COS Y3, To = Y1810 Yo SIN Y3, T3 = Y1 COS Y2 ,
y1 € [0,+00) , y2 € [0,47], y3 € [0,427] . (2.28)
A spinor n(y) of the pseudo-vector model 13 is given by
1 —iy3/2
e ( Vpulltcosyy) et (2.29)
y1(1 — cos yp) et s/
In turn, a spinor n(y) of the proper vector model Ej is defined according to
n= < (1 —singy) (o™ > , (2.30)

y1<1 —I—Siny2) e+iy3/2

The discontinuity properties of these spinors may be characterized by the diagram

Yo
. Rexp
R — — R*!
Re:zp. +27T Ys

Fig. 7. Spherical coordinate / vector space

Evidently, the transition to extended models can be performed by formal doubling the range

of angle variable y3”

G(r,0,¢) ={re[0,+), 8¢ |0,+n],¢ € [-2m,+27] } .

There are possible some alternative variants for the extended domain G, which can be used for
covering spinor spaces. For instance, the most natural and symmetrical manner to do this, is

to extend the range of radial variable:

G'(r,0,0) = {1 € (~00,+00) , O €0, +n],¢ € [-m,—] }.

_( V1+cosh (Vre)
00 = ( Uriems \(vies) )

'y
¢+7‘(’

Fig. 8. Spherical coordinates / spinor space

"In the following we will use the more common notation y; =,y = 0, y3 = @)

(2.31)
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2.11. Conclusion

The results obtained for the 3-space with (z,y, z) coordinates may be extended to Minkowski
4-space with coordinates (t, z.y, z). Mathematically, this means to use the relativistic SL(2, C)
spinors instead of non-relativistic SU(2) spinors. The domains of curvilinear coordinates asso-
ciated to spinor spaces can be used in order to examine possible quantum mechanical manifes-
tation of the spinor structure, both in non-relativistic and relativistic theories. To this end, one
should specially examine the analytical properties of the known solutions of the Schrédinger
and Dirac equations in various coordinates.

3 Space with spinor structure and analytical properties of the
solutions of the Klein—Fock—Gordon equation in cylindric parabolic
coordinates

3.1. Parabolic cylindrical coordinates

Let us start with the cylindric parabolic coordinates
= (u?—2?)/2, y=uv, z=2z. (3.1)

In order to cover the vector space (z,y, z), it suffices to make a choice out of the four possibil-
ities:

v:—l—\/—x—l— 22 +y? UZ:E\/+x—|—\/m,
v:—\/—x—i- x?+y?, u:i\/+x+\/m7
v:i\/—m+ r? +y?, u:+\/+x+\/m,
v:i\/—x—i- 2+ y?, “:_\/+$+\/W- (3.2)

For definiteness, let us use the first variant from the above:

v:—l—\/—x+ x? +y?, u:i\/—l—x—ir\/a:?—l—y?. (3.3)

which is illustrated in Figure 9.

Fig. 9. The domain G(u,v) used to parameterize the vector model

The correspondence between the points (z,y) and (u,v) can be illustrated by the following
formulas and Figure 10:

u=~Fk cos¢, v==Fk sin¢, pel0, m];
r = (k*/2) cos2¢ , y = (k*/2) sin2¢, 2¢ € [0, 27]. (3.4)
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Bl Al

)
8

Fig. 10. The mapping G(z,y) = G(u,v); identification rules

When turning to the case of spinor space, we will see the complete symmetry between the
coordinates u and v; they relate to the Cartesian coordinates of the extended model (z,y, z) &
(2',y', 2") through the formulas

v:j:\/—x+ 2+ 92, u:i\/+x+\/ac2+y2, (3.5)

illustrated by Figure 11:
\\ u

Fig. 11. G(u,v) covering the spinor space

The metric of space-time in parabolic cylindrical coordinates has the form
dS? = dt* — (u* +v?)(du® + dv?) — dz* . (3.6)

3.1 3.2. Solutions of the Klein—Fock—Gordon equation and functions on the
parabolic cylinder

Let us consider the KFG equation

1 0% 0? 1 0? 0? m2c?
- 42 — U = 0. 3.7
c? Ot? + 022 + u? + v? (8u2 + 81}2) h?2 } (3.7)
After separating the variables by the substitution

U(t,u,0,¢) = e e M Uu) V(v),
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one gets

1 d2U+ € _mQCZ_p2 2 | 4
Udz \r2e r  wr)"

1d2V 2 2.2 2
+{ +(E —mc—p—> 1)2]20. (3.8)

V dv? R2c2 R2 R2

In the following, we shall use the notation

)\2:<i—@—p—2>, = —— (3.9)

meter

By introducing two separation constants, a and b (a + b = 0), we can derive from (3.8) two
distinct equations:
d*v

dv?

d*U

du?

+(XNur—a)U=0, + (NP -b)YV=0. 3.10
(

The transition in equations (3.10) to the canonical form is obtained by using dimensionless
variables:

b
V2 u — u,& — a, V2\v — v, — — b. (3.11)
2\ 2\
The equations (3.10) will take the form:
U u? d*Vv V2

The solutions of these similar equations can be found as series:

Fl&)= ¢ + ca1& + &

(3.13)
+ Zk:l,Q,... Coppr EFT + Zk:1,2,... Corr2 EFF2;
we note that in (3.13) the terms of even and odd powers of ¢ are distinguished.
After tedious calculation, one derives two independent groups of recurrent relations:
for even powers
€0 2¢o—acy=0,
£ c4dx3+L —ac=0,
! (3.14)
£ bx5+%2—ac =0,
n=34,.., &": Conr2(2n+2)(2n+ 1) + ;11 Con—o — O Copy =0
for odd powers
£ 33x2—ac =0,
£ cs5x4+F —ac3=0, (3.15)
n= 3747 ) £2n—1 : C2n+1(2n + 1)(2%) + le Con—3 — & Cop—1 = 0.

So one can construct two linearly independent solutions
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even
£ &
Fi(&) =1+ Gay + Gayy +
s 1 s 7
ags = &, ay — & —5, Cg — (X —505,
2n)(2n —1
n=3.4,..: Aopio = QU Qgy — % A9n—2 ; (3.16)
odd
£ £
F2(§):€+a3§+&5a+---,
as = « a —a2—§
3 — ) 5 — 27
2n —1)(2n — 2
n=34,..: a%H:a@Wl—(n %fn ) s (3.17)

3.3. The basis wave functions. Manifestation of vector and spinor space structures

Having combined the two previous solutions F; and Fj, we can obtain four types of wave

functions®
even ® even) : P,

( = E(a,u?®) E(—a,v?),
(odd®odd): @®__ =0(a,u) O(—a,v) ,
( = E( 0

= O(

(3.18)
even®odd): @, _ a,u?) O(—a,v ),
(odd ® even) :  ®_, a,u) E(—a,v?) .
Note the behavior of the constructed wave functions:
D, (z=0,y=0)#0, S _(z=0,y=0)=0,
14 ( ) ( ) (3.19)

O, (x>0,y=0)=0, o (r<0,y=0)=0.

Now let us consider which restrictions for the wave functions ¥ follow from the requirement of
single-valuedness. Here two peculiarities of the parametrization are substantial:

u?
2

2
V=0 T=+2 >0 y=0; u:O:x:—%ng:O. (3.20)

Fig. 12. The peculiarities of the parametrization

8We will change the notation: F} = E; Fy, = O.
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Four solutions behave in special peculiar regions, as follows:

Q. (a;u=0,v)=+ P, (a;u=0,—0v), (3.21)
S, (a;+u,v=0)=+ P, a;—u,v=0), (3.22)
®__(a;u=0,4v)=+P__(;u=0,—v)=0 (3.23)
O__(a;u,v=0)=+d__(a;—u,v=0)=0, (3.24)
¢, (a;u=0,4v)=—P, (a;u=0,-v), (3.25)
¢, (a;u,v=0)=o, (a;—u,v=0)=0, (3.26)
¢, (a;u=0,4v)=P_ (a;u=0,—v)=0, (3.27)
¢, (a;+u,v=0)=—P_,(a;—u,v=0). (3.28)

The boundary properties of the constructed wave functions can be illustrated by the following
schemes:

Yy Yy
Non-zero Zero
‘/ T ‘/ T
D, o,
Yy Yy
/ zero\
+ 4+ ] 7e1r0 S
— a: —

Fig 13. Boundary behavior of the wave functions in the (z,y)-plane

So we conclude that the solutions ¥ of the types (++) and (——) are single-valued in the space
with vector structure, whereas the solutions of the types (+—) and (—+) are not single-valued
in such a space, so these latter types (+—) and (—+) must be discarded. However, these
solutions ((+—) and (—+)) must be retained in the space with spinor structure.

When using the spinor space model, two sets (u,v) and (—u, —v) represent different geo-
metrical points in the spinor space, so the requirement of single valuedness as applied in the
case of spinor space does not assume that the values of the wave functions must be equal at
the points (u,v) and (—u, —v):

O (u,v) = ®(x,y) # O(—u, —v) = d(2',y) . (3.29)
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The dividing of the basis wave functions into two subsets may be mathematically formalized
with the help of the special discrete operator acting in the spinor space:

3:(—01 _01>’ 5(z)z<j), (3.30)

It is easily verified that the solutions which are single-valued in the vector space model are
eigenfunctions of 4 for the eigenvalue § = +1:

0y (a;u,v) =+ Dy (a5u,0) (3.31)
0 ®__(a;u,v) =+ D__(a;u,v), (3.32)

and the additional ones - which are acceptable only in the spinor space model - are eigenfunc-
tions for the eigenvalue § = —1:

0 By (a;u,v) = — D (a;u,0), (3.33)

d®_,(a;u,v) =— P_,(a;u,v) . (3.34)

3.4. The form of a diagonalized operator A
Let us find an explicit form of the operator fl, introduced above by the equation AU =q 0.

In Cartesian coordinates one has the following representation

. 02 0? 0? 0 0*  0? 5
which in (u,v, z)-coordinates has the form
~ 1 0? 0? 0 9? Sy

3.5. Orthogonality and completeness of the bases for vector and spinor spaces

Now let us consider the scalar multiplication

/\I/Z, U, /—g dtdzdudv . (3.37)

of the basic constructed wave functions:

Tii(e,pa) =€ e? Ooy(aju,v), (3.38)
U__(e,p,a) =€ e &__(a;u,v), (3.39)
\I/Jr*(e?p: a) = e%t sz + (CL u U) (340)
U_, (e,p,a) =€ e d_ (a;u,v) . (3.41)
where p and p' stand for generalized quantum numbers.
First of all, we note some interesting integrals®:
in vector space
“+o0o “+o0o
Iy = / dv/ du @, ®__ (u®+v?), (3.42)
0 —o0

9The arguments (a;u,v) are omitted here.
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in spinor space

+oo +oo

L = / dv/ du @, ®__ (u®+07), (3.43)
oo pteo

I, = / dv / du @, _ ®_, (u®+0°), (3.44)
oo oo

I = / dv / du @, @y (u>+07%), (3.45)
+oo +oo

I, = / dv/ du @, . (u®+0?), (3.46)
oo e

Is = / dv/ du @ &, (u®+v%), (3.47)
oo pheo

Is = dv/ du ®_ ®_, (u®+v%). (3.48)

All these seven integrals Iy, I7...I5 are equal to zero, which means that the constructed functions
provide us with an orthogonal basis for the Hilbert space W¥(t, z,u,v), where (u, v, z) belong to
the extended (spinor) space model.

3.6. On matrix elements of physical observables, in vector and spinor spaces

The question of principle is to determine in which way the transition from vector to spinor
space model can influence the results of calculation of matrix elements for physical quantities.
As an example, let us consider matrix elements for operator of coordinates: one may calculate
the matrix elements of the basic initial coordinates u, v or x,y:

u®—v
2

, Y =uv, or (u,v). (3.49)

Then simple selection rules for the matrix elements can be derived!?:

in vector space

'Tﬂ,hu‘ ++ - y/j”u ++ I
++ #£0 0 > ++ 0 #0 (3.50)
— 0 #0 —— #0 0
in spinor space
Ty, ++ —— +— —+  ypu ++ —— +— —+
++ #£0 0 0 0 ++ 0 #£0 0 0
— 0 #0 0 0 » —— #0 0 0 0 (3.51)

+— 0 0 #£0 0 +— 0 0 0 #0
4+ 0 0 0 #0 —+ 0 0 #0 0

The same, for the coordinates u and v, looks like:

OFor simplicity we restrict ourselves only to the degeneracy at the discrete quantum number
++,——,+—, —+, by taking €, p, a fixed.
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in vector space

uu',u ++ — ,U//'l:/‘ ++ ——
++ 0 #0 5 ++ #0 0 (3.52)
— #0 0 —— 0 #0
in spinor space

Up! ++ - += -+ UV ++ — +— —+

++ 0 0 0 #0 ++ 0 0 #0 0

— 0 0 #0 0 » — 0 0 0 #£0 (3.53)

+— 0 #0 0 0 4+— #0 0 0 O

—+ #0 0 0 0 —+ 0 #£0 0 0

3.7. Schrodinger equation

The study of the analytical properties of the Klein-Fock-Gordon wave solutions in vector and
spinor space models is still applicable, with slight changes, to the non-relativistic Schrodinger
equation as well:

L0 h? 0? 1 0? 02
e = o [@Mzw (auﬁw)]‘l” (3:54)

where the substitution for the wave functions is the same
U(t,u,v,2) = e "M P/ [ (4)V (v) (3.55)

and then, the equation for U(u)V (v) is

2m

3.8. Results

We shall further infer several quantum mechanical consequences while changing the vector
geometrical model of the physical space to the spinor one.

The extension procedure is performed in cylindrical parabolic coordinates, G(t, u,v, z) =
é(t, u,v,z). This is done through expansion twice as much of the domain G, so that instead
of the half plane (u,v > 0) now the entire plane (u,v) should be used, accompanied with
new identification rules for the boundary points. In the Cartesian picture, this procedure
corresponds to taking the two-sheet surface (z',y’) @ (2”,y"”) instead of the one-sheet surface
(z,y).

The solutions of the Klein-Fock-Gordon and Schrodinger equations W¥.,, =
e“te’?*U,(u)V,(v) are constructed in terms of parabolic cylindric functions!'. Given the quan-
tum numbers €, p, a, four types of solutions are possible: ¥, ¥ __: ¥, ¥ ..

The first two ones, U,, and ¥__, provide us with single-valued functions of the vector
space points, whereas the last two, ¥, and ¥_,, have discontinuities in the frame of vector
spaces, and therefore they must be discarded in this model. All the four types of functions are
continuous ones while regarded in the spinor space.

'We denoted the separating constant by a.
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It is established that all solutions ¥, ,W__ W, and ¥_,, are orthogonal to each other,
provided that integration is done over the extended domain of parametrization of the spinor
space.

Some simple selection rules for matrix elements of the vector and spinor coordinates, (z,y)
and (u,v), respectively, are further derived. The selection rules for (u,v) are substantially
different in vector spaces compared to spinor spaces.

4 Some relevant topics

In conclusion, within this paper we addressed the following topics: the spinor structure of
space models; the relation between the Dirac—-Schwinger quantization rule and the superposi-
tion principle in quantum mechanics; the manifestation of spinor space structure in classifying
the solutions of the Dirac equation and for the matrix elements which are related to physical
quantities; spinors in polarization optics; the Jones formalism for completely and partly po-
larized light; General Relativity and Riemannian space-time models with spinor structure and
tetrad (vierbein) formalism.
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The paper discusses the role played by Mueller and Jones formalisms in polarization optics,
by addressing the following aspects: restriction to the SU(2) symmetry, non-relativistic
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General introduction

The goal of the paper is to discuss the role played by Mueller (matrix) and Jones (spinor)
formalisms in polarization optics, by addressing the following essential aspects:

e polarization of the light and Mueller formalism;

polarized light and Jones formalism, restriction to the SU(2) symmetry, and two types of
non-relativistic Stokes 3-vectors;

Cartan 2-spinors in polarization optics: two kinds of Jones complex 2-vectors;

on possible Jones 4-spinors for partially polarized light;

the linear group SL(4,R) and the classification of 1-parametric Mueller matrices;
e semi-group structure and classification of degenerate Mueller matrices, projective geometry.

1 Polarization of the light and the Mueller formalism

To elucidate in which way mathematical theory of rotation and Lorentz groups may be applied
to problems of polarization optics, and also which problems from this field await to be solved,
we proceed with basic definitions concerning the light polarization.

Consider a plane electromagnetic wave spreading along the axis z; then, at an arbitrary
fixed point z, we have

E' = Ncoswt , E? = M cos(wt+A) , E3=0,N>0, M>0, A€ [—-m, +7],
and the Stokes parameters (S,) = (I, S!, 8%, 5%) are determined by
I =< E+E; >, S =< E}-E3>,S'=<2E,F, cosA >, S? = < 2B\ E,y sin A > ;

where M(t), N(t) are amplitudes of two electric components, A(t) is a phase shift and the
symbol < ... > stands for averaging in time.

If the amplitudes N(t), M (t) and the phase shift A(t) do not substantially depend on time
(or at all, as in the case of completely polarized light), during the measuring process the Stokes
parameters equal to
SO =L =N*+M?*, Soy=N?—M* S, =2NM cos A, S2 =2NM sinA

P pol pol
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and the following identity holds

S8 = po, - S 21 =0,
that is, S= I, 7. In other words, for completely polarized light, the Stokes 4-vector is isotropic.
For the natural (non-polarized) light, the Stokes parameters are trivial

S(l

nat —

( natao 0 0)

When summing two non-coherent light waves, their Stokes parameters behave in accordance
with the following linear law: I(1)+ I(3) , S )+ S’ (2)- In particular, partially polarized light can
be obtained as linear sum of natural and Completely polarized light:

. a Iol -
Snat = (Inat; 0,0,0) , Spot = (Lpots Lpor 1) » S* = (Lpat + Lpor ) (1’ Inatj—f n) ‘

We further denote
Ipol

[nat + Ipol ’
and then, for the Stokes vector of the partially polarized light we have

I:Inat+Ipol> b=

S*= (I, I pn), S, 5 =1I*(1—-p* >0,

where I > 0 is the general intensity, p is the degree of polarization (which runs within the
[0, 1] interval: 0 < p < 1), and 7 stands for any unit 3-vector. Due to the relations:

S8 =12, — G2

pol pol

for completely polarized light;
S8 =1*(1-p?) >0 for partially polarized light,
the behavior of Stokes 4-vectors for completely and partially polarized light under acting optic

devices may be sometimes considered as isomorphic to the behavior of respectively the isotropic
and the time-like vectors with respect to Lorentz group of Special Relativity:

S8 =inv=0 completely polarized light;
5,8 =1inv > 0 partially polarized light .

This simple observation leads to many consequences, of which some will be discussed below.

2 Polarized light and Jones formalism, restriction to the
SU(2)-symmetry, and two sorts of non-relativistic Stokes 3-vectors
Let us consider now the polarization Jones formalism and its connection with spinors for rota-

tion and Lorentz groups. It is convenient to start with a relativistic 2-spinor V¥, representation
of the special linear group GL(2,C), covering for the Lorentz group Ll:

1
v — ( e > . W =BT, Bk eSLEC),
Bk) =ko+kjo?, det=k2—-k*=1.

From the spinor ¥ one may construct a 2-rank spinor ¥ ® ¥*, which in turn can be resolved
in terms of Pauli matrices (we need two sets: 0% = (I,07) and 6% = (I, —a7)):

Q®V:%@um:%@%—@wy
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The spinor nature of ¥ generates a corresponding (Lorentz) transformation law for S,:
S!5*=S, B(k)a"B*(k),

which - with the use of the well-known relation in the theory of the Lorentz group - can be
written:

B(k)g*B* (k) = ¢°L, © = Sy =L,*S,,

L%k, k*) =05 [ =62 k™ kX + ke k™ + K k® + i€, ™k, k],

5o — +1, c=0=0;
b=\ =1, c=b=1,2, 3.
Thus, the spinor transformation B(k) for the spinor ¥ generates the linear transformation
L, *(k,k*) over Stokes vectors, which preserve the (relativistic) length. We note that opposed
by sign spinor matrices +B, lead to the same matrix L.

If we restrict ourselves to the case of the SU(2) group, we get!

0 0 0
1—2(n2+n2) —2nonz+2niny  2ngns + 2nin3
2n0n3 + 2711712 1-— 2(7’1% + n%) —2n0n1 + 2712713

—2ngny + 2ninz  2ngng + 2ngng 1 — 2(n? + n3)

L(£n) =

o O O

We introduce now a special parametrization for the Jones spinor W:

io 0 3 1 -qQ2
\Ij:<N€ )7 qj@q/*:%(S—l—S S ZS>,

Mei® S!St S0 —
St =2NM cos(8 — a) , S? =2NMsin(f — a),
S3=N?—-M?*, SO=N?+M*=+./St+55+53;

which coincides with the above definition for the case of completely polarized light
SO=N>+ M?>=+4/S7+ 55+ 55, S*=N*—-M?,
S =2NM cos A, S?2 =2NM sinA .

There exist two ways to construct a 3-vector in terms of 2-spinors:

(TRU*)=r + z;07 , r=+/7,2;, x; — pseudovector ;
(VW)= (y; + iz;) ol o, y;, T; — vectors .

Evidently, the first variant provides us with a possibility to build a spinor model for the pseudo-
vector 3-space, whereas the second variant leads to a spinor model of a proper vector 3-space?.
Correspondingly, there are possible two Jones spinors: ¥ <= §; , V' <= S, . The
Jones-like formulas for Stokes 3-vectors, in both cases, look as follows:

e (traditional) ¥(S)
|NM |NM
5 cos A, S% = 5 sinA, 8% =N?—- M?,;

St= /2| M?—-N?| cosA,
S2=./2| M?—-N"?|sinA, S*=+VNM.

St =
e (alternative) ¥'(S)

1We assume here ko = ng, k = if.
2 According to Cartan, a discret spinor reflection is given by the (2 x 2)-matrix il.
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3 Spinor representation of Stokes 4-vectors and 2-rank tensors for
completely polarized light

A bi-spinor of second rank U = W ® ¥ can be resolved into scalar @, a vector ®;, a pseudoscalar
<I> a pseudovector @b, and a skew-symmetric tensor @, as follows

~ ~ '2
U=0UQW= [—iq)+'yb(1>b+iaab(1>ab+'y5<I>+i7b'y5 @b] El,E:<Zg _?0_2>,

a 0 of 5 - 0 ab _ 1 o%0" — oo 0

The inverse relations are

P, = ; Sp [Eva

U, &,=%Sp[Ey,U],
—iSp[EU], d=1S9p

The explicit expressions for tensors obtained from spinors are
=&y =i, =8¢ — &y,
Qy =i (i +&Em),  Pz=—('m+Emi),
Pop=0,P,=0,P=0, D3=0,P=0, D=0,
and
T [ =) + (ng —msms) |
=3 [ (£ =€) — (mm —mms) ],
O = 1 [ ('€ + 7€) + (mimi +msms) |,
¥ = — L [ (7€M +676%) — (mimi +mams) ]
¥ =S [ +mmy), P =3[ —mimy].

By collecting the results, we infer:

\Iz:(§ > VRQU=—=3=0,2=0, D, =0, D, #0, Py #0.

In order to obtain the vector and the tensor both real, one should impose additional restrictions:
n=—io?& = g=-E", m=+ET,
which results in
Qo= (N +E2EH) >0, Q3= - ¢M),
= (¢ +8¢"),  P=—i (£ - )
OOl = i [ (1€ — €2 €2) 4 (€2 2 — £ ¢1) | and so on.

The last case seems to be the most appropriate to describe Stokes 4-vectors and to determine
the Stokes 2-rank tensor. The main invariant turns to equal to zero, since:

SoSo — S;8; =0,

and hence S, may be considered as a Stokes 4-vector for completely polarized light.
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In turn, the 4-tensor S,,,, being constructed from Jones bi-spinor ¥, is a Stokes 2-rank
tensor. We further calculate the two invariants for S,,,:

1 1
I = _5 Smnsmn =0, I, = 4_1 Eabmnsabsmn =0. (31)

Instead of the Stokes 4-tensor S,;, one may introduce a complex 3-vector,
sl = SOl +i523 , §2 = 502 —f-ngl , g3 = 503 — Z~812 ,
51+ 15y = —i £26% 51— sy = +i {1 s°—i & &

Additionally to Jones spinor and Mueller vector formalisms, the later considerations allow
to introduce one other technique, which is based on the use of complex 3-vectors, under the
complex rotation group SO(3,C): This complex vector is isotropic, s? = 0.

4 The Jones 4-spinor for partially polarized light

Now let us examine one more possibility of combining two spinors:

éi +n3

, 3 -5

U® (—iv°) = ® L
( ) i —&?

5 +&*

With the notation
5 - Nleml o Mleiml
— N2 e’i’nz ) 77 — ‘2\42 e’imQ )
we can prove that the corresponding 4-vector is time-like:
(N1 My — NyMy)? < ®2 — & < (Ny My + Ny My)? .

This means that we have ground to consider the 4-vector @, as a Stokes 4-vector S,. Therefore,
the 4-spinor is of Jones type and corresponds to partially polarized light.

It remains to explicitly find the form for the corresponding (real) Stokes 4-tensor S,; its
description with the help of complex 3-vectors looks most simple:

(&5 — &) 5

st = 5(51772 +&0), 8 = —5(51772 — &), 80 = -3

this complex 3-vector is not isotropic,

=~ (&) — € £0.

One more last remark should be added: the results of Sections 1-4 can be of use not only in
polarization optics, but also they may also be of interest to describe Maxwell theory in spinor
approach, when instead of variables A,,, F},,,, one introduces one fundamental electromagnetic
bi-spinor ¥ = (£,7n). As well, these results can have a meaning in the context of explicitly
constructing relativistic models for space-time with spinor structure.
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5 The linear group SL(4,R) and the classification of 1l-parametric
Mueller matrices

The main goal of this section is to develop a systematic method of identifying and classifying
the Mueller matrices within the family of matrices of the real group SL(4,R). We note that to
construct the general transformation of the group SL(4,R) is straightforward, but to analyze
the adequacy of such a transformation for describing Mueller matrices is a highly nontrivial
(practically impossible) task. However, using the technique of Dirac matrices, we can, quite
easily explicitly describe all the 16 one-parametric subgroups, from which, using all the possible
emerging products, one can produce the whole group SL(4,R). For these distinct 1-parametric
subgroups, the question of their adequacy of being Mueller matrices becomes sufficiently simple,
and thus we obtain in each case a definite answer. In particular, diagonal subgroups are trivially
simple and will not be further discussed as subcase of valid Mueller solutions. Any Mueller
matrix of general type, My,S, = S!, must obey the following restrictions

So >0, SP=5-57-52-52>0,
Sy >0, S2=5%2-92-82-5%2>0,
or, in more detailed form,
Moo So + Mo1S1 + Mo2 Sz + Moz Sz > 0,
(MooSo + Mo1S1 + My Sa + MosSs)?
—(M10Sp 4+ M11S1 + M15S5 + Mi3Ss)?
—(M30Sp 4 My1S1 + Mo S + MasSs)?
—(M30So + M3151 + Ms3S5 4+ M3355)> > 0 .

We shall further use the following notation:
So=1,5; =1Ipj, pp=a, pp="0, p3=c.
For describing the change of the degree of polarization, one can use the quantity D:
(2402 4¢c?) — (> +0*+ ) = D.
No we are ready to specify the 12 non-diagonal 1-parametric subgroups in SL(4,R).
Variant (1):

cos¢p sing 0 0
 arn | —sing cos¢p 0 0
M= U (¢) = 0 0 cos¢ —sing |’
0 0 sing cos¢

where the restrictions (in the variables tan ¢ = x) look like

1— 22 2x

2 2 2
Tyt T e me 20,

asing +cos¢p > 0,

and where the solution depends on the initial Stokes vector and is much simplified in the case
of completely polarized light: z € [z1, x2], where

2a—\/4a2+(1—p2) (b2+c2+1—a?)

T = Prc2rl—a? )
. 2a+\/4a2+(1—p2) (b2+c24+1—a?)
T2 = Prcitl—a2 .
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The possible values of the parameter D lead to subcases:

D <0, — 0 <tan¢ < 13‘;2 (decreasing) ,
D >0, = tan ¢ > 2% (increasing)
D=0 = tan ¢ = 2%, (non-changing) .

We note that this result is typical. The appropriateness of the elementary matrix M to be of
Mueller type depends on the parameters of the matrix and on the characteristics of the initial
light beam. Hence, when combining more complex Mueller matrices by multiplying elementary
1-parametric ones, we must check each next step of the chain

(. . MnMn—l . o MQMl) S = S/ .
Variant (2):

cos ¢ 0 sing 0
0 cos ¢ 0 sing

M=U3(=9)=| _ sin ¢ 0 cos¢p 0
0 —sing 0 cos¢
The restrictions are the following
1— 22 2
cos¢p+bsing >0, x(l—bQ)—i— ¢ 2b —a? — ¢ >0,

14 22 1422

and they differ from the previous ones only by notation.

Variant (3):

cos ¢ 0 0 sin ¢
el 0 cos¢p —sing 0
M =Us(¢) = 0 sing cos¢ 0 ’
—sing 0 0 cos ¢
cos ¢+ ¢ sing >, }1—22(1—02)—1—13220—612—1)220.
Variant (4):
cos¢ sin¢ 0 0
.8, | —sing cos¢ 0 0
M =U(¢) = 0 0 cos¢p sing |’
0 0 —sing cos¢
cos¢g+a sing >0, i;ii(l—ﬁ)—i—lfﬁcrg 20— b —c2>0.
Variant (5):
cos @ 0 sing 0
0 cos 0 —sin
M= U5 () = ’ ’

—sing 0 cos¢ 0 ’
0 sing 0 cos ¢

cosp —b sing >0, %;ig(l—b2)—l—%2b—a2—c220.
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Variant (6):

cos ¢ 0 0 sing
By 0 cos¢p sing 0
M =Us(¢) = 0 —sing cos¢ 0 ’
—sing 0 0 coso¢
cos¢+c sing >0, };;;(1—02)—%13_22 2c—a*—0*>0.
Variant (7):
cosh (3 0 0 sinh (3
Al oy 0 cosh  —sinh 0
Uy (—if) = 0 —sinh 3 cosh 3 0 ’
sinh 0 0 cosh [

for which we note that the restriction cosh 35Sy + sinh S3 > 0 is valid for arbitrary 3.
The quadratic inequality in the variables a,b,c and y = th g,y € (—1,+1), takes the form

2@+ +1—c)+4daby+ (1 —a®>—b*—c*) >0,

with the solution

Y € [y1,92] ,
2ab—\/4a2b2+(1—p2)(a2+b2+1—02)

Uy = 212 11—c2 <0,
2ab+\/4a2b2+(1—p2)(a2+b2+1—c2)

Y2 = a?+b2+1—c? > 0.

The results depend on the initial light. For completely polarized light, the formulas become
much simpler. The degree of polarization changes according to the rules

(a—by)?+ (b—ay)’+(c+y)* ,

D= —bv -,
(1+cy)? ‘
This result is typical again for these six cases.
Variant (8):
cosh (3 0 —sinh g3 0
Afeon 0 cosh (3 0 —sinh 8 |
Us' (if) = —sinh 3 0 cosh 3 0 K
0 —sinh 0 cosh (3
Variant (9):
cosh 0 0 —sinh
Brom 0 cosh # —sinh 0
Uy (ip) = 0 —sinh B cosh (8 0
—sinh ¢ 0 0 cosh (3
Variant (10):
cosh # sinh 0 0
B/.m | sinh B cosh 0 0
Us (1) = 0 0 cosh # —sinh 3

0 0 —sinh #  cosh 3



Elena Ovsiyuk et al. Spinors, matrix structures, and projective geometry in polarization optics 323

Variant (11):
cosh (8 0 sinh 3 0

Crem 0 cosh (8 0 —sinh 3
Uy (ip) = sinh f3 0 cosh 3 0
0 —sinh 0 cosh (3
Variant (12):
cosh § —sinh 0 0
¢/ .ay_ | —sinh B8 cosh 8 0 0
Uy (=if) = 0 0 cosh 3 —sinh 3
0 0 —sinh 8 cosh (8

The appropriateness of the elementary matrix M to be of Mueller type depends on the pa-
rameters of the matrix and on the characteristics of the initial light beam. While producing
a more complex Mueller matric by multiplying elementary 1-parametric Mueller matrices, we
must check each next step in the chain

(---MnMnfl---M2Ml) S == Sl .

6 The semi-group structure and classification of degenerate Mueller
matrices; projective geometry

Preliminary remarks. The Mueller transformation formulas p; = p;- can be presented as a
law of a projective (15-parametric) group:

p/ — Mmio+mii1p1+miapa+mizps
1 14+mo1p1+mo2p2+mosps
p/ — M20+m21p1+Ma2pa+ma23ps3
2 1+mo1p1+mozp2+mosps
p/ — Mm30+ma31p1+m3aapa+m3sp3 .
3 1+mo1p1+mo2p2+mozps  ’

with the constraints
1+ mo1p1 + moap2 + mospz > 0,

P+P+pi<l, pl4pi+pi<l.
With respect to a spinor basis, any 4 X 4 matrix can be constructed by means of four 4-
dimensional objects (vectors) (k,m,l,n), as follows

k’o + k& Nog + N o K N

lo+13 my+ma ) \L M)
where we use the notation k& = (ko, k;) and so on. The symbol ¢ = (o) stands for the three
2 x 2 Pauli matrices. The four 2 x 2 blocks are denoted as K, M, L, N.

In order to have matrices with real elements, it is necessary to require that the components
which have the index 2, to be imaginary:

ko— > 1ko R Mo— > 1Mo , No— > 1Ny , lo— > il ,

leaving real the other components of the parameters.

By imposing linear constraints on the four 4-dimensional vectors, and by requiring that the
group law for multiplication is valid for these parameters, we can obtain a large variety of simple
subsets of matrices. All of them have a definite mathematical structure: either of sub-group or
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of semi-group. A large part of these subsets consist of degenerate matrices. Otherwise speaking,
one might obtain in this manner a large number of semigroups of 4-th order matrices (more
than 40). However, the question of adequacy of such simple subsets of matrices for describing
Mueller transformations has not been addressed until now. The purpose of this section is to
perform such an analysis.

Below we shall present only a few typical examples of these sets.

One single independent vector (ko, k). We shall examine the case when the independent
4-dimensional vector is (ko, k):

n=Ak,ny=aky, m=Bk, my=0ky,1=Dk,lg=1tky.

In this case, by imposing the requirement of satisfying the axioms of group law provides 7
distinct solutions: K1-K7, as decribed below.

Variant K1:
kg—l—k‘g kl—{—kg 00 a c 00
G (K OY_ | h—k ko—k 00| _[dbo0o0]
L0 0) 0 0 o0 |0O0O0O0]
0 0 00 0 000

where all the (4 x 4)-matrices are degenerate. The rank of such a matrix is either 2 or 1 (while
in the last case one should require det K = ab — c¢d = 0). Transformations are of Mueller type
only if

a+cx >0, ze[-1,1], (cx +a)® — (bx +d)>>0.
The projective transformation has the form
, d+br ,
T = ) y - y? z =z )
a-+cx

which leads to two systems of inequations
I a+cx>0, (c=bz+a—-d>0, (c+bx+a+d>0;
I a+4cx>0, (c=bzr+a—-d<0, (c+bx+a+d<0,

where system II has no solutions.

An important point concerns the appropriateness of these matrices to be of Mueller type.
This depends on the properties of the initial light beam. The roots of the above quadratic
equation are
(ac — bd) F (ab — cd)

b2 _ o2

If the coefficient (c? — b?) at z? is negative, then the solution of the inequation has the form

L12 =
T € [z1, 2] .
If this coefficient is positive, then the solution is of the form

z € (—o0;x1) U [22, +00) .

It makes sense to impose the requirement det K = ab — c¢d = +13. Then the formulas for the
roots simplify to
F1+ (ac — bd)
b2 _ o2 :
3This happens due to the fact that the norming by the determinant can be always considered, by using a
factor applied to the matrix K

T1,2 =
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Moreover, we can separately tract the case of matrices of rank 1; to this aim we need to impose

the condition

ab—cd =0 — dza—b,
c

which leads to a very special projective transformation

, d+br ab/c+bx b d

pr— pr— = - = — <1,
o a+cx a+cx c a o =

For this case, the requirements for being Mueler type matrices are

b b
a+cx >0, 1—-->0, 1+->0,
c c

where the last two inequalities are equivalent to | p [< 1.

Variant K2:
ko + k3 kl + ]{?2 0 0 a c 0 0
a_ | hi—k ko—ks 0 0 |l dboo
o 0 0 ko + lfg kl + kg a 0 0 a c
0 0 ki — ko ko — ks 0 0 d b

This set consists of non-degenerate matrices. By imposing the conditions det K = 0, we get a
semi-group of rank 1. The corresponding projective transformation is given by:

,  d+bx ,  ay+cz ,  ay+bz
T = , = , Z = .
a-+cx 4 a—+ cx a—+ cx

While limiting ourselves to degenerate matrices of rank 1 (ab — c¢d = 0), we get a simpler
projective transformation

:U/:Z—) y/:ay+cz Z,:éay+cz:l_) /
c’ a+cx’ c a+cx c?

For Mueller transformations, the following conditions should be fulfilled

a+cx>0, 24y +22 <1,
(2 = v?)x? + 2(ac — bd)x — (a® + d*)y? — (¢* + b*)2? — 2(ac + bd)yz + a*> — d* > 0 .

We notice that the obtained quadratic inequalities can be considerably simplified if we limit
ourselves to matrices of rank 1:

a+cxr>0, 2+ +22<1,

(1—12—;) (cx +a)* — (1—1—2—2) (ay +c2)*>0.
We must assume that b? < ¢, and consequently we get

1—8(cx+a)—/1+5(cz+ay) >0,

V1-5(z+a)+/1+5(cz+ay) >0.
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We shall examine several more such special particular cases:

r=+1,y=0,2=0, at+c>0, (a+c)?>(b+d)?;
r=-1,y=0,2=0, a—c>0, (a—c)?>(b—d)?*;
r=0,y=+1,2=0, a>0,d=0;
r=0,y=-1,2=0, a>0,d=0;

r=0,y=0, z=+1, a>0,a*> >0 +c+d?*;
r=0,y=0,2=-1, a>0,a>>b+c+d* .

In the general case we get the quadratic inequality
24yt +22 <1, a+cr >0,
(a+cx)* — (d+bx)* — (ay + c2)?* — (dy + b2)* > 0.

This quadratic form can be diagonalized (we omit the details of this procedure). Let us express
the fundamental constraint 22 + y2? 4+ 22 < 1 in terms of new variables X,Y, Z. We get

2
(X—ac_bd> LY2422<1.

c2 — h2?

The linear inequality a 4+ cz > 0 gets the form

We see, that the task of description of all Mueller matrices of this type is solvable, and it is a
quite definite problem in the frames of a particular projective group.

K 0 W ( K'K 0.
G:(DK o)’ GG_(DK’K o)’

here D is an arbitrary numeric parameter. This set of matrices is a set of degenerate matrices
of rank 2 with the structure of a semi-group. We start with

Variant K3

a ¢ 00
d b 00
G = Da Dc 0 0 |’
Dd Db 0 0
then the corresponding projective transformation looks like:
d+ b d+b
— +$, y =D, =D +QC:DQ:’.
a—+cx a+cr

By limiting ourselves to the semi-group of rank 1, the projective transformation becomes sim-
pler:

det K =0, x,:E:E’ y =D, 2= Dz’ .
The restrictions for having Mueler matrices are
a+cr>0, Az? 4+ 2Bz +C >0,
A= (1-D?c— 1+ D*p?,
B = (1 — D?)ac— (1+ D?)bd ,
C=(1-D%a*>—-(1+D*d>.
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The roots of this quadratic equation are

_ —bd(1+ D?) + ac(l — D?) £+ \/(ab— cd)?(1 — D*)
2= (1 + D2) — 2(1 — D?) ‘

If A > 0 (positive) then x € [z1,22], and if A < 0, then z € (—oo;z1] U [22,+00). The
requirement of having real roots z; 5 leads to D* < 1. In particular, if D?* = 1, the inequalities
from above get the form

d
—(1+1)(bz+d)?>>0 = rT=—7.
a+cr>0 = a—49c>0.
In the case of zero determinant det K = 0, we get
2 N 2
a+cx >0, [(1—D)—(1+D)g (a+cx)*>0.

We note that the Mueller matrix identifying task involves many details, which are physically
interpretable within polarization optics, and at the same time are relevant in terms of properties
of special projective transformations. There exist yet about 40 special cases of matrices (mainly
with semi-group structure) which provide special projective transformations and can describe
sets of Mueller matrices.
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The symmetry of space time is described by using the so called isometric group. The
generators of isometric group are directly connected with the Killing vectors [18]. In
this paper, we present an explicit connection between the symmetries in the VSR and
isometric group of Finsler space. The Killing vectors in Finsler space are constructed in
a systematic way. Further, the solutions of Killing equations are present explicitly in
the isometric symmetry of Finsler spaces. The Killing vectors of Finsler-Berwald space
are given and we proved that the 4-dimensional Finsler-Berwald space with constant
curvature has 15 independent Killing vectors.

Key Words: Finsler-Berwald space, Very Special relativity, Killing vectors, Lorentz vio-
lation, Isometric group.

1 Introduction

Finsler geometry as a natural generalization of Riemannian geometry could provide new sight
on modern physics. The model of gravity and cosmology based on Finsler geometry is in good
agreement with the recent astronomical observations. In the past few years, two interesting
theories were proposed for investigating the violation of Lorentz invariance. One is the so called
doubly special relativity(DSR) [1-3, 13, 14], another one is the very special relativity(VSR)
developed by Cohen and Glashow [6]. This theory suggested that the exact symmetry group of
nature may be isomorphic to a subgroup SIM(2) of the Pioncare group. Also the SIM(2) group
semi direct product with the spacetime translation group gives an 8-dimensional subgroup of
the Poincare group called ISIM(2) [11].

Recently, physicists found that both two theories mentioned above are related to Finsler
geometry. Girelli, Liberati and Sindoni [8] showed that the Modified Dispersion Relation(MDR)
in DSR can be studied through the frame work of Finsler geometry. Very recently, the authors
Xin Li, Zhe Chang and Xiaohuon Mo [19], have studied Isometric group of (a, 3) type Finsler
space and the symmetry of very special relativity. They also found that the Killing vectors
of Finsler-Funk space and proved that the 4 dimensional Finsler-Funk space with constant
curvature has just 6 independent Killing vectors.

Thus, the symmetry of Finslerian space time is important for further study. Therefore,
the way of describing spacetime symmetry in a covariant language i.e., the symmetry should
not depend on any particular choice of coordinate system, involves the concept of isometric
transformation. In fact, the symmetry of space time is described by the so called isometric
group. The generators of isometric group is directly connected with the Killing vectors [12].
In this paper, we use solutions of the Killing equation to find the symmetry of a class of
Finslerian spacetime. In particular, the Killing vectors of Finsler-Berwald space are given and
further we showed that the 4-dimensional Finsler-Berwald space with constant curvature has
15 independent Killing vectors.

2 Killing vectors in Riemannian space

In this section, we give a brief introduction of the Killing vectors in Riemannian space. The
terminology and notation are referred as in [18]. For a given coordinate transformation x — z,
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the Riemannian metric g;;(x) is defined as

oxF oz

Gij(Z) = o ajgkl() (2.1)

Any transformation x — Z is called isometry if and only if the transformation of the metric
gi;j(z) satisfies

8:1:’qz (93:
’i.e., gZ](J_?) = gw( )

Kl

It is easy to check that the isometric transformations do form a group. Now it is convenient
to investigate the isometric transformation under the infinitesimal coordinate transformation

T =1+ eV (2.3)
where | € |[< 1. To first order in | € |, the equation (2.2) reads

00 v v
= 0. 2.4
oxm +gm1 O +gm3 Ot 0 ( )

By making use of the covariant derivatives with respect to Riemannian connection, we can

write the above equation as
Vi + Vi = 0, (25)

where denotes the covariant derivative. Any vector field V; satisfies equation (2.5) is called
Killing vector. Thus, the problem of finding all isometries of a given metric g;;(x) is equivalent
to find the dimension of the linear space formed by Killing vectors.

Ricci identities in Riemann geometry can be written as

44 ’l/

Vigily = Vijti = —ViRis, (2.6)

where Rkﬂ is the Riemannian curvature tensor. And the first Bianchi identity for the Rieman-
nian curvature tensor gives

R} + Ry + Rl = 0. (2.7)
From equations (2.6) and (2.7), we obtain

Vk| i = VR]zk (28)

Thus, all the derivatives of V; will be determined by the linear combinations of V; and Vj;.
Once the V; and Vj; at an arbitrary point of Riemannian space is given, then V; and Vj; at
any other point is determined by integration of the system of ordinary differential equations.
Therefore, the dimension of linear space formed by Killing vector can be at most n(n+1)/2 in
n dimensional Riemannian space. If a metric admits that the maximum number n(n + 1)/2 of
Killing vectors, its Riemannian space must be homogeneous and isotropic. Such space is called
maximally symmetry space.

The best example of maximally symmetry space is the Minkowskian space. The Killing
equation (2.5) of a given Minkowskian metric 7;;(x) reduces to

oV N ov;
ori ~ Ox'

(2.9)

The solution of (2.9) is o ,
Vz — Q;I'J + 027 (210)
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where Q;; = nkiQf is an arbitrary constant skew symmetric matrix and C? is an arbitrary
constant vector. Thus, substituting the solution (2.10) into the coordinate transformation
(2.3), we obtain

T' = (0; + €Qj)x’ + eC". (2.11)

The term (5;- + EQ; in the above equation is just the Lorentz transformation matrix and the
term €C" is related to the spacetime translation. Expanding the matrix 47 + €@’ and the vector
eC" near identity, we obtain the famous Poincare algebra.

Other two types of maximally symmetry spaces are spherical and hyperbolic case. Without
loss of generality, we set its constant sectional curvature to be £1 for spherical and hyperbolic
case respectively. The length element of both the case is given in a unified form as

V(1 + k(z.2))(dz.dx) — k(z.dz)?

ds* = 2.12
° 1+ k(z.2) ’ (2.12)
where the “.” denotes the inner product with respect to Minkowskian metric and k = +1 for
spherical and hyperbolic case respectively. The metric is given as
Tij T
= —k , 2.13
Jii <1+k(w.m) (1 —|—k(ma:))2> (2.13)
where x; = n;;27. The Christoffel symbols of the above length element is given as
0% + ;0%
k Li0j T %%
G ) 2.14
Yis 1+ k(z.2) (2.14)
Thus, the Killing equation (2.5), now reads as
ov;, oV 2k
. 4 WV Vi) =0. 2.15
Ox * oz’ * 1+l<:(x.x)(x i+ aivi) (2.15)
The solution of the above equation is
V=gV, = Qix’ + C' + k(z.c)z’, (2.16)

where the index of Q and C are raised and lowered by Minkowskian metric 4% and its inverse
matrix fi;.

3 Killing vectors in Finsler space

In this section, we derive the Killing vectors in Finsler space. Now, we introduce the Finsler
structure.

Let M be an n-dimensional manifold, let T, M denote the tangent space at x € M, and by
TM the tangent bundle of M. Each element of TM has the form (z,y), where z € M and
y € T, M. The natural projection Il : TM — M is given by n(z,y) = .

A Finsler space on the manifold M is a function F' : TM — [0,00) with the following
properties:

(1) Regularity: F'is C*° on the entire tangent bundle T'M\0.
(17) Positive homogeneity: F(z, A\y) = AF(z,y) for all A > 0.
(#4i) Strong convexity: The n x n Hessain matrix

=99
W by oy

1/2F?), (3.1)
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is positive definite at every point of T'M\0, where T'M\0 denotes the tangent vector y is
non-empty in the tangent bundle T'M.

Like Riemannian space, we shall now, find the Killing vectors in the Finsler space, for this
we should construct the isometric transformation of Finsler structure.
Let us consider the coordinate transformation (2.3) together with the corresponding transfor-
mation for y.

BV
7=y +e—v, (3.2)

Ox’
Under the coordinate transformation (2.3) and (3.2), to first order in | € |, we obtain the
expansion of the Finsler structure,
OF ;OV'OF

Oxt Ty OxI Oy’

F(z,9) = F(x,y) + V" (3.3)

where F(z, %) should be equal to F(z,y). Under the transformation (2.3) and (3.2), a Finsler
structure is called isometry if and only if

F(z,y) = F(z,y). (3.4)
Then, deducing from (3.3), we obtain Killing equation Ky (F') in Finsler space

JOF  QVIOF

Kv(F) =V oz’ Ty oxd Oyt

(3.5)

Searching the Killing vectors for general Finsler manifold is a difficult task. Here, we give the
Killing vectors for a class of Finsler space-(«, 3) space with metric defining as in [16]

F=oa¢(s), s=-—, (3.6)

where a = \/a;;y'y7 is a Riemannian metric and 8 = b;(z)y" is a differential one form, and
¢(s) is a smooth function. Then, the Killing equation (3.5) in (a, §) space is given as follows

0 = Ky(a)o(s)+ aKy(d(s)),

_ 9¢(s) 9¢(s)
= (o9 =75 Kovie) + 25 k() 5.7)
By making use of the Killing equation (3.5), we obtain
1 o
Ky(a) = %(V;\j + Vii)y'y’, (3.8)
— iabj '5‘/; j

where denotes the covariant derivative with respect to the Riemannian metric . The
solutions of the Killing equation (3.7) have been expressed in three cases:
Case-1: The first one is

99(s)

o(s) — o = 0 and Ky(8)=0, (3.10)

« |//

which implies F' = A3 for all A € R.
Case-2: If
9¢(s)

0s

=0 and Ky(a)=0, (3.11)
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which implies F' = Aa for all A € R. The above two cases hold true for any trivial space. Next,

we merely consider the following case:
Case-3: If ¢(s) — sa‘g—(;’) #0 and 224 £ 0, then we have solutions

Os
Vi + Vi = 0, (3.12)
, 0b; aV;
‘= +bi—— = 0. 1
V D0 B 0 (3.13)

The first equation (3.12) is none other than the Riemannian Killing equation(2.5). The
second equation (3.13) can be regarded as the constraint for the Killing vectors that satisfy
the Killing equation (3.12). Therefore, in general, the dimension of the linear space formed by
Killing vectors of («, 3) metric is lower than the Riemannian one.

4 Symmetry of VSR
One important physical example of («, 3) space is VSR. When we take ¢(s) = s™, where m is
an arbitrary constant, the Finsler structure takes the form proposed by Gibbons et al [9].
F = alfmﬁm,
= (nyy'y)) 2 (bny")™, (4.1)

where 7;; is Minkowskian metric and by is a constant vector, the metric (4.1) is called VSR
metric. One immediately obtain from the first Killing equation (3.12) of («, 3) space as,

Vi=Qlal +C. (4.2)
And the second Killing equation (3.13) gives the constraint for Killing vector V?,
b;Q% = 0. (4.3)
We use the following result proved by [11]:

Lemma: The VSR metric is invariant under the group of two-dimensional Fuclidean motion
(B(2)).

The above investigation and the Killing equations (3.12) and (3.13) obtained in section-3
are under the premise that the direction of 3’ is arbitrary. It means that no preferred direction
exists in spacetime. If the spacetime does have a special direction, the Killing equation (3.7)
will have a special solution. The VSR metric is first suggested by Bogoslovsky [4]. Following
the assumption and taking the null direction to be preferred direction, we deduce from Killing
equation (3.7) that

1— f AN k
0 = sm( n(3V+8%)yzyJ+mslbk8V ’"),

20 \Oxd = Ox? oz ”
1 (1—n [0V, 0V, ROV i
= s"— . =~ | b, ;70 Yy’ 4.4
° aﬁ( 2 <8xﬂ+8x’> i oar ) VYV (44)
The above equation has a special solution
Vi = (Q4- +mny_ )z + 4, (4.5)

where ), _ is not only an antisymmetrical matrix, but also satisfying the property

bo=—b"Q,_. (4.6)
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It implies that the Lorentz transformation for b* is
(0T + e(mdT + QD))" = (1 +e(n+1))b", (4.7)

which means the null direction b* (or b_) is invariant under the Lorentz transformation. There-
fore, if the spacetime has a preferred direction in null direction, the symmetry corresponded to
@+ _ is restored. In such case, the VSR metric is invariant under the transformations of the
group DISIM,(2) proposed by Gibbons et al [9]. Another important physical example of (a, 3)-
space is Randers space [15]|, where we set ®(s) = 1 + s, the Finsler structure takes the form

F=oa+p. (4.8)
Then, in Randers space the Killing equation (3.7) leads to

Since the Ky (a) contains irrational term of y* and Ky-(3) only contains rational term of y*,
the equation (4.9) satisfies if and only if Ky (a) = 0 and Ky (8) = 0. If Randers space is flat,
its Killing vectors satisfies the same Killing equation with VSR metric.

5 Killing vectors in Finsler-Berwald space

In this section, we have investigate a special Berwald metric with constant flag curvature
K = 0. Further, we find the number of independent Killing vectors for a Berwald metric. We
prove the following main result.

Theorem: The Finsler-Berwald metric with constant flag curvature K=0 has maximum 15
independent Killing vectors.

Proof: Now, consider the special Berwald metric given by [17];
(V(yy) (A —z.2) + (2.9)* + (z.9))°
(1= (2.2))/(yy) (1 — z.2) + (z.9)>

where . denotes the inner product with respect to Minkowskian metric. By using the equation
(2.16) and the first Killing equation Ky («) = 0, (3.12) implies

F =

(5.1)

Vi= Q;xj +C" — (x.c)x". (5.2)
The Funk metric # and Berwald’s metric B are related and they can be expressed in the form

9—arp, p=0tH”

Q

Here,

a =

Vi —za) +@y? 5 (cy)
1 — (z.x)? ’ 1—(z.2)%
& = \a, 3 = \B, where A = —1

—(z.x)?"
And from Berwald metric, we have
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Then, we obtain the partial derivative for b;(x),

i (1= (@) | (I—za) (5.3)

and the corresponding partial derivative for Killing vectors V' is

Vi
oxI

= Q; — 5;(330) —2'C;. (5.4)

By making use of the equation (5.2), (5.3) and (5.4), we derive the second Killing equation
(3.13) of the form
4Qﬂ$z

C;=0. 2.5
l—z2 LR (5:5)
Substituting the equation (5.5) into (5.2), we obtain
: N A
i )t
V' =Qjr (1 — mx) . (5.6)

Hence, the dimension of the linear space formed by the Killing vectors of Finsler-Berwald metric
is 15. And the space time translation generators corresponded to C* depends on the generators
of Lorentz group corresponded to Q;

6 Conclusion

Lorentz Invariance (LI) is one of the foundations of the standard models of particle physics.
Of course, it is very interesting to test the fate of the LI both on experiments and theories.
The theoretical approach of investigating the LI violation is studying the possible spacetime
symmetry and some parts of special relativity. In this paper, we have presented an explicit
relation between the isometric group of a specific Finsler space and symmetries of the VSR
proposed by Cohen and Glashow [6]. We showed that the Killing vectors satisfy the same
Killing equation of a Riemannian metric, and the major difference is the Killing vectors of
(o, B) need to satisfy the constraints (3.13). Further, we consider the Finsler-Berwald metric
with constant flag curvature K = 0 and we showed that the number of Killing vectors of
Finsler-Berwald metric is 15. Finally, we conclude that, “the determination for the maximal
number of independent Killing vectors of (o, 3)-space or any general Finsler space is still a
open problem. We hope, it could be solved in the future”.
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O4YEHD CIIEIINAJIbHAYA TEOPUA OTHOCUTEJIBHOCTU B
ITPOCTPAHCTBE ®NHCJIEPA-BEPBAJIBJIA

C.K. Hapacumxamyptu, I"H. JIata Kymapn
Vnueepcumem um. Kysemny, [Humoza, Kapnamara, Unous

nmurthysk@hotmail.com, nslathams@gmail.com

CumMeTpusi ITPOCTPAHCTBA-BPEMEHU OIMCHIBAETCS C KCIIOJIB30BAHUEM TaK HA3bIBAEMOI
U30METPUYECKO TIpymmbl. [eHeparop M30MeTPpUYECKOW TI'PYIIBI CBA3aH C BEKTOPAMHU
Kunmara [18]. B Hacrosimeil crarbe Mbl JaeM sIBHYIO CBsi3b MEXKJLy CHMMETDPHSAME
OY€Hb CIENUAIbHON TeOpUH OTHOCUTEIBHOCTH U U30METPUYECKOH IPYIIIOil TPOCTpaHCTBA
duncepa. Bekropsr Kumnmuara B mpocrpanctBe PumHcaepa CKOHCTPYUPOBAHBI HAa
cucreMaTnyieckoii ocuoBe. Pemnenunsi ypaBuenuit Kuwinmmara nanbl B sIBHOM BHIE, Kak
nzomeTpudeckue cummerpun npocrpancrsa Punciepa. [lanbr BekTophl Kumauura mis
mpocTpancTBa Punciepa-bepBapia u 1oKa3aHo, YTO 4-MepHOe TpocTpancTBO DuHcIepa-
BepBanbaa ¢ mocTossHHON KPUBU3HOM nMeeT 15 HE3aBUCUMBIX BEKTOPOB KuyiiuHra.

KumaroyeBbie cioBa: npocrpanctBo  DuHcliepa-bepBanbaa, OdYeHb CHenuabHas
Teopus OTHOCUTEJBHOCTHA, BEKTOPbl KuimHra, HapyIIeHne JIOPeHI-MHBaAPUAHTHOCTH,
M30MeTpHUIecKasl IPYIIIIa.
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YPABHEHUA SVIHITITENTHA J1JId CJAVUYAYI
HET'OJIOHOMHOT'O PACIIPEJIEJIEH Y C METPUKOM
BEPBAJIbBIA-MOOPA

C.B. T'asaesn

Capamoscruti zocydapemeennbiti yrusepcumem umenyu H.I. Yeprwviwescrozo, Capamos, Poccus

sgalaev@mail.ru

BrojuTest moHATHE TPOMOMAKEHHON CBI3HOCTH OCHAIEHHOTO CyOMUHCIEpOBa TPOCTPaH-
crBa KopasmepHoctu 1. Ha pacmpenenennu cydduHC/IepoBa MPOCTPAHCTBA C METPUKOL
BepBambaa-Moopa HymeBofl KpPUBU3HBI OMPEIEISIETCS CTPYKTYpa TMOYTH KOHTAKTHOTO
K3JIEPOBA, MPOCTPAHCTBA.

KnroueBble cjioBa: BHYTPEHHAS CBSI3HOCTD, IPOIOJI2KEHHAs CBSI3HOCTD, IMOYTH KOHTAKT-
HOE K3JIePOBO IPOCTPAHCTBO, CyOMUHCIEPOBO MPOCTPAHCTBO € MeTpukoii Bepsasbma-
Moopa HyJIeBOIi KPDUBU3HBL.

1 BBenenue

Nszyuenne ocHAIEHHBIX CYOMUHCIEPOBBIX MPOCTPAHCTB KOPa3MEPHOCTH 1 ¢ MeTpHUKOil
Bepsanba-Moopa MoTuBHpOBaHO, IIaBHBIM 06pa3oM, pabotamu |1, 2, 3|. B pabore [1| B kate-
CTBE MOJIEJTH YeTBIPEXMEPHOT'O MPOCTPAHCTBA-BPEMeHN 00IIell TeOPUN OTHOCUTETHHOCTU TIPE/]I-
JlaraeTcs Toaxojdinee moaMuorooopasue Kommu-Prumana mMHOroooOpasmsi ¢ ModTH KOHTaAKTHO
MeTPHYECKON CTPYKTYPOil. ABTOPBI paboThl |2| momydaror ypaBHeHUe JBUKEHUsT 3apszKeHHON
JaCTUIBI B ODIIEH TeOpuu OTHOCHUTE/JIHHOCTU KaK ypaBHeHHe Jiinepa-J/larpamka yHKINOHA-
JIa JJIAHBL JI7IsI HEKOTOPOI'O YeThIPEXMEPHOI'0 HErOJIOHOMHOI'O pacIpee/eHns, 3a1aBaeMoro 4-
IIOTEHIIHUAJIOM IJICKTPOMAIrHUTHOI'O I10JIA. ypaBHeHI/IH JOITyCTUMBbIX (FOpHSOHTaﬂbeIX) reoge3un-
YeCKUX JIJIsI 9TOr0 pacIlpeie/IeHns COBIIAIAIOT ¢ YPABHEHUSIME JIBUZKEHUS 3aPAXKEHHON YaCTUIIBI
obreit Teopun orHOCHTEIbHOCTH. Ha pacrnpegesenun onpeaeseH MeTPUIECKUNH TEH30D JIOPEH-
HeBOit cUrHATYpBI (4, —, —, —), YTO MO3BOJIAET ONPEIEIATH IPUIMHHOCTD, KaK B 00MIell Teopun
OTHOCHTETLHOCTU. ABTOPBI BBOJIAT KOBapuaHTHOe jiud pepeHnnpoBanue (JINHEHHY O CBA3HOCTD )
U TEH30D KPUBU3HBI Jis pacupenesenus. U1, nakoner, B pabore [3| mpodeccop Mupon B Kaue-
cTBe MofesbHOTO pocTpancTBa B OTO paccmarpuBaeT KacaTeabHOE paccioenne (pUHCIepPOBa
MHOTOOOpasusa. B Hacrosiieit pabore pasBuBaercst guddepernaabHO-reOMeTPpUIecKni alma-
par, UCIOJIb30BaHNe KOTOPOTO MO3BOJINT, C OJHON CTOPOHBI, B3MJIAHYTh Ha paborel |1, 2, 3| ¢
HECKOJIBKO Oojiee OOIINX MO3UIUIA, & ¢ JAPYTroil - MPOMOKATD MOy IeHHbIe TaM pe3yIbTaThl Ha
caydail pacnpejenenus ¢ (puHcaepoBoit MeTpukoii. Mbr onpenenseM 9-mepHoe MHOroodbpasue
C TIOYTH KOHTAKTHOW METPUYECKOW CTPYKTYPOIl KaK MOJIETbHOE MTPOCTPAHCTBO OOIIEi Teopun
OTHOCHUTEJILHOCTH.

[Tomumo BBesieHHIs paboTa COMEPXKUT ABa pasiesa.

Bo BTopom pasiene BBOAUTCA MOHATHE MOYTH KOHTAKTHON K37€poBO#l cTpyKTyphl. [Ipu-
BOJISITCSI OCHOBHBIE Pe3y/IbTaThl BHYTPEHHEH Te€OMeTPUU MOYTH KOHTAKTHBIX K3JEPOBBIX IPO-
crpancTB. OOCYKIAIOTCA TMOHATHUS CBA3HOCTU HAJL paclpee/leHneM U MPOIOIKEHHON CBI3HO-
CTH. HO CyTu, Ipoao/IzKEHHasd CBA3HOCTHb B HECKOJIbBKO MHOM KOHTEKCTE U B APYI'UX TE€PMHHaX
BIIEPBBIE, TI0-BUINMOMY, ObLIa onpejeseHa mpodeccopom Barnepom B [4] ¢ mesbio moctpoenst
TeH30pa KPUBU3HBI HETOJIOHOMHOI'O MHOr0OOpasusd. Pazsern 3aBepiiaer BaXKHBIN /s JTaIbHel-
IIIEr0 TTPUMEp OJIHOTO KJIacca MOYTH KOHTAKTHBIX K3JIEPOBBIX MPOCTPAHCTB. B TperheM pasmeste
CTPOUTCA MOJEb JeBATUMEPHOIO MPOCTPAHCTBA-BpEeMeHN 00Ieil TeOPUu OTHOCUTETBHOCTH.
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2 TIlouyrm KoHTaKTHasi K3JEepoBa CTPYKTypa

[Iycts X — rmagkoe muOrOO6pasne HevderHoil pasmeproctr n, =(X) — C*°(X)-Momysib riaarux
BEKTOPHBIX 1osieit Ha X . Bece MHOTOOOpa3us, TeH30pHbBIE MOJIA U APYTHE FeOMeTPUYECKIE 00beK-
THI TIpenoaaraloTed ragkuvu kiaacca C™. [oumu xonmaxmmoti mempuveckoti cmpykmypot
na X Ha3bIBAETCsl COBOKYIIHOCTD ((p, E, 1, g) TeH30pHBIX T0J1eit Ha X, rie ¢ — Ten3op Tuna (1, 1),
HA3BIBAEMBINl CTPYKTYPHBIM SHIOMOP(MU3IMOM, E U 7) — BEKTOP U KOBEKTOD, Ha3bIBAEMbIE, COOT-
BETCTBEHHO, CTPYKTYPHBIM BEKTOPOM U KOHTAKTHOI hopMOii, g — (IICeBI0) PIMAHOBA METPHKA.
[Ipu sTom
)
Z,y € E(X). Kococmmmerpuuaeckuii Tenzop Q(Z, ) = g(Z, ¢y) HasbBaercs byHIAMEHTATBHO
dopmoit cTpykTypbl. MHOrOOOpasue, Ha KOTOPOM (DUKCUPOBAHA IMOYTH KOHTAKTHAs METPUIe-
CKasl CTPYKTYPa, HA3BIBAETCH NOYMU KOHMAKMHbLM MEMPUYECKUM MHO2000pasuem. B ciydae,
korga {)=dn, MoYTH KOHTAKTHAS METPUYECKas CTPYKTYpa HA3bIBACTCHA KOHMAKMMHOU MEMPU-
yeckot cmpykmypod.

ITouTn KoHTaKTHas MeTpHYecKad CTPYKTypa HasblBaeTcd HOpMaJsbHOI, eciu N, +2dn &

nE) =1, p(€) =0, nop=0, Y*T=—T+n@)E, gleZ, o) = g(T,7) —n(@)n(@),

5 =0, rne N, — xkpydenne Heitenxeiica, obpasosannoe Tenzopom ¢. HopmanbHasg KOHTaKTHas
MeTpuieckasi CTPYKTYpa Ha3bIBAeTCs CACAKMEBOW CTPYKTypoil. MHoroobpasmue, ¢ 3a/laHHO HA
HEM CaCcaKMeBOH CTPYKTYPOIl, HA3BIBAETCs CACAKUEBBIM MHOTO00PA3UEM.

I[Iycte D — riajkoe pacmpejeseHue Kopa3MepHocTu 1, ompeaensgemoe (opmoit 1),
Dt =58 pcm(g) — ero ocHamenne. Eciu orpannyenne ¢popMbl w = dn Ha pacupenenenun D naet
HEBBIPOXKJIEHHYIO (DOPMY, TO B 9TOM CJIydae BEKTOD 5 OJTHO3HAYHO ONPEE/IAeTCd U3 YCIOBUIA
n(€) =1, ker w = Span(€) u maspBaercs BekTopom Puba.

Bynem roBopuTh, 9TO MOYTH KOHTAKTHAS METPUIECKas CTPYKTYPa NOYmMu HOPMANOHAA, €CTTA
BBITIONHSIETCs yenoBue Ny, + 2(dno ) ® 5 =0.

[Tourn HOpMaJIbHBIE MOYTH KOHTAKTHBIE METPUUYECKHe MPOCTPAHCTBA B HaJibHeiieM Oy-
JIEM HA3bIBATD NOYMU KOHMAKMHLLMU IPMUMOBHMU npocmpancmeamy. [loatn KoHTaKTHOE
SPMHUTOBO MTPOCTPAHCTBO HAZ0BEM NOYMU KOHMAKMHBIM KIAEPOSHIM NPOCTPAHCMEOM, €CITA €T0
dyumamenTaabias popMma 3amMkHyTa. [[oUTH KOHTAKTHOE METPUYECKOE MTPOCTPAHCTBO HA30BEM
noumu K-xonmaxmmoiM MEeMPUYeckum npocmparcmeom, eCJIm ng:O 71 Lg—go:O. Paznmuane
B MOHATHUAX HOPMAJIHHOW MOYTU KOHTAKTHON METPUYECKOW CTPYKTYPhI M MOYTH KOHTAKTHOI
SPMHUTOBOI CTPYKTYPhI PACKPBIBACTCS CJIELYIONIEH 0YeBUIHON TeopeMoii.

Teopema 1. I[Houmu konmaxmmuas 2pMumosa CmpPYKMYpa AGAACMCA HOPMAALHOT Mo20a U
moavko mozda, ko2da 6uinosnAeMC caedyrowee yeaosue: w(p i, ¢ ¥) =w(u, U), 4,7 € T'D.

[Tourn HOpMa/IbHAA KOHTAKTHAS METPUYECKAs CTPYKTYpPa OYEBUIHBIM OOpPA30M SBJISETCSA Ca-
cakmeBoii crpyKTypoil. CacakueBbl IPOCTPAHCTBA, MOIL3YIOTCS GOJIBIION IIOIYIAPHOCTHIO Y UC-
clefoBarTesieil MoYTH KOHTAKTHBIX METPHYECKUX IIPOCTPAHCTB IO ABYM OCHOBHBIM IPHYUHAM.
C omHOl CTOPOHBI, CYMIECTBYET OOJLIIOE KOMUYECTBO MHTEPECHBIX M COMEPIKATEIBHBIX MPUMe-
POB cacakmeBbIX CTPYKTYp (cM., Hampumep, [5]), ¢ apyroit cropoHsl - MHOr00Opasus Cacaku
00J1a1aI0T OYEHb BayKHBIMH ¥ €CTECTBEHHBIMU CBOWCTBAMI.

Kapry K(z%) (o, B,7=1,...,n) (a,b,c,e=1,...,n—1) na mHOroo6pasun X GyjueM Ha3bl-

BaTh aJIAITUPOBAHHON K HEroJoHOMHOMY MHOroobpasuio D, ecm D+ = Span( 5 ~) [6].
T

[lycrs P : TX — D — npoexrop, onpejensemblii pazioxenuem TX =D & D+, u K(z%)
— aJanTupoBaHHas Kapra. Bekropusie nonst P(0,) =€, =0, — '"0,, 1uHeiiHO He3aBUCHMBL U B
06J1aCTH OIIpeJIeIeHIsI COOTBETCTBYIONIEH KapThl MOpoXKaaT cucremy D: D = Span(é,). Ta-
KUM 00pa3oM, Mbl UMeeM Ha MHOTrooOpasun X HeroJIoHOMHOe mojie 6a3ucoB €, = (€,,0,) u co-
OTBETCTBYIOIIEe eMy Tojie Kobasucos (dz®, 0™ =dx™ 4+ I''dx®). HemocpeicTBeHHO TIpOBEPSIETCH,
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910 [€,6p) = M0y, Tae KoMmoHeHTHI M, 00pa3yioT Tak HA3BIBAEMbIH TE€H30D HErOJIOHOMHO-
cru [4]. Ecin norpeboBaTh, 9T06BI BO BCEX HCIOIB3YEMbIX aJIAIITHPOBAHHBIX KAPTAX BBIIOJIHSI-
J10CH PABEHCTBO & = 0, TO, B YACTHOCTHU, OKAYKETCs CIIPABELIUBBIM PABEHCTEO [€a€b] = 2wWha O,
rje w=dn. AJanTupoBaHHbIM Oy/eM Ha3bIBATh TakxKe Oasuc €, = J, — [0, Kak Oasmuc, omnpe-
JleJIAeMBbIil aJalTHPOBAHHON KapToil. 3aMeTHM, 9TO uMeeT MecTo paBeHcTBO 0,17 =0.

Tenzoproe mosie Tuna (p, q), 3aJaHHOE HA MOYTH KOHTAKTHOM METPUYIECKOM MHOrOOOPa3wy,
HA30BEM JIOMYCTUMBIM (K pachpejeeruio D), eciu ero KOOpJAMHATHOE MPEJICTABJIEHUE B aJla-
NTUPOBAHHON KapTe MMeeT BU/I:

b=ty @ © Ey, @ da™ © .. @ da.

[To-BumMoMy, B T€OpUM MOYTU KOHTAKTHBIX METPUYECKUX IMPOCTPAHCTB aJJallTUPOBAHHbIE KO-
OPJIMHATHI TI0 CYNIECTBY HUCIOJIB30BAIICH TOJIBKO B paborax [6-8|.

Hazosem donycmumoe menszoproe nose unmezpupyemoim, €Cii B OKPECTHOCTH KaXK 0N TOY-
K1 MHOroobpasust X Haiilercd aJanTHpoBaHHAs KapTa, OTHOCHUTEIHLHO KOTOPOI KOMITOHEHTDI
noJist moctosinubl. Popma w = dn sBseTCs OJHUM U3 MPUMEPOB WHTEIPUPYEMOil JOMYyCTUMOI
TEH30PHOI cTpyKTYpbl. Crieyioline IBe TeOPEMbl PACKPBIBAIOT 3HAUCHUE TIOHI TS WHTETPUPY-
€MOMH JIOIyCTUMOM TEH30PHOM CTPYKTYPhI B KOHTEKCTEe HAIINX UCCIICIOBAHNI.

Teopema 2 |7|. Jlonycmuman nowmu KOMNAEKCHAA CMPYKMYPA UHMELPUPYEMA 0200 U TOND-
ko mozda, Ko2da umeem mecmo pasencmso P(N,) = 0.

Teopema 3 [7]. louwmu Konmaxmmas Mempuueckas CMpPyYKMYpPa AGAAEMCA NOYMYU KOHMAKM-
HOU 2PMUMOB0T, CMPYKMYPOT mozda u Moavko moezda, ko020a JONYCMUMAL NOYMU KOMNAEKCHAA
CMPYKMYPa © UHMeE2PUPYEMQ.

MCHOHBSyH aJallITUPOBaHHbIE KOOPDAWHATBI, BBE€AEM CJACAYIOIINE JOIIYCTUMbBIEC TE€H30PHBIC IIOJIA:

hiy = 200}, C’abzi&zgab, Ce=g%Cqp, ¥ = g%wye. Bysem ucnonbzosars ciepyiomme 060-
SHAUEeHNA JJIs1 CBASHOCTH U Koaddunuentos cpasnocrn Jlesu-Tusura Tensopa g: V, I'z . B
pe3y/IbTaTe HeIOCPEeICTBEHHBIX BBIUNCIEHUH yOeXK aeMcsl B CIPaBeIIMBOCTH CJIEIYIOIIeil Teo-

peMBI.

Teopema 4 Kosppuyuenmu, ceasnocmu Jlesu- usuma nowmu KoHmaxmmoz20 MemMPuU1eckozo
nPOCMPaHcmea 6 adanmupo8aHHHLT KOOPOUHAMAT UMENOM 6UJ:

c _ T¢C Tn __ ™™ __Tb b Tn _ Ta __
Pab - Pab? Fab = Wha — Cab? ch - Pna - Ca - waa Fna - an - 07

1 — — —
ede Iy, = §9ad(€b9cd + €c9bd — €afc)-

B ciriyyae KOHTAKTHOTO METPHYECKOT0 TPOCTPAHCTBA BhIpayKeHne Tl KO3 MUIINEHTOB CBSI3HO-
cru Jlesn-Husnra npuseaenst B [6].

[Tox BHYTpeHHEl JIMHEHHON CBA3HOCTHIO B HETOJOHOMHOM MHOroo6pasuu D [4] nonumaercs
orobpazkenue V : I'D x I'D — I'D, ynojieTBopsiioliee CaeAyIOmnuM yCIOBUIM:

1) Vaaitpa = fiVa + f2Va;
2) Vufi = Vi + (if)7,

rae I'D - Momysb JonycTUMBIX BEKTOPHBIX Tojieit. KosaddburmenTo! nHelinoil ¢BA3HOCTH OIpe-
JleIATCs U3 cooTHomeHus Ve, e, = ['¢ e.. Kpydyenne BuyTpenHeil juneitHo#l cBs3HocTn S 110
OTIPEJICJIEHUIO TTOJIATACTCS PABHBIM
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Taxum 0OpazoM, B aJalTUPOBAHHBIX KOODJMHATAX Mbl UMeeM

Sav =Tap = T

JleficTBue BHyTpeHHEl JTUHEHHON CBA3HOCTH €CTECTBEHHBIM 00Pa30M IPOIOIKACTCS Ha MPOU3-
BOJIbHBIE JOIYCTUMBbIE TEH30PHBIE TI0/Is. BayKHBIM IpUMEPOM BHYTPEHHEl JTHHEHHOM CBA3HOCTH
SIBJISIETCSI BHYTPEHHsIsI MeTpUYIecKasi CBSI3HOCTh, OJHO3HATHO ompeensieMast yeaoBusayu Vg = 0
u S = 0 [4]. B amanrupoBanubix KoopauHaTax Mbl nmeeMm: I'¢ = %g“d(é’bgcd + €.9bd — €4Gbec)-
Bamernm, uro I'f, = fgc (cM. Teopemy 4).

Tax »Ke Kak U CBA3HOCTH B OOBEMJIIONIEM ITPOCTPAHCTBE, BHYTPEHHsIs JTUHEHas CBI3HOCTD
MOXKeT OBITH OlpejeseHa 3aJaHeM TOPU30HTATILHOTO PacIpeie/IeHrs HaJl TPOCTPAHCTBOM He-
KOTOPOI'0 BEKTOPHOTO PACCIOCHHs. B ciiydae BHyTpeHHEl CBSI3HOCTH B KadeCcTBE TAKOI'O pac-
cioenus BoicTymnaer pacnpeaenenue D. [ousarue ceaznocmu nad pacnpedesenuem UCIoOIb30BaA-
JIOCh TIPUMEHUTE/THHO K HETOJIOHOMHOMY MHOTOOOPA3UIO C JIOMYCTUMOMN (DIUHCIEPOBON METPHKOIT
B pabore [8]. Toopsar, uro Haj pacupemeserneMm D 3ajaHa CBA3HOCTH, €CIHU PACIIPE/IE/ICHIe
D= 7, 1(D), rme m : D — X pasbuBaercst B IPAMYIO CyMMy BHJIA D=HD& VD, tne VD -
BePTUKAJIbLHOE paclpejiesieHne Ha TOTAJIbHOM IpocTpaHcTe D.

Beenem Ha D cTPYKTYypY IVIaJIKOIO MHOIOOOPa3usi, IOCTABUB B COOTBETCTBUE KaXKI0H aja-
nrupoBanHoil Kapre K (z®) Ha MHOroobpasmm X CBEpXKAPTY K (x*, x™"*) ma mHOrooOpa-
sun D, tae z"T* — KOOpJMHATBI JIOMYCTHMOrO BeKTOpa B Oasuce €,=0, —I["0,. Iocrpo-
EeHHYIO CBEPXKapTy TakKKe Oy/eM Ha3bIBaTh aJIalTHPOBAHHON. 3ajlaHue CBA3HOCTH HAJ pac-
npejieJIeHreM SKBUBAJIEHTHO 3ajaHuio oobekra Gi(z®, x""*) takoro, uro HD = Span(g,), rue
€,=0,— I8, — G20,,4. B ciyuae, xorma G¢(x?, ") =T¢ ()2 ", cBasHOCTL HaJ| pactpe-
JeJleHneM ollpeaesdeTcd BHYyTPeHHel JIMHeHHON CBA3ZHOCTLIO.

B pabore [8] 6bL710 BBE/IeHO MOHATHE MPOIOJZKEHHON CBA3HOCTH. [IpojIozKeHHAsT CBA3HOCTD
BCerjla pacCcMaTpUBaeTCst OTHOCUTEILHO HEKOTOPOI CBA3HOCTH HaJl pacHpee/IeHUeM U OIpe/ie-
Jigercs pasiiokenneMm 1'D = HD & VD, rne HD C HD. Tlo CYHIIECTBY, TPOJOJIZKEHHAs CBI3-
HOCTb SIBJISIETCSI CBSI3HOCTBIO B BEKTOPHOM paccyioeHnn. Kak ciemyer ns ompemaeaeHus IpoI0II-
JKEHHOI CBSZHOCTH, JIJIs1 ee 3aaHust ([IPU YCJIOBUH YIKe CYIIeCTBYIONIEN CBI3HOCTH HaJl Pacipe-
JIeJIEHHeM ) JIOCTATOYHO 3aJ1aTh BEKTOPHOE IoJie U Ha MHOroobpasnu D, uMerolee CIeyomiee
KoopauHaTHoe npejcranienue U = 0, + G&0, 4. Kommonentor oobekta G2 peobpasyroTes Kak
KOMIIOHEHTHI BeKTopa Ha 6ase. Ilomaras, aro G2 =0, moxy4nM IpoI0/IzKEHHYIO CBA3HOCTD, 000-
snadaeMmyio V5.

B pabore [4] momycrumoe Ter3opHOe moste, onpeesemoe paeHctBoM R(U, U)W = ViV —
ViV g — V pjz W Hassano Baramepom nepsbiM Tersopom Kpususnbl CxoyTena. Koopaunarnoe
npejcTasienne Tenzopa CxoyTena B aJalTHPOBAHHBEIX KOOPAUHATAX UMeeT B Rj. ;= 2€], I’d} +
QF[aH HF} B cnydgae, korma pacrpenenenne D He COAEPKUT MHTEIPUPYEMOE pPacIpejie/IeHue
pasMepHOCTH N — 2, oOpallieHne B HyJIb TeH30pa KpuBu3Hbl CXOyTeHa paBHOCHIHLHO TOMY, UTO
napaJiieIbHbIN MEPEHOC JIOMYCTUMBIX BEKTOPOB BJIOJIb JIONYCTUMBIX KPUBBIX HE 3aBUCUT OT Iy TH
nepenoca [4]. Hazosem Tenzop Cxoyrena mensopom kpusustv, pacnpedeaenus D, a pacupeee-
nue D, B ciiydae obpaliieHns B HyJIb TeH30pa CxoyTeHa, — pacupeeneHneM HyJIeBoi KPUBU3HBI.
HerpynHo ycTanOBUTB, 9TO YacTHBIE Tpou3BogHble 0,1, = P aBIAI0TCA KOMIOHEHTAMH JOILYy-
CTHMOTO TEH30PHOTO 1O [4].

Ilycrs (¢,€,7, g) — MOYTH KOHTAKTHAs MeTPHYECKas CTPYKTypa. VMeer Mecto crieayiomast
Teopema [7]:

Teopema 7. [loumu xonmaxmmoe Mempuyeckoe MHo2000pa3ue onYckaem SHYMpPEHHION C8A3-
nocmo V. 6e3 wpyuenua, maxyro, wmo Vip=0, mozda u moavko mozda, xoz2da donycmumas
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CMPYKMYPa © UHMe2PUPYEMGQ.

Teopema 8. [loumu KoHMaAKMHAA MEMPUYECKAA CPYKMYPA ACAACNCA NOYMAU KOHMAKMHOT
Kaneposoti cmpyrmypoti mozda u moavko moezda, xo2da Vo =0, 2de V — enympernaa mempu-
YECKAA CBAZHOCTND 0€3 KPYUEHUA.

JokazaTesbcTBO. Bocmonmb3yemcesi paBeHCTBOM, HIMEIOIIIUM MECTO JIJIsI JIT'0OOTO MOYTH KOH-
TAKTHOTO METPUIECKOrO MPOCTPaHCTBa [5):

29((Vap)F, 2) = 3dQUZ, o7, p7) — 3dUZ, 7, 2) + g(ND(F, 2)pi) + NO(§, 2)n(Z)+

+2dn(py, ©)n(2) — 2dn(eZ, £)n(y),

(1)

rae N = Ny +2dn ® E, N® = (Lpin)¥ — (Lypgn)Z.

C yueToM Teopembl 2 1 Olpe/IeJIeHtsl OUTH KOHTAKTHON K3JIEPOBOi CTPYKTYPBI ajee moja-
TaeM, UTO HOUTH KOHTAKTHAA METPHICCKAA CTPYKTYD (¢, €,7, g) ABIACTCS TOYTH HOPMAJIBHO.
B stom ciywae P(N,) =N, +2(dnop)®E =0 u, rakum o6paszor, NV =2(dn®@E& — (dnop) ®E),
u paBeHcTBO (1) mpuHEMaeT 6osee POCTOI BH/I:

29((Vap)y, 2) = 3dQ (Z, ¢, p7) — 3dQ(Z, 7, 2) + N® (¢, 2)n (£) + 2
+2dn (0¥, ) 1 (2) — 2dn (2, T) n(Y).

Jlocmamouwnocmo. Tlogcrasus B (2) £=€,, Y=0,, Z=¢€., a 3ateM T=¢€,, §=¢€,, Z=_¢€,
mostydaeM df2qp, =0 1 df2qp. = 0 cooTBeTCTBEHHO, UTO U O3HAYAeT, 9T0 df)=0.
Heobzodumocmo. Ilpeamonaras, 1ro nveer mecro dS2 = 0, mepenuceiBaeM (1) B Buge

29((Vap)7, 2) = N® (4, 2) 1 (Z) + 2dn (97, T) n (2) — 2dn (92, T) (). (3)

[oncrapnsas B (3) T=€,, §= &, Z= €., nonydaeM V,p°=0. Yto u TpeboBajoch J0Ka3aTh.

B zakmouenne paszena Mbl ¢chOPMYIUPYEM U JIOKAXKEM TeOpeMy, 0OOOIIAIONLYIO CIIeIyIo-
muii Kjraccudeckuii pesysbrar [5|: mMOYTH KOHTAKTHOE METPUYECKOe MPOCTPAHCTBO SIBJISIETCH
CaCaKMeBBLIM IIPOCTPAHCTBOM TOIJA U TOJBLKO TOIJA, KOTIa BBIIOJIHAETCS PABEHCTBO

(Vap)g = 9(Z,9)E — () 7.

Teopema 9. [louwmu wonmaxrmmas 2pMUMOBa CMPYKMYPL ABAAEMCA NOYMU KOHMAKMHOT
K2AEPOBOT cmpykmypoti moz2da u Mmoavbko mozda, k0204 8biNOAHACNCA PABEHCNEO

(Vap)i = dn (¢7,2) €+ (§) (p o) (F) — 1 (Z) (p o) — Yo ) 7. (4)

HokazaresbeTBo. PaBercTso (4) 9KBUBAIEHTHO BBINOJIHEHUIO CJIEIYIOMNX YCIoBuit: Vi =
0, Onpp = 0, Ongap = 0. Ilocnennue nBa paBEeHCTBA 3alUCaHbl B 8 JAITHPOBAHHBIX KOODJMHATAX.
[lepsble JBa paBeHCTBa MOYXKHO O0O0bEIMHHUTL yeaosueM Vg = (0, KoTopoe, B CBOIO Ouepejlb,
BJIEYET PABEHCTBO OpGqp = 0, 9TO U JIOKA3BIBAET TEOPEMY.

[IpoBojmst ~ HEOOXOAMMBIE  BBIYUC/IEHHUs,  IMOJIyYaeM  BbIpaykKeHue Uit HeHyJe-
BBIX KOMHOHeHT TEH30pa KPUBU3HBI ITIOYTH _ KOHTAKTHOIO  K3JI€poBa  IIPOCTPaHCTBA:

d _ pd d d
Rabc abc + 2¢ wb 2wab¢ R'ﬂ - QV[bwa]C7 Rn - wac ] nbc ¢ wdb? Ra - QV[bqpa] )
nbn 'QZ} Qpb B ClIydae caCaKneBa IIPOCTPaHCTBa BbIpazK€HUe ﬂﬂﬂ HeHyﬂeBbIX KOMIIOHEHT

TEH30pa KPUBU3HBI IIPHMET BUJI: R Rabc+2w[awb]c 2w, Rn be = Gbes R;bn — 05 Kom-
HOHEHTHI TE€H30pa KPHBU3HBI CBA3HOCTH JleBn-Unmsura, TakuM 0Opa3oM, BBIPAsKalOTCS uepes
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KOMITIOHEHTBI T€H30Ppa KPHUBU3HbI CxoyTeHa 1 KOMIIOHEHTBI JOIIYyCTUMbIX TE€H3O0PHBLIX noJiei ¢,
W 1 UX IIPOU3BOJHBLIE OTHOCUTEJILHO BHYTpeHHef/'I MeTpH‘{eCKOﬁ CBgA3HOCTH V.

ITpumepsi. [leperiit mpumep — mpumep MHOTOOOpaszus Cacakum ¢ pacipejeseHrneM HyJIeBOi
KPUBU3HBI - BayKeH [IJIsI IOHUMaHUs BTOPOI'O OCHOBHOT'O MIPUMeEpA.

[Tpmvepsr 1. Pacemorpum apudmerntdeckoe mpoctpanctso RS, x2xt#0 co crpyxrypoit Ca-
CaKW, OIpejessgeMOl CAeAyIOmmM o0pazoM: €1 =0, — 2205, € =0y, €3=03 — 205, €4 =04,
n=2(dz® + 2%dz' + z*dz®), p(€1) = €3, p(€3) = €. Ouesmano, uro w(pZ, py) = w(Z, ). Merpu-
Ky OIIPEJIEINM ¢ TIOMOIIBI0 pasercTsa ¢( T, §) = w(¢y, ). OueBuano, 9To JaHHOE TPOCTPAHCTBO
SBJIFCTCH CACAKUEBBIM IIPOCTPAHCTBOM C PACIPE/IEe/ICHIEM Hy/IeBOil KpUBU3HBL B ajanTuposan-

HBIX KOOp/IMHATAX MBI NMEEM Rgbc = 2g0‘[iawb}c — 2wab<pf, Ry = ve, RSy, = — 05 Ilpmvep 2. Pac-

cMOTpHM BekTOpHOe paccioenne (D, 7w, X), tae D — pacnpefiesieHre KOHTAKTHON MeTPUIECKOT
CTPYKTYPBI (gp,g,n, g). Ecim pacnipenenenne D sBiisieTcst pacupejiesieHneM HyJIeBOii KPUBH3-
HBI ¥ HE COJIEPKUT WHTErPUPYEMOE PACIPEJIEICEHNE PA3MEPHOCTH N — 2, TO, KaK U3BECTHO [4],
BhITIONIHsIeTCsL paBeHCTBO P = 0. [Jo KoHIa padboTe! OymeM npeamnonaraTs, 9ro n > 3. Ha Totans-
HOM TIpOCTpancTBe [ paccMaTpuBaeMoro BeKTOPHOTO PACCIOeHHs ONPE/IeIUM MOYTH KOHTAKT-
HYIO METPUYCCKYIO CTPYKTYDY (D7 g? J7 d(ﬂ-* 077)> D) HoJiarasd g(gaa 5b) = .qganJra; aner) fg(éZM gb)a
G(€4,0,) = 3(0nsa;0n) =0, J(£2) = Opnra, J (Onia) =—Ea, J(0,)=0,t0e D=7,(D), D=HD®
VD, VD — BeprukaJabHOE paclpejiejieHre Ha TOTaJIbHOM mpocrpancTse D, a HD - ropu3on-
TaJbHOE paclpejiesieHue, olpeesisieMoe BHYTPEeHHel JIMHEHHOW CBsA3HOCTHIO. BeKTopHble mo-
a5t (&, =0, — 10, — T 2", 4, Ony Opya) OTIPeiensioT Ha D TOJIe HErOJOHOMHBIX GA3HCOB, a
bopmbr (dz?, 0" = dz™ + Tdz®, " = dz"HT'¢ 2" Tdz¢) — coorsercTByIONIEe MOTE KOOAZHCOB.
Bekropnoe none 0, siBsterca mnonem Puba g HOYTH KOHTAKTHON MeTPUYECKOH CTPYKTYDHI
(D, g, J,d(m* on)). Nmeer mecTo

Teopema 10. [loumu Kowmaxmmas MeMpPUMeCKas cCmpyxmypa (ﬁ,g}, J,d(m* on)) Aeasemcs
noOYMU KOHMAKMHOU apMumosoti cmpykmypoti mozda u moavko mozda, xoz2da pacnpedeserue
D seasemcs pacnpedenseruem HYyae80l KpUuGU3Ho.

HokazaTtesnbcTBo. [IpoBoas HEOOXOAMMBbIE BHIUNCICHNUS, IOy IaeM:

(€4, €] = 2wWpaOhn + REp@™ Op e, (5)
[5_:17 671] = anrCPfcan—irba (6>
(€4, Onte] = L'gpOnre-) (7)
HemnocpecrBeHubIM citeicTBUeM paBeHCTB (5-7) sIBISIOTCS CIIEYIONINe PABEHCTBA:
Ny (€4,8p) = — RS2 0,

NJ (an—I—a; an-i—b) = 2Wba8n + RZbcmn+can+ey
Ny (gaa aner) =0,
NJ (gay an) = NJ (8n+ayan) = _xTH_CPb an—&—lr

ac

3 moy4eHHbIX PABEHCTB CJIEyeT CIPaBeJINBOCTD TEOPEMBI.
[Tokazkem, arto crpykrypa (D, g, J,d(7* on)) He sgBIseTCS HOPMAJIBHOM.
Nneen: NJ (anJrav 8n+b) + 2d77 (8n+a> aner) an = 2wbaan + szcxn+can+e-
[ToHsATHO, 9TO HE3aBUCUMO OT KPUBHU3HBI paciipejiesiernsi D mocieiHee BbIpazKeHe He MOKeT

OBITH HYJIEM.

Teopema 11. [Toumu xowmaxmmuas mempuveckan cmpykmypa (D, g, J,d(m* o n)) asasem-
CA NOUMU KOHMAKMHOT Ka4€p06oti cmpykmypoti mozda U moavko mozda, ko2da cmpykmypa
(p,&,m,9) — cacarkuesa cmpykmypa ¢ pacnpedeseruem HYAe60Tl KPUSU3HbL.
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JokazaresibcTBO. HenocpeicTBEHHBIMU BBIYUCIEHUSIMU [TOTBEPK AAETCSA CIIPABEJINBOCTE
ciepyomero yreepxaenns: dQ =0 < dQ =0, rue Q(a_c', ¥) = g(Z, Ji), uro u noKasbiBaer Teope-
My.

VcTOYHUKOM TIOYTH KOHTAKTHBIX METPUYECKHUX IIPOCTPAHCTB BHYTPEHHE HYJIeBON KpUBU3-
HBI SIBJISIETCH KJIACCUYECKasi MEXaHUKa 1 (PU3MKA.

3 Ocuamennbie cydoduHCIEPOBbI MPOCTPAHCTBA KOpa3MepHOCTH 1

PaccmorpuM ocHamientoe cy6duucieposo mpocrpancTBo Kopasmepnoctu 1 (X, D, F, D) [8].
[To anajioruu ¢ TeM, KaK 9TO CJIeJJaHO BO BTOPOM pa3zjesie, onpeae/mM Ha [, KaK Ha TOTaIb-
HOM TTPOCTPAHCTBE BEKTOPHOTO PACCIOCHUS, CTPYKTYPY MOYTU KOHTAKTHOI'O METPUIECKOTO TTPO-
crpancTBa. ajtee OymaeM rojarath, 9TO pa3sMepHOCTh MHOroobpasus X paBHa 5, a [ siBjsier-
csl pacnpeziesierneM ¢ MeTpukoit bepsasbiaa-Moopa nysesoit kpususabl [9]. Kak mokazano B
[9], MoxKHO j106UTBCsT OOpalleHns B HyJb KPUBU3HBI pacrpejiesienns D mojarasi, HApUMep,
1234 = exe’ taza® togzitagat [Ipu aHHBIX TPEIOIOKEHNIX OKA3bIBAETCS CIPABEJIMBOI Teo-
pema 12, anajiormunas Teopeme 11.

Teopema 12. [Howmu xonmaxmnas mempuyeckas cmpysmypa (D, g, J,d(m* o n)), nopoocda-
emas mempukoli Bepsaavda-Moopa nyaresoti Kpusushvl, AGAACMCA NOYMU KOHMAKMHOT KA~
posot cmpyxmypot.

Jastee, 1y1s1 IOy 9eHNs ypaBHEHU DWHIITEHA, IOCTATOTHO BOCIIOIb30BATHCSI PACCY 7K IEHUSIM,
[POBEJIEHHBIMU B [3| U pe3yabraToM cieflyiomei TeopeMbi.

Teopema 13. Tensop Puvwvu mHo2000pasusi ¢ noumu KOHMAKMHOU KINEPOBOT CMPYKMYPvL
cosnadaem ¢ menzopom Puvwvu coomeememsyrousezo pacnpedeserus.
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The notion of an extended connection closing sub-Finslerian space codimension 1 is
introduced. On the zero-curvature distribution of sub-Finslerian space with the Finsler
metric an almost contact Kéhlerian space is obtained.
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HEI'OJIOHOMHBIE I'EOJIESNTYECKHUE IITIPOCTPAHCTBA C
METPUKOI1 BEPBAJILJA-MOOPA

A.B. Bykymesna
Capamoscruti zocydapemeennbiti yrusepcumem umenu H.I. Yeprviwescrozo, Capamos, Poccus
bukusheva@list.ru

Ha rnagkom naTuMepHOM MHOTOOOPa3ud PACCMATPUBAECTCS PACIPEIEIeHIEe KOpa3MepHO-
cru 1 ¢ ¢uHcaepoBoit MeTpukoit Tuna bepBaibiaa-Moopa. Ompenensiercss BHYTPEHHSIST
CBSIBHOCTD, ACCOLMUPOBAHHAA C 3aIaHHOA METPUIECKONR CTPYKTYPOIA.

KaroueBbie ciioBa: merpuka bepsaibiga-Moopa, BHYyTpeHHsIsI CBA3HOCTH, HEMOJIOHOMHOE
MHOTO0Opasue bepasbma-Moopa.

1 Bsenenune

B n-mepHoM JmHEHOM MPOCTPAHCTBE C 3aJaHHBIM 0A3MCOM €CTECTBEHHBIM OOPA30M OIpejie-
JIFAeTCA KOMMYTATUBHAS accolMaTHBHAs ajreOpa (aarebpa MOIMYKces1), CONIACOBAHHASI C Me-
trpuaeckoii pyukumeit Bepsasibna-Moopa (BM) [1]. Anrebpa nommancesn P, siBisiercst 0600111e-
HUEeM aJireOpbl JBOWHBIX 4dmces. TakuMm oOpas3om, B anredpe mojnuducesn P, cyliecTByer Oasuc
(€1, €Y, ..., €,) TAKOIL, 9TO €,€5 = Jo3€,. B anredpy HOMHTIHCET PACCMATPUBATD KaK [VIAKOE
MHOrooOpaszue X, TO COOTBETCTBYIOMas MeTpuKa beppasbia-Moopa ompesensercs pyHKITH-
eif, He 3aBUCsIEH 0T BbIOOpa ToukM MHOTOOOpasust X [1]. B Gosee obieit curyamnuu, MeTpu-
veckasi GyHKIusg BM ompemesnsiercss HEKOTOPBIM TIaJakuM 1ojeM noiudgopM. [lo-Buanmomy,
TaKas MOMBITKA 0000IeHns MHOroobpasust BM Brepseie 6bl1a npeanpunsTa B padore [2]. Ha-
CTOAIIAsT CTAThd ABJISIETCI TPOJIOKeHneM 3Toil paboTsl. [lepexos ot anredpbl moamyuces K
MHOT'000PA3UIO € 3aJJAHHBIM MTOJIEM TIOJIM(POPM B HEKOTOPOM CMBIC/IE AHAJIOTHYEH TTPOJIOIKEHUIO
crienmabHoi Teopun orHocuTeabHOCTH 10 OTO. B mpeanaraemoii cratbe jeaeTcs HOBBIH mar
Ha myTH 0000IeHus reomerpun mpocrpancTs ¢ Merpukoit BM. Maen Kanyus-Kieitna mos-
TOKHYJIN HCCIe0BaTe/ell K TOCTPOCHUIO Mojiesieit (PU3UIecKOro MpOCTPAHCTBA, OCHOBAHHBIX
HA WCIOJIb30BAHUU TEOMETPUN MOYTH KOHTAKTHBIX METPUUIECKUX CTPYKTYp. ABTOPBI pabOThHI
[3] mpenmonararor, UTO MPOCTPAHCTBO CKOPOCTEl YACTHIL SBJSETCS YeTHIPEXMEPHBIM HEroJI0-
HOMHBIM pacIpejieieHueM Ha MHOrooOpasun 60jiee BBICOKON PasMEepHOCTH. DTO pacipe/ie/ieHne
3a/1aeTcsd 4-MOTEHINAIOM JIEKTPOMATHUTHOTO MOJIsi. Y PaBHEHUs JIOMYCTUMBIX (TOPU30HTAIb-
HBIX) TEOJIE3MYECKUX JIJIsi STOrO PaCIpeJIe/IeHHs] COBIIAJIA0T ¢ YPABHEHUSIME JIBUYKEHUsI 3apsi-
JKEHHOM JacTHIbI 001Ieil Teopun oTHOcuTebHOCTU. Ha pacmpemenenun ornpejeieH MeTpude-
CKUii T€H30D JIOPEHIEBOi CUrHATYPHI (4, —, —, —), 9TO MO3BOJSET ONPENeNsITh IPUINHHOCTb,
KakK B OOIIell TeOpUH OTHOCHTETHLHOCTH. ABTODPBI BBOJAT KOBapHaHTHOe anudepeHImpoBaHmne
(JTMHEHHYIO CBA3HOCTD) M TE€H30D KPUBU3HBI JIJIs paclpe/ieenus. BpoyeM, CBA3HOCTb B Pac-
IpeJieJIeHIH W ee WHBAPUAHTHI ObLIN MCCJIEI0OBAHBI 33/I0JIT0 JI0 9TOro npodeccopom Barumepom
[4]. IIpumenuTeIBHO K paCIpeIesieHuo ¢ (GUHCIEPOBON METPUKOI 381891 MOCTPOEHNUST CBSI3HO-
CTH U ee MHBAPMAHTOB pelnajnch B paborax [5, 6]. [Tomumo BBemeHust pabora COIEPKUT TPU
pasznena. Bo Bropom pasjierie jaercsi KpaTkoe usioxkenue paborsl [2]. B Tperbem pasjerne 06-
CyKJaeTcsd TIOHATUsSI BHYTPEHHE CBA3HOCTH. B deTBepTOM pasjese COJep:KUTCS BBeJIeHUE B
reOMEeTPUIO pacrpeiesienus ¢ puHcaepoBoit merpukoit Tuna BM.

2 Mmuoroobpa3uss ¢ noanad@PUHOPHOI CTPYKTYypoOii W MeTPUKOii
BepBaabma-Moopa

[Iycth X - cBaznoe C'*° — MHOTOOOpa3ue pasmepHoctu n. Bee Berpedatoninecsd Ha X QyHKIINNA 1
reoMeTpuiecKre 0ObeKThl OyIeM cauTaTh OecKoHedHO auddepeHnnpyeMbiMu. B nanbHeiinem
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JIg yIoOCcTBa BCAKOE TEH30pPHOE Tojie MBI OyJ/IeM Ha3bIBaTh TEH30POM U, B YACTHOCTH, IOJIE
nosincpopM — nostucpopmoit. Ilpu ucenremoBanun npocrpancts BM, kak mpaBuiio, UCIoIb3y0TCsA
MeTobl (puHCIepoBoit reomerprun. OHAKO, YIUTBIBas, ITO B OCHOBE ONpeIeeHUs] MEeTPUKU
BM nexur nomununeiinag popMa, mpu U3y4eHUN TPOCTPAHCTB BM MOXKHO MCIIOB30BATD JIH-
HEeTHYI0 KOBaApUAHTHYO TPOU3BOIHYIO U COOTBETCTBYONINE €eif nuddepeHInaibHble THBAPHAH-
Thl — KPUBH3HY, KpydeHne u T.J. B pabore [2| na muOroo6pasun X ¢ merpukoii Bepsasbia-
Moopa, onpeaensiemoii nmoauanneiinoit popmoit g, OblL1a 3agana noauadGuUHOPHas aaredpa ¢
addunopamu (@1, Y, ..., ,). Oba obbekTa (mosmdopma u anredpa) ObLIN ONMPE/IETEHBI TAKIM
06pa30oM, 4TOOBI TIPU ONPEEIEHHBIX YCIOBUAX MPOCTPAHCTBO (X, g, 01, P2, ..., Ppn) CBEJIOCH OBI
K y’Ke M3BECTHOMY MPOCTPAHCTBY ToaHduces. B masbreiitem Tpoiiky (X, g, ©1, P2, ..., Pn) Oy-
JleM HasbiBaTh MHOroobpasueMm Bepsaibaa-Moopa (BM). Anrebpa addunopos onpezessercs
cieytonmM obpasom [2]. Ha maoroo6pasnu X 3amaercs 1osie oJJHOMEPHBIX pacipejeneruit D,
TakuM obpaszoM, uTodsl I'X = @ _,D,. He nynesas anrebpandeckas MeTPUKaA HA3BIBACTC Me-
Tpukoit Beppasbaa-Moopa, ecin cymiecTByer nosie 6a3ucoB (€, €s, ..., €,) TAKUX, ITO KayKIbIil
BEKTOD €, 6asmca, ¢ OIHOI CTOPOHBI, 3a/1aeT HyJieBoe Hampasienne ¢hopMbl g (2], a ¢ apyroit —
MTOPOKIAET COOTBETCTBYIOIEe OJITHOMEpHOe pactpeenenue: D, =< €, >. Takoe moye 6a3ucoB
OyJileM Ha3bIBAThb AJAIITUPOBAHHBIM TOJIEeM 0a3ucoB (POPMBI ¢, WA, MIPOCTO aJAIITUPOBAHHBIM
6azucom. Gopma g B aJalTUPOBAHHOM Oa3uce UMEET eIUHCTBEHHYIO, ¢ TOUHOCTBIO JI0 ITepecTa-
HOBKU WHEKCOB, OTJIUIHYIO OT HYJIs KOMIIOHEHTY (12, 5.
Paccmorpum n pacnipenenennit D onpeenseMbIX CIEIyIONIIM 00pa30M:

Dd:Dl@"'Da—l@Da+1"'@Dn~

Taxum obpazomM, 1t 000ro a moaydaeM pazioxenune T'X = Dg & D, 3agato1iee ceMeiicTBO
MIPOEKTOPOB ¥, : T'X — D,,.

CoBokynHOCTh aPUHOPOB Y, OTHOCUTEIHHO ONEPAINN KOMIIO3UIINN 00pa3yeT n-MepHYIO
nonaduHOpHYO anrebpy, obosnadaemyio Havu AH,, nzomopduyo aaredbpe P,. Byaem ro-
BOpUTH, uTO ajrebpa AH, m MeTpuka ¢ - COrJIaCOBAHBI.

B apanTtupoBannom 6a3uce adpduHop ¢, UMeeT BUT:

0

0

Ecnn Ha Muoroobpasnn X cymiecTByer aTiac, COCTOSIINIT 13 KapT, aJIallTHPOBAHHDBIX K METPUKE
) Y

g, T.e., 33JIAIONINX AJANTHPOBAHHELI 6a3uc: 0, = €,, To anredbpa AH, oKa3blBaeTCs UHTETrDH-

pyemoii. B sTom ciayuae mHOroobpasme X MOXKeT pacCMATPUBATBCS KaK MHOIOOOpaspe Hajl

asrebpoit monmaucen B, [7].

Teopema 1 [2]|. Ha muozoo6pasuu X cywecmeyem eQuncmeentas c8A3HOCMYb HYAEB020 KPYe-

HuA, coemecmumas ¢ mempurxoti BM g, xoagduyuenmor komopoti onpedessromes pageHcmsaamu

aoc n
re = Gagiz.n. (Cymmuposarus no o nem.)

912..n

TenzopHoii CTPYKTYpPOIl Ha TJIAJKOM MHOIOOOPa3WM HA3BIBAETCd OIpEJIe/IeHHAss COBOKYII-
HOCTb TEH30PHBIX 1oJieil. Takum 06pa3oM, B HAIIIEM PACCMOTPEHUN HAXOIUTCHA TEeH30PHASA CTPYK-
Typa, BK/IOYaomast B ceds cucremy moanad@UHOPOB U COIVIACOBAHHYIO € 9TOH CHCTEMOIl Io-
JILTUHERHYTO (hOpMY.

Tenzopuasi cTpyKTypa Ha3bIBACTCA WHTETPUPYEMOI, €C/IM Ha, MHOIOOOPa3uu MOYKHO HailiTh
TAKO aTjac, 9To BCAKHUI TEH30P CTPYKTYPhI UMeeT B JIIOOOI KapTe M3 9TOr0 arTjiaca IMOCTOSH-
uble KoMmoueHTsl. Kpyukosud I.U1. B cBoeii pabore [7| cdopmynupoBas cieyionee yTBepK ie-
nue: “Ecnn TeH3opHas cTpyKTypa J0IMYCKaeT COBMECTUMYIO CBSI3HOCTb HYJIEBON KPUBU3HBI O€3
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KpYYeHHUsd, TO TaKasi CTPYKTYpa UHTerpupyeMa. Besikasi HHTerpupyeMasi TeH30pHasi CTPYKTYpa
JIOIYCKAET CBA3HOCTDH HYJIEBOI KPUBU3HBI O€3 KPYUeHHs, 10 KpaitHeil Mepe, JTOKaJIbHO .
[Ipemnoxkenne KpyukoBuda mo3BossieT ¢hOPMYIUPOBATE CJIEIYIONIYIO TEOPEMY

Teopema 2 [2|. Tenzopras cmpyxmypa (©1, 92, .., Pn, g) UHMEZPUPYEMA MO0 U MOABKO MO~
20a, K020a MEN30P KPUBUSHBL COBMECTIUMOT ¢ HeTl CEAZHOCTU PAGEH HYO.

I/ICHOJIBSyH BbIpazK€HHNE B KOOpAMHATaX TEH30Pa KPHUBU3HDbI R cBasnocTn V, nojgrydaeM, 9TO
CAUHCTBECHHBIMU OTJIMYHBIMHU OT HYJISI KOMIIOHECHTaMM TeH30pPa R asnsiores

87912,..71
g12..n

R} . =0,

ayy

(v # 7y, MO 7y CyMMUPOBaHHUsI HET).

3 BayTpeHHsiss CBSI3HOCTbH

Pacemorpum muoroobpasue X ¢ 3aJaHHBIM HA HEM C IIOMOIIBIO 1-pOPMBI 7) TVIAJIKUM pacipeie-
neHreM (HeroJOHOMHBIM MHOTOOOpasuem) D kopasmephoctu 1. Byaem nosararsb, 9ro pacnpejie-
sierne D OCHAILEHO, T.e. OIPeIe/IEHO OJHOMEPHOE PaclpeeIeHue D+ Takoe, uto TX = D® D,
[IpU TOM, TOTpedyeM cymeCTBOBaHHe BEKTOPHOTO TTOJIA 5 , TAKOT'O, YTO Dl Span({)

Kapry K (z%) (o, 8,7y =1,...,n) (a,b,c,e =1,...,n—1) Ha MHOI‘OO6pa31/II/I X 6yem Ha3BIBATD

AN TUPOBAHHOII K HEIOJIOHOMHOMY MHOr0o0bpasmio D, ecim D = Spcm( ) [5].

[Mycrs p : TX — D — npoekTop, onpeensieMblit pazaoxenunem T X = D ® D+, u K(z%) -
ajantTupoBaHHas kKapra. Bexropusie nons p(0,) = €, = 0, — ['0,, 1uHelHO HE3aBUCUMBI U B
ob1acTu onpesiesieHrsi COOTBETCTBYIONIEN KapThl mopoxkaaoT cucremy D: D = Span(e,).

Takum 06pa3oM, MbI UMeeM Ha MHOroobpasmu X HEroJOoHOMHOe Tojie 6a3ucoB (€, 0,) u
COOTBETCTBYIOIIee eMy TioJ1e Kobasucos (dx®, ™ = dx"+I"dx®). HemocpeacTBeHHO IpoBepsieTcst,
910 [€,65] = M0y, Tae KoMmoHeHTHl M, 06pasyroT Tak Ha3bIBAEMBIN TEH30D HEMOJIOHOMHOCTH
[4]. Eciin morpeboBarh, 9T00bI [IJIsT BCEX aIATHPOBAHHBIX KOODIMHAT BBIIOJIHSIJIOCH PABEHCTBO
5 = 0O, TO OKAXKeTCsl CIPABEJIUBBIM PABEHCTBO [€,6p] = 2wpaOp, T1e w = dn. AanTHpOBAHHBIM
Oy/eM Ha3bIBaTh Takxke Oasuc €, = 0, — 70, Kak 0a3uc, onpejessdeMblil aJalTHPOBAHHOMN
KapToil. 3amMeTnM, 4TO nMeeT MecTo paBeHCTBO 0,10 = 0.

TerzopHOe mosIe HA30BEM JIOMYCTUMBIM (K pacipe/iesennto D), ecim 0HO 00paIaeTcs B HyJlb
KazKJIBIiT pa3, KOTJIa ero BeKTOPHDIH apryMeHT MPUHAIEKIT OCHAIIECHNI0 DT, a KOBeKTOPHBII
apryMmenT KojtnHeapen dopme 7. KoopaunarHoe mpectaBieHne J0MyCTUMOTO TEH30PHOTO O~
ng tuna (p, q) B aJIalTHPOBAHHOlN KapTe UMeeT BUJL:

=ty oy ® o @ €y @ 2™ @ .. ® da’.

TaK, B 9aCTHOCTH, II0A JOIIYCTHMBIM BEKTOPHBIM IIOJIEM 6y,ILeM IIOHUMaTb TaKO€ BEKTOPHOE
1oJie, Bce 3HAUEHUsI KOTOPOTO JIeXKAT B pacipeesennn D a mof gomyctuMoit 1-popmoit Oy iem
OHIMATE BCAKYIO 1-popMy, obpammaroniyiocs B HyJIb Ha ocHammenun D+,

HazopemMm jromycTuMoe TeH30pHOE T0JIe UHTETPUPYEMBIM, €CIH B OKPECTHOCTH KarKJI0# TOY-
K1 MHOroobpasusi X HalijieTcd aJalTupoBaHHAA KapTa, OTHOCUTETBHO KOTOPO#l KOMITIOHEHTBI
noJist moctosgHubl. PopMa w = dn dABJIETCs OJIHUM W3 NIPUMEPOB UHTETPUPYEMON JIOMYCTUMOI
TEH30PHOI cTPyKTyphl. Ecnu pacnpenenenne D MHTErpupyeMo, TO BCAKas JIONMyCTUMasi WHTe-
rpupyeMast CTpyKTypa ABJISI€TCs UHTEIPUPYEMOil CTPYKTYpoii Ha MHOroobpasun X . EcrecrBen-
HOCTDb TIOHATHUS UHTETPUPYEMOI JIOMyCTUMOI TEH30PHOMN CTPYKTYPbhI KOCBEHHO MOITBEPK 1A TCs
CTeYIOMNMI 0bcToATeIbcTBaMA. VHTerpupyeMoe ocnammenye D+ onpesenseT, KK N3BECTHO,
CJIOEHHE C OJTHOMEDPHBIMU CJIOAMH. FKc/Im Ha 9TOM CIOEHUN KaKUM-HUOY/Ib pa3yMHBIM 00pasoM
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3aJ1aTh CTPYKTYPY IJIAJIKOIO MHOTOOOpa3usi, TO BCSKas JIOIYCTUMasl WHTErPUPyeMas TEeH30p-
Has CTPYKTypa eCTeCTBEHHBIM 0Opa30M OIPEIeuT Ha TAaKOM MHOTOOOPa3ud MHTErPUPYEMYIO
TEH30PHYIO CTPYKTYPY Y2Ke B OOBITHOM CMBICIIE.

[lox BHYTpeHHEl JUHEIHON CBSI3HOCTBHIO B HETOJJOHOMHOM MHOrooOpaszunm [ MOHMMaeTcs
oToOparKeHne

V:I'DxT'D—=TD

YIAOBJIETBOPSIONIEE CJIETYIOIIMM YCTOBUSIM:
l)vf1u3+f2u3 - flVUE + f2vu§;

2)Vafv = fVg0U+ (uf)v,

rae F D — MOAYJIb AOIIYCTUMbIX BEKTOPHDBIX TIOoJIEN. KOS(b(bI/IHI/IeHTI)I JUHENHON CBA3HOCTH OIIpe-
JCJIATCA U3 COOTHOIICHUM A
> e o
Vé’aeb — Fabec.

Kpyuenune BHyTpeHHeil JTUHENHHOM CBA3ZHOCTH S IO OMPE/IEIEHUIO TOJIAraeTCs PABHBIM
S(X,)Y)=V3Y - VX —plX,Y].

Taxum 00pa3oM, B aJalTHPOBAHHBIX KOOPAMHATAX MBI nMeeM So, = ['¢, — I} .

JleiicTBue BHyTpeHHE JIMHEITHOW CBI3HOCTU €CTECTBEHHBIM 00PA30M ITPOJIO/IZKAETCA Ha MTPO-
WU3BOJIbHBIE JIOMYCTUMbIE TEH30PHBIE TMOJIsd. BasKHBIM MpUMepOM BHYTPEHHEH JTUHEWHON CBA3-
HOCTH $IBJIAETCs BHYTPEHHAS METPUYECKas CBA3HOCTb, OAHO3HAYHO OIpelendeMasd yCI0BUAMUA
Vg=0,S =0 [4]. B azanTupoBanHbIX KOOPIANHATAX MBI HMEEM:

ad(

1 — — —
be = 59 €v9cd + €cGbd — €albe)-

B pa60Te [4] JOIIYCTUMOE TEH30PHOE I10JIE, OIIpeaeideMOe PaBEHCTBOM
R(’LT, U)lv = Vﬂvgu_f - ngﬁu? - Vp[ﬁﬂu_f - p[q[ﬁ, 17], 117],

rie ¢ = 1 — p, nazBano Baruepom mepsBbiM Terzopom KpuBu3Hbl Cxoyrena. Koopamnaraoe
npejcTaBienne TeHzopa CxoyTeHa B aJallTHPOBAHHBIX KOOP/IMHATAX MMeeT BUJI:

d . — d d e
Ry = 2611 + 2L ¢ Thje-

B ciyuae, korya pacnpesesienue D He colepKuUT MHTEIPUPYEMOE PACIIPe/IeTIeHIe PA3MEPHOCTI
n — 2, obpaliienue B HyJIb TeH30pa KpuBu3Hbl CXOyTeHa paBHOCUIBHO TOMY, UTO TapaJlie/bHbIi
MIEPEHOC JIONMYCTUMBIX BEKTOPOB BJIOJIb JOMYCTUMBIX KPHUBBIX HE 3aBHCUT OT IIyTH IE€PEHOCA
[4]. HazoBem Tensop CxoyTena TeH30pOM KPUBHU3HBI pactipeneserns D, a pacnpeneserne D, B
cirydae obpartenus B HyJIb TeH30pa CXoyTeHa, - pacipe/iesieHrneM Hy eBoit Kpuusubl. HeTpy o
YCTaHOBUTD, YTO YaCTHBbIe NMPOU3BOAHbIE O,1'f., = P2 ABIAIOTCA KOMIIOHEHTAMU JOILyCTHMOIO
TEH30PHOIO 101 [4].

4 OcHOBHBIE IIOHATUSI T€OMETPUN paciipejieieHns ¢ (pUHCIePOBOil Me-
Tpukoii tTumna bepsaJjbma-Moopa

[Iycte X — rmajkoe MHOrooOpasme pa3MepHOCTH 5. Kak M B NpeablIyIieM pasjene, Oyaem
cuntath, yro T'X = D@D+, rne D — pacnpeienenne Kopasmeprocts 1. He mapymras obmiaocT,
cpasy IlepeiiieM K ciaydalo, Korga X = R°, a pacupenenenue D IOpO:KJaeTca BeKTOPHBIME
TIOJISIMU
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61281—.T 85, 62282, 63:83—$ 85, 64:84.

Bagaaum cemeitcTBo jromyctuMbix adbuHOPoB (¢, ), Toaaras

6,a7éb,
€, a =b.

[Tycrs, manee, g — mojie CAMMETPUIECKUX (POPM, BCEe KOMIIOHEHTBI KOTOPBIX PABHBI HYJIIO, 38 HC-
KJIOUEHHEeM (¢ TOYHOCTBIO JI0 TIEPECTAHOBKY) 1234 = §. 3€Ch g1934 = (€1, €2, €3, €4). Hazosem
gerBepky (X, D, g, ¢1, ..., p4) HETOJIOHOMHBIM MHOrOOOpasneM Bepsaibaa-Moopa. Vmeer mecto

Teopema 3. Cywecmeyem eduncmeennas HYMPEHHAA C8A3HOCML V € HYAEBHIM KPYUEHUEM
maxas, wmo Vg = 0.
HoxkazarenbcTBo. Enqnncrsennocts. [Ist Bcex a paBencTBo Vg = () cBesleTcst K paBeHCTBaM

Fb _ €a91234

ob . Ecnu morpeboBaTh obparienns B HyJIb KPyU€eHUsI, TO OKAXKETCH, ITO OTJIUIHBIMU

91234

é1191234 (

OT HyJI KOMIIOHEHTAMHU HCKOMOII cBA3HOCTH OyAyT, jmmb [, = IO @ CyMMHPOBaHUA

91234
HeT). CytiecTBoBaHUE 3asiBJICHHON CBSI3HOCTH IMPOBEPAETCs HEMOCPeACTBeHHO. [

HpOBO,ILSI H€O6XO,ILI/IMLIG BBIYUC/IEHUA, II0JIy9aeM CJICAYIOIIUE BbIpazKeHud JIJIsd OTJIMIHBIX OT

¢ = €cg1234

HYJId KOMIIOHEHT TE€H30Pa KPUBHU3HBI CxoyTeHa Racc =

o (a # ¢, IO ¢ CYMMHUPOBAHUsI
91234
HeT).

YceoBrue MHTErpupyeMocT (pOPMbI ¢ SKBUBAJEHTHO OOpAIECHUIO B HYJIb TE€H30pa KPUBU3-
ubl. [IpupaBHUBasg K Hy/II0 HyKHbIE KOMIOHEHTHI, MMoydaeM auddepeHnuaibible ypaBHEeHNs

0c91234

B YACTHBIX IPOM3BOJIHBIX CJIEIYIOIIEro Bua O, =0, (a # ¢). Cpeau pemiennii TaHHOI

91234
1 2 3 4
CHCTeMbI HAXOAATCA (DYHKIMN BUIIA o34 = 1% To2@7tast™+oar™ Tg cyry gesa, B caydae obpa-
IIEHNsI B HYJIb TEH30pa KPUBU3HBI, KAXKIYI0 TOUYKY MHOrooopasusa X MOXKHO CHaOIUTH IBYMs
koopauHaTamu. OIHA U3 KOTOPBIX - JIEHCTBUTEILHOE YUCIO, ApyTras — HOJIUIHICIO.

ypaBHeHI/IH IreoIe3NICeCKUX ,Z[OHyCTI/IlVIOIU/I CBASHOCTHU 3aIlllIlIeM B BHUIE

i+ T abic =0,
" = —3T"0,.

WNnu, ¢ ygyeToM MpoBeJIeHHBIX BHIYUCIEHUIH,

€a91234 )2

i+ =0,

91234

5. a1 n
" = —z"T"0,.
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NONHOLONOMIC GEODESIC IN SPACE WITH FOR
BERWALD-MOOR METRIC
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bukusheva@list.ru
On a smooth five-dimensional manifold is considered distribution of codimension 1 with

the Finsler metric type Berwald-Moor. We define the intrinsic connection associated with
a given metric structure.

Key Words: a Berwald-Moor metric, intrinsic connection, nonholonomic manifold
Berwald-Moor.
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I'PABUTAIIMOHHOE KPACHOE CMEIIEHUNE /1J14 CJIABOI'O
IIOJIA TATOTEHNYA B PVTHCJIEPOBOM IITPOCTPAHCTBE
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PaccmarpuBaerca ciaboe 1moJie TATOTEHUS B UCKPUBJIEHHOM (DUHCIECPOBOM IIPOCTPAHCTBE
cobwrtuit BepBasbaa-Moopa. I3 ypaBHeHUs reo/Ie3MYeCKOl JIMHUK OMPEIe/IAI0TCA KJ1ac-
cAYecKre ypaBHEHUS J[IBUKEHUS YaCTHUIBI B TPENETbHOM CIydae Jjisd HEHBIOTOHOBOTO
TPEXMEPHOTO MIPOCTPAHCTBA B I'PABUTAIIMOHHOM Tiojie. lIpuBonaTcs nmHellHble ypaBHEHUS
JIJIST METPUYIECKOTO TeH30pa U ux pemnteHns. O6CyKIaeTCsi BOMPOC O KPACHOM CMEIIEHUN.

KuaroueBbie cioBa: ciaboe Iojie TATOTEHHsI, TeOMEeTPUYIECKNl 0ObEKT, YpaBHEHUs T'e0e-
3UIECKON JTUHNU, KPACHOE CMeIIeHNeE.

1 BBenenue

B nacrosimee BpeMsi IPOUCXOIUT CTAHOBJIEHUE TEOPUU TATOTEHUS B (DUHCIEPOBOM ITPOCTPAHCTBE
coberruii Bepsasbaa-Moopa. PaccmarpuBarorcst pasiudanbie moixojbl (cMm. Hampuwmep, [1-3]).
Bue mossg Tarorenusi meTrpudeckasd (PYHKIUS JIOKAJTBHOIO YETBIPEXMEPHOTO MPOCTPAHCTBA-
BpeMenn Bepsaibiaa-Moopa nmeer (opM-uHBapUAHTHOE BbIpakeHue |4]

1/4
1/4

4
F =ds = (gijuda’da’da*da") "™ = H (cdt + €™ dx) (1.1)

m

JJId MHEPOUaJIbHBIX CHUCTEM. OJIeMEeHT (bI/ISI/I‘{eCKOI‘O BpeMeHun

dT = [dt* — 2dt2dx?/c? + 4dt (dx {dxdx})/3¢%]"* =
(1.2)
= [dt* — 2 (dt2dx? + di*dy? + dt2dz?) + 8dtdadydz)"*

onpeJie/iseTcs CaaraeMbIMUA ¢ KOOPJAMHATHBIM BPEMEHEM.

sBecTHBIE — 3HAYEHUMA  KOMIOHEHTOB  BekTopor el= (1,1,1), &?=(-1,1,—1),
e3=(1, -1, -1), e*=(—1,—1,1) BbIICJCHHBIX HANPABJICHUH B TPEXMEPHOM IPOCTPAH-
CTBE YJIOBJIETBOPAIOT paBeHcrsaM [5)

m-m -m __
EaEGEN = Eaprys

0 (m#r),

4 4

m o __ 1 mam __ 1
d>em =0, 3> enel =0ap, 3
m m

1+ (e’ =4, 1+ (™)

(1.3)

Il SM%

rae 0,3 — cumBon Kponekepa, (dxdx) = dx? = 5a5dmadxﬁ — CKaJIgpHOEe TPOUW3BEJICHUE st
dx = {dz,dy,dz}, {dxdx}, = enp,dr’dz? aBnaorcs KOMIOHEHTAMI HOBOTO BEKTOPHOIO [POH3-
Besenust [5| u EaBy €CTb TPEXMEPHBI aOCOIIOTHO CUMMETPUYHBI CUMBOJI CO CBOMCTBOM €43, = 1
npu « # 3 # 7y, a ocTaJbHbIE 3HAYEHNs SIBJISIIOTCS HYJIEBBIMU, 1M — HOMED BEeKTOpa, a «, O u 7y
npoberator 3Hadenus 1, 2, 3. Baxkuo ormernTh, 9T0, coriacHo (1.3), nMeeT MecTo TOJIBKO Tpu
HE3aBUCHMBIX BBIJIEJICHHBIX HAIIPABICHUN M UX YHC/I0 PABHSIETCS YETHIPEM.
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Metrpuyeckas dynkuus (1.1) B u3BecTHBIX hopMax 3amuiiercs: Tak

F =ds = [*dt* + da* + dy* + dz* —

—2(Edt2dz? + Adi2dy? + Adt?dz* + da2dy? + dy?d2? + dz2da?) + Scdtdzdydz])* =
= {[(cdt + dz)? — (dy + d2)?] [(cdt — dz)® — (dy — d2)*]}"* =
= [(cdt + dx + dy + dz) (cdt — dz + dy — dz) -
(edt + dv — dy — dz) (cdt — dx — dy + dz)]V/* = (1.4)

cdt dx dy dz 1/
dr cdt dz dy
dy dz cdt dx
dz dy dx cdt

= (51234Hi1H?H]Z’H;deidxjdfl:kdl’l)1/4 - (%5abcdHfH]bH]?Hldd$idxjdxkdxl)1/4 )

[JI€ CUMBOJT Egpeq €CTH aOCOTIOTHO CUMMETPHIHBIN CUMBOJI CO CBOMCTBOM Egpeq = 1 €ciin a # b #
¢ # d, ocranmpHble 3HaueHNs HyseBble, dxr'= (cdt,dx), H? ecTh HOPMAJIM30BAHHAS MATPHIA
Anamapa mopsijika geThIpe

1 1 1 1
go_| -1 1 1| _(H H
‘111 -1 1| \H —-H )’
1 -1 -1 1 (1.5)
_(H, H _ T
H2_<H1 _H1>, H, = 1, HH? =4I,

co cpoiicrBom H*HJ = 457 u gerpipexmeprbiv cuvomnom Kporexepa 07, I — epunndmast deTs-
pexMepHas MaTPHIA, TAKKE OIPEICUTETb €CTh OIPEIeTUTEb XapaKTePUCTIIECKONH MaTPHITHI
asre6pbl KBajpadnces1. VIHTepBail ds MHTEPIPETHPYETCs KAK MOJIYHOPMa YeThIPEXMEPHOTO BEK-
Topa dz’.

Taxum obpaszon, u3 (1.4) BbITeKaeT BbIparkKeHHe [ METPHYECKOTr0 TeH30Da

1
Gijkl = EeabcdHfH;')H](éHld- (1.6)
[Tepemnumiem muddepenimansayio dopmy (1.1) B Buge

(ds)* = gijmdridaldzda’ = goooo (dzo)* + gooas (dzo)® dz®da’+ )
1.7
+9oapydTodz®dzP dz + gogyrdz®dz’dz) dz”

C Goooo = ]-7 Gooag = _51167 Joasy = 4504,87/37 Gapyr = % 504(,8 67)7" - Ema(ﬁg?;)r] .

[Ipn HamUYIUM MO/ TATOTEHUS KOMIIOHEHTHI METPUYECKOTO TEH30Pa 3aBUCAT OT BPEMEHU U
koopauHat. [TosTomy cHadasa ciaegyer paccMOTpPeTh ypaBHeHHe reofe3mdeckoit. OHO TOIKHO
OBITh TAKUMH, ITOOBI JIJIsI CJIA0OTO IOJIsI, KOT/Ia KOMIIOHEHThI METPUYIECKOr0 TeH30pa MaJio OT-
JMMYaIuch or 3HadeHuil B (1.7), COOTBETCTBOBAIO B MpeJesie ¢ — 00 KJIACCUIECKOIl MeXaHWKe C
ypaBHEHNEM JIBUKEHNs B HEHHIOTOHOBOM TPeXMEPHOM ITpocTpaHcTBe. /lasee mepeitaeM K caMuM
ypaBHEHUAM I'PABUTAIIMOHHOTO TOJIsI B JIMHEHHOM MPUOINKEHUN.
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2 YpaBHeHUsI OBMXKEHHUsI YACTHUIIbI B KJIACCMYECKOI HEHbIOTOHOBOII
MeXaHHUKe JIJIsi COOCTBEHHOT'O IMPOCTPAHCTBA

B penstuBucTkoit MexaHuke AeficTBHE CB3aHO C METPUUIECKO# (hbyHKIneid

dzt dxi dxk dz!
= —a/dS—/Ldt /cw\/g,]kl T d @ —dt. (2.1)

PacemorpuM mepexojt oT peIATUBUCTKON MEXaHWKH, B KOTOPOIl JAeficTBUEe MMeeT BH]L

S = /tQLdt: —7(104 (%): (vv)° ;{VV}th (2.2)

t1 t1

K KJIACCHYECKOW MeXaHWKe. B NpejiesIbHOM Tepexojie ¢ — 00 KOOPJIMHATHOE BpPEMsl, COIJIACHO
(1.2), npubmsuTebHO paBHsieTCs (bU3MIecKoMy, TO ecTh uMeeM d1' = dt. Torma jarpamkuan
L npu pasznoxkenuu 1o crenedsm v/c = dx/cdt 3anuiercs Tax

(vv) ;{Vv} —ac + % [(Vv)2 — {VV}2] , (2.3)

L~ —acl|1+
rJle KOOPAMHATHAA CKOPOCTh MPHOIM3UTEILHO paBHsercs dbusndeckoil. leiicrBue umeer pas-
MEPHOCTb SHEPIuun yMHO}KGHHOﬁ Ha BpeMsd, 9TO IMPUBOAUT K 3HAYEHUIO @ = MgpC. OHyCKaH B
JlarpaHzKuaHe TOCTOAHHYIO (—mgc?), TOIyYuM BbIpasKeHue

mo

L= 12 [(VV)2 - {vv}2 = 4—0 1;[ (2.4)

ormyatomieecss o L=mg (vv)/2 B HbIOTOHOBOW MEXaHUKE. DTOTO CJIJOBAJIO OKHJIATH, TaK
KaK JI/Isi HbIOTOHOBOW MEXaHUKHU MMEeT MeCTO M30TPOITHAasi €BKJIMJI0Ba reoMmeTpus. B Harrem
CIydae UCXO/IHBIM SBJI€TCH HEU30TPOIHAA NeOMETpHs COOBITHI C BBIJEIEHHBIMI HAIPABJICHN-
sIMH, KOTOPBIE €CTECTBEHHO COXPAHSAIOTCS U B CJIydae HOBOH KJIACCUYIECKONW MeXaHuKu. B sToii
MeXaHUKe IBUKEHUEe MIPOOHOI YaCTUILI B IPABUTAIIMOHHOM IIOJIE OIPEessieTcs IIOCPEICTBOM

JIarpaHKIaHa
Mo 2 2 mo
CornacHo ypaBuenusim Ditnepa-Jlarpamxa
d oL OL
== 2.6
dtov  or’ (2:6)

IOJIYIUM HMITYJIBC YaCTUIbI, YPAaBHEHUA JIBU2KCHUA U 9HEPIUIO

p= 02 =0y (v) — v v} (2.7
dlv(vv) —{v{vv}}] _ d¢

mo o = Mo - (2.8)

E=(pv) = L =9 [(w)? - {w}}] + 70 (2.9)
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B narpamxkuane (2.5) mepe noTeHmanoM BBeaéH MuEoKkuTeab (1/¢%) ¢ nembio, 4To6Bl B ypas-
HEHUAX JBUKEHUs JacTulbl (2.8) He MMeIoCh 3HaYeHNs CKOPOCTH CBeTa. B KoopuHATHOM Bujie
yDaBHEHUs JBHKeHUs (2.8) 3aluinyTcs Tak

mogaﬂwa (v v UB) = mo%- (2.10)

['paBUTAIIMOHHBII MOTEHIINAT @, 3ABUCAIINI TOJTBKO OT KOOP/IMHAT, yAOBJIETBOpsieT auddepen-
UAJbHOMY YPaBHEHUIO YETBEPTOr'O MOPSAIKA

A = Bp (2.11)
CO CKAJISIPHBIM orepaTopoM |6

Ay =AA - ({VVI{VV}) =
(2.12)

ot o9t ot ot ot ot 1
B ozt (8x23y2 - 0y2022 i 8228902) =11 EV).

m

Benuunna p ecThb MIOTHOCTHD MACChl MCTOYHWKA, & (3 — TMOKa HE ONPEJIeJeHHBIH MOCTOSHHDIN
koaddurment, A — janacuad, V — oneparop rpajueHTa.

VYpaBHeHue s TPABUTAIIMOHHOTO MOTEHIHAJIA MPU HAJUIUN MUCTOYHUKA B KJIACCHIECKOM
MEXaHWKEe BBIBOJINTCS BapPUAIMOHHBIM MeTOoI0M. [ljist gero paccMorpum jieiicTBue

I = [ Ldzdydz =
e\ (026N [0%6\*
/{5[(@> +(3_y2> +<@> - (2.13)

» (82¢ 82¢ N 82§Z5 a2¢ N 82¢ 62¢>] _ 5p¢}dxdydz

0x? 0y?>  0Oy? 022 022 0x?

¢ TJIOTHOCTHIO JarpaHkuana L. Ilpu BapbupoBaHum JAefiCTBUS IO MOTEHIUATY 0@ TOTYIUM
ypaBHeEHUe

o 84¢+84¢_2( o 9% 9% >:gp7 (2.14)

Ozt + oyr  0z* 0x20y?  0y?0z%2 022022

coBmajaomiee ¢ ypapaerneM (2.11).

3 Teone3unyeckue JuHUN

PaccemorpuMm 3aady reojie3antdeckux JIMHUN B (DUHCIEPOBOM MTPOCTPAHCTBE, KOTOPBIE sABISIOTCS
KPUBBIMHU SKCTPEMAJILHON JJIMHBI. /[ 9ero HaxomM SKCTpeMyM HHTerpaJia

Py

B B
; da OF d OF ;
A A

Py

U TOJIy9UM ypaBHeHus ditnepa-Jlarpanxka

d OF OF dzt dz? da* dzt\V*
dr 0 (dz?/dr)  Ox* 0, (gjkl dr dr dr dT) (32)



P.I'. Bapunios I’ paBuTaIiHOHHOE KPACHOE CMEIeHHe JIJIsT CJ1IAOOTO MOJIST TSITOTEHHS. .. 355

r7e T — MPOU3BOJIbHLIN mapameTp. [ TPOU3BOIHBIX UMeeM BbIPaXKeHUs

OF  109jkim dx? dzF dat dx™

. 3.3
ori 4 Oz dr dr dr dr’ (3:3)
d_oF _af awdtdt a5\
dr 0 (dzi/dr)  dr Yk g dr \dr N

—3/4
agz]kl dx? dx® dot da™ @ / " (34)
dz™ dr dr dr dr \dr
r3g, Lo datdal (AT ol dotdal ds (ds) 7T
Yk g2 dr dr \dr 29 ar dr dr? \dr
U, COOTBETCTBEHHO, ypaBHeHUs (3.2) B BHE
0. dejd_xkdi_i_ 6gijkl 1ﬁgjklm da? dz® dxt da™
Jik g2 g dr dzm 4 Ozt | dr dr dr dr
(3.5)

3 daldabdat d?s (ds>_1 Ly

4g”kl dr dr dr dr® \dr

KOTOpBIE TTOCIe CUMMETPU3AIIN 110 UHIeKcaM j U m, k u m, j u | B KBaJApaTHOI CKOOKe OKOH-
JaTe/IbHO 3AIUIIYTCA TaK

 daldetda o doidetdalda™ 3 dafdatdaldPs (ds T, (3.6)
Yk gr2 ar dr MG A dr dr 49 dr drde2 \dr) T '
Cucrema (yHKIWI B ypaBHEHUH Te01e3n4ecKoii (3.6)
1 (Ogkimi = OGimi; = Omije . Okt OGjkim
Ciibtm = — L — : 3.7
M ( Ox’ ok | oat | dam oxi (37)

00pa3yoT reoMeTpUYIecKuil 00beKT, sIBJSIONniics aHagsorom cuMposa Kpucroddens. Ypas-
HEHUsI Te0JIe3NIeCKOil U 5-1 MHIEKCOBBIT 00beKT pacemarpuBatorcs B [7-9]. Ilycrs mapamerp
SIBJIsIETCsl KAHOHMYECKMM U nMeeT 3Hadenne 7 = s. Torma ypasaenue (3.6) ¢ dz'/ds=wu" mpe-

obpasyercst K BUJLY

du/ k1 k 1 m
g,-jkl—d u"u —I—Fiyjklmu]u vu™ =0 (3.8)
s

U COBNAJIaeT C yPaBHEHHEM TeojIe3nvecKoil u3 paboTsl (8, 9|, 410 u ciegoBazo 0XKuIaTh. 3amnm-
meM ypaBHEHUe Teojie3ndeckoii (3.8) B cieayomeM Bue

duluFut .
gijle + Fi,jklmu]ukulum =0 (3.9)

npu 0000IIeHNH HEPeTATHBUCTCKOrO anaora (2.8). 3mech B 00bekTe (3.7) CTONT MHOKHUTEH
(1/4). Tlpusesem HEKOTOPbIE U3BECTHDBIE U HEM3BECTHBIE CBOMICTBA:

a) CBOIICTBO CUMMETPHHU TI0 WHJEKcaM J, k, [ u m;

6) CBOMCTBO CyMMBI OOBEKTOB
L jkim + Ujgimi + Ukgmi; + Dimije + Ui =

_ 1 O0Gikim +8gijlm +8gijkm +69¢jkz +39jkzm . (3.10)
4\ OzJ oxk ox! ox™ oxt ’




356

I'mnepkomiiekcHbie ncia B reomerpun u cusuke, 2 (20), rom 10, 2013

B) perrenne cucreMsl (3.7), ¢ yaerom (3.10), oTHOCHTEIBHO TPON3BOIHOI

agjklm

i 2 (L jimi + Trimij + Timige + Dimsijke) — 405 jkim; (3.11)

') TOXKIECTBO

OL'; kimi n Ok imij n 0Lt i n Olmijm 28Fi,jklm

or” ox" ozr” ox” ozr”
or oT or oT or (3.12)
7, klmr k,mrj Ilymrjk m,rjkl r,jklm
= . - ; = — 2 —
oxt + oxt * ox' * oxt ox'
1) CBOMCTBO C aHTUCHMMeTpU3aNNeil HHIEKCOB § U j
1 (OGkimi  OGjkim
aktm = Ljieim = ( e o (3.13)
€) CBOWCTBO CBEPTKI
1 9gjki Ldgjkim
Fz " Jo ko lym ]mZ]klm:_ JEtm g kol m, 3.14
pimu vt utu 1 o0 v u u'u 1 ds wuutu™, ( )

)

noJTyHOpMa BekTopa da’/ds coxpaHsieTcs Ha TeoIe3UIecKOil JTUHIN, YTO TPUBOIUT K PABEH-
CTBY

d o
%gijkluzujukul = 0. (3.15)

Huddepennnpopanue seoii vactu B (3.15) gaer BeIpazKeHme

d » 1dgiin - du? |
—gijklu’ujukul — - %K wiuduFul + Gijki—— —utuFul =
ds 4 ds ds (3.16)
= Gi kldiu a4+ — ! (4—8gijkl - —8gijkl) u'vuFulu™. | |
ij
ds 12 ox™ oxrm
[Tocne cummerpusauy Mo MHAEKCAM B KPYTJIOi CKOOKe MMeeM
d o du’ -
d—gijklu’ujukul = (gwkld_u ul + F”klmu’ukulum) u'. (3.17)
s

B ckobKkax nmMeeM ypaBHeHHe TeoIe3UUecKoil U B CUILy TPOU3BOIbHOCTH dr'/ds OKOHYATEILHO
HOJIYIUM PABEHCTBO HYJIO BbIpazkeHus (3.17),aro maer pasencrso (3.15).

3) 3aKOH MPeodpPa3OBaAHMUST

W3 unBapuanTHocTH ds = ds’ moay4nmM paBeHCTBO
; . ! 4 ! !
gijkldac’dm]dmkdxl = gi/j/k/l/dml dx’ dl‘k dml 5 (318)
KOTOPOE TIPU MIPeodPa30BaAHUT KOOPIUHAT

s Oz" dz' dz™ Oz dx™
de’ = azm T Grm dad =% Oz dxi =9; (3.19)

OpUBOAUT K Hp606pa30BaHI/IIO METPHUYIECKOI'O TEH30Pa

Ozt 0z 0zF Ox!
ikl = ikl o A :
Jii Tkl 07 i’ Dk Ozl

(3.20)
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Huddepernupyst (3.20), HAXOAUM TPOU3BOIHYIO

Ogirywy  O0gijr Oz’ Oxd Oz* dx' dx™ 0%zt 0x' Ox' OxF
7 - <7 =7 Y I 7 + 4g’L]kl <7 7 =7 I k! (321)
ox™ ox™ Ox" Oz’ 0xF OxY dz™ ox¥ ox™ 0z’ 0z" Ox
1 ¢ yaeroM (3.7) MOIydnM 3aKOH Mpeobpa3oBaHus 00beKTa
ox' 0z OxF Ox' 9z™ 1 oxt Ozk oxt  9*x™
Lijwvm =Vijwmm 7737757507 T 3\ 9kin a7 3% 57 A AT
oz 0x3" 0x* ox¥ Oxz™ 3 oz 0x* oz' Ox™ OxJ
N ox' 0xi oxt  O*x™ N ox' Ox? dxF  92axm N (3.22)
Jistm e o 03’ Ozt dxm O | Mt 91 9V 9 xl ‘
N ox' Oz OxF 9%t oxd OxF ozt O*xm
G W e S e L L WY e W e e

13 KOTOPOro ciemyer, 9ro GyHKmn (3.7) He ABJISIOTCH KOMIOHEHTAME D-U WHJIEKCOBOTO
TEeH30pa.

4 Ilone TaroreHus: B JJMHEHTHOM NPUOJINKEHUU

PacemorpuMm MeTpudeckyio (pyHKIUIO B (hUHCIEPOBOM IpocTpaHcTBe bepBasibia-Moopa

ds = [90000 (dz®)* — 2 (da®)? (da® + dy? + dz%) + da* + dy* + dz* — (4.1)
4.1
— 2 (dady? + dy?dx?® + dz2dx?) + 8da datdaddxt)*

B KOTOPOI1 JINIIIH OJTHA BEJIMIHHA (oooo C/TA00 OTIUYIAETCS OT €IMHUIIBI. B pub/ImKeHnn K Kiac-
, 4
crdecKoii Mexanmnke ocraercs ciaaraemoe ¢ (dz®)”, uro mpusomuT dbynkmuio (4.1) K BuIy

ds = goooo (dx0)4 +dat + dy* + d2*t — 2 (da’dy? + dyPda® + dz2dx2) : (4.2)
Toria OTIMYHBIE OT HYJId 3HAYEHUS KOMIIOHEHT 00bekTa (3.7) uMeoT Buy

i 990000

,0000 12 oz (4.3)
YpaBHenue reojiesndeckoii (3.9), mpejicraBieHHoe B BUIE
v () ~ v ()] _ Do )
dt 4 QOr ’ '
MO3BOJISAET, ¢ y4eToM (2.8), HOIYyIUTh BbIDAYKEHNE CUJIbI
20 0
F = & %9000 _ __¢‘ (4.5)
4 Or Jr
I3 (4.5) BBITEKAaET 3HAYECHIE PACCMATPUBACMON KOMIIOHEHTHI
4¢ 4¢
Joooo ~ 1-— C—z, <0 < g < 1) (46)

U TIOCTIe TIOJICTAHOBKY €€ B (4.2) nmeem

4
ds = <1 — —f) Attt + dat + dy* + dz* — 2 (daPdy® + dy’da® + d2da?) . (4.7)
C
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Takmm 06pa3oM, goopp €CTh TPABHTAIIMOHHBIN HoTeHIHA, a ['; goo9 — HAIPAZKEHHOCTb IDaBUTA-
MOHHOTO ToJdA. Hakoner, 3anuiemM ypaBHeHUE T Goooo

4
Asgoooo = —6—250- (4.8)

B obmem ciydae, Korjga KOMIIOHEHTBI Jijkl 3aBUCAT OT BPEMEHU, YPaBHEHUS IO/l UMEIOT HeJIN-
HeliHbIe YJIeHbI

4
4 Y] 79
(49ijk + “HenuHefiHble YIeHb = gﬁTijkl; (4.9)

HaXOXKJIeHe KOTOPBIX TpeOyeT OTAEIBHOIO PACCMOTPEHHA. 31eCh 1k = pcutul uFul ectn 4-6x

WH/IEKCOBBII TEH30D SHEPIUU-UMITY/IbCA W CKAJISPHBI omeparop |7]

Oy = 25 —2- 2 A+29 (V{VV}) +AA - {VVI{VV}) =

ctott c20t2 3 cot

I U (R R (R 0! o’ o’ 0"
T cott + ozt + oy + 0z4 2 c20t20z2 + c20t20y? + c20t20z2 + 6$28y2+ (410)

4
ol ol a4 _ d m
+8y2822 + 8z28z2) + 806t8x8y8z - 1;[ [ﬁ + (8 V)] )

5 Pemmenune ypaBHeHUil AJis1 TOTEHIAAJIA

Pacemorpum ciydaii ypaBHeHHs 4eTBepTOro mopsiika ¢ onepatopom (4.10) st moreHImasia

¢=9(s)

Oy = 0, (5.1)
KOTOPBI 3aBUCUT TOJIBLKO OT §
s=[ct+z+y+2)(ct—a+y—2)(ct+z—y—2z)(ct—z—y+2)"" =
(5.2)
= [** + 2t + gt + 24 — 2(PH2? + At2y? + A2 + 22y? + P2 + 222?) + Sctayz]
[Moacrasum ¢ (s) B (5.1) 1 moyunM cieyroliee ypasHeHne
o 603 7 0 10
¢ e (b — ¢+__¢:0 (5.3)
Os*  s0s®  s20s2  s30s
Pemras ero, HaxoauM aBHBIN B (DyHKIN
¢=Aln—, (5.4)
So
rjae A u Sp eCTh MOCTOSTHHBIE BeJIMUuHbL. [Ipu § = $g mMeeT MecTo paBeHCTBO ¢ (So) = 0.
Hastee mepeiijieM K CIydar UCXOJHOTO yPaBHEHMUsI
Ay =0, (5.5)
BoITekaomniero 3 (2.14) ¢ p = 0. Cornacuo (5.2), 3anumem
s=[(z+y+2z) R3}1/4, (5.6)

rae dyukuua R, cormacuo (1.3), 3aBUCHT TOJBKO OT TpeX HE3aBUCUMBIX BEKTOPOB
e2=(-1,1,—-1),e* = (1, -1, —1), e* = (=1, -1, 1) BBIIEICHHBIX HAIPABJICHUII 1 UMEET BH,L

R=[(—z+y—2)(z—y—2)(-z—y+2)]"" = 5
= [23 + 3 + 23 — (222 + 2%2) — (yPx + 2%y) — (2Py + y22) + 2xyz]1/3 :
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CrenoBarenbio, ypasHenue (5.5) 3anmmercs Tak

o 0 0\ (b 30% 106\
(%*a@*%)(ﬁ*ﬁﬁ+ﬁﬁ)_o 5:8)

1 ero peamieHueM dBJIdeTCA (byHKHI/IH
R
¢:Aln§+01x+02y+032, (01+02+C3:0), (59)

rae A, C1, Cy, C5 u B ectb nocrosinnbie Beqnaunbl. Paserctso ¢ (Ry) =0 umeer mMecto npu
C1=Cy=C3=0u B=eRy. Torga u3 (5.9), cormacuo (4.6), moayInm ciemyiomiee BbIpazKeHe
T4 TTIOTeHIIIaIa,

4 eR
C—Zb =1In ?07 (R>eRy). (5.10)
Amanorn4ano, nmeeM BBIpazKeHHe
1/4 1/4 1/4
s=[(-z+y—2)¢&] = [(z —y—2)n’] /= [(—z —y+2)1°] / , (5.11)

rae beHKHI/H/I £, 7, V TaKiKe 3aBUCAT TOJIbKO OT TpeX HE3aBUCUMbIX BEKTOPOB BbIJIE/JICHHBIX
HaHpaBHeHI/IfI 1 UMEIOT BHU

52[($+y+z)(:r—y—z)(_g;_y_,_z)]l/i%’
n=[z+y+2)(—z+y—2)(—z—y+2)]"%, (5.12)
V:[(5E+y+z)(—x—|—y—z)(m—y_z)]l/i%_

Takum obpazom, Hapsay ¢ (5.8) uMeeM CIeIyIONIe ypaBHEHsT

0 0 0\ [ 3% 106\
(—wa—y—@)(a—wga—wga—g)—a

o 0 9\ [ 38 106
g _Z2_Z) (22, 289, 299 _ 1
<8x Ay 32) (8773 " n on? * 7’ 877) 5 (5:13)

& 9 9\ [P 3% 109\
(‘%‘a?ﬁ&)(ﬁ*ZW*ﬁ%)_o

1 X peHIeHUusAMUN ABJIAIOTCA Cl)yHKHI/IH

¢1:A11n§+01x+02y+032, (—C1+Cy,—C3=0),
1

gbg:Aglng—f—C’lx—l—ng—i—ng, (Cy— Cy—C3=0) , (5.14)
2

¢3:A31n§+01x+02y+03z, (—C) — Cy+ Cy = 0).
3

6 I'paBuTammoHHOe KpacHOE CMeIlleHre

PacemorpumM, cormacHo (4.7) u perennst (5.10), mpoMeKyTOK KOOPAMHATHOTO BDEMEHU MEXKILY
HOCJIEIOBATEILHBIMI UMITYILCAMEI HEKOTOPOI'O UCTOYHNKA CUTHAJIOB B HEKOTOPOIi (hUKCHpoBaH-
HOIT TOUKe T = (X1, Y1, 21) it Ry

As
[1 _ 4¢>(R1)] e

Aty = (6.1)

C
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AnajlorugHo B APYroit TOUKM ro s Ry mmeem

As
1/4
[1 _ 4¢><§2)}

Aty = (6.2)

C

-1 " -1
Koopaunaraas gactora curHaios v = (Aty) B TOUKe Iy CB3aHa ¢ 9acToToil vy = (At)” B
TOYKe Iy NPUOJINZKEHHBIM PaBEHCTBOM

e ~ Lt 5 [0 (Ba) — 6 (Ry) (63)

(&

¢ Tounoctbio jo (1/c?). U3 (6.3) momyuum CABUT YaCTOTHI CUTHAJIOB COOTBETCTBYIOMINX 3HAYE-
ouaMm Ry n Ry

Ry
n Ry
Ecim Ry ecth dyHKIHS ¢ KOOPAMHATON KAKOIO-THOO Tejla BHE TATOTEIOMIEro Tena, a Ry — Ha
Teste, To popmyia (6.4) MOKa3BIBAET CABUT YACTOTHI B KDACHYIO CTOPOHY pu Ry > Ry TIOCKOIBKY
¢ (R2) <¢(Ry). Cornacuo (5.7), JaHHOE T'PABUTAIMOHHOE KPACHOE CMEIeHHe CIEeKTPATbHBIX
JIMHAN 3aBUCHT OT TPEX HE3aBHCHMBIX BEKTOPOB BBIJIEJICHHBIX HAIPABJICHUH B COOCTBEHHOM
TPEXMEPHOM [POCTPAHCTBE.

Ananornano, yunteiBas (5.14), paccMarpuBaeMoe CMEIEHHe TaKKe Oy1eT 3aBICETh OT JPY-
IUX TPEX HE3aBHCHUMBIX BEKTOPOB BBIIEJIEHHBIX HAIIPABJICHNUIT. 3/1€Ch Ke BBIOPAHO TOJBKO OJIHO
perierne, 3apucsinee ot Gyukiwu R. Obee pererne ypasaerus (5.5) ecTh JuHeiiHas KOMOU-
Hanus derbipex pemtennii (5.9) u (5.14).

141

Av =1y — vy = 5 [6(R) — ¢ (Ry)] = 51 (6.4)

3akJo4eHne

[Ipubmmkenne caadoro Mo TATOTeHUA B (PUHCIEPOBOM MPOCTPAHCTBE COOLITHIT BepBasibia-
Moopa T03BOJINIIO ONIPEIeSINTh IPABUTAIIMOHHOE KpacHoe cMmerterue. Perenne ypasaennus (2.8)
IIpeJICTaBJIAeT OO0 OTIETBHYIO 3a/1a9y, KaK 1 BOODIIE PACCMOTPEHNE IBUYKEHNIT 1 TPAeKTOPHil
MPOOHBIX YACTHI] B MPUOINYKEHINN HEHbIOTOHOBCKOW Kiaccumueckoil dusuku. [Ipencrasisercs
HEOOXO/IMMBIM HAMTU TEH30PbI, KOTOPbIE B JIMHEIHOM TPHUOINKEHUN OTHOCUTEIHLHO METpUYe-
CKOT'O TeH30pa, He3aBUCSIIEr0 OT BPEMEHNU, IPUBOJAT K ypaBHeHHo (4.8) 4eTBEPTOro mopsiika.
[TocTpoenne Takoit Teopun TpedyeT CHeUaJILHOTO paccMoTperud. [losromy 3mech orpanuyn-
JINCH JIUITH BOTIPOCOM Te0Je3MYeCKNX JIMHUI 1 ¢J1a00T0 MO TATOTEHUS.
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REDSHIFT FOR A WEAK GRAVITATIONAL FIELD IN
FINSLER SPACE OF EVENTS BERWALD-MOOR

R.G. Zaripov

Institute of Mechanics and Engineering, Kazan Science Center, Russian Academy of Sciences,
Kazan, Russia

zaripov@mail.knc.ru

The weak gravitational field in curved Finsler space of events Berwald-Moor is considered.
From the equations of a geodesic line classical equations of motion of a particle in a
limiting case for non-Newtonian three-dimensional space in a gravitational field are given.
Linear equations for a metric tensor and their solutions are reduced. The problem on
redshift is considered.

Key Words: weak gravitational field, geometrical plant, the equation of a geodesic line.
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NCCJIEAOBAHUE POJIN HEITPUBOAVMMBIX KOMIIOHEHT
KPYUYEHUNA ITPU PACITPOCTPAHEHVN B BUJE IIJIOCKUX
BOJIH B ITPOCTPAHCTBE PUMAHA-KAPTAHA

B.H. IIlep6annb

Mocxrosckuti nedazozuveckuti 2ocydapcmeennsiti ynusepcumem, Mockea, Poccus

vovan-rul@yandex.ru

JLst KBaJIpaTUIHBIX JIATPAHKUAHOB OOIIEro BUjia TMOJyYeHbl BapUAIMOHHBIE yDABHEHUS
rPaBUTAIIMOHHOIO TOJIsT B TpocTpaHcTBe PuMmana—Kaprana B dopMmaansme BHEITHAX (GOPM
METOJIOM HeoIIpeeeHHbIX MHOXKHTe el Jlarpamxka. VccaegoBada cTpyKTypa HEIIPUBOIH-
MBIX KOMITOHEHT KPYUeHWs IPU PACIPOCTPAHEHUN B BU/E MJIOCKUX BOJIH B IPOCTPAHCTBE
Pumana—KapraHa.

KuaroueBbie ciioBa: BHYTpeHHSASA CBI3HOCTD, TPOJIOIKEHHASA CBI3HOCTD, TOYTH KOHTAKT-
HOE K3JIEPOBO IIPOCTPAHCTBO, CyO(MUHCIEPOBO MPOCTPAHCTBO C MeTpukoil bBepsasbia-
Moopa HyJIeBOI1 KPUBU3HBEI.

1 Bsenenne

SHauYUTEeIbHBIN MHTEPEC MPEJICTaBIsAeT COOON M3ydeHne TOYHBIX peIleHUuil ypaBHEHUl Moyisd B
IPOCTPAHCTBAX, HAJEEHHBIX D0JIee CJI0YKHOM CTPYKTYPOii, 1em pumanoBo npocrpanctso OTO.
Ocoboe MecTo 3/1eCh 3aHUMAaET TMOUCK BOJIHOBBIX PEIIeHUil, 9To 00J1aIaeT KaK TeOPEeTUIeCKIM,
TaK ¥ BO3MOXKHBIM ITpaKTHdecKnM 3uadenneM [1-6]. Tak, B [1| u3ywanucs rpaBuTaiiioHubIe BOJI-
HBI B TPOCTPAHCTBE C OTJIMYHBIM OT HYJI KPYUeHUEM B TEOPHUH C JIATDAHZKUAHOM CIIEIIHATBHOTO
BU/JIa, COCTOAIINM U3 JIMTHEWHOTO JIArpaHKuaHna Teopun JitHinreiina-Kaprana, oIHOTO 3 1mecTu
BO3MOZKHBIX KBaJIDATOB TE€H30pa KPUBU3HBI U BCEX BO3MOYKHBIX KBaJIPATOB T€H30Pa, KPYYeHUs.
B 2] BostHBI KpyueHns nccienoBaanch Ha (bOHE IJIOCKOTO MPOCTPAHCTBA B TEOPUH C KBaJpa-
TUYHBIM [0 KPUBHU3HE JarpamzkuanoM. B [3] aBropsl paccMaTpuBasy MI0CKIe BOJHBI B TEOPUH
C KBQJPATUIHBIM [0 KPYUYEHUIO U KPUBU3HE JIalDaHKUAHOM 0e3 jinmHeiiHoit yactu. Pabora [4]
ObL/Ia MTOCBSIIEHA UCC/IEIOBAHIIO BOJTH KpyUueHus i 2-pOopMbI KpYyUeHUs aaredpaniecku Crie-
masibioro N-tuma. B [5] uceremoBana crpykrypa maockux BoH 6€CCIe0BOI 9acT KPYyYeHus,
a B pabote [6] KpATKO MPUBEIEHBI PE3YJIBTATHI 10 UCCIIEOBAHUIO CBOTICTB TIOCKUX BOJH TAKIZKe
clleia M TICeBJI0CTIEIa KPYIeHUs.

Henbio mamHHON PabOTHI SIBJISIETCA HUCCACIOBAHUE CTPYKTYPBHI HEIMPUBOIUMBIX KOMIIOHEHT
KPYYeHHus PN PacIlpoCTpaHeHN! B BUJE MJIOCKUX BOJH B pocrpancTBe Pumana—Kaprana.

[TocTpoenne coBpeMeHHOM MyaHKape-KaIuOPOBOYHON TEOPUN IPABUTAIIMNA OCHOBAHO Ha CY-
[IECTBEHHOM HCIIOIb30BAHUN HEJIMHEHHBIX 10 KPUBU3HE U KPYYeHUIO Jarpan:kuanos |7-13]. c-
MOJIb30BaHNe KBAIPATUYHBIX JIATPAHKUAHOB B T€OPUU T'PABUTAIIMOHHOIO TIOJIA CTUMYJIADYETCS
TaKKe MOCTPOEHNEM TTEPEHOPMUPYEMOI TeOPUH rpaBUTaIK B IpocTpancTse Pumana-Kaprana.
BonbmumneTBo KBaApaTudHbIX TEOPHil rpaBUTAlMi B mnpocrpaHcTBe Pumana—Kaprana moryr
OBITH ONMUCAHBI KAK YaCTHBIE CIydan obmiero 10-mapaMeTpruyeckoro jJarpamKinana, BBEJICHHOTO
B [7,8] B BUjie cCyMMBbI JIMHEHHOrO JlarpaHzKuaHa teopun DiiHmrelina—Kaprana 1 KBaJpaToB
HEMPUBOIMMbBIX YACTell TeH30POB KPUBU3HBI U KPYUEHUS.

Ha coBpemennom sTame Teopusi TpaBUTAILMN OMUCHIBAETCA Ha S3bIKe BHeNIHUX auddepen-
naabubix popm Kaprana. Mbl OyjieM mcrmonb30BaTh BapuUaIlMOHHBIN (hOpMaU3M Ha S3bIKE
BHEITHUX (DOPM, OCHOBBIBAHHBIN Ha JieMMe, chOpMYJTMPOBAHHON U JTOKA3aHHOI B [5], 0 KOMMY-
TAIUU OTIEPATOPOB BAPbUPOBAHUS U JIYATU3AINH XO/I7KA.

B mpocrpancree Pumana—Kaprana mosydenne ypaBHeHUI TPaBUTAIIMOHHOTO OIS MOXKET
OBITH OCYIIECTBJIEHO HECKOJILKUMU MeTojaMu. /{aHHbie ypaBHEHUS MOTYT ObIThH MOJYYeHbl KaK
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YACTHBIA cIydail ypaBHeHUI 1ojst B 001eM adGUHHO-METPHIECKOM TPOCTPAHCTBE MTPU HAJIO-
JKEHUU YCJIOBUS METPUIHOCTH (COTTIACOBAHHOCTH METPUKHU U CBSI3HOCTHU) TIOCJIE BAPBUPOBAHIS
U TIOJIYIeHUsT ypaBHEeHUH 1mossi. Ipyroit MeTos cocTouT B MOMYYEeHNN 9TUX YpaBHEHHUI TpU Ha-
JIOZKEHUUN YCJIOBHA METPHUYIHOCTHU OO0 BapI/IaIH/IOHHOIU/I npouneaypnsl ¢ IIOMOHIIBIO METO/a HEOoIIpe-
JIeJIeHHBIX MHOXKHUTe el Jlarpam:xka. Hakowner, TpeTuii MeTO/ COCTOUT B SIBHOM pPa3pelIeHUH
YCJIOBUIT METPUIHOCTH U MTOCTPOEHUN JIaTPaHKNaHa TPABUTAIMOHHOTO IOJIsT HEMOCPEICTBEHHO
B mpocrpancTBe Pumana—Kaprana. OmHoit u3 1eseit maHHoil paboOThl dBJIsieTcss 000CHOBAHME
9KBHUBAJECHTHOCTH TOCIEIHUX JABYX METOJ0B BaphbUPOBaHUs W HEIKBUBAJEHTHOCTU dTUX METO-
JOB IIEPBOMY METOJLY.

2 YpaBHeHUs TPaBUTAIIMOHHOTO TMOJisI B MHOpocTpaHcTBe PumaHa—
Kaprana B ¢popmasm3ame BHentHuX popm

[Tox obum adduHHO-METPHYIECKUM TPOCTPAHCTBOM (L4, g) OyaeM MOHMMATH CBSI3HOE de-
ThIpEXMEPHOE OpHeHTupoBaHHOe auddepeHmpyeMoe MHOroobpasme M, HajemeHHOE MeT-
PUYeCKIM TEH30POM ¢ HHaeKca 3, 4-popmoit oobema 1, 1-dbopmoit mmneitnoit ceasnoctu I'* |, He
COIVIACOBAHHON C MeTPHKOii, 2-dopmoit kpususHsl R ,, 2-dopmoit kpyuenns T* u 1-popmoit
HEMETPUIHOCTU Qyp.

2-dopma KpydeHusd U 2-popMa KPUBU3HBI 33aI0TCA HA OCHOBE MEPBOIO M BTOPOT'O CTPYK-
TYpHBIX ypaBHeHnnit Kaprana:

1

T = ST%0" A 0° =DO* = do* + T A 0", (1)
1

Ry = 5 R%eal” 07 = dI'%, + T AT, (2)

Baech 0% (a=0,1,2,3) — kobazuc 1-dpopm npocrpanctsa (Ly, g), A — OllepaTOp BHEITHETO YMHO-
xkenusi, D — 06001ieHHbIi BHeMmHMT KoBapuanTHbI auddepennuanr: D=d+T A ... (d — ome-
patop BHerHero aud depenmupoBanust). ByieM HCoab30BaTh JTOKATBHbI HETOJIOHOMHBIN BEK-
topublii 6asuc e, (b=0,1,2,3), npudem e, | 0% =0y, | — omepaist BHyTPEHHETO ITPOU3BE/ICHUS
(cBepTKa) U gap = J (€4, €) =diag(l,—1,—1,—1).

Mepoit HECOTTIACOBAHHOCTU METPUKH U CBSI3HOCTHU ABJISIETCS OTJINYHE OT HYJIdA 1-OpMbI

Qub = —Dgap = —(dgat — I,9eb — I'4gac) = 2L (ap) - (3)

[Ipocrpancro Pumana—Kaprana RCy npeactaBisgeT coboii 9acTHBIN caydaii o01ero apuHHO-
MEeTPHIECKOr0 IIPOCTPAHCTBA IIPU PaBHO HyJ0 1-dpopme HemeTpudHocTH Qq. B sToM cirydae
paBHOe HYJIIO BbIpazkeHue (3) GyieT npeicTaBisiTh co00ii CBsI3b, HajaraeMyto Ha 1-popMmy cBsi3-
noctu ['*},, pasperrenre KOTopoit TpUBOAUT K yCIoBHIO ['gp = — [y,.

Y1o6HO NCHOMB30BATH BCIIOMOTATEIbHBIE MO 3-POPMBI 14, 2-DOPMBI 14, 1-DOPMBI Ngpe U
0 -DOPMBI Nyped, OLPEIETEHHBIE Clemyomum obpazom [10]:

’r]a:eaJn:*eaa nab:eana:*(ea/\gb);
Nabe = ecJ Nab = *(ea A eb A Qc) y

Nabed = edJ Nabe = *(Ha A eb A ec A Hd) ) (4)
0° Ny =S, 0% A e = —264n,
0% A Nabe = 36[65177170] ) 67 A Nabed = _45[J;nbcd] s

rae * — onepaTop AYyaJIbHOI'O COIIPAXKEHUA XO,H,)K&.
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B mpocrpancrse (Ly, g) 2-dbopma KpususHbl, 2-bopMa Kpyderust u 1-dhopma HeMETpHIHOCTH
MOTYT OBITH PA3OUTHI HA YACTH, sIBJIAIOIINECS HEIIPUBOIMMBIME ITPEICTABIEHUSAME I'PYIIIIbI IICEB-
JIOOPTOTOHAJBHBIX MTPeoOpa30BaHmil YeTHIPEXMEPHOI'O ITPOCTPAHCTBA-BPEMEHN:

) 2N . =), N0
Rap = ZR[ab] + R(ab) ) T = Z T, Qab = Z Qb - (5)
1=1 1=1 1=1

=1

KonkpeTHblii BuJi yKa3aHHOTO Pa3jIOyKEeHUs, & TaKyKe YaCTHBII C/Iydail CBONCTB 3THX pa3Jio-
)ennit B mpocrpanctse Pumana-Kaprana RCy moxker 6bTh Haifigen B o63ope [10|. Hempuso-
JIIMBbIe YaCTH OPTOIOHAJBHBI OTHOCUTENIBHO CKAJISIPHOTO mponsBegeHnst *( Ay, o A *B%0).

B mambmeiimem OymeT MCIIOIL30BAHO pasiiozkKeHue 2-pOpMBI KpYUeHMs Ha HEIPUBOIANMBIC
(1) 2) 3)
gactu (1-dpopmy Gecenemosoit wactu T* | 1-cbopmy ciema T* u 1-dbopmy nceBmociena T ):

1) 2 ) (2) 1 (3) 1
TP =T =T =T T' =26 A(e]T'), T'=cx (@ AxT"'AG). (6

[Ipu sTOM HempuBOAMMBIE ClIaraeMble KPy4YeHUs 00/1a/1al0T CBOMCTBaAMMU:

1) (2) (1) (3)
ToN0, =0, ToA.=0, e|T°=0, e]T°=0. (7)

B kadecTBe sarpankeBoil MJIOTHOCTH TEOPUU BBIOEPEM CJIE/IYIOIIEe BbIPAXKEHNUE:

6 () 3 ()

L= foRYAN+ D NRP AR (ap) + 2 Xi T AT o + Qap AN A%+
=1 =1

4 , @ (8)

Z gz Qa A *Qab +

=1

1=

3 0)
S GiQu AN OO AXTY,
=1

1=

5 i
+ 57 kiR A *52) (ab) T
i=1
Bnecw fo = 1/(2k) (k = 87G/c*), iy Kiy Xi, &, (i — KOHCTAHTHI CBsi3H, a (i) — WHIEKC, TIepedr-
CIAIONINI HENPUBOJAUMBIE KOMIIOHEHTHI KPUBU3HBI, KPYYeHUs 1 HEMETPUIHOCTH.

Jlanmoe BbIpazkKeHue MpeacTaBsier coboil cyMmy oOIIeil KBaapaTuaHol JarpanzKeBoil II0T-
HOCTH B ipocTpaHcTBe (Ly, g) (MuHEHON JarpanzkeBoil II0THOCTH, TPOIOPINOHAIBHO CKAJIs-
DY KPHBU3HBI, KBaJIPATOB BCEX HEMTPUBOIMMBIX YacTeil KpUBI3HbI, KDY UI€HUsT I HEMETPUIHOCTH )
I CJIaraeMoro ¢ HeolpeeleHHBIM MHOKITeseM Jlarpamxa A,

JLns mostydenust ypaBHEHUI rpaBUTAIIMOHHOTO 10/ B TpocTpaHcTBe Pumana—Kaprana RCy
B BaKyyMe MPOBEJEM NP MOMOIIM BAPUAIMOHHOIO (POPMAJIU3Ma MEPBOro MOPsIKa HE3aBUCHU-
MOe BapbHpOBaHUe JIarpaHzKeBoii miotHocTr (8) 1o 6asucubiM (opmam 0%, 1-dopme cBsi3HO-
ctu 1'% npoctpanctsa (Ly, g) u 3-popme muozkurens Jlarpamxa A%, Metoy BapbupoBanus B
dopmanusme BHemHUX (HGOPM OCHOBAH Ha MCIIOJbL30BAHUN JIEMMbI O KOMMYTAIIUN OIIEPATOPOB
BapbUPOBAHUsI U JyaJIbHOTO COlpsizkeHust Xoyzka [5].

B pesynbrare BbIpbUpoBanus mioTHocTH (8) o A% moayuuM ycioBue MeTpUYHOCTH

Qab =0. (9)
Jlannoe ycioBre NpUBOIUT K CIELYIONIMM CBORCTBAM CBA3HOCTU U KpuBu3HLI B RCj:
Fap = =T ) Rap = 7?’[ab} . (1())

Kax creacrsue coiicts (9) u (10) pesysabraT BApbHPOBAHUS HMOCTEIHHX TPEX CJIAraeMbIX Jia-
IPAHKeBOH MIOTHOCTH (8) OOGHYINTCS 3a UCKIIOUEHNEM BhIDazKeHUH BUa

(i) (4)
6Qup A (A + GO AT ) = 0T% A (AL + 200 A*T ), (11)
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KOTOpOe JiaeT BKJIaJ B ['-ypaBHeHNe, ncye3alonuil mocjie aHTHCHIMMETPUBAIAN TI0 a, b.
Wcnonb3yst BbIpazkeHUsl 1 HEMPUBOJIMMBIX dacTell KPUBU3HBI U KPY4YeHUsd, IepBble TpU
cJlaraeMbIX TIOTHOCTH (8) mpeobpasyeM K BuLy, 6osiee yI0OHOMY Jijisi BADbUPOBAHMUS:

Lp = foR% Anfu+ 1R AxR?, + 72 (R™® Aby) Ax (R A6, +
+73 (R A Ge) A*(REy Aba)+74 (R% Ao AO°) Ax (REG A B A O+
+75 (R A0y AOY) Ak (R, A6 A 6°) + (12)
+76 (R A0 A OY) Ax (RE A0, A E°) +
01T A *Tg + 0o(T* N Oy) A*(TP A Op)+03(TAO) Ax(TP N 6,) .

JanHasi 9acTh JlarpaH)KeBoil I0THOCTH coxpanseT cBoil B (mpu ydere (10)) Takke B mpo-
crpancrBe Pumana—Kaprana RCy u npejcraBisier co0oii JlarpaH:KeBy IJIOTHOCTH ITyaHKape
KaIMOPOBOYHON Teopun rpasutaiun [7-13].

Koncranrsl cBs3u jlarpamkeBbIx maorHocreil (12) m (8) cBa3aHbl JMHEHHBIME COOTHO-
menusivu [11], 13 KOTOPBIX B JasbHeiiieM Gy/yT UCIOIb30BAHbI CJIE/LY OIIHE:

1

— 1y +x) — v+ xw) .
3 X1 T X2), Q2—3 X1 T X3), Q3—3

YpaBHeHue, MOTydeHHOe MyTeM BapbupoBaHus 1o cBssuoctu 1'f([-ypasaenue), mocie ydera
cpoiicts (9) u (10) u anTHCHMMeTpU3AIUY TI0 @, b OyIeT UMEeTh BUJIL:

foDnd + 21D % RY + 7D (6, A% (RPAG,) — 0° A% (RS A6,)) +

+73D (65 A % (REAG,) — 0° A x (Reo AG°)) +

+274D (0, A 0° A% (RAG. N 0y)) +

+75D (60 A O A% (RGO NE°) —0° A O A (RYNO:NB,)) + (14)
+276D (6. A O A x (R A0, A O°)) +

+01 (0° ATy — 0, A¥TP) + 20,60° Ny A% (TCA6.) +

03 (0P NO N (ToNO,) — 0, N0 Ax (ToANGY)) =0.

01 X1 — XQ) . (13)

[Tpu 5TOM CUMMETPHU3AIMA 110 a, b He TPUBOAUT K HOBOMY YPABHEHUIO, & MO3BOJIIET ONPeIe/INTh
b
1-cbopmy srarpankeBoro MHOKHUTEIT AJ.
[Tocse BappupoBanus mo 6asucHbM hopmam 0% u yaere (9) u (10) momyunm ypaBHeHHE

JoRY A e + 71 (R A% (R A 6y) + % (xRY A0,) AxRy) +

+75 (2Ran A % (R™ A0) — (R A6,) Ak (RY A by Aby)) —

(# (% (R™ A 0p) NOg) Ax (RN 6,)) +

(=2RL A% (REAG) — (RYAOy) Ax (REAGAG,)) —

—73 (x (x (R A E) A O.) A% (RYA6n)) + (15)
(ARapy NO° A (R A O, A O,) + (% (RLAG A AOL) Ax (REAG, AOY)) +

75 (ARpapy A" A% (REA O AO°) + % (% (R A O AO°) Aby) Ax (R A G AEY)) +
To (ARy A" Ak (Rar A b AO°) 4 x (x (R NG AGY) NO,) Ax (R A O AO™)) +

+01 2D * Ty + T Ax (T AB,) + % (xT" AN by) A xTy) +

02 (ADTo A% (TP A 0y) — 20, AD 5 (T A6y) — (T AN O) Ax (TP Ny A b)) —

—02 (% (* (TP A O) NO) A% (T NG)) +

+03 (2T A# (Ta ABy) + 2D (6° A (Ty A6a)) — (TN 6n) Ax (T A AG,)) —

—03 (x (* (T ANO) ANb,) Ax(TINB,)) =0.

+ 4+ 4
,,:\

+
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Ypasuenus nons (14), (15) coBmagaroT ¢ BapUAIIMOHHBIMU YDABHEHUSIMU, MOJIYYeHHBIME B
paborax [5, 6], B KOTOPBIX JIarpaHzKeBa IJIOTHOCTH CTPOMJIACH HEIOCPEICTBEHHO B IIPOCTPAH-
ctBe RCY4. 9T0 0O00CHOBBIBAET IKBUBAJIEHTOCTb YKA3aHHBIX BO BBEJIEHUU BTOPOIO M TPETHETO
METOJ/IOB BapbUPOBAHUS TPHU TOJYUYCHUN YPABHEHUI T'PABUTAIIMOHHOTO TOJIS B MPOCTPAHCTBE
RCy. HeskeBUBaAJIEHTHOCTD 9TUX METOJIOB MIEPBOMY METO/Iy OYEBHJIHA, TaK KAK B 9TOM CIydae
BBHIY OTCYTCTBHS A CHMMeTpPH3aINs MPUBOINT K JIOMNOTHUTEILHOMY YPABHEHHIO MOJISA. 3aMe-
TUM TakKe, 9ro ypauenus (14), (15) mpegcraBiasior coboil dacTHBI cydail ypaBHEHUIT 105
KOoHMOPMHOIT Teopun rpasuTaiuu B ipocrpancree Kaprana—Beitsist, passuroii B [14-18], eciu B
HUX IPUPABATH HYJIO cjiej1 1-opMbl HemeTpudnocTu Q, mis ckaaspHoro noss lezepa—/lupaka
MOJIOKUTE =1 U MPOU3BECTU 3aMEHY Q9 <— 03.

Ces3zroCcTh B ipocTpancTBe RCy MOKET OBITH pa3/ioxkeHa Ha PUMAHOBY 9acTh M KOHTOPCHIO,
JIMHEHHO 3aBUCSIIYIO OT TeH30pa Kpy4uerus |10]:

c R

Y =re%+K%, T°=Ky%A0°, (16)
1

’Cab - 2€[aJ ,Tb} - EeaJ ebJ (7; A HC) ) (17>

R
rjie T'% ecrb 1-popma ceasnocTu Pumana u K% npejcrasiser coboit 1-dpopMy KOHTOpCHH.
Paznoxenne cesasnoctu (16) MHIyIUpYeT pasioKeHne KPUBI3HbL:

c R R
R%=R%+ DK%+ KeAKS, (18)

R R
rie R % — 2-dpopma KpuBusHbl Pumana m D ecTb BHEHMIHMII KOBapHaHTHBIN auddepeHiualt

OTHOCUTEBHO 1-dpopmbl cBa3HOCTH Pumana IM%.
JIns ckasigpa KPpUBU3HBI UMEEM pa3JIoKeHue:

, R , R ® O 0 @ @ 16 G
RYANL =R Anw—D [ *xTa N, +T“/\*7;—27'“/\*7;—§7'a/\*7;. (19)

3 Ilnockue BoJsiHBI Kpy4deHUsi B npocTtpaHcTBe Pumana—Kaprana

Hac 6yayT uHTEpecoBaTh Te OIpaHHYEHUsI HA TPABUTAIMOHHBIN Jarpankuad (8), K KOTOPBIM
MOKET IIPUBECTH CYIIECTBOBAHME IJIOCKUX BOJH KPydYeHHs, TaK KaK OOIINH IpaBUTAIMOHHBII
narpanxkuan (12) B mpocrpancrBe Pumana—Kaprana comep:Kut JieBaTh TPOU3BOJIBHBIX Mapa-
METpPOB, " BazKHOI Sa,qaqeﬁ TeoOpuu rpaBuTalii ¢ KBaJAPATUIHBIMUA JlaI'DaH2KHaHaMM ABJIACTCHA
HaXOXK/JCHNE KPpUTEPpUEB YMEHbIIICHUA IUCIA CBO6OI[HBIX IIapaMeTpoOB.

B coorsercrrun ¢ paboroit [1] BBegeM KoopamHaTHBIN Gasuc, 06pa3OBaHHBIN JBYMsI HyJIe-
BBIMI BEKTOpaMu €y = 0y, €] =0, U JBYMsI IPOCTPAHCTBEHHO MOJ0OHBIMI BEKTOPAMHU €3 = O,
e3 = 0,. Bexrop e( BbIOUpaeTcss KOBADHAHTHO IOCTOSHHBIM U HAIIPABJICHHBIM BJI0JIb BOJTHOBOI'O
JIyda, TIPHYeM BOJHOBasl TIOBEPXHOCTH (U, V) = const mapaMeTpu30BaHa KOODJANHATAME T U .

[Lnockast BoTHa METPUKN UMeeT BT

G =2H(z,y,uw)du® + 2dudv — dz* — dy*, (20)

U mpejicTaB/isier coboii YacTHBIN CIydail MeTPUKE MJI0CKO(MPOHTOBBIX IPABUTAIMOHHBIX BOJIH C
napaJiIebHbBIMI JTydamu (pp-BosH) |1, 4], rae KoopauHaTa U UMeEeT CMBIC 3ama3/IbIBAIOIIEro
BPEMEHU U MHTEPIPETUPYETCd KaK (pa3a BOJIHBI.

Ecmu obpasoBarh Kobasnc B KOKacaTeJIbHOM IPOCTPAaHCTBe u3 1-dpopm

° = H(z,y,u)du+dv, 60'=du, 6*=dz, 6 =dy, (21)
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To MeTpuke (20) 6ymeT cOOTBeTCTBOBATH METPUYECKU TEH30D

01 0 O

10 0 O
v a b o

00 0 -1

PumanoBo mpoctpanctBo R4 ¢ MeTpHUKOil TJIOCKON BOJIHBI JIOMyCKaeT rpymniy cumMerpuit G,
MOPOXKJIAEMY0 BEKTOPHBIME TOJIsiM X €O cTpYyKTypoit [1]:

X =(a+bx+cy)d, +bd, + cd,, (22)

rjae a=const, a b(u), ¢(u) — npoussosbubie GyHKIUKM 1 b’ ¢ — UX TPOU3BOJIHBIE.

I'pynma geuzkennit Gs ocTaB/isieT HEU3MEHHON U30TPOIHYIO THIIEPIIOBEPXHOCTD B Ry, OmMChI-
BAIOIILYI0 (DPOHT BOJIHBI C OCTOSTHHO# ammnTy1oii [1]. Kak pp-Bo/HbI, TIOCKHE BOJTHBI METPUKI
00J1aJJAI0OT HYJIEBBIMU CABUTOM, BPAIIEHUEM U PACTIKEHHEM.

Onpepenenne [5]. Hazosem npocrpancrso Pumana—Kaprana RC, npocrpancrsom RCy Tuna
IIJIOCKOI BOJTHBI, & €r0 METPUKY U Kpy4eHre — ILIOCKUMU BOJTHAMU METPUKH U KPYUYEeHUsI, eCIIH
METPUKA §gp U 2-opMa Kpydenus: 7 ¢ 9TOro mpocTpaHCTBa JOMYCKAIOT rpyminy cummerpuii G,
9TO O3Ha4aeT BbIMosHeHne yeiaoBmit: Ly g =0, LxT*=0, rne Lx — npoussBoanas JIu Brosb
BEKTOPHOTO 110J1si X, TIOPOKIAIONIEro TpymHiy cummerpuit G.

Jokazamna ciaemyrommast Teopema [6].

Teopema 1. 2-ghopma kpyuenus npocmparcmea RCy muna niockoti 60amv, umeem caedyrouyyro
cmpykmypy: beccaedosan wacmv 3a6Ucum om J06YT npoudeosvhuix Gynkyul ty (u) u te (u) 3a-
na3dbl8aOWE20 AP2YMERMA U, G CAED U NCEBAOCAED 3aBUCAM KaAHCIbIT 0m 00HOT NPOU3BOALHOT
Pynryuu om u, coomeememsenno, ty (u) u ty (u):

(1)

TO =t (w) 0 A6 +to (u) 0" A6, (23)
(2) (2) (2)

TO=t3(w)0° N0, T?=—ts(u)0' A, T°=—t3(w)0" NG, (24)
(3) (3) (3)

TO =t (W AP, T2 =t,(w0 AP, T3 = —ty(uw)0" A6, (25)

st mokaszarenbeTBa MOJACTaBUM BekTOpHOe Tojie (22) B ypasaenue Ly T®=0. B pesyibrare
NPUXOIUM K CHCTEMe ypPaBHEHHii, CIeJCTBHEM KOTOPOH BBHJY NPOU3BOJLHOCTH (DyHKIWIA b,
¢, b’ m ¢’ Byner paBeHCTBO HyJII0O BCEX KOMIIOHEHT KPYUYeHUsl 3a WCKJIIOUYEHHEM TeX, KOTODbIe
BbIpazkeHbl hopmyaamu (23)—(25) depes deThipe MPOU3BOIBHBIX (DYHKIMI OT U.

Hannasi reopema 06001aeT pes3yabrar paboThl [5|, B KOTOpPOi MJI0OCKHE BOJTHBI KDPYyYeHUsT
3aBUCEJIN TOMBKO OT JBYX IPOU3BOJNBHBLIX (DYHKIM, ONPEJEISIONUX ero 6ecc/iegoByIo JacTh.
B [1], a 3arem B [5| u3 aHamOrMU ¢ MJIOCKUME 3JIEKTPOMAIHUTHBIMU BOJHAMU ObLIO BBEJIEHO
nonoaanTebHOE yeosue 1'% = %01, CrencrBueM JaHHOTO YCIOBHA OBIJIO TO, YTO CBOHCTBOM
IUIOCKUX BOJIH KPYYeHHs MOTJIa 00JaJaTh TOJBKO GeccyieoBasi KOMIIOHEHTa KpydeHus (23),
cofiepzKalas j1Be npomsBosbHble dynkunn. Ilocae Toro, kak B [6] B coorBercTBHE ¢ [2| 9TO
VCJIOBHE YK€ He HAJIAraJloCh, CBOWCTBOM IJIOCKUX BOJIH cTajiu objiagarh Takxke caen (24) u
ncesocsest (25) KpydeHus.

PacemorpuM Terneph BapHannoOHHBIE YpaBHEHHs IpaBuTanunonHoro moid (14), (15) B mpo-
crpancrBe Puvana-Kaprana RCy. lanusie ypasaenns ¢ momomnbio passoxenuit (16)—(19) mo-
ryT OBITH Pa3OUTHI Ha CjaraeMble, OTHOCAINMECS K NMpocTpaHcTBy Pumana R4 m Ha J0MOTHU-
TeJIbHbIE CJIaraeMble, OlpeieliseMble KOMIIOHeHTeMu Kpydenus Buja (23)—(25). Ilpu sTom Heny-
JIeBble KOMIIOHEHTBI KPUBU3HBI U TeH30p Pudun npocrpancTsa Pumana OKa3bIBAIOTCH PABHBIME
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(ocTasIbHBIE KOMIIOHEHTBI PABHBI HYJIIO, Ry = Rep)

R R

R02 :R21 = Hzm92 A 01 + Hmyeg A 01 ’ (26>
R R

RE =R% = H,, 0> N0 + H,,0° N ", (27)
R

Rui= Ha:a: + Hyy ) (28)

rae Hy,, H,y u Hy, — Bropble dacTHbIe TPOU3BOAHbIe 0T dbynkuun H(u,x,y) M0 COOTBETCTBYIO-
UM KOODJAMHATAM. BBIYHCIsia 19 KOMIOHEHT KpydeHus (23)—(25) KOHTOPCHIO HA OCHOBE
npescrapienns (17)), HAXOAUM JJIsi KOMIIOHEHT KPUBHU3HBI B pocrpancTBe RCy:

RY =RY = (Hyw — Outs + (t3)* — (1/4)(t4)?)0% A 0'+

29
(Hyy + (1/2)0uts — tats)03 A 6" (29)

RO?’ =R = (ny - (1/2)8ut4 + t3t4)92 A\ 91—|—
+(Hyy — Outs + (t3)% — (1/4)(t2)%)0° N 6.

[Moxcransst 3tu Bbipaxkenus B O-ypasaenue nosis (15), Haiijiem, 4To eJIMHCTBEHHO HeHyIeBO
KOMITOHEHTO{l 9TOro ypaBHEeHHsI Oy/IeT U-KOMITIOHEHTa, UMEOIasi BUI,

(=2fo(Hyw + Hyy) + 20ut5(u)(fo — p1 + 2p2) — 2(t3(w))*(fo — p1 + 2p2)+
F(1/2) ()2 fo — 41 — 4pa + 12pa))du A de A dy = 0.

(30)

(31)

[Tpu 3TOM BCe KBaJIpaTUIHBIE 110 KPUBU3HE CIaraeMble OKa3bIBAIOTCA PABHBIMU HYJIIO.
B cuy npoussosbrOoCcTH byHKUNMit t3(u), Oyts(u), t4(u) n3 ypaBuenus (31) ciaeayer paBeH-
CTBO HYJIIO CJEIYIONINX BEJTUIUH:

fo—p1+2p2=0, fo—4p1 —4p2+12p3=0, fo(Hy +H,,) =0. (32)

[TpuarMmast BO BHUMaHHUE CBs3b KOHCTAHT (13), Haiijem, 4T0 mepBble ABa paBeHCTBa (32) 03Ha-
YaIOT CIPaBEJIMBOCTH COOTHOIIEHMI

2fo—x2=0, Jo—2x3=0, (33)

a Ha ocHoBaHUM (28) n3 mocaegHero paBeHCTBa (32) BBITEKAET PABEHCTBO

R
Jo Rav=0. (34)

O6parumcs rerepsb K [-ypasuenuto (14) u mogcrasuM B Hero Boipazkenust (29), (30). Boeimumem
OJIHY W3 HEHYJIeBbIX KOMIIOHEHT 9TOT0 ypaBHEHHUs, HAIPUMED, (U, T )-KOMIIOHEHTY:

—t4(u)(fo — 2p1 — 6p2 — 2p3)dv A du A dx — t3(u)(2fo — p1 + 2ps3)dv A du A dy+ (35)
+(2fo(m1 — 73) (Hayy + Haza) — t1(w)(fo+ p1 + p3))duAdz Ady =0.

[IepBoe ciaraemMoe BO BTOpOIl CTPOKE 3TOTrO ypaBHEHUs OOpallaeTcd B HYyJIb KaK CIeJICTBUE
nocyeHero pasencrsa B (32). I3 Broporo ciiaraeMoro BO BTOPOi CTPOKE 9TOrO ypaBHEHUs
BCJIEJICTBUE TIPOU3BOIBHOCTH (DYHKIMHU t1(U) BHITEKAET PABEHCTBO

fo+p1+p3=0. (36)

JanbHeiinme BIYUCIEHNs TOKA3BIBAIOT, YTO B ypaBHeHun (14) ciaraembie ¢ Koaddurmenramm
Ty, Ta, Ts U Tg TOXKIECTBEHHO PABHBI HYJIIO, a cjaraeMbie ¢ KO3MAMUINEHTOM T; PABHBI

27’1D * ROQ = 27’1D * R21 = 27—1(me$ + Hﬂcyy)nl = 07
21D % Rog =21D % Rgl =27 (H:mry + Hyyy)nl =0.
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3/1ech paBEHCTBO HYJIIO SABJISETCs CJIEACTBHEM IOceaHero u3 pasencrs (32). Ciaraemsle ¢
KOI(DOUIMEHOM T3 TaKKe ONPEIENSIOTCS PABHBIMU Hy/IO BbIpakeHuaMu (Hyp, + Hyyy) 1
(Hyzy + Hyyy). Ocrasbuble ciaraemble ypasaenust (14) Takzke OKasbIBAIOTCH DABHBIME HYJIIO
Besiesicrre paseHeTs (32) u (36). Hakoner, B cuity coorHomenuit (13) paserncrso (36) sxBuBa-
JIEHTHO DABEHCTBY

fo+tx1=0. (37)

[Tosryuennbie pe3ysabTaThl MOTYT OBITH COPMYJTMPOBAHBI B BUJE CIEAYIOMEN TEOPEMBI.

Teopema 2. IIpocmparcmeso Pumana—Kapmana RCy muna naiockoti 604HL ¢ 4emMbpbMA NPO-
UBBONLHOMU PYHKUUAMYU ABAACNCA DPEWEHUCM BAPUAUUOHHLLT YPASHEHUT 2PasUMAUUOHH020
NOAS 6 IMOM MPOCMPAHCMEE M0200, U MOALKO M020a, K0200 GHINOAHAIOMCA CACOYIOULUE YCAO0-
BUA ONA 2PABUMALUOHH020 Aazpandtcuara (8):

R
CL) fO Ra= 07 (38)
b) fo+x1=0, 2fr—x2=0, fo—2x3=0. (39)

JlanHasi TeopeMa MMeeT BayKHOe CJIeJICTBHE.

Canencrue. B npocmpancmee Pumana—Kapmana RCy naockue 60ambL HeNpuooUMbLT KOM-
nonenm xpyuenua (beccaedosot xomnonenmaol, caeda u ncesdocaeda) Mo2ym neperocums Ut-
popmayuro, pacnpocmparAIOUyIOCs CO CKOPOCTNBIO CEEMA.

[TepBast 9acTh 3TOro yTBEP:KACHUS OOOCHOBLIBACTCS TEM, YTO PEINeHHE I IJIOCKUX BOJIH
HEIPUBOIMMBIX KOMIIOHEHT KPYUYeHNsl COAEPKUT IPOU3BOIbHBIE (DYHKIINU, UTO XaPAKTEPHO I
ACUMIITOTUIECKOTO MOBEJIEHNs BOJIH B BOJIHOBOI 30He (J1Be MPOU3BOIBHBIX (DYHKIMU Jjist Oec-
CJIEJIOBOII KOMIIOHEHTBI ¥ 110 OJIHOM JIJIs CJiejfla U MCEBIOCIENIA). DTO MO3BOJISIET MPOU3BOIUTD
AMILIUTYTHYIO MOJIYJIAIMIO TIOCKON BOJHBI, 9TO 03Hadaer corsiacio A. Tpayrmany [19] BO3-
MOKHOCTB JIJIS 9TOI'O THIIA BOJIH MEPEHOCUTH NH(MOPMAIIIIO.

Bropas "acrth yTBep:KAeHUs YKA3aHHOIO CJIEICTBUS BBLITEKAET U3 TOrO, YTO MACCHI MOKOS
KBAHTOB HEINPHUBOAMMBIX KOMIIOHEHT IO/ KPYyYeHUs THUIA ILJIOCKONH BOJHBLI paBHBI HyJ0. [l
000CHOBAHUsI TOTO B MCXOJHYIO JIarPaHKeBy IIOTHOCTH (8) mojcrasum (¢ yaerom (9) u (10))
pasznoxenue (19) u ybeaumcest, 9T0 BCIeACTBIE cOOTHOIIEHNI (39) Bee caraeMble ¢ KBaJpaTa-
MU HEIPUBOJMMbIX KOMIIOHEHT KpydeHns B (8) OKa3bIBAIOTCS PABHBIMU HYJIIO, YTO O3HAYAET
6€3MacCcOBOCTh KBAHTOB COOTBETCTBYIOMIMX KOMIIOHEHT IOJIA KPYYCeHUS.

YeraHoB/IeHHBIE B TeopeMe yeaoBus (39) Ha KOHCTAHTHI TPABUTAIMOHHOTO JIATDAHXKHAHA
OKa3bIBAETCS BAKHBIM €IIe B CBA3H C TeM, YTO IPU 3TUX YCJIOBHAX C(PEPUICCKH CUMMETPHIHOE
pelenne s KpydeHus, TOPOXKIaeMOro OCTPOBHOM CHCTEMON MaTepuu, UMeeT acUMIITOTHKY
1/r |20]. Takas acumnToTuKa HEOOXOAUMA JIJIs TIPABIJIBHOTO HCTOJIKOBAHUSI 3aKOHA COXPAHEHNUST
SHEPIUU-UMITY/ThCA TPABUTAIIMOHHOTO NoJist B pocTpancTBe Pumana—Kaprana [11]. Haitnerubie
YCJIOBUS Ha KOHCTAHTHI JIArPAHKMAHA BaKHBI TaKyKe ¢ KBAHTOBOI TOYKM 3PEHHA KaK OJHO W3
BO3MOZKHBIX yCIOBHUil OTCYTCTBUSI B TEOPUU JIyXOB U TAXHOHOB.

BaaromapaocTn

Aprop 6naromapur b.H. ®posoBa 3a aKTUBHYIO MMOMOIIL U TOAAEP:KKY MPU HAITMCAHUU Pado-
el 1 B.B. 2KurtHukoBa 3a mpeaoctaBieHne BO3MOXKHOCTH HCIIOJIB30BATH PaspabOTAHHYIO UM
IPOrPaMMy CHMBOJIBHBIX BhUncIeHi Ha Komibiorepe GRG [21].
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INVESTIGATION OF ROLE OF IRREDUCIBLE TORSION
COMPONENTS UNDER PLANE WAVE PROPAGATION IN
RIEMANNIAN-CARTAN SPACE

V.N. Shcherban
Moscow State Pedagogical University, Moscow, Russia

vovan-rul@yandex.ru

For quadratic lagrangian of general type obtained variational equations of gravitational
field in Riemannian-Catran space. Structure of irreducible torsion components under
plane wave propagation in Riemannian-Catran space is investigated.

Key Words: connection, Kaeler space, Berwald-Moore space.
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