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ITIOJIMAZINMYECKHNE OIIEPAIIN HA JTEKAPTOBBIX
CTEIIEHAX CME2KHBIX KJIACCOB I'PVYIIITBI

A.M. Tansmakx!, I.H. Bopo6nes!, B./I. Bagan®

L Mozunescruti zocydapemeennnidi ynusepcumem npodososvemeusn, Mozunes, Beaopyccus
2 [Torumeznuneckuti ynueepcumem, Byzapecm, Pymwius
mgup@mogilev.by, vbalan@mathem.pub.ro

Tnst mro6bix ¢ > 3, k > 2 n moboil moacTaHOBKH o € S), Ha jekapToBoii cremenn AF
rpynnel A, obsiasatomeii HopMaabHOl moArpynnoit B rakoii, uro daxroprpynmna A/B —
IIKJIMecKas TopaKa, genamero £ — 1, onpenensercs f-apuast rpymma < AF [, 5 x> ¢
(-apnoii onepanueii | |y, o, . M3yuarorcs cBoiicTBa 3T0il f-apHOIl OlEepaIi Ha JeKAPTOBBIX
CTEeIIEeHAgX CME>KHbBIX KJIaCCOB I‘pyHHbI A II0 ee HO‘ILprHHe B

KuroueBsbie ciioBa: n-apHas onepalys, IoJIaIn9ecKie MaTPUIIbl, HOpMaJbHasl MOArPY -
Ia, JIEKapTOBa CTENeHb, MoJIyabeseBa, MoJyHHBAPUAHT, MOJIYyTPYIIA.

1 Bseaenue

HamoMHuM HEKOTOpBIE MOHATHUS TEOPUH N-apHBIX I'PYII, UCIOAL3YeMble B paboTe.
Cornacuo B. [lepure |1, yausepcanbhast anrebpa < A, [ ] > ¢ ogHoit n-apHoit (n > 2) ome-
panwueii [ | : A" — A HaswiBaercs n-aproti 2pynnoti, €M BBINOJIHAIOTCSA CIELYIONINE YCTOBUS:

1. n-apnas onepanus [ | Ha MHO)KecTBe A accoyuamuena, TO €CTh
[[a1 Ce an]anﬂ Ce a2n71] = [CLl N CLl‘[CLZ‘+1 e aHn]aHnH e a2n71];
g Beex 1 = 1,2,...,n — 1 u Bcex aq, ag, ..., a9,_1 € A;
2. KaxKJi0e U3 ypaBHEHUi
[al ...ai,lxiaiﬂ...an] = b,’L = 1,2,...,n

OJTHOBHAYHO Pa3PEIIIMO B A OTHOCUTENBHO T; [T BCEX G, ..., (i 1, Qit1,---,0dn, b € A.

9. IMocr 3amern [2], 4To TpeboBaHme OIHO3HATHON PA3PEIINMOCTH YPaBHEHUI B OIPeIeIeHIN
JlepHTe MOXKHO OCTAOUTDH, TOTPEOOBAB TOTBKO UX PA3PEIINMOCTh, a YHUCI0 YPABHEHUN YMEHb-

muTh ¢ 1 710 AByX (i = 1,n), anpun > 3 naxe 10 oguoro (i — dpukcupoBannoe u3 {2, ...,n—1}).
n-Apnyio rpymny < A, [ ] > masweiBator [1,2|: abesesoti, eciu
la1as . .. an] = [A6(1)C0(2) - - - Qo(m)]
ISl BCEX A1, A, - - ., G € A 1 1106011 nogcTaHoOBKY 0 MHOXKecTBa {1, ..., n}; noayabesesot, ecin
[aay ...a,_2b] = [bay ...a, 2d]
JIJI BCEX @, A1, . . . ,0y_2,b0 € A.

n-Apuyto noarpynny < B, [| > n-aproii rpymnner < A, [] > #aseBator [1,2] unsapuarmmoi
B HeEM, ecnin

B ... Bl=[BzB ... Bjl=---=[B ... BaB|=[B ... Bx]

n—1 n—2 n—2 n—1

g moboro x € A. Ecim ke
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1utst moboro x € A, to < B, [ ] > nasweaior |1, 2] noayunsapuanmnot B < A, [ | >.

Cormacuo 3. ITocry [2] (em. rakzke [3]), rpynna A zasbiBaercst 06epTHIBAIOLIEH JJIsI n-apHOi
rpynnel < H, [] >, eciim oHa mopoxKaaercst MHOKecTBOM H | a GuHapHas omeparus B TpyIIe
A u n-apHas ornepalys | | CBSI3aHBI yCIOBHEM

[T12g ... x| = 120 ... 2y
JII JTIOOBIX X1, X2, ..., XL, € H. MHOX)ecTBO
B = {a1 ...an,1|a1,...,an,1 c H}

SIBJISIETCsl HOpMaJIbHOT orpynnoii B A, dakroprpynna A/B 110 KOTOPOil — IUK/IMYECKAsT, TMe-
I0IIAs MOPAN0K, Aesaimuii n—1. I'pynny B HasbBaloT coomeemcemeayrouieti 118 n-apHoil IPYIIILL
< ) [] >

O6patHas Teopema [Tocta 0 cMekHBIX Kitaccax |2,3] yrBepKaaer, 9ro ecin (hakTOprpyIna
A/B rpymmsl A 110 ee HOpMaJIbHOI nojArpytne B gBJIseTcst MUKIMIECKON ¢ 00pasyIonmM e~
MeHTOM aB u mMeer TOpsijIoK, jgensmuii n — 1, o < aB, [] > n-apHag rpynna ¢ n-apHoii
onepanuen

latay . .. a,] = ajas ... ay.

ObepreiBatoreit Tpynmoi aist < aB, [ | > aBagerca A, a cOOTBETCTBYIOIIEH TPYIIIOi — MO/
rpymma B.

2 IlpeaBapureisibHbIE PE3yJIbTATHI
Onpepesienne 2.1 [4,5]. [Tycrs A — rpynmouns, k > 2, ¢ > 2, 0 — nojicranoBka u3 S. Onpeennm
na AF BHavase GmHApHYyTO ONmEparuio

g

xoy = (21,22,..., %) g<y17y27 o Yk) = (x1y6(1)7x2y0(2)7 . ,xkya(k));

a 3areM {-apHYIO OTepaInio

[X1Xs . .. XeJpon = X1 0(X2 0(. .. (Xp— O(Xp_1 0X¢)) .. .)).

g
[TonsTHO, 9TO ONEpalys | |2 o r COBIAZAET C Olepalmeil o.

Bameuanne 2.2. Jlerko 3amerurh, uro ecau o = (12...k), To onepaius & coBNAAET ¢ ore-
panuei
xoy = (z1,%2,...,Zk) © (Y1,Y2, - - -, Yk) = (T1Y2, T2Y3, - - -, Tk 1Yk, TkY1)

u3 |6, onpenenenus 2.2.3|, a onepannus | |g, o, x — C omeparueit | |, U3 TOro e ONpe/IeICHASL.
Onepanum o u | |p,  BuepBble ObLIN ONpe/IeaeHsl B |7], e TakKe BIEpBbIe OblLIa ONpeIeIeHa I
omepanusd | g, o, k A CIydas nomyrpymasl A. 3aMeTnM Tak:ke, 9TO OHEPAUs | |,, 1 aHATO-
IUYHA N-apHOii omepaiyn, Kotopyio 9. ITocT onpemeani Ha MHOKECTBE BCEX N-apHBIX HOICTA-
HOBOK [2].

Teopema 2.3 [4]. Ilycts A — mosyrpymma,
Xi:(xilaxi27"'7xik)€Ak7 Z:172aa€
Torma [x1Xa...Xeleor = (Y1, Y2, -+ Yr), THe

Yj = T15T20(5) - - - Z(@_l)al—z(j)xgaé—l(j), ] = 1, 2, ey k.
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Teopema 2.4 [6]. Eciu A — rpynmna, o — nojcraHoBka u3 Sy, YIOBJIETBOPSIONIAs YCIOBUIO

ot =0, 10 < A*, [ |0k > — (-apuas rpynna.

Teopema 2.5 [6]. Ecin momyrpynma A comepkut enunuily 1, a moIcTaHOBKA 0 € Sy YIOBIIE-
TBOpsieT ycioBuio of = o, To (-apuag nonyrpynna < A* [ ], 5 > aBaserca momyabenesoit
TOIJIa ¥ TOJBKO TOIJIA, KOrJa Noayrpymnna A — KoMMyTaTuBHA.

Teopema 2.6 [6]. [Tycts nosyrpymnma A cogepkut 60J1ee OJHOTO JIEMEHTA, 0 — HETOXKIeCTBEeH-
nag nojcranoska u3 Sy. Torma B f-apuom rpynmounge < A*) [y 5 1 > Her ejunu,

L

Jlemma 2.7. Ilyctb 0 — mojcranoBka u3 Sy, YIOBIETBOPLIONIAA YCIOBHIO 0° = ¢, B — noarpyr-

na rpynnbl A, x = (x1,..., 1) € A¥. Torma:

1. [B*...BEx B*... B", , 1= Bx,iiq)B X ... X BrsigyB ana moboroi = 2,...,0—1;

~\~ g
-1

2. [xB". .. Bk]&a?k = 1B x ... X 1,B;

—_—

-1
3. [B¥... B¥x]y ».x, = Bx; X ... X Buy.

{—1
,ZIO’K?G;SG;mBJLbCTnGO.
1. Tak kax
[B¥...B* x B*... B¥|, ;.1 =
i1 i
= {[hl hi,1Xhi+1 hg]g7 o, k ’ h17 hifl, hi+1; ceey hg € Bk} =
= {[(bar, -5 k) -0 (b1, -5 bar) (@1, <oy ) (v, -
o bavng) oo (b, oo ba)le ok | by € BY =
= {(b11b20(1) b(i_1)0i72(1)l’0i71(l)b(i+1)o-i(1) bgoeq(k),
cey blkbgg(k) b(i_l)o.i—2(k)xo.i—l(k)b(i+1)o.i(k) bgo-éfl(k)) | bij S B} =
= Bzo.ifl(l)B X ... X B.?},ﬂ&(k)B,
TO BepHO 1.

2. ﬂOK&BbIBaeTCH aHAJOIMYHO 1. C MCIIOJIb30BaHIEM OHpe,ZLeJIGHI/Iﬁ CME2KHOI'O KJlIaCCa M OIl€pa-
wnnt [ e, o, k-

3. B Hauase ¢ HCIOIB30BAHIEM OIPEIEJICHUI CMEXKHOTO KIIACCA U OLEPALNH | |g, o, k HOJIyIaeTCs

PaBEHCTBO
k k
[B ... B X]gy ok = B:I:Ue—1(1) X ... X on.é—l(k),
-1
OTKYyda, BBUAY TOXKIACCTBECHHOCTHU ITOJCTaHOBKIM 0.5—1’ BBITEKaEeT 3.

JlemMma nokasama.

[Monarast B iemme 2.7 L =n, k=n—1,0 = (12...n — 1), nonyuum

Caencrsue 2.8. [Iycts n > 3, B — noarpynmna rpynnsl A, X = (z1,...,7,_1) € A" . Torga:
L[B*t..B"'xpB*!'...B" Y, . =Bx,Bx...x Bx, ;B x By;B x ... x Br; 1B

~~ ~~
i—1 %

e
Jtst Jiioboro ¢ = 2,...,n — 1;
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2. [XBnil... anl]n n—1 = a:lB X ... X lUnle;
_—
n—1
3.[B"'... B"'x], n.1 = Bx; X ... X Bx,_1.
—_— )
n—1

Cormacno teopeme 2.4, eciu A — rpynna, o — NOACTAHOBKA 3 S}, YAOBICTBOPSIONIASA YCIOBUIO
ot =0, 10 < A*, [ s 5 > — l-apuag rpynna. [onsaTHo, uto eciu B — noarpymnmna rpynmst A,
noJIcTaHOBKa 0 € S, yJI0BJIeTBOpseT yenosuto of = o, ro < B*) [], , j > — f-apHag noarpymmna
(-apuoit rpynmnbt < A¥) [ o o & >

IIpenoxkenue 2.9. Ilycts o — mopcranoska u3 Sy, yAOBIETBOPAIOMAA yeaoBuio of = o, B —
noarpynmna rpynnsl A. Torma:

1. n-apuag noarpynna < B*) [], , > monyunsapuantna B f-apuoii rpynne < AF [ ], 5 x>
TOrJIa U TOJIHLKO TOTJIA, KOTa IoArpymna B Hopmanbna B rpymme A;

2. ecn B # A, 0 He ABIAeTCS TOXKICCTBEHHOMN MOJICTAHOBKOM, To < B, [ ]e, o, k > He gBIACTCA
unsapuanthoit B < AF, [, 5 1 >.
Jloxazameavcmaeo.

1. Heobxodumocmno.
Honyunsapuantaocts < BY [y 5 1 > B < A* [ ], 5 x > osHauaer, uto

[Xw]& ok = [Uxh’ o, k (1)
-1 -1
1ist iroboro X = (xq, ..., Tg) € AF . Torna, BBy JTeMMBI 2.7,
1B x ... X z;B= Bxr; X ... X Buxy, (2)
orkyna r1B = Buxy jig moboro x; € B, 9To o3HaYaeT HOpMaJIbHOCTH B B A.

Zlocmamounocmo.
W3 wopmansaoctu B B A ciieyer

xr1B = Bxy, ..., ryB = Buxy
JJIst JIIOOBIX 1, ..., T € A, a 910 3HauuT BepHO (2). Torma, BBUmY Jemmbl 2.7, BepHo (1),
4TO O3HAYAeT MoyuHBapHaHTHOCTH < BY [ o x> B < A% [0 5 1 >.
2. Eciu 0 — HeTOXK IecTBeHHAs! TI0JICTAHOBKA, TO 0(j) # j ayist nekoroporo j € {1, ..., k}, a rax
kKakK B # A, To Haiijiercst Takoii 37eMeHT u € A, OTJIMYHBIN OT eIUHUIBI € TPynnbl A, 910
uB # B. Boibepem B A* snement x = (21, ..., o) TaK, 4ro x; = u, Ty(j) = €, & BCE OCTaJIb-

Hble KOMIIOHEHTHI MOTYT OBITh TPOU3BOIBHBIMU 3eMenTaMu 13 A. Hepasenctso o(j) # j
rapaHTupyer Takoii Bbioop. st ciaydasi o(j) = j Takoil BIGOp ObLI ObI HEBO3SMOXKEH, TAK
Kak u # e.

Ecnn npepnonoxuts nnsapuanTaocts < B¥ [y 5 1 > B < A []1 5 & >, TO

k k k k k
[XB...B]g’g’k:[BXB...B]Z,U,;c
-1 -2
JLJIA Bb16paHHOFO x. Tak xkak n3 NMHBapUaHTHOCTU n—apHoﬁ IOAT'PYIIIIBI B ’n,—apHOfI rpy1iie
BBITEKaCT €€ ITIOJIYUHBapUaHTHOCTL B 9TOH 2Ke n—apHoﬁ rpyiiie, To IpearoJozKeHne 00 uHBAa-

puantHoctd < B¥ [0 5. k > B < A*, [ |1, 5, x > Baeuer 3a coboii, BBuLy 1., HOPMATLHOCTD

B B A.
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[Ipumensist K JIeBOI 9acTH TMOCTIEIHEr0 PaBEHCTBA yTBEPKIEHNE 2. JeMMbI 2.7, a K IpaBoii
— yrBepxKaenne 1. mpu ¢ = 2, a TakKe HUCIO0/Ib3ysl HOPMAJIbHOCTh B B A, TOIydInM

T BXx...Xx;Bx...X1B=2,0)B X ... XZ;5B X ...XT)B.

Crnenosarenbno, x;B = ;) B, 0TKylla 1 U3 yC/IOBUS Tj = U, T(j) = € nonydaem uB = B,
4TO MpoTUBOpednT BhIGOpy uB # B. Takum obpaszom, < B¥ [ ], , x > He aBisgercs unpa-
puanThoit B < AF []5 5 & >.

[Ipennoxkenune moKazaHo.
[Monarast B npeyioxkennu 2.9 £ =n, k=n—1,0 = (12...n — 1), nonyuum

CaencrBue 2.10. [Iycts n > 3, B — noarpynma rpymnmnst A. Torga:

1. n-apuast moarpyrmma < B""! [], ,_1 > m-apnoit rpynmer < A" [ ], ,_1 > momyuHBapm-
aHTHA B HEil TOrja M TOJIBKO TOTIa, KOTJa HoArpynmna B mopmanbha B rpymme A;

2. Ecmu B # A, o < B"™! [ ], n_1 > He sBagercsa nasapuantioit B < A" [ ], o1 >.
Eciu ¢ — HeToXK/IeCTBeHHas IOJCTAHOBKA U3 Sj, YIOBIECTBOPLIONASA YCIOBHIO 0° = ¢, TO TIO
npeioxkeHuio 2.9 < {e}k, [ le, o, k > — OZHODIEMEHTHAS IOJyNHBAPUAHTHAS, HO HEHHBAPU-
antHag f-apHas noarpynmna f-apuoii rpymmnt < AF [ ], 5 x >. A Tak xak eaununa f-apuoii
IDYIIIBI SIBJISIETCsI €€ MHBAPUAHTHOI (-apHOii MoArpymnioii, To snemMent {e, ..., e} He ABIAETCS
——
k

enunnneit B < AF [ ], & >. B gelictBurensrocTH, cormacHo npejioxkennio 2.6 B f-apHoii
rpynme < AF, [, 5 ) > BooGIIEe HET equHMIL

3 OcHoBHBIE PeE3yJibTaThbl

ITo mpemiozkennto 2.9, ecn TOJCTAHOBKA o € Sj, VIOBJIeTBOpseT yciosuto of = o, B — HOp-

MaJIbHas TIOATPYIIa IPYNIEl A, TOo JeKapToBa creneHb B* apidercs momymuBapmanTHOM /-
apHoii noarpymmoit f-apuoii rpynust < A¥ [, 5 1 >. OkasbiBaercs, ecim norpeGoBaTh, 4TOObI
dbakroprpymnmna A/B Oblia DIHKJINIECKON, U ee mopsaIoK jeiunia £ — 1, To He TOJIBbKO JIEKapTOBa
crenent B¥, Ho k-as mekapToBa CTeleHb JII060T0 CMEKHOTo Kiaacca u3 A/B aBjsgeTcs momynH-
BapuanTHOl (-aproit moarpynmoit 8 < AF [ o . & >.

Teopema 3.1. Ilycrs A — rpymnma, B — ee cobcTBeHHasi HOpMaJibHasi MOATPYIIa, (GakTop-
rpynna A/B gBisiercd MUKIMYECKOi U uMeeT TOPsIOK, jesdamuii £ — 1, momcranoBka o u3 Sk
yaosyersopsger yenosuio of = o. Torna ana moboro emexxnoro knacca H daxroprpynmer A/B
NeKapToBa cTenenb H¥ 3aMKHyTa OTHOCHTEIBHO f-apHOM OmepaIui [ ¢, o, k; & yHEBepcanbHasA
anreopa < H k, [ 0, o, k > ABJIAETCS IOJyHHBAPHAHTHON (-apHOIl NOATPYIION f-apHOil IPYIIIIbI
< A*, [ o, o, k >. Ecn ke 0 — HeTOXKIeCTBEHHAs MOACTAHOBKA, T0 < H* [, 5 ) > He aBia-

ercst unBapuantHoit B < A* [y 5 1 >.

Joxaszameavcmeo. Ilycts dbakroprpymnma A/ B MOpokKIaeTcst CMeZKHBIM KJ1accoM aB| 1o ecThb
A/B ={B,aB, ..., a" !B}, tue t nemur £ — 1. Bynem a5 onpeenennoctu cuntath H = a®B
ansa Hekoroporo s = 0,1,...,¢ — 1.

Tax kax (aB)! = a!B = B, 10 a' € B, oTKya u u3 yciosus t gemut £ — 1 soirexaer a’ ! € B.
Ecnu renepn

hi = (hih ceey h"Lk) = (asbil, ey Cl,sbik>,7; = 1, ceey E

IPOM3BOILHEIE 3MeMenTE n3 H*, To BBUIY HOpMambHOocTH B B A, 6yaeM IMeTh

hy ... e o = (v1, oo+, Yk),
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rae
Y; = asbljasbga(j) ce asb(l_l)a£72(j)asbgj = CLSij

J71g HeKotoporo b; € B. Ho Torna, BeuLy a1 € B, mvueem

Yy = aslbj — as(af—l)sbj — asb;

a1 nekoroporo b € B. Cienosarenbho, y; € H na moboro j = 1, ..., k, orky1a
[hl hg]g’ o, k € Hk,

4TO O3HaYaeT 3aMKHYTOCTh MHOzKecTBa H* orHOocuTenbHO f-apHoit onepanun | | ‘0, k-
Paccmorpum Tenepb B < A*) [ ] ¢, o, k > YPaBHeHUe

[xhy ... ey o & = g, (3)
rie
k
g = (g1, ...y gxr) = (d®cy, ..., a’°ck) € H" (c1, ..., ) € B.
DemenHTHI ho, ..., hy, GbUIE OIIpeIeIeHbl BBIIE M TaKzKe MPUHAIexKaI MHozkecTBy H¥. Tax

kak < A¥. ], , & > — l-apnas rpynna, To ypasuenue (3) umeer B Heil pemenue
k
x = (ay, ..., ay) € A"

[Mogcrassisist 510 pemenne B (3), U, IPUPABHUBASL j-ble KOMIIOHEHTBI B JIEBOl U MPaBOil JacTsix
TIOJIyY€HHOTO PABEHCTBA, MOJIYYNM

a,j(lsbgo-(j) asb(l_l)UZ—Q(j)asbgj = CLSCj.

Beuay nopmamsaoctn B B A u yenosus a‘~! € B, jeBasg 49acTh MOCTEIHETO PABEHCTBA, IIPH-

HUMaeT BU]L aja(z_l)sd = a;b nna nekoTopeix d, b € B, a caMO OHO IepenuchiBaeTCsa B BHJIE

ajb = a’c;. Ho torma a; = a’c;b™!, tme ¢;b~! € B. CaenoBarensho, a; € a*B = H, To ectpb

x = (a1, ..., a;) € H*. 10 o3nauaer, uro ypasuenne (3) paspenmmo B < H*, [y 5 1 >.
Amnasoruuno jokassiBaercs paspenmmocts B < H¥) [ ], 5 x> ypaBuenus

hy ... hz—l}’]e, ok — 8

st moobix hy, ... hy 1, g € H*. Takum obpasom, cormacno kpurepuio [locra [2], < HY [ 151 >
— (-apnast noarpynmna B < A* [ ], 5 x>,

Ecm x = (x4, ..., T}) — TPOU3BOIBHBI a1ement u3 A, To, mcrnonbsys HopMaabHOCTh B B
A, u yenosue a’~! € B, momyunm

xH* ... H*)y 5 = {[xhy ... Wy]g, 5. & | D2, ..., hy € H*} =
-1
= {[(z1, .., zK)(a’b21, ..., a’box) ... (@°ber, ..., a’be)le, o,k | by € B} =
= {(z1a°by1) ... a*by_1yot—2(1ya’bp1, ...,
- TR0 bog(k) - .. A°D_1yot—2()@°ber) | by € B} =
= {(xla(g’l)sdl, cl :z:ka(e’l)sdk) | dy, ..., dy € B} =
= {(z1b1, ..., xxbr) | by, ..., by € B} = 1B X ... X z3B,
TO €CTh
xH"... H*)) g o =21B x ... X 7;B. (4)

-1
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Anasiorngno JOKa3bIBaCTCA PaBEHCTBO

[H"... H*X]; 5., = Bz % ...x Bxy. (5)
{—1

U3 nopmanbnoctn B B A BbITEKaeT PaBEHCTBO NPAaBBIX dacTeil paseHcTs (4) u (5), a 3Ha4nT 1

PaBEeHCTBO MX JIEBBIX dacTeit, 4ad moboro X = (z1, ..., rx) € A, uTo ozHavaer momymHBapu-
antuocts < H* []o 5 1 > 8 < AF [0 0 & >
Eciu o — meroxkaecTBeHHasi MOJCTaHOBKA, TO 0(j) # j s Hekoroporo j € {1,...,k}, a
Tak Kak B # A, To Haiimercs Takoil s;ieMeHT u € A, OTIMYHBINA OT eJMHUILI e rpynnbl A, aTo
uB # B. Buibepem B A* snement x = (21, ..., x)) TaK, 4ToO
zj = U, To() = (a )Y, (6)

a BCE OCTAJbHBIE KOMIOHEHTHI MOTYT OBITH IPOM3BOJILHLIME 3y1eMentamu n3 A. Hepasencrso
o(j) # j rapantupyer Takoii Beioop. st ciaydas o(j) = j Takoit BEIGOp ObLIT ObI HEBO3MOXKEH,
ecou, Hanmpumep, u # (a~!)(Ls,

Ecin npepnonoxuts nnsapuantaocts < H [ o & > B < A%, [0 5 1 >, TO

xH... Hlpor = [HxH... Hjg o1
-1 £=2

JUIsl BLIOGPAHHOTO X = (21, . .., 7)) € AF. IIpumenum (4) K J1eBoit YacTH MOy YeHHOTO paBeHCTHa,
a B IIPABOil YaCTH, UCIIO/IB3Ys HOPMAJIbHOCTb B B A, TpOBe/ieM BBIUHC/IEHUS, AHAJIOTTIHBIE TEM,
KOTOpBIe ObLIH ceanbl npu norydennu (4). B pesyibrare Oygem nversb

rB x ... X ;B x ... X 5,B=
:asxg(j)a“d)sB X ... X asma(j)a(‘]*?)sB X ... X asxg(k)a(zfz)sB.
CrnenoBarenbHo, ;B = asxg(j)a(z_msB, otkyna, Beuay (6), Beitekaer uB = B, 4ro mpoTu-

Bopeunt BhIGOpY uB # B. Takum obpasom < H* [y , » > He gBIseTcss UHBADUAHTHOU B
< Ak, sz o, k>

TeopeMa JOKa3aHa.

CaenctBue 3.2. [lycte A — rpymnma, B — ee cobcTBeHHasT HOpMaJibHAs TMOArPYIa, hakTop-
rpynna A/ B sBisiercst IUKIMIECKOL, TTOPOKIACTCA CMEXKHBIM KIaccoM aB 1 nmeer mopsiyiok,
nenguuit ¢ — 1. Torna nekaprosa crenenb (aB)F samxuyTa oTHOCHTEbHO f-apHOil onepanun
[ l¢. o, k» @ ynuBepcambhas anrebpa < (aB)*) []; 5 1 > sBIsgerca nosynnBapuanTHOl £—apHOi
noarpynnoii {—apuoii rpynnst < AF [, , & >. Ecin ke 0 — HeTOX/IeCTBeHHAsT MOJICTAHOBKA,
10 < (aB)*, [0, o, k > He aBngerca uupapuanthoii B < A% [ 5 1 >.

[Tonarast B reopeme 3.1 £ =n, k=n—1,0 = (12...n — 1), noxyunm

Caexncrsue 3.3 [8]. Ilycte n > 3, A — rpynmna, B — ee cobcTBeHHAsT HOPMaJIbHAs MOATPYIIA,
dakroprpynmna A/ B sBisiercs [UKINIECKOI 11 IMeeT Mopsijiok, Aessmuii n—1. Torma mst 060~
ro cmesknoro Knacca H daxroprpynner A/B gexaprosa crenenb H™ ! 3aMKHyTa OTHOCHTEIBLHO
n-apHoii onepaiuu | |, ,_1, a yHuBepcaabHag anrebpa < H" 1 [ ], , i > aBiaderca nomyun-
BAPUAHTHOI, HO HEMHBAPUAHTHOI M-apHOil MOArPYIION n-apHoi rpymmbl < A" [ ]n n—1 >.

Besikast mosynHBapuanTHast n-apHas noarpynna < B, [ | > n-apHoit rpynoer < A, [ ] >
onpejesgeT Ha Hell KOHTPYSHIUIO pp, KJIACCHI KOTOPOI COBIAJAIOT CO CMEXKHBIMHU KJIACCAME
n-apHoii dakroprpymnsl < A/B, [ | > (em., nanpumep, npeyoxenune 7.4 [9]). Cnenyromias re-
opeMa yCTaHABJIMBAET CBA3b MEXKJy coO0i KOHrpysHImil n-apuoit rpynmer < A" [, , 1 >,
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KOTODPbBIE OIIPpEeAC/IAIOTCA IMOJTYUHBAPDUAHTHBIMU 7N-apPHBIMU IMOATPYIIIIaMU, ITIOCTPOCHHBIMUA C II10-

MOIIBIO PA3IMIHBIX CMEXKHBIX KJ1accoB (akroprpymibl A/B u3 Teopembr 3.1.

Teopema 3.4. Ilycrs H — mpomsBOJIBbHBIN cMexKHBIH Kiace dakroprpynmsl A/B u3 Teope-

mbl 3.1. Torna:
1. < Ak/I{k7 Hg, o k> =< Ak/Bk, Hg’ o k> =< (A/B)k, []57 o, k >
2. PHk = PBRBk.

ZJloxazameasvcmeo.

1. ITonaras B (4) H = B, nonyanum

xB*... B¥; s x = 1B x ... x x;B,
-1
rie X = (21, ..., xx) € A¥, orkyna u uz (4) BeITeKaeT

xH" ... Hy o = [xB*... B¥s 0k
-1 £—1

st moboro x € AF. Tlostomy f-apubie dakroprpynner < AF/HE [ |, n > u <

A*/B* [ 14, 0. k > coBmagaior.

Ecmu [x H* ... Hk}[’ o, k — TIPOM3BOJIBHBIN cMezKHbI Kinace n3 < A¥/B* [, , 1 >, To, BBU-

—
/-1

ay (4),
xH"... H", ;. € (A/B),
/—1

T0 ecTh BepHo Bkmouenue AF/H® C (A/B)F.

Ecmu e 71 B X ... X 2B — npoussonbubiit anement us (A/B), To, cHosa ucnonbsys (4),
nomyanm 1B X ... x 1B € A¥/B* 1o ectb Bepno Brmouenne (A/B)k C A*/Bk. s
JIOKa3aHHBIX BKJIIOUEHNI ciiejiyer copnajienne f-apubix dbaxroprpymn < A¥/HE [, , ¢ >

n < (A/B)%, [lo ok >.

2. Tak kak 1o npejyioxkenuto 7.4 u3 (9|

<Ak/kaa []é, o k> = <Ak/Bka []Z, o, k =

<A pur, Lo, o6 > =< AYVH*, [1g 6,1 >,
TO, coTyiacHo 1.,

< A pgr, 1o, 0,6 > =< A% ppe, [, 0, & >,
YTO O3HAYAET COBNAJIEHUE KOHIPYIHIUA prk U pPgk.

Teopema mokazana.

[Tonarast 8 reopeme 3.4 ¢ =n, k=n—1,0 = (12...n — 1), nonyunm

Caenctsue 3.5 [8]. Ilycts H — mpousBosbHbLil cMeKHBIIT Kitace u3 ciaegcersus 3.3. Torma:

L< A/ H" 1 []h ne1 > =< A YB" Y [ ne1 > = < (A/B)" Y, [ n, ne1 >
2. PHn-1 = pPpn-1.
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Teopemy 3.4 u ciepcTBue 3.5 MOXKHO ¢HOPMYJIUPOBATH UHAYE, DOJIEe KOHKPETHO.

Teopema 3.6. IlycTh mojcTaHoBka o u3 Sy yaoBIeTBOpseT yciaosmio o' = o, A — rpymma,
B — ee coberBeHHAst HOpMaJbHas HoArpymima, dpakroprpynna A/B sBjsercs MUKITYECKOil,
MOpOZKJIaeTcst 31eMenToM aB u nveer nopsyiok t, gensamuit £ — 1: A/B = {B,aB,...,a" ' B}.
Torma:

L <A¥/B* (11 o1 >=<A%(aB)* [J1 ok >= ... =
= < A¥ /("' B)*, [lo,ox > =< (A/B)* [0, 0, & >;

2. PBk = P@B)k = --- = P(at—1B)k-

Caexncreue 3.7 [8]. Ilycts n > 3, A — rpymnna, B — ee cobcTBeHHAsT HOPMaJIbHAs! MOJAIPYIINA,
dakroprpynna A/B saBisgercs MUKIMIECKON, TOPOXKIAETCsI JIEMEHTOM aB U mMeer mopsijiok t,
nensmuii n — 1: A/B = {B,aB,...,a" *B}. Torua:

1 < A" YB™ Y [y not > = < A" (@B)" Y, [Jn et > = ...
= <A (@B [nner > = < (A/B)", [n, n1 >

2. pPBn-1 = p(aB)n—l = ... = p(at—lB)n—l.

4 Ilommagmveckue MaTPHUIIbI

Yuopsiouennstii #Habop (A, A, ..., A1) MATPHIL OJHOTO U TOTO Ke TOPSJIKA N HaJl MOJIEM
koMmrutekcHbIX guces C 9. Iloct massas [2| m-aproit nim nommamuaeckoit marpureit Hag C.
Ha MHOXKecTBe Bcex m-apHbIX MATPHUI], Y KOTOPBIX OMPEIETUTEN BCEX KOMIIOHEHT OTJIUIHBI OT
uyd, . [loct ompenennt m-apHyo Oeparmio

[Ar A = (A1 Aren) - (A An)] = (Y, -, Vi), (8)

rie
Y = AijAain) - Aw-j- ) Am—jinr - Ap-ng-ndng, 7= 1,..m — 1.

9. Tloct mokaszast, 9To yKazsaHHOE MHOXKECTBO, BMECTe ¢ m-apHoil oneparmeii (8) saBisgercs m-
apHOIii TPYMIOil, KOTOPYIO OH HA3BaJ M-apHOM JinHeitHoi rpynmoii. Oneparus (8) coBmajaer ¢
omeparueil | | o, pupu { =m, k=m—1, 0 = (12...m — 1), 10 ecrp ¢ onepanueit | |, m—_1.

Mg Oyiem paccMaTpUBaTh yHOPSI0UEeHHbIE HADOPHI MATPUIL OJHOTO U TOT'O YKe IMOPSIKA HaJT
POM3BOJILHBIM 1oJIeM. MHOXKeCcTBO Beex yropsijodeHHbix HabopoB A = (Ag, ..., Ay) marpui
OJTHOTO U TOTO K€ TOPSIKa N HaJ mojeM F'| y KOTOPBIX OIPEJIe/INTe/ b KayK/I0i KOMITIOHEHTHI
A; ornmuen or Hysa noneMm F, obosuatum depes GL(n, k, F'). DieMeHTBI 5TOrO MHOKECTBA,
crnenysa . Ilocry, Oyaem Ha3bIBATH k-KOMIIOHEHTHBIME MTOJIMAIUIECKIMEI MaTpuaMu Ha F.

dcno, uro muO)kecTBO GL(n, k, F) coBnamgaer ¢ k-oif 1eKapTOBON CTENEHBIO MOJHOI JIH-
neitnoit rpynnut GL(n, F) : GL(n, k, F) = (GL(n, F))*. Ilostomy, nonaras B Teopeme 2.4,
A = GL(n, F), nonyanm

IIpennoxenne 4.1. Eciam noiacranoska o u3 Sj VIOBIETBOPSeT YCIOBHIO 0! = o, TO MHO-

xkectBO GL(n, k, F) 3aMKHyTO OTHOCHTEILHO (-apHOi omepaiun | |, » g, & YHHBEpCATIbHAS
anrebpa < GL(n, k, F), []o o, x > sABAsieTCS (-apHOIt IPYIITION.

Tak kak GL(n, m —1, C) = (GL(n, C))™ ', a onepanus (8), Kak yzke 0TMEIAIOCH, COBIA-
Jaer ¢ onepanueil | |, m—1, TO U3 Hpeaaokenns 4.1 BLITEKAeT OTMEUEHHBIIl BBIIIE PE3YIILTAT
9. Ilocra.

Caencraue 4.2 |2] Muoxkecrso GL(n, m—1, C) 3aMKHYTO OTHOCUTEJIBHO M-apHOIl oreparm
[ Im, m—1, & yauBepcanbHas anrebpa < GL(n,m—1,C),[ |m, m—1 > ABJIsETCS M-apHOIl TPYIIION.
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Bo muoxecrse GL(n, k, F') Beigesmm mogmuoxkectBo SL(n, k, F') Bcex k-KOMIIOHEHTHBIX IO~
JIMAJINYEeCKIX MATPHIL, Y KOTOPBIX OIPE/IeIUTe b KaXKI0iH KOMIIOHEHThI PaBeH euHutie noss F.
Tax kax SL(n, k, F) = (SL(n, F))*, To, cnoBa npumensist reopemy 2.4, moryaum

IIpennoxxkenne 4.3. Ecau noxcraHoBka o u3 Sj, yIOBIETBOPSIET YCIOBUIO o' = 0, TO MHO-

xkectBo SL(n, k, F) 3aMKHyTO OTHOCHTEIbHO {(-apHOii omepamuu [ |o o g, & YHHBEPCAJDb-
nast aarebpa < SL(n, k, F), [ |s o,k > aBisercss (-apHOil TOArpyIIoil ¢-apHON TPYyIIIbI
<GL(TL, k’, F), H& o k>

[Mommaauaeckyio rpymny < SL(n, k, F), []e o5, x> 10 aHagornu ¢ GHHAPHBIM CIIy9aeM ecTe-
CTBEHHO Ha3bIBATH MOIUAAUYECCKON ClenuaJIbHON JUHEHHON I'PYIIION.

[Tousitno, uro ipu k = 1 u [ = 2 1-KOMIIOHEHTHBIE MATPUIIBI — 3TO OOBIYHbIE MaTPHUILHI,
a noymaauyueckue rpymnsl GL(n, 1, F) u SL(n, 1, F) coBnajaioT cOOTBETCTBEHHO C TOJIHOM
muHeitnoit rpynmoit GL(n, F) n cnennasnbroit muHeiiHoit rpymmoit SL(n, F).

Jamee GyaeMm ucnonabp3oBaTh crangaprible obosnadenus: F, wmm GF(q) — mone Iamya, To
eCThb KOHEYHOE TI0JIe ¢ YHCJIOM 3JIEMEeHTOB ¢ = p®, p — npocroe; GL(n, q) — noiHast JuHelHas
rpynma #aj nogem GF(q), To ecTtb rpymna Bcex o0paruMbix MaTpuil nopsiaka n zax GF(q);
SL(n, q) — cnenuajibHas JUHelHas Tpya crenedu n Haj nojaeMm GF(q), To ecth noarpymmna
Beex mMarpui u3 GL(n, ¢) ¢ onpenenuresieM, paabiM exunnie nons GF(q).

Teopema 4.4. [Tycts p — mpoctoe, g =p*, n > 2, k> 2, > 3, ¢— 1 nenur £ — 1, momcraHoBKa
o u3 Sj yaoBiersopser ycaosmio of = o. Torma:
1. <GL(n, k, F,), [l¢, o, k >u < SL(n, k, F,), [l¢, o, x > — HEmomyabesesble l-apHble IpyIIIb;

2. ecm 0 — HETOXKECTBEHHAS [OJCTAHOBKA, TO B (-apHbIxX rpynnax < GL(n, k, Fy), [ o, o & >
u < SL(n, k, F,), [s, o, k > HET eauHu;

3. k-as mexapToBa CTeIEHb KaxKIoro cMexuoro xiaacca Hy = SL(n, q), Hy, ..., H,—o dax-
toprpynnst GL(n, q) / SL(n, ¢) 3amkmyTa oTHOCHTEIBHO f-apHOil omepaiun | |g o k, &
YHUBEPCAJIbHBIE areOphI

k k k
<H07[ ]& o, k = <Hlv[ ]37 o,k >"“’<Hq—27[ ]&mk > (9>
SIBJIAIOTCS TTOJyNHBAPUAHTHBIME (-apHbIME moarpymmamu B < GL(n, k, Fy), [ s, o, k >;
B uwacraoctu, < SL(n, k, F,), | |¢, o, x > HomynnBapuanTHas (-apHas [IOAIDYyNIa B

< GL(n, k, F), [le ok >;

4. ecmu 0 — HETOXKIECTBEHHAd IMOACTAHOBKA, TO BCE IMOJYHMHBAPUAHTHLIC (-apHbIEC MOATPYIIIHI
(9) e gBaAIOTCA MHBApUAHTHBIMEI {-apHbiME moarpynnaMmu B < GL(n, k, F,), []e o & >
B wacrnoct, < SL(n, k, Fy), [ s, o, k > venusapuantaa B < GL(n, k, F,), [ o, o, &k >;

5. Bce mosynHBapuaHTHBIE {-apHble moarpynmst (9) onpenensior ua < GL(n, k, Fy), [lo, o, & >
OJIHY U Ty K€ KOHT'DY3IHIIUIO

P = Pul = Puf = --- = PHF_,
6. (-apublie (paKTOPTPYIIIIHI
<GL(n, k, F,) / SL(n, k, F,), [l 0. x >, < GL(n, k, F,) ] HE, []0. 0. & >,
..., <GL(n, k, F,)/ H;ﬁQ, [ e, 0. & >, < (GL(n, q) / SL(n, q))k, [ e, 0, & >

COBIIAIAIOT.
oxazameavcmeo. s cokpaienns sanuceii nonmoxxum A = GL(n, q), B = SL(n, q).

Torma
AF = (GL(n, q))* = GL(n, k, F,),B" = (SL(n, q))* = SL(n, k, F,).
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1. Tlo mpeoxkenuam 4.1 u 4.2 < AF. [, &k > u < B*, [ ] 5 1 > — (-apuble rpynmbr. Ux
Hero/1yabe/IeBOCTh ceayer u3 Heabenesoctu rpynn A u B u Teopembr 2.5.

2. Cnenyer u3 teopemsbl 2.6.

3. u 4. Cremyer u3 teopembl 3.1, tak kak dakroprpynna A/B = GL(n, q) / SL(n, q) u3o-
MopdbHA MYTHTUIIMKATHBHOM rpymme F* mons Fy, KOTopas aB/IgeTcs MUKIIYecKoi 1 mveeT
mopsiiok q¢ — 1. Kpome Toro, o ycmosuto ¢ — 1 genmr genur £ — 1.

5. Cremyer u3 yTBep:KieHust 2. TeopeMbl 3.4.

6. Crenyer u3 yrBep:Kennst 1. TeopeMbr 3.4.

Teopema mokazana.

[Tonarast B reopeme 4.4 ¢ =q, k=q—1,0 =(12...q — 1), nonyunm
Caexncrsue 4.5 [8|. Ilycrs p — mpocroe, ¢ = p*, ¢ > 3, n > 2. Torga:

1. <GL(n, ¢—1, F,), [, -1 >u < SL(n, q—1, F, ), [ |4 q-1 > — HemomyabeseBble (-apHbIE
IPYIIBI ¢ TYCTBHIM HEHTPOM, & 3HAYNT U 6e3 eMHUIL;

2. moboit cmexubiii knacc H daxkroprpynnst GL(n, q) / SL(n, ¢) 3aMKHYT OTHOCHTETHHO
g-apHoii oneparun | |, , 1, & yAuBepcaabHast anrebpa < HY' [], , 1 > sBIseTCst MOTynH-
BapUAHTHOI, HO HEMHBAPHAHTHON g-apHOil moarpynmnoit B < GL(n, ¢—1, F,), [, 41 >: B
vqactHoctn, < SL(n, ¢g—1, F), ], -1 > DOITynHBapHAHTHAS, HO HEMHBADHAHTHAS ¢-apHAST
noarpynna B < GL(n, ¢ — 1, F,), [lq ¢-1 >

3. molyMHBapUaHTHBIE g-apHble oarpymnbl < H9™1 [, .1 >, < SL(n, ¢—1, F,), []q ¢-1 >
u3 2. oupenensior Ha < GL(n, ¢—1, F, ), [ ], ¢q-1 > OAHYy U Ty K€ KOHIPYIHIHIO: Ppq—1 =

PSL(n, g—1, Fy)>

4. st mroboro cmezkuoro Kiaacca H rpynnet GL(n, q) / SL(n, q) g-apable dhakTOprpymms
<GL(n, q—1, Fy) [ H, [, o1 >;

< GL(’N,, q— 17 FQ> / SL(TL, q— 17 FQ)7 H% q—1 >3
<(GL(n, q) / SL(n, 9)"", [lg, ¢-1 >
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POLYADIC OPERATIONS ON CARTESIAN POWERS OF
CONJUGATE GROUP CLASSES
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For any £ > 3, k > 2 and any permutation ¢ € Sj, on the Cartesian power A* of a
group A which admits a normal subgroup B, so that the factor group A/B be cyclic
and having its order a divisor of ¢ — 1, we define the f-ary group (AF,] le.ok)s
endowed with the ¢-ary operation [ ];,%. We study the properties of this f-ary operation
on Cartesian powers of conjugate group classes of the group A associated to its subgroup B.

Key Words: n-ary operation, polyadic matrices, normal subgroup, Cartesian power, semi-
abelian, semi-invariant, semigroup.
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O IIOJIMAJIMYECKUX OIIEPAIINAX HA MHO2KECTBE
ITPOCTPAHCTBEHHBIX MATPUIL

A.M. lNaabmak

Moeunescruti 2ocydapecmeennviti yrusepcumem npodosoavcmeusn, Mozuaes, Beaopyccus

mgup@mogilev.by

Hnst mroboro 1estoro m > 1 u mr000i TOACTAHOBKU Ha M CHMBOJAX HA MHOXKECTBE BCEX
[POCTPAHCTBEHHBIX MATPHIl, Y KOTOPBIX YHCJIO CEYeHMI KaKOW-In00 (PUKCHUPOBAHHOI
OpueHTallu paBHO T, ONPEAC/IAIOTCA YaCTUYIHbIe MHOI'OMECTHBIC OIlepallriu. yCTaHaB.HI/I—
BAaEeTCsl CBA3b MEXKY 3TUMHU OIEpalUsMA ¥ MHOTOMECTHBIMU ONEPAlUsIMU Ha MHOMXKECTBE
M-KOMIIOHEHTHBIX ~BEKTOpP-MaTpull. HaiigeHbl ycaIoBHs, IIPH KOTOPBLIX IOCTPOCHHBIE
MHOT'OMECTHBIE OIEPAIME SIBJISIOTCS aCCOUUATUBHBIMU. 3ydaiorcss TpaHCIOHUPOBAHHBIE
[POCTPAHCTBEHHBIE MaTPUIILI.

KuaroueBbie cioBa: Marpuria, oneparus, KOabIIo.

BBenenue

Tepmun “mpocTpaHCTBEHHBIE MATPUIIBI YIOTPEOISIOT KaK B ITUPOKOM CMbBIC/IE — JIJIs MHOT'O-
MEPHBIX MaTPHUIL JTF0O0T0 pa3Mepa, TaK U B Y3KOM CMBbIC/Ie — JIJIsl TPEXMEPHBIX MaTpull. B J1aHHOi
paboTe MpPOCTPaHCTBEHHBIE MATPUIIBI — 3TO BCErJa TpexXMepHble MaTpulibl. s 0bo3HadeHms
MHOKECTBa, BCEX MPOCTPAHCTBEHHBIX MATPHUIL (DUKCHPOBAHHOTO pasMepa m X N X p HaJ KOJb-
oM P B cTaThbe HCHOIb3yeTcst CUMBOI M, pxp(P). Heobxonnmble B ganbHedimmenr cBeIeHus O
NPOCTPAHCTBEHHBIX MATPHUIAX MOKHO HaiiTu B [1, 2|.

B [3] anst dukcupoBannbix n>1, m > 1, [ > 2, mojcTaHoBKE 0 € S, U ACCOMUATHBHOIO KOJIb-
a P ObLIM ONpesiesleHbl U U3y9YasIiCh MHOTOMECTHBIE OTlepalui | ]l(l)(,m, [ ]1(]3, m 1 }z(k 1)7 m
JIEHCTBYIOIIE COOTBETCTBEHHO Ha MHOXKECTBAX My, xnxn(P) BCEX MPOCTPAHCTBEHHBIX MATPHI]
pasmepa m X n X n #HaJ P, M, «mxn(P) BCeX MPOCTPAHCTBEHHBIX MATPHI] pazMepa n X m X n
Hayt P, M, «pxm(P) BCeX MpOCTpaHCTBEHHBIX MATPHIL pa3Mepa n X n X m Haj P. Kak BuiHo,
yKas3aHHbIe MHOI'OMECTHBIE OIlepallii OIPeIe/IeHbl Ha MHOXKECTBAX IIPOCTPAHCTBEHHBIX MATPHII,
y KOTOpBIX, O KpaiiHell Mepe, JBa pa3mepa coBmaaaor. Ecim m <mn (m>n), T0 Takue mpo-
CTPAHCTBEHHBIE MATPHIBI HA3BIBAIOT CZKATBIME (PACIINPEHHBIMI) B COOTBETCTBYIOIIEM HaIlpa-
BIIeHIN [2].

[Tpu m =1 muO0KecTBA Mypysinsen (P)y Mpsmsn(P) 1 Myxpnxm(P) COBIAIAIOT ¢ MHOKECTBOM
Do o m 1 L
it | =2 1 TOXKJIECTBEHHON IMOJICTAHOBKN 0 — € OMHAPHO omeparueil yMHOXKEHUsS OOBITHBIX
MaTpuil. A TakK KaK YMHOXKATh MOKHO He TOJIBKO KBaJApaTHbIE MATPHUIIBI, TO €CTECTBEHHO OXKI-
JIATh, 9TO yKa3aHHbIe BbIIle MHOIOMECTHbIE oreparun u3 [3| MoryT 6bITh B HEKOTOPBIX CJIydasiX
PUMEHNMBI U K IMPOCTPAHCTBEHHBIM MAaTPHUIAM, Y KOTOPBIX BCEe TPU pasMepa Pa3indHbl. BbI-
SICHEHIIO UMEHHO 3TOr0 0OCTOSITEIbCTBA U IOCBAIIEHa TaHHas pabora. [Ipu sToM ucmonb3yercs
CYIIECTBYIOMIAs MKy MPOCTPAHCTBEHHBIMI MATPHUIIAMI 1 BEKTOP-MATPUIIAMU CBSI3b, YCTAHO-
Baennas B [4]. Vndopmarmst 0 BEKTOp-MaTpUIIAX MMeeTCsi TakKe B [5].

M,,(P) Bcex KBaJIpaTHBIX MATPUIL MOPsijika n HaJ P, a omepanuu | |

(4) () ()
1 Yacruunble noauauaeckne onepaun [ [, 0 w5,
BadukcupyeMm 1e0e m > 1 U BBIIEINM BO MHOXKECTBE BCEX IPOCTPAHCTBEHHBIX MATPWI HAJL

KOJIBIIOM P TpHu IIOAMHO2KECTBA:

o amozkectBo M (m, P) Beex MpoCTpaHCTBEHHBIX MATPHII, ¥ KOTOPBIX HICIO CEYCHH OpHeH-
Tanuu (1) paBHO M;
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o mrozkectBo MY (m, P) Beex IPOCTPAHCTBEHHBIX MATPHII, Y KOTOPBIX HHCIO CeIeHHH OpIeH-
Tanuu (j) paBHO M;

o umnozkectBo MW (m, P) Beex mpocTpaHCTBEHHBIX MATDHII, y KOTOPBIX HICIO CeIEHHH OpIEH-
tanuu (k) paBHO M.

fcHo, aTo A1 M00BIX 1eJbIX S > 1, ¢ > 1 cripaBeiyIMBbI CTPOTHE BKJIIOYUEHUS
Mxsxi(P) € M@ (m, P),  Mgymxi(P) € MY (m, P),  Mxixm(P) € M® (m, P).
B gacTHOoCTH, N1 TI0G0OTO TIes10T0 1 > 1 BEpHO
M,xnsn(P) € MD(m, P), Myymxn(P) € MY (m, P),  Myypxm(P) € M® (m, P).
Badukcupyem 1esoe [ > 2, MOJCTAHOBKY 0 € S, U IIycTh P — acconpaTuBHOE KOIBIO. Ecan
A = (aijk>1; Ay = (aijk)27 o, A= (aijk)l
Takue mpocTpaHcTBeHHble Marpuipl u3 M® (m, P), ato 4mcio cedenuit opuentanun (k) mpe-

Tyl TPOCTPAHCTBEHHOM MATPHUIIBI PABHO UHCITY cedeHuil opuenTanuu (j) mociemyrorieit
IIPOCTPAHCTBEHHON MaTPUIbI, TO OIIPEJe/ICHbl IIPOU3BEICHU

(arjr)1(aoyjn)2 -+ (Aoi-21)jr)i-1(@ot-1 1)) = Un,

(amgr)1(@o(myin)2 - -+ (@oi-2(m)jn)1-1(Agt-1(myju)t = Unn.

Tomaras A = (a;;) € MY (m, P), rae
(ajx) = Uty - .., (@mj) = Up,

BUJIAM, 9TO Ha M(’)(m, P) onpenenena qactudHast [-apHast omeparis

[AAy . ALY = A= (a), (1.1)
rie
(arjk) = (arjk)l(ag(r)jk)g ce (agl—z(r)j k)lfl(a,o.l—l(r)jk)l, r = 1, ce. M. (12)
Takum 06pazoM, st JI00BIX HEJbIX Pg > 1, ... ,p; > 1 1 J00bIX TPOCTPAHCTBEHHBIX MATPHUIL

A = (az’jk)l S mepoxpl(P)u Ay = (aijk)2 S meplxpg(P)J

7Al—1 = (aijk)l—l S MmXPZ—QXpl—l(P)7 Al = (aijk)l € mepl—lxpl(P)

ompenenena mpocrpancrBentas Marpuna (1.1) u3 M,upoxp, ¥ KOTOpOil st 11060r0
r=1,...,m r-oe cedenne opueHTaiyu (i) onpemensercs paencrsoM (1.2). Bee ceuennst opu-

eHTanuy () IPOCTPAHCTBEHHON MATPUIBI A SBJISIOTCS MaTPUIIAMEA pa3Mepa pg X p;. ZlcHO, 410
(4)

I, o, m COBIAJIAET C OOBIMHOI [-apHOi

Ha MHOXKeCTBE M5 5n (P) dacTudnast [-apHast oneparys | |
oreparueit []l(l)o'm u3 [3].
(4)

.o, m 3AMEHUTH OopueHTammio (i) opu-

Eciu B onpenenernn gactuaHoii [-apHoit onepanun | |

enraryeil (7), a MHOXKECTBO 1\/I(Z)(m7 P) — MHOXKeCTBOM M(j)(m, P), T0 mosyunM ornpe/iesieHue
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YACTUYIHON [-apHOI omeparnn []I(Jl .
By = (bijk)l = Mpomepl (P)’ B, = (bijk)2 € Mp1Xm><pz (P),

By = (biji)i-1 € Myp_yxmxp_, (P),  Bi = (bijr)i € Mp,_, xmxp, (P),

. A umenno, ecin

TO
[B1Bs ... Blb(J()7 k= B = (bijk) € Mpyxmxp (P),

rie
(bzrk) = (birk:>1(bia(7’)k)2 (bwl 2 'r)k)l l(bwl I( )
(j
l,

fcno, aro Ha MHOKECTBE M, xn(P) dacTudanast [-apHast omeparius | | ?7 ., COBIIAJIAET C OOBIY-

HOIT [-apHOii omeparueit []Z(J 27 ., 13 (3]

Ecnu B onpesestenun ‘{aCTI/I‘IHOIU/I [-apHOl oneparm []l(l) - 3aMEHUTH OPUEHTAINIO (1) Opu-
enranmeit (k), a maoxecrso MY (m, P) — muoxecrsom M® (m, P), To momyumm onpenenenme
YACTUYHOI [-apHOM OIeparm []l(’k; m- A IMeHHO, ecin

C1 = (cije)1 € Mpgxpyxm(P),  Co = (Ciji)2 € Mp,xpyxms - -
?lel = (Cijk)lfl € MP172><10171><7TL(P)7 C = (Cijk)l € Mpl—1><Pl><m1 (P)7

TO
(C1Cy ... CUE) . = C = (ciji) € Mipgpxem(P),

rie
(cijr) = (Cigr)1(Cijor))2 - -+ (Cijoi-2(r) )i-1(Ciot-1(r) 1-

(k)

dcno, uro Ha MHOKECTBE M, 5y (P) 9acTudnast [-aphast onepaius | | | 5, m COBIIAJIAET C 00OBIY-

a,m

HOIT [-apHOii oneparrueit []l(k()7 . 13 (3]

2 OroGpaxenust ¢y, @), Puy Yy Vi) Y-
Badukcupyem tiesioe m > 1 u Bbigesum Bo MuOKecTBe M (m, P) BceX m-KOMIOHEHTHBIX BEKTOD-
maTpur Has KosbioMm P muokectBo K (M, P) BCex BEKTOP-MATPHIL, y KOTOPHIX BCE KOMITOHEHTBI
MIMEIOT OJIMH W TOT YK€ pasMep. 3aMeTHM, UTO y pasHbIX BekTop-Marpui u3 K(m, P) pasmepsr
KOMIIOHEHT He 00s3aHbl COBIA/IATh.

flcHo, 9To ay1st JII00BIX Hebix s > 1,t > 1

M;yt(m, P) C K(m, P),

rie My (m, P) — MHO)KeCTBO BCEX M-KOMIIOHEHTHBIX BEKTOP-MAaTpHI| pa3mepa s X t Hajg P. B

JaCTHOCTH
M, (m, P) C K(m, P),

riae M, (m, P) — MHOXKeCTBO BCeX M-KOMIOHEHTHBIX BEKTOD-MATPHIL HOPsiIKa 1 Haj P.
st KazK 101 BEKTOP-MATPHUILEI

A= (Al7 - ,Ak) S K(m,P) (21)

ITIOJIOZKM
Al - (aljk)7 ce 7Am - (amjk); (22)

TO €CTb OTO2KAECTBUM KOMIIOHEHTBI BEKTOP-MaTpPUIIbI (21) C COOTBETCTBYIOIIUMUA CEYCHHUAMU
opueHTanuu (7) TPOCTPAHCTBEHHOM MaTpPHUIIbI

(aiji) € M(i)(m, P). (2.3)
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B stom ciydae oroOparkenue
b6 ((agjn), -, (@mj)) = (aijr)

saBisiercs Omeknmeil MuOxkecTBa K(m, P) Ha MHOMXKECTBO M(l)(m, P). Ecm jgist BeKTOp-
marpur] (2.1) ToIoKUTH

A1 = (aﬂk), . ,Am = (almk), (24)

TO €CTh OTOXKJIECTBUTH KOMIIOHEHTBI BEKTOP-MATpUIlbl (2.1) ¢ COOTBETCTBYIOMIUMUI CEUEHUSIMIE
opueHTanuu (j) TPOCTPAHCTBEHHON MATPHIIBI

(30 € MZ(m, P), 0.5
TO TOJTyInM OUEKIINIO
by (@), - 5 (@1mr)) = (aijr)

muozxectsa K(m, P) na muoxecrso MY (m, P).
Ecin g Bekrop-marpur (2.1) mostoxkurh

Ay = (aij1)s - 5 A = (Gijm), (2.6)

TO €CTb OTOXKJECTBUTH KOMIIOHEHTBHI BEKTOP-MaTPUIIbI (21) C COOTBeTCTByIOH_H/H\/H/I ceyeHUuAMN
opuenTtarnuu (k) TPOCTPAHCTBEHHON MATPUIIBI

(a’ijk) < M(k) (m7 P)> (27>
TO TIOJIyYUM OUEKITUIO
¢(k) : ((aij1)7 e 7(aijm)) — (aijk>
muoxkectsa K(m, P) na muoxecrso M®) (m, P).
fcno, uro cyxkenns orobpazkeHnit ¢y, ¢y, U Gr) Ha MHOKecTBO My (M, P) coBmajator ¢
OUEKITUAMU
¢(i) : MSXt(m7 P) — mesxt(P)
¢(j) : MSXt(mv P) — MsXth<P)

¢(k) : MSXt(map) — Msxtxm(P)

)

Y

u3 [4].

fcno, uro orobpazkeHne 1), CTaBsdlllee B COOTBETCTBHE KaszKIOi IPOCTPAHCTBEHHOMN Ma-
tpune (2.3) Bexrop-marpuiy (2.1) ¢ xKommomentamu (2.2) seasercs Guexmmeii MO (m, P)
na K(m, P). Ananorndno, orobpazkeHnue 1)(;), CTapslee B COOTBETCTBHE KarKJOil IPOCTpaH-
crBennoit Marpure (2.5) Bektop-marpuiy (2.1) ¢ kommonenTamu (2.4), siBisiercsi GHeKimeit
MY (m, P) ua K(m,P); oroGpazKemue Y(r), CTaBsllee B COOTBETCTBHE KaXKJIOil HMPOCTpaH-
crBennoit Marpune (2.7) Bektop-marpuiy (2.1) ¢ xommonentamu (2.6), sBisiercs OHeKumeit
M) (m, P) na K(m, P).

Jns moboro r € {i,j,k} orobpazxenus ¢y U () ABIAIOTCS B3aHMOOOPATHBIMHU, TO €CTh
CIIpaBe/IJINBA

Jlemma 2.1 [[is m10661x
ref{i,jk}y, AeK(m,P), AeM"(m,P)

BEPHO

Vi) () (A) = A, ¢ (e (4)) = A.
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JlemMma 2.2 Ecim aj1st BeKTOp-MaTpuil

Al = <A117 R 7A1m)7 ce ,Al = (All, ce ;Alm) c K(m, P) (28)
oIpeae/IcHa BEeKTOp-MaTpuia [Al Ce Al]l, o, my TO OIIpEIIeJIEHa IIPOCTPAHCTBEHHAA MaTPUIIA
(%)
[9i(A1) . dey(AD]) (2.9)

1 BEPHO PABEHCTBO

by (A1 - Alll o m) = [6) (A1) - d(A)]} . (2.10)

Jlokasameavcmeo. CymiecTBoBaHe MPOCTPAHCTBEHHON MaTpuiibl (2.9) siBiIsieTcsi CieICTBHEM
paBeHCTBa pa3sMepoB KOMIIOHEHT KarKJI0ii BeKTOp-Marpuiibl (2.8) u pasmMepoB cedeHuil opueH-
Tanun (i) ee obpasa MpH OTOOPAKEHUN P(;).

[Tomoxkum
O ([Ar - Al o,m) = U = (wijin),
(60 (A1) - dw ()]} =V = (vi):
Tak kak
Al Al oom = (X1, o, X)),
rie

Xr = Aerzg(r) .. Alal—l(r)7 r = 1, NN IS

TO r-0e CedeHne OpueHTanuu (i) MpocTpaHCTBeHHO Marpuibl U nMeeT B
(Urjk) = A1TA2U(1’) NN Alglfl(r), r = 1, e, Mm. (211)

Tak Kak
rie

(bijr)i = A,y - (bmjr)i = Aim,

TO r-0e CedeHne OpueHTanuu (i) MpoCTPAHCTBEHHOM MaTpuiibl V' mMeer Buj

(‘/r]k) = (brjk)l(ba(r)jk:>2 oo (balfl(r)jk)l = AITAQJ(T) ce Alalfl(r)

TO €CTb

(ij) = Ah«Aga(r) . Ala.lfl(r),r = ]., e, M. (212)

U3 (2.11) u (2.12) Boitekaer U = V', 10 ectb BepHo pasencrso (2.10).
Jlemma nokasamna.

Hnst opuenranmii (j) u (k) cupaBejiuBbl YTBEPKIEHNS, AaHAJOTUIHBIE JieMMe 2.2.
CdopmynupyeMm Bce Tpu yTBEPIKIEHUS B BUJE OJHOMN JIEMMBI.

Jlemma 2.3. Ecnu nj11 BEKTOp-MaTpPUIL

Al, ,AZEK(m,P)
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ompejesieHa BeKTop-Marpuiia [Ay, ..., Ayl 5 m, TO q1s sroboro r € {i, 7, k} onpenenena mpo-
CTPaHCTBEHHAs MATPHIA

[ (A1) - dpy(Ad)] z( 37 m

1 BEPHO PaBEHCTBO

6 ([AL - Alllo,m) = [d) (A1) ... S (A)])"

l,o,m

Anajormanas JeMMa CIpaBeJInBa Jjid 0ToOpazKeHnuit Y, V() 1 Y-

JIlemma 2.4. Ecan pjig mpocTpaHCTBEHHBIX MATPHIL
Ay, A e MY (m, P), relijk}

(r)
l,o,m

Wy (A1) - Yy (A, o, m

omnpejieieHa MPOCTPAHCTBeHHAst MaTpulia [A; ... A , TO Jtst jioboro r € {4, j, k} omnpene-

JIeHA BEKTOP-MAaTPUIIA

U BEpHO PaBEHCTBO
¢(T) ([Al s Al]l(,rc)n m) = [1/)(7") (Al te w(T) (Al):|l, o,m’

3 AcconmaTMBHOCTh YACTUYHBIX [-apHBIX OMeparnuii

H(Z) H(J) H(k)

l,o,m? l,o,m? l,o,m

Teopema 3.1 Ilycts P — acconuaTuBHOE KOJIBIIO,
Ay = (aijr)1 € Mmxpoxp: (P), A2 = (aijk)2 € Mmxp, xps (P), - -

ooy Ao = (@ijr)ai—2 € Minxpoy_yxpo_s(P)s A2i-1 = (@ijk)21-1 € Minxpgy_oxpo_i (P)-

Ecmm IIOJICTaHOBKa 0 € Sm YAOBJIETBOPAET YCJIOBUIO 0'l = 0, TO
[Al A A A A AQHL -
o (3.1)
- |:A1 e At [At+1 e At"'l]l(j)a, m At+l+1 e Agl_1:|

l,o,m
Jtst Jioobix s,t =0,1,...,0 — 1.

Jlokasameavcmeo. O6o3HadnM JIeByI0 u npaByio dactu B (3.1) coorBercrBentno depe3 U u V.
dAcno, aro obe mpocrpancrsennbie MaTpuiibl U u V' onpenenensl. [IpuMenssa BHavaie jeMMy
2.4, 3arem Teopemy 1 u3 [5] u cHOBa Jlemmy 2.4, mostydnm

Ve (U) = [¢(i(A1> e (As) [ (Assr) - - W(i)(AsH)L,Um Vi) (Astisr) - (Azm)] =

,o,M

= [0 (A1) 96 (A0) [y (Ar1) - (A ., B (Ariinn) - B (An)] =i (V),

O,

10 ectb () (U) = ¢y (V), oTkyna

b6 (¥i(U)) = oy (Y@ (V).
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[Tpumensist K mocaegaeMy papeHcTBy Jemmy 2.1, nomyanm U=V, To ectb BepHO paBeHCTBO (3.1).
Teopema moka3zaHa.

Hns opuentanuii (j) u (k) cipaBeyiuBbI TeOpeMbl, aHAJOrUIHbIe TeopeMe 3.1. Bee Tpu Teope-
MBI MOYKHO O0BEJIMHUTDL B BUJIE OJHON TEOPEMBI.

Teopema 3.2. Ilycts P — acconmarusHoe Koublo, r € {i,j,k}, 0 — nojcranoska usz S,
yIOBJICTBOpAIOMad ycaosuio ol = o, Ay, As,...,Ay_1 — TPOCTPAHCTBEHHBIC MATPHIBI 13
M® (m, P). Torma, ecim mias mexoroporo s = 0,1,...,]1 — 1 ompejesieHa mpocTpaHCTBEeHHAST

MaTPUIA
. ") )
[Al A A AT A .AQH} e M) (m, P), (3.2)

l,o,m
To ayst aoboro t = 0,1, ..., — 1 onpeaesiena MpoCcTpaHCTBEHHAsT MATPUIIA

. ")
[A1 AA A A AQH} e M) (m, P) (3.3)

l,o,m
1 BEPHO paBEHCTBO
(r) (r)
[A1 o AJAr AT A .A2H]l -
(r) (r)
— |:A1 e At [At+1 . o At'H]l, o, mAt+l+l PP A?l—1:| . (34)

l,o,m

CaencrBue 3.1. [Tycrs P — acconmarusuoe koublo, r € {i, 5, k}, m gemur | — 1, 0 — uuki

JUIHHBL M U3 Sy, A1, ..., Agy_1 — npocrpancrsennbie Marpuubt 13 M) (m, P). Torna, eciu st
nekoroporo s = 0,1,...,1 — 1 ompejesieHa pocTpaHcTBeHHAsT MaTpuiia (3.2), TO it JIF0OOro
t=0,1,...,0 — 1 onpenesena mpocTpaHcTBeHHAas MaTpuia (3.3) 1 BepHO paBeHCTBO (3.4).

[Tomaras B ciencreun 3.1 [ = m + 1, nosy4unm

CaexncrBue 3.2. [Iycrs P — accormaruBHoe Koublo, 1 € {i,j, k}, 0 — MUK JaHBL M 13 Sy,
Ai,..., Ayl — TPOCTPAHCTBEHHBIE MATPUIIBI U3 M) (m, P). Torma, ecau st HEKOTOPOTO

s =0,1,...,m onpesenena TPOCTpAHCTBEHHAA MaTPHUIIA
(r)
m—+1, o, m ’

[Al A At Aima) T Asimi .AzmH]

TO OJId Joboro t = 0, 1, ..., M onpeaesieHa IIpocTpadCTBeHHad MaTpUulla
(r)
m—+1, o, m

[Al A A At o A A2m+1]

1 BEPHO PaBE€HCTBO

. ")
[Al A At Aima) T o A .A2m+l] _

m—+1, o, m
(r)

m+1, 0, m

= A A A Ao, A - Aam

Caexncrsue 3.3. [Iycrs P — acconatuBHoe KOJbIO, T € {4, j, k}, 0 — mojcranoBKa Mopsiika 2
u3 S,,, A, B,C, D u E — upocrpancrsensie Marpuust n3 M) (m, P). Torna, eciu onpeesieHa
OJIHA M3 MPOCTPAHCTBEHHBIX MATPHUII

(r) (r)
: [A (BCD]Y E} , [AB (cpE) ,
3,0,m ’

3,0, m
K b K
3,0, m

")
[ABC), ,, DE|

3,0,m
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TO onIpenesieHbl JABE€ JApyTrue IpoCTPpaHCTBEHHbIEC MATPUILIbI 1 BEPHbBI PaBEHCTBA

(r)

3,0, m

(r)

m .
’ 3,0, m

= [aBeD)y), B "

3,0,m
’ 3,0, m

[ABC{), ,, DE| — [AB[CDE]],

[Monaras B ciencreun 3.3, m = 2, o = (12), nomy4anm

Caencrsue 3.4. [Tycrs P — accormarusaoe konblo, A = (A;, As), B = (By, Bs), C = (C1,Cy),
D = (D4, D,), E = (E1, E3) — IpOCTPAHCTBEHHBIE MATPUIIBI U3 M(T)(2, P). Torna, ecau ompe-
JleJIeHa OJIHA U3 IPOCTPAHCTBEHHBIX MATPHUIL

(r)

[ABCIY )

wchm? Erj

o)
)
.2 37(12)72,[AB[CDE]3

» (12), 2} 3,(12),2

TO ompeaeJsieHbl AB€ APpYyTrrue NpoOCTPaHCTBEHHbIE MAaTPUIIbI 1 BEPHBI paBEHCTBa

, DE|

3, (12), 2

(r)

3, (12), 2

(r)

3, (12), 2

(r)

), 2 3,(12),2

[[ABC]z():)(12),2DE] = [A[BCD]:(’:)(H E} = [AB[CDE]:():)(Q)J}

flcHo, 910 TOAMHOKECTBO M 50 (P) MHOKECTBA M® (m, P) 3aMKHYTO OTHOCHTEIHHO [-apHOii

i y
ornepanun | ]l( )0 - AHAJIOTHYIHO MHO2KECTBO M, xpn (P) 3aMKIHYTO OTHOCHTEILHO [-apHOIt OIre-
, . k
parun | ]1(]37 s MHOKECTBO M, 550 (P) 3aMKHYTO OTHOCHTENIBHO [-apHOii omeparun | ]l( 1)7 .

[Tosromy 13 TeopeMbl 3.2 BBITEKAET CJIeIyIoMast Teopema u3 [3].

Teopema 3.3 [3]. Ecim mozictanoska o € S, yA0BIETBOPSIET YCIOBUIO 0! = 0, TO YHUBEPCATb-

Hble anredpbl < My, snsn (P), [ ](i) >, < Musmxn(P), [ ](j) >, < Musnxm(P), | ](k) >

l,o,m l,w,m l,o,m
rae P — aCCOIIMaTUBHOE KOJIBIIO, ABJIAIOTCA HBOMOp(beIMI/I l—aprH\lH IIOJIyT'PpYyIIIIaMuU.

4 TpaHcrOHUPOBaAHHBbIE HPOCTPAHCTBEHHbIE MATPUIIBI

Onpenenenue 4.1 [4]. IIpocrpancrsennas marputia B = (bjk) € My, xpxn(P) HasbIBACTCH (1)-
mpancnonuposarnot; s mpocrpancTenuoil Marpubl A = (a;k) € Mypxnxp(P), ecu Bee ee
ceveHrsi OpUEHTAINN (1) SIBJISIFOTCST TPAHCIOHUPOBAHHBIME MATPUIIAMH JJIsI COOTBETCTBYOIINX
ceveHnit opreHTAIN (1) TPOCTPAHCTBEHHON MATPUIBI A, TO eCTh

(btjk) = (thk)/, t=1,...,m.

Ananorngno onpenensitorest  (j)-mpancnonuposantvie npocTpancTBeHHble MaTpunbl un (k)-
MPAHCNOHUPOBAHHDLE TTPOCTPAHCTBEHHBIE MATPHIIHI.

Hnst obosHauenus (r)-TpaHCIOHUPOBAHHON MPOCTPAHCTBEHHONW MATPHIIBI JJIsi TPOCTPAH-
creennoit marpunbl A, toe r€{i, j,k}, Oymem ymnorpebisarh ciemyroiiee 0003HAUEHUE:
AU = (@5,) 7).

MoKHO 3aMeTHTh, YTO I KyOWYeCKHX MATPHI[ MOHATHE (i)-TPAHCIOHUPYEMOCTH CO-
BIAJIAET C MOHATHEM TpAHCIOHUpyeMocTH 1o uHjgekcam j u k|1, 2|. Amasormuno,
(7)-TPaHCIOHUPYEMOCTh COBIIAJAET € TPAHCIOHUPYEMOCTbIO 1O wuHjekcam i u k, a (k)-
TPAHCIIOHUPYEMOCTDb COBIIAJIAET ¢ TPAHCIIOHUPYEMOCTBIO 110 MHIeKcaMm i u j. [Tosromy, ciemys
[1, 2], ayist TpaHCTIOHMPOBAHHBIX KYOHYECKUX MATPUIL ACD - ACD) 1 ACR) poxHO HEmoTB30BaTh
TaK’Ke COOTBeTCTBeHHO obosHauenms AWK AWK - AGI) - Cremnyromee mpeaioKenne sSBseTcs
AHAJIOTOM COOTBETCTBYIOIIEr0 YTBEPKIEHUS JIIsi OOBITHBIX MaTPHII.

Teopema 4.1 Ilycts 0 — nopcranoBka u3 Sy,, yIOBAETBOPAIONIA YCIOBHIO 0! = 0,

Al = (aijk)l, .. .,Al = (aijk)l € M(Z)(m, P) (41)
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TaKWe MTPOCTPAHCTBEHHBIE MATPUIIBI HAJT ACCOIMATUBHBIM KOJIBIIOM C €JIUHUIIEN, UTO OIIpe/iesieHa
MIPOCTPAHCTBEHHAS MaTPUIIA

(A1 Ay A ALY L (4.2)
Torna ompejiesiena MPOCTPAHCTBEHHAST MATPHUIIA

/,L' /,L' /,L' l,i (7')
ALY Ap DAl (4.3)

1
lLo=t,m

1 BEPHO PaBE€HCTBO

NG A oo a1 ®
(My%.nAkp%m;m) :[A$>A$3.“A§>A9)L o (4.4)

Hokasamenvcmeo. O6o3HadMM IpocTpaHCcTBeHHYI0 Marpuity (4.2) uepes A = (a;;x) U BbIIHAIIEM

ee r-oe cedenue (a,;;) opmeHtanun (i), koropoe cornacuo (1.2), u, BBULY TOXKIECTBEHHOCTH

HOJCTAHOBKY ¢!}, IpUHUMaeT BU

(arjk) = (afrjk)l(aa(r)jk)2 ce (aol*2(r)jk)lfl(arjk>ly r=1,...,m.

Eciu nonoxuth 7 = 0!, To U3 ycIoBud 0! = o moTydaeM

-2 _2 -3 o -2 -1 l (45)

LJe € — TOXKJIECTBEHHAS IIOACTAHOBKA.

O6Go3HaINM POCTPAHCTBEHHYIO MarTpuily u3 jeBoil dactu (4.4) depes B = (bjj), T0 ecTb
B = A9, Torpa, ncnonssys cooTBeTCTBYIONHT GUHAPHDI pesyabTar n (4.5), BbumeM r-oe
cedenne opueHTanuu (i) Marpuis! B:

(brji) = (arj)" = ((arji)1(@o(rjn)2 - - - (Aoi-2(r)jr)i-1(anji)t)” =

’

= (arjk)l(aalfz(r)jk)l—l s (aU(T)jk)

’ ’ / ’

’ !
o(arjt)1 = (arjk)l(ar(r)jk)l—1 e (arlfz(r)jk)2(arjk)1v
TO €CThb

! ! ! !
(brji) = (@rji)i(areryjn)ior - - (@ri-2(yk)2(@rjn); - (4.6)
Tak kak s so6oro t = 1,...,0 cedenusi opueHTanuu (i) MPOCTPAHCTBEHHON MATPHIIBI
’ o ’ o
A,§ ) = (aijk),g D meror Bug
/ /
(aljk)tv cee (amjk)t;
1o u3 (4.6) BBITEKAET, UTO ONpejesieHa IPOCTpaHCTBeHHas Marpuna (4.3), y KOTOpoil r-oe
cedenne opueHTanuu (i) coBmajaer ¢ mpasoii dactbio (4.6). Takum obpasom, mjist JH0060TO
r = 1,...,m r-ble cedenus opuentaunu (i) B JIeBOil U mpaBoii dacTax paseHcTBa (4.4) co-

BITAJIAI0T, TO €CTh JAHHOE PABEHCTBO BEPHO.
Teopema mokazana.

Hns opuentanuit (j) u (k) cupasesuBbl yTBep:KaeHusi, anajgorudnbie reopeme 4.1. Chopmy-
JITPyeM BCe TPU yTBEPKJEHUs B BUJIE OJHOI TeOpEMBbI.

Teopema 4.2. Ilycth mozjctanoska o u3 Sy, yaoBIeTsopaer yeaosmo ol = o, v € {i,j, k},
P — acconmaTtuBHOe KONIbBIO ¢ equauneit, Ay, ..., A; — Takue mpocTpaHCTBEHHbIE MATPUIIHI U3
M) (m, P), uto onpejesena IpocTPaHCTBEHHAS MATDPHIIA

[A1Ay .. A AT

» Uy
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Torma ompeesieHa MpocTpaHCTBEHHAS MaTPUIA
() 4G 40 40
a{"ALD . AGT Al

1 BEPHO PaBEHCTBO

(r)

l,oml,m

r ;) "o 'r ' '
(e ) ) = Al alD Al Al

)

Janee Bo Bcex caecTBUAX P — acconmaTuBHOE KOIBIO C €INHUIIEH

Caencrue 4.1. [lycts 0 — muka gymusl t us Sy, s > 1, r € {i,j,k}, A1,..., Asty1 — Takue
npocTpancTBenHble MaTpuinl 13 M (m, P), uTo ompenenena mpocTpaHCTBeHHAsS MATPHIIA

[A1A2 e AstASt“rl].thz»l, o,m*

Torma onpeiesiena MpocTpaHCTBEHHAA MaTPUIIA

’ ' ’ I (r)
[Agt}ll)Agt, ) o A&T)AY )i|st+1,crl’m

1 BEPHO PaBEHCTBO

(r)
st+l,07 1, m

r () Iy Iy Iy Iy
(114 A A )Py o) = [AGAGT A0 AL]

B gactHocTH, ecitm s = 1, TO

(r)
t+1, 071, m )

r ;) ' ' o o
(112 AA ) L) = (AP ADT Al Al

[Tonaras B cneacreum 4.1 t = m, noydnm

Caencrsue 4.2. [Iycrs 0 — nuki jgiausbt m u3 S,,, s > 1, r € {i,j, k}, Ay, ..., Agni1 — Takue
npocrpancTBennbie Marpuipl 13 M (m, P), uTo onpenenena mpocTpaHCTBeHHAsS MATPHIIA

[A1As . .. A Agmia] )

sm+1, o0, m*
TOI‘,ZLa omnpejesieHa IIpoCTpaHCTBEHHad MaTpulla
AN Al 400 400] "
sm—+1 + smo A2 + 1
sm+1,0-1m
1 BEPHO PABEHCTBO

(r)

sm+1,071,m

([AlAQ s AsmAsm-i—l](r)

(sr) I - I I
sm+1, o, m) = |:AL(977n—21Agr’n ) ce A& )Ag, ):|

B gacraocTH, ecin s = 1, TO

(r)

17 b .
m+l, o, m m+1,071,m

(Aids- o A A o) = [AGDAG D A AT

[Tonaras B ciencrsun 4.2 o = (12...m), momyanm

CaencrBue 4.3. [lycrs s > 1, r € {i,j,k}, A1,..., Agni1 — TaKue IMPOCTPAHCTBEHHBIE Ma-
rpunel 13 M) (m, P), 4o ompesesnena mpocTpaHCTBEHHAS MATPUIA

[A1As . .. Ay Agnia] ")

sm+1, (12...m), m"



26 I'mnepkominiekcHble dncia B reomerpun u ¢usuke, 1(17), rom 9, 2012

Torna ompeesiena MPOCTPAHCTBEHHAsT MATPHUIIA

(¢ / ’ (r)
A5 AGD . Al Al

sm+1

U BEPHO PaBEHCTBO

(/77') s ’ Iy ' (r)
(14042 - AanAanil D 2y m) = [AhAD AL DAL

sm+1,

B wactnoctn, eciim s = 1, T0
(r)
m+1, (m...21), m

(,r) ' " I -
([A1A2 A Aerl]m—i-l (2. ),m) = |:A$71’+%A$n, )L APTDAD )}

Tax Kak Jyig 1060l Tpancnosuyu o € S, BepHo o = o, 1o, nonaras B cieacTsun 4.1 ¢ = 2,
TTOJTYIUM

Caexncrsue 4.4. Ilycts 0 — tpancnosunust u3 Sy, s > 1, r € {i,5,k}, Ay,..., Assy1 — Taxue
npocTpancTBerHble MaTpuipl w3 M) (m, P), uTo onpeenena TpocTpaHCTBeHHAsS MATPHIIA

[A1A2 A23A23+1]

2s+1,0,m *
TOF,IL& olpeJesieHa IIpocTpaHCTBeHHad MaTpHulla

’ ’ ’ / ()
AGDALT Al Al

25+1
st 2s+1,0,m
1 BEPHO PaBEHCTBO

. (sm) R Fy ] (™)
([AlAQ’"A28A28+1]gs)+1,0, m) = [A§§+)1Ags’ o Ag’ )Ag’ )}

2s+1, 0, m

B gacraocTH, ecin s = 1, TO

([A A A, m)(/’r) _ [A

:b
ﬁi

Cnencrue 4.4 MOXKHO TOJIYINUTh U U3 CJIeCTBUSA 4.2, Tojaras B HeM m = 2.
Ecmu B cneacreun 4.4 nonoxkuts m = 2, to o = (12) u BepHO

Caencrsue 4.5. [lycrs s > 1, r € {i,5,k}, A1, ..., Assy1 — TaKue IPOCTPAHCTBEHHBIE MATPU-
ot u3 M) (m, P), aro ompe/iesieHa MPOCTPAHCTBEHHAST MATPHUIIA

[A1 Ay .. AgyAn ]S

2541, (12),2
Torma omnpejiesieHa MpPoCTpaHCTBEHHA MaTPUILA
' - - I (r)
AGDALT Al
2s5+1, (12), 2
1 BEPHO PaBEHCTBO
(,r) ’ ’ ’ ’ (r)
— [ 40 4Csm) (sm) 205 m)
([A1A2 A23A2s+1]23+1 (12),2) = [A25+1A25 c Ay A Lsﬂ, a2’
B gacraocTH, eciu s = 1, TO
(r)
3,(12),2

([A A2A3] 12 2) SR [Ag,r)Ag,r)Ag',r)}

Cnencrue 4.5 MOKHO TIOJIYIUTh W U3 CIeJACTBUSA 4.3, €CIU TOJI0KUTh B HEM M = 2

U3 Teopembr 4.1 BeITeRaer Teopema 7.1 u3 [4], a Takzke Bce cieicTBus u3 Hee. Kpome Toro,
3 TeopeMbl 4.2 BBITEKAIOT COOTBETCTBYIONINE YTBEPKJIEHUA O TPAHCIOHUPOBAHUM ITPOCTPAH-
cTBeHHBIX MATPHIL U3 My, «msn (P) 1 Mysensxm(P).
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ABOUT POLYADIC OPERATIONS
ON THE SPACEMATRICES SET

A.M. Gal’mak

Mogilev State University of Food Technology, Mogilev, Belarus
mgup@mogilev.by

For any integer number m > 1 and any substitution on m symbols on all spacematrices
sets, which have m section of any fixed orientation, defined partial polyadic operations.
Also connection between this operations and polyadic operations on the m-component
vector-matrices set is defined. Conditions of associability of defined polyadic operations
are found. Transposed spacematrices are studied.

Key Words: matrices, operation, ring.
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ON THE FINSLERIAN MECHANICAL SYSTEMS

Radu Miron

University Transilvania of Brasov, Brasov, Romania
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The notion of Finslerian Mechanical Systems was been introduced by author as a triple
YXr = (M,Ep, Fe) formed by configuration space M, kinetic energy E of a semidefinite
Finsler space F™ = (M, F') and the external forces Fe. Fundamental equations of X5 are
the Lagrange equations. One determines the canonical semispray S and proves that the
integral curves of S are the evolution curves of ¥ . Thus, the geometrical theory of the
Finslerian mechanical systems ¥ can be studied by means of dynamical systems S on
the velocity space T M.

Key Words: semidefinite Finsler space, Finslerian mechanical systems.

Introduction

My lecture to The VIIIth International Conference “Finsler Extensions of Relativity Theory”,
Moscow, July—August, 2012, is a survey on the Analytical Mechanics of Finslerian Mechanics,
introduced by author in the papers [5, 12, 16, 17, 21|. These systems are defined by a triple
Yr = (M, F? Fe) where M is the configuration space, F(x,y) is the fundamental function of
a semidefinite Finsler space F™ = (M, F(z,y)) and Fe(x,y) are the external forces. Of course,
F? is the kinetic energy of the space. The fundamental equations are the Lagrange equations:

d OF? OF?
dt 0zt oxt

Ei(F?) = = Fi(z, 2).

We study here the canonical semispray S of Xy and the geometry of the pair (T'M,S), where
TM is velocity space, [17].

One obtain a generalization of the theory of Riemannian Mechanical Systems in the non-
conservative case. It has numerous applications and justifies the introduction of such new kind
of Analytical Mechanics.

1 Semidefinite Finsler spaces

Definition 1.1 A Finsler space with semidefinite Finsler metric is a pair F"™ = (M, F(z,y))
where the function F' : TM — R satisfies the following axioms:

1° F is differentiable on TM and continuous on the null section of 7 : TM — M ;
2° F>0onTM,
3° F is positive 1-homogeneous with respect to velocities * = y°.

4° The fundamental tensor g;;(z,y)
1 0°F?
© 20yi0y

(1.1)

Gij

has a constant signature on m;

5° The Hessian of fundamental function F? with elements g;;(x,y) is nonsingular:

det(g;j(x,y)) # 0 on TM. (1.2)



Radu Miron On the Finslerian mechanical systems 29

Example. If g;;(x) is a semidefinite Riemannian metric on M, then

F = /lg:(2)y'y| (1.3)

is a function with the property F™ = (M, F') is a semidefinite Finsler space.

Any Finsler space F" = (M, F(z,y)), in the sense of definition 1.1, is a definite Finsler
space. In this case the property 5° is automatical verified.

But, these two kind of Finsler spaces have a lot of common properties. Therefore, we will
speak in general on Finsler spaces. The following properties hold:

1° The fundamental tensor g;;(z,y) is 0-homogeneous;
2° F? = gy (@, y)y'y;

10F?
3° p; = ——— is d—covariant vector field;

2 0yt

4° The Cartan tensor

1 OF? 1 0g;
Cipg =~ = — 20 1.4
I 4 0yioyioyt 2 Oyt (14)
is totally symmetric and ‘
y’C’ijk = COjk = 0 (15)
5° w = pydat is 1-form on TM (the Cartan 1-form);
6° 0 = dw = dp; A dz' is 2-form (the Cartan 2-form);
7° The Euler-Lagrange equations of F™ are
d OF* OF? - dat
E(F)=————=0, y'= 1.6
(F7) dt Oy’ or? 4 dt (16)
8° The energy Ep of F™ is
Er = ian—F2—F2 (1.7)
F=Y By = .

9°  The energy Er is conserved along to every integral curve of Euler-Lagrange equations (1.6);
10°  In the canonical parametrization, the equations (1.6) give the geodesics of F™;
11°  The Euler-Lagrange equations (1.6) can be written in the equivalent form

B RE - < dm) dz? dx*

{ Ty 1.
gz T\ ) e e =Y (1.8)

. d
where 73, <x, d—f) are the Christoffel symbols of the fundamental tensor g;;(x,y).

12°  The canonical semispray S is

0 ) 0
S — Z—. — QGZ e 19
y axl (..'L', y) ayl ( )

with the coefficients: . _ . .
2G"(z,y) = Vi (z, V)y'y" = Yoo (2, ), (1.97)

(the index “0” means the contraction with y*).

13°  The canonical semispray S is 2-homogeneous with respect to *. So, S is a spray.
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14°  The nonlinear connection N determined by S is also canonical and it is exactly the
famous Cartan nonlinear connection of the space F™. Its coefficients are

oG (xz,y) 10

Nij(l‘;y) = 8—yJ = §a—yj780(il‘,y). (1.10)

An equivalent form for the coefficients N ; is as follows

N = 7io(2,y) — Ciil@, y)v50(, y)- (1.10")

Consequently, we have ' ' '
Ny = 50 = 2G". (1.11)

Therefore, we can say: The semispray S’ determined by the Cartan nonlinear connection
N is the canonical spray S of space F™.

15°  The Cartan nonlinear connection N determines a splitting of vector space T, TM,
Vue TM of the form:
T.TM=N,&V,, YueTM (1.12)

b5 0
Thus, the adapted basis (5—, a—), (¢t = 1,..,n), to the previous splitting has the local
x'L y'L

vector fields — given by:
oxt

0 0 , 0
=~ Ni(z,y)——, i=1,.,n, 1.1
oxt  Oxt (z y>8y3 ’ " (1.13)

with the coefficients N*;(z,y) from (1.6).
Its dual basis is (dz’, dy'), where

Sy’ =dy' + N';(x,y)dz’. (1.14)

The autoparallel curves of the nonlinear connection N are given by, [5, 18|,

d*z’ i dz\ da’

Using the dynamic derivative V defined by N, the equations (1.11) can be written as follows

v (CZ) ~0. (1.11)

16°  The variational equations of the autoparallel curves (1.11) give the Jacobi equations:

, ON*; dz’ , - dxd dz*
4+ | ——t—=—-N "+ R, ——— =0. 1.16
v§+(8yk dt k>vf+ﬂ’“dt dt (1.16)
The vector field £(t) along a solution c(t) of the equations (1.11) and which verifies the
0gi;
previous equations is called a Jacobi field. In the Riemannian case, 89 ’z = 0, the Jacobi
Y
equations (1.12) are exactly the classical Jacobi equations:
P dzt dx?
V2 + Rip(a)—-——& =0 (1.17)
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17° A distinguished metric connections D with the coefficients CT'(N) = (Fj, Ci,) is defined

as a N-linear connection on T'M, metric with respect to the fundamental tensor g;;(z,y) of
Finsler space F", i.e. we have

09ij 1o s
Jijlk = E}Z — Fii9sj — ijgis =0,
3 (1.18)
Gij s s
9ijlk = a_y,z — Ci9sj — Cjkgis =0.
18°  The following theorem holds:
Theorem 1.1

1° There is an unique N-linear connection D, with coefficients CT'(N) which satisfies the
following system of axioms: Ai. N is the Cartan nonlinear connection of Finsler space
Fm.

Ay. D is metrical, (i.e. D satisfies (2.1.14)).

2° The metric N-linear connection D has the coefficients CT'(N)
generalized Christoffel symbols

(Fi, Ciy) given by the

o1 (09s; | 0gsk  O0gjk
Fi = Zgis J v J
ik = 99 <5mk * dxd  oxs )’
(1.19)
i 1 is ags' ags 89'
ik = 59 it vl B
2 dy 0y’ oy
19° By means of this theorem, it is not difficult to see that we have
Cl = 9" Cji (1.20)
and
Y =0. (1.21)
20°

The Cartan nonlinear connection N determines on TM an almost complex structure IF,
as follows:

) 0 0 )
<5aﬂ) oy’ (83/1) it T T

(1.22)
But one can see that F is the tensor field on TM:
0 ) ) )
F=—-—®dz - ® 0y’ 1.22’
8yz ®ax” + 5:171 ® Y, ( )

. 0
with the 1-forms dy* and the vector field 5o given by (1.10), (1.9), (1.6).
:1:7,
It is not difficult to prove that: The almost complex structure F is integrable if and only if
the distribution N is integrable on T'M.
21°  The Sasaki-Matsumoto lift of the fundamental tensor g;; of Finsler space F™ is

G(z,y) = gij(=, y)dmi ®dr’ + gi;(z, y)&yi ® 6y (1.23)

The tensor field G determines a pseudo-Riemannian structure on 7M.
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220 The following theorem is known:
Theorem 1.2.
1° The pair (G,F) is an almost Hermitian structure on TM determined only by the Finsler
space F™.

2° The symplectic structure associate to the structure (G,F) is the Cartan 2-form:
0 = 2g;;0y" A da’. (1)

3° The space (fz\?, G, F) is almost Kdhlerian.

The space H?" = (f]\?, G, F) is called the almost Kdihlerian model of the Finsler space F".

G.S. Asanov in the paper [5] proved that the metric G from (1.23) does not satisfies the
principle of the Post-Newtonian Calculus. This is due to the fact that the horizontal and
vertical terms of G do not have the same physical dimensions.

This is the reason for R. Miron to introduce a new lift of the fundamental tensor g;;,
[5, 17, 18], in the form:

~ . . 2 . .
G(z,y) = gij(z,y)dz’ @ da’ + H;ngij(x, Y)oy' @ dy’

where a > 0 is a real constant imposed by applications in Theoretical Physics and where
lyl|? = gij(z,y)y'y’ = F? has the property F? > 0. The lift G is 2-homogeneous with respect
to y'. The Sasaki-Matsumoto lift G has not the property of homogeneity, [8, 21].

Two examples:

1. Randers spaces. They have been defined by R. S. Ingarden as a triple RF™ = (M, a+ 3, N),
where a + [ is a Randers metric and N is the Cartan nonlinear connection of the Finsler
space F" = (M,a+ (), [13].

2. Ingarden spaces. These spaces have been defined by R. Miron, [5, 18|, as a triple TF™ =
(M,a+ (3, Np), where a+ [ is a Randers metric and Ny, is the Lorentz nonlinear connection
of F" = (M, a + () having the coefficients

. o . o . o . 1 . 858 ab
Nile,y) =Vi@)f— File), P = a(a) ( ) . @)

2 0zi  Ox®
The Christoffel symbols are constructed with the Riemannian metric tensor a;;(x) of the Rie-

mann space (M, o) and jg’;(x) is the electromagnetic tensor determined by the electromagnetic
form (o + ().

2 The notion of Finslerian mechanical system

As we know |5, 18|, the Riemannian mechanical systems Yz = (M, T, Fe) is defined as a triple

in which M is the configuration space, T is the kinetic energy and F'e are the external forces,
da’

which depend on the material point z € M and depend on velocities 3* =

Extending the previous ideas, we introduce the notion of Finslerian Mechanical System,
studied by author in the paper [17]. The shortly theory of this analytical mechanics can be
find in the joint book Finsler-Lagrange Geometry. Applications to Dynamical Systems, by loan
Bucataru and Radu Miron, Romanian Academy Press, Bucharest, 2007.
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In a different manner, M. de Leon and colab. [11], M. Crampin et colab. [17, 18|, have
studied such kind of new Mechanics. The time dependent case is considered in the book [4].
A Finslerian mechanical system X is defined as a triple

Sp = (M, Ep2, Fe) (2.1)

where M is a real differentiable manifold of dimension n, called the configuration space, Eg2 is
the energy of an a priori given Finsler space F" = (M, F(x,y)), which can be positive defined or
semidefined, and Fe(x,y) are the external forces given as a vertical vector field on the tangent
manifold 7M. We continue to say that T'M is the velocity space of M.

Evidently, the Finslerian mechanical system Y is a straightforward generalization of the
known notion of Riemannian mechanical system Yz obtained for g2 as kinetic energy of a
Riemann space R" = (M, g).

Therefore, we can introduce the evolution (or fundamental) equations of ¥z by means of
the following Postulate:

Postulate. The evolution equations of the Finslerian mechanical system X are the Lagrange
equations:

d 35};2 85F2 ; dl‘z
— = — = Fi(z,y), t = 2.2
dt oy' ozt (z,9) Y dt (2:2)
where the energy is
OF?
Ep =y —— — F* = F? 2.3
F2 y ayz ) ( )

and Fy(x,y), (i =1,..,n), are the covariant components of the external forces Fe:

, 0
Fe(z,y) = F'(x, y)a—yZ

(2.4)
Fi(z,y) = gij(z,y) (2, y),
and o2
1 O°F
is the fundamental (or metric) tensor of Finsler space F" = (M, F(x,y)).
Finally, the Lagrange equations of the Finslerian mechanical system are:
d OF* OF? . dxt
——— — —— = Fi(z,y), b= — 2.
dt 0yt ox? (z,9) Y dt (26)

A more convenient form of the previous equations is given by:

Theorem 2.1. The Lagrange equations (2.6) are equivalent to the second order differential
equations:
d*zt de\ do? dx* 1, dx
— + 7 — )| ——==F" — 2.7
gz <x dt) dt dt 2 (x dt)’ 27)

Proof. Writing the kinetic energy F?(z,y) in the form:

F*(z,y) = gi(z, v)y'y’, (2.8)

the equivalence of the systems of equations (2.6) and (2.7) is not difficult to establish.
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But, the form (2.7) is very convenient in applications. So, we obtain a first result expressed in
the following theorems:

Theorem 2.2. The trajectories of the Finslerian mechanical system Y g, without external
forces (Fe =0), are the geodesics of the Finsler space F™.

Indeed, F'(z,y) = 0 and the SODE (2.7) imply the equations (2.4) of geodesics of space F™.
A second important result is a consequence of the Lagrange equations, too.

Theorem 2.3. The variation of kinetic enerqy Ep2 = F? of the mechanical system Y along
the evolution curves (2.6) is given by
dSFQ d.’fz

— 2.9
dt dt (2.9)

Theorem 2.4. The kinetic enerqy Ep2 of the system X is conserved along the evolution curves
(2.6) if the external forces Fe are orthogonal to the evolution curves.

The external forces Fe are called dissipative if the scalar product (C, Fe) is negative, [17, 18|.

Theorem 2.5. The kinetic enerqy Ep= decreases along the evolution curves of the Finslerian
mechanical system X if and only if the external forces Fe are dissipative.

Some examples of Finslerian mechanical systems
1° The systems Xp = (M, Ep2, Fe) given by F™ = (M, a + ) as a Randers space and
Fe=pC= ﬁy’a— Evidently Fe is 2-homogeneous with respect to y°.
y’L

2° ¥ determined by F™ = (M,a + ) and Fe = aC.
3° ¥p with F* = (M, + ) and Fe = (a+ )C.

. .0
4° ¥ defined by a Finsler space F™ = (M, F') and Fe = a;-k(a:)y]yka .
yl

, a%(x) being a sym-

metric tensor on the configuration space M of type (1,2).

3 The evolution semispray of the system X

The Lagrange equations (2.6) give us the integral curves of a remarkable semispray on the
velocity space T'M, which governed the geometry of Finslerian mechanical system Xg. So, if
the external forces Fe are global defined on the manifold 7'M, we obtain:

Theorem 3.1. |[Miron, [17, 18]| For the Finslerian mechanical systems Xg, the following
properties hold good:

1° The operator S defined by

.0 o . 1 . 0 o . . .
S = ?f@ - (2 G'— EFZ) 8y"; 2G" = ’Y;k(%y)yjyk (3.1)

s a vector field, global defined on the phase space T M.

2° S is a semispray which depends only on Xg and it is a spray if Fe is 2-homogeneous with
respect to y'.

3° The integral curves of the vector field S are the evolution curves given by the Lagrange
equations (2.7) of Xp.
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Proof.

1° Let us consider the canonical semispray § of the Finsler space F". Thus from (2.3.1) we
have

S =3 +%F6. (3.2)
It follows that S is a vector field on T'M.
2° Since Fle is a vertical vector field, then S is a semispray. Evidently, S depends on ¥, only.
3° The integral curves of S are given by:
dx’ ; dy’
dt dt

S 1
=y +2G (2,y) = 5F(2,y). (3.3)
The previous system of differential equations is equivalent to system (2.7).
In the book of I. Bucataru and R. Miron [5], one proves the following important result,
which extend a known J. Klein theorem, [9]:

Theorem 3.2. The semispray S, given by the formula (3.1), is the unique vector field on m,
solution of the equation:

is w= —dT + o, (3.4)
o 1 1 da'da?
where w is the symplectic structure of the Finsler space F™ = (M, F), T = §F2 = égijd_q;d_mt

and o is the 1-form of external forces:
o = Fy(z,y)dx". (3.5)

In the terminology of J. Klein, [9], S is the dynamical system of ¥, defined on the tangent
manifold M. We will say that S is the evolution semispray of .

By means of semispray S we can develop the geometry of the Finslerian mechanical system
Y r. So, all geometrical notion derived from S, as nonlinear connections, N-linear connections
etc. will be considered as belong to the system X p. But, all this construction is developed in
the papers [17, 18]. A good application can be found in the Pavlov and Kokarev’s paper [23].
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[TonsTre HUHCIEPOBBIX MEXAHUYECKUX CHCTEM OBIJIO BBEIEHO ABTOPOM, KAK TPUILIET
Yr = (M,EF, Fe) bopmupyeMblii KOHMDUTYPAIMOHHBIM IPOCTPAHCTBOM M, KHHETHYIeCKOit
sHeprueit Ep moyonpeeseHHoro dgpuncaeposa npocrpancrsa F™ = (M, F) u BHeuiHeii
cunoit Fe. @DynmaMeHnTtajbHble ypaBHEHUA X SBJIAIOTCS ypaBHeHUSMHU Jlarpamka.
MozKkHO ompeenTh KAaHOHUYIECKUIA ITOIyCcIIpeil S U JoKa3aTh, YTO WHTEIPaJIbHbIE KPUBbIE
S SIBJISIOTCS JUHAMUYECKUMU KPHUBBIMU Y. TakuM 00pasoM, reoMeTpUUEcKask TeOpHst
(PUHCIEPOBBIX IMHAMUIECKIX CHUCTEM X g MOXKET H3ydaThbCs MPU MOMOIIN JHHAMUIECKUAX
cucreM S B npocrpaHcTBe cKopocreir T M.

KuroueBble cjioBa:  MOJIyONpeNiesIeHHOE (PUHCIEPOBO MPOCTPAHCTBO, (PUHCIEPOBBI
MeXaHU4YeCKUe CUCTEMBI.
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JET RIEMANN-HAMILTON GEOMETRIZATION
FOR THE CONFORMAL DEFORMED BERWALD-MOOR
QUARTIC METRIC DEPENDING ON MOMENTA

Alexandru Oana, Mircea Neagu
“Transilvania” University, Brasov, Romania

alexandru.oana@unitbv.ro, mircea.neagu@unitbv.ro

In this paper we expose on the dual 1-jet space J'*(R,M?) the distinguished (d-)
Riemannian geometry (in the sense of d-connection, d-torsions, d-curvatures and some
gravitational-like and electromagnetic-like geometrical models) for the (t,z)-conformal
deformed Berwald-Moor Hamiltonian metric of order four.

Key Words: (t,x)-conformal deformation of quartic Berwald-Moor Hamiltonian metric,
canonical nonlinear connection, Cartan canonical linear connection, d-torsions and d-curva-
tures, geometrical Einstein-like equations.

1 Introduction

The extension of classical Riemannian geometry of physical fields (gravitational and electromag-
netic) to metrics depending on directions g;;(,y) or to metrics depending on momenta g% (z, p)
has been and still is of great interest for scientists. In our days, such possible geometric-physical
abstract extensions were created by Miron, Atanasiu and their collaborators in the works [6,7]
and [3], by using geometrical ideas and distinguished methods from:

o Finslerian framework (where g;;(z,y) is 0-positive y-homogenous, and it is provided by a
1-positive y-homogenous Finslerian metric);

o Lagrangian framework (where g;;(x,y) is not necessarily 0-positive y-homogenous, but it is
provided by a Lagrangian L : TM — R);

e Hamiltonian framework (where g (z,p) is not necessarily 0-positive p-homogenous, but it
is provided by a Hamiltonian H : T*M — R).

The Miron’s geometrical construction (which is given on tangent or cotangent bundles) relies
on the using of the adapted basis of horizontal vector fields 6/dx’, instead of the natural basis
0/0z". This is because the local transformation rules of the horizontal vector fields 6/dx" are
tensorial ones, so more simple than the transformation rules of the vector fields 8/9x" on tangent
or cotangent bundles. For such a reason, all geometrical objects used in the corresponding
abstract physical theory are locally described in adapted bases. From a physical point of view,
the use of distinguished vector fields §/dx® is useful in order to be more simple to obey the
Einstein’s relativistic law that says that the form of all physical laws have to be the same in
any reference system. The geometrical translation of this physical law is that any geometric-
physical object used in theory must have a global geometrical character, that is it must have
the same local form in any local chart of coordinates.

In Miron’s physical field geometrical theory, the classical Riemannian Levi-Civita connec-
tion is replaced by Cartan canonical connection. It is well-known that in Finsler-Lagrange-
Hamilton geometrical framework there are a lot of important linear distinguished (d-) con-
nections (Cartan, Berwald, Chern-Rund or Hashiguchi, for instance). However, the use of the
Cartan canonical connection is prefered because it is the single linear d-connection which is
a metrical connection like the Levi-Civita connection in the classical Riemannian framework.
An important difference between these two connections is that the Cartan connection is only
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a partial torsion-free connection because the Poisson brackets of the distinguished vector fields
§/0x" are not generally equal to zero.

Consequently, in both gravitational and electromagnetic Finsler-Lagrange geometrical the-
ory, Miron and his coworkers postulate:

1. The Einstein-like equations that govern the anisotropic gravitational potentials g;;(z,y) are
the geometrical Einstein equations associated to the Cartan canonical connection, locally
described in adapted bases. Note that for the particular Lagrangian of classical electrody-
namics (see [6]) these Einstein-like equations become the classical Einstein equations.

2. The anisotropic electromagnetic field is defined in similar way with Riemannian one, but by
replacing the isotropic Riemannian electromagnetic potentials A;(z) with the anisotropic
electromagnetic potentials y; = g;;4°. Moreover, the authors substitute the Levi-Civita
connection with the metrical Cartan canonical connection:

F,i(z) = Ay — Ajy — Fz’j(l’ay) =Yil; — Yjli =

oy™ oy™
= Gim (U}) — Gim (Y[') = Gim (% + er?}) — Gim (% + y’"Lﬁ) -

= gin | s — N} L)~ g (o — N ) =
g (ax] i 8ys + y T‘]> g] < axz ) 6ys + y

is the local covariant derivative induced by Levi-Civita connection, “|” is the hor-

W
izontal covariant derivative induced by metrical Cartan canonical connection, N/ are the
components of the canonical nonlinear connection (this is induced by the Euler-Lagrange
equations of the given Lagrangian, and it is in the Finsler case exactly the classical Cartan
nonlinear connection), and Lf; are the horizontal components of the Cartan canonical con-
nection. It is important to note that the anisotropic electromagnetic components Fj;(z,y)
are governed by some natural Maxwell-like equations. The naturalness of these Maxwell-
like equations is coming again from the particular physical case of classical electrodynamics
(see [6], [7]) in which these Maxwell-like equations reduce exactly to the classical Maxwell
equations. More accurately, in this particular physical situation, the Lagrangian function
(that governs the movement law of a particle of mass m # 0 and electric charge e, which is
displaced concomitantly into an environment endowed both with a gravitational field and
an electromagnetic one) is given by

where

. 2¢e .
L(z*, y*) = mewi; (z¥)y'y’ + EAi(fv’“)y’ + F(a*), (1.1)

where the semi-Riemannian metric ¢;;(z) represents the gravitational potential of the space
of events M, A;(x) are the components of a d-tensor on the tangent bundle representing
the electromagnetic potential, and F(z) is a smooth potential function on the manifold M.
The corresponding electromagnetic components are given by

po__ ¢ (04 04,
Y om \oxi oxi )]

and the Maxwell geometrical equations reduce to the classical ones:

Z E]|k =0,

{i.g,k}

where aF
Fij|k = ('372] - ij’)/?l: - Fz‘m’)/;lz-
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Finally, in what concern the Hamiltonian geometrical approach of physical fields depending on
momenta, we would like to underline only the fact that the Hamiltonian theory uses the same
simmetry, methods and ideas with the Lagrangian theory, via the Legendre duality induced by
the classical natural Legendre transformations.

The geometric-physical Lagrangian or Hamiltonian Berwald-Moor structure [4, 8] was in-
tensively investigated by P.K. Rashevski [14] and further fundamented and developed by
D.G. Pavlov, G.I. Garas’ko and S.S. Kokarev [5,12,13]. In their works, the preceding Rus-
sian scientists emphasize the importance in the theory of space-time structure, gravitation and
electromagnetism of the geometry produced by the classical Berwald-Moor Lagrangian metric

F:TM — R, F(y) = V/y"2..y", n>2,

or by the corresponding Berwald-Moor Hamiltonian metric

H:T"M — R, H(p) = /p1pa---pn.

In such a perspective, according to the recent geometric-physical ideas proposed by Garas’ko [5],
we consider that a distinguished Riemannian geometry (in the sense of d-connection, d-torsions,
d-curvatures and some gravitational-like and electromagnetic-like geometrical models) for the
conformal deformations of the jet Berwald-Moor Hamiltonian metric of order four is required.
Note that a similar geometric-physical study for the (¢, z)-conformal deformations of the jet
Berwald-Moor Lagrangian metric of order four is now completely developed in the paper [9].
Also, few elements of distinguished Hamiltonian geometry produced by the cotangent quartic
Berwald-Moor metric depending of momenta are already presented in the paper [1].

In such a geometrical and physical context, this paper investigates on the dual 1-jet
space J*(R, M?) the Riemann-Hamilton distinguished geometry (together with a theoretical-
geometric field-like theory) for the (¢, x)-conformal deformed Berwald-Moor Hamiltonian metric
of order four'

(= 1/4
H(t,2,p) = 2¢7°@ /Ay, (1) [pipspipi] (1.2)

where o(z) is a smooth non-constant function on M*, hy;(t) is a Riemannian metric on R,
and (¢,z,p) = (t, 2", 2%, 23, 2% pl, p3, i, pi) are the coordinates of the momentum phase space
J™(R, M*); these transform by the rules (the Einstein convention of summation is assumed
everywhere):

-~ . o ox? dt
. ~i _ ~ ~ 1

where i, j = 1,4, rank (07%/027) = 4 and dt/dt # 0. It is important to note that, based on the
geometrical ideas promoted by Miron, Hrimiuc, Shimada and Sabau in the classical Hamiltonian
geometry of cotangent bundles ( [7]), together with those used by Atanasiu, Neagu and Oana
in the geometry of dual 1-jet spaces, the differential geometry (in the sense of d-connections,
d-torsions, d-curvatures, abstract gravitational-like and electromagnetic-like geometrical theo-
ries) produced by a jet Hamiltonian function H : J*(R, M™) — R is now completely done in
the papers [2,3,10] and [11]. In what follows, we apply the general geometrical results from [10]
and [11] to the square of Hamiltonian metric (1.2), which is given by (n = 4)

(1.3)

- —20(x 1/2

!'We assume that we have plpipipi > 0. This is one domain where we can p-differentiate the Hamiltonian
function H(t,z,p).
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Proposition 1.1 The momentum Hamiltonian metric (1.4) is exactly the natural Hamiltonian
attached to the square of the jet Berwald-Moor Lagrangian metric, which has the expression

L(t,z,y) = ¥ @R (1) [ylyPylyl]” . (1.5)

Proof. The Hamiltonian H, associated to the square of the jet Berwald-Moor Lagrangian

metric L, is defined by formula

H(t,z,p) = Zpryl L{t,z,y).

where

31*) eQU(z)hll(t) [y1y2y3y4]1/2 .
pl= o = 5 A lquf L eyl = 5 (no sum by r). (1.6)

It follows that we have

H Z:pry1 :22—2:2.
But, the equalities (1.6) obviously imply
* 4 % 2
L edo(@) [R11($)]? {L}
{ } _ @ @) [ylviyivl] )

16 [yiyiyiyt] 16 N 16

In conclusion, we obtained what we were looking for:

PiP3P3Py =

* * o\xr 2
H=1L=4¢2®hy(t) [ppipipi] >

Remark 1.2 Note that the jet Lagrangian metric (1.5) is even the square of the conformal
deformed jet quartic Berwald-Moor Finslerian metric

oz 1/4
F(t,,y) = @ /(@) [yly2ydyt] "

In other words, we have L = F?.

2 The canonical nonlinear connection

Using the notation P! := plplplp! and taking into account that we have

87)1111 7)1111
apl  pl

then the fundamental metrical d-tensor produced by the metric (1.4) is given by the formula
(no sum by i or j)

R (¢) 02 H 20 (1 24%) [731111]1/2
2 oplop; 2 nipt

(2.1)

;}ij(ta xap) =
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Moreover, the matrix g = (¢%/) admits the inverse g~' = (E]jk), whose entries are given by

e?a(a:) (1 _ 26jk> [Pllll]*l/2

§jk = 5 pipy, (no sum by j or k). (2.2)
Let us consider the Christoffel symbol of the Riemannian metric h1;1(¢) on R, which is given by
Rt dh
1 11
K, =
11 2 dt )

where h'! = 1/hy; > 0. Then, using the notation o; := 9o /0%, we find the following geomet-
rical result:

Proposition 2.1 For the (¢, z)-conformal deformed Berwald-Moor Hamiltonian metric of order
four (1.4), the canonical nonlinear connection on the dual 1-jet space J'*(R, M*) has the
components

N = (N, = bt N, = —40w6;). (23)

Proof. The canonical nonlinear connection produced by H on the dual 1-jet space J™(R, M*)
has the following components (see [2]):

1 def
J}fgi)) = Kp1p;

and

N _ W |09, 0H 09y, 0H . O*H . 0°H

: : A A 24
207 4 | 9xk Opl  OpL Oz Gk dxIOp}. 95 Ox'Op;. (2.4)

Now, by a direct calculation, we obtain

_ — 2%y (1 - 26:) pop; [ 34, 7F

—|—4h11 (]_ — 2(513) |:—plpj (Zk 1 ) + Ulp] + U]pZ:| =

= 4h, (1 - 252]) <O-ipj + Ujpi)

and i} .
L PH . OPH
Gt dxIOp;. Yik oridp,

B 24 {620(90) (1 _ 25zk) [731111]—1/2 . (_4) h116720(x)0j [fpllll]l/Q}
- k=1

+

9 p;Py - p}g -

. 20 (@) (1—26) [Puu]*l/? - (—4) hye~2@) g, [P1111]1/2
+ 2 ke

= Zi:l [—2h11 (1 — 25zk) Ujp} — 2h11 (1 — 26]k) O'Z'pﬂ = —4h11 (O'Z'pj + ijz-) .

Consequently, we obtain

Jgf%)j = —2(opj + 0;p;) 055 = —40ip}5ij.

Remark 2.2 Formula (2.4) of the spatial Hamiltonian canonical nonlinear connection is pro-
vided, via the Legendre duality, by the classical Lagrangian canonical nonlinear connection.
For more details, the reader is invited to consult Miron’s monograph ( [7], pp. 166).
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3 The Cartan canonical N-linear connection.
Its d-torsions and d-curvatures

The nonlinear connection (2.3) produces the dual adapted bases of d-vector fields (no sum by )

g 0 , 1 0 J 0 e 0
{5t ot Kllpr ap}n ’ St ox’ + 0iP; 8]911 8]911 - ( ) ( )
and d-covector fields (no sum by i)
{at ; dz*; ép; = dp; + Ky,p;dt — do;p;da’} C X*(E”), (3.2)

where E* = J*(R, M*). The naturalness of the geometrical adapted bases (3.1) and (3.2) is
coming from the fact that, via a transformation of coordinates (1.3), their elements transform as
the classical tensors. Therefore, the description of all subsequent geometrical objects on the dual
1-jet space J™*(R, M*) (e.g., the Cartan canonical linear connection, its torsion and curvature
etc.) will be done in local adapted components. Consequently, by direct computations, we
obtain the following geometrical result:

Proposition 3.1 The Cartan canonical N-linear connection produced by the (¢, z)-conformal
deformed Berwald-Moor Hamiltonian metric of order four (1.4) has the following adapted local
components (no sum by i, j or k):

. o
CT(N) = <K}1, Al =0, Hiy = 481650, CI) = CI*- %) , (3.3)
P;Dy
where
O 207 — 26] — 26F +80]8F _
i 8
(1 .
§7 ¢ 7é J 7£ k 7é ?

1
= g t=jF#kori=k#jorj=k#i

Proof. The adapted components of the Cartan canonical connection are given by the formulas
(see [10]),

s w5 (0, S 04, y
AL L 909G g der 9 (O Ok 090k ) _ ysigi
J 2 Ot J 2 \ oz dxd oz’ J

2

cited _Gin (3ng og*" 09”“) _ 9,99
i(1

+ — = .
op,  Op;  Op} 2 Op;
Using the derivative operators (3.1), the direct calculations lead us to the required results.

Remark 3.2 It is important to note that the vertical d-tensor C’f((lk)) also has the properties
(sum by m):

J(k) _ ~k(5) jm) 1 _ j(m) _ j(m)  _
Coay =Cqys Gy Pm=0, Coay =0, Ciyyp, =0, (3.4)
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where

l(k)
I(k) def k) ! U(k) gr U(r) rrk
i(D)]j — Si H CT(I)HU + Ci(l)HTj'

Proposition 3.3 The Cartan canonical connection of the (¢, z)-conformal deformed Berwald-
Moor Hamiltonian metric of order four (1.4) has two effective local torsion d-tensors:

pl
R(:)i' = —doy; (pldw p1'5jr) ’ T(J Cr] bi -
7 ’ Prp]
n Do
whnere 0;; ‘— ————.
7T Oxidxd
Proof. A Cartan canonical connection on the dual 1-jet space J'*(R, M*) generally has siz ef-
fective local d-tensors of torsion (for more details, see [10]). For the particular Cartan canonical
connection (3.3) these reduce only to two (the other four are zero):
(1) (1)
w aer N e

C OB W ) def )
Rays = 5o~ 50 L = Ciy-

Proposition 3.4 The Cartan canonical connection of the (¢, z)-conformal deformed Berwald-
Moor Hamiltonian metric of order four (1.4) has three effective local curvature d-tensors:

OH!  OH!,

. OHj; N e L) R
ik = 3k T g T Mt — HicHyy + Gy Ry Py = =Gy
4 acy)  aCy .
1G)(k) def i B k) )
Slu - +aa® _ cr o)

(1) 3leg ap]

Proof. A Cartan canonical connection on the dual 1-jet space J™*(R, M*) generally has five
effective local d-tensors of curvature (for all details, see [10]). For the particular Cartan canon-
ical connection (3.3) these reduce only to three (the other two are zero). These are 52(1)(1)
and

1 def O _ 0H;

—h + HLHY — HyHY + Cy) R

ik gk dxd (r)ik?
l

L) def OHij 1) p(h) () _ _ i)

a0~ gpr Gt G lein = ~Cow

where

p o _ 20
(i = ppt

4 From (¢,z)-conformal deformations of the quartic Berwald-Moor
Hamiltonian metric to field-like geometrical models

4.1 Momentum gravitational-like geometrical model

The (¢, z)-conformal deformed Berwald-Moor Hamiltonian metric of order four (1.4) produces
on the momentum phase space J'*(R, M*) the adapted metrical d-tensor (sum by ¢ and j)

G = hndt ® dt + g;;da’ ® da? + hy19"8p} ® Jp}, (4.1)
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where §jk and g% are given by (2.2) and (2.1), and we have (no sum by i)
6pt = dp; + Kiprdt — doplda’.

We believe that, from a physical point of view, the metrical d-tensor (4.1) may be regarded as a
“gravitational potential depending on momenta”. In our abstract geometric-physical approach,
one postulates that the momentum gravitational potential G is governed by the geometrical
FEinstein equations

Ric (CT(N)) — w«; —KT, (4.2)

where

e Ric (CT(N)) is the Ricci d-tensor associated to the Cartan canonical linear connection (3.3);
the Cartan canonical linear connection plays in our geometric-physical theory the same role
as the Levi-Civita connection in the classical Riemannian theory of gravity;

e Sc (CT(N)) is the scalar curvature;
e Cis the Einstein constant and T is an intrinsic momentum stress-energy d-tensor of matter.

Therefore, using the adapted basis of vector fields (3.1), we can locally describe the global
geometrical Einstein equations (4.2). Consequently, some direct computations lead to:

Lemma 4.1 The Ricci tensor of the Cartan canonical connection of the (¢, z)-conformal de-
formed Berwald-Moor Hamiltonian metric of order four (1.4) has the following two effective
local Ricci d-tensors (no sum by 4, j, k or 1):

Py Py
_20-2”__1/0-"{: ZO_Z) Z#]? {Z7j7kal}:{13273a4}
Rij - ! pllg ! pl ’
0, i =7 (4.3)
06 oG 409 -1 1
Ry = =S = —3 P

Proof. Generally, the Ricci tensor of a Cartan canonical connection CT'(N) (produced by an
arbitrary momentum Hamiltonian function) is determined by siz effective local Ricci d-tensors
(for more details, see [11]). For the particular Cartan canonical connection (3.3) these reduce
only to two (the other four are zero), where (sum by r and m):

OHI  9H™
R™ _ oty oHi, +HHT, — HTHerC R1

am = ogm o (r)jm?

R def

ac,  aC

(1)(5) def _ m(1) r(j) i(m) r(m)
SO0 = Sty = 3% "oy + GG = Cnin Ol =
80
o + i ol
opk.

Lemma 4.2 The scalar curvature of the Cartan canonical connection of the (t,z)-conformal
deformed Berwald-Moor Hamiltonian metric of order four (1.4) has the value

Sc (CF(N)) — _46—20 [Pllll] 1/2 211 . gh11€20 [7)1111}—1/2 7
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where
012 013 014 023 024 034

+ + + + + .
piP;  Pips  DIPy  PiD3 P3Py PPy

Z11 -

Proof. The scalar curvature of the Cartan canonical connection (3.3) is given by the general
formula Sc (CT(N)) = g JRZ] . hll* S( %((Jl))

The local description in the adapted basis of vector fields (3.1) of the global geometrical Einstein
equations (4.2) leads us to

Proposition 4.3 The geometrical Einstein-like equations produced by the (¢, z)-conformal
deformed Berwald-Moor Hamiltonian metric of order four (1.4) are locally described by

¢

3 -
22 hyy [Pnu]l/? Y+ 1620 [P /2 _ KT,

3 - *
Ry + {26—2(; [731111]1/2 S+ Zh11€2<y [Pl 1/2} 9:;; = KTjj,
(4.4)
M)

0=Ty, 0=Ty, 0=T
0

i) 5
—gWG) { 22Ny, [731111]1/2 S+ Zeza [pliiL)” 1/2} ]C']T(l)(l),

0="T,}, 0="T,\

\ 1(1 (1>

Corollary 4.4 The momentum stress-energy d-tensor of matter T satisfies the following geo-
metrical conservation-like laws (sum by m):

1)
T%/l + T4, + Ty, |(1) =
1 1) (m) _ gm
P]Fz/l + P]Fz|m + T ‘ Ez\m

192
P! op}

—20 [p111171/2
1) m(i) W@ (m _ € 7P T8y 0%n
T+ T + Ty = e

\

where (sum by 7):

§h11620 [731111]—1/2}

Tl def BT, = K1 {26—20 [Pnn]l/? S+ ;

g,y =0, T, Y

(m =0, T; e ATy =0,

h11* T (r)

T (1)1

ef x * 3 _
T;n d:f ngTri — E;n = ’C—l A |:9er” + 5Zm { 26—20 [P1111]1/2 Ell 4 Zh1162a [731111] 1/2}:| :

def O, ']I‘m(l) def *mr']r () _ O,

11* (r _ l) def 311 (Z
h T 0, 'IF h**T, 1) = () =

1)
T Imr T (1); = W =

(m)i —

11 20 [pl1117—1/2
(@) def pig () hite? [PHU] " p,,
T = 9 m Ty = K P

5,

plle20 [731111]—1/2 . 9p—20 [731111]1/2 Yy
41 K ’
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and we also have (summation by m and r, but no sum by 1)

def 0T} OT1 o def OTT rrm
T%ﬂ = 5t 4 Tiky, — TiKf, = 5_2517 m = Fpm + TiH;;,,
1) 1)
() (o) def M ) crtmy _ ILlonn
iy = gpr -~ TenCmay) = g1
def 0T} . 0T}
11/1 = 5t iK%l - T}"Ail = 5t iK%lﬂ
o 5T SET
Ty, < ~ T H}, = Ef, = |
S dzm
oT®
@ () def OLemyi 1) rlm) _ @) ()
Ty = 0 = T = TomeCiy
o der TG o o e OT70) 0 ()
1(z le] 1(r) A4 m (i le] 1 m(4 (i)
Wn = 5 H AL T = o 4T yom +4T jos,
W@ (o) der T 00 rtm) @) it
1)(z € 1)(2 r(m D(r i(m
Tmm® = ot ~ Tt + T Crch

Proof. The local Einstein equations (4.4), together with some direct computations, lead us to
what we were looking for.

4.2 Momentum electromagnetic-like geometrical model

In the paper [11], a geometrical theory for an electromagnetism depending on momenta was also
created, using only a given Hamiltonian function H on the momentum phase space J*(R, M?).
In the background of the jet momentum Hamiltonian geometry from this paper, we work with
the electromagnetic distinguished 2-form F = F((fgj(Spl-l A dz?, where (sum by r and m)

11
R = [y = gy, + (a5 hg) ol
The above electromagnetic components depending on momenta are characterized by some
natural geometrical Mazwell-like equations (for more details, see Oana and Neagu [10], [11]).
By a direct calculation, we see that the (¢, z)-conformal deformed Berwald-Moor Hamilto-
nian metric of order four (1.4) produces null momentum electromagnetic components: F 8] 0.
Consequently, our dual jet (t,z)-conformal deformed Berwald-Moor Hamiltonian geometrical
electromagnetic theory is trivial one. Probably, this fact suggests that the dual jet (¢, z)-
conformal deformed Berwald-Moor Hamiltonian structure (1.4) has rather gravitational conno-
tations than electromagnetic ones on the momentum phase space J™(R, M*).
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CTPYNHAS TEOMETPU3AILINA PUMAHA-TAMNJIETOHA
19 BABUCHIIEN OT UMITYJIBCA
KOH®OPMHO-ITE®OPMINPOBAHHON METPUKNA
BEPBAJILJIA-MOOPA YETBEPTOII CTEIIEHU

O. Anekcanapy, M. Heary
Tpancunrveancrut yrusepcumem, Bpawos, Pymvinus

alexandru.oana@unitbv.ro, mircea.neagu@unitbv.ro

B Hacrosieil crarbe MbI TIpejjiaraeM BHUMaHUIO dntaresis (d-)puMaHoBY reomerpuio (B
cmbicite d-ceasHoctu, d-ppamenns, d-KpUBH3HBI M HEKOTOPBIX T€OMETPHYCCKHAX MOJeJIeil
IPABUTAIIMOHHOIO W 3JIEKTPOMAIHUTHOIO THUIA) B JyAJbHOM 1-CTPYHHOM MPOCTPAHCTBE
J¥(R, M%) nna (t,x)-kondopmmoii aedbopMuposannoil MeTpukn Bepsaanaa-Moopa
YeTBepTOil CTeIleHH.

KuimtoueBbie ciioBa: (¢, z)-xkoudopmuasi gedopmanust merpukn Bepsasbia-Moopa
9eTBEPTOU CTENeHN, KAHOHWYEecKas HeJIWHeWHas CBA3HOCTH, KAHOHWYECKas JUHeHas
cBasHocTh Kaprana, d-Bpainenune n d-KpuBHU3HA, T€OMETPUUECKUE YDABHEHUS DUHIITEN-
HOBCKOT'O THIIA.
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FINSLER GEOMETRY IN GTR IN THE PRESENCE OF A
VELOCITY DEPENDENT GAUGE FIELD

Gyorgy Darvas
Symmetrion and Institute for Research Organisation of the Hungarian Academy of Sciences,
Budapest, Hungary
darvasg@iif.hu

Fields around their source determine a curved geometry. Velocity dependent phenomena
in these fields involve a curvature tensor, whose elements depend on the value and the
direction of the velocity of the source of the interaction gauge field, as observed from the
reference frame of the matter field. This double (space-time and velocity) dependency of
the curvature requires the field to follow a Finsler geometry.

Key Words: fundamental interactions, field charges, invariance, covariance, isotopic field
charge spin, conservation, symmetry, gauge boson, velocity dependent fields, Finslerian
curvature tensor, modified Einstein equation.

1 Conservation laws in the presence
of a velocity dependent gauge field

[1] showed that in the presence of a velocity dependent gauge field D, = D (¢*) with a La-
grangian density L(¢x, D;o), where ¢, (k=1,...,n) are the matter fields — which also in-
cludes the velocity field ## =i"(x,), and D; 4, (a=1,...,N), are the (kinetic) gauge fields,
assumed also that L(gy, D, o) is invariant under the local transformations of a compact, simple
Lie group G generated by T,,, (a=1,...,N), where [T,,, 1] = icngw and ng are the so-called
structure constants, corresponding to the actually considered individual physical interactions
symmetry group, there appear two conserved Noether currents:

JWr =g, FWm g, g — (1)
JP =9, FPm 9,7 =0. (2)
These equations form a complete system with the additional condition
OL oL
7m0’ + o ———0,2" = 0.
90,D50) " T 80,50 M

1.1 Mathematical background

[2] gave a mathematical proof for the conservation of the currents J and JP" as well as
demonstrated that — at least in this specific case — the replacement of an f(&,,z,) dependence
with an f(&,(x,)) dependence led to the same result. This can be seen easily, for the currents
Jo(él)“ coincide with those what we received in a simply space-time dependent field. However, the
introduction of a velocity dependent gauge field provided an additional J&” current family that
extends and coexists with the previous ones simultaneously. The extension of the arguments of
the fields is in full agreement with the original general formulation of Noether’s second theorem
[3-5]. The simultaneous existence holds although the respective components of the two current
families are not independent.

Application of Finsler geometry can be investigated by analysing the currents J&” where
the velocity dependence presents itself. JP” which is a current interpreted in the velocity
dependent gauge field, can be written in the form

oL

J@w =i —
@) =3 500

[

(Ta)rapr(#)8,i" — C7, Dy, (#)8,d x FOM () (3)
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where J [gimel, the third letter of the Hebrew alphabet| denotes a general coupling constant,
which can be replaced by a concrete coupling constant for each individual physical interaction,
for example by g for gravity.

Writing F2* ! in the left side of (3) considering (2) and writing the covariant derivative

(denoted by careted @) of Fo(éz)“ Y in the form
éﬂFéQ)uV(x) = @LFO(?)W@) + @'jczﬁ D, 58,4 X FA52)W($)

one gets
A oL
(2)pv — 7 3 sV
0, F\P™ () Zja(augok) (To)kipi(2)0,& (4)

This form has the advantage that the right side of the equation depends solely on the matter
fields, and all dependencies on the gauge fields are separated in the left side. The velocity
dependent (that means, direction dependent) curvature tensors appear also in the left side of
the equation.

1.2 Physical considerations

The physical meaning of the couple of conserved currents is the following.
Eq. (1) can be written in the form:

OL

Q)pv _
0, F, M (1) = ZJ@((‘?V(pk)

(To)wpr(2) (5)

Relations (5) and (4) provide the equations of motion for the potential part? of the system’s
Lagrangian density. As mentioned in [2], it is generally the case that when (5) or (4) is satisfied,
the matter-field current associated with the Lagrangian acts as the source for the gauge fields.
This is a consequence of the fact that the matter-field dependent and the gauge-field dependent
currents are at separate sides in each of the latter two equations.?

The covariant dependence on the velocity-space gauge field is obvious from (4), and it was
shown in a similar way for (5) in [2]. The derived conserved currents make a correspondence
between the matter fields and the kinetic (velocity-dependent) gauge fields. They open the
way to conclude invariance between the sources of the scalar fields on the one side, and the
gauge vector fields on the other.

There is easy to see that F\"" “(z) and Fm “(x) transform in the same way, as isovec—
tors, under a local transformation V(z) € G [1] FOO'™ (1) = VUEM™(4)V and F2™ (2) =
VLE®™ (2)V. Notice, that the forms of J$"”(#) conserved currents in the presence of ve-
locity depending fields coincide with the form of those currents that we had obtained for
space-time depending fields. With respect to this identical form, as well as to the variety

of the symmetry groups that they may obey, one can replace () — ¢(z), D(¢) — B(x)

and Jél)(:b) — jc(, (), where B(z) are familiar physical gauge fields with symmetries, e.g.,

U(1),8U(2), [and SU(2) x U(1)], SU(3) or SO(3,1), with the substitution of J by the cor-
responding coupling constants. FO- “(x) take the same forms and transform in a velocity
dependent D gauge field like the components of a 7”(x) current and isovectors f*(z) of a

0D} 00,37  0Ds 00,%°
ox, Oz,
2I.e., which serves as the source for the gauge-fields, and consequently as the source for the characteristic
charges of the given fields.
3Here the only condition assumed was that the field equations be satisfied. No restriction was imposed on
the form of the Lagrangian density except that it be invariant under local gauge transformations as defined
in (3).

IThe F®# fields take the general form F\W* (z) =

— {107, Dy 50,8 Ds 0y
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general matter field ¢(z) and gauge field B, defined by f* = 0"B, —0"B, — 1B, x B, in the
four dimensional space-time. (This yields the information, that in a boundary situation, i.e.,
in the absence of relativistic accelerations, our derivation produces the same result as it was
known without the assumption of a velocity dependent gauge field. We got back to the results
that were known in the absence of a velocity-dependent gauge field, and that were based on cal-
culations in an only space-time dependent gauge field. So, without employing accelerations, we
derived the same conserved currents. This justifies our preliminary assumption, that handling
the space-time coordinates as implicit parameters not only provides additional information but
it preserves the physical relevance of the theory.)

1.3 First conserved quantity:
Conservation of the field charge (7)

We denoted [1]| the sources of the individual physical fields (for example, gravitational, elec-
tromagnetic, and so on) by the letter 1 (dalet, the fourth letter of the Hebrew alphabet) and
we call them field charges (for example, mass, electric charge, etc.) which have two isotopic
states. The field charges form four-currents each (at least in the Standard Model). In a gen-
eral case, the T, (which appear in the presented conserved currents) as introduced above, are
matrix-representation operators generating the group G, with the mentioned commutation rule
1o, Ts) = iC? BT'Y' They can be replaced by concrete operators of the concerned fields, accord-
ing to their characteristic symmetry groups, like U(1), SU(2), SU(3) or SO(3,1), and their
combinations, and B can be substituted by the concrete coupling constants of the individual
physical fields. Thus, in a general case, and with group G of an arbitrarily chosen physical field
B, one can write ¢(z) and J in the equations for the currents JV¥ and substitute the above
equations with:

OL
JWY(z) = ilm(Ta)klw@)a T (@) = 0, F (),
OL
(1)“1/ —_ <
F) = 56 B a@)) .

and
aAMFél)P«V<x) = 6”F0(41)W/(m) + ZJCZBBM,,@('I) % F’)(/l)p,y(x)

The operators of the quanta of the given physical field are determined by the generators {T,}
of the symmetry group of the respective field. The full conserved field charge currents JH will
provide the conserved quantities of the field ¢(z), which the gauge field B interacts with. We
called these conserved quantities field charges and denoted by 1. (We will see in subsections
1.4 and 1.5 that 71 appears in two isotopic states, what we call isotopi field charges.) We can
get the conserved quantity by integration of the current in the usual way, applying Gauss’
theorem, where the integral of the spatial components vanishes at an infinite boundary, and
we get:
L

i [ G Ty =0 )
where the integral provides the conserved field charge T of the source field .

The results derived in this subsection coincide with the well known conservation laws of
field theories. We treat it here in order to make it comparable with the results of the next
subsection (1.4), and to demonstrate that the two conserved quantities appear simultaneously
(Sec. 1.5).
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1.4 Second conserved quantity:
Conservation of the isotopic field charge spin (A4)

What is isotopic field charge spin (IFCS)? [1] assumed that the field charges appearing in the
potential part of a Hamiltonian as the scalar sources of a matter field, and the field charges
appearing in the kinetic part of a Hamiltonian, and in currents as sources of gauge fields are
qualitatively different physical quantities. They are called isotopic field charges. For example,
the mass of gravity and the mass of inertia are considered here, and from now on, as two,
qualitatively different physical properties (although equal in their values in rest), and serve
as the sources of gravitational and kinetic fields, respectively. In a similar way, the electric
charges appearing in the Coulomb potential and the electric charges appearing in the currents
that serve as sources of magnetic fields are also qualitatively different physical quantities. The
same is assumed on the sources of other interaction fields. These twin couples of physical
quantities, like isotopes of each other, are called with the common name isotopic field charges.

This means, there appear two different isotopes of a given field charge in the individual
elements of a four-current. This distinction between the isotopic field charges would distort
the Lorentz invariance of these currents, what is not in accordance with our physical experience.
Therefore, the assumption of the distinction between the isotopic field charges must involve
the assumption that they are members of a group whose elements can be transformed into
each other. This symmetry among the members of an individual isotopic field charge couple
counteracts the symmetry lost by the introduction of the distinction between them. This new
invariance can be represented by an SU(2) group, which rotates the two isotopic states of the
field charges in a gauge field, and can take two stable positions. [1] (a) proved (as cited below)
that the introduced velocity dependent D gauge field serves as the field where the isotopic
states of the field charges are rotated, (b) introduced that the rotated property (the two stable
states of the isotopic field charges) be called (by analogy) isotopic field charge spin (A), and (c)
proved that the conservation of the J@ currents provides the conservation of the isotopic field
charge spin. So, the above cited, derived JO(?)V(QU) are the isotopic field charge spin currents,
which — similar to JV* — are also conserved and yield a conservation law. The conserved
quantity derived from J,gQ)V(m) is the isotopic field charge spin A.

The conserved current in the kinetic field can be read from (3). The right side of (3)
represents the full conserved isotopic field charge spin current, which includes the contribution
of the D field.*

We have introduced the D field — which is shown to be responsible for the isotopic field
charge spin transformation — to counteract the dependence of a V(&) = e~ a(®)Ta transfor-
mation on Z,. The field equations, which are satisfied by the twelve independent components
of the D field, and their interaction with any field that carries isotopic field charge spin are
unambiguously determined by the defined currents and covariant F(?#-s constructed from the
components of D. Considering a general Lorentz- and gauge invariant Lagrangian, we obtain
from the equations of motion that J®123 and J®* are, respectively, the isotopic field charge
spin current density and isotopic field charge spin (A) density of the system. The total isotopic
field charge spin

A= % / J@1dy (8)

is independent of time and independent of Lorentz transformation. J®* does not transform as
a vector, while A transforms as a vector under rotations in the isotopic field charge spin field.

4Similar attempts (like our in the velocity space) were made by [6] in the phase space (with a particular
mapping from the configuration space to phase space), and they anticipated the quantization of the models.
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1.5 Coupling of the two conserved quantities (1 and A)

The dependence of the two currents Wk and J&* on each other has physical consequences.
Once, it justifies that the quantities, whose conservation they represent and which are coupled,
exist simultaneously. Secondly, the coupling of a conserved quantity in a space-time dependent
field — which coincides with one of our familiar physical fields — with another in a kinetic
(velocity dependent, introduced in [2] and [1]) gauge field indicates that the derived conservation
verifies just the invariance between the two isotopic states of the field charges, namely between
the potential Ty and the kinetic TIp (where the indices V' and T refer to the potential and the
kinetic components of a Hamiltonian, respectively, and the two kinds of 71 correspond to the
two isotopic field charges). (Remember that 71 can be field charges of different physical fields
marked in common with B, while A represents a single quantity belonging to the kinetic gauge
field D).

In the presence of kinetic fields we have two conserved currents that are effective simultane-
ously. The kinetic gauge field D is present simultaneously with the interacting matter || and
gauge |B] fields. The presence of D corresponds to the property of the field charges 7 of the
individual fields that they split in two isotopic states, and analogously to the isotopic spin, we
named these two states isotopic field charge spin (IFCS) what we denote by A. The source of
the isotopic field charge spin (A) is the field ¢(&) in interaction with the kinetic gauge field D.

In summary, the physical meaning of A can be understood, when we specify the transfor-
mation group associated with the D field, which describes the transformations of 7 (i.e., the
isotopic field charges). 71 can take two (potential and kinetic) isotopic states 7Ty and Ty in a
simple unitary abstract space. Their symmetry group is SU(2), that can be represented by 2 x 2
T, matrices. There are three independent T, that may transform into each other, following the
rule [T, Tp] = iC7 T, where the structure constants can take the values 0, £1. Let T; and T
be those which do not commute with T3; they generate transformations that mix the different
values of T3, while this “third” component’s eigenvalues represent the members of a A doublet.
For the isotopic field charges compose a 1 doublet of Ty and TIr, the field’s wave function can

be written as
1

(9) is the wave function for a single particle which may be in the “potential state”, with am-
plitude 1y, or in the “kinetic state”, with amplitude ¥7. 1 in (9) represents a mixture of the
potential and kinetic states of the 7, and there are T, that govern the mixing of the compo-
nents 1y and ¥ in the transformation. T, (o = 1,2, 3) are representations of operators which
can be taken as the three components of the isotopic field charge spin, A, Ay, Az that follow
the same (non-Abelian) commutation rules as do the T, matrices, |A1, Ay] = iA;z, etc. These
operators represent the charges of the isotopic field charge spin space, and 1 are the fields on
which the operators of the gauge fields act.

The quanta of the D field should carry isotopic field charge spin A. The A doublet, as a
conserved quantity, is related to the two isotopic states of field charges (), and the associated
operators (4;) induce transitions from one member of the doublet to the other.

1.6 Interpretation of the isotopic field charge spin conservation

Invariance between 1y, and TIp means that they can substitute for each other arbitrarily in the
interaction between field charges of any given fundamental physical interaction. They appear
at a probability between [0, 1] in a mixture of states in the wave function

=()
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so that the Hamiltonian of a single particle oscillates between V and T', while the Hamiltonian
of a composite system is a mixture of the oscillating components of the particles that constitute
the system. The individual particles in a two-particle system are either in the V or in the T
state respectively, and switch between the two roles permanently; while the observable value
of H is the expected value of the mixture of the actual states of the two, always opposite state
particles. In the case of mechanics this means that the mass of any physical object is a mixture
of unit masses of gravity and unit masses of inertia that oscillate between the two states each.
In gravitational interaction between two unit masses, one of them is in gravitational state, and
the other in kinetic state. They swap their roles permanently by the exchange of the quantum
of the A field.

The invariance between Ty and Tz (what is ensured by the conservation of A), and their
abilitiy to swap means also that they can restore the symmetry in the physical equations which
was lost when we replaced the general 1 (namely mass m, electric charge g, ... etc.,) by their
isotopes Iy and TIp.°

2 Finsler geometry in the presence of isotopic field charges

Let us specify (5) for the gravitational field [9]. The right side of the equation contains the
scalar field that serves for the source of the gravitational field. The J can be replaced by the
gravitational coupling constant g. As we noticed, the dependence on the gauge fields is on the
left side of the equation (5). Fi " () must satisfy the

1
T;u/ = ,u/\F)\I/ + Zé,ul/gkUF)\ag)\kap

identity for the energy-momentum tensor 7),,. (In order to bring this form in compliance with
the indices in (5), one should raise the indices by multiplying with the metric tensor gs, in the
right side.) This energy-momentum tensor 7, can be expressed by the way of the Einstein
equation

Ty = _ﬁ(Rm’ - %Rg,“, + Agu) (10)
where R, is the Ricci tensor defined by the help of the derivatives of the metric tensor g, ,
R is the Ricci scalar formed from the Ricci tensor (Riemann curvature) and the metric tensor,
and A is a constant of Nature, as well as Gy the constant of Newton.

The metric tensor g, and its derivatives depend on the localisation of the given point in the
space-time in the General Theory of Relativity (GTR), and are subject of Riemann geometry.
In the presence of a kinetic field, that means, isotopic mass field D (mass being the field-
charge of the gravitational field), however, the curvature depends also on velocity. (Whose
velocity? On the actual inertial velocity of a test unit-mass placed in a given space-time point
in the reference frame fixed to the source of a scalar gravitational field ¢ which appears on the
right side of (5).) The g,, metric tensor, and consequently the affine connection field and the
curvature tensor formed from its derivatives, depend on space-time and velocity co-ordinates.
With the appearance of the dependence on the velocity vector, the curvature becomes dependent
on its direction in each space-time point. The direction (additional parameter) attributed to

each space-time point is defined by the orientation of the velocity of a test unit-mass in the
v

given space-time point, ﬂ The curvature can no more follow a “simple” Riemann geometry,
v

it follows a Finsler geometry whose metric is defined by the dependence of g,, on (z, and) #,,.

®Consequences of the application of effective field theories were analysed e.g., in philosophy by [7] and in
physics by [8].
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Of course, the space-time plus four-velocity dependence of the metric tensor g, affects its
all derivatives, including the formation of the affine connection field (from first derivatives)
and the Riemann curvature (or Ricci tensor, second, covariant derivative)

1
P)‘NV = 5 [8%9)\” + an)\M - a)\gm’] F;}\w = gApr;w
and
Ry =0, — O\, + T, T, = Io,I7,,.

Ho~ v

The solution of the Einstein equation in velocity dependent field with Finsler geometry must
necessarily lead to solutions different from that of Schwarzschild.

3 The role of the isotopic field charge spin conservation

The role of equation (4) is to retain the invariance between the two isotopic forms, namely
gravitational and inertial, of masses. The importance of this is to save the covariance of our
equations. Since there appear two different kinds of (isotopic) masses in the energy-momentum
“four-vector” (in the fourth column of 7},,,) it does no more transform as a vector, and Lorentz
transformation can no more guarantee alone the covariance of our equations.

As a consequence of the distinction between my and my, as well as the association of the
energy content with the mass my and the components of the momentum with my, we lose
also the symmetry of the 7}, energy-momentum tensor. To retain symmetry in Einstein’s field
equations we must require again the invariant transformation of my and my into each other in
an appropriate gauge field, namely in D. We refer to [10] who foresaw the possible generalisation
of YM type gauge invariance in general relativity “in close analogy with the curvature tensor”. If
we consider the energy-momentum tensor (in which both isotopic states of mass appear) as the
source of the gravitational field, then — in the usual way — the scalar and the vector potential
can be separated. See, my4 in Ty, does not compose a fourth component of a four-vector in the
classical theory of gravitation where there is a single scalar mass. If we consider now my = my,
the three components of the kinetic mass mqs can compose a three-vector, however 7,4 will not
form a four vector either.

To maintain the Lorentz invariance of our physical equations in the gravitational field, we
must demand to restore the invariance of TTZ‘:: under an additional transformation that
should counteract the loss of symmetry caused by the introduction of two isotopic states of
mass. We discussed that transformation in section 1. Further, in the case of gravitation the
relation of the scalar and the vector fields are not linear even if we have not made distinction
between the potential and kinetic masses. The non-linearity is coded in the relation of the
tensors [11] at the right side of the Einstein equation (10) (in units ¢ = 1), or we can write

1
G + Mg, = 8nGT),, where the Einstein tensor is defined as G,, = R, — §Rg,“, whose

covariant derivative must vanish.

Since our 7}, tensor has already lost its symmetry, we can take Ag,, into account within
a modified T;,w — handling the gravitational and kinetic masses in it together with the dark
energy — and we get the following formally symmetric equation: G, = 87GT, ;W.

The symmetry of the energy-momentum tensor can be saved by the invariant gauge trans-
formation of the IFCS. The most important analogy is between the behaviour of the potential
and the kinetic field charges of the individual fields that makes probable to postulate a unique
transformation to assure their invariance (cf., section 1).% So the invariance under the Lorentz

6As [12] stated, “In contrast to the symmetry or invariance requirement in STR, the principle in GTR is
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transformation combined with the invariance of the isotopic field charge spin field provide to-
gether the covariance of the gravitational equation. However, this combined transformation
should now be taken into consideration in a field with a metric depending on all space-time
and velocity co-ordinates, following a Finsler geometry.

Appendix
Comparison of the invariance properties in classical GTR and in the IFCS model.

In classical physics, conservation laws — as consequences of the invariance properties of the
investigated systems — can be obtained by integration of the Euler-Lagrange equations of
motion of classical mechanical point systems. According to Hamilton’s principle the variation
of the action integral of the system’s Lagrangian must be zero. These conservation laws include
the conservation of the energy — invariance under translation in time. That conserved energy
is equivalent with a well determined amount of mass E = mc?, where m = my is gravitational
mass, and this conservation law does not provide any information on the quantity of kinetic
mass.

In general relativistic treatment, the source of the gravitational field is the T}, momentum-
energy stress tensor, which includes the sources of inertial and gravitational effects as well. Ap-
plying the same variational method and integration for the Einstein equation (using [+ + + —]
signature) we derive the conservation of the —7}4 element of the 7}, momentum-energy stress
tensor. —T}yy is energy density of the gravitational field, and is proportional to a certain amount
of mass. According to invariance under translations in the Minkowski space (Lorentz transfor-
mation) the conserved current can be written in the form

L
8“TW = 8“ <L5HV — a,,g@ra;)—sp) =0
wr

where ¢, denote functions on which (and their first derivatives) the Lagrangian may depend.
The Einstein equation

1
R, — §Rgm, + Ag,, = 87GT,,

provides the elements of 7}, in which — according to the left side — the contribution of the
kinetic and potential components are mixed by the g, curvature tensor. Applying the usual
integration method and Gauss’ theorem, we get the fourth column of the momentum-energy
stress tensor for a conserved quantity, what is no else than the four-momentum density, which
behaves like a four-vector and whose individual components are

1
P,=— | TydV

’c

or separated
1 1 oL
Po=— [ TydV = — ——d E=1.2.3):
k ZC/ 4k V ZC/ak%a&ﬁpz 14 ( ) 33)7

most often presented as strictly speaking a covariance requirement.” Gauge theories behave like GTR, at least
in this respect. General covariance “is not tied to any geometrical regularity of the underlying spacetime, but
rather the form invariance (covariance) of laws under arbitrary smooth coordinate transformations” [12, p.
34]. [13] found that the more general geometry resulting from admitting local changes called gauges described
not only gravity but also electromagnetism. He showed also that the conservation laws of Noether follow in
two distinct ways in theories with local symmetries. This led to the Bianchi identities, which hold between the
coupled equations of motion, and which are due to the local gauge invariance of action. Later [14] demonstrated
that the conservation of the electric charge followed from the local gauge invariance in the same way as does
energy-momentum conservation from co-ordinate invariance in GTR.
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what are considered the conserved total momentum and energy of the field respectively.

If we take into account the qualitative difference between the masses my (what appear in
the components of P;) and my (what appears in H) that are mixed by the curvature tensor
guv in the elements of T),,, this consideration will involve the mixed ms and my dependence
of the Lagrangians as well. As a consequence, P, and H cannot be considered separately, and
independently of each other, conserved quantities. (We do not investigate here the ambiguous
interpretations of invariant mass.) The covariance of the gravitational equation can no more
be secured by the Lorentz invariance alone. The lost symmetry of nature can be restored only
with the shown invariance between the isotopic mass states (as field charges of the gravitational
field, conservation of A) which are rotated in an isotopic field charge spin gauge field. The
covariance of the gravitational equation is a result of invariance under the combination of
the Lorentz transformation and rotation in the isotopic field charge field. In the latter case
the four components of (Py[my|, H[my]) transform as isovectors. Due to the IFCS gauge
transformation, the transformation of the field components can be described in a (space-time
+) velocity dependent gauge field, whose metric, consequently, depends also on the velocity
components, and is subject of a Finsler geometry.
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[Tonss B OKpeCTHOCTH WCTOYHUKOB 3a/IaI0T HUCKPUBJIEHHYIO T'€OMETPUIO. 3aBUCHAIIUE
OT CKOPOCTH SIBJIEHUSI B 9THUX MOJIAX TPEOYIOT [JIsi CBOETO OIMUCAHUS TEH30D KPUBU3HBHI,
3JIeMEHTBI KOTOPOI'O 3aBUCAT OT BEJIMYNUHBI U HallpaBJIeHUs CKOPOCTHU JIBUKEHUA NCTOYHUKA
B3aUMOJIEHCTBYIOMNX KAJUOPOBOUYHBIX IIOJIEl B CHUCTEME OTCYETa IO MATEpUu. ITa
JBOIHAS 3aBUCUMOCTh KPHUBU3HBI OT IMPOCTPAHCTBA-BPEMEHH U CKOPOCTU TpeOyeT st
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When two non colinear velocities are added following Lorentz transformation, a Wigner
rotation comes into play, and reciprocity requirement is not fulfilled without this
rotation: the velocity of B from A is not the negative of the velocity of A from B. Both
Mocanu and Ungar have attributed the paradox (failure of reciprocity principle) to both
non-commutativity and non-associativity of Einstein’ law of addition of velocities. To
resolve this problem, Ungar has proposed a “Weak Associative Law” ( a set of corrections)
to make Einstein’ law of addition commutative and associative. We have shown that
the paradox can be resolved without requiring commutativity. We are proposing a
hypercomplex Pauli quaternion law of composition of relativistic velocities, which fulfills
physical requirements. The proposed hypercomplex law compares well with Einstein’s law
of addition of velocities and fulfills all relativistic requirements.

Key Words: Einstein’s Law, composition of velocities, associativity, non-associativity,
weak associative, gyro-associative, Thomas precession, Pauli matrices, Pauli quaternion,
quaternionic composition.

1 Introduction

Einstein’s law of composition of velocities «is neither commutative nor associative». Ungar,
however, finds it «“‘repairable” by gyroautomorphisms called Thomas gyrations» [1]. The pro-
cess of repairing involves a series of arbitrary prescriptions and one finally achieves (in case of
3 velocities) 2 laws of addition; right weak associative law and left weak associative law. In
case of more initial velocities, one will have to choose from a greater number of distinct final
velocities. If A moves with respect to O (with velocity a), B moves with respect to A (with
velocity b) and C with respect to B (with velocity c), then C moves with respect to O with a
unique velocity.

O w O w’

In the diagrams above, according to Einstein’s law of composition, w # w’, corresponding to
[we have adopted Ungar’s symbol @ to represent Einstein’s addition]

(a®db)dc#ad (badc) (1.1)

where
u.v
V+U/)\v + {1 — 1/)\1)} —2V
N
l+u-v/c?

w,=vdu= (1.2)



Mushfiq Ahmad Mocanu’s paradox and quaternionic transformation as the answer 61

Or in a slightly different form

o v+u Jr1 Yo VX (VXu)
W, =vhbu=———"—"-+—- .
L l+v-u/c? A ~v+1 14u-v/c?

Yo (L4)
1— (v/c)?

Thomas gyration prescriptions tell us how to twist w to make it coincide with w’ or, alterna-
tively, how to twist w’ to make it coincide with w. We have nothing to guide us which of the
two velocities (w or w’) we should start with.

Relativistic addition of velocities (in 3 dimensions) brings in Wignrt-Thomas rotation, with-
out which the relativistic addition of velocities becomes frames dependent, as shown [2] below
in eq. (1.6)

Using (1.2)

(1.3)

vouZ —{(-u)®(-v)} (1.5)
Inequality (1.5) is called Mocanu paradox. Both Mocanu [3] and Ungar [4] have attributed
Mocanu’s paradox (failure of reciprocity principle) to both non-commutativity and non-
associativity of Finstein’ law of addition of velocities. Ungar’s gyrovector theory proposes
corrections to make the law of addition both commutative and associative. We shall show
below that commutativity is not a requirement.

Observer Oy observes a body A moving with velocity u and a body B moving with velocity v.
According to O the relative velocity is u@®(—v). A second observer O, is moving with velocity y
with respect to O;. Therefore, according to O the velocities are u’ = ud(—y) and v/ = v (—y)
and the relative velocity is u' & (—v’)

v (V) ={ue(-y)te—{ve(-y)}Fus(-v) (1.6)

Wigner rotation was needed to explain electron spin. Dirac’s theory explains electron spin
without invoking Wigner rotation. Therefore, it is desirable to have an associative law of
addition (without Wigner rotation) os that we can replace inequalities in (1.1) and (1.6) by
corresponding equalities. We require

(adgb)dgc=adg (bdgc) (1.7)
where @¢ (Q for quaternion) represents an associative law of addition.

2 Associative Addition and Pauli Quaternion

We consider relativistic velocities which fulfill Einstein’s condition

luf <ec (2.1)
For convenience we form functions
A {1 +u/c} (2.2)
Product xp of these functions gives Einstein composition of velocities
M{l+u/e} xp A {1+v/c} =X {1+(udVv)/c} (2.3)

Corresponding to (2.3) we shall look an for (2.4) below where %, of (2.3) has been replaced by
X ¢ (Q for quaternion)

M {l+u/e} xoX, {1+ v/c} =N, {1 +w/c} (2.4)
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Where w is the associative relativistic sum of velocities u and v(without Wigner rotation). We
have to find x.

Postulate: We postulate that the 0+ 3 [scalar+Cartesian [5]] vectors (a +u) etc. of (2.2) are
Pauli Quaternion [6] 4-vectors.

(a+u) = (aop+u-0) = acy + uy0, + uyoy, + u.0, (2.5)

Where ¢’s have the following properties

—0y0, = 0,0, =10, with cyclic permutations (2.6)
000, = 0,00 = 0, and 0,0, =1 and also for y and z and 0 (2.7)

We replace (2.4) by
M{oo+u-o/ctA{oo+v-a/c} = A, {o0+W-0/c} (2.8)

Using (2.6) —— (2.7) we have

Mo {00+ W 0/c} = Ado (1 +u-v/c2) {00 + (“ ﬁ:i“i;c;’/c) - J/c} (2.9)

Comparison between (2.8) and (2.9) gives, using &¢ of (1.7)

u+v+iuxv/e

1+u v/ (2.10)

W = ubgv =

The o¢’s permit the following matrix representations

10 01 0 —2 1 0
002(01)’%:<10)’0y:(z’ 0>andaz:(o _1) (2.11)

Using (2.10) we can replace the inequality (1.5) by the equality below

végu=—{(—u)®g (—v)} (2.12)

3 Comparison between Einstein’s Law and Quaternionic Law

They have the same magnitude
lu® v| = [udgv| (3.1)

The real part of u@®g v and whole of u@® v are confined to the plane of u and v. Both the sums
are rotated with respect to the direction of the Fuclidian sum u+ v. The imaginary component
of u@q v is responsible for the rotation. The axis of rotation is orthogonal to the plane of u
and v.
In the limit ¢ — oo both the sums go to the corresponding Galilean sum u+v. We want to
see below how they rotate in the other (non physical) extreme ¢ — 0. In u@® v the dominating
. Yu ux (uxv)
term 18 — - .
A v+l l14u-v/e?

1 Yo ~uXx(uxv) 1 1+ (Fiu/c)’ ux (uxv)
uEBV—>§- +1 1+u-v/@ & 2 2 u-v/c ~
T 1= (u/e)" +1 = (u/e) (3.2)
nf
—(c/u)? (+iu/c) ux(uxv) — Fic Sin — Fic.tanf.m

u-v Cos0
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Where 6 is the angle between u and v and m is a unit vector in the plane of u and v and

orthogonal to u. Similarly
iuxv/c

udgv — — dctanfn (3.3)

u-v/c?
Where n is a unit vector orthogonal to the plane of u and v. Therefore, in this end both the
rotations are imaginary, have the same magnitude but are in mutually orthogonal directions.

From (3.1)
ludgv|<c if |u/<e¢ |v[<c (3.4)

Therefore, quaternionic sum (2.10) fulfills Einstein’s postulate.

4 Conclusion

Using quaternionic transformation (2.10), we have been able to resolve the paradox (1.5), and
reciprocity requirement is fulfilled (2.12). Quaternionic transformation, we are proposing, is
relativistic and fulfills Einstein’ postulate as shown by (3.4).
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ITAPA/TOKC MOKAHY 11 KBATEPHVOHHOE
ITPEOBPASOBAHUE KAK OTBET
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Korzna nBe HekonneapHbie CKOPOCTHU CKJIAIBIBAIOTCS COTJIACHO ITpeobpazoanmio Jlopemma
MOABJIsIeTCsT BpaleHne Buraepa 6e3 KOoToporo TpeboBaHne B3aMMHOCTH HE BBITOJIHSIETCS:
ckopocTh oT B kK A He ecTb ckopocTh 0T A k B ¢ obparHbiM 3HaKOM. MokaHy u YHrap
CBSAZAJIM 9TOT HApajoKe (HapyIIeHHe MPUHIWMIA B3AUMHOCTH) C HEKOMMYTATHBHOCTBIO
U HEaCCOIMATUBHOCTHIO SHIITEHHOBCKOTO 3aKOHA CIOXKEHUs CKopocTeil. YUTobbl pemuThb
9Ty mpobseMy YHrap IpeIOKNI «CIadbIil 3aKOH acCOMATHBHOCTHY (HAOOP MOIPABOK),
JIeJIAIONIUI SHIITEHHOBCKUI 3aKOH CJIOXKEHUsI KOMMYTATUBHBIM U aCCOIUATUBHBIM. B
HaCTOsIIIEe paboTe MBI IOKA3aJMd, 9YTO STOT IMapaJoKC MOXKeT OBIThH paspelreH 06e3
TpeboBaHUs KOMMYTATHBHOCTHA. HaMn IpeijioXkeH T'MIIepPKOMILIEKCHBIH KBaTepHUOHHBII
3aKOH CJIOXKEHHS OTHOCUTEJILHBIX cKopocTeil [layin, KoTophlit oTBedaeT BceM (DU3NIECKUM
TpeboBaHusAM. lIpemyIoyKeHHBIT TI'UIEePKOMILIEKCHBI 3aKOH HAXOAWTCS B  XOPOIIEM
COOTBETCTBUM C 3aKOHOM CJIOYKEHHS CKOPOCTeil DUHINTefiHA ¢ YIOBJETBOPSIET BCEM
PEJIATUBUCTCKUM TPEOOBAHUSM.

KuroueBbie ciioBa: 3akoH DUHINTEHA, CIOXKEHNE CKOPOCTeH, acCOIMAaTUBHOCTD, HEACCO-
IMATUBHOCTL, cJiabdasi aCCOIMATUBHOCTb, TIMPOACCOIMATUBHOCTL, IIpereccus Tomaca,
MaTpuisl [laymu, kBarepauon Ilaymm, KBaTepHUOHHOE CIIOYKEHUE.
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N-KOMIIVIEKCHA{ AJITEBPA 1
N30TPOIIHHBIE PEJIATVBNCTCKUE
N 9JIEKTPOJMHAMUWYECKNE YPABHEHNA

A.B. T'opronoB
Vnusepcumem Typan-Acmana, Acmana, Kazaxcman

avgor@hotbox.ru

Hpe,aﬂomeH BapuaHT CHCTEeMbl THIIEPKOMIIJIEKCHBIX YHNCEeJI, Ha3BaHHBIX N—KOMHJIQKCHI)IMI/I
quciaMi. B paMkax 9Toil cucTeMbl BBeJeHA HOBasl KOHIIEMIIUs OMKOMILIEKCHBIX YUCET U
MoapoOHO paspaboraHa aJrebpantdecKasi COCTABJISAIONIAS OUKOMILIEKCHOTO WMCUYNCTIEHMS.
DJIeMEHTHI aaredphbl TPUKOMILIEKCHBIX U TETPAKOMILIEKCHBIX UHCEJT U3JI0KEHBI KPATKO, Ha
YPOBHE pa3BUTUsI OMKOMIIJIEKCHBIX TOHATUN U 0003HAYEHUII. YCTAHOBJIEHA U UCC/IeIOBAHA
B3aIMOCBSI3b 9JIEMEHTOB OMKOMILIEKCHOIO IIPOCTPAHCTBA, ¢ 9JIEMEHTAMU IICEBIOEBKIIIOBA
4-npocrpancTia. [lokazaHo, YTO BCe OCHOBHBIE M30TPOIHBIE (CBETONOJOOHbIE) ajarebpan-
YeCKHe COOTHOILIEHUsI CIEIUAJbHON TEOPUU OTHOCUTEJBHOCTH ¥ 3JIEKTPOLMHAMUKHA MOLYT
OBLITH IIOJIyYEHbI KaK IIPAMOE CIEICTBUE CBONCTB OMKOMILIEKCHBIX YHCEJ.

KnroueBble cjioBa: I'MIEPKOMILIEKCHBIE YUCIa, N-KOMILIEKCHBIE YHCIIa, OMKOMILIEKCHBIE
qnciia, N-KOMILIEKCHas ajaredbpa, bukoMiLieKcHas ajredpa, CTO, snekTpoauHaMuKa.

BBenenne

[TonsTne wucaa apnagerca nandosee PyHIAMEHTAILHBIM MOHATHEM MATEMATUKH, a PA3BUTHE U
pacimmpenne 3Toro 6a30BOro MOHATHSA M PA3BUTHE CAMON MaTeMaTUKN HEPA3PBIBHO CBA3AHDL.
OTMeTnM, 9TO KazK10€ PACIIUPEHHE TIOHATUS YUCIa ITPOUCXOIIIIO TOCTENEHHO, Ha MPOTAKEHIN
ﬂeCHTHﬂeTHﬁ, a TO U CTOJIETUi. HaHpI/Il\/Iep OoTpulaTe/JIbHbIC, a BIIOCJICACTBUU 1 MHUMbBIE YUCJ/IQ
CHOBa 1 CHOBa IMOABJIAJJIMUCDH IIPU BBIYUCJICHUAX, 3a9aCTYIO IIOMUMO U JazKe IIPOTUB BOJIN TOI'O UJIN
JIPYTOro MaTeMaTHKa, U JIUIIL II0 Mepe TOro, KaK 0OHAPYKHBAJIACE IIOIb3a OT UX YIOTpeOIeHNs,
OHU TIOJTy9aJsiu Bcé Gosiee n Gosiee MUPOKOe pacripocrpanenue [1].

[Tocite “sanoHenus’ JefcTBUTENbHO IUCI0BOI ocH (Ie/Ible, PAIIMOHAbHBIE, HPPAIMOHAb-
HbI€, OTpUulaTe/JIbHbIE I-H/ICJ_[a)7 6BIHI/I OTKPbIThI MHUMbBbIE 1 KOMIIJIEKCHBIC 9Y1CJIa, KOTOPbIE O6peJII/I
reOMeTPHYECKOE BOILIOIIEHNE B BIJIE PAJINYC-BeKTOPOB KOMILIEKCHOI IIJIOCKOCTH, BKIIOYAIOIIel
B cebsl U OCh JIEHiICTBUTEIBHBIX dnces. TeM caMbIM, MHOKECTBO JeHCTBUTEbHBIX Yncesl () OKa-
3aJ10Ch TOJIMHOXKECTBOM YHCEJI KOMIUIEKCHBIX (2 = = + 4y). [Ipu sroM anrebpa KOMILIEKCHBIX
quces (z) cTajla PaCCMaTPUBATBCA KaK JIByXMepHast (&, y) aiarebpa HaJi moJieM JeficTBUTeIbHBIX
guces. MTor “caMonpon3BoabHOro”, BHyTpeHHe MPEIONPEeeIEHHOr0 PA3BUTHA ITOHATUSA IHCIA
MOABOANT Kitaccudeckasi TeopeMa [. @pobernyca. OHa yTBEp:KIaeT, YTO CYIIECTBYIOT TOJIBKO
JAB€ KOHEYHOMEPHBLIE aJIFe6pr HaJ ITIOJIEM ﬂeﬁCTBHTeﬂbeIX quceJl, B KOTOPbIX YMHOXKEHNE KOM-
MYTATHBHO, aCCOIMATUBHO U HET JIeJIUTE el Hyssd, — 9TO caMo MoJje AeHCTBUTeIbHBIX Jucen R
u 11071e KOMILIeKCHbIX uucen C' [2].

[To 3aBepieHnyu “3M0XM OTKPBITUIT HOBBLIX PACIIMPEHUI MOHATHA YNCIa HACTYIIAI IIEPUOT
X UCKYCCTBEHHOTO mocTpoeHus. MoTupalnusa Takux MOCTPOEHUil ObLIa y:Ke He CTOJIBKO BHY-
TpeHHe MaTeMaTHYeCKOll, CKOJILKO BHeIIHel, (pU3NIecKoil 1 MMesa HeJblo IOCTPOeHue “aucyio-
BOro ammapata’ JIJIs OMUCAHMs IPOIECCOB B PEAIbHOM TPEXMEPHOM MPOCTPAHCTBE WU B de-
THIPEXMEPHOM TIPOCTPAHCTBE-BpeMeHr. MaTeMaTndecKn 9Ta Mpoleaypa BhIMJIsIeTa KaK OTKa3
OT OMHOTO (MM HECKOJIbKUX) U3 yCa0BHH TeopeMbl Dpobennyca — KOMMYTATUBHOCTH, acCO-
OTUaTUBHOCTU MJIM OTCYTCTBUA ﬂeﬂI/ITeﬂeIU/I HYJIA. I/ICTOpI/IquKI/I IIEPBLIMU Ha IIYTU IIOCTPOCHUA
arebp THIIEPKOMIUIEKCHBIX (Pa3MEepPHOCTH M > 2) 4uces ObLIN YeThIPEXMEPHBbIe KBATEPHUOHBI
[amunbrona (1843 r.) u BockMumepHble unciaa Kamum (1845 1.). B arux anrebpax meiurestu HyJist
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OTCYTCTBYIOT, OJJHAKO MPOM3BEJIeHNe KBATEPHUOHOB He KOMMYTATUBHO, a uncea Kamm — emé u
He acconmaTtuBHO. Bropas dacth Teopembr @pobeHnyca yTBEPKIAET, ITO STUM (C TOTHOCTHIO
110 u3oMopdu3Ma) KOHETHOMEPHbBIE JeHCTBUTEIbHBIE abTePHATHBHbIE aireOphl 6e3 Jemresteil
HyJISl U UCYEPIBIBAIOTCS (TO €CTh, UX PA3MEPHOCTh MOXKeT MPUHUMATH JINIIb 3HadeHus 1, 2, 4
win 8) [1, 2|. Ormernm, 9T0 yKazaHHAs MOCIEIOBATEIBHOCTD aJrebp MOKET PACCMATPHBATH-
cd KaK pe3yJIbTaT TaK Ha3bIBaeMoil “mporeayphl yaBoeHus Komm — /Iumkcona’, Korjga cloxKHOe
YHCIIO TOC/IEYIOIEro YPOBHS MMOTydaoT 0ObeIMHEHNEM JABYX YHCEe]T TPEIbIIYIIero YPOBHs Mo~
CPEJICTBOM HOBOM “e/IMHUIIbI”, HAJIeJIsieMOil HyKHBIMU CBOWCTBAMU yMHOXKeHus [3].

['unepKoMILIEKCHBIE YHC/Ia HAILTE (DU3NIECKOe TIPUMEHEHNe, B YACTHOCTH MIPH U3JI0KEHUN
snektponnaamukn /. K. Makcsesuia (1860-e rr.) u mpu onucaHuu mpoCcTPaHCTBA~-BPEMEHN ClIe-
nuasIbHOf Teopun oTHOCUTeabHOCTH A. Ditnmreitna (1905 r.) I Munkosckum (1907-08 rr.). Ha-
npumep, . Kneitu [1] geMoHcTpUpyeT IPUMEHNMOCTD KBATEPHUOHOB JIJIsl TIOJIYYeHUs TPeodpa-
soBanwuii JlopeHra, ykasbiBasi, 9ro caM MUHKOBCKUIl MCIO/NB3yeT B CBOUX paboTax CUMBOJIUKY
qucesn Ksyn, 1mo3Bossgmoniyo Hapsy ¢ npeobpasoBanusiMu JIOpeHIa MOayYuTh WHBAPUAHTHI
rpymmb! JIopenta. [IpunvedarebHO, 9TO I ONUCAHNS TPOCTPAHCTBA-BPEMEHN B JI€HICTBUTE b-
HYIO 9acTh KBAT€PHUOHA TTOTPEOOBAIOCH BBECTH KO3 dUIIenT v/ —1, OTINYHLIH 0T KBATEePHN-
OHHBIX eJuHUI i, j, k. B coBpemenHoil (usnke Takas KOHCTPYKIUs OMUCHIBAETCS JINOO depes
4-ekTopHl (it, T,y, z), IMeIOIIe MEUMYIO KoopauHaty [4], mubo depes neficTBuTesibHBIE, KOBa-
pHAHTHBIE U KOHTpaBapHaHTHBIE 4-BeKTODHI (t, x,y, 2) u (t, —x, —y, —z) |4, 5]. Camu rumepkom-
IJIEKCHBIE YHCTIa TPU 9TOM BOOOIIE HE YIOMUHAIOTCsI. AHATOIMYIHO OOCTOUT JIEJIO U C 3JIEKTPO-
JIMHAMUKOI, B U3JIOXKEHUU KOTOPOH Terepb MPUCYTCTBYIOT JIMIND “OT/IeIbHbIE COCTABJIAIONINE”
KBATEPHUOHHOTO MCYUC/IEHUsI, HA3bIBAEMble COBPEMEHHBIM SA3BIKOM CKAJSIPHBIM U BEKTOPHBIM
npousBeieHneM 3-BeKTOpoB. PaboThbl, KAk ¢ TPaIMIMOHHBIMU, TAK U C HOBBIMU MPUMEHEHMUsI-
MU KBaT€pHUOHOB l'aMuibToHa U OKTaB K3/ MpoIosKamT MOSBISTHCS JI0 CHX TOp. XOTH,
HA CErOJHANIHUI JIeHb WHTEPeC K STUM I'MIEPKOMILIEKCHBIM YUCIaM UMEeT IIPEMMYIIECTBEHHO
HAYYHO-UCTOPUIECKUi XapakTep. KOHCTpYKTHBHOE JKe BHUMaHWEe [MepeMeCTU/IOCh Ha YUCTOBbIE
CHCTEMbI U KOHEYHOMEPHBIE AJINeOPhI C JIETUTEISIMU HYJIsl.

[Tpumepom JByXMepHBIX drcesl (He COBIAJAONINX ¢ OOBITHBIMU KOMILJIEKCHBIMMU) SIBJISTFOTCST
runepboInIecKre Yncia, Ha3blBaeMble TaKzKe JBOMHBIMU WM 2-KOMILIEKCHbIMU (twocomplex)
anciaamu [3, 6, 7, 8, 9]. B paborax 6] u [8] 91u uncia npejcraBieHbl KBaApaTHBIMU MATPULIAME
2-ro nopsizika. B [6] paccmorpeno ux o6001ieHne myTéM MOCTPOEHUsT MATPUIL OT 3-T0 Ji0 6-r0
MOPsIJIKA, U W3JI0YKEHbI OCHOBHBIE 3JIEMEHTHI TEOPUN aHAJIUTUIECKUX (DYHKIUI TAKUX 7-MEPHBIX
(n = 2,3,...,6) “kommaekcHbIX’ mepeMmenHbIX. B [8] mana reomerpuveckasi MHTEpIpeTAInst
2- 1 3-KOMILJIEKCHBIX YHCeJI, KOTOpas MpUMEeHeHa JjIsi MATPUIHOTO IMPeJICTABIeHNsI KPUCTAJI-
norpacdudeckux rpyni. B [9] runepbosndeckie 1 KOMILIEKCHBIE YUCIa PACCMOTPEHBI ¢ OOIIUX
NO3KUIUI — Ha OCHOBE COOTBETCTBYIONMIMX (opMy/1 Diljiepa, mocje 4ero mocTpoeHo obodIeHne
YUCeT U MOJMYUCHHBIX TPUTOHOMETPHYECKUX COOTHOIIEHUT Ha paszmepHocTH n > 2. B [7] ru-
1epOoIMIeCcKe U KOMILJIEKCHBIE YUC/Ia MPEJICTABIEHBl KAK YaCTHbIE CIyYal YeThIPEXMEPHBIX
OUKOMILJIEKCHBIX YHCEJI, U3JI0XKEHUIO aarebpandeckuX CBOWCTB KOTOPBIX CTaThst (PaKTUIECKU U
MOCBsieHa. BaskHO MOMYEPKHYTh, 9TO B Pa3HbIX paboTax deThipEXMepHbIe Jucia (HampuMmep,
OukomILIekcHble 7] u 4-komruiekcHbie [6]) u coOoTBETCTBYOIINE UM YeThIPEXMEPHbIE AJreGphl
OTHIONb HE coBHAAAOT. OTMETUM TaK:Ke, YTO TEPMUHOJOTUS /IS Y€THIPEXMEPHBIX UHUCEJT eIl
6ostee pasHOOOpa3Ha, YeM Jisl JIBYXMEPHBIX ducel. Tak, KpoMe y»Ke yIOMHUHABIIUXCS (KBa-
TePHUOHBI, GHKOMILJIEKCHBIE U 4-KOMILJIEKCHBIE YHC/IA), BCTPEUIAIOTCS HA3BAHUST: IeTHIPEXKOMIIO-
HEHTHbIe YNC/Ia, KBAIpAdrca, CKalsdpHble KBATEPHUOHBI, a TaKZKe CIeluaJIbHble CHMBOTHHBIE
obo3naveHus. [Ipumedare/nbHO, 9TO YIIOMAHYThIe TepMUHBI bicomplex u fourcomplex — oba
OTHOCATCS K YeTBIPEXMEPHBIM YHCIaM. A, HApUMep, CKalsgpHble KBaTepHuonb! [10] Ha yposHe
OA3UCHBIX €IMHUL] TPAKTHIECKN COBIAIAIOT ¢ OUKOMILIEKCHBIME 9nCAaMHA |7, HO CyIIeCTBEHHO
OTJIMYAIOTCST OT KBATEPHUOHOB ['aMujbToHa. B HIMPOKOM CMBIC/IE THIIEPKOMILIEKCHBIMU Ha3bl-
BAIOT JIOOBIE IHCIIA, PA3SMEPHOCTh KOTOPBIX 1 > 2 [2]. JIJIst CJI0KHBIX YncesT IIPUMEHSIIOT TaKxKe
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Hazpanue ‘nonnanciaa’. (CM. HampuMmep, TporpaMMHyto myb/ukanuio [11] 1 BBoguMyro Tam Tep-
MUHOJIOTHIO ).

Jlaxke 3 3TOr0, BeChbMa KPATKOIO U HEIMOJHOTO 0030pa CJIeIyeT, YTO Y Pa3HbIX aBTOPOB
MaTeMaTHIECKHe TOIXO0/IbI, e U METOIbl OTIHIAITCs OOMBIINM pasnoobpasuem. CTob ke
Pa3HOOOPA3HBI TUIIBI KOHCTPYUPYEMBIX YHUCIOBBIX CUCTEM, YPOBEHb MX OOOOIIEHHOCTH, BBO/IN-
Masi TEPMUHOJIOTHS U TOJIydaeMble Pe3y/bTaThbl. B psijie paboT 0cobo oTMedeHa B3aMMOCBSI3b
CHUCTEM THUIMEPKOMILIEKCHBIX YHCe/I ¢ OOBIYHBIMHM KOMILIEKCHBIMU duciaMu. OHaKo, Ha HAI
B3TJIsAl, HU OJHA M3 TUX CHCTEM IOKa He OKa3a/ach CTOJIb K€ 3HAYMMOI B MaTeMaTHIeCKOM
WA TIPUKJIAJIHOM OTHOIIEHHH, KAK caMi KOMILIEKCHBIE THC/Ia.

Henbio HacTOsIIEH PAOOTHI ABJIETCS: TOCTPOEHe HanboJiee MPOCTOTO U HAIJISIHOIO Bapu-
aHTa CUCTEMbl KOMMYTATUBHBIX TUIIEPKOMILIEKCHBIX YNCe/T, BKIIOYAIOMINX B ce0sl JIeCTBUTE b=
Hble M KOMILJIEKCHBIE UNCIa; 0 IpoOHAast pa3paboTKa B paMKaxX 3TOH CHCTeMbl HOBOM KOHIIEIIINN
aJIreOpbl OMKOMILIEKCHBIX YHCe/I Ha IPUHIAIAX € MaKCUMAaJIbHOI aHAIOTHH ajaredpaM J1eicTBI-
TEJbHBIX M KOMILIEKCHBIX UHCeJI; JeMOHCTPAINA TPUMEHIMOCTH 3TOH aaredpbl /st MOy YeHnsT
OCHOBHBIX COOTHOIIEHNI TEOPUHM OTHOCUTEIHHOCTH U 3JIEKTPOIMHAMIKH.

B crarbe mocTtpoena mocieoBaTe/IbHOCTD MOKOJIEHUH THIEPKOMILIEKCHBIX YUCETI, KOTOPhIE
nazpanbl N-kommaekcabivu (NC-)uncnamu, rae N = 0,1,2, ..., co. [Tonyuenne 6a3ucHBIX eJ1u-
rur NC-uncesnr N-To ypoBHS MPOMCXOAUT MyTéM M3BJIEUEHNs KBaIPATHBIX KopHel (+) m3 Beex
Gazucnbix equnntl (N —1)-ro yposust. B pesyisrare, pasmepnocts NC-uncesn: n=2N. Tlpu N =0
1 N =1 mbl umeeM Jesio ¢ oobranbivu jeiicteutebubivi (°C' = R) u kommnekcnbivu (10 = C)
quciaamu. [Ipy N=2 u N =3 nonydaeM cOOTBETCTBEHHO OMKOMILIEKCHBIE W TPUKOMILIEKCHBIE
ancna (B = 2CuT = 3C). Ut 1. To ectn, B Hameit pabore Hymepaius nokoaenuit N C-uucet
UJET 110 OKA3aTe o crerneHn N, a He [0 UX YIBanBaIOIIeHcs HA KAXKJIOM Iare pa3MepHOCTH 1N.

Haunnas ¢ B-aucen, B KadecTBe Oas3nca B-TpocTpaHCTBa MbI BLIOMpaeM He CaMu eIUHUIbI,
KOTOPBIE TMOTYIUINCH MPU W3BJCUEHUN KBAJIPATHBIX KOPHEH U3 eJIUHUIL MPEJIbIIYIINEro YpOoB-
HA (,HeﬁCTBHTeHbHOﬁ u MHI/IMoﬁ), a ux JjuHeitable KomOuHamuu. C OJHON CTOPOHBI, ONMUPAsICh
Ha MPOIEAYyPY H3BI€UEHNs KOPHEH, Mbl OTPAHUIMBAEM IIPOU3BOJ B BBIOOPE HOBBIX OA3MCHBIX
eaunnt,. C apyroit ¢TOPOHBI, BHIOMpas ONTUMAIbBHYIO JTUHEHHYI0 KOMOMHAIIIIO — COIMOCTABJISA-
eM TIPOTIeyPY U3BJedeHus KopHeil ¢ “mMmeTomom yasoenus . Tem cambiMm, ipu N > 1 mocTpoenue
NC-uncia cBomuTest kK obbenuHenmio apyx (N Y C-umcesn MOCPencTBOM eduHCmMEerHoti HOBOM
KOMMYTATUBHON enuHuiiet (j, k, [, ... ), JJist KOTOPOii peam3yercs MpocTeilee mo 3HaKy COOT-
womenne: j7 = kk =1l = ... = 1. Ormerum, uro B-uncia B Haieit pabore, cieayer OTInIaTh
OT CXOXKUX IO HA3BAHUIO U 0003HAUEHUAM qrces u3 pabor |7] u [10].

Hawubostee mogpobHO B cTarhe M3jI0KeHa ajredpa OMKOMILIEKCHbIX ducesn. OHa sgBjseTcs
KOMMYTATUBHON, acCONMMATHBHON M COMEPXKHUT JIeJIUTENN HYyJsd. PaccMOTpeHBI onmepaiun Cio-
JKeHUsI, YMHOXKEHUs, JeeHNsl U BBIUNCIEHUs JeTepMUHAHTa B-duces, a Tak:Ke ONEpaIuu X
KOMILIIEKCHOTO U OMKOMILIIEKCHOTO compsizkenus. /{ano mojapasaenenue B-uucesn Ha BbIPOXK ICH-
Hble U HEBBIPOXKIEHHBbIE U HaliJIeHbl COOTHOIIEHUsI MeXKIy HUMH. BBeleHBI ajreOpamdecKasi,
BEKTOPHAs, MATPUIHAs, SKCIIOHEHIINAIbHAS I TPUTOHOMEeTprdecKass popMbl B-uncia. Pacemo-
TPEHbI €BKJINJIOBBI I HEEBKIUJIOBBI XapaKTEPUCTUKHN B-1pocTpancTBa. DeMeHThI aaredpbl TPHU-
kommtekcubix (T'= 3C') u terpakommiekcubix (F'= C') 4yncen usnozkenbl KpaTKo, Ha ypOBHE
pa3BUTHs OMKOMILJIEKCHBIX ITOHATUI 1 0003HAYUEHNI B COOTBETCTBUN C 00IIIei naeeil mocTpOeHus
NC-xucenn.

B dusnveckoii gactu paboThl HCXOJHBIMU CJIYZKAT U3BecTHBbIE [12, 13| BhIpaxkenus Koopiu-
HAT U30TPOITHOTO 4-BEeKTOPa Uepe3 KOMILIEKCHBIE mepeMerHbie. C yaI6TOM 3TUX BbIpaKeHuil, BbI-
YUCIEHIEM BCeX BO3MOXKHBIX OMINHENHBIX U KBAAPATUIHBIX TPOU3BEIEHNI TeTHIPEX COMPSIXKEH-
HBIX 3HaUEHNT B-BEKTOpa MOIYYIEHO JIeCITh PA3JIMIHBIX IeiCTBUTEIbHBIX IEPEMEHHBIX, 0003HA-
yennblx kKak 1, X, Y, Z, F, G, K, L, M, N. Tem cambim B-BeKTOpY ¢ (€ro JieficTBUTEIHHBIM
KOOpJIMHATAM @, b, ¢, d) CONOCTABIIEHO JeCTh B3aNMOCBA3aHHBIX iepeMentbix {1..N }. Uccnemno-
BaHbI COOTHOIIEHNs ITUX IePEMEHHBIX U PACCMOTPEHbI UX TpaHcpOpMaIMOHHbIE CBOHCTBA, 00Y-
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CJI0BJIEHHBIE TIpeoOpasoBanneM B-pektopa. [Tokazano, uro nmepemennnie 1, X, Y, Z B3anmocss-
3aHbI U IPeoOPA3YI0TCsI KaK KOOPJMHATHI U30TPOITHOrO 4-BeKTopa, a nepementbie { F..N} — kak
COCTABJISAIONINE AHTUCUMMETPUIHOTO 4-TeH30pa, AaHAJTOTUYHOTO TEH30DPY JIeKTPOMArHUTHO# Oe-
rymieit Bosiabl. Takum o6pazoM, mpousBosibHOMY B-BeKTOpY (B B-IPOCTPaHCTBE) COMOCTAB/ICHBI
U30TPOIHBbIE 4-BEKTOD M AHTUCUMMETPUIHBIN 4-T€H30D B IICEBJIOEBK/INIOBOM 4-ITPOCTPAHCTRE C
curHatypoit (+ — — —), a KaKJI0My YHUMOIYJIpHOMY B-mpeofpasoBanmio B-BeKTopa COIO-
CTaBJIEHO TIpeoOpaszoBanue JIopeHIa cocTaBIAOMUX ITHX 4-BeKTOPOB U 4-Ter3opos. [lomyuensr
pendaTuBUCTCKIE (hOPMYJIbI TPEOOPA3OBAHUST CKOPOCTU M COOTHOIIIEHUS JIJI KOMIIOHEHTOB CHUM-
METPUYHOIO 4-Te€H30pa, aHAJOTUIHOIO TEH30PY SHEPIUU-MMITYJIHCA.

B kauecTBe uTepaTyphl CpABHEHUS U UCTOYHUKA (DU3MIECKUX 0DO3HAYCHUIT HAMU HCIIO/Th-
sosanbl kanrn JIJI. Jlanmay u E.M. JIndbmmua [5], [14] u B.B. Measeznesa [4].

1 N-kKomIuIekcHas ajaredopa
1.1 IlousitTue N-KOMILJIEKCHOTO NPOCTPAHCTBA

[IpencTaBuM HECKOJIBKO TOCTEOBATENBHBIX STAIIOB U3BJIEUYEHNsT KBa/IpDATHOTO KOPHS U3 €JINHU-
1Bl B BUJE ciaeaytomieir Tadaunbt 1.1.1.

JBy3naunoctsb (+) omepanun u3BjIeYeHUsT KBaJIPATHOO KOPHs yBaBaeT Ha KaKJIOM JTa-
e KOJIMYECTBO “‘CyObeIMHUI] , KOTOPbIEe IPU OOPATHOI omepanyuy — BO3BEJICHUN B KBaJpaT —
JIOJIZKHBI JTaBATh UCXOHOe ducyio. [logBmenne HOBBIX CyObeIMHUI] MOYKHO MHTEPIPETUPOBATD
JIBOSKO: JTHOO, KaK TOSBIEHNE HOBOTO 3HAKG Y UCXOTHON €IMHUIIBI, JTHOO KaK TOSBIEHIE HOBO-
ro muna equaniel. Hampuvep: v/1=—1 wmm +/—1 =1i. Tu wHTEpHIPETAIN HE MPOTHBOPEYAT
JIpYT APYTY, U KayKJas U3 HUX MOYKeT OBbITh NpEeJICTaB/IeHa B aJbTepHATUBHON (hopme:

(=D(=1) =16 (=)(=) = (+)

(D)) = -1 (11)(il) = -1+ (H(1) = (=)

(=1)(=1) = =1 & (=i1)(=il) = (=1) < (=) (=) = (=)(=) D) = (H)(=) = (=)
Takum obpazom, mpousBejieHne CyObEINHNAI, MOYKHO PACCMATPUBATH KaK CYTEPIO3UINI0 COOT-
BETCTBYIOIIMX 3HAKOB M HA0OOPOT. AHA/JOrmYHasl CUTyalldsl MMeeT MEeCTO U IJId CyObeiHIMIL
oCJIe Iy IOMuX ypoBHeil. VIMeHHO T09TOMY BCe 3HAKU-CyO'be IMHUAIILI MBI OYJIEM BCeria COOMpaTh
BMeCTe U CTaBUTh uX mepes auciaom. Hampumep: i3, —ijb, a + jb.

[Tonsitre N-KOMIIJIEKCHOTO TTPOCTPAHCTBA BBEJIEM KaK Pa3BUTHE TOHATHUI MPOCTPAHCTB Jeii-
crButenbHbX (R) m xkommaekcubix (C') wmces, ocHoBbiBasich Ha Tabsmue 1.1.1. Tak, Ha sra-
ne N=0 3HaK (—) JOMOJHSIET MOJOXKUTEJBLHYIO MOJIYOCh JI0 TOJHOf uncioBoit ocu. Ha sramne
N =1 3snax (i) BBOAUT BTOPYIO — MHUMYIO — KOOPJIUHATHYIO YHUCIOBYIO OCb, MO3BOJIsAsI PACCMar-
TPUBATH MHOYKECTBO KOMILJIEKCHBIX YMCE/T KaK JIBYXMEPHOE BEKTOPHOE MPOCTPAHCTBO — KOM-

Ta6umna 1.1.1: Vspreyenne KBaaIpaTHOrO KOPHS U3 €IAHUIIBL.

1 —1 i —i
1| -1 i | i i | - i | e
L=t [i] =i da [ =in e [ =io [ Ka | —ka [ ko [ —ko | kg | —ks | ka | ks
1 TaK JaJiee ...

Rlwlvw|l—|o|Z
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IJIEKCHYTO TIJIOCKOCTh. ByseM camrarh, 9TO KaxKJIasi HOBas CyObeJMHUIA BBOIUT COOTBETCTBY-
IOILYIO HOBYIO YUCJIOBYIO OCh, YBEJIMIUBAsI Ha €JIMHUILY PA3MEPHOCTD JIMHEHOTO MTPOCTPAHCTRA.
[Tpu N =2, BBejeHune JBYX JONOJHUTETHHBIX OCell j; U jo JeJIaeT MPOCTPAHCTBO 4-MEPHBIM
{1, 1, j1, jo}. [Ipu N = 3, BBegenume emre uernipex oceii ki, ko, ks n ky cozmaer 8-mepHoe mpocrpan-
cro {1, 1, j1, jo, k1, ko, ks, kg} w 7. 1. Ha N-om 3tame pasmepHOCTH JMHEHHOIO MPOCTPAHCTBA
n = 2N,

BBejieM clteyIony o mepmuroa02u10, COTIACYIONLYIOCs ¢ OOIIEnPUHSITOI:
0-kommiekcHoe (°C-) mpocTpaHCTBO — He KOMILIEKCHOe — IPOCTPAHCTBO deticeument-

Hoir aucen R, omnomepnas och R;

1-komrmutekcuoe (1C-) mpOCTPaHCTBO — MOHOKOMILIEKCHOE — OOBITHOE KOMMAEKCHOE TIPO-
crpancTBo C', AByMepHasi KOMILIEKCHAsI ILIOCKOCTD, C-ILIIOCKOCTD;

2-kommiekcHoe (2C-) mpocTpaHcTBO — 6Hukomn.aércHoe TpocTpancTBo B, 4-mepnoe B-
MPOCTPAHCTBO;

3-kommiekcHoe (3C-) mpocTpaHcTBO — mpukomnaekcroe npoctpanctso T, 8-meproe T-
MPOCTPAHCTBO;

4-KOMILJIEKCHOE (40—) MNPOCTPAHCTBO — MeEMpPaxomniexchoe pocTpancTtBo F', 16-mepHoe
F-nipocTpanctso.

1 tak panee. . . Obmee oboznauenue: N-kommiexcuoe (NC-) mpocrpancrso.
Cyobemununsl 1, i, j1, jo, K1, Ko, k3, ky4,... — Oyzmem HazbIBaTh 6A3UCHLLMU EOUHUUAMU CO-
OTBETCTBYIOIIEr0 N-KOMILIEKCHOTO MTPOCTPAHCTBA.

1.2 CoorHouienne 6a3UCHBIX €JINHUI] B-IIpOoCTpaHCTBa

MHIMOe 9HCII0 i OOBITHO ONpeIesdioT KaK TaKoe UHCIo, KBaJpaT KOToporo, i =ii= — 1. AHa-
JIOTUIHBIM 00pasoM (cormacho tabsune 1.1.1) onpegennm u gucia j:

it =i = (i) (i) =1, i3 = Jaj2 = (=i2)(—j2) = —i.
qu/ITbIBaH HpaBI/IJIO KOMIIJIEKCHOT'O COHpH)KeHI/IH HpOI/ISBelLeHI/IH, HOJIy‘H/IM
JT1J71 :E:i: —i:j2j2

OTKYy/Ja CJIeJyeT, 9YTO YHUCJIa j1 U jo ABISAIOTCA KOMIIJIEKCHO CONPSZKEHHBIMU:

J1 = Jo wm jl = —J2

DTN COOTHOIIEHUS O3HAYAIOT, UTO IIPU KOMILIEKCHOM COIPSIYKEHUHN OCH B-TTPOCTpaHCTBa j1 U jo
MEPEXOJIAT JIPYT B Jipyra. BeiOOp 3HaKa Ha JTAHHOM 3Tale onpedessem — OKayKyTCs MPU ITOM
HAIPABJIEHUsI OCEll OJINHAKOBBLIMU MJIA MTPOTUBOIO/IOKHBIMU. BhibepeM mepByIo aJbTepHATHBY.
Kpowme Toro,

1= —ii = (joj2) (juj1) = (ju2) (uj2), Toects  jijp=1 mm jijo = —1.

3/1eCh MBI OIISITH TIPOU3BOIBHO ONpedesseM OPUEHTAIINIO TIIIOCKOCTH (j1,j2) Y2Ke MO OTHOIIEHUTO
K IUIOCKOCTH, 3ajaBaeMoii 6asucubivMu epunauiamu (1,1). Beibepem

Ju2 =1,

TOr 1A
ijo = (ju1)i2 = j1(1j2) = j1, 1O ectb ijs =]
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—ij1 = (jojo) 1 = j2 (juj2) =Jj2, TO ectn ij1 = —j2
[Tnockocts (j1,]j2), KaK U MIOCKOCTD (1,1), sABIsIeTCS KOMIUIEKCHOM, HO €6 OCH j1 U jo MTOBEPHYTHI
TakK, 9TO HU OJIHA M3 HUX He SBJIAETCs HU AeficTBUTENbHOM, HI MHUMOI. COBepIIMM JTHHEHHY O
3aMeHy OA3WMCHBIX €IMHUIL U BBEJIEM CJICIYIONINEe 0003HAUCHUSA:

Jitle 1+ iy 1+i_j
— — iy =
Ji—J dp—J .. 141

2 g T

i=i =i P=1 () =-1 (1.2.2)
Tem cambiM, 17151 0603HAYEHHsT IBYX HOBBIX Oceil B-mpocrpaHcTBa (j U ij) MbI ncmob3yem hak-
TUYECKHU BCETO OJIMH CHMBOJI j C HAJTMYHUEM WU OTCYTCTBUEM “3HaKa’ i meped HuM. [Ipu sTom cam
CUMBOJI j OKa3bIBAETCs BBIBEJICHHBIM W3-T10J1 JEHCTBUs ONEpaIui KOMILIEKCHOT'O COIPSIZKEHUS.
CBoJIKa TIOJIYYE€HHBIX COOTHOIIIEHU TpeICTaB/IeHa B BUJIe TAOJUIBI, B KOTOPOIl IMPOU3BeIeHUs
0a3UCHBIX €INHNI, B-TTpoCcTpaHCcTBa CTOAT Ha IEPECeUYeHN COOTBETCTBYIOMINX CTPOK U CTOJIO-
1IOB:

(1.2.1)

Ternepb

Tabmmuma 1.2.1:

!

1.3 Omnepamum HaJ 3JIeMeHTaMMU B-IIpocTpaHCcTBa

DJIeMeHThI OMKOMILJIEKCHOTO MPOCTPAHCTBa Oy/1eM 0003HAaYaTh CHMBOJIOM ¢ W 3aIlUCHIBATH B
OJIHOI U3 ceyonmux (popmM:

g=a+ib+jc+ijd=(a+ib)+j(c+id) =u+jv (1.3.1)

rae 1, i, j, ij — 6a3ucHble eIuHUIBI OMKOMILIEKCHOTO TTPOCTPAHCTBA; a, b, ¢, d — neficTBUTE/ b~
HbIEe YNCIA; U =a+1b 1 v=c+id — KOMILIeKCHbIe Yucjia. TakuM oOpa3oM, HAPAILY C IPeJI-
cTaBJIeHUEM dYepe3 JIefiCTBUTE/IbHbIE ducia a, b, ¢, d, BOBMOXKHO IpeJicTaB/IeHne dj1eMeHTa B-
MIPOCTPAHCTBA B BUJIE ABYUJIEHA C KOMILIEKCHBIMU COCTABJISIIONIUMU U U 0.

Ecnu 6a3ucuble e IMHUIBI paccMaTPpUBATDL KaK 0003HaYeHUs OA3MCHBIX BEKTOPOB, TO YIOPS-
JIOYeHHasT YeTBepKa ances (a, b, ¢, d) sBisiercss KoOOpIAUHATAME OUKOMNAEKCHO20 ekmopa (KpaT-
KO — B-Bekropa) ¢. Ecim e 6a3ucHble eMHUIBI CINTATH aJIreOPAnIecKIMU CUMBOJIAMHE, TO
MOXKHO CKazaTh, 910 (opmyia (1.3.1) 3amaer anrebpandeckyio GopMy GUKOMNACKCHO20 YUCAQ
(kpaTko — B-uncia) q. lanee oba repmuHa — B-4ucyio u B-BeKTOp — OyJeM UCIIOIb30BaTh Ha
pPaBHBIX IIpaBax.

[Iycts q,q1 U @ — TMPOU3BOJILHBIE 3JIEMEHTHI B-TIpOCTPAHCTBA, A — JIEHCTBUTEILHOE THUCIIO,
a z=2x + iy — uuciao komiekcuoe. Torma

CyMMa 3JIEMEHTOB

@+ g = +u)+j(vy +uv9) =
(a1 + a) +1(by + b)) +j[(c1 + c2) +i(dy + do)] = (1.3.2)
= (a1 4+ az) +1(b1 +b2) +j(c1 4+ ¢c2) +1j (di + da)
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IIpoun3BeaeHne 3JieMeHTa Ha 9UCJIO
Aq = Au+jAv = A (a+ib) + jA (c + id) = Aa + i\b + jAc + {jAd (1.3.3)

z2q =zu+jzv = (x +1y) (a +1ib) + j(z + iy) (c + id) =
= (za —yb) +i(zb+ya) +j[(zrc — yd) +1i(zd + yc)] = (1.3.4)
= (za —yb) +1(zb+ya) +j (xzc — yd) +ij (xd + yc)

Takum obpasoM, cioxkeHne B-BeKTOPOB CBOJHUTCA K CJIOXKEHUIO UX COOTBETCTBYIOIIUX KOOD-
JIMHAT, a YMHOXKeHUe B-BeKTopa Ha YHCJIO BBIMIOJHSAETCS ITyTeM YMHOXKEHUsI BCEX KOOD/IMHAT
BekTOpa Ha 310 dmcio. Obe omeparuun MOTYT MPOBOAUTHCS KAK B JAEHICTBUTE/HHON, TaK W B
KOMILJIEKCHOM (hOpMe U yIOBJIETBOPSIOT BOCBMH aKCHOMaM JINHEHHOT'O MTPOCTPAHCTBA:

I°g+@e=¢p+aq
2° (1 + @) +q3=q1 + (g2 + g3)

3°04+i10+j0+10=0 — HyJIeBOit ytemenT: 0 + ¢ = ¢
4° —q=—a—ib—jc—ijd =¢  — TpPOTHBONOJIOKHBIN 31eMeHT: ¢ + ¢/ = 0
5° 1g =q — ocobas poJib IUCIOBOTO MHOXKHUTEJS 1

6° 21 (229) = (2122) ¢

7° (214 22)q = 219 + 22q

8° 2(q1 + q2) = 21 + 2q2

[TockosbKy mpousBe/ieHIs 6A3MCHBIX eAUHAL onpeaeaeHbl (Tabmr. 1.2.1), Haiiném

IIpou3sBeJeHunue 3JIEMEHTOB B-HpOCTpaHCTBa:
0192 = (a1 + by +jer +ijdy) (ag + iby + jeo +ijda) =
= (a1a1 — b1b2 + C1Cy — dldg) + 1 (a1b2 + blag + Cldg + d102> + (1 3 5)
‘|—_] ((1102 — b1d2 + C1Q9 — dlbg) + 1J (a1d2 + b102 + Cle —+ dla,g) = o
= (w1 +jo1) (ug + jua) = (urug + v1v2) +j (U102 + viug)

B Tom umncie,

KBagpar B-uucaa:

(a +ib+jc+ijd) (a +1b + jc + ijd) =
=(a®> = 0>+ — d*) + 12 (ab + cd) + j2 (ac — bd) + ij2 (ad + be) = (1.3.6)
= (u+jv)* = u® + v +j2uv

q2

B 3aBucumocTn or 3HaUEHUI KOOPAMHAT COMHOXKUTEJIEN, TPON3BeIeHne B-unces MOXKeT TPUHU-
MaTh JII0Ooe 3HAUYEeHNe — OMKOMILIEKCHOE, KOMILJIEKCHOE, MHUMOE, JTeHCTBUTE/IHHOE U BOODIIE
nysepoe. I[IpousBenenne B-4auces 1 KOMMYTaTHBHO, U aCCOIMATHUBHO.

Comnpsi>kéaabie dpopMbl B-ducia.
C yuaerom dopmyi (1.2.2), KOMILUIEKCHO CONPsizKEHHOE B-unciio ¢ 6ymeT uMeTh BUI:
g=a—ib+jc—ijd=(a—ib) +j(c—1id) = u +jv (1.3.7)

Kpome 06bI4HO#T onepanun KOMILIEKCHOTO conpsizkertsi (C-CONpsizKeHNs1) BBEIEM OTePaInio Ou-
KOMNACKCH020 conpascerus (B-conpsizKeHns ), COCTOSIIYIO B CMEHe 3HaKa TepeJl CHMBOJIOM j.
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D1y onepanuio 0603HAINM IIPOCTABIEHIEM HaJl cuMBOJIoM B-unciia suaka tuiibiaa (). Ha ocHo-
Be dopmyst (1.3.1) u (1.3.7), B-conpsizkéntoe uncio ¢ u C' B-CONpsizKEHHOE YUCIIO § 3aIUIIEM
TaK:

G=a+ib—jc—ijd=(a+ib) —j(c+id) =u —jv (1.3.8)
g=a—ib—jc+ijd=(a—ib) —j(c—id) = u — jv (1.3.9)

Ormerum, uro oneparuu C- 1 B-conpsizkeHns: He3aBUCHMBI. [109TOMy, KaK BBINOJIHEHUE, TAK 1
IIPOCTABJIEHUE HAJ| CUMBOJIOM B-4nc/ia 3HAKOB 9TUX OMEPAIUii MOKET MPOU3BOIUTHCS B JIFOOOM
nopske. [ToBTOpHOE compsizKeHre JII060Tr0 TUTIA PABHOCHIBHO OTCYTCTBUIO 9TOTO CONPSIZKEHMUSI:
(=q¢ 4=¢ §=4 (1.3.10)

JI1st KOMILIEKCHOTO Yncia 2z = & + iy CYIIeCTBYIOT Ollepalii BblIeeHus! (J1efiCTBUTeTbHbIX) KO-
OpJMHAT 10 JeficTBuTeIbHON 1 MEUMON ocam: Re(z) =z u Im(z) =y. Kommiekcublie uncia u
M U TI0 QHAJIOTUHE MOYKHO HA3BaTh COOTBETCTBEHHO KOMILIEKCHON YACThIO U ‘j-4acThio” GUKOM-
wiekcHoro uucnaa q. s omepanuit BoigeseHns 3TuX (KOMILIEKCHBIX) KOODAMHAT B-BeKTopa
BBEJIEM CJIeIyIolne 0003HaAYEHNS:

Cl(g)=u C2(q)=v (1.3.11)
Torpa g B-wucen (1.3.7) — (1.3.9) mommyanm
Cl(@) =u C2(q)=v; CL(@=u, C2(d)=—v; CL(F =4, C2() =0
Brumummem npoussejienus nap CONpAKEHHbIX B-dmncer:

a) g7 = (u+jv) (@ +jv) = ut + vo + j (ud + av)

0) qq_(U_jv)(ﬂ—JU)—uu+vv—J(UU+uv)

B) ¢4 = (u+jv) (u —jv) = u? —v?

r) 4G = (@ + jv) (@ — jv) = @ — 0° (1.3.12)
) qq = (u+jv) (u —jv) = vt — vo — j (uv — uv)

e) qq

= (a+jv) (u—jv) =ua — v0 + j(ud — a)

[Ipoussesenust a) u 6) conpsizxkennsl oukommnekcno: Cl (gq) = C1(Gq), C2(qq) =—C2(gq). B
[POU3BEJIEHUSIX B) ¥ T') CAMHU COMHOXKUTEJIH SBJISIOTCsT B-conpsizkénubiME. Mek ity coboii ke s1u
NPOM3Be IeHHsl CONPsAZKeHbI KoMILTeKcHOo. B pesymbrare: C2 (q¢) = C2 (gq) = 0. Haxonen, mpons-
BEJIEHUS J1) U €) MOXKHO PACCMATPUBATDH JINOO Kak C-CONpszKEHHbIE, MO0 KaK B-CONpsiKEHHbBIE,
TaK Kak IpH JIOOOM M3 9TUX CONPAKEHNI OHU MEpeXOadaT APYT B APYTa.

[TpousseeHne BCeX 9eThIPEX CONPAKEHHBIX (POPM MOXKET OBITH BBIYHCICHO 9epe3 COMHO-
xurenn (1.3.12) cremyromumMu TpeMst criocobamu:

det ¢ = q4qq = (q9) (9) = (¢9) (79) = (49)(q9) =
= (ut +v0)? — (uv + w)?* = (uv? — v} (@ — v?) = (vi—v?)? — (uv — Ww)* =
(a +b2+c +d?)? — 4 (ac +bd)* =
— (> =0 - E+d?)° +4(ab—cd)’ = (1.3.13)
= (a® + 62 —c® —d*)? +4(ad — be)® =
=a' + 0"+t +d' 4+ 2(a®® — a®P + a?d® + 0V’ — VAP + Pd?) — 8abed
Kak cymma KBagpaToB AByX JeiicTBuTesbHBIX dncest (crpoku 4 u 5 B (1.3.13)), 910 mpoussee-
HUe BCEryIa MMeeT JIeHCTBUTeIbHOe HeoTpHUIaTeIbHoe 3Hadenne. Vcnonb3oBanne 0603HaMEH s
onpeenuTesnsd, det ¢, cBazano ¢ MarpudHoil popMmoil mpecTaBaenus B-uuces, KoTopas Oyaer

paccMoTpeHa B cieayromieM paszese. Ceifgac ke 0oTMETHM, 9TO B TeX ciydasx, Koraa det g # 0
JJIS JTAHHOTO YUCJIa ¢ BO3MOYKHO
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JeJieHrne Ha B-‘II/IC.TIO
@ @3dd  @ddq
q qqqq detgq
Tem cambiM, jesierre Ha B-9uUCI0 ¢ CBOAUTCA K YMHOXKEHHIO HA TPU COMPAKEHHBIE (POPMBI
9TOr0 YHCIA U JIeJIeHUI0 Ha JefictBurenbroe dncio det g. Eciu ¢ =1, To momy4anm

(1.3.14)

obpaTHoe B-4muciio
1/g=q' = qqq/ detq (1.3.15)

EcrecrBenno, obpaTHoe 3HaMEHNE UMEIOT TOJBKO Te B-uncia, onpeie/inTe/ib KOTOPBIX He paBeH
HYJIIO.

1.4 MarpuyHasi ¢popma B-umcia

Kaxmomy B-uucity B dopme (1.3.1) MoxkeT ObITH cOMOCTAB/ICHA JeHCTBUTEIbHAS KBAPATHAS
MaTpHUIla IeTBEPTOrO MOPsiJiKa, KOTOPYIo OyeM 0003Ha4YaTh T€M K€ CUMBOJIOM (:

a b ¢ d a b —c —d
l=b a —d c|| |lu v . |=b a d —c|| |u —v
Tl d a b ol 97 |=¢c =d a bl ||-v ul’
—d ¢ —b a —d —c —=b a
(1.4.1)
a —b ¢ —d a -b —c d
_ b a d c| J|lu v -~ |lb a —d —c|| |u -v
T=le —da =b| |5 al” 7 ||=c d a —b|| |-5 al’
d ¢ b a —d —¢c b a

DT MATPUIBI SBIAIOTCA CyMMOIl pomnsBegennii — cormacuo dbopmynam (1.3.1) — (1.3.9) —
JeficTBUTeIbHBIX dncel (a, b, ¢, d) Ha cieayromue MaTPUIbl GA3UCHBIX JIEMEHTOB:

()

00 0
0 0 . -1 .. 0
10 =1 (1.4.2)
01

==
cor~ o
o = o o
N =)
oo o~
oo~ O
oo o
oo |
—_
oo o

-1

HenocpeicTBEHHBIM BBIYUCIEHHEM MOYXKHO yOeaurbesi, ato dhopmyabt (1.2.2) peanusyrorcs Ha
marpunax (1.4.2).

Heiicreuresnbubie Marpuiibt (1.4.1) u (1.4.2) B-4ucen MOXKHO MPEJICTABUTD B BUJIE KOMILIEKC-
HBIX (6I0YHBIX) MATPUIL BTOPOTO MOPsijiKa. [Ipu 9TOM MX 9/1eMEHTHI 3aIICHIBAIOTCS B MATPUIHO
dbopme TaK, KaK 9T0 NPUHATO JJisi KOMILJIEKCHBIX IUCeI:

a b
-b a

a —b
b a

c d
—d c

¢ —d
d ¢

1 0] . 0 1
=fo it =l of s

) , , V=

Omnepanuu ¢ MarpuriamMu B-dmcesl — CI0YKeHNe, MPOU3Be/IeHNe, YMHOKEHNE Ha YUCI0 — MO-
I'YT BBITOJHSATHCS KaK B JIEHCTBUTETBHON, TaK U B KOMILIEKCHOM opme. CaMu KOMILIEKCHBIE 1
JIeHiCTBUTEIbHBIE YUC/IAa B CBOIO OYEPE/Ib MOTYT PACCMATPUBATHLCA KAaK YacTHBIE CIydan OMKOM-
wiekcHbIX: ¥ = u + j0 u a = a + 10 + jO + ij0:

a b 0 0 a 0 00

u 0 -ba 0 O 0 a 0O
o w| " flo 0o a b " “To o0 a o0 (1.4.4)

0 0 —b a 0 0 0 a
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Tem cambiv onepanun ¢ R-, C- u B-ducaaMu OCYIIECTBJISAIOTCS HA MATPUIAX OJMHAKOBBIX
nopsiikoB. Marpuiibl B-4ncesi KOMMYTATUBHBI. DTO 00eCIIeunBaeTCsd UX CAMMETPUIHOCTHIO OT-
HOCUTEILHO N0604Hol IUAaroHa . BUKOMILIEKCHOE M KOMILIEKCHOE COIPAKEHUS BbIPAsKAETCsl
B CM€He 3HaKa COOTBETCTBEHHO Y j- UJIN y 1-3JIEMEHTOB.

Bo Bcex marpunax (1.4.1) amrebpamdeckue mononuenust A, B, C, D snementos a, b, c,d He
3aBUCAT OT MECTa PACIOIOKEHUSA ITUX JIEMEHTOB B MaTpHUIaX. TeM caMbIM, BBIYUC/IAA OIpe-
Jesrens o6oit w3 marpury (1.4.1) pasioxkenneM 1o 060 UX CTPOKe UJIU CTOIBILY, MOLY IHM

detq=detg=det§=det§=aA+bB+cC +dD = qqqq (1.4.5)

Umenno mostomy B dopmyste (1.3.13) mpomsBesenne BeceX YeTHIPEX COMPSKEHHBIX GopMm B-
quciia 66110 0603HaYeHO Kak det ¢. 13 hopmyt (1.4.3) ciejryer, 4To aHATOIUIHbBIE COOTHOIIEHNU S
HMEIOT MeCTO U I KOMILUIEKCHBIX uncest: det u = det @ = ui = a? + b

Omnpenenurens B-dncia MOKHO BBIYHCIUTH M depe3 KoMILIeKcHble MaTpuibl (1.4.1) kak
qepe3 MPOMEKYTOUHYIO CTaINIO:

- -c+d>  +2(ab—cd)
F2(ab—cd)  a?—b*—c2+d?

det ¢ = det (u? — v?) = det (a® — v?) =
(1.4.6)

(a® = b* — 2 + d?) + 4(ab — cd)?

1.5 enurenn HyJIst

OueBnano, uro onpeaenuresab detg = 0 B ciyaae ¢ = u =v =a = b = c = d = 0. Ho maxe
koryia ¢ # 0, o u3 (1.4.6) ciemnyer, uro det ¢ = 0, ec/i BBIIOIHSAETCS YCTIOBUE

u? —v* =0, To ecTb u = . (1.5.1)
[Ipu q # 0, HEe paBHBI HYJIIO U BCe COMPszKEHHBIE (POPMBI ¢. [I0CKOMBbKY Ompeie/inTe b BBIINCIs-
ercs Kak ux npousseenue (1.4.5), T0 9T0 3HAUUT, YTO PE3YJILTATOM MIPOU3BEIEHUS HEHYIEBbIX
COMHOXKHTEJIEl MOYXKeT OBITh YUCIO0 HOJb. TakuM 00pa30M, MHOXKECTBO B-Uuces COIEPKUT Jie-
JINTEJIN HYJIS.

B-uucna, ompenenuTesnb KOTOPBIX paBEH HYJIO, a MaTPUIA sBJISETCS BBIPOXKICHHOM,
TOXKe Oy/IeM Ha3bIBATh GupodtcderHuiMmu. PaccMoTpuM mpousBeeHne qiqs = qs. /[is wHero
det g; det g = det q3. Otrcroma ciaemayer, 9To ompeaeuTeab TpousBeneHns: det gs paBeH Hy-
JIIO TOJIBKO, KOTJIa OJINH WU 006a COMHOXKHUTENS BBIpOXKIeHBI. V1 mHaobopor, ecm detq # 0
u det gz # 0, To u det g3 # 0.

1.6 O nouaruu B-ugucia

MHuozkecTBO 3/IeMeHTOB B-mpocTpaHCTBa 00pasyeT acCOoNUaTUBHO-KOMMYTATHBHOE KOJIBIO C
eJINHUIIEN, nMeroIIee nenTenn Hyad. Ham momem R 1eifiCTBUTENIBHBIX YHCET 3TO KOJIBIO SIBJIS-
ercst deTbipéxMepHoit (Has mojieM C' KOMIIIEKCHBIX YHCeNT — 2-MEPHOii) acCOIMaTHBHON U KOM-
MyTaTuBHOI ajrebpoit. HyseBoit u e quHUYHBIM 9/1eMeHThI Kostblia 1 nojieit R u C' coBnaiaior, a
orepaliy CJI0KEHUsI U YMHOXKEHUs 9JIeMEHTOB B-TIPOCTPaHCTBA SIBIAIOTCS €CTeCTBEHHBIM pa3-
BUTHEM 3THX OIEPAIUil JI/Id 9JIeMEeHTOB YHCI0BbIX moseit R u C. VIMeHHO MO9TOMY 371€MEeHThI
B-npocrpascTBa MBI Ha3blBaeM (OUKOMILJIEKCHBIME) YHCJIAME. BUKOMILIEKCHBIE YHCIA SIBJIsI-
IOTCA HEe MEHee eCTeCTBEHHBIM HallpaB/JICHUEM Pa3BUTUA NOHATUS YHUCIA, YeM KBATCPHUOHLI U
qncyta Ko, OrveTum, 4To He uMeromiue JeuTeseil Hy s THIePKOMITIJIEKCHbIE TIC/Ia Ha CTa Ul
4-MepHOIT JeficTBUTETLHON anrebpbl KBATEPHUOHOB y2Ke He 00/1aJIal0T CBONCTBOM KOMMYTATUB-
HOCTU TIPOU3BEJICHUSA, a Ha CTaJIuM S8-MepHOil ayreOpnl uyncen Komm Tepdror emé m cBOHCTBO
ACCOIMATUBHOCTH (OCTaBasCh ajbTepHATHBHON). Tem camMbIM, pasBuTHe MOHATHS YHCTa Oe3 J1e-
JINTeJIell HyJisl eCTeCTBEHHBIM 00pa30M 3aKaHUYMBAeTCs. B oTimdne oT 3TOro, GMKOMILIEKCHbIE
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gncna (1 nocnemyiomue NC-umcia) UMEIOT JeIuTe/ld HyJlsd, HO COXPAHAIOT BCe CBOU ajrebpan-
qecKre CBONCTBA B CHJIY TOT'O, YTO UMEHHO COXPaHEeHNEe ITUX CBOMCTB U IMOJIOYXKEHO B OCHOBY WX
TTOCTPOEHUSI.

1.7 DxcnoHeHTa oT B-aprymeHTa

[IpencraBum byHKINIO ¥ = eXp T B BUJIE CISIYIONIETO CTEIEHHOIO PsIa:

2 £U3 n

x Z
expxz1+I+§+§+"'+ﬁ+“':X0+X1+X2+"'+Xn+"" (1.7.1)

mn

roe X, = )

CTh ¢ — JleficTBUTEIbHOE Ync/o. VI3BecTHO, YTO, TPYNNUPYsd YETHBIE U HEYETHBIE UJIEHBI
ITy A al ; ITO, PPYTIHDY

psiia, mpu £ = « sKcrnoHeHTy (1.7.1) MOXKHO BBIpa3UTh depe3 rumepOomdecKue (DYHKIWN, a
Ipu T = i — Yepe3 TPUTOHOMeTPUYeCKUe:

exp(a)=(Xo+Xo+Xs+...)+ (X1 + X3+ X5+ ...) = cha + sha
exp(ia) IX0+1X1—X2—1X3+ = (XO—X2+X4—)+1(X1—X3+X5—) =
= ch(ia) + sh (ia) = cosa + isina
rae X, = a"/n! — neiicrBuTebHbIE YHCTa. AHAJIOTUYHO, I © = jo U & = ijv, IOy IUM:
exp (ja) = Xo+jXi + Xo+jXs+ ... =(Xo+ Xo+ Xu+ .. ) +ji(Xi+ X5+ X5+ ...) =
= ch (ja) + sh (ja) = cha + j sha
exp(ija) =X0+in1—X2—in3+... = (XO—X2+X4—...)+ij(X1—X3+X5—...) =
= ch (ija) + sh (ija) = cosa +ijsina

CBojiKa y2Ke M3BECTHBIX U BHOBB IOy YEHHBIX (POPMYJT UMEET CJIeIYIONIUil BUT;:

exp () = cha + sha

exp (i) =ch (ia) 4 sh (ia) = cosa + isina (1.7.2)
exp (ja) =ch (ja) + sh (joo) = cha + jsha
exp (ija) =ch (ija) 4 sh (ija)) = cosa + ijsina

s orpuniarenbHOro aprymMenTa (—a) 3HaK (+) nepe HedéTHbIMI (DYHKIUSIMU CHHYCA BO BCEX
dbopmynax (1.7.2) usmennrcs wa 3HaK (—). Torma, Hapsimy ¢ usBecTHbIMEU hopMyIamu Diliepa

% = cha % = ch(ia) = cos (a)
% — sha % = sh(ia) = isin ()

MBI [TOJTy9aeM BO3MOXKHOCTD 3amucarh (1.7.3)
eja + e_ja . elJOé + e—lJOt
—5 = ch(ja) = ch(a) —g

er — eI el —e

5 =sh(ja) = jsh(a) 5

—= ch(ija) = cos (@) (1.73)
" _ sh(ije) = ijsin (o)

Ecnn B xauecTBe apryMeHTa 9KCIIOHEHTBI B34Tb B-amncno

kK=a+if+jy+ijo =& +n
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e «, (3, 7, 0 gefictBurenbuble, a £ = a+ 1 u n =y + 10 — KOMILJIEKCHBIE IUC/IA, TO
exp k =exp(a + 10 + jy + ij0) = exp aexp (i8) exp (jy) exp (ijd) =
=exp a(cos B + isin §)(chy + jshy)(cosd +ijsind) =
=e*{[(cos Bchry cos & — sin Fshrysind) + 1 (sin Fchy cos § + cos Gshy sin d)] + (1.7.4)
+ j [(cos Bshry cos & — sin Bchy sin §) + 1 (sin Gshy cos § + cos fchysind)]} =
=a+ib+jc+1ijd = q

CoorHomiennsi (7.4) MOKHO paccMaTpUBATh KaK IKCNOMENUuaivHyto @gopmy (Kpatko —
exp-dbopMmy) B-umcia, BbIpaXKeHHYIO depes JeiicTBuTesibHble dyHKImU. TakuM ke obpazom
exp-pOpMy MOYKHO BBIPA3UTh U Uepe3 (DYHKIUH OT ABYX KOMILIEKCHBIX apTryMeHTOB:

expr = exp ({ +jn) = exp{exp (jn) = exp& (chn +jshn) =u+jv=gq (1.7.5)

[TockosbKy 3KCnOHEHTa OT B-apryMeHTa B UTOTe BBbIPAXKAeTCsd Uepe3 TUIepOomIecKrue U TPU-
rOHOMETpHYIeCKHe (DYHKIUU JIefCTBUTEIbHON (MJIM KOMILIEKCHO(T) IIepeMeHHOii, TO U B CiIydae
B-aprymenTta OyayT BBIIOTHIATHCS OCHOBHBIE TOXKIECTBA:

(cos 3+ isin 3) (cos B — isin 3) = cos® B +sin’ B =1

(chy + jshy) (chy — jshy) = ch?y —sh®>y =1 ( )
1.7.6
(cosé +ijsind) (cos§ — ijsind) = cos® +sin®d = 1

(chk + shk) (chx — shk) = ch?x — sh®x = exp (k) exp (=) = exp (0) = 1

DaKTHIECKN 3/1eCh MBI UMEEM JIeJI0 C PACIIMPEHNeM SKCIIOHEHTHI, & TaKKe TUIepOomdecKux
U TPUTOHOMETPUYECKUX (PYHKIWMI Ha OMKOMILIEKCHOE MPOCTPAHCTBO B, aHAJOIMYHO yKe n3-
BECTHOMY PACIIMPEHUIO TUX BYHKIHiT Ha KoMIIekcHoe mpocTpancTBo C. Bee m3BecTHbie coOT-
HOIIEHUS JIJIsd 9TUX (PYHKIUH OT JefiCTBUTETLHOTO WJIM KOMILIEKCHOTO apryMeHTa OyIyT cipa-
BEJIUBBL U JIJIs ONKOMILJIEKCHOTO aprymenTa. Tak, cooTHomenust, anajporundsasie (1.7.2), Oyayr
BBITIOJIHATHLCSA HE TOJBKO JIJIsl JIeHCTBUTE/IHHOIO apryMeHTa (v, HO U JIJisi KOMILJIEKCHOTO apry-
MeHTa (Hampumep, & = a + 1), u qys B-aprymenta (k = a + i + jy + ijd). Boobuie, crnpa-
BEJ/TUBOCTD JTIO0O0 9KCIIOHEHIINAILHON, TUIIEPOOTNIECKON MIM TPUTOHOMETPUUIECKOH (DOPMYJIBI,
3AIMCAHHON 71 ONKOMILIIEKCHOTO apI'yMeHTa, JIETKO IPOBEPUTD, BHIPA3UB ITOT apI'yMeHT depe3
JleficTBUTE/IbHBIE TIEPEMEHHbBIE, & 3aTeM Ipeodpa3oBaB (hOPMYJIy MO CTAHIAPTHBIM MPABUIAM C
yaérom coornomenuit (1.7.2) — (1.7.3).

Oynkuns (1.7.4) o nepemenusiM § u 6 mmeer nepuonst 2nm. 113 roxmects (1.7.6) u dop-
Myt (1.7.4) ciemyer, 9T0 HE OpU KAKUX 3HAYEHUAX apryMeHTOB «, (3, 7, § BCe Y4eThIpe KOOp-
JIMHATHI B-BEeKTOpa ¢ He MPUHUMAIOT HYJIEBOTO 3HadeHus ojHoBpeMento. CrieoBaTeibHO, HOJTb
He BXOIUT B 0oOJIacTh 3HavYeHWil MyHKIUM ¢ = exp k. Her cpemau 3nadvenunit sToit pyHKINN 1
BBIPOXKJICHHBIX B-unces, Tak Kak

detq=qq3qg =exp(k+k+ i+ k) =expda >0 (1.7.7)

OTMmeTuM, 9TO BO3MOXKHO U JPYToe, CBA3aHHOE ¢ 9KCIIOHEHTOI MpeacTaBieHne B-4auciia, KoTopoe
OyZeM Ha3bIBATH KOMNAEKCHO-9KCnoOneHyuasonum. Takoe C-erp-mnipe/icTaBieHNe BBITEKAET U3
TOT'0, 9TO KOMILIEKCHBIE COCTABJISIONINE U U v B-duncia ¢ KaxKaast 1o OTAe/IbHOCTH BbIPAXKAIOTCS
B 9KCIOHEHIaIbHOI popme. Tak, ecim v U v He PaBHBI HYJIIO, TO

q=u+jv=exp(p+ip)+jexp(oc+i) =

1.7.8
=exp p(cos ¢ +1isin @) + jexp o(cos ) +isin ) ( )
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Oyukuus (1.7.8) onpesenieHa mpu JTOObIX JIEHCTBUTEIBHBIX 3HAYEHUAX 0, ©, O, 1; UMeeT epuo-
Il 27 110 TIepeMenHbIM @ u . [Ipu p=0c u o =1 +nmw (n=0,1,2,...) €€ 3HAYEHUSs BHIPOK JICHDI
u BeInosHsteTcs yeaosue (1.5.1), u= +v:

qq = exp2(p+ip) —exp2 (o +iy) =0

1.8 BpipaxkeHue rnmapamMeTpoB apryMeHTa 4depe3 napaMerpbl (PyHKIIUN

[To dopmyite (1.7.4) MOKHO BBIYUCIUTH JIIOOYIO U3 COCTABIAIONMX (a, b, ¢, d) SKCIOHEHIUAT-
HOit B-(yHKIMU 10 M3BECTHBIM 3HAYEHUM COCTABJIAONMX aprymenta (a, 3, v u §). Haiiném
BBIDAZKEHNs, MTO3BOJISIONINE PelTh obparnyio 3agady. 13 (1.3.12) u (1.7.4) momyamm:

a) q7 = a® + b* + ¢ + d* + j2(ac + bd) = exp 2(a + jy) = €**(ch2y + jsh2y)

6) G = a® + 0%+ + d* — j2(ac + bd) = exp2 (a — jy) = €**(ch2y — jsh2y)

B) qG = a®> —b* — 2+ d? +i2(ab — cd) = exp 2(a +i8) = €**(cos 23 + isin 23) (181)
r) 44 ) =exp2(a —if) = €2*(cos 23 — isin 23)

qg=a>—-b*—c*+d*—i2(ab— cd
1) qq = a®> +b? — 2 — d?* +1ij2(ad — bc) = exp 2(a +ijd) = €** (cos 2§ + ij sin 20)
e) 4G = a®> +b* — * — d® —ij2(ad — bc) = exp 2 (a — ijd) = €@ (cos 2§ — ij sin 24)

s (1.8.1 B, 1) mHaxoaum coorHomrenne st 3, a u3 (1.8.1 a, 6) u (1.8.1 1, €) — ans y u 6:

2(ab — cd)
E—R -+ &

2(ac + bd) 2(ad — bc)
= tg2 = th2 =tg20. (1.8.2
825, a? +b* +c* + d&? L e g A (1.82)

Kpowme toro, menocpescreenno u3 (1.7.5) ciaemyer, aro

v _c+id _ (ac+bd) +i(ad — be)
u  a+ib a? + b?

= thn = th(y +19) (1.8.3)

Crnocob HaxoXK IeHns mapameTpa « onpejiesisiercs dhopmystoit (1.7.7) BeraucieHns jeTepMIUHAHTA
byHKINI:
a =In(detq) /4 (1.8.4)

Takum obpaszom, 11000e HEBBIPOKIEHHOE B-UnC/I0 MOXKET ObITh IIPEACTAaBICHO B SKCIOHEHIIN-
aJbHOI hopMme.

1.9 B-npocTpaHCTBO KaK €BKJINI0BO
[Iycth ¢ 1 p — ;1Ba NPOM3BOJIBHBIX B-BeKTOpa, MPeJICTABIEHHBIX COOTBETCTBEHHO B ajredpan-
YeCKOH, KOMIIJIEKCHO-9KCIIOHEHITUAJILHON 1 9KCIIOHEHITNAJIBHON (hopmax:
q=a;+iby +jc; +ijdy = u; +jvu; =
= exp (p1 +ip1) +jexp (o1 + ith)
= exp(aq +iB1 +jm +1jd1) (1.9.1)
p = ay +iby + jeo +ijdy = ug + jug =
= exp (p2 +ipa) +jexp (o + itb2)
= exp(az + 102 +jy2 +ijda)
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TOT' 1A
qp = (a1 + lb1 +J61+1Jd1) ((12 — 1b2 +jCQ — ljdg) =

= ((11(12 + blbg + 0162+d1d2> -+ 1 (—G,lbg + b1a2 — Cldg + d1C2) +
‘|—J (a162 + b1d2 + 01a2+dlbg) + 1J (—a1d2 + b102 — Cle + dlag) =
= (uy +jur) (U, + jva) =
= Ul’L_LQ + U11_)2 +j(’LL11_)2 + Ulﬂg)
Ocranbubie, Tpebyronecst B (1.9.2) ciaraembie, nonyunm C-; B- u C B-conpsizkeHHEM 3TOTO
BBhIpasKeHUs U BBEJAEM cllefIyrolnee 0003HaUeHUE:
(¢;p) =(ep+qp+dqp+qp)/4 =
= (ulﬁg + V1V + Uruo + ’171?)2)/2 = (192)
= Q109 + b1b2 + C1Co + dldg

OTKYIa
(¢,9) = (g7 + 43)/2 = witiy + 10 = a2 + b2 + 3 + d3
(p,p) = (PP + PD)/2 = Uslly + VT = a3 + b3 + ¢ + d3
Coornomenne (1.9.2) 6yzeM paccMaTpuBaTh Kak ONPEIETIEHHE CKAAAPHO20 NPOU3BEICHUSA

B-BeKTOPOB, CJIeJICTBUEM KOTOPOT'O SIBJISETCS TIOHSITHE CKaAAPHOo20 keéadpama B-sekropa (1.9.3).
Jlng Tak 3aJIaHHOTO MPaBUJIa CKAJISIPHOTO MPOU3BEIEHNS, OY€BUIHO, BBITOIHIIOTCA CJIELY-

(1.9.3)

Iomye 9eTbipe aKCuOMBI:

1° (¢,p) = (p,9)-
2° (@1 +qe,p) = (q1,p) + (g2, P)-
3° (Ag,p) = Ag,p) opu JI0OOM JIEfICTBUTETHHOM .

4° (g,q) > 0, ec/IM ¢ — HeHyJeBoil B-BeKTop;
(g,9) =0, ecum ¢ — HyJIeBoit B-BekTop,
9TO M MO3BOJISIET PACCMATPUBATH JIMHEHHOE B-ITPOCTPAHCTBO KaK €6K.AU0060, CO BCEMU BBITEKA-
IOLIUME U3 9TOTO CJIeACTBUsIMU. B dactHOCTH, HopMma ||q|| B-Bekropa u yzoa 6 mexiy aByMs
B-BekTopaMu MOI'YT GbITh HAi/ICHBI U3 CJIELYIONMX COOTHOIICHUIL:

lall = v/(a,9) = 1/ (4G + G3)/2 = Vui +v0 = Va> + 1> + 2 + @ (1.9.4)

(¢,p)
cosf) = ——~— 1.9.5
Tl 171 (1.9:3)

B cBoro o4depenp, BBe,ZLéHHaﬂ Ha OCHOBE€ CKaJIAAPHOI'O IIPpOU3BEACHUA HOPMa BEKTOPa €BKJIXIOBaA
IIPOCTpaHCTBa, aBTOMAaTUYIE€CKU YIO0BJIETBOPAET CJ/IEAYIOINM Tpél\l aKCHOMaM:

1° |lq|| > 0, ecsiu ¢ — HenyneBoit B-sekrop; ||q|| = 0, eciin ¢ — Hy7eBoit B-BeKTOD.
2° |[Aq|l = |A] - |lq|| mast mro6oro B-BekTopa ¢ m JIE0O0TO NEHCTBUTEIBHOIO YHCIA .

3° Jlns mo0bIX IBYX B-BEKTOPOB ¢ U @y CIIPABEJTMBO HEPABEHCTBO TPEYTOJIHHUKA!

lgr +all < gl + llga|

Basuc {1,1, j, ij} B-mpocrpaHcTBa sIBJIsieTCsl OPTOHOPMUPOBAHHBIM. DTO TOKA3aHO B TabJuie
1.9.1 mpu momoru 6ukoMILIeKcHO gactu dopmyisr (1.9.2).

Tem cambiM, KarxK1asd KOOPAUHATHAS IIOCKOCTH UMEET OPTOTOHAIBHYIO KOOPJINHATHYIO TLIOC-
kocth: Oab L Ocd, Oac 1. Obd, Oad 1 Obc, a y KaxKI0r0 KOOPAXHATHOTO TPEXMEPHOTO TIOJI-
IIPOCTPAHCTBA OPTOTOHAJIBHBIM JOTIOJTHEHUEM SIBJISIETCSI OCTABIIASICS YETBEPTAas OCh KOODNHAT:

Oabe L Od, Oabd 1. Oc, Oacd L Ob, Obcd L Oa.



A.B. I'oproroB N-KOMIIJIEKCHasI aJareopa... 79

Tabmmma 1.9.1:

(ep) | el @ | a|qa||p| D |D|DP (gp+ap+ap+ap)/4 | =
Ly | |1 1] 11 11|11 (1+1+1+1)/4 |1
(1,1) 11|11 T T R (—i+i—i+i)/4 |0
(1,) 11 ]1 A e B Rl (G+j—j—i)/4 0
SR R U U B U R T T ST AT (—ij+ij+ij—ij)/4 | 0
(i,1) N T T O T (S S S (1+1+1+1)/4 |1
) | [ =i & || [i]d |—=i|-i] | G-i-i+i)/M4 | o
() | [ 0| =i | ||| | i (G+i-i-/4 |0
(3,3) J L [ =1 -] J 1 J | ] (1+1+1+1)/4 1
Goid) | {3 [ 3 | =i | =i 6] -] - (<iti-i+i)/4 |0
G,5) | (4§ =5 | = |4 | [§| =i =i/ i (1+1+1+1)/4 |1

Ncexonsa n3 opTOroHAJILHOCTH TAP KOOPAMHATHBIX IJIOCKOCTEN M UCIOJIb3Ysl TPUTOHOMETPH-
YeCKU CIocoO 3alucu KOMILJIEKCHBIX YHCe/I, MPEJICTABUM B-BEKTOpP B mMpuzoHomempuueckot

popme:
g=u+jv=ry(cosp+ising)+jrs(costy +isiny) =

= rfcos x (cos ¢ +ising) + jsiny (cost +isiny)| = (1.9.6)
= r(cos x cos ¢ + icos xsin ¢ + jsin x cos ¥ + ij sin x sin ¢),
rie v = |q| — Hopma (aymma) BexTopa, 1 = ||ul| = Vuu u ry = ||v|]| = Vov — (meorpu-
HaTeabHbIe) JIMHBI €r0 COCTABJSIONINX MO OPTOrOHATIBHBIM KOODIMHATHBIM ILTocKoCTsM (Oab
u Ocd. To ectb, r1 = rcosy u ro = rsiny npu 0 < y < 7/2, Torga Kak OPUEHTAIUIO ITUX
COCTABJISIIOIINX B KOMIIJIEKCHBIX IJIOCKOCTAX U U U 33Jal0T cOOTBeTCTBeHHO yrubl ) < ¢ < 27
n 0 <9 < 2m. Kpome yka3aHHBIX, B Ka9eCTBe OPTOTOHAJIBHBIX KOODJINHATHBIX IIJIOCKOCTEH MO-
I'yT OBITH B3ATEI U OCTAJbHBIE JBe IMapbl. B 3TOM cilydae TpuroHomerpudeckas (popMa 3alicu
B-BekTopa npuMeT HeCKOJIbKO MHOM, HO aHaJIOTMYHBIH BUI.
Cassb TpuroHomerpudeckoii (1.9.6) n koMiIekcHo-9KCcoHeHImabHoi (1.7.8) dopm mocra-
TOYHO OYEBHIHA:

expp =rcosy, expo=rsiny, tgx =exp(oc—p) (1.9.7)
Jl st HaxoXKIeHnsT CKaIsipHOTO Tpou3Beierns B C-exrp-opme, cHaYMA A BHITUCIAM
qp = [exp (p1 +1p1) +jexp (o1 +11)] [exp (p2 — itpa) +jexp (02 — ithy)] =
= exp (p1 +ip1) exp (p2 — ipa2) + exp (01 + i9h1) exp (02 — itho)+
+jlexp (p1 + ip1) exp (02 — ith) + exp (p2 — ia) exp (o1 + ith1)]

qp + Gp = 2 [exp (p1 +ip1) exp (pa — ia) + exp (o1 + ithy) exp (o — ithy)] =

= 2{exp [p1 + p2 +i(p1 — @2)] + explor + o2 +i(Y1 — o)} =

= 2{exp (p1 + p2) cos (1 — p2) + exp (o1 + 03) cos (Y1 — s) +

+1 [exp (p1 + p2) sin (1 — p2) + exp (01 + 02) sin (Y1 — ¥o)]}
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3aTeM, CKJIaJblBasl 9TO BbIpaykeHue ¢ ero C-COmpazKEHHBIM 3HaUYeHueM qp -+ ¢p, HOIyYnM

(¢,p) = exp (p1 + p2) cos (1 — @2) + exp (01 + 02) cos (11 — 2)
(1.9.8)

(¢,q) = exp2p; + exp 204

Taxum obpaszom, B C-exp-dpopme KBajpar B-BeKTopa ¢ €CTh MPOCTO CyMMa KBaJIPaTOB €ro Co-

CTaBJIAIOMNUX 110 BBaUMHO OPTOIOHAJIbHBIM KOMIIJIEKCHBIM ITJIOCKOCTAM: 7'2 = ’I’% —FT‘% B—BeKTOpr

q 1 p OPTOT'OHAJIBHBI, €CJIX OPTOrOHaJIbHBI UX COCTABJ/IAIOIINE B 9TUX KOMIIJIEKCHBIX IIJIOCKOCTAX:
cos (1 — p2) = 0 m cos (Y1 — ¥y) = 0. Bo Beex ocranbubIx caydasx, ucxomns u3 (1.9.8), yeaosuto
OPTOrOHAJIBLHOCTH ¢ M P MOXKHO IPUJATH CIIELYIOMuii BUIL:

exp (p1 + p2 — 01 — 02) = —cos (1 — 13) / cos (p1 — pa) . (1.9.9)

C y4uéToM TOMOKHUTETHHOCTH KCIOHeHTHI, u3 (1.9.9) B yacTHOCTH CiieyeT, 9TO JJisi OPTOTO-
HAJIBHBIX ¢ U P TIPH OCTPOM yrite (1 — pg) yroa (¢ — s) A0KeH ObITh TYNIBIM U HA0OOPOT.
st HeBbIpOXK IeHHbIX B-BekTopoB 3ammuiieM dhopmyist (1.9.2) —(1.9.5) B exp-dbopme:

gp=expla; +as+1(81 — FB2) +j(m + 1) +1j (01 — 62)] = exp(as +18a + jy= +1j0a)

gp=-explag +ay —i(f1 — B2) +j(n +72) —1j (61 — d2)] = exp(as — ifa +jys —ijoa
qp + @p = 2 exp(ax + jys)ch (iBa + ijoa) =
= 2exp ayx (chys + jshvs) (cos Ba cos da — jsin fa sindp) =
= 2exp ax[(ch s cos Ba cos d —a shys sin Ga sinda) +
+j (shys, cos Ba cos da — chyy sin Ba sinda )]

Cr/Ia/IbIBast 9TO BBIPAsKEHUE C ero B-CONpsKEHHBIM 3HAYeHueM §p + ¢p, B WTOTe HOIYIuM

(g,p) = exp ax (cos fa chys cos 6o — sin Ga shys sinda) (1.9.10)
(¢,9) = exp 2a; ch 27, lq|| = exp a1 4/ch 2,
(1.9.11)
(p,p) = exp 2az ch 2, lp|| = exp aa+/ch 2,
13 (1.9.10) u (1.9.11) cremyet, aro
cos @ = (cos fa chys cosda — sin Ba shys sinda) /4/ch 27y, ch 2y, (1.9.12)

O6parum BHuMaHue, 9o HOPMBI ||¢|| u ||p|| B-BekTopoB B exp-dopme He 3aBUCAT OT UX TPHUIO-
HOMETPHYECKUX IapaMeTpoB (3 1 §, U BLIPAXKAIOTCA TOJBLKO Yepe3 SKCIIOHCHIUAILHBIA U IUIIep-
bomuecKuii mapaMeTpbl o 1 7.

1.10 Pazsnoxenue B-BeKTOPOB. B-IIpoeKTOPbI

JI1060it B-BeKTOp ¢ MOXKeT OBbITh IMpeJCTaB/JIeH B BHIAE CYMMbBI JBYX JAPYTuX B-BEeKTOPOB:
q = q1+q2. OuH U3 3TuX B-BEeKTOPOB, HAIIPUMED 1, MOYKET OBITH 3aJ]aH MPOU3BOJILHO, & BTOPOI
COOTBETCTBEHHO MMeEEeT 3HAYEHUE (o = — (.

Paszmoxum B-BeKTOp ¢ Ha JIBe 63AUMHO OPMO20HANDHbLE COCTABJISIONINE ¢ U (o, OJHA U3
KOTOpBIX (g1) HampasjeHa 110 3a7aHHOMY B-BekTopy ¢o. [lockonbky B-BEKTOD gy MMeeT KOH-
KPETHYIO, HO IIPOU3BOILHYIO BEJIMIUHY, TO B-BEeKTOPHI ¢ U ¢y OyAyT MPOTOPIMOHATBHbI:

=
L= Ao (1.10.1)
g2 =q— Ao
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3/ech A\ — HEWm3BECTHBIN JIefiCTBUTE/IBHBI KO3 MUIIMEHT, 3HaTeHne KOTOPOro HAXOINM U3 pa-
BEHCTBA HYJIIO CKAJAPHOTO MPOU3BeIeHnsd B-BEKTOPOB q1 U @s:

(q1,92) = Mqo,q2) = Mo, ¢ — Aq0) = A (g0, q) — A*(q0,q0) =0

- (90,9) _ aoa + bob + coc + dod (1.10.2)
(40, 90) ag + b3 + g + di

@opmyasr (1.10.1), (1.10.2) aBastorcst o6muMM, CIpaBeIUBBIMA JIJIs JTIOOOTO €BKJINI0BA, IPO-
cTpaHcTBa. B B-mpocTpaHCTBE BEKTOPBI MOIPA3/IESIOTCS Ha BBIPOXKICHHBIE U HEBBIPOXK ICH-
uble. COOTHOIIEHNs, YIUTHIBAIOIIIE UMEHHO 9Ty OCOOEHHOCTH, PACCMOTPUM DojIee TOIPOOHO.
Tak, “BBIpOXKIEHHBIE ILJIOCKOCTH B-IPOCTpaHCTBa SIBISIOTCS B3aMMHO OPTOTOHAJILHBIMA,
[IOCKOJIBKY OPTOIOHAJIBLHBI JIIOObIE JIBa B-BeKTopa ¢ U P, NPUHAJIJIEKAIINE STHUM ILIIOCKOCTSIM:

q=1u+ju=a+1ib—+ja +ijb,
p=v—jv=c+id—jc—ijd (1.10.3)
(q,p) = (U0 — ub + v — aw) /2 = ac + bd — ac — bd = 0.

Orcro/ia BOSHUKAET BO3MOXKHOCTD Pa3JI0yKeHUs IPOU3BOIBHOIO B-BeKTOpa ¢ Ha JIBE BHIPOXK ICH-
HBIE€ OPTOrOHAJIBHBIE COCTABJIAIONINE, KOTOPBIe 0003HAYNM Kak ¢+ m ¢~ :

{ g =(u+v)2+jlu+v)/2=(u+v)(1+]j)/2
¢ =@u-v)/2—jlu—v)/2=(u—-v)(1-j)/2

B CyMMe€ 5TU BBIPDO2KJICHHBbIE COCTaBJIAOmIne JaloT I/ICXO,ILHI)IIL/'I HeBprO}K,ILeHHbIﬁ B—BGKTOp q.
SamuireM TakzKe 1 Pa3HOCTD 3TUX COCTABJIAIOIINUX:

(1.10.4)

+ 7: 1 p—
{q tao=utv=g (1.10.5)

¢ —q =v+ju=jg

3 (1.10.5) MBI mostydaemM BO3MOXKHOCTH HaiiTH BBIPOXKEHHBIE COCTABJISONINE B-BeKTOpa He-
IIOCPEJICTBEHHO 10 €r0 3HAYEHUIO ¢:

¢t =(q+jg)/2=q(1+])/2 = qP]
{ ¢ =(qg—j9)/2=q(1—j)/2=qP; (1.10.6)

B (1.10.6) BBemenbl obo3HaueHUsi B-IIPOEKTOPOB BEKTOPa HA BBIPOXKJICHHBIE ILJIOCKOCTH
B-npocrpancrsa:

P =(1+j)/2, Py =(1-j)/2 (1.10.7)
B-11poeKTopbl 00/1aJIAI0T CJAEIYIOMIMMEI CE80TUCMEaAMU:
— . : 2 _ 1242 4 _ .
PIPF =Pr: [(1+]) /2 =12+ +j2)/4=(1+])/2
PrPy =P [(1-)) /2P =1+ —j2)/4=(1-))/2 (1.10.8)
PPy =0 = [(1+))/2[(1—j)/2l=(1"~j")/4=0
PF=pPf, P;=P;, Pf=P;, Py =P/ (1.10.9)

[eomerpuaeckuii cmpica coiicts (1.10.8) moctaTodHO OYEBHIEH: TOBTOPHOE MPOEKTHPOBAHIE
BEKTOpa Ha Ty 2Ke TJIOCKOCTh He M3MeHSeT BeJNINHY MPOEKINHU, a MTPOEKTUPOBAHNE YIKe MMe-
foreficd MPOeKINN Ha, APYTYI0, OPTOrOHAJIBHYIO IIJIOCKOCTH JTAeT HOJb. [lo 3Toit Ke mpuamne
neficTBre B-TpoeKTopa Ha y2Ke BHIPOXKJIEHHBIN B-BEeKTOP 3aBUCHT OT THIIA €0 BHIPOKIEHHOCTH:

Py =q", ¢'P; =0, ¢ P;=q, ¢P=0 (1.10.10)
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Caoiicrsa (1.10.9) BBITeKAIOT HermocpecTBeHHO n3 omnpeaenernii (1.10.7). Onn o3navaoT, ITO
npu C-CONpsi?KeHUN THUI B-TIPOEKTOpa He MEHSIeTCs, a IpH B-conpsiyKeHnn THI B-IpoekTopa
U3MEHsIeTCsl Ha MIPOTUBOIOJIOKHBI. DTU CBOHCTBA yJIOOHO MCHOIB30BATH MPHU TIOYUEHUH CO-
NPsZKEHHBIX BbIpaykeHuil, cogepkamux B-npoekrop. Hampumep, (1.10.11).

Ormernm, 94TO HE TONBKO B-BEKTODBI, HO 1 OObIYHBIE KOMILIEKCHBIE (U JeficTBUTEIbHbIE )
BEKTOPbI TAKKE MOI'YT OBITH PA3JIOXKEHBI Ha OUKOMIIJIEKCHBIE COCTABJISIONINE, B TOM IHC/IE U HA
BBIPOZKJIeHHBIE. B mociieieM cirydae stu cocrapisiomue OyayT B-conpskéunbivu. Hanpumep,
JIsi KOMILJIEKCHOIO BEKTOPA 2 TIOJLY IUM:

2Pl =2/242/2=q"

_ } = ¢ +q =z
2Py =2/2—jz/2=q

PaccmorpuMm ciemytomnme BbIpaXKeHHsI, B KOTOPBIX B-TIpOEKTOPHI AefICTBYIOT Ha B-BEKTOPHI
g=u+jvuq=u—jv:

( = (u+jv+ju+v)/ :(U+U)(1+j)/2:(u+U)Pj+

( =(u+tjv—ju—v)/2=(u-2v)(1-j)/2=(u—10)P}
(u—jv P;r:(u—sz—ju—v)/Zz(u—fv)(l—i—j)/Zz(u—v)PjJr
( = ( ) /2

=(u+v)(1-j)/2=(u+tv)P;

(1.10.11)
u—juv—ju+v

CpaBHuBasI JIEBYIO U IPABYO YaCTH ITUX COOTHOIIEHNUT, 3aMedaeM Hanpumep, 9to (u + jv) PJ.+ =
(u+v) Pj+. 3/1ech HET HUKAKOI'O MPOTHBOPEUHUS. PJ-Jr u P; — BbIpOXKJEHHBIC COMHOXKHUTEN U
COKpAaIlaTh UX (JIeJUTh Ha HUX) HEJIb3sl. DTO CJELYeT U3 TOrO, Y4TO

det (1+) =det (1—j) = (1+)) 1+§) (1 =) (1—j) = 1 =) =0

Boipaxkenus (1.10.11) MoKHO MHTepHpeTHpPOBATH Tak: jeficTre B-mpoekTopa Ha B-BeKTOD
JTAET ero KOMILIEKCHYIO ITPOEKIINIO Ha COOTBETCTBYIONLYIO BBIPOXKJIEHHYIO KOMILIEKCHYIO TLJIOC-
KOCTh B OMKOMIIJIEKCHOM IPOCTPAHCTBE, JeficTBue B-mpoekTopa Ha caMy MPOEKIINIO0 MPUBOIUT
K ToMy 2Ke pesyabrary. Popmyiast (1.10.11) mOKa3BIBAIOT, YTO NP HAXOXKICHUN BBIPOKICHHBIX
npoeknuit B-BeKTopa ¢ JOCTATOYHO BbLAENTH ero cocrasisiomue Cl(g) u C2(q) n nmaiitn ux
cymMMmy ¥ pasHoctb. Hanpumep, st exp-popmbr B-uncna (1.7.5) mosmydnm:

P" exp (§+jn) =P exp & (chn+j shn) =P exp & (chn+shn) =exp (€ +n) (1 +])/2

(1.10.12)
P exp (§+jn) =P exp & (chn+j shn) =P exp & (chn—shn)=exp ({ —n) (1 —j)/2

[Tpumveaarensro, ¥To npu nomornn coorHomernii (1.10.12) Mbr Kak ObI 0OXOIUM HEIPUMEHN-
MocTh exp-dopmbl (1.7.4), (1.7.5) s BEIpOXKAEHHBIX B-tncedt.

B saksoueHne pasjena OTMETHM, YTO U CaM BBIDOXKJEHHBI B-BEeKTOp, HAIPHMED,
gt =u-+ju, B CBOIO O4Yepesh TOXKE MOXKET ObITh PA3JIOXKEH, KaK Ha JIBE HEBBIPOXKJIEHHbIE CO-
CTABJISIOIIIE

=u+jvy 1 @=q —q=w—u)+ju—v)=1u+jvy (1.10.13)
TaK U Ha JBE€ BBIPOXKJICHHBIE COCTABJIAIOIINE
+ _

G =uw+iju 1 g =¢" —q¢ =w—u)+jlu—u)=uy+jus (1.10.14)

Cornacuo (1.10.14), packiapiBaeMblii B-BEKTOD 1 €r0 BBIPOXKIEHHBIE COCTABJISIIOIINE TPHHA]I-
JIesKaT OJHOM M TOM »Ke BBIPOXKIEHHOMN MJIOCKOCTH. J[JIst TOro ITOOBI 9TU COCTABJIAIONINE ObLIN
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OPTOTOHAJILHBI, CIeJlyeT BHIOpaTh HalpabaeHue (¢ = ug + jug) OJHOI U3 HUX, a 3aTeM HalTu
camu cocrapisomue o dgopmymram (1.10.1), (1.10.2).

Jlns BeIposkieHnbix B-sexropos g, qf, qf, g5, dopmyser (1.10.1), (1.10.2) BbIpaskaiorcst
Yepe3 KOMILIEKCHBIE THCIIa U, Ug, Uy, U (e U = @ + 1b ¢ COOTBETCTBYIONMMHI WHICKCAMNI) 1

IIPUHUMAIOT TaKO! BUJI:
U+ U bob
A= ot ton  aoat (1.10.15)
2UOU0 ) + bO

Uy = )\UO
 — 11— g (1.10.16)

1.11 B-mpocTpaHCTBO KaK HEEBKJIMJIOBO

B simneitHOM (BEKTOPHOM) IMIPOCTPAHCTBE UMEIOTCS TOJIBKO OTIEPAINU CJIOYKEHHsI €r0 SJIEMEHTOB
U OTlepalliy UX YMHOXKEHUS Ha 3JIEMEHTHI TI0JIsl W KOJIBIIA, HaJl KOTOPBIM 9TO MTPOCTPAHCTBO 3a-
nTaHo. BBeieHe MeTpruecKuxX MoHATH (HOPMBI BEKTOPOB ¥ yIJIa MEZK/IY HUMN), BBIPAZKEHHBIX
Jepes Olpe/ie/IeHIe CKaIsiPHOTO TTPOM3BE/IEHU, CYIIIECTBEHHO 000TaIaeT ONEPAIIHOHHYIO Oa3y —
JIOTIOJTHSAET CJIOYKEHHE /IEMEHTOB JIMHEHHOI'O MPOCTPAHCTBA HEKOTOPHIM IOI00MEM UX YMHOXKe-
Husi. B B-nipocTpaHcTBe onepaiys yMHOKenus (1.3.5) onpejesiena yxe HEIOCPEJICTBEHHO IS
B-BeKTOpPOB, a CKaJIgpHOE MPOU3BEJIEHNE OKA3bIBAETCs BCETO JIUIIb OJIHUM M3 €€ ciejcTBuil. B
TAKON CUTyaIluU BBLIYUCIUTEIbHAsd IEHHOCTH CKAJIIPHOTO MPOM3BEIEeHNsT HE3HAUNTEIbHA, U Ha
MEPBBIil TJIAH BBICTYNAET JPYroil ero acmnekT — BO3MOXKHOCTb NPUJIATh B-TPOCTPaHCTBY Ha-
IVISTHBIN €BKJIUIOB T€OMETPUIECKHiT cMBICT. To »Ke MOXKHO CKa3aTbh M O TPUTOHOMETPUYIECKOM
dopme B-BekTopa.

YaréMm, oHaKO, 9TO B MPEAbLAYIINX pa3jeax, 0e3 IpuBIedeHnsT KaKIX-I100 METPHIECKUX
nmocTpoeHnit, Obla moaydena erp-popma B-BekTopa, BKIIOYAIONIAsd B Ce0sl TPUTOHOMETPHUYe-
ckue n rumnepbosmdeckue (pyHKIUH. DTO caMo o cebe HaKIaJIbIBaeT Ha CBA3aHHBIE ¢ HUMHI
BbIpaskKeHUs HEKOTOPBI IeOMeTpUIeCKUil OTTEHOK.

J11s1 OOBIYHOTO0 KOMILJIEKCHOTO YHCIA U = @ + ib TPUTOHOMETPUYIecKas M SKCIIOHEHITNATbHAS
GOpPMBI MPAKTUIECKU COBIAJIAIOT:

u=a-+1ib = r(cosp +isinp)

u=-exp(p+ip)=e(cosp +isiny)

pas/mans UMeTCd B eIUHCTBeHHOH Touke u = a = b = 0, xoryga detu = 0 u C-BekTOp
SIBJISIETCST BBIPOXKJIEHHBIM:

£, detu >0
r=va+b =vVdetu=|ul = g ’ detu 0 (1.11.1)
,  detu=

CpaBHUM eBKJIMJIOBY TPUTOHOMeTpHUYeCKyIo dhopmy B-ekropa (1.9.6), xapakrepusyromyrocs
napaMerpamu r, ¢, ¥, X, ¢ exp-popmoit B-sekropa (1.7.4), 3amaBaemoii napamerpamu a, 3, 7y,
. B tpuronomerpudeckoii hopme (1.9.6) BHIPOKIEHHBIN B-BEKTOP He OTJIMYAETCA OT HEBBIPO-
s aernoro. [pu cos x(cos p+isin ¢) = + sin y(cos ¢ +isin ¢) HOpMa BEIPOK AEHHOTO B-BeKTOpa
llg|l = 7, KaK u mpu MpoOUNX 3HAUEHUSIX YTIIOB , 1, X. Torga Kak exp-GopMbI BBIPOK IeHHOTO B-
BEKTOPa BOOOIIE He CyliecTByer. Fcm ke paccMaTpuBaTh UMEHHO HEBBIPOXKIEHHBIH B-BeKTOp,
to cormacuo (1.9.11) ero eBknmOBa HOpPMA

r=+vVa2+ b+ +d? = |q|| = e*y/ch2y

B ciydae eBKINIOBBIX TOBOPOTOB B-BeKTOpPa depe3 BHIPOXK IeHHbIE 3HAUYEHNS, TTIOCTOSTHCTBO Pa-
amyca T obecrednBaeTcs TeM, 9To o — — oo npu Y — + oo (e — 0 mpu ch2y — o), u



84 I'mnepkominiekcHble ducia B reomerpun u ¢usuke, 1(17), rom 9, 2012

BOBHUKAIOIIAs TIPeJIe/IbHAs “HeonpeaeéHHOCTE [0 - 00| mMeer BIIOHE ONpeIeJIEHHYIO BeJNn-
HY T

Ecmu, anamornano npasoii wactu cootHomenus (1.11.1), 3a HOpMy TpOU3BOIBHOTO B-Bek-
TOpa MPUHSTH BhIparkeHne

o _J e*, detg>0
lq] = v/detq = { 0. detqg—0 (1.11.2)

TO HYJIEBYIO HOpMY OyJyT HMETh He TOJIBKO HYyJIeBO#l B-BeKTOp, HO W BCE OCTAJbHBIE BBIPO-
xkpennble B-pektopsl. U3 coornomennit (1.10.4) u (1.10.13), qj1s Tax onpeeaéHHON HOPMEL,
BBITEKAIOT CJIC/YIONIIe HEPABEHCTBA:

¢ =q¢"+q: ld=I¢"+a >0 T+1q7] (1.113)

" =qa+e  [l=[a+e] <[al+e]
rae [¢] = e*>0, [¢1] =e* >0, [g2] =e**>0, a [¢7] = [¢"] =0. Uz omecymemesua (1.11.3)
HEpPaBEHCTBA TPEyTroabHUKA it HOpMbI (1.11.2) ciemyer, 9To 9Ta HOpMa HE SBJISETCS €BKJIU-
JIOBOI.

Takum 00pa3oM, XapaKTEpHUCTHKH BeKTOpa, HpakTtudecku copmagasmme (1.11.1) B C-
IJIOCKOCTH, i B-npoctpancrsa “pacxomarcsa’. U pacxoxkieHune 3TO MPOIOIKACTCA UMEHHO
10 JINHUWM pa3TPaAHUYeHUs BBIPOYK/IEHHBIX M HEBBIPOKIEHHBIX BEKTOPOB. TeMm He MeHee, Bce
KOODJIMHATHI HEBBIPOXKIEHHOTO B-BekTopa B exp-dopme (1.7.4) mpomoprmoHa bHer €*. D10 mo-
3BOJISIET PACCMaTPUBATH TMapaMeTpbl 3, 7, § KaK yIJIOBble XapaKTEPUCTUKHU, a UX M3MEHEHUe
UHTEPIPETUPOBAThL KaK ITOBOPOTHI BEKTOPA — TPUTOHOMETPUUYECKHE U THIEePOOTUYECKre — B
HEEeBKJIMJI0BOM B-TIpocTpaHCTBe, coxpaHsitorine HeeBKanaoBy HopMy [¢] (1.11.2) HemsmeHHOiA.
[Tpu 061X U3MEHEHNSX TapaMeTpoB [, v, 0 (1 &) NCXOTHO HEBBIPOK IeHHBIIT B-BexTop (1.7.4)
OCTAETCs HEBBIPOZKJIEHHBIM, & BBIPOKIeHHBIH B-BekTop (1.10.12) — BBIPOKICHHBIM.

1.12 T-BeKTOp U €ro MaTpUIIbI

Marpuia N-KOMILJIEKCHOTO BeKTOpa uMeeT TopanoK 2N . JIjisg Toro 9To0bl OTIHYaTh OJHOTHIIHEIE
(HampuMep, eINHUIHBIE) MATPUIIBI, COOTBETCTBYOIINE GA3MCHBIM deMeHTaM N-KOMILJIEKCHBIX
BEKTOPOB, pocTaBuM 370 dncyio (N) Kak BepXHUIA HHIEKC Oa3UCHOTO yeMeHTa. Tak, MaTpUIbl
(MOHO ) KOMILJIEKCHBIX BEKTOPOB HMEIOT TOpsAIoK 28 = 2, a nx GasucHbIE U HYJIEBOH 3J1eMEHTHI

0003HAYNM:
o3 o3

01 -1 0 0 0

: O“):H 00 H (1.12.1)

Basuchble s7eMeHThI OMKOMIIJIEKCHBIX BEKTOPOB MMEIOT YeTBEPTHIN MOPSJIOK M CTPOATCH Kak
OJIOYHBIE MATPUITHI U3 KOMILJIEKCHBIX OA3MCHBIX 9JIEMEHTOB CJICIYIONIM 00pa30M:

1000 01 0 0
1(2)_H 10 oW H_ 0100 (@)_ i oW '_ -10 0 0
o 1™ o 0 1 0| o™ i o 0 0 1
0001 0 0 —1 0
(1.12.2)

0010 0 0 0 1

.(2)_H 0w 1 ‘_ 0001 ..(2)_‘ o i ‘_ 0 0 -1 0
Pl oo [Tt o000l 7 T{i@ o™ |7 o 1 0 0
0100 -10 0 0
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[To anamormgromy (1.12.2) mpHHIMITY TOCTPOMM MATPHUIBI BOCBMOIO MOPSIKA JIJIS TPHKOM-
ILJIEKCHBIX BEKTOPOB:

1@ 0®@) i? 0@ i@ 0@ ij» 0@
16— 1(3)— : 1(3)— . (3)
H 0@ 1@ |1 0@ @ | 0@ @ ||+ Y 0 {j®
(1.12.3)
02 1 0@ i® 02 ;2 0@ i3
3)_ 1.3) 1.3) J 1.3) — J
k( )—H 1@ @ [KT=]e e [T e e || e ge

Bazucnbie T-3/1eMeHTBI, aHAJIOTTYIHBIE OMKOMILITIEKCHBIM, TIOJTyYaeM, pacrojaras OJIOKA COOTBET-
CTBYIOIIUX B-3/IeMeHTOB Ha TJIaBHOM auaronasn. /ljisg moaydeHns: 9eThbIpEX HOBBIX 9JIEMEHTOB —
Te Ke OJIOKU PaCIONIOKUM Ha MOO0YHON JuaroHa . B pasBépHyTOM BHjIe MaTPHUIHI DA3MCHBIX
971eMeHTOB T-BeKTopa IMpeICTaB/IeHbl HAa OTIAEAbHON cTpanuie B Tabymie 1.12.1.

Takum obpazom, mepexorn K N-KOMIIEKCHOMY YHCIY CASAYIOMIEro MOPs/IKA YBEJITINBAET
KOJINYEeCTBO 6&31/ICH]:>IX 9JIEMEHTOB U IIOPAIJOK COOTBETCTBYIOIINX UM MaTPHIL BABOE. B aJIFe6pa—
n4aeckoit popme 3anucu N-KOMILIEKCHOTO YUCIA 9TO BBIPAXKAETCA B MOSIBJICHUU OJIHOI'O HOBOI'O
cumpona (i, j, k, ...), npucoemunsioniero k N-KOMIIJIEKCHOMY YHCIY HCXOJHOIO YPOBHS eIlé
OJINH aHAJIOTUYIHBIN OJIOK:

JeNCTBUTEJILHOE: @

KOMIILJIEKCHOE€: u=a+ ib,

bukomIIekcHoe: ¢ =u+jv = (a +ib) + j(c +id),

TPUKOMILJIEKCHOE: T = ¢ + kg (1.12.4)
= (u1 +jur) +k (ug + juy) =
= (a1 +1b1 +je1 +1ijdy) + k (ag + ibg + jeo + ijds)
— ay + iby + jer + ijdy + kag + ikbyt+ikes + ijkdy

CoorpercTByIomne MaTpudnble (GOPMBI 3amucu 1-ducia ToyKe BKJIIOYEHbl B Tabsuiy 1.12.1.
3aKoH MPOU3BeICHUST DA3NCHBIX JIEMEHTOB TAKOB:

ii=—1, jj=kk=1, (1.12.5)

9eM U OIpeessieTcs mpousBegeHne T-4ncen B ajaredbpandeckoit popme.

Takum obpaszom, ucunciaenne T-BeKTOPOB B ajredpamdecKkoil (hopMe aHAJOIMIHO UCUNCIe-
o B-BekTopoB. [Ipu sToM B MaTpuuHoiil (hopme Bee BhIUmCIeHus (He TOIbKO 1-, HO 1 B-, C-
1 R-BeKTOpPHBIE) BBINOJIHAETCA Ha MATPHUIAX Hopsika 23 = 8.

YVuauThiBas yKa3aHHYIO aHaJOTHI0, Mbl He OyJIeM 3aHOBO pacCMATpPUBATDL Jid 1-BEKTOPOB
BCe OIepaIni, yKe N3JI0’KeHHbIe [IJIsT B-BEeKTOPOB, a Pa3BUTHE HEKOTOPBIX M3 3TUX OMEPAIil 1
obozHadeHnit B T-MpocTpaHCTBE OMUIIEM KPATKO.

1.13 ConpsizkéHable (POPMBI U ONIPEJIETNTEIIb 1 -BEKTOpa

[Ipu C-, B- nim T-conpsizkenun T'-4auces MIPpOUCXOIUT CMEHA 3HAKa TOJIBKO Y COOTBETCTBYIOIIETO
cuMBoJia — 1, j mwin k. Onepanuy pa3IndHbIX TUTIOB CONpsizKeHns: He3apucuMbl. Obosnagars 1-
conpsizkerne T-BekTopa 1 OyaeM Kak 7', TO eCTh

r=q+kgp, T =q—kg (1.13.1)
B oboznauenusx (1.13.1) monydenne asyx B-koopaunar T-BekTopa OyIeT BBILISIETh TaK:

Bl(r) =q, B2(r)=q; B1(7)=q, B2(7)=—q (1.13.2)
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Tabmmmna 1.12.1:

Matpuriibl 6a3uCHBIX 3JIeMeHTOB 1-BeKTOpa
1 000 0 1 0 0
01 00 0 -1 0 0 O 0
0010 0O 0 0 1
1) — 0 001 8 0O 0 -1 0
- 1 0 00 ’ o 0 1 0 O
0@ 0100 02 ~10 0 0
0010 0 0 0 1
0 001 0 0 -1 0
0010 0 0 0 1
0001 0 0O 0 -1 0 0
1 0 00 0O 1 0 O
j(g): 01 00 ij(g): -1 0 0 O
0010 |’ 0 0 0 1
0 0001 0@ 0 0 -1 0
1 0 00 0 1 0 O
01 00 -1 0 0 O
1 000 0O 1 0 O
0® 0100 0 -1 0 0 O
0010 0 0 0 1
0 0 01 0O 0 -1 0
(B) — kB —
k 1000 ik 01 0 0
0100 0 -1 0 0 O 0
0010 0 0 0 1
0001 0 0 -1 0
0010 0O 0 0 1
0 0001 0 0O 0 -1 0
1 000 0O 1 0 O
L 3) 0100 L (3)_ ~10 0 0
K=o 010 ik 0 0 0 1
0001 0 0O 0 -1 0 0
1 0 00 0O 1 0 O
01 00 -1 0 0 O
Matrpunpr T-uncia B OMKOMILIEKCHON, KOMIIJIEKCHON U JAefiCTBUTE/IHbHOM (popMax
ay b1 C1 dl a9 b2 Co dg
—bl aq —dl C1 —bg Q9 —dg Cy
Uy V1 Uy V2 C1 dl aq bl Cy d2 Qo b2
g G2 || _ || Y1 U1 V2 Uz || _ —dy ¢ —bi ar —dy ¢ —by ay
q2 ¢ Uz V2 U V1 ay by ¢ dy ar b o di
Vo U V1 U —b2 (03] —d2 Co —b1 aq —d1 C1
Co d2 (05} bg C1 dl ay bl
—d2 Co —b2 (05} —dl C1 _bl aq
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Orciona, ¢ yaérom obosznavenuii (1.12.4), moaydaum derbipe C-KOODIHHATHL:

Clg) = CLBLO) =, C2()= C2[B1(1)] =
(1.13.3)
Cl(q2)=C1[B2(r)] =ugy,  C2(go)=C2[B2(r)] = vq

[Tpu nomornu onepanmii Re(... ) u Im(. .. ), Koropsle B Harmeil cucreMe 0003HAMEHIIN BBITISIIEIIT
6er kak R1(...) u R2(...), moxeMm BbigenTh u3 (1.13.3) BoceMb efCTBUTEIBHBIX KOODMHAT
T-BexkTOpA T.

Omnpenenurens det r — AeliCTBUTEIHLHOE YUCI0, KOTOPOE MOIYYaeTcs B pe3y/IbTare IPous3Be-
JIeHUs BCEX BOCHMHU CONPSKEHHBIX (bopM T-BeKTopa:

detr =r7fi ¥ 7 F 7 (1.13.4)

1.14 DxcnoueHTa oT T-aprymeHra

Omnmpasice Ha psag (1.7.1), npu & = ka, z = ika, z = jka u x = ijka, anangornuno (1.7.2) u
(1.7.3) momydmm:

exp (ka) =ch(ka)+sh(ka) =cha +ksha
exp (ika) = ch (ika) + sh (ika) = cosa+ iksina (1.14.1)
exp (jka) = ch (jka) +sh (jka) =cha + jksha o
exp (ijka) = ch (ijka) + sh (ijka) = cos a + ijksin«
U COOTBETCTBYIOIINE MM (DOPMYJIbI Diijiepa:
ka —ka ika —ika
% = ch (ka) = cha % = ch (ika)) = cos a
eka _ 67ka eika _ efika
T:Sh(ka):ksha T:sh(ika):iksina
(1.14.2)
jka —jka ijka —ijka
% = ch (jka) = cha % = ch (ijka) = cosa
ejka - e—jka 6ijkoc - e—ijkoz
—5 = sh (jka) = jksha —5 = sh (ijka) = ijksin a
Eciin B KauecTBe apryMeHTa 3KCIIOHEHTHI B3ATh 1 -4HCIo
p = p1+ip2 +jps +ijps + kps + ikps + jkpr + ijkps (1.14.3)
rae pi,...,ps — JefictBuTenbHble ncia, 1o ¢ yaérom (1.7.2) u (1.14.1) exp-dbopma T-uucna r
IpUMeT CJIeIyIOIui BuI:
r=expp = exp (p1 +ip2 +jps +ijpa + kps + ikps + jkpr 4 ijkps) =
= eP! (cos pg + isin py) (ch p3 + jsh ps) (cos py + ijsin py) (ch ps + ksh pg) x (1.14.4)

X (cos pg + ik sin pg) (ch p7 + jksh p7) (cos ps + ijk sin pg)

[Tocsie packpbitust ckob6ok B (1.14.4) u rpynnupoBKHU, KasKas 13 BOCbMU JIEHCTBUTE/IbHBIX KO-
opamHaT T-BeKTOpa 1 OKaXKeTCsl BHIPAXKEHHON depe3 JAefiCTBUTE/IbHbIE TUIIEPOOTUIeCKIe U TPH-
roHomeTpuyeckne OYHKIUA TapaMeTpPOB pa, . . ., Ps.

W3 MmHOMXKeECTBA APYTUX BOZMOXKHBIX (DOPM 3anucH 1-BEKTOPa OTMETUM eIIé TOIHLKO HeOOXO-

JIUMYIO B JasibHefiem B-exp-dbopmy
r=q +kg =expkr; + kexpry = (1.145)
=exp(ay +if 4 jm +1jo1) + kexp(ag 4162 + jr2 + ijd2) o

U HAIIOMHUM, 9TO Tapamerpbl exp-hopMbl 1 B-exp-opMmbl T-BeKTOpa OTHIOIL HE COBIAIAIOT
JIPYT ¢ ApyTroM: p1 + ips + jps + ijps # aq + 161 + jy1 +1jo1 u T
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1.15 BoipoxaeHHble T-BeKTOpbI. 1- 1 B T-nIpoeKTopbI
[Iycrs T-BekTop 7 = q1 + kgo = (ug + ju1) + k (ug + jug). Banumiem ero onpemenmrens (1.13.4)
B Pa3BEPHYTOM BU/IE:
detr =
= (1 +kq2) (1+kG2) (1+kG2) (1+kG2) (1—kg2) (1 —k) (G1—kG2) (1 —kg2) = (1.15.1)
= (-6) (@ -&) ({-6) (G —5)
Broipaxenne (1.15.1) paBHo Hys0 npu ¢ = +qo. Ecu ¢ # +qo, HO camu B-uncia ¢ u go
BBIPDOXKJIEHBI (1 = U + ju, ¢o = v + jv, u # v), TO

¢ — ¢ = (u+ju)’ — (v +jp) =@ —0?) (1 +j)

F—F=w—ju?—(v-—j)?=w?—0v*)(1-j)’
E-@)(@F-R)=[2-®)a+)a-)]"=0

u npousseenre (1.15.1) onarb okasbiBaeTcst paBHbIM HYJH0. Takum 06pa3oM, yCIOBHs BBIPO-
JKJIEHHOCTH 1-9ucyia MPUHUMAIOT CJIETYIONINA BU/T:

@1 = +q
g1 = —Qq2
detr =0 1.15.2
e p Uy = +v1, Uy = +V2 ( )
Uy = =1, U2 = — U2

OrmernM, uTO ecu B-umcIa ¢ U g MMEIOT PasjIMyHbI TUN BBHIPOKIeHHOCTH (¢ = ¢, mpu
_ - _ - _
G2 = @y WM g1 = q; TIPH ga = ¢, ), To detr # 0.

T-11po€eKTOPHI
Pl=(1+k)/2, P,=(1-%)/2 (1.15.3)

OCYIIECTBJISIOT MMPOEKTUPOBaHUE 8-MepHOro T-BeKTopa B JIBa OPTONOHAJILHBIX BBIPOXKJICHHBIX
4-MepHBIX B-ToAmpocTpaHcTBa U 00JIaAaI0T CASAYIONUMA CEOUCMEAMU:

PiPf =Pf : [(1+k) /2= +k+k2)/4=(1+k)/2
PP, =P, : [1-k/2°=(1*+k>-k2)/4=(1-k)/2 (1.15.4)
PP, =0 : [(1+k)/2][(1-k)/2]=(1"-k)/4=0

Pf =P =P/, P, =P, =P, P/=P;, P,=P; (1.15.5)

Cwmbica coiicts (1.15.4), (1.15.5) ananornden cMbiciy coiicTs (1.10.8), (1.10.9) B-npoekTopos.
HeiictBue T-nipoekTopoB Ha T-BEKTOP :

Pl = (1 +kg)(1+%)/2 = (¢ + 2) (1 + k) /2 =
= [(ul + Ug) —f-j(vl + ’Ug)]Pl—r = Ta—{) = ’r+

TPy = (1 +kg) (1 -k)/2= (1 —q2) (1 —k)/2 =
= [(U1 - UQ) +] (Ul — ’Ug)] Pl: = r(_k) —-

(1.15.6)

Ecmn @ = £qo, T0 T-BeKTOp 1 sBJIsIeTCA BBIPOXKJIEHHBIM U IOJHOCTHIO PACIIOJIOXKEH B OJTHOM
U3 JIBYX BBIPOXKJIEHHBIX B-1o/mpoctpancTs. Ero mpoekius Bo Bropoe B-ToIpoCcTPaHCTBO MIPH
sTOM papHa Hy/mo. Hanpumep, npu ¢ = go npoekuusa rP. = r~ = 0, a 7“P1'{F =r" = r. He-
MOCPEJICTBEHHO 171t T-ripoektupoBanus T-Bekropa 3amuch ¢popmyi (15.6) yepes KOMILIEKCHBIE
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KOOP/IMHATHI U U ¥ He SBJISIeTCS HeOOXOIUMO U MpUBeIeHa 37eCh JJIs CPABHEHUs CO CIIeIYI0-
MM ab3aIeM.

eiictBue B-npoekTopoB Ha T-BeKTOP.

eiicrBue B-mpoekTopoB Ha T-BeKTOp 3akKjOvaeTcd B WX JeHCTBUM Ha KaxKjayio u3 B-
KOOpJIMHAT ¢ U ¢y T-BekTOpa r cormacuo dopmyaam (1.10.11):

(1.15.7)

P = (q1+kgs) Py = [(u1-+jur) +k (ua+jva)] Py = [(ur+v1) +k (uatva)]| Py =7
Py

rPy=(q1+kge) Py =[(wi+jv1) +k (ug+jv)] Py = [(u1—v1) +k (uo—v2)] Py = 15,
Takum 06pa3oM, 3/1€Ch TPOUCXOIUT MPOEKTUPOBAHKE KaxKI0H 13 ABYX 4-MepHbIX B-KoopauHaT
8-MepHOro T-BeKTOpa Ha JiBe COOTBETCTBYIOIINE BBIPOK IeHHBIE 2-MepHble C-1110cKOCTH. B MTO-
re MMeeM JIBe OPTOTOHAJIbHbIE 4-MepHble cyMMbI tap C-moanpocTpadcTs. Ecim B-KOOpauHATHI
¢1 1 g2 T-BeKTOpA 1 CaMU SIBJISIIOTCS BBIPOXKJICHHBIMU (110 j, C OJMHAKOBBIM THIIOM BBIPOZKIEH-
HOCTH), TO ofHa u3 1ByX B-mpoekunii (1.15.7) T-BekTOpa paBHa HYJIIO, & BTOpast IPEJCTABISIET
coboit Bech T-Bexrop. Hanpumep, npu uy = vy u uy = vg npoeknus P =0, a

er+ =2y +ku2)Pj+ = (u1 + kug) (1 +j) = uy + jug + kug + jkus = r(+j) —_

BT-mipoeKkTOpHI.

Kak crmemyer m3 aByX mpeablIylnX MOAPa3/IesoB, g 1-BeKTopa BO3MOXKHO pa3JIoKeHUe Ha
JIBe pazudHbie (1o K 1 10 j) mapbl BBIPOXKICHHBIX 4-MEPHBIX COCTABJISIIONINX. DTU PA3IOKEHUST
06eCTIeIMBAIOTCS COOTBETCTBEHHO NpoeKTopamu Py, Pl n P;”, Py Cynepnosuius 0bonx THIOB
IPOEKTOPOB UMEET BUJI:

PjPlj =(1+j)(1+k)/4= (1+j+k+jk)/45PJ.T(+
PPy =(1+j)(1-k)/4=(1+j-k—jk) /4=P;~
(1.15.8)
PPy =(1-j)(1+k)/4=(1-j+k—jk) /4=P.*
PiP =1 -j)(1-k)/4=(1—j—k+tjk) /4=Py"

u obecrieumBaeT pasiiokeHue 1-BeKTOpa Ha YeTbIpe KOMILIEKCHbIE BBIPOKIEHHBIE COCTABJIAIO-
mue. B eBkmaoBoM T-TTPOCTPAHCTBE 3TU COCTABJIAIONINE TOMAPHO OPTOTOHAJIBHBI, MOCKOJIb-
Ky Jeiicteue mpoekTopos (1.15.8) mpyr Ha japyra gaér ciejyrolye pe3ybraTbl (CM. TabmILy
1.15.1).

Tabmuma 1.15.1:

++ +— —+ ——
X ij ij ij ij

Pir|Pir| 0| 0 | 0

Pim| 0 [P 0 | 0

P jjf 0 0 ijf 0

Py 0 0 0 | Py




90 I'mnepkominiekcHble ducia B reomerpun u ¢usuke, 1(17), rom 9, 2012

B tabsume 1.15.1 Ha mepecedeHUN CTPOK U CTOJIOIOB OTOOPAYKEHbI ITPOU3BEICHUST COOTBETCTBY-
formux BT -tipoekTopoB. CripaBe i TMBOCTD TAOIUIIBI MOYKHO MTPOBEPUTDH MPAMBIM BBIUUCICHUEM
Ha ocHoBe camux Gopmyn (1.15.8). U3 stux ke GopMys CIeayioT U CBOHCTBA COMPSIXKEHUST
BT-ipoekTopoB:

Pt = Byt PR =P B = P B =P
Pt =Py, PL” =Pi", Pt =P, P =P," (1.15.9)
P = Pa, Pl =P B = P P =B

Kommtekcroe conpsizkenne na tunt BT -npoekTopos e BiausieT u B hopmystax (1.15.9) me orpa-
2KEHO.

g HaxoxKIeHus TOM MM WHOI BBIPOXKJIECHHON MTPOEKIINU JOCTATOYHO 3alnCcaTh 1-BEKTOD
B KOMILJIEKCHON ayiredpandeckoii popme, a 3areM CI0KUTh ero C-KOOPINHATHI ¢ YIETOM CMEHBI
COOTBETCTBYIONIMX 3HAKOB MPOEKTOPOM (KAK MPH BBIYUCIEHUN CKAJSIPHOTO MPOU3BEIEHUs B
KoopjauHaTHOM Bujie). Hampumep,

TP = (un 4 jur + kug + jkvy) (14 — k — jk) /4 = (ug +v1 —ug — vg) P~

TPy = (u1 — jur + kug — jkvg) (1 —j —k +jk) /4 = (ur +v1 —ug —v2) P~

B npuBeaéaHOM IprMepe IMpu MOMOIIN Pa3HBIX TPOEKTOPOB (P;lz_ u Pj_k_) MBI ITOJIYYUJIN OJINHA-
KOBBIE KOMILJIEKCHBIE 3HAYeHUs (U] + U] — Us — V) KOOPAMHAT MPOEKIW PA3HbIX T-BEKTOPOB
(r u 7) Ha pasnuvHble BIpoXKIeHHBIe C-1tockocT B T-mipoctpancrse. Pasymeercs, Takoii pe-
3yJIbTAT MOXKHO TOJYYIUTb W HEITOCPEICTBEHHBIM BBIMTOJTHEHNEM YMHOYKEHUs, TPYIIUPOBKA 1
BBLIHECEHNS 38 CKOOKI.

Dror xKe npuMep WLTOCTpUpyer u cBoiicTBa (1.15.9), Tak KAk BTOPYIO CTPOKY NpUMeEpa
MOZKHO TIOJIyYUTh B-COMpsizKEHNeM €ero mepBoii CTpoKY (3HaUeHne KOMILIEKCHOM IpoeKnun uy +
V] — Uy — Vg OT B-comnpsizKeHusi He 3aBUCHUT).

1.16 F-BekKTOp

F-Bextop f momyunm obbeuHeHNEM JIBYX T-BEKTOPOB T1 U Ty B €AUHYIO CHCTEMY TIPHU ITOMOIIN
HOBOIt GazucHoit exunupt 1 (pu 12 = 1):

f=r+1ro=(q +kg) +1(gs +kqs) =
(1.16.1)
= (uy + jur1) + k (ug + jug) + 1 (ug + jus) + kI (ug + jus)

rae ¢; 0003HAYAIOT ero OMKOMILIEKCHBIE, a U; U V; — KOMILIEKCHBIE KOOPAUMHATHI. F-compsizKeHne
F-BexkTopa 3ak/IiovaeTcd B CMeHe 3HakKa Imepejl 0asucHOil eamHuieir 1 m Oymger obO3HAYUATHCS
CJIETYIOIIIM 00Pa30M:

f:’f‘l—l—l’f’g, ]E:’f'l—l’l"g (1162)

OHpe,lIeJII/ITeJIb F—BGKTOpa ABJdeTcd ,lIGfICTBHTGJIbeIM HeoTpunaTeJbHbIM YHCJIOM M MO2KeT
OBITH BBLIYHUCIECH KaK IIPOU3BEJICHNE BCEX MIECTHAAATU €TI0 COIIPAKEHHDbIX 3HAYEHN:

detf=fFFFFFTrFiifasss (1.16.3)

s BXOAdAMIIEero B oIIpeJe/JinTe/Ib IMIPOu3BeACHN A

fJE:(Tl-f—sz) (7‘1—17“2):7”%—7‘3 (1.16.4)
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caeyer, 9To npu r; = +£ry F-BekTOp Oy/eT BBIPOXKIeHHBIM. /g nponsBobHOrO F-BekTOpa
pasJIoXKeHne Ha BBIPOXKIEHHBIE COCTABJISIONIE HARIEM P TOMOIIM COOTBETCTBYIOIINX MTPOEK-
TOPOB.

F-mrpoekTopEhI
Pr=(1+1)/2, P;=(01-1)/2 (1.16.5)

OCYIIECTBJIAIOT TPOEKTUpOBaHNe 16-MepHOrOo F-BEeKTOpa B JBa OPTOrOHAJIBHBIX BBIPOZK/IEHHBIX
8-MmepubIx T-nojanpocrpancTsa. B obosznauenusx (1.16.1) zanuiem

neiicrBue F-npoekTopoB Ha F-BeKTOP:

fPr=(ri+1Ir) A+ 1)/2=(ri+7m)(L+1)/2=f) = f"

fPr=(ri+1lrn)1-1)/2=(r1—r)(1-1)/2= f(?) = (1.16.6)

Ecmu ry = £ry, 10 F-BeKTOp f ABJISIeTCSA BBIPOKJICHHBIM U MTOJTHOCTHIO PACTIONIOXKEH B OJIHOM
u3 JBYX BBIPOXKJIEHHBIX T -TIompocTpancTB. Ero mpoekims Bo Bropoe T-moarnpocTpaHcTBO Mpu
sToM pasha Hymo. Hanpumep, npu ry = o npoekiusa fP; = f~ =0, a fP = fT = f.
HeiictBue T-nmpoekTopoB Ha F-BeKTOp

3aKJII049aeTCd B UX ,ZLGIL/'ICTBI/H/I Ha Ka)K;LyIO nus3 T—KOOp,HI/IHaT M 1 To F—BeKTOpa f:
fPi= (ri+lr) P =[(q1+kge) +1(g3+kaa)] P = [(q1+42) +1(g3+0a)| Py =1y,

(1.16.7)
fPe= (ri+lr2) Py=[(q1+kgz) +1(g3+kae)| Py = [(1—q2) +1(g5—aqa)] P =F

Taxkum 06pa3oM, 371eCh MPOUCXOIUT MPOEKTUPOBAHNE KAXK/ION U3 ABYX S8-MEPHBIX 1 -KOODINHAT
16-mepHOrO F-BEeKTOpa B JIBA COOTBETCTBYIOIINX BBIPOYKIEHHBIX 4-MEpHBIX B-IpOCTpaHCTBA.
B urore nmeeMm JiBe opTOroHasbHbIE 8-MEpHBIE CYMMBI TIAP BBIPOXKJIEHHBIX B-TI0IMPOCTPAHCTB.
Eciu T-koopauHaThl 71 U r9 F-BeKTOpa f caMU SIBJISIIOTCS BBIPOXKIEHHBIMH (110 K, ¢ OJIMHAKOBBIM
TUTIOM BBIPOXKJEHHOCTH), TO OjHa u3 jaByXx T-npoekimit (1.16.7) F-BekTopa paBHa HYJIIO, a
BTOpas mpejacTaBiageT coboit Bech F-BekTop. Hampumep, npu ¢ = ¢ u @3 = g4 TPOEKIHA

fPL =0, a
fPE =2(q1 +1g3) Py = (1 +1g3) (1 +k) = 1 + kg + 1gs + klgs =
= uy + ju; + kuy + jkoy + lug + jlog + klug + jklvg = f
pHY YMHOYKEHUHU TAaKOTO F-BekTopa Ha ero T-conpsizKEHHOe 3HAYEHHE MOJTYIuM
FF=(q+1g)?(1+k 01—k =0 (1.16.8)

eiictBue B-mmpoekTOopoB Ha F-BeKTOp

3aKJIIOYAETCS B UX JIEWCTBUU Ha KaXKJIyI0 U3 B-KOOpJAUHAT ¢1, q2, q3 U q4 F-BexkTOpa f:

= (r1 +1rp) P{ = [(ur + jur) + Kk (ug + jug) 4 1(us + jus) + Kl (ug + jus)] Py =

=[(u1 + vl) + (ug +v2) +1(uz + v3) + kl (us +va)] P]" = ff (1.16.9)
= (r1 +1re) Py = [(u1 +jur) + k (ug + juz) + 1(uz + juz) + kl (ug + jug)| Py = o
:[(u1—vl)—i-k(ug—vg)+1(u3—vg)+kl(u4—v4)] i =1

Takum ob6pa3oMm, 37eCh MPOUCXOIUT MPOEKTUPOBAHUE KaKJIOH U3 YeThIpEX 4-MepHbIX B-
KoopauHaT 16-mepHOro F-BeKTOpa Ha JIBE€ COOTBETCTBYIONINE BLIPOXKIEHHBbIE 2-MepHble C-
IJIOCKOCTH. B uTore nmeem gaBe opTOroHaIbHBIE 8-MEepPHBIE CyMMbI 9eTBEPOK C-ITOIITPOCTPAHCTB.
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Eciu B-xoopauHaThl ¢, Go, g3 U g4 F-BekTOpa f caMu gBJISIOTCs BBIPOZKIEHHBIME (110 j, € OJIU-
HAKOBBIM TUIIOM BBIPOXKJIEHHOCTH), TO OfHa u3 aByx B-npoexiwmii (1.16.8) F-BekTopa paBHA
HYJIIO, & BTOpasl IpecTaB/isier coboit Bech F-Bektop. Hampumep, npn uy = vy, Uy = vg, Uz = U3
1 Uy = V4 TPOEKITUST fPJ_ =0, a

ij+ = (ry +1ry) Pj+ = (uy + kug + lug + kluyg) (1 +j) =

= uy + jur + kug + jkus + lusg + jlus + klug + jkluy = f(’JL.) =f
[IpU YMHOYKEHUU TaKoro F-BeKTopa Ha ero B-conpsizKEHHOe 3HAYEHUE IOJIY IHM
FF = (ug +Kkus + lug + Klug)? (1+5) (1—j) =0 (1.16.10)

Cobupas Bmecte pesynbrarst (1.16.4), (1.16.8), (1.16.10), ¢ yuérom (1.16.3) Gymem nmeTs cie-
JIYIOIINI [IepedeHb YCIOBUI BBIPOXKIEHHOCTH F-BeKTOpa:

(
L=+

THT = —T9

1= 142,93 = 1+Qqy

q1 = — (492,43 = — 4,4

Uy = +’U1, Ug = +’02, us = +’U3, Uy = + Vg

det f =0 upnu (1.16.11)

(U1 = — V1, U2 = — V2, U3 = — U3, Ug = — Uy

B F-npocTtpancTtBe JeficTBYIOT TpU TapHble cyneprno3unuu mnpoekTtopos: BT, BF u TF.
BT-tipoekTop neiicTByeT Ha KaxKIyio 1-BEKTOPHYIO COCTABJSIONIYIO F-BekTOopa crocobamun
(1.15.8), paccMOTpeHHBIME B TIpefbayineM paszene. OcrajbHbIE B CYNEPHO3UINN HMEIOT
CJICIYIOIIUN BU;

T F-1ipoeKTOPbI

PP =14k (1+])/4=(1+k+1+Kkl)/4 = PS"
PiPr =(1+k)(1-D/A=(1+k-1-kl)/4 = P%l_ (1.16.12)
P P =(1-k)(1+1)/d=(1—k+1—Kl)/4 = Pg"
PPr=01-k(1-1)/4=(1-k—-1+kl)/4 = P~
BF-nnpoeKTopsbl
PP/ =(1+j)(1+1])/4=1+j+1+j)/4 =P}~
PPy = (1+j)(1-1)/4=(1 +J:—1—J:1)/4 = PJ‘T (1.16.13)
PyP = (1—j)(1+1)/4=(1—j+1-jl)/4 = P;*
PrPr=(1-j)1-D/A=010—-j-1+j) /4 =P~

[Tpoekropser (1.16.12) u (1.16.13) packnajabiBaor 16-MepHBIH F-BEKTOP Ha 4YeTbipe 4-MepHbBIX
BBIPOXK IEHHBIX cocTaBasgomux. CBOiCTBa 3THX IIPOEKTOPOB aHAJIOIMYHBLI CBOHCTBAM, OTPAZKEH-
HeiM B Tabsmie 1.15.1 u dopmynax (1.15.9).

Cxomble 10 cyTu cBoiicTBa NMeIOT U BT F-pOeKTOpbI, KOTOPbIE IIO3BOJIAIOT HANTH BOCEMb
2-MepHBIX BBIPOKJIEHHBIX (KOMILIEKCHBIX) KoopanHat 16-mepHoro F-Bekropa:



A.B. I'oproroB N-KOMIIJIEKCHasI aJareopa... 93

BT F-nipoeKTopbl

P PP =(1+)) (1+k) (1+1) /8= (1 +j + k + jk + 1+ jl + kl + jkl) /8 =P
PIPIPr=(14)) (1+k) (1-1)/8= (1 +j+ k + jk =1 — jl — kI — jkl) /8=P;;{~
PP P =(14j) (1-k) (141)/8= (1 +j —k — jk + 14 jl — kI — jkI) /8 =P}, *
PHPLPr=(1+]) (1-k) (1-1)/8= (1 +j — k — jk — 1 — jl+ kl + jkl) /8=P;j; (116.14)
PyPIPf=(1-)) (1+k) (1+1) /8= (1 —j+ k — jk +1 = jl +- kl — jkl) /8 =P
PyPy P =(1-)) (1+k) (1-1)/8= (1 —j + k — jk — 14 jl — kI + jkl) /8 =P}~
PyP P =(1-j) (1-k) (1+1]) /8= (1 —j —k + jk +1—jl — kl + jkl) /8=P ;"

PrP Pr=(1-j) (1-k) (1-1)/8=(1 —j —k+ jk — 1+ jl+ kl — jkl) /8=P;

OtmernM, 9TO pas/jndHble Mpou3BeaeHus “MBoiHBIX  mpoekTopoB BT, BF u TF nator B F-
pocTpaHcTBe b0 oauH u3 “rpoitabix’ BT F-mpoekTopos, ubo — Hoib. Hampumep,

Pt P = (PEPT) (PFPY) = PP (PYPY) = PPLRS = Py

Pa Py = (PP (PPr) = PPy (PyPy) = PPy (0) =0

Takum obpaszom, cucrema BT F-nipoekropos (1.16.14) mo3Bo/isieT 0JJHO3HAYHO PA3JIOKUTH 16-
MepHBIil F-BeKTOp Ha BOCEMb MOTAPHO OPTOTOHAJIBHBIX JIBYyXMEPHBIX KOMILIEKCHBIX COCTABJIS-
IONINX, PACIOJIOXKEHHBIX B BBIPOXKIEHHBIX TJIOCKOCTAX [F-nipocTtpancrBa. Ha deTbipéxmepHbie
BBIPOXK/IEHHBIE COCTABJIAONINE ['-BEeKTOD MOXKET OBITh PA3JIozKeH TpeMs CIIocodaMU — IMOCPeI-
ctBom BT-, BF- n T F-npoekTopoB. KaxXIplii U3 3THX TPOEKTOPOB pPacKIaJbIBaeT [-BeKTop
HA YeThIpe MOMapHO OPTOTOHAJIBHBIX COCTABJIAIONINX, PACIIONIOZKEHHBIX B COOTBETCTBYIOIINX He-
TBIPEXMEPHBIX TOANPOcTpancTBax. Ha mapbl BOCBMUMEPHBIX BBIPOXKIEHHBIX OPTOTOHAIBHBIX
COCTABJIAIONINX F-BEKTOP MOXKET OBITH PA3JIOYKEH TAKXKe TpeMsd CIIocobaMu — IyTEM BO3eii-
crBust B-, T- u F-1IpoeKTOpOB.

PestoMupyst n3jioyKeHHbIE BBIIIE BBIKJIAIKH, KOHCTATUPYEM, 9TO KAXKbIN HEBBIPOYKIEHHBII
B-, T- nnu F-BekTOp MOKeT OBITh Pa3JI0yKeH Ha IOJHOCTHIO OIPeIe/IEHHbIE BBIPOXKICHHBIE
COCTABJISIOIIITE.

2 PensgtuBucTCKMEe MHTEPIIPETAIIAN
2.1 CootHonienne B-BEeKTOp — M30TPONHBbINA 4-BEKTOP

Beeném st meficTBUTEIBHBIX BhIpakeHuii B mponssegernsx (1.8.1) ciemyromue 0603HAUEHNUS:

T= e*ch2y =(a>+0+A+d*) =(q7+qq)/2 = (ut + v0)

X = e*sh2y =2(ac+ bd) =jlqz—qq) /2 = (uv+ ww)

Y= e*cos2d = (a>+b?—c2—d*) =(qq+qq)/2 = (uti — v0) (2.11)
Z = ¢€*sin25 =2(ad— bc) = —ij(¢qd — G§)/2 = i(uv — uw) o
F= e*cos28 = (a? —A+d®) =(qq3+qq)/2 = (u?—v*+u*—v%) /2

G= e**sin2B =2(ab— cd) = —i(qq — qq)/2 = —i(u*—v?*—u*+0v?) /2

@opmyast (2.1.1) KaxKIOMYy 3HAYEHHIO B-BEeKTOpa ¢ OJHO3HATHO CTABAT B COOTBETCTBUE IIECThH
neitcrBuresibubix nepemennbix { T, X, Y, Z, F, G}, cOBOKyNHOCTb KOTOPBIX jiajiee GyeM Kpar-
Ko oboznavarh kak {7T..G}. CoorBercTBHE MOXKET OBITH BBhIpazkeHO B R-opme, TO ecThb uepes
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JleficTBUTEIbHBIE KOOpAUHATHI (a, b, ¢, d) B-Bekropa, B C-opme — depes KOMILIEKCHBIE BeJINYH-
ubl (u, v, 4, V) um B B-dopMe — 4depes conpszKEHHbIe 3HadeHns camoro B-sektopa (q, 7, 7,q)-
@opMBbI 5TU SKBUBAJIEHTHBI U BBIOOD UX MPUMEHEHUsI OMPEJIe/IsieTCsl JINIIb CIennduKoi pac-
CMaTPUBAEMOT0 BOIIPOCa. JKCHOHeHInaIbHas dhopma (exp-dhopma), korpa nepementbie {1..G'}
BBIDAsKEHbI depe3 napameTpsl («, (3, 7y, §), IpIMeHnMa TOJIBKO B CJIydae HEBBIPOXKICHHOTO B-
BEKTOPA (.

CoorHomenust, cBsa3biBatolnue anagornduo (2.1.1) gersipe koopaunater (T, X, Y, Z) uso-
TPOITHOTO 4-BEKTOPa ¢ Mapoii KOMILJIEKCHBIX TIEPEMEHHBIX (U, ), MOXKHO HANTH €IIé B KJIACCHIe-
ckoit mororpaduu I'. Beitss [12] win B 607ee mosaueit kaure P. ITenpoysa u B. Punepa [13]. B
HAIIIeM CJIy4Yae, KOMILIEKCHBIE [lepeMeHHble (U, v) ABJIAITCS COCTABHBIMU YacTIMU B-BeKTOpa,
YTO MPUBHOCUT CBOU 3aKOHOMEPHOCTH B CHUCTEMY TOJIYIAEMbIX COOTHOIIECHUIA.

Tak, B B-dopme Bce nepementbie {T..G} aBisgioTcd OGUIMHEHHBIMI KOMOUHAIIUSMUA Das3-
JINIHBIX COTPSI?KEHHBIX 3HAYEHUil B-BEKTOpa ¢ U B 9TOM CMBIC/IE COBEPIIEHHO PaBHOIPABHBHI.
B cuny Toit ke 6GUIMHEHHOCTH yKa3aHHOE BBINIE OJHO3HATHOE COOTBETCTBHUE HE SIBJISETCS B3a-
HMHBIM, TaK KaK IIPOTHBONOIOKHBIM B-BekTOpaMm (4¢) cOOTBETCTBYIOT OMHAKOBBIE 3HAYCHUS
sTux Tepemennbix. Kak dyukimn or (a, b, ¢, d) oHE OmpeesieHbl BO BCEM B-TIpOCTpAHCTBE.
[Tepemennas T, siBJIsISICh €BKJIMIOBBIM CKaJIgPHbIM KBajapaToM (1.9.3) B-BekTopa ¢, NpuHUMA-
€T TOJIbKO HeoTpHuIaTeabuble 3HadeHusd. O0IacTb 3HAUCHUI OCTATBHBIX AT (DYHKIMH — BCE
MHOKECTBO JIEHCTBUTEIbHBIX unces, (—o0o,00). B exp-dpopme nepemennnie {T..G'} nponopru-
OHAJIBHBL €Xp 2 U Kakjast mapa B (2.1.1) 3aBucur em@é TOJBKO OT OJHOrO mapamerpa: (3, 7y
I 6.

Barmrrem coornomrennst (1.8.1) u ux nmpoussenennst B oboznadeHusx (2.1.1):

qq=T+iX, §G=T-jX, (49 (39 =T"-X"
0G=Y +ijZ, a@G=Y iz (¢4)(qq) =Y+ 2 (2.1.2)
q¢=F+iG, qq=F—iG, (qq)(qq) = F*+ G
OTKyJa CJjeIyeT
T° - X?=Y*+2*=F*+G* =detqg =™ (2.1.3)

U3 (2.1.3) MOKHO COCTABUTDH CJIEYIOIINE TPH YPABHEHMUS:

T2 - X*—Y2—-22=0
T2 - X*—F2-G>=0 (2.1.4)
Y24 22 =F24+ 2

IepBbIe J[BA U3 KOTOPBIX MMEIOT CTPYKTYPY, XapaKTePHYIO sl u30mponHo2o (CBETONOI0OHO-
ro) 4-Bekropa. B kauecTBe BpeMEHHON KOMIIOHEHTBI 3TUX 4-BEKTOPOB BBICTYIAET II€PEMEHHAS,
oboznavenHas Kak 1', a octagbubie Tpu — X, Y, Z win X, F, G — Kak TpOCTpaHCTBEHHBIE.
(Tperbe ypaBrenue B (2.1.4) He3aBUCUMBIM HE SIBJISIETCSI U BBITEKAET U3 JIBYX MepBbIX). OTMe-
TUM, 9TO cuzHamypa (+ — — —), XapakTepHas Jijis (IICeBI0EBKINIOBA) CKAJISIPHOIO KBaIpaTa
4-BeKTOpA, 371eCh BOZHUKAET €CTECTBEHHBIM 00pa30M, 0e3 mpuBJIeueHns MOHATUIT KOBAPUAHTHO-
CTU U KOHTPaBapPUAHTHOCTU KOOPAMHAT. BpemenHasi cocrapsionias 4-BeKTOpa — IepeMeHHast
T — emunCcTBeHHAst U3 Irectn nepeMeHHBIX {71..G}, KoTOpas NPHHAMAET TOJIBKO HEOMPUa-
meavHble 3HAUEHUS. 1eM caMbIM, JTI000MYy B-BEKTOPY COMOCTaBIIsIeTCs 4-BEKTOP Oydywiezo.
B-tipocTpaHCTBO — 4Y€TBIPEXMEPHO, & B-BEeKTOp XapaKTepusyercs: YeThbIPbMsl JefiCTBUTE b
HBIME TapaMerpamu — (a, b, ¢, d) win («, [, v, §). VI3oTpomnHslii 4-BeKTOD, XOTS U SABISACTCS
00BEKTOM YETHIPEXMEPHOTO MTPOCTPAHCTBA-BpEMEHN, (DAKTHIECKN OMPEIe/ISIeTCsT TOJTBKO TPeMs
nmapamerpamu. Hampumep, 3aganune Tpéx koopanaat X, Y, Z MO3BOJISIET ONPEIE/NTh IeTBEP-
Tyio kKoopauHary T u3 nepsoro ypasaenusi (2.1.4). B coornoierun B-BeKTopa 1 U30TPONHOTO
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4-BeKTOpa 3Ta OCOOEHHOCTH MPOSIBIISIETCS] B TOM, 9TO JIJIs 3ajaHus deThipéx koopaunar (1, X,
Y, Z) ucnonb3yorest TOIBKO Tpu apamerpa B-pekropa — («, 7y, ). AHAJIOTUYHO, IPU 3314~
uun koopauuar (T, X, F, ) saueiicrBoBanbl mapamerpsl (o, [, ). B a10it cBasu crenaem
JIBa 3aMevaHusi. Bo-NepBbIX, HU OJIMH U3 U30TPONHBIX 4-BEKTOPOB, yI0BaeTBOpsitommx (2.1.4),
He HecéT nHMOpMaIu 000 BeexX mapamMerpax UCXoJaHOro B-pekTopa. JIUIb COBOKYITHOCTH 3TUX
4-BeKTOPOB XapakTepusyer B-BeKTOp B 1esioM. Vl, BO-BTOPBIX, yKa3aHHBIE 4-BEKTOPHI HE sIBJIs-
I0TCS HE3aBUCUMBIMH — OHH UMEIOT 00Ine coctapisionme. [logaepkaém, 9To B JAHHOM CTydae
MBI TOBOPHUM O CAMHX KOOPJMHATAX H30TPOIHBIX 4-BEKTOPOB, a He 00 ypaBHEHUSAX, B KOTO-
pble oHE BXOAT. Tak, B cooTHOmenusx (2.1.3) y»Ke OTCyTCTBYIOT 3aBUCUMOCTH OT apaMeTpPOB
(B, 7, 9), a ypaBaenus (2.1.4) Boob1ie He comepKaT XapaKTEPUCTUK KOHKPETHOrO B-BeKTopa
— 9TUM ypPaBHEHUAM YJIOBJIETBOPSAET 10001 B-BEeKTOP.

Qu3nyeckn, KOOPUHATHI MUPOBOTO BEKTOPA OMUCHIBAIOT HE TOJOXKEHNE, & COCTOSTHUE, TTPO-
eCc, XapaKTePUCTUKON KOTOPOTro siBJIsieTcss CKopocTh. Ha ocuose (2.1.1), momydanm

Ve =X/T =sh2y/ch2y =th2y (2.1.5)
Vy=Y/T =cos2§/ch2y, V,=Z/T =sin26/ch2y (2.1.6)
Vi =F/T =cos2B/ch2y, V,=G/T =sin28/ch2y o
Kak n3 (2.1.4), tTak u menocpeacrsento u3 (2.1.5), (2.1.6) cremyer, uro
(XP+Y?+ 22) T =V + VI + V= =1
(2.1.7)

(XP+F+G)T? =V +Vi+Vi=c =1

Beipazkenue (2.1.7) omnpejesser TOMHYIO CKOPOCTH €, BEJIMIHHA KOTOPOH MOCTOSIHHA W PaBHA
eJIMHUIE, a HampaBieHne B cucremax KoopanHat Oxyz win Oxfg MoxKeT OBITH JIIOOBIM, B 3a-
BHCHMOCTH OT 3Hadenuit koopaunar X, Y, Z) wm (X, F, G). 3necs V,,,V,,,V, u V,,, V;, V, —
COCTABJISIIOIINE CKOPOCTH € TI0 COOTBETCTBYIONIMM OCsiM KoopjuHat. V3 dopmya (2.1.5) u (2.1.6)
CJIe/IyeT, ITO KarKJasl U3 COCTABJIAIONINX CKOPOCTU MOXKET MPUHUMATH 3HAYEHUS U3 UHTEPBAa-

a [—1,1], HO He HE3aBUCUMO IPYT OT JAPyra — B COBOKYNMHOCTH OHU JIOJZKHBI YIOBJIETBOPSTDH
ypasrenuam (2.1.7).

[Ipocrpamncrsenmnsle 3-sexTopel R = (XY, Z) u ¢ = (V,,V,,V,) napamiensusr. B ciyaae
BBIPOK/IEHHOTO B-BekTopa, Korma 1I'= £X n Y = Z = 0, sBekrop R Hanpassien cTporo no ocu
Oz. Ecnu ke B-BeKTOp He BBIPOXKJIEH, TO IMOJIOZKeHNE BeKTOpa R MOXKHO OXapaKTepuzoBaTh
yruoMm 0 mexy ockio Oz u Bekropom R. Tak, u3 (2.1.1) momydanm

sin&zRyz/R:\/Y2+Z2/T: 1/ch2y (2.1.8)
tgezRyz/X:\/YZJrZ?/X:1/sh27 (2.1.9)

OTKY/Ia CJIe/lyeT, 9To HauboJIbIee 3Hadenne sin = 1 u HanbosbIlee OTKIOHEHNE BeKTopa R oT
ocu Oz npu 6§ = 7/2 pocruratorcst, Korya v = 0. Ilpu v — +oo yroan 6 — 0, a cam Bekrop R
BCcé Osmmzke mputeraeT K ocut Ox (10 WJINM MIPOTUB €€ HAIPABJICHUS ).

2.2 B-ugmcyo kak oneparop. IIpeodbpazoBanue Jlopenna

[Tycrs g2 = q1q, T11e g paccMaTpUBaeTCs Kak OepaTop, peobpas3yIouii Onepans ¢; B Pe3yJib-
TAT Go. 3HAUMEHUd Jy = 17, Go = G1G ¥ @2 = ¢1q nonyuum C-, B- u C'B-conpszKeHneM HCXOIHOIro
BBIPAYKEHUs, a IPOU3BEICHUS COMPSZKEHHBIX PE3YIbTATOB MIPE0OPA30BAHIS BHIUUCIIM CJIELY IO
muM 06pa3oM:

©0 = (019) (19) = (@) (97), @ = (@1d) (4§), 3@ = (@1q1) (¢9) (2.2.1)
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[TpeacraBum oneparop g (det g # 0) B srcnoHeHnMa bHON hopme, cormacuo (1.7.4):
g=exp (a+iB+jy +1j6) = e*(cos f +1isin F)(chy + jshy)(cosd +ijsind) (2.2.2)

U3 (2.2.2) BuaHO, uTO 10JHOE B-Tipeobpa3oBaHme siBISETCsI TPOM3BEICHIEM YeThIPEX Ollepalinii,
KOTOpBIE OyJIeM Ha3bIBATH COOTBETCTBEHHO -, -, - u d-nipeobOpazoBanusivu. [IpeobpazoBanue
¢ det ¢ = 1, koTopoe umeer Mecto npu « = 0, 6ynem HaspBaTh al-IpeodpazoBaHIEM.

Teneps 3anuuiem Beipaxkennd (2.2.1) B obosnavennsax (2.1.2):

T +jXo = (T1 +jX1) exp2 (a +jy) = €** (Th +jX1) (ch2y +jsh2y) =
= e [(Ty ch2y + X;sh2y) +j (Ty sh 2y + X, ch27)]

Yy +1ijZy = (Y1 +ijZ1) exp2 (a +ij6) = €** (Y1 +ijZ;) (cos 26 + ij sin 26)

(2.2.3)
= e**[(Y1 cos 26 — Z sin 26) + ij (Y} sin 28 + Z; cos 26)]
Fy +iGy = (Fy +1Gy) exp 2 (a +i8) = €** (F} +1G)) (cos 283 + isin 28) =
= ®[(Fycos28 — Gysin2) + i (F;sin 28 + G cos 23)]
IIpn o = 0 orcioma cremxyer
Ty =T} ch2v + X, sh 2y, Xo = X1ch2y+Tish2y
Y, =Y cos2d — Z; sin 26, Zo = Z1 €082 + Y sin 20 (2.2.4)
Fy = Ficos26 — Gy sin 20, Gy = G1cos20 + Fisin20

YMHOXKEUB cooTHOMIeHUs (2.2.3) Ha conpsizKéHHbIe Bhipaxkenusi Ty — jXo, Yo — 1jZs, Fy — iGo,
(mpu a = 0) mosyanm

(T3 - X5 =T - X}) = (Yo +Z3 =Y+ Z}) = (F; + G5 = F{ + G}) =detqy  (2.2.5)
YTO COIJIACYETCs ¢ paHee MOIydIeHHbIM cooTHomenneM (2.1.3). B ckobkax B (2.2.5) crpynmmpo-
BaHbI BHIPAYKEHNUS, COXPAHSIOIINECs TIPH IPe0OPa30BaAHUAX 110 OTJAETbHOCTH.

Beipazum chz u shz depes thz, mcxoma m3 OCHOBHOrO IumepbOJIMYECKOr0 TOXKIECTBA,
2 2
ch*x —sh“z =1:

1 —th’z = 1/0h2$; chx = 1/\/ 1 —th%z; shz =thachz = thx/\/l — thz

Torpa, npumensist obo3uadenus ckopoctu (2.1.5), th2y =V, =V u3 (2.2.3) npu o = 0 nosryanm:

Ty +jXo= (Th +jX1) (ch2y +jsh2y) = (T1 +jX;) (1 +JV)/m _
(2.2.6)
= (T + X)V) +j (X1 + TiV)] [VT= V2

DT0 OMKOMILIIEKCHOE PABEHCTBO MOXKHO 3aICATh B BUJE JABYX, O0JIee HATJISIIHBIX JefiCTBUTE Th-
HBIX PABEHCTB:

Ty = (Ty + X1V) /\/1 Ve, Xy = (X, +ThV) /\/1 e (2.2.7)

Taxum obpazoMm, B-nipeodpaszoBannio B-BeKTOpa COOTBETCTBYET aKTUBHOE ITpeoOpa30BaHme N30-
TponHOro 4-sekropa. IIpu sTOM, a-npeobpasoBanme 3aJaéT M3MeHEeHHe MaciiTaba KOOpIMHAT
BeKTOPOB (B ciydae o = 0, K09hDUINEHT U3MEHEHNsT PABEH eMHUIE). §- U [(-TIpeobpa3oBaHUsT
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ONPEJIEJISIIOT OOBIYHBIE TOBOPOTHI 4-BeKTOPOB B 1IockocTsX (Y, Z) u (F, G) cOOTBETCTBEHHO HA
yruibt 29 u 23, cornacuo (2.2.4). Torpa kak y-nmpeobpa3oBaHie COOTBETCTBYET PeoOpa30BaAHUIO
Jlopenna (2.2.7) myist koopaunar (7', X') 4-BeKTOPOB IIPU M3MEHEHUU CKOPOCTH BIIOJIb ocu Ox Ha,
Besmmunny V. Bce ykazanuble TpeoOpa3oBaHusl — HE3aBUCHUMBI.

JIBosikoe mpuMeneHre B-BekTopa (OlepaH i U onepaTop) MOPOKIAET JIBOSKYIO MHTEPIPeTa-
o (m30TponHbil 4-BekTop u npeobpazosanue Jlopenia). OTyacTi, IMEHHO COYETAHWUE ITUX
UHTEPIPETAIII U CIy?KUT UX B3aUMHOMY OOOCHOBAHUIO.

Taxum obpasoM, Kax oMy B-sektopy (a, b, ¢, d) B 6asuce {1, 1, j, ij} Mmoxker 6bITh conocra-
BJIEH M30TPOMHBII 4-BeKTOp, ecyin Mbl OyseM paccmarpusarh deTBépky uuces (T, X,Y, Z) kak
KOOPJIMHATHI 3TOT0 4-BekTOpa B HEKOTOpoM basuce {t, X, y, z}. Tem cambiv, 6azucy {1, 1, j, ij}
conocrasisiercst basuc {t, x, y, z}. [Ipeobpasys (ymHoxkeHnem Ha ¢) B-BEKTOD ¢ B (2, MBI 110~
JaygaeM mpeobpasosanue 4-sekropa us cocrostuus (11, X1,Y1, Z1) B cocrosinue (Ty, Xo, Ya, Zs)
B TOM Ke Gasuce {t, X, y, z}. D10 npeobpazoBaHue ABIACTCA AKMUGHbLM, TAK KAK CBI3aHO C
u3MeHeHneM He 6a3uca, a camMoro 4-BeKTopa.

2.3 IIpeobpa3oBaHue CKOPOCTH

Usmenenns nap koopgunar (T, X), (Y, Z) u (F,G) 3aBucar KaxKjoe OT CBOEro MapaMerpa —
v, 6 u 3. IlosToMy OHEM ImpeoGpasyloTCsa HE3aBUCUMO APYT OT Apyra. B ommdme oT 3TOrO0, BCE
cocrasstiorue ckopoctu (2.1.6) 3aBucar or napamerpa . Tem caMbiM, IpH y-IpeoOpa3OBaHUK
Oy/IyT UBMEHSTHCS HE TOJBKO T-, HO TAKXKe Y- W 2-COCTaBJAMOIMe CcKopocTu. B orcyrcrBue
noBopoTta B mockocTH (Y, Z), Korga 0y = 01, a yo = 71 + 7, u3 (2.1.5) u (2.1.6) momydanm:

th 2+, +th 2y Vi +V

Vi = th 2y, = th2 — - 92.3.1
2 72 ) = Tty 1 VLY (2:3.1)
cos20y cos 201/ ch 27y _ Vv1-V2 _ sin2d,  Viv1—-V?

(2.3.2)

- 2z

YT th2y,  ch2y(1+th2yth2y) 1+ ViV~ % ch2y 14 Vi,V
D1 hopMy bl MPeobpa3soBaHms CKOPOCTH COBIAIAIOT ¢ peaaTuBUCTCKIMEU. COOTHOIIEHNS st
Vo 1 Vg OyyT UMeTh aHAJTOTUIHBIH B

_cos2By  Vipv1-V? v, sin28;  Vigv1—V?2
T h2y, 1+ VRV ¥ ch2y 1+ VLV

JItoboe al-mpeobpazoBaHne COOTBETCTBYET B 4-IIPOCTPAHCTBE M3MEHEHHWIO CKOPOCTH TOJIBKO
Brosib ocu Ox. OnHako caMm 4-BeKTOD B HAYAJIBHOM COCTOSTHUH MOYKET OBITH OPUEHTUPOBAH
1o oTHOIIEHNIO K ocu O MPOU3BOJILHBIM 00pa3oM. B 3ToM cocTouT, ¢ 0JHOI CTOPOHDI, CIeIy-
puaHOCTD, & ¢ APYTroil CTOPOHBI — OOIIHOCTD MOJIYYIE€HHBIX (POPMYI.

(2.3.3)

2.4 VYpaBHeHus Ha OCHOBe KBajpaTta B-BekTopa. lI3oTponHbie 4-TeH30PbI
Beeném obosHaueHns J1Jis COCTABISIOMNX KBaapara B-Bekropa (1.3.6):
¢ = (u+jv)® =1 + 0> +j2uv = exp 2(a +i8 + jy +ijd) =
= (a* =0+ — d*) +i2(ab + cd) + j2 (ac — bd) +ij2 (ad + bc) = (2.4.1)
= K +iL+jM +ijN
Tenepsb MbI IMeeM COBOKYIHOCTD JecsaTu mepeMenubix — (2.1.1) u (2.4.1). Beé MuOKecTBO 9THX
MEePEMEHHBIX U JIBa €r0 OCHOBHBIX MOJIMHOYKECTBa KPATKO 00O3HAYNM TaK:

{T,X,Y,Z,F,G,K,L,M,N} = {T..N},
(T, X,Y,Z,F,G} = {T.G},
{F,G,K,L,M,N} = {F.N},
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a cBa3b Mexxy nepemenubivi {1.G} u {K, L, M, N} naitném u3 cOOTHONIICHMIL:
a) (qq) (¢7) = ¢*(79)
(T +jX)(Y +1jZ) = (K +iL +jM +ijN) (F —iG)
TY +iXZ +jXY +§TZ = (FK + GL) +i(FL — GK) +
+j(FM + GN) +ij(FN — GM)
6) (q9) (¢9) = ¢*(49)
(T +iX)(F +iG) = (K +iL +jM +ijN) (Y —ijZ)

2.4.2
TF +iTG +jXF +ijXG = (YK + ZN) +i (YL — ZM) + ( )
+j(YM + ZL) +ij(YN — ZK)
B) (q9) (¢q) = ¢*(4q)
Y +1ij2)(F +iG) = (K +iL+jM +ijN) (T — jX)
YF+iYG —jZG +ijZF = (TK — XM) +i(TL — XN) —
—j (XK —TM) +ij(TN — XL)
" N2 29
a) (¢9)" = ¢°q
T?+ X?+j2TX = K>+ L*+ M?+ N?+j2(KM + LN)
6) (43)° = ¢
(2.4.3)

Y2 - Z?+i)2YZ = K*+ [* — M?* — N?> +ij2(KN — LM)

B) (¢9)° = ¢*¢
F?— G?+12FG=K?— L*— M?+ N2 +i2(KL — MN)

[IpupaBHUBas COOTBETCTBYIOIINE COCTABISIONNE B-BeKTOPOB, U3 ypaBHeHuil (2.4.2) Moy anmM
12 jeficTBUTEIbHBIX COOTHOIIEHN, a n3 (2.4.3) — emg 6. Tak, u3 (2.4.2 6) u (2.4.3 B) BBITEKAET
CTIe/IyIOMmAsl CHCTEMa IeThIPEX YPAaBHEHHIL:

XF-YM—-ZL=0
XG-YN+ZK =0

(2.4.4)
FG+ MN —-LK =0
F24+ M?+1?-G?>-N?*-K?>=0
Yunrsisas, aro (X,Y, Z) = R — npocrpaHcTBeHHBIN 3-BEKTOD, BBEJIEM 0OO3HAYECHUS
(F,—M,-L)=(A;,A,,A.)=A nu (G,-N,K)=(B;,B,,B.) =8B (2.4.5)
u 3anuieM yparenus (2.4.4) B obosnavenusx (2.4.5):
XA, +YA, +ZA, =0
XB, +YB,+ZB, =0
(2.4.6)

AB, + AB, + A.B. =0
(A2+ A2+ A2) — (B2+ B +B2) =0

[Tepsobie Tpu ypasHenust B (2.4.6) npecrapisior coboii CKaIsgpHble POU3BEIEHNsT TPEXMEPHbBIX
BEeKTOPOB. V3 paBeHCTBa 9TUX NPOU3BEJEHUIT HYJIIO Caemyer, 9To BekTopbl A u B B3auMHO
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OPTOTrOHAJBHBI U PACIOJIOXKEHBI B IIJIOCKOCTH, ePIeHanKyasapHoii Bekropy R. Tem cambiM Bek-
topsl A u B neprengukynspusl 1 Bekropy ¢ = (V,, V,, V,), coBnanatomemy cormacuo (2.1.7)
no Hanpassennio ¢ R. VI3 werséproro ke ypasuenus (2.4.6) ciaemyer, aro BekTopsl A u B pas-
HBI 110 aOCOMOTHOH BesmamHe. VIMeHHO Takasi KapTHHA XapaKTepHa I MOIMepedHoil Oeryeit
HIEKTPOMATrHUTHON BOJIHBI.

N3 (2.4.2 a) u (2.4.3 ) HAXOIUM CJICIYIONIYIO TPYIILY COOTHOIICHHIL:

TX = NL+ KM = B,A, — B.A, =S,
TY = KF + GL = B.A, — B, A, = 5, (2.4.7)
TZ = NF —GM = B, A, — B, A, = S.

@opmyanbl (2.4.7) mpeCcTaBISIIOT aHAJIOT KOMIOHEHTOB BekTopa [loftHTuHra S u cormacyor-
sl ¢ BBIYUCJIEHUEM BEKTOPHOTO npousBejierust [B.A] HemocpecTBeHHO HA OCHOBe 0003HAYEHUI
(2.4.5). C apyroii cTOpOHBI, KaK IPOU3BE/IeHNs KOOPANHAT, Bhiparkenus (2.4.7) conocraBsoTcs
C COOTBETCTBYIOIIMMU KOMIIOHEHTAMH CUMMETPUYHOIO 4-T€H30pa SHEPTUHN-UMITYJIHCA JIEKTPO-
MarHUTHOT'O TIOJIS:

(TX,TY,TZ) = (S,:,5,,5.) =S = [BA] (2.4.8)

B JaHHOM CJIy9a€ KOMIIOHEHTDBI 4—T6H30pa ABJIAIOTCA IIPOU3BECACHUAMMN KOOPAHWMHAT OJHOI'O U
TOr'o 2K€ U30TPOITHOI'O 4—BeKTOpaZ

TT TX TY TZ w S, S, S,
XT XX XY XZ| _|S: 0w 0oy 0w (2.4.9)
YT YX YY YZ S, Oy Oy Oy o
ZT ZX 2Y 77 S. Oy Osy O

B rensope (2.4.9) snement TT = W cooTBeTCTBYET IIOTHOCTH SHEPrUH. [IpsSMbIM BIYUCICHTEM
Ha ocHoBe (opmyi (2.1.1) u (2.4.1) MOXKHO TTOKA3aTh, ITO

W=T"=F+ M +1*=G+ N>+ K’ =
=a* +b* + ct + d* + 2(a®? + a’ + aPd® + b2 + V2P + PP (2.4.10)
W =A% =B = (A + B2

rje ydreHel B urore obosnadenus (2.4.5). Ilepemenusie (W, S,, Sy, S,) mponoprmonanbubr 4-
sekropy (T, X,Y, Z):

(W,8) = (IT,TX,TY, TZ) =T(T,X,Y,Z) = T(T,R) (2.4.11)
3 (2.4.3 a), ¢ yaérom (2.4.10), u u3 (2.4.3 6) Haiigém
X2:K2+L2—|—M2+N2—T2:
=K*+L*+M*+ N>~ (FP+ M*+ L*+G* + N> + K%)/2
X?P=(M*+L*-F*+N*+K*-G%)2= (2.4.12)
2 2 2 2 2 2
= (A, + A, — AL + B, + B, — B,)/2

Y2 22 = K2+ L2 — M2 — N2 = (A2 — A2+ B2 — BY)
YTO ONpEJIesIsAeT OCTAJbHbIEe cocTaBiIsone Ten3opa (2.4.9), pacrnonokeHHble Ha TIaBHOI 1na-
ronasn. CMeraHable KOMIIOHEHTHI TeH30pa HaxoanM u3 (2.4.2 a) u (2.4.3 6):
XY =FM+GN = —(A,A, + B,B,)
YZ=NK — ML = —(A,A. + B,B.) (2.4.13)
ZX = LF — KG = —(A.A, + B.B,)
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U3 ocraibHBIX, €I He UCIOIb30BAHHBIX cOOTHOMIeHNH (2.4.2) u (2.4.3) moydanm:
TF=KY+NZ,  A=B.V,-B\V.;;  TG=—MZ+LY, B,=A\V.—A.V,
~TM=GZ+KX, A,=B,V.—B.Vy; ~TN=—LX —FZ, B,=A.V,—A,V. (24.14)
_TL=—NX —GY, A.=B,V,—B,V,,  TK=FY+MX,  B.=AV,—A,V,

3aech kpome obo3Hadenuit (2.4.5) yarensl obo3HadeHus ckopoctu (2.1.5) u (2.1.6), a coorro-
meHns s nepeMeHHbix A, B u V' oy deHs! 1esleHneM UCXOHbIX ypaBHeHuii Ha 1.

[Tepemennbie (2.4.5) ABAAOTCS KOMIIOHEHTAMI AHTHCHMMETPUIHOTO 4-T€H30pa BTOPOTO PaH-
ra, aHAJOIMIHOIO TEH30PY JIEKTPOMArHUTHOrO 10JdA. Mbl He Oy/eM 3almchbiBaTh TOT TEH30D
B Brjie TabJINIpBI, & IPUBEIEM BMECTO STOTO 0oJiee MOIE3HYIO CBOJKY PA3/IMIHBIX (hOPM 3ammcn
caMuXx repeMeHHbix (2.4.5):

qG=u?* — v?> = exp2(a +if) =F+iG = (A, +iB;)

qq =u* — v* = exp2(a — i) =F—-iG = (A, —iB;)
(*+3)/2=u® +v?=exp2(a+iB)ch(y+i0) = K +iL = —i(A, +iB.) (2.4.15)

(+¢))2=u*+v*=exp2(a—iB)ch(y—id)= K —iL = i(A, —iB,)

( ) ( )sh (v +10) ( )

( ) ( )

U3 (2.4.15) caeayer, ato nepemennble (2.4.5) MOTYT OBITH IPEICTABICHLI B IPYTOil M3BECTHOM
dbopme — B Bujle KoMILIeKcHOTO BekTopa f = A + iB:

(F,—M,—L) +i(G,—N,K) = (A, A,, A,) +i(B,, B,, B.) = A + iB (2.4.16)

rie napa (A, B) momkaa 0003HAYAT AKCHATBHBI U MOJISIPHBIN 3-BeKTOPBI. OTMETHM OIHAKO,
9TO KaK pa3 MOJSAPHBINA WM aKCHATBHBIN XapakTep BeKTOpoB (2.4.5) MOKa He yCTAHOBJIEH: B
coorHorrerns (2.4.6) oHE BXOJAT “CHUMMETPUIHBIM’ 06pa30M U BBIGOD “Ge3pasindHbix’ 0003Ha~
vyennit A u B (BMecTo obo3Hauenuii mekrpomarauTaoro noias H u E) npussan Ha manHOM
srare, B TOM YUCIE U JJIsI TOTO, YTOOBI TIOTIEPKHYTh 9Ty HEOIPEIeIEHHOCTD.

2.5 CooTHolleHne npeodbpa3oBaHmuii KBajgpaTta B-BeKTopa u 4-TeH30pa

[Ipu B-npeoGpazoBanuu, q; = ¢1q, KBajapar B-pekTopa npeobpasyercs Kak g5 = q->q>. Boipasus
caMmo mpeoOpa3oBanue ¢ B exp-dpopMe, IOy IuM

Ky +iLy + jMsy 4+ ijNy = (Kq + 1Ly + jM; +ijNy) exp 2 (a +i8 4+ jy + 1jd) =
=[(Ky+iLy) +j(M; + iNy)|exp2(a +18) expj2(y + 1d) =
—exp2(a+ i) [(Ky +iL;) +j (My 4+ iNy)] [ch 2 (y 4 i6) + jsh2 (y +16)] = (2:5.1)

=exp2 (a+if){[(K1 +1iL1)ch2 (y+ 1) + (M; +1Ny)sh2 (y +10)] +
+ j[(My 4+ 1iN7) ch2 (y 4+ 16) + (K; +1L1)sh2 (y +19)]}

BanuiieM 5T0 OMKOMILIEKCHOE COOTHOIIEHUE B Buae IBYX KOMIIJIEKCHBIX ypaBHeHI/IfI

My +iNy = exp2(a+1if) [(My +1iNy) ch2 (y +16) + (K +1L1) sh2 (y 4 i0)]

2.5.2
Hns cnyaas d-npeobpazosanust (pu o = = = 0) u3 (2.5.2) cregyer
M2+1N2: (M1+1N1)cos25+1(K1—|—1L1)sm25 (253>

KQ + 1L2 = (Kl + 1L1) cos 20 +1(M1 + 1N1) sin 20
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OTH ypaBHEHHs INPEACTABJISIOT COOOH KOMILIEKCHOE IpeoOpasoBaHne KOMILIEKCHBIX BEKTODPOB
(M+iN) u (K +iL) npyr uepes gpyra. C Ipyroii CrOpOHbI, paHee Mbl y2Ke YCTAHOBIJIN, 9TO B 4~
IPOCTPAHCTBE 0-IPeobpa3oBatne COOTBETCTBYET MOBOPOTY B 1iockoctu (Y, Z), a CMBICT ydacT-
BYIOIIMX B IIPEOOPA30BAHNN IIEPEMEHHBIX HHTEPIPETHPOBAH B IPeAbLAyIIeM pasaese. s Toro
9T00BI IOy IuTh U3 (2.5.3) ypaBHeHUsl, OIMUCHIBAIOIIIE TIOBOPOT WHTEPECYIOINIINX HAC BEKTOPOB,
YMHOXKHM 00e JacTu mepBoro ypasHenwus (2.5.3) Ha —1, a Broporo — Ha i. Torma

—My — iNy = (—M; — iNy) cos 20 — (— Ly + iK;) sin 2§

—L2 + 1K2 = (_Ll + lKl) cos 20 + (_Ml - 1N1) sin 20
(2.5.4)
Asy +1Bsy, = (Ayy + 1Biy) cos 20 — (Ay, + iBi,) sin 2§

A2z + 1BQZ = (Alz + 181z) cos 26 + (Aly + iBly) sin 20

Tenepn noydenHas Iapa ypaBHeHHUI OIUCBIBACT OOBIYHOE TPUTOHOMETPHYECKOE IIpeobpasoBa-

HEE, XapaKTepU3yIolee MOBOPOT Ha YToJ 20, KOTOPBIi eCTeCTBEHHO OTHECTH K ockoctr (Y, Z)

4-1IpoCTPaHCTBa. DTO NIpeobpa3oBaHue ABJIAeTCs OPTOrOHAJBLHLIM U J1efiCTBUTEILHDBIM:
Asy = Ay, cos26 — A, sin 20, By, = By, cos26 — By, sin 2§

2.5.5
As, = Ay, cos 20 + Ay, sin 26, B, = By, cos 20 + By, sin 26 ( )

Koopaunatrer F' u G or mapamerpa 0 He 3aBHUCAT, YTO MOJATBEPK/IaeT UHTEPIPETAINIO UX Ha-
npasjenus o ocu Ox.
B ciayuae y-npeobpazosanust (npu o = = § = 0) u3 (2.5.2) ciemyer:

M2 + INQ = (Ml + lNl) Ch2’)/ + (Kl + lLl) Sh2’)/

2.5.6
9TO COOTBETCTBYET CIIEAYIOLIEMY (aKTI/IBHOMy) Hpeo6pa30BaHI/IIO .HopeHua:
M, +iN, = [M; +iN, + V (Kq +iLy)] /vV/1 = V? (257

K2+1L2:[Kl+1L1+V(M1+1N1)]/\/1—V2

Cucrema JByX KOMILIEKCHBIX ypaBHeHHiT (2.5.7) MOKeT ObITh 3almcaHa B BHJE CHCTEMbBI de-
TBIPEX JeficTBuTeNbHBIX ypaBHeHuit. Koopauaarer F' u G 0T mapamMeTpa -y He 3aBUCAT U B Pe-
3ysbTare mpeodpaszoBanuii Jlopenma e uzmensiorced. Takum oOpa3oM, ¢ yIéToM 0003HAYEHUI
(2.4.5), OIYIUM CJIEIYIOILYIO CHCTEMY yDABHEHHUIA:

Fy = Fi, Gy = Gy,
—My = (=M, = VEK)/V1=V2 = =Ny = (=N, +V(~Ly))/V1-V?,
—L2 — (_Ll + V(_Nl))/\/ 1 - V2, K2 - (Kl - V(—Ml))/\/ 1 - V2
A2x - Al:l:y 821‘ - Bl:m

Az = (A = VBi:)/V1 - V2, Bay = (Biy + VAL)/VI=V2,
Ap = (Ai: + VBy) VT=V?, By = (B = VAy) VT = V2,

(2.5.8)

Ypasaenus (2.5.8) onuchBAOT aKTHBHOE Mpeobpas3oBanne JIopeHIia KOMIIOHEHTOB aHTHCHMMe-
TpudHOro TeH3opa (2.4.15) npu maMeHenun ckopocTu Baoiab ocu Oz Ha Benmunny V. Kak u B
caydae 4-BeKTopa, Mpeodpa3oBaHue 9TOr0 TEH30Pa ONPEJIe/IgeTcss aKTUBHBIM ITPeodpazoBaHueM
COOTBETCTBYIOINIEro B-BeKTOpa B B-TIPpOCTpaHCTBE.
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s cnyaast f-npeobpasoanns (npu o = v = § = 0) BepHéMcs K ypapuennto (2.5.1) u
3alMIIeM ero B CICAYIOIeM IeperpynupoBaHHOM BUJE:

(Ks 4+ jMy) +1(La + jNo) = [(Kq + jMy) + 1 (L1 + jN1)] (cos 283 +1isin23) =
= (K1 + M) cos 26 — (Ly + jN1) sin 23] + 1 [(Ky + jMy) sin 26 + (Ly + jN1) cos 20]
. . N (2.5.9)
Ky +jMy = (Ki + jMy) cos 20 — (Ly + jN1) sin 23
L2 +JN2 = (Kl —|—JM1) SiHQﬁ + (Ll +JN1) COS 25

[IpupaBHsieM COOTBETCTBYIOIIME COCTABJLAIONINE B ypaBHeHusx (2.5.9), B-mpeobpasoBanue me-
pemenubiX (F,G) Bo3bMéM u3 (2.2.4) u 3anumiem pesyabrar B obo3nadeHnsAx (2.4.5):

Fy = Ficos20 — Gy sin 20, Gy = Gy cos20 + Fysin 20,
—My; = — Mjycos28 — (—Nyp)sin28, —Ny = — Njcos2(+ (—M;)sin 2,
—Ly = — Ljcos28 — K, sin2p, Ky = Kjcos2(6 + (—Lq)sin 23,
(2.5.10)
Ay = Ai, cos 23 — By, sin 23, Bsy = By cos23 — Ay, sin 283,
Ay = Ay, cos 23 — By sin 2, Bay = By, cos 23 — Ay, sin 20,
Ay, = Ay, cos 28 — By, sin 20, By, = By, cos28 — A, sin 20,

Urak, kaxgomy B-sekropy (a,b,c,d) B 6azuce {1,1,j,ij} , KpoMe H30TPONHOrO 4-BEKTOpA
(T, X,Y, Z) B 6azuce {t,x,y,z}, MoxkKeT ObITH CONOCTABJIEHO 1IeCTH epeMeHHbIX (A, B), 0bJia-
JIAIONINX CBOMCTBAMU TEH30pa JEKTPOMATHUTHOIO MOJIsd. Jepe3 mapaMerphl 7 U 0, a TaKwkKe
Jepe3 cKaJsipHble TponsBesieHnst (2.4.4) KOMIOHEHTHI 9TOTO TEH30pa TOXKe MPUOOPeTaoT “Ipu-
BsA3Ky” K Gasucy {t,x,y,z}. Takum 06pasoM H30TPOMHOMY 4-BEKTOPY COMOCTABIISIETCsT 4-TEH30D
¢ XapaKTEePUCTUKAMHU TorepedHoit berytieit Boaubl. O6e 311 4-mpoCcTpaHCTBEeHHBIE KOHCTPYKITHH
SIBJIAIOTCS JIByMsI Pa3HBIMHU acleKTaMU MPOsiBJIEHUsI OJIHOTO U TOro Ke B-Bekropa. Obe onn
XapaKTepu3yTcs OJIHOM U TOM 2Ke cKopocThio ¢ = 1. VIMeHHO 1mosTOMY 4-TE€H30D, COOTBETCTBY-
IOIUIT U30TPOITHOMY 4-BEKTOPY, MBI TOKE HA3BIBAEM U30MPONHHIM.

Emg onna BazkHast 0COGEHHOCTH COCTOUT B TOM, 9TO BCe mepeMenHble (2.4.5), B otimdane ot
nepemennbix (T, X,Y, Z), 3aBucar or napamerpa (. DTOT mapaMeTp XapaKTepH3yeT OpTOro-
HaJbHOE Ipeobpasosanme (2.5.10) B HekoTopoil eBkmmoBoii mwiockoctu ¢ 6asucom {f, g}. Kax
ciaemyer w3 dopmyna (2.1.1), wrockocts O fg 1o anrebpamdecKuM CBOWCTBAM MPAKTUIECKH HE
oTimaaeTcs oT miaockoctu Oyz, XoTd U He npuHa ekt 4-npocrpancrBy Otxyz.

3akJo4eHue

CrestaeM HECKOJIBKO 3aMedaHuil 0OOOIMEHHOTO XapaKTepa, NMEIINX OTHOIIeHNe K TeMaTHKe
Haleir paboTHhI.

Anrebpa c geieHnem

B nacrosiee Bpems TepMuHBI “anrebpa ¢ genenueM’ u “anredpa 6e3 jieuTesieil Hyd UCIOJb-
sytorest Kak cuHoHnMbl [2]. Kazknas N-kommiekcras anrebpa (mpu N > 1) cogep:KuT geanTestu
myas. Ilpn stom nesenne ao06vr NC-ancen Ha ao0bvie Hesviposicdennvie N C-aucia MoTHOCTHIO
omnpesiesieHo. C mosutuit N-KOMILIEKCHO aIreOphl, HOJIb ABJISETCS BCETO JIUITb OJTHIM U3 TP/
craBuTesielt 6viposicdennor N C-dncer, a IejeHne Ha HEro He OIpeJeeHo U B “airebpax c jie-
nerner’. TakuM obpaszom, B NC-anrebpax OTCYTCTBYeT JeJIeHUe Ha BHIPOXKJIeHHEIE N (C-uncia,
BKJIIOYast HOJIb, HO IIPUCYTCTBYeT JeJeHne Ha Jo0ble HeBBIPOXKIeHHbIe N C-uncia. YuuToBas
YETKUIT KPUTEPHiT BHIPOXKIEHHOCTH — PABEHCTBO HYJIIO onpeeanTe s N-KOMILIEKCHOTO YUC/Ia,
— HUKAKUX BBIYUCIUTETHLHBIX MTPOOJIEM 3/1eCh He BO3HUKAET.
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Metpuka NC-nnpocTpancTs

B pasmenax 1.9 u 1.11 mpogemMoHCcTprpOBaHa BO3MOXKHOCTE HAJETEHUT 00H020 U 020 JHCE JTH-
HEHOro B-TIpoCTpaHCTBa KaK €BKJIMIOBOI, TaK M HEeBKJIMJIOBOI MeTpukoii. B wacrHOCTH, 00-
HOMY U MoMY oice B-BEKTOPY ¢ COMOCTABJIEHBI Pa3Au4Hble HOPMBI: eBKIMI0BA, ||q|| n HeeBKIH-
noBa, [¢]. O6branoe KoMIIEKCHOE YUCIIO (2 = X + 1Y) TOXKE MOKET OBITh OXapaKTEePU30BAHO U
eBKJINI0BLIM, TPUIOHOMETPHYECKIM KBaIPATOM HOPMBL: 2Z = 22+ 12, I HeeBK/IMIOBbLIM, THIIED-
GommaecknM Kpajipatom HopMbl: Re (22) = 22 — y?. Ha co6CTBEHHO KOMILIEKCHYIO airebpy 3T
COOTHOIIICHUA (06a ABJIATONINECS €€ HEOTbEMIEMOTH qaCTbIo) HUKAK JONOJHUTETHHO HE BIIUAIOT.
Tem caMbIM MBI TOTYEPKUBAEM: N-MEPHOE YHCJIO U COOTBETCTBYIONIas aiaredpa — Oosee pasBu-
Tasg CTPYKTypa, YeM M-MepHOe JUHEeHTHOe MPOCTPAHCTBO M BBEIEHHAs B HEM MeTpHUKA. [aKnuM
obpaszoM, ecu MaTeMaTudecKuil anmapar (pu3ndeckoil Teopun yJIajoch BbHIBECTH HA yPOBEHb
N-MEpPHOI ajreOpbl, TO METPUYIECKUE (I/I TEH30PHBIE) COOTHOIIEHUs TPUOOPETAIOT TIPEUMYIIIe-
CTBEHHO I/IJIJHOCTpaTI/IBHbel XapaKTep, U Bpd/J JIM CTOUT 3aKJaAbIBaTb UX B OCHOBY ITOCTPOCHUA
9TO (PUBNIECKON TEOPHUHN.

PasmepHocTn dpusnmdyeckoro m MareMaTu4eCKnuX NpPOCTPAHCTB

JlocTaTovHO ecTeCTBEHHO, KOTJIa Ta WJIN WHas 4-MepHas THIepPKOMIITIEKCHAs aaredpa OKa3bIBa-
eTcs TOJIXOJIAIIEN JIJIsi OMMCAaHUs Te€X WM UHBIX aCleKTOB PeaJbHOrO MPOCTPAHCTBA-BPEMEHHU.
YunrbiBas onbIT 001Ieil Teopun orHOcHTeIbHOCTH (OTO), MOXKHO 0KUIATH, YTO YETHIPEXMED-
Hasl MaTEeMATHUKa CIIOCOOHA OTHICATH HE TOJIBKO caMO 4-ITPOCTPAHCTBO, HO U (DU3UUECKUE STBICHUS
B HéM (mpumep — rpasutaius). C apyroit cToposr, nmerHo HecriocobHoctb OTO BRIIOUNTH B
cebsI 9JIEKTPOINHAMUKY U IPYTUe HEeIrPAaBUTAIIMOHHbBIE B3aNMO/IEICTBIS MOCTYKIIa B CBOE Bpe-
M [TOBOJIOM Jist ocTpoenust 5-mepubix Teopuit (T. Kamyna (1921 ), O. Kueiin (1926 1.)). Ceii-
Yac MHOTOMEPHBIe Teopun — Oy auu pusnku. OIHAKO BOIIPOC O COOTHOIIEHUN pa3MepHocTell (u-
3UYECKOTO U MaTeMaTUIeCKUX MIPOCTPAHCTB MO-TIpexkHeMy akTyaseH. Kak rmokasbiBaeT HaCTOsI-
Iasi CTaThsl, COOTHOIIIEHNE MeXKIy 4-MepHBbIM B-pocTpaHCcTBOM 1 4-MEpPHBIM MTPOCTPAHCTBOM-
BpeMeHEM He CTOJIb ‘TipsiMosnHeiino”. Koopannatam 4-mpocTpaHCTBa COMOCTABJIEHBI HE CaMU
nepeMeHHble B-TTpoCTpaHCTBa, a UX OUINHENHHbIe U KBaIpaTHIHble KOMOUHAIMN. B pesynibrare
yeTbIpéxmepHasi B-anredpa nopoxkiaaer 10 dpusmueckux mnepemMeHHBIX. VIMEHHO OHMKOMILIEKC-
HbIE COOTHOIIIEHUsI MEXKJIy STUMU TePEMEHHBIMU TO3BOJISIOT WHTEPIPETUPOBATH MX KAaK KO-
OP/INHATHI MMPOCTPAHCTBEHHO-BPEMEHHOTO 4-BEKTOPa M KaK KOMIIOHEHTHI aHTHCUMMETPUIHOTO
4-TeH30pa. DTU Ke COOTHOIIEHUSI ONPEIEISIOT UX TPAHC(OPMAIIMOHHBIE CBOWCTBA PEJISITHBUCT-
CKOTO U 3JIEKTPOIMHAMUIECKOTO XapaKTepa.

Beixomg 3a paMKm Marepuasa JaHHON pabOThI, 3aMeTuM, 4To B-nepemennad, eé B-
BEeKTOpHas (DYHKIWSA, MPOU3BOJHBIE TOM (DYHKIUN PA3INIHOTO TOPSIKA — MaTeMaTHdecKn
BCe OHM OYJIyT OTHOCUTBCH K pasHbIM B-mpocrpanctBam. OgHAKO, BCe OHH B3aUMOCBS3aHBI.
DusmKa TPOCTPAHCTBA-BPEMEHU JIUIIb OTParKaeT TH B3aNMOCBA3U. Kakue-To COOTHOIIEHUS
BOCITPUHUMAIOTCs KAK OOBIYHBIE KOODIUHATHI, KAKOE-TO — KaK BPeMs, JIPyrue — KaK KOMIOHEH-
ThI 9JIEKTPUIECKOTO U MATHUTHOT'O TIOJIEH, & TPEThU — KaK COCTABJISIONINE SHEPTUU-UMITY/IbCA 1
1. 1. CoBceM He 00s13aTe/IbHO, ITOOBI BCe TaKie B3ANMOCBSI3U BOILIOMIAICH B BUIE 2C0MEMPU-
Yeckuxr M3MepeHnil (DU3MIECKOro MPOCTPAHCTBA — OOIIENPU3HAHHBIX WJIN JIOTOTHUTETbHBIX,
SIBHBIX WJIU “‘CBEPHYTHIX .

HoBbie cooTHONIeHUs

B OCHOBHOM, 3Ta pa60Ta IIoCBANIEeHa CO3daHNIO N-koMILJIEKCHO# (FJIaBHbIl\l o6pa30M, OUKOM-
H.J'IeKCHOfI) a.)'[l"e6pb1 n JEMOHCTpalouu ee IPUMEHNMOCTHU AJid IIOCTPOCHHA CYHIECTBYIOIUX PE-
JIATUBUCTCKUX U SJICKTPOJUMHAMNYICCKUX 3aKOH01\/IepHOCTeI7L Mur IIojiaraeM, 4TO 9THU LiejIn 1H0-
CTUTHYTHI.
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B dwusuyeckoit qactu paboThl, KpoMe yKe U3BECTHBIX (POPMYJI, TOXKE TOJYUEH PsiJi HOBBIX
COOTHOIIEHUN. DTH COOTHOMIEHUS HE NPOMUBOPEYam ODIENPUHATHIM MOHATHAM. HekoTopbie
U3 HUX IO3BOJIAIOT IO-HOBOMY B3IVIAHYTb Ha y2Ke M3BECTHbIE 3aKOHOMEDPHOCTU, & JIpPyrue u
caMM I10 Ce6e OKa3bIBaIlOTCAd JOCTATOYHO HCEOXKMJaHHBIMM. CI)Opl\/IaJIbeIﬁ aCIIEKT TaKNX HOBBIX
COOTHOIIIEHUT PACCMOTPEH HEIOCPEICTBEHHO B TEeKCTe cTaThh. A BOT MX MOAPOOHBIN (pusmde-
CKUiT aHaJIN3 MbI OTJIO?KUM Ha Oy/IyIiee, KOrjia, B JIOMOJTHEHHE K aJIredOpamdecKiuM U30TPOITHBIM
COOTHOIIIEHUSIM 3TO# paboThl, OyIyT paccCMOTPEHBbI Tak:Ke JuddepeHIuaj bHble U BPEMEHHUIIO-
JI00HBIe 3aKOHOMepHOCTU. O/IHAKO, yKe ceffuac MOXKHO 3aMETUTh, UTO IpeJiaraeMblil HOBBII
MaTeMATHIECKUl SI3bIK He IIPOCTO OIHUCHIBAET, HO (DAKTUYUECKH Nopostcdaem PeasTUBUCTCKHIE
U 3JEKTPOJNHAMUYECKHE COOTHOIIEHNs O€3 MPUBJIEYEHUs] KAKOW-MO0 (pusmdeckoil aprymMen-
TallNn. STO YKa3bIBa€T KaK Ha a/JeKBAaTHOCTb, TaK W Ha IIEePCIIEKTHUBHOCTDL paspa6aTbIBaeMoro
HAMU TTOIXO0/IA.
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N-COMPLEX ALGEBRA AND ISOTROPIC RELATIVISTIC AND
ELECTRODYNAMICS EQUATIONS

A.V. Goryunov
Turan-Astana University, Astana, Kazakhstan

avgor@hotbox.ru

The version of system of hypercomplex numbers called as N-complex numbers is
suggested. In this framework a new concept of bicomplex numbers is introduced and
algebraic component of bicomplex calculus is thoroughly developed. The elements of
algebras of tricomplex and tetracomplex numbers described briefly, as development
of bicomplex concepts and notation. The relationship of elements of bicomplex space
with elements of the pseudoeuclidean 4-space is investigated. It is shown that all the
basic isotropic (light-like) algebraic formulas of the special theory of relativity and
electrodynamics can be obtained as a direct consequence of the properties of bicomplex
numbers.

Key Words: hypercomplex numbers, N-complex numbers, bicomplex numbers,
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BO3MO2KHA JIN ®PVTHCJIEPOBA 'EOMETPU3AILII
I[TOJIAPU3AIIMOHHONI OIITUKUI

E.M. Oscutok!, B.M. Pengbkos?

L Moswiperuti zocydapemeenmnmidi nedazozuneckuti yruusepcumem, Mosvps, Beaopyccus
2 Hnemumym dususu HAH Beaapycu, Munck, Beaopyccus

e.ovsiyuk@mail.ru, v.redkov@dragon.bas-net.by

B macrosmeit pabore maercsa 0030p HEKOTOPBIX BO3MOXKHOCTEH NPUMEHEHUs] MaTpUd-
HOTO WCUNCJIEHUS JJIsl aHAJIM3a BOIIPOCOB MOJISPU3AIMOHHON ONTHUKU. KCTh OCHOBAHWUS
MPEJINOJIaraTh, YTO CBOIO POJIb 37€Ch MOTYT CHIFPATbh M METOIbI (PUHCIEPOBOIl TEOMETPUN.
[Tockombky MaTpuiibl Mrosiepa — 9TO BelIeCTBEHHbIE MATPHIBI, JEHCTBYIONINE HA BeIle-
cTBeHHbIH 4-MepHbI BeKTOp CTOKCa, TO I MCCAeIOBaHUs MHOXKECTBA, BCEX BO3ZMOXKHBIX
Marpull Miossepa MOXKHO HCIO/IB30BaTh MapaMETPU3AINIO 4-MePHBIX MaTPUII, MOJIydae-
MYIO Ha OCHOBe ITpuMeHeHusi MaTpull Iupaka. 3aKOH YMHOXKEHUsI JJIsi SJIEMEHTOB UCXO/IHON
IpYIIBI UMeEeT I'POMO3IKUI BU/I, HO OH BIIOJIHE IIO/aeTCs aHAJIUTUICCKOMY UCCIIEI0BAHUIO.
Hailinen aBHBIN BUJ ompenesnTess MPOU3BOJILHON MaTPHUILI B TaKOM MapaMeTpHU3allli,
KOTOPBIHl 3a7aeT €CTEeCTBEHHBIN KIaccuUIUPYOMnii HHBAPHAHT BO MHOXKECTBE MAaTPWHII.
OTa nmapaMeTpusals TPUMEHEHA )i ONUCAHUST BO3MOXKHBIX MOJISIPUBAIIMOHHBIX MATPHIL
MIOJI.Hepa, BKJIIO49ad W BBIPDOXKJICHHBIE C/Iy9an MaTpUIl C HYJIEBBIM OIIPEAE/INTEJIEM,
OIMCBIBAEMBIX B PaMKax CTPYKTYpPbI moayrpymi. Oka3aioch, YTO HaKJIAIbIBas JIMHEHHbBIE
cBa3u Ha 16 napaMeTpoOB, COBMECTHUMbBIC C T'PYHIIIOBBIM 3aKOHOM YMHOXKE€HUA, MOZKHO
[IOJIy4YaTh IPEUMYyIIECTBEHHO KJIACChl BBIPOXKJEHHBIX MaTPHUI] CO CTPYKTYPOH NOIYI'PYIIIL.
[Tonyuena nmomHas KiaaccuduUKaIus TaKUX MOJIyrpynn panra 1, 2, 3.

KuaroyeBble ciioBa: nossipusaliioHHas OonTHKa, Marpuibl JIupaka, marpuisl Mrosiepa,
KJIACCU(PUKAIS, BHIPOXKAECHHBIE MATPUIIBI, TOYTPYIIIA.

1 llonsipusamusa cBeTa, BeKTOpHbI popmaam3Mm Miosiepa

B ciyuyae miockoit 37eKTpOMArHUTHON BOJIHBI, PACIpPOCTPAHSIONIEicd BIOIb OCH 2, B MPOU3-
BOJIbHOI Touke z umeeM (M, N — amiuty ibl 1ByX KoMnonenT Bekropa E, A — dazosbiit ¢isur)

E!' = Ncoswt, E? = Mcos(wt+A), E*>=0,
(1.1)
N>0, M>0, Ac¢€l[-m +n].

Yernipe napamerpa Croxca (S,) = (I, S, .52, 5%) onpenenensl pasencTBaMu

I=(E}+E3), S®=(E}-E3),
(1.2)
St = (2E,Ey cos A), St = (2F,F, sin A);

cuMBOI (... ) 0bO3HaYAeT ycpelaHeHue 1o BpeMenu. Ecmn ammmmrynet u casur dasz N, M, A ne
MEHSIIOTCSI CO BpeMeHeM (UM MEHsIIOTCsI HECYIIECTBEHHO 3a BPEMsl IPOBEJEHUS yCPEeIHEHNs),
TO cooTBeTCTBYyMoMNe apamerpsl CTOKca paBHBI
Spo =1 = N?+ M?, Siy = N?— M?,
(1.3)
Spoy = 2N M cos A, S2y=2NMsin A,

HpI/I 9TOM BBIIIOJIHAETCA TOXKIECTBO

“ 9 . .
S‘IS = (SOOZ) - SIJ)OZS]JOOI = I;gol - S;210l = 07 (14)

p
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T. e. S = I,y n. [pyruMun caoBaMu, JJIsl OTHOCTBIO MOISPU30BaHHOTO cBeTa 4-BekTop CTOKCa
nzorponubiit. /Iy ecrectBenHOr0 cBeTa napamMerpbl CTOKCa TPUBHATIBHDBIE

a J—
Snon —pol —

(Inon—pola Oa 07 0)

[Ipu crioxkeHun JBYyX HEKOT'€PEHTHBIX CBETOBBIX MyYKOB UX mapamMeTpbl CTOKCA CKIAIbIBAIOTCS
mneitno: Iy + I2), Sy +S(2). B wacTnocTn, 9acTHYHO MOISAPU30BAHHBIN CBET, IOy 9alonuiics
IIPU CJIOYKEHUH eCTECTBEHHO U MOJHOCTBIO TOJSPIU30BAHHOIO CBETA, OMICHIBAETCA TapaMeTpaMu

. (Inonpob 07 07 0) y S ;= (Ipola Ipoln> )

nonpol — po

I

Sa:SZono—i_Sao: Inono“‘Io (17$n)
pol pol ( pol pol ) [non—ol + [pol

Ucnonb3ys obosnavenust

Lpo
I= Inonpol + Ipol) b= #‘l’_ll, (15)
nonpo po

AJId ITapaMeTpoB CTOKC& JaCTUYIHO IMOJAPU30BaHHOI'O CBETa HaXOAMM BbIparKCHUA
S*=(I, Ipn), S, =I*(1—p*) >0; (1.6)

rjae [ — obiiasi MHTeHCUBHOCTD, p — crenenb noispusannn (0 < p < 1), n — equHUIHBIT
3-MEpHBIIT BEKTOP.

2  O6mmmit anaau3 Bo3MOXKHBIX noarpymm B GL(4.C)

B cnmnoproM Gasnuce npou3BosibHAA 4 X 4-MaTpuia MOKeT ObITh 3aJaHa ¢ OMOIILIO YeThIPEeX
4-mepHbIX Besman# (BekTopos) (k,m,l,n):

k‘o—i— k5" n0+ 1'15 K N

; (2.1)
l()‘i‘l& mo + m o L M

OpU 9TOM 3aKOH YMHOXKeHHs 16 mapamMerpoB mmeer Buj (CM. JerajbHee 00 HCHOJIb30BAHUM
6asuca marpur Jupaka B Teopun rpynnst GL(4,C) B [1-3]):

o=k ko+k' k+njlo+n'l,

my =mymo+m m+1[jny+1n,

e / / / (2.2(1)
ng =kyno+k'n+nymy+n m,
=10 ko+Yk+mylp+m'l,
K"=Fkk+kK k+ik'xk+nyl+n'lp+in' x1,
m'=mim+m'my+im xm+jn+1ny+il' xn, (2.20)

n"=kn+k'ny+ik'xn+nim+n my+in xm,
V=0 k+Y ko+il xk+mil+m'lp+im’ xL

Janee MBI mccmeyeM BCce BapUaHTBI JIMHEHHBIX OrpaHWYeHU Ha TapaMeTpbl, COBMECTUMbIX
¢ TPYHIIOBBIM YMHOXKEHHEM TapaMeTpoB k,m,n,l; mIpudeM,0HN JOJKHBI BBITIOJHATHCSI U B 00-
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EM CIydae KOMILIEKCHBIX TapaMeTpoB. MoOKHO MPeJIIoNoKITh, 9TO UCCISIysd TaKie TNHEHHbIe
orpaHuveHus Ha napamerpsl k, m,n,l, Mbl nocrpoum noarpynist B GL(4, C'). Boamoxkuo, npu
9TOM YaCTbh IMOJMHOYKECTB OYIeT COCTOSITH M3 BBIPOKIECHHBIX MATPHIL, T. €. UMETh CTPYKTYPY
MTOJTYTPYTITI.

3 Opunn HezaBucumblit Bektop: BapuanT (k)

Pacemorpunm BapuanT 1(k):
Il:Ak,TLo:Oékb,m:Bk,mgzﬁko,lsz,loztko. (31)
DopMyJIbl YMHOXKEHUsI TapameTpoB (2.2a, b) MpUHUMAIOT BUJI:

k) = ki ko + K k + ot kjko + ADK'k,

mll = B kbko + B2K'k + ta k) ko + DAK'k,
n! = akhko + AK'k + aB k) ko + ABK'k,
I = tk) ko + DK k + Bt kjko + BDK'k,

K' =kl k+Kko+ik xk+aDkik+ AtK'ky +iADK x k,

m" = BB kik + BB ko +iB*K x k + tAkik + Dak ko + iDAK x k,
n’ = Akik+ ak'ky+iAK x k+aBkik + ABK ko + iABK x k,

I = tkik + DK'ko + iDK x k + 8D khk + Btk ko + iBDX x k.

Tpebyem BbIOIHEHsT COOTHOMIEHUH (3.1) /T apaMeTpoB ¢ JAByMsl IITPUXAMU:

ny = a kj
a(l+4 ) koko + A(1+ B) K'k = a(1 + at) kj ko + a(1 + AD) K k,
mp = 3 kg
(3% + ta) kyko + (B> + DA) K k = (1 + at) k}, ko + 8(1 + AD) Kk,
Iy =tky
t(1+8) ko ko+ D(1+B) K k=1t (1+ at) ky ko + t(1 + AD) k' k,
I,l// — Ak//
(A+aB) kjk+ (a+ AB) K ko +iA(1+ B) k' xk =
A(l+aD) ki k+ A1+ At) k' ko +iA(1+ AD) X' x k
m" — B kl/
(BB +tA) kpk + (BB + Da) k' ko +i(B* + AD) k' x k =
B(1+aD)kyk+ B(1 + At) k' ko +iB(1+ AD) kK x k
1// — D k//

(t+ 8D) K,k + (D + Bt) K’k +iD(1 + B) k' x k =

D(1+aD) k,k+D(1+ At) K ko +iD(1 + AD) kK’ x k.
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JlaytbIie MpUXOaUM K CUCTEMEe ypaBHEHUI

a(l+0) =a(l+at), A(l+ B) =a(l+ AD),
(B +ta) =B(1+at), (B?+ DA) = B(1+ AD),
t(1+B8) =t(1+ at) , D(1+ B) =t(1+ AD),

(A+aB)=A(1+aD), (a+Ap)=A(1+At), A(l+ B)=A(1+ AD),
(BB+tA) =B(l1+aD), (BB+ Da)=B(1+ At), (B*+ AD)= B(1+ AD),
(t+pBD)=D(1+aD), (D+ Bt)=D(1+ At), D(1+ B)=D(1+ AD).
[IpescTonT HAWTH BCe pelIeHUs 3TOI CUCTEMBbI; KaxK0€ PellleHre ompeaessdeT U0 HEKOTOPYIO
NOATPYVIIILY, JI60 HEKOTOPYIO IIOAIIONYTI'DVIIITY (MHO}KeCTBO MaTpull C HYJIEBBIM OIIpE€ie/InTeJIEM,
3aMKHYTO€ OTHOCUTEJIbHO yMHO}KeHI/IE{).

[Ipexk e Beero, cucrema ypasHeHnid (3.2) IpH TpexX paBHBIX HYJIO GJOKAX UMeeT TPUBUAb-
HOE peIleHue:

pemenue (K — 1),

A=a=0,B=3=0,D=t=0, G:‘ ; (3.3)

K 0
0 0
BCe 9THU 4-MepHbIe MATPHUIIBI BHIPOXKIEHBI: UX OIPEIe/IUTE/ b PaBeH HyJ0. PaHr MaTpuil paBeH
2 i 1 (B moceaeM caydae HyzkHO TpeboBath det K = 0).

Uccnemyem pemtenns mpu JIByX PaBHBIX HYJIIO OJIOKaX. 371eCh €CcTh Tpu Bo3MoxKkHOCTH. CHa-

Jasia IPeIIoIOKIM, YTO
A=a=0, D=t=0; (3.4a)

cucreMa (3.2) maer
#?=p, B*=p, pBB=B, B’=B, (3.4b)

OTKy/la B JIOIOJIHEHNE K y2Ke BCTpedaBlIeMyCsl TPUBHATIbHOMY perrenuio (3.3) mpu B = =0
OJIydaeM HOBOE:
pemenue (K — 2),

ko + ko 0
A=a=0,D=t=0,D=8=+1, G= : 3.4
“ v 0 ko+k¢ (34¢)
9TO MHOYKECTBO HEBBLIPOXKIECHHBIX MATPHUIL CO CTPYKTYPOii MOArPYIIIILL.
Tenepb NPeANOIOKUM, ITO
A=a=0, B=p=0; (3.5a)
cucrema (3.2) maer
0=0, =0,
0=0, 0=0,
- t7 D - "
(3.50)
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T. €. IPUXOJUM K PEIICHHIO:
pemtenue (K — 3),

A=a=0, B==0, D=t,

K 0
DK' 0

K 0

DK 0 DK'K 0

G:'
DK 0

'KO

_| K'K 0

, G’G:‘

9TO MHOXKECTBO BBIPOXKJIEHHBIX MATPUIL PAHTa 2 CO CTPYKTYPOIl MOTyTPYIIIHI.
Tenepb npeanonoKuM, 4T0

cucrema (3.2) gaer

a = a, A=aq,
0=0, 0=0,
0=0, 0=0,

T. €. [IpUXoaAuM K CJIEAYIOIIEMY PEHICHUIO:

pemenne (K —4),

K' AK'
0 0

K AK

, G'G=
0 0 0 0

K'K AK'K
0 0

KAK‘

9TO MHOYKECTBO BBIPOXKJIEHHBIX MATPHUIL PAHTa 2 CO CTPYKTYPOIl MOTYTPYIIIIHL.
Uccnenyem perrenus mpu ogHoM HyJIeBoM OJ10Ke. [lepBas BO3BMOXKHOCTD:

A=a=0;
cucrema (3.2) maer

0=0, 0=0,

=3, B*=4,
tl+p6)=t, D(1+B)=t,
0=0, 0=0, 0=0,
BB =B, B3 =8B, B?*=B,
(t+pD)=D, (D+ Bt)=D, D(1+B)=D.

VYpasuenus (3.7h) UMeOT TONBKO JBa YK€ BCTPEUABIINECS PEIICHU:

Y

‘ Y

(3.6a)

(3.60)

(3.7a)

(3.7b)
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pemenue (K — 3),

A=a=0,B=p8=0,t=D, G:'DI;, 8‘7
pererne (K — 2),
A=a=0,B=8=+1,D=t=0, G-= k“;koj kofkﬁ .
Uccnemyem BTOPYIO BOSMOXKHOCTD IPU OJHOM HYJIEBOM OJIOKE:
D=t=0;
cucrema (3.2) gaer
af =0, A1+ B) =a,
pP=p, B*=48,
0=0, 0=0,
(A+aB)=A, (a+AB)=A, AB =0,

BB=B, B3=B, B)=B8B,
0=0, 0=0, 0=0.

Cucrema (3.8b) NIPUBOIUT K JBYM YK€ U3BECTHBIM BO3MOXKHOCTSIM:
pemiernne (K — 2),

A—a=0,B=+1,3=+1,D=t-0, G=|0tk 0
== ) - ) - ) - - ) - O kfo—i-ko_: )
pemenne (K — 1),
K 0

A=a,B=p=0,D=t=0, G =

0 0

PaccmarpuBaeM TPeTbio BO3MOYKHOCTB IIPU OJHOM HYJIEBOM OJIOKE:
B=p3=0;
cucreMa (3.2) maer
0=ca’, A=a(l+ AD),
ta =0, DA=0,
0=at?>, D=t(l+AD),
0=AaD, a=A(1+At), 0= A2D,
tA=0, Da=0, AD=0,
t=D(1+aD), 0= DAt, 0= AD>

(3.7¢)

(3.7d)

(3.8a)

(3.8)

(3.8¢)

(3.84)

(3.9a)

(3.96)
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B,ILGCB BO3MOZKHBI TOJIBKO [IBa y2K€ BCTPpE€YaBHINXCA PEHICHUA:

pemenne (K —4),

K AK
A=a,B=f=0,D=t=0, G=| " (3.9¢)
pemenne (K — 3),
A—a—0 B=f-0 D=t |20 (3.9d)
ST EErEh EEn | DK o ’
Tenepb paccMaTpuBaeM CHTYAIUIO, KO/ HYJIEBBIX OJIOKOB HET:
A, a0, B,B40, D,t+40: (3.10a)

IIPY 9TOM cucreMa ypasHeHuit (3.2) maer

B =+at, A(l+ B)=oa(l+ AD),
(3% +ta) = B(1 +at), (B?>+ DA)=p3(1+ AD),
B=+at, D(1+B)=t(l1+ AD),
B=AD, (a+AB)=A(l+At), B=AD, (3.100)
(BB +tA) = B(14+aD), (BB+ Da)=B(1+At), (B?>+ AD)= B(1+ AD),
(t+8D)=D(1+aD), B=AD, B=AD.

Uckmtounm u3 ypasuennii B u 3:

B=AD, 8 =at;
BLIIUIIIEM OCTABIIMECS HE3aBUCUMbBIE YDABHEHUS:
(A—a)(1+ AD)=0,

(AD —at)(14+ AD) =0,
(D—-t)(1+AD)=0,

(3.10¢)
(A—a)(1+At)=0,
(D—t)(1+aD)=0.
Paccmorpum cravana ciydait A = «; cucrema (3.10¢) npumer Bu:
A=a, (D—1t)(1+AD)=0. (3.11)
3/1eCh IPUXOIUM K JBYM HOBBIM DEIIEHUSIM:
pemenne (K —5),
K AK
A=a,B=p=AD, D =t, G = ; (3.12a)
DK ADK
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9TO MHO2KECTBO BBLIPO2KJCHHLIX MaTpPHUIl C PaHI'OM 2. y6e}K,Ha€MCH 9TO 3aKOH YMHOXKEHNA BbI-

IIO/THAETCHA:

K'  AK' K AK (K'K + ADK'K)  A(K'K + ADK'K) (3.120)
DK' ADK' || DK ADK | | D(K'K + ADK'K) AD(K'K + ADK'K) |
OrmegaeM, 910 ecyin BeIOpaTh D = —A_l, TO Pe3y/IbTaT YMHOXKEHU JIBYX MATPUIL OYIET JTaBaTh

Bcerga HOJIb.
pemenue (K —5)',
K  AK
A=a,B=f=-1,D=t,G= , G'G=0; (3.12¢)
~A'K -K
pemenue (K — 6),
1 ko + ki Aky+ AkG
A=a,B=-1,=-At, D=——, G = . I (3.13a)
A thy — AkG Atk — k&

9TO MHOXKECTBO BBIPOK/IEHHBIX MaTPHI] C PAHI'OM 2.
[IpoBepsieM 3aKOH YMHOYXKEHUS, 00ECIEYUBAIONINN CTPYKTYPY MOJYTPYIIBI BO MHOYKECTBE

(3.13a):

ko + kG Aky + Ak
tho — A“Yké  Atky — ké

"o,
)

G'G

kh+ ke Ak + ARG
thl — ATKG At} — k'

pe3yIbTaT YMHOXKEHUsI 3aIIUChIBAEM 110 OJIOKaM:

(11) = (1 + At) Kyko + (1 + At K koG
(12) = A (14 At) K)ko + (1 + At)K koG | ,
(21) =t (1 + At) khko — A~ (1 + Ak ko |
(22) = At (1+ At) khko — (1 4+ At)K ko7
T. €
K= (1+ Abko Ky, K= (14 Ab)ko K ; (3.13b)

npyrumu cioamu, marpunia G” = G'G “nomuut” crpykTypy Marpuibl G
Bosspammaemcs k cucreme (3.10¢) u paccMaTpuBaeM CIIydaii

A#a, 1+AD=0; (3.14a)

cucrema (3.10¢) maer eMHCTBEHHOE PEILICHIE:

D=-=, t=--, (3.14b)
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OTKYIa HAXOUM
pemtenne (K —7),

ko + k& aky + Aké
—A Y (ko + k) —Ataky — k&

Aa Be-18=-2 p_y-_1 G:‘ . (3.14¢)

A

9TO MHOKECTBO BBIPOXKJIEHHBIX MaTpuil ¢ panroM 2. [IpoBepsieM 3aKoH yMHOMXKeHUs, obecrie-
YUBAIONINAN CTPYKTYPY MOJTYTPYIIIHL:

Ky + K aky + AK'G

G'G = } g
AV + KF) —Alakh — K'G

ko + E& Oéko + AE&
AV (kg + k7) —Alakg— k& |

pe3yJjbTaT YMHO2KEHUA 3allUCbIBaEeM I10 OJIOKaM:

(11) = (1 - 2) kbko + (1 — &) Kk &,

(12)=a (1-2) kko+A (1-2)kk &,

(21) = —A~" (1—2) Khko— A" (1— 2) Kbk &,
(22) = —A7'a (1—2) khko— (1 — 2) khk &,

T. €. 3aKOH YMHOXKE€HU A B IIOJIYI'DYIIII€ BbIIVIAOUT TaK:

a - a -

7 koko K= (1= Rk (3.14d)

Taxkum obpasom, ananus Bapuanta I(k) 3aBepiien moJgHOCTHIO: HafijleHO 7 THUIIOB peIleHHit; ¢
TOYKU 3PEHUd MOJIyUYeHUd ITOJArPYII €CTh TOJIBKO JIBa BaphaHTa, OCTaJbHbIC IPUBOJAT K CTPYK-
TypaM TOJYrpyHil (MATPHIL C PAHTOM 2).

¢"=GG,  k=(1-

4 OpauH He3aBUCHUMBIH BeKTOpP: BapuaHT 1(m)

Pacemarpusaem BapuanT I(m). HakiaapiBaem JnHeiiHbIe OrpaHIYeHUsT
n:Am,nozamo,k:Bm,kozﬁmo,l:Dm, l():tmg. (41)
[Tpu 5TOM 3aKOH yMHOMXKeHUs Tapamerpos (2.2a,b) maer

ky = pmy Bmo + Bm' Bm + amj tmg + Am’ Dm ,

my = my my +m’ m -+ tmg amy + Dm’ Am

4.2a
ng = Pmg amoy + Bm’ Am + amjy mo + Am’ m | (4.2a)
ly =tmg Bmo + Dm’ Bm + my, tmo + m’ Dm
k" = pmi Bm + Bm' fmg +i Bm' x Bm+ amy Dm + Am’ tmg +i Am’ x Dm ,
m’ =mym+m’' my+im’ x m+tmyg Am + Dm' amg +i Dm’ x Am (4.20)

n"” = fmj Am + Bm’ amg + i Bm’' x Am + amy m + Am’ mg +i Am’ x m

1" = tmi Bm + Dm'’ fmg +¢ Dm’ x Bm +m{ Dm +m' tmg+¢m’ x Dm .



E.M. Oscurok u ap. BoszmoxkHa JiH (DpHHCIEPOBA T€OMETPH3AIIHS MTOISIPU3AITHOHHON OIITHKI 115

Tpedyem

ng = a my —
Bmg amg + Bm' Am + amg mo + Am' m =
amgy mo + am’ m + atmy amy + aDm’ Am =
a(f+1)=a(l+at), AB+1)=a(l+ AD);

Tpebyem
ky = 38 my =

Bmy Bmg + Bm' Bm + amg tmg + Am’ Dm =
Bmgy mo + fm’ m + Stmy amg + FDm’ Am =
B4 at = p(1+at), B*+ AD = 3(1 + AD) ;

TpedyeM
lg =t mg —

tmg Smo + Dm' Bm + myg tmy + m’ Dm =
tmgy mo + tm’ m + t*my amg + tDm’ Am =
tB+1)=t(l+at), D[B+1)=t(1+AD);

Tpebyem
k" =Bm" —

Bmy Bm + Bm' fmg + i Bm' x Bm + amg Dm + Am’ tmg+ i Am' x Dm =
Bmym+ Bm' my+i Bm' x m + Btmy Am + BDm' amgy + i BDm' x Am =
BB+aD=B(1+tA), pB+tA=DB(l1+aD), B*+AD=DB(1+ AD);

Tpebyem
n"=Am" —

fmy Am + Bm' amg+ i Bm' x Am + amgm + Am’ my + 7 Am’ x m =
Amgm+ Am’ my +i Am’ x m + Atmj Am + ADm’ amg +i ADm’ x Am =
BA+a=A(1+tA), Ba+A=A(1+aD), A(l+ B)=A(1+ AD);

Tpebyem
l/l — D m// _—

tmy, Bm 4+ Dm’ fmy+i Dm’ x Bm +m), Dm +m’ tmy+im’ x Dm =
0 0
Dmgym+ Dm’' mg + i Dm’ x m + Dtmg Am + DDm’ amg + i DDm’ x Am -

tB+ D =D(1+tA), DB+t=D(1+aD), D(1+ B)=D(1+ AD).
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CobupaeM MoJTyueHHbIE YDABHEHUS BMECTe:

a(f+1)=a(l+at), AB+1)=a(l+AD),

B2+at=p(1+at), B>+ AD=p5(1+AD),

t(B+1)=t(1+at), D(B+1)=t(1+ AD),
BB+aD=B(1+tA), BB+tA=B(1+aD), B>+ AD=B(1+AD), +3)
BA+a=A(1+1tA), Ba+ A= A(l+aD), A(l+ B)=A(1+ AD),
tB+D =D(1+tA), DB+t=D(+aD), D(1+4+ B)=D(1+ AD).

Y cucremer (4.3) ecTb TpUBHAJILHOE pEIIEHUE, KOTJa BCE TapaMeTPhl HYJIEBbIE. DTO MPUBOJHAT
K MaTpUIIAM C TPeMdA HYJIEBBIMHU OJIOKAMU:

perenne (M — 1),

0 0

A=a=0,B=p=0,D=t=0, G:'O Yk (4.4)
[TocTpouMm pelieHnst Ipu IBYX HYJIEBBIX OJI0KaX. 371eCh BOSMOXKHBI 3 BApUAHTA.
[lepsobrit BapuanT:
A=a=0, D=t=0; (4.5a)
cucrema ypasHenuit (4.3) maer
0=0, 0=0,
p=p, B*=8,
0=0, 0=0,
(4.5b)
3B=B, (#B=B, B’-RB,
0=0, 0=0, 0=0,
0=0, 0=0, 0=0;
T. e
#=p, B*=p, pBB=B, B*=B. (4.5¢)
Y ypasHenuit (4.5¢) ecTh TOJTBKO J[BA y2Ke M3BECTHBIX DEIeHMNs:
pererne (M — 1),
A—a=0,B=8=0,D=t=0, =20 21 (4.6)
) ) Y O M ) M
perrenne (M — 2),
M 0
A=a=0,B=8=1,D=t=0, G:'O M'. (4.7)

PaCCManI/IBaeM CJIG,ZLyIOIILHﬂ BapuaHT C ABYM¢ HYJIEBBIMU OJIOKAMU:

A=a=0, B=3=0; (4.8a)
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cucrema (4.3) maer

t=0, D=0,
0=0, 0=0,
0=0, D=t,
o, o o (4.8b)
=0, 0=0, =0,
=0, t=0D, =D,

T. €.
pemenue (M — 3),

o o, B . 0 0 'y 0 0
A—a—O,B—ﬁ—O,D—t,G—’DM v ’GG_’DM’M MM | (4.8¢)
DT0 MOIYTpyIIIa MATPUI paHra 2.
Creyronuiti BADHAHT € JBYMsI HYJIEBBIMU OJIOKAMI:
D=t=0, B=§8=0; (4.9q)
cucrema (4.3) maer
=Y, A= )
=Y, 0=0,
0=0, 0=0,
(4.9b)
—0, 0=0, 0=0,
o = s O = ; 0 - 0 ,
0=0, 0=0, 0=0,
T. €.
pewenue (M —4),
0 AM
A=a,B=f=0,D=t=0, G_‘O v | (4.9¢)

CrpoumM perreHust Ipu OZHOM HyJIeBOM OJI0Ke. 31eCh BO3MOXKHBI 3 BapuaHTa. [lepBblit BapuaHT:

A=a=0; (4.10a)
cucrema (4.3) maer
0=0, 0=0,
B =p, B*=p,
t8=0, D(B+1)=t,
v (B+1) (4.100)

BB=B, BB=B, B=3,
0=0, 0=0, 0=0,
tB=0, DB+t=D, DB=0.
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Y 9TOit CHCTEMBI €CTh TOJIBKO JIB& PEIIeHIs:
perenne (M — 2),

M 0
A=a=0,B=pF=+1,D=t=0, G_'O M" (4.10c)
perenne (M — 3),

o L B | 0 0 'y 0 0
A=a=0,B=0p=0,D=t, G—‘ DM M| GG—‘ DMM MM ' (4.10d)
CTpouM perteHnst ¢ APYTUM HYJIEBBIM OJIOKOM:

B=3=0: (4.11a)
cucrema (4.3) maer
0=ca%, A=a,
at=0, AD =0,
0=oat?, D=t,
(4.11b)
aD=0, tA=0, AD =0,
0=1tA2, 0= A2D, 0= A2D,
0=tDA, 0=aD?, 0= AD2
Y cucremsr (4.11b) ecTb TOMBKO JBa PEIICHHUS:
perrenne (M — 3),

o L B _ 0 0 'y 0 0 )
A=a=0,B=0=0,D=t, G—‘ DM M ', GG—‘ DM'M MM ‘, (4.11c)
perrenne (M — 4),

0 AM
A—a,B—ﬁ—O,D_t—O,G_‘O Y ‘ (4.11d)
Pacemorpum mocsieiHIi BADHAHT € OJJHUM HYJIEBBIM OJIOKOM:
D=t=0; (4.12a)
cucrema (4.3) maer
af =0, AB+1)=aq,
=B, B*=p,
0=0, 0=0,
(4.12b)

BB=B, BB=B, B?=B,
BA+a=A, Ba=0, AB=0,
0=0, 0=0, 0=0.
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Y 9T0if CHCTEMBI CYIIECTBYET TOMBKO JBA PEIICHHUSL:
pererne (M — 2),

M 0
AzazO,B:ﬁzl,D:t:O,G:‘ 0 M‘, (4.12¢)
pererne (M — 4),
0 AM
A:a,B:ﬂzo,D:t:O,G:‘O " (4.12d)

Takum 06pa3oM, MOCTPOEHBI BCE PEIIEHUs C OJIHUM, JIBYMs, TpeMs HyJeBbiMu Osiokamu. Ocra-
JIOCh UCCJIEIOBATH CJIydail BO3MOXKHBIX PEeIleHnid, KOrja Bce Tpu OJI0Ka HEHYJIEBbIE:

A, a#0, B,B3+#0, D,t#0; (4.13a)

OpU 9TUX JIOMYIIEHUsIX MPEJCTOUT MOCTPOUTH Bee perienusi cucteMbl (4.3). Ilpu ycmoBusix
(4.13a) cucrema (4.3) ynpomaercs:

B=at, AB+1)=a(l+AD),
B*+at=p3(1+at), B*+AD = p3(1+ AD),
B=at, DB+1)=t(l+ AD),
BB+ aD = B(1+tA), BB+tA=DB(l1+aD), B?+ AD = B(1+ AD),
BA+a=A(1+t4), B=AD), B=AD,
B=AD, DB+t=D(1+aD), B=AD,

(4.130)

YTO 9KBUBAJIECHTHO CJIEAYIOIIEMY:

6=at, B=AD,
(D—-t)(14+AD)=0, (A—a)(1+AD)=0, (at— AD)(1+ AD)=0, (4.13¢)
(A—a)1+tA) =0, (D—-t)(1+aD)=0.

MoxkHOo BbIJC/JINTH IBE BO3MOXKHOCTH:

B
1 (4.14a)
A

Atmg —ma)  (Amg + Amd
o (Atmg —ma)  (Amg + Amo) ; (4.14D)
(tmg — A~'ma)  (mo + mo)
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pererne (M — 6) (em. (K — 7))

(—aA Ytmy — ma) (amy + Amd)
G = . 4.14
(A~mg + AYié)  (mg + m3) (4.14¢)

BosmoxknocTs

g =at, B=AD, D=t, A=« (4.15a)

IIPUBOJIUT K €IMHCTBEHHOMY KJIACCY DEIIeHHIi:
pemenne (M —7),

A=a+#0, D=t#0, B=pf=AD,

ADM AM
| pmMm M|
oo ADM' AM' || ADM AM AD(1+ DAYM'M A1+ DA)M'M (4.156)
| bm M DM M | | DA+DAMM (1+DAMM |

5 Opaun He3aBUCUMBIl BeKTOop: BapuaHT I(n)

Teneps npeacrour nccienoBarh Bapuantel I(n) u I(1). Easa mm cieayer oxxumgars 9KBH-
BAJIEHTHOCTHU 9THX BAPHAHTOB HpebrymnnM. CKopee BCero, 371ech Oy1eT TakzKe MHOTO BBIPOZK-
JIEHHBIX CJIy9aeB.

Pacemorpum BapuanT I(n):

k:An,kozano,m:Bn,mozﬁnO,lan,l():tno. (51)
3aKOH yMHOXKEHUS J1aeT
kyj = a® nyno + A*n'n +t niny + D n'n |
my = 3% nyng + B?’n'n +t nyng + D n'n |
ng = anyng +Ann+ Bniny+ Bn'n,
ly =tanyng + DA n'n+ [t nyng + BD n'n |
k" =aAnn+aAnng+iA’n’ xn+Dnjn+tn'ng+iDn’ xn,
m” =3B nin+ B n'ng+iB?n’ xn+tnin+ Dn'ng+iDn’ xn,
n=anm+Anny+iAn’'xn+Bnmn+n'ny+iBn xn,
I"=tAnin+ Dannyg+iDAn' xn+ 3D nn+ Btn'ng+iBDn’ xn.
Tpedbyem
ky =ang :
(@® +1t) ngng + (A* + D) n'n = a(a + B) nyno + a(A+ B) n'n |

(@®+1t) =ala+8), (A>+ D) =a(A+ B); (5.2a)
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my = B ng
(8% +1t) ngng + (B* + D) n'n = 3 (a + B) nyno + B(A+ B) n'n ,
B+t)=p(a+p), (B*+D)=p(A+B);
Iy =tng:
(ta + Bt) ngno + (DA + BD) n'n =t (a + 3) ngng + t(A+ B) n'n
(ta+ pt) =t (a+ ), (DA+ BD) =t(A+ B);
k"=An":

(@A + D) njn + (@A +t) n'ng +i(A>+ D) n’ x n =
Ala+ B) ngn + A(A+B) n'ng +iA(A+B)n’ xn,
(«A+ D) = A(a + B), (aA+1t)=A(A+ ), (A2+ D)= A(A+ B);

m’=Bn":
(BB+t)ngn+ (BB + D) n'ng+i(B*+ D)n’ x n=
Bla+B)nyn+ B(A+p)n'ng+iB(A+B)n' xn,
(BB +t) = B(a+ B), (BB+ D)= B(A+p), (B>+ D)= B(A+ B);
"=Dn":

(tA+ D) nyn + (Da+ Bt) n'ng + i(DA+ BD)n' x n =
D(a+ B)nin+ D(A+ ) n'ng +iD(A+ B)n’ xn,
(tA+pD)=D(a+B), (Da+Bt)=D(A+p3), (DA+BD)=D(A+B).

(5.2b)

(5.2¢)

(5.3a)

(5.3b)

(5.3¢)

Takum 06pazoM, MHBAPUAHTHOCTL (opmyst (5.1) OTHOCHTEIBHO YMHOXKEHUsI MATPHI[ TpeOyeT

BbBITTIOJTHEHM A ypaBHeHHﬁi

(5.4a)

(@ +t)=al@+p8), (A>+D)=a(A+B),
B*+t)=p(a+pB), (B*+D)=p(A+B),
tla+B)=t(a+0), D(A+ B)=t(A+ B),
(@A+D)=A(a+B), (aA+t)=A(A+B), (A>+D)=A(A+B),
(BB +t) = B(a+ B), (BB+ D)= B(A+p), (B*+ D) = B(A+ B),
(tA+ D) = D(a+ B), (Da+ Bt) = D(A+ ), D(A+ B)=D(A+ B).
OTa cucreMa SKBUBAJIEHTHA, CJIELYOIIE:
t=aB, (A°+D)=a(A+B),
(B>+ D) =pB(A+ B),
(D—-t)(A+B)=0,

D = AB, (aA+t)=A(A+ D),
(BB +t)=B(a+ B),
(tA+ (D) = D(a+ B), (Da+ Bt) = D(A+ () .

(5.4b)
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Wckmounm nepementbie D u t:

BbIIIMIIEM OCTaBIINECA YPaBHEHNA:

(A—a)(A+B)=0,
(B=p)(B+A4)=0,

(AB—aB)(A+B) =0,
(A-a)(A+5)=0,

(B-=P)(B+a)=0,
A(f - B)(a+B) =0,
Bla—A)(A+p5)=0.
[Ipeanonoxkum
A+B#0,

torga (5.5b) maer

A=a, B=p3, B(A-B)=0.

3/1eCh BOBHUKAIOT JBA PEIeHMS:

pemerne (N — 1),

A=a,B=p3=0,D=t=0, G =

pemternne (N — 2),

A=a,B=p=A D=t=A% G:‘

AN" N’

AN AN’

GG:’ AN AN |~

‘ANN

Tenepb paccMoTpum cirydait
A+B=0, B=-A;

npu 5ToM 13 (5.5b) momygaem

B=-A, D= —-A?, t=af,

(A-a)(A+8)=0,
AB+ A)a—A) =0,
Ala— A)(A+B)=0.

A2AN'N
A22AN'N A2AN'N

(5.5a)

(5.5b)

(5.6a)

(5.6b)

(5.7)

(5.8)

(5.9a)

(5.96)
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Bo3MOXKHBI JiBa pelleHus:
pemenne (N — 3),
ﬂ:B:—A7 D:—AQ’ t:—O[A,
ang + Anc no + no
G = , det G=0; (5.10)
—aAny — A’né —Ang — Anc
pererne (N — 4),
A=+a, B=-A, D =—A%, t=A3,
A’no + Anc no + no
G= . detG=0. (5.11)
BAng — A’né fBng — And
6 OpuH He3aBUCUMBI BekTOp: BapuaHT I(1)
Tenepsb npencrout ucciaenopars BapuanT I(1):
k:Al,kOIOdlo,m:Bl,mOZﬂlo,n:Dl,noztlo. (61)
Bakon ymHoxkeHust (2.2a,b) IpUHIMAET BUJI:
ki = ol lo+ A2V 1+ tly lo + DV 1,
my = 32l lo+ BV 1+ ¢l g+ D'1, (6.20)
2a
ng = atll lo + ADY 1+ ptly Iy + BDI' 1,
Iy =alylo+ AV 1+ 6l lp+ BY' 1,
k" = Aaly 1+ Aal’ Iy +1i A%V x 1+ ti; 1+ DV Iy +i DU x 1,
m” = BBl 1+ BBV ly+i B*l' x 1+ DI 1+t [y +1i D' x 1, (6.20)

n" =aDly1+ Atl' [y + i ADY x 1+ Btly 1+ 8Dl |y +i BDI' x 1,
I"=Alg1+al lg+i AU x 1406l 1+ BY [y + i B x 1.
Tpebyem, 4T0OBI IMHEHHBIE OTPAHIYEHUST COXPAHSINCH TP MEPEMHOYKEHUN MATPHII:
k;(')' =« lg —

(@ +t)lylo+ (A2 + DNV 1=ala+ )il +a(A+ Bl =
(oz2+t):oz(a+ﬁ), (A2+D):a(A+B);

mg =1 —
(B4t 1o+ (B> + D)W 1=B(a+p)lly+ A+ Bl —
(62 +1t)=Ba+p6), (B*+D)=p(A+B);

ng =ty —
(at+ Bt)lylo+ (AD+ BD)'1=t(a+B)ljlo+t(A+B)l'l =
(at + Ot) =t(a+ B) , (AD + BD) =t(A+ B) ;
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kK" =Al —
(Aa+ )14+ (Aa+ D)V lp+i (A*+ D)l x 1 =
A(A+B)lIG 1+ Ala+B)l'lp+i A(A+ B)l' x1 =
(Aa+1t) = A(A+3), (Aa+ D) = A(a + B) , (A>+ D) = A(A+ B) ;

m’'=RBl' =

(BB+ D)\ 14+ (BB +t) Iy +1i (B> + D)l x1=

B(A+B)lg1+Bla+B)l'ly+i B(A+ B)l'x1 =
(BB+D)=DB(A+3), (BB+t)=B(a+B), (B*+D)=B(A+B);

1,ll/ — D 1// _
(aD + Bt)ly 1+ (At + D) lg+i (AD+ BD)l' x 1 =
D(A+B), 1+ D(a+ B\ ly+i D(A+B)l' x1 =

(aD + Bt) = D(A+ (), (At + D) = D(a + B) (AD + BD)=D(A+ B).
Cobepem BMecTe TOJIyICHHBIE YDABHEHUS:
(@®+t)=ala+p), (A2+D)=a(A+DB),
(6> +t)=pla+p), (B*+D)=p(A+B),
(at+Bt) =t(a+ ), (AD+ BD)=t(A+ B),
(6.3)
(Aa+t)=A(A+pB), (Aa+D)=A(a+ B), (A2 + D)= A(A+ B),
(BB+D)=B(A+p3), (BB+t)=B(a+ B), (B>+ D)= B(A+B),
(aD+ Bt)=D(A+p3), (At+pD)=D(a+ B), (AD + BD) = D(A+ B) .
Cucrema ypapreruii (6.3) s5KBUBaJEHTHA CJI€IyTOIIEIH:
t=af, (A2 + D) =a(A+ B),
t=fa, (B*+ D) =3(A+B),
0=0, (D—-t)(A+B)=0,
(6.4)
(Aa+1t) = A(A+5), (Aa+ D) = A(a+ B) D = AB,
(BG+ D)= B(A+ (), (BB +t)=Bla+ B), D = AB,
(aD + Bt) = D(A+ ), (At + D) = D(a + B) , =0.

Uckmouaem nepemennbie t u D:

t=af, D = AB; (6.5a)
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IpUXoaAuM K YpPpaBHEHUAM:

(A-—a)(A+B)=0,
(B-B)(A+B) =0,
(AB—-af)(A+B)=0,
(A—a)(A+p)=0, (6.5b)
(B-B)a+B)=0,
A(f— B)(a+B)=0,
Bla—A)(A+pB)=0.

~_ ~—

[ToCKOJIbKY OHM COBIAJIAIOT C yPABHEHUSME
pe3yJIbTaTaMu:
pererne (L — 1),

—~

5.5b), TO MOZXKHO BOCIIOJIB30BATHCSI YK€ TOTOBBIMI

AL 0
A=a,B=f=0,D=t=0, G—‘L ol
. | AL o || AL’ L'| | AL'L 0|
GG_’L ol o o|T| L of (6.6)
pererne (L — 2),
AL AL
— — 3 — — 4t — A2 —
A=a,B=0p=A,D=t=A", G—' I AL"
oo | AL AL || AL AL | | A2AL'L A24DL |, 67
| L' AL L AL | | 2AL'L A2AL'L ° ’
pemenue (L — 3),
B=B=-A, =A%, t=—ad,
alg + Al —aAly — A%1
= ) det G=0; (6.8)
lo+16d —Aly — Alg
pererne (L — 4),
A= +a, B=-A, D=—-A%, t=A3,
Aly + AlG ALy — A%lG
lo +15 Bly — Alg

7 JIBa He3aBucuMmbIx BekTopa: BapuanT II(k,m)

PaccmorpuM Terneph ciydail AByX He3aBUCHMBIX BeKTOpOB. Vccienyem Bapuant II(k,m):

n=Ak+ Bm, ng=aky+ fmyg, (7.1)
1=Ck+Dm, ly=sko+tmo. '
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DopMyJIbl YMHOYKEHHUsI TapaMeTpPOB TPUHUMAIOT BU/I;:
ki = ki ko + k' k + (akfy + Bmy) (sko + tme) + (AK’ + Bm')(Ck + Dm) ,
mg = mg mo +m’ m+ (sky + tmy) (ako + fmo + (Ck’ + Dm’)(Ak + Bm) ,
ng = ko(ako + Bmo) + K (Ak + Bm) + (aky + Bmg)mo + (Ak’ + Bm')m |
Iy = (sk{ + tmy)ko + (Ck' + Dm’)k + my(sky + tmg) + m'(Ck + Dm) |
K’ =k k+ K ko +ik x kt
(akly + Bmy)(Ck 4+ Dm) + (AK' + Bm')(sko + tmy) + i (Ak' + Bm') x (Ck 4+ Dm) ,
m” =mgm+m’' my+im’ x m+
(sky + tmg)(Ak + Bm) + (CK' + Dm')(ako + Smy) + i (Ck' + Dm') x (Ak + Bm)
n" = ky(Ak + Bm) + k'(ako + Bmo) + i k' x (Ak + Bm)+
(aky + Pmy)m + (AK' + Bm')mg + i (Ak’ + Bm') x m ,
1" = (ski + tmgy)k + (Ck' + Dm')kg + ¢ (Ck' + Dm’) x k+
mo(Ck + Dm) + m’(sko + tmg) + ¢ m’ x (Ck + Dm) .

Tpebyem BbITIOJTHEHUST PABEHCTBA!:

" " n

o [ k) ko + K k + (aky + Bmyg)(sko + tmg) + (Ak' + Bm')(Ck + Dm) | +
B [ mg mo +m' m+ (sk + tmg)(aky + fmo + (CK' + Dm')(Ak + Bm) | =
ky(aky + Bmo) + k' (Ak + Bm) + (akj + Smg)mo + (Ak’ + Bm')m |
OTCIO/Ia TPUXOANM K YPABHEHUAM

kjko :  a+a’s+afs=a,
mymg : aft+B+t8% =23,
kymo:  o*t+ (B%s =03+ a,
moko :  afs+aft=0,

mk: aBC+(AD =0,
km: «oqAD+BCB=B+A,
k'k : a+aAC + BAC = A,
mm: aBD+ [+ 3DB=B.

)

(7.2a)

(7.20)
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Tpedyem

" no__qn
sky +tmg =1 ,

s [ ky ko + kK k + (aky + Bmg)(sko 4+ tmg) + (Ak' + Bm')(Ck + Dm) | +

t [ my mo +m’ m + (sky + tmg)(aky + Smo + (Ck' + Dm')(Ak + Bm) | =

(skq + tmg)ko + (CK' + Dm')k + my(sko + tmg) + m'(Ck + Dm),

OTCIO/la ITPUXOAUM K YPaBHEHUAM

k(l)ko .
mymy :
kymy -
m{)ko :
k'm :
m'k :
k'k :

m'm :

Tpedyem

s+ sPa+tsa=s,

Bst+t+ P2 =t,

sta+ st =0,
Bs:+at?=t+s,
sAD +tCB =0,

sBC +tAD=C+ D,
s+ sAC +tAC = C',
sBD+t+tBD =D .

Akl/ _l_ Bm/l — n/l ’

A[K,k+K ko+ik xk+

(7.3a)

(7.3b)

(7.4a)

(aky + Bmg)(Ck + Dm) + (AK' + Bm')(sko + tmg) + i (Ak’ + Bm') x (Ck + Dm) |+

B [mym+m' mg+im’ x m+

(sko + tmg)(Ak + Bm) + (Ck' + Dm')(akg 4 myg) + i (CK' + Dm') x (Ak + Bm) |

ky(Ak + Bm) + K'(ako + fmg) + i k' x (Ak + Bm)+

(akgy + Bmg)m + (Ak" + Bm')mg + i (Ak' + Bm') x m .

Orcrona
kok -
m'myg :
k/ko .
mom :
kym :

k/mg .

A+ aAC+sBA=A,
tAB+ B+ 3BD =B,
A+ sA? +aBC =a,
BAD + B +tB* =33,
aAD + sB?> =B+«
tA2+BCB =03+ A,

(7.4b)
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mhik:  BAC+tAB =0,

m’'ky : sAB+aBD =0,

k' xk: A+ A2C+ BCA=A,
m X m: ABD + B+ DB?=B,
k'xm: A2D+CB*=B+ A,
m’ x k: ABC+ ADB =0.

Tenepb Tpedbyem

Ok’ + Dm" =1" (7.50)

Clkyk+Xk ky+ik xk+
(aky + pmg)(Ck + Dm) + (AK' + Bm')(sky + tmg) + i (Ak’ + Bm') x (Ck + Dm)]+
D[mym+m' mg+im' x m+
(sky + tmg)(Ak + Bm) + (CK' + Dm')(aky + fmg) +i (Ck’ + Dm') x (Ak + Bm) =
(skq + tm()k + (Ck' + Dm')ky + ¢ (Ck' + Dm’) x k+

my(Ck + Dm) + m'(skg + tmg) + ¢ m’ x (Ck + Dm) .

Orcrona
kok : C+aC?+sAD = s,
m'my : tCB+ D + 3D? =t
K’k : C+sAC+aCD =C,
mym : BCD+D+tBD =D,
kym aDC +sBD =0,
lf’mo tAC + BCD =0, (7.5b)
mpk BC?+tAD =t +C
+m'ky : sCB+aD?=D +s,
k' xk: C+AC*+ DCA=C,
m'xm: CBD+D+BD>=D,
k' x m ACD +CBD =0,
m’ x k BC*+ AD*=D+C'.
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CobepeM moTydeHHbIe yPaBHEHHA:

as(a+p) =0, Btla+p)=0,
a’t+pB%s=03+a, afB(s+t)=0,
aBC + BAD =0, aAD+ (BC =B+ A,
a+(a+p)AC=A, [+ (a+p3)BD=B,
sa(s+t) =0, Bt(s+1t) =0,
st(a+6)=0, Bs:+at?=t+s,
sAD +tCB =0, sBC +tAD=C+ D ,
s+AC(s+t)=C, t+BD(t+s)=D,
A(aC+sB) =0, B(BD+tA) =0,
A+sA?+aBC=«a, B+tB*+BAD =7, (76)
aAD+sB*=B+a«a, [BBC+tA2=A+3,
BAC +tAB =0, aBD + sAB =0,
A+ AC(A+B)=A, B+BDB+A) =8B,
A*D+ B*C=A+B, AB(C+D)=0,
C+aC?+sAD=s, D+pBD*+tBC=t,
C(sA+aD)=0, D(tB+pC) =0,
D(aC +sB)=0, C(BD+tA)=0,
BC?*+tAD =t +C, aD*>+sBC =D +s,
AC(C+D)=0, BD(D+C)=0,
DC(A+B)=0, BC?*+ AD?*=D+C .
Hanmomunaem, 9T0o pedb UIeT O pelreHny YpaBHEHUH /11 KO3MPUIMEHTOB B (popMyIax:
n = Ak + Bm ng = aky + Pfmyg ,
(7.7a)
1=Dm+ Ck, lop = tmg + sky .

CI/ICTelVIa ypaBHeHI/Iﬁ JOCTATOYIHO CJIO2KHasAd M MO2KET MMETHb HE OJHO peEIIeHue. HpI/I aHaJIn3€ MbI
OyJleM TIpeJInoaraThb, 9To O6JIOKN

(A ), (B,5) , (D,t), (C,s) (7.70)

MOTYT OBITH HYJIEBBIMU WMJIN HEHYJIEBBIMU ETUKOM.
CaMBbIM TTPOCTBIM TIPEJICTABSICTCs Caydail ¢ 4 HyJIeBbIMU OJIOKAMU:

(A,a) =0, (B,B)=0, (D,t)=0, (C,8)=0; (7.8a)

OH NPUBOJUT K OUEBUJIHOMY DeIIeHHIO:
pererne (KM — 1),

(7.8b)
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MozxHO BbIIC/INTD 4 ClIy4dad C TpeMed HYJIEBbIMU OJIOKAMI:

(A ) £0, (B,B) =0, (D,t) =0, (C,s)=0;
(A,a)=0, (B,B)#0, (D,t)=0, (C,s)#0; (7.90)
(A,a) =0, (B,3) =0, (D,t) #0, (C,s)=0;
(A,a) =0, (B,3) =0, (D,t) =0, (C,s)#0.

MozkHO BBLIEUTH 6 CIIyIaeB ¢ ABYMsl HYJIEBBIMU OJIOKAMHE (/IBa U3 HUX OTMEYEHbBI 3Be3I0UKAMU
— OHHI UCCJIEIOBAHBI B IPEIBIIYIINAX Pa3jesax):

(4,a)=0, (B,f)=0, (D,t)#0, (Cs)#0;
(A4,0)=0, (BB #0, (Dit)=0, (Cs)#0;
(A4,0)=0, (B, #0, (Dit)#0, (C,s)=0; (7.90)
(A4,a)#0, (B, =0, (D,t)#0, (Cs)=0;
(4,0)#0,  (B,f)=0, (Dit)=0, (C,s)#0;
(A,a) #0, (B,5) #0, (D,t) =0, (Cys)=0.
MozkHO BBIIEIUTDH 4 clydas ¢ OJJHUM HYJIEBBIM OJIOKOM:
(4,0)=0, (B, #0, (D,H)#0, (Cs)#0;
(4,0)#0, (B, =0, (D,H)#0, (C,5)#0; (7.9¢)
(4,0) #0,  (B,B)#0, (D,)=0,  (Cs)#0;
(A,a) #0, (B,B) #0, (D,t) #0, (C,s)=0.

U1 Bo3amoOKeH ciydail, Korja Bee 4 6J0Ka HeHyJIeBble — OH MIPEeJICTABJIAETCS CAMBIM CJIOZKHBIM.
Haunnaem ¢ 6ostee mpoctbix ciydaes. [lycers (em. (7.9a))

(A,a)£0, (B,8)=0, (D,t)=0, (C,s)=0; (7.10)

cucreMa ypasHenuil (7.6) npuHUMaeT TpocToii BUA U gaet pemenne (7.8).

[Tycre (em. (7.9a))
(A,a) =0, (B,B) #0, (D,t) =0, (C,8)=0; (7.11)

cucrema ypasaenuii (7.6) maer pemrerne(7.8).
[Tycre (em. (7.9a))

(A,a) =0, (B,B) =0, (D,t) #0, (C,s)=0; (7.12)

cucrema ypasaenuii (7.6) naer pernenue (7.8).
[Tycre (em. (7.9a))

(A4,0)=0, (B,8)=0, (D,t)=0, (C)s)#£0; (7.13)

cucrema ypasHenuii (7.6) maer pemenne (7.8).
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Pacemorpum curyanuu ¢ aBymst HysesbiMu 610kamu. [Tycers (em. (7.90))
(A,a) =0, (B,B)=0, (D,t) #0, (Cys) #0; (7.14a)
cucrema ypasuenuit (7.6) npuHumaer BU:
0=0, 0=0,
0=0, 0=0,
0=0, 0=0,
0=0, 0=0,
0=0, 0=0,
0=0, O=t+s,
0=0, 0=C+D,
s=0C, =D,
0=0, 0=0,
0=0, 0=0,
0=0, 0=0,
0=0, 0=0,
0=0, 0=0,
0=0, 0=0,
C=s, D=t,
0=0, 0=0,
0=0, 0=0,
0=t+C, 0=D+s,
0=0, 0=0,
0=0, 0=D+C
C pelenneM
t=D, s=C=-D, (A,a) =0, (B,5)=0 (7.14b)
B pesysbrare u3 (7.7a) noxydaem
n=0, no =20, l1=D(m—-k), lo = D(mo — ko) (7.14¢)
Takum obpasom,
pererne (KM — 2),
K 0
G = ,
DM -K) M
K’ 0 K'K 0
G'G = (7.14d)
DIM'—K') M' || DIM'M — K'K) M'M
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Paccmarpusaem ciayqait (em. (7.90))
(A,0) =0, (BB #0, (D,)=0, (C;s)#0; (7.15a)

cucrema ypasHenuii (7.6) npuHuMaeT BUJL:

0=0, 0=0,
Bs=1, 0=0,
0=0, pC =1,
0=0, 6=18,
0=0, 0=0,
0=0, Bs=1,
0=0, sB=1,
s=C, 0=0,
0=0, 0=0,

0=0, B=p,
sB=1, BC=1,

0=0, 0=0,
0=0, B=B8,
BC=1, 0=0,
C=s, 0=0,
0=0, 0=0,
0=0, 0=0,
gC =1, BC=1,
0=0, 0=0,
0=0, BC =1,
YTO 9KBHUBaJICHTHO YPaBHCHUAM:
s=0C, 6=18B, BC=1. (7.15b)

Taknm 06pasoM, IPUXOAUM K CJIEAYIOIEMY DENIEHUIO:
peuternne (KM — 3),

(4,0)=0, pB=B, (Dt)=0, C=s=

1 1
n= Bm, nog = Bmyg , 1= Ek , lo = =ko; (7.15¢)
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B'K M

K BM‘

. K BM K BM‘: (K'+ MK  B(K'+M)M (7154)
B'K' M || B'K M BYK' + MK (K +M)M
Paccmarpusaem Bapuant (cm. (7.95))
(A,a) #0, (B,B)=0, (D,t)=0, (C,s) #0; (7.16a)
cucrema ypasaennit (7.6) mpuHEMaeT BU:
asa =0, 0=0,
0=a, 0=0,
0=0, A,
a+aAC=A, 0=0,
sas =10, 0=0,
0=0, 0=s,
0=0, —C,
s+ACs=C, 0=0,
AaC =0, 0=0,
A+sA?2=a, 0=0,
(7.16b)
0=a, 0=A4,
0=0, 0=0,
A+ACA=A, 0=0,
0=A4, 0=0,
C+aC?=s, 0=0,
CsA=0, 0=0,
0=0, 0=0,
0=0C, 0=s,
AC*=0, 0=0,
0=0, =C,
T. €. IPUXOJIUM K y2Ke U3BECTHOMY DEIIeHHUIO:
pererne (KM — 1),
(B,B)=0, (D,t) =0, (A,a) =0, (C,s) =0, G:‘ K0 ‘ (7.16¢)
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Paccmarpusaem ciayqait (em. (7.90))
(A,a) #0, (B,5)#0, (D,t) =0, (C,s)=0, (7.17a)
cucrema (7.6) maer
0=0, 0=0,
0=F+a, 0=0,
0=0, 0=B+A,
a=A, 6=08,
0=0, 0=0,
0=0, 0=0,
0=0, 0=0,
0=0, 0=D,
0=0, 0=0,
A=a, 5=5, (7.17b)
0=B+a, 0=A+73,
0=0, 0=0,
A=A, B =B,
0=A+B, 0=0,
0=0, 0=0,
0=0, 0=0,
0=0, 0=0,
0=0, 0=0,
0=0, 0=0,
0=0, 0=0,
T. €. IPUXOJUM K PCIICHUIO:
pemenne (KM — 4),
A=a, B=p=-A, (D,t)=0, (C,s)=0,
n=Ak—-m), ng=A(ko —mo) , 1=0, lp=0, (7.17¢)
K A(K — M)
o oM )
‘K’MK—MU KAszw |KKAMW—MM)
G'G = - (7.17d)
M’ 0 M 0 M'M
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Temepb MpeCTOUT UCCIENIO0BATH 4 BOBMOXKHOCTU € TpeMsi HeHyJeBbiMu G1okamu (cMm. (7.9c¢)).

[Iyctn
(A,) =0,

cucrema (7.6) maer

(B,B) #0

tCB=0,
s=C,
0=0,
0=0,
sB? =B,
0=0,
0=0,
B?C =B,
C=s,
0=0,
DsB =0,
pC? =t+C,
0=0,
DCB =0,

) (D,t) #0, (C,s) #0, (7.18a)

ptp =0,

0=0,

6CB =8B,

6+ BBD =B,
Bt(s+t) =0,
Bs?=t+s,
sBC=C+D,
t+BD(t+s)=D,
B3BD =0,
B+tB*=3,
pBC =4,

0=0,

B+ BDB =B,
0=0,

D+ pBD*+tBC =t,
(tB+p5C)=0,
CBD =0,
sBC=D+s,
BD(D+C)=0,
BC?*=D+C'.

(7.18b)

Dra cucreMa OPUBOAUT K yrKe U3BECTHOMY TpuBHasbHOMY pernennto (KM — 1).

[Tyctn
(A,a) #0,

cucrema (7.6) gaer

(B,B) =0,

asa =10,
o’t=o,

0=0,

a+aAC =A,
sa(s+t) =0,

sta =0,

sAD =0,

s+AC(s+t)=C,

(D,t) #0, (C,8) #0; (7.19a)

0=0,

0=0,
aAD = A,
0=0,

0=0,

at’ =t+s,
tAD=C+ D,
t=2D,
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AaC =0,

A+ sA? =a,
aAD = +a,

BAC =0,

A+ ACA=A,
A’D = A,
C+aC?+sAD = s,
C(sA+aD)=0,
DaC =0,
BC?+tAD =t +C ,
AC(C+D)=0,
DCA=0,

7.190
bt (7.190)

0=0,
CtA=0,
aD*=D +s,
0=0,
0AD? =D +C'.

DTa cucreMa OPUBOJIUT K yzKe U3BECTHOMY TpuBHajbHOMY pertennto (KM — 1).

[Iyctn

(A4,0) #0,

cucrema (7.6) maer

(B,5) #0,

as(a+ ) =0,
BPs=B+a,

aBC =0,
a+(a+B)AC = A,

sas =0,

0=0,
0=0,
s+ACs=C,

A(aC +sB) =0,
A+ sA? +aBC =a,
asB*=B+a,
BAC =0,

A+ ACA+B) =4,
B0 =A+B,
C+aC?=s,
CsA=0,

0=0,

BC?* =4O,

ACC =0,

0=0,

(D7t):07 (073)7&();

(7.20a)
0=0,

afs =0,
BBC =B+ A,
6=2B,
0=0,
Bs*=s,
sBC =C,
0=D,
0=0,
B=p,

BBC =A+(,
sAB =0,
B=B,

ABC =0,
0=0,

0=0,

0=0,
+sBC = s,
0=0,
BC*=+C'.

(7.200)
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Dra cucreMa OPUBOAUT K yzKe U3BECTHOMY TpuUBHasbHOMY pernennto (KM — 1).
Hakomer, paccmaTpuBaeM MOCAeTHUN CIydail U3 3TOTO KIacca
(4,0)£0, (BB £0, (DA)#£0, (Cs)=0; (7.21a)
cucrema (7.6) maer
=0, ftla+p) =0,
a’t=03+a, aft=0,
BAD =0, aAD =B+ A,
a=A4, B+ (a+pB)BD =B,
0=0, Bttt =0,
0=0, at? =t ,
= 0 s tAD - D ,
0=0, t+BDt=D,
0=0, B(BD +tA) =0,
A=a, B +tB? + BAD = 3,
(7.21b)
aAD =B +a, BtA2=A4+3,
tAB =0, aBD =0,
A=A, B+BD(B+A)=18,
A’D=A+B, ABD =0,
0=0, D+ BD?* =t
0=0, DtB =0,
0=0, 0=0,
tAD =1, aD?*=D,
0=0, BDD =0,
=0, AD?*>=D.
Dra cucreMa TakzKe MPUBOJUT K y2Ke M3BECTHOMY TpuBHajbHOMY pemtenuto (KM — 1).
Ocraercs uccaeoBaTh Caydail Tpex HEHYJIEBBIX OJIOKOB
(A,a) #0, (B,B) =0, (D,t) =0, (C,s)=0. (7.22a)

Cucrema (7.6) MoxKer OBITH yIpoleHa (HEHyJeBble MHOXKHUTETH B PABEHCTBAX MOXKHO COKpa-

TUTh):

(()é—Fﬁ):O,

(a+ﬂ>207

ad’t+Bs=03+a, (s+t)=0,

aBC + BAD =0,

aAD +BBC =B+ A,
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a+ (a+p)AC = A,
(s+t)=0,
(a+p8)=0,

sAD +tCB =0,
s+AC(s+t)=C,
(aC+sB) =0,

A+ sA?+aBC =«
aAD +sB* =B +a,
BC+tB =0,
(A+B)=0,
A’D+ B?C = A+ B,
C+aC?+sAD = s,
(sA+aD)=0,

(aC +sB)=0,

BC? 4+ tAD =t +C ,
(C+D)=0,
(A+B)=0,

Hckmouaem IIepeMEHHbIE!

B:_Aaﬁz_aa

B+ (a+B)BD =B,
(s+t)=0,
Bs:+at?=t+s,
sBC +tAD=C + D,
t+BD(t+s)=D,
(BD +tA) =0,
B+tB?*+ 3AD =j3,
BBC +tA2=A+ [,
aD+sA=0,
(B+A)=0,
(C+D)=0,

D+ pBD*+tBC =t,
(tB+3C)=0,

(BD +tA) =0,
aD?+sBC =D + s,
(D+C)=0,

BC?+ AD*=D +C .

C=-D,s=—-t1;

B pe3yJibTaTe IMpuxXoamm K CJIG,HyIOHIGfI CHucTeMe:

0=0,
0=0,

0=0,

s=-D,

(—aD —sA) =0,
A+ sA? +aAD =«
aAD +sA?’ = —A+«,

B—D—tA=0,
0=0,
0=0,

—D+aD?+sAD = s
(sA+aD) =0,

t=2D,

(BD+tA) =0,
—A+tA%?+ BAD =3,
BAD +tA?=A+ 3,

aD+sA=0,
0=0,
0=0,

, D+ BD*+tAD =t

(7.22b)

(7.22¢)
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(aC —sA)=0, (BD+tA) =0,
BC?* +tAD =t+C, aD?—-5sAC =D +s,
0=0, 0=0,
0=0, 0=0.
Otkyna ciaemyer
A=a, B=p=-A, t=2D, C=s=-D. (7.22d)

Coornorrenns (7.22d) OMUCHIBAIOT peEIICHNE
n=Ak-m), no = A(ko —mo) ,

peuterne (KM —5),

G:

K fuf(“ﬂl)‘. (7.23b)

'QK—M) M

YVoeaumMcest pIMBIM BBIUUCIEHUEM, 9TO MATPHUIILI TAKOW CTPYKTYPHI JIEHCTBUTEIHHO 00pa3yIoT
TpYIIITY:

K’ A(K' — M) K A(K — M)
C(K' — M) M C(K — M) M B
K'K + AC(K' — M')(K — M) A(K'K — M'M)
C(K'K — M'M) M'M + AC(K' — M"Y (K — M) |
K/I A(K!/ _ M/I)
O(K// . M//) M ’

O1n GOPMYJIBI B TO K€ BpeMs COIEpKAT B ce0e MpaBIIa yMHOMKEHH ABYX HE3aBUCUMBIX Hapa-
MetpoB k, m mias nonrpyunet G o(k,m) € GL(4.C):

K" = K'K + AC(K' — M')(K — M) ,

M" = M'M + AC(K' — M')(K — M) . (7.23¢)

Ecau xorst 661 ogua Beqmumba u3 A uw C' paBHa Hys0, TO 3akoH ymHOXKeHus (7.23c¢) pac-
MIETJISIeTCS B JIBe He3aBucuMbie (popMyJibl, orBedatomue noarpymmne SL(2.C) ® SL(2.C).

8 JIBa mesaBucumbix BekTOopa: Bapuant 1I(1,n)

Paccmorpum cirydait 1Byx HesaBucuMbIX BekTOopoB, Bapuant II(1,n):
k = (Al + Bn) , ko = (aly + Ong) ,

m = (Dl + Cn) s moy = (tlo + Sno) . (81)
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DOpMyJIBl YMHOKEHNSI TADAMETPOB IPHHAMAIOT BUJL:
ky = (aly + Bng) (ado + Bng) + (Al'+ Bn')(Al+ Bn) +ng lp+n' 1,

mg = (tly + sngy) (tlo + sng) + (DI + Cn’) (D1+ Cn) + 1y ng +1' n |
ng = (aly + Bng) no + (Al + Bn') n+ ng (tly + sng) + n' (D1+ Cn)
ly =1y (alo + Bng) +1' (Al + Bn) + (tly + sngy) lo + (DI + Cn') 1, (8.2)
k" = (alj+png) (Al4+Bn)+(Al'+Bn') (alg+0ng)+i (Al'+Bn') x (Al+Bn)+ng 14n' lp+i n'x1 |
m" = (tly+sny) (D14+Cn)+(Dl'+Cn’) (tlo+sng)+i (D' +Cn’) x (D1+Cn)+1ly n+1 nyg+i 'xn |
n” = (aly+pngy) n+(Al'+Bn') ng+i (Al'+Bn’) xn+ng (DI4+-Cn)+n’ (tly+sng)+i n'x (D1+Cn) ,
1" =1 (Al4+Bn)+1' (alg+Png)+i I'x (Al+Bn)+(tly+sng) 14 (D' +Cn’) ly+i (DI'+Cn’) x1 .

Tpebyem BbIOIHEHUST YCJIOBUIA

k" = Al" + Bn" | ky = aly + Bng ,
m” = D1”" + Cn” | mg = tly + sng .
YpaBHuenue
k" = Al" + Bn" (8.3a)

NpuHUMaeT BUMI:
aly+6n + Bn)+ + Bn')(alg+ OBng) +1 + Bn’) x +Bn)+nyl+n'ly+in’ x1=
(aly+ Bry) (Al + Bn) + (Al'+ Bn') (alo + Bno) +i(Al' + Bn') x (Al+ Bn) +ngl +n'ly+in’ x 1

A [l5(Al+ Bn) +1'(alg+ Bng) + il x (Al+ Bn) + (tl, + sng)1+ (D' + Cn')lg +i(Dl' + Cn') x 1]+
B [(adj+pBny)n+(Al'+ Bn')ng+i(Al'+ Bn') x n+ny(D14+-Cn)+n’ (tly+sng)+in’ x (D14-Cn)] ;

OTKY/Ja CIeIYIOT PaBEHCTBA

Iol - aA = A*+ At

nen : 8B =B+ BC ,

nel : BA+1=As+ BD
lon : aB =AB+aB,

nol’ : A =p0A+ BA,

lon' : aB+1=AC+ Bt ,

(8.3b)

Lol : aA=aA+ AD

non’ : BB = B? + Bs,

I x1: A?2 = A2+ AD

n xn: B? = B?+ BC,

n x1: BA+1=AC+ BD,
I'xn: AB = AB + AB.

YpaBHeHnue
m” = D1” + Cn” (8.4a)
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npuHUMaeT BH/I:

(tly + sng) (Dl+Cn) + (DY + Cn') (tlg + sng) +i(DY' + Cn') x (D1+Cn) +ljn+1ny+il' xn =

D [ly(Al+ Bn) +1 (alg+ Bng) +il’ x (Al4+ Bn) + (tly + sng)1+ (D' + Cn')ly+4(Dl' + Cn') x 1]+

C [ali+Png) n+(Al'+Bn') ng+i (AU'+Bn') xn+ng (D14+Cn)+n' (tlg+sng)+i n'x (D14+-Cn) ;

OTCIO/Ia CJIEIYIOT PaBEHCTBA

YpaBHuenune

OpUuHUMaEeT BUJI:

OTCIO/Jla CJIEAYIOT paBEHCTBaA

Ul:  tD=DA+tD,
nen : sC=Cp+C?,
nol : sD=sD+CD ,
lpn : tC+1=DB+aC,
nol’ : sD+1=p8D+CA,
lon’ : tC' = DC +tC',
(8.4b)
LI':  tD=aD+D?,
non’ : sC =CB + sC,
I'sxl: D?—=DA+D?,
n' xn: C?=CB+(C?,
n x1: CD=CD+CD,
I'xn: CD+1=DB+CA.
ky = aly + Bng (8.5a)
(alf + Bng) (alg + Bng) + (Al' + Bn')(Al+ Bn) +ng lp+n' 1 =
a [y (aly + Bng) +1 (Al + Bn) + (tl, + sny) lo + (DY + Cn') 1]+
B [ (adf + Bng) ng + (Al + Bn') n+ ng (tly + sng) +n’ (D1+ Cn] ;
lolo - o’ =a’+at,
nono B =32+ 38,
lono - af =af+af,
nylo : af+1=as+ (t,
o 7 y (8.5)
I'l: A? = aA+aD,
n'n : B? = 3B + C
I'n: AB = aB + A,
n'l: AB+1=aC+ (D .

YpaBHenue

mg = tly + sng (8.6a)
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IIpuHUMaeT BUI:
(tly + sng) (tlo + sng) + (DI'+ Cn') (D1+ Cn) + i ng+1' n =
t [ 15 (ado + Bng) +1' (Al + Bn) + (tly + sng) lo + (D' + Cn') 1 ]+
s [ (aly + Bng) no + (A + Bn') n+ ng (tlg + sng) +n’ (D14 Cn) | ;

OTCIOJIa CJIEYIOT PaBEHCTBA

Il t* =ta+t?,
nyno s? = s+ s,
lono - ts+1=t8+sa,
1o _
n'n: C? =sB +sC,
I'm: DC+1=tB+sA,
n'l: CD=tC+sD .
CobupaeMm ypaBHEHHSI BMECTe:
aA =A%+ At
0= BC,
BA+1=As+ BD
0=AB,
0=+BA,
aB+1= AC + Bt
0=AD,
BB = B* + Bs
0=AD,
0= BC,
BA+1=AC+ BD,
0= AB,;
0=DA,
sC =CpB+C?,
0=CD,

tC+1=DB+ aC,
sD+1=p8D+CA,

0=DC,
tD = aD + D?* |
0=CB,

0= DA,
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0=CB,
0=CD,
CD+1=DB+CA;
0=at,
0=s3,
0=ap,
af+1=as+ 0t
A2 = A+ aD,
B* =B+ C,
AB =aB + (A,
AB+1=aC+ (D
0=ta,
0=sp3,
ts+1=t6+sa,
0=st,
D*=tA+1tD ,
C? =sB+sC

DC +1=1B+sA,

CD =

tC' + sD .

Cpagy ke OTMeTHM, ITO TPUBUAJBHBI HAOOP BCEX HYJIEBBIX 3HAUEHUI TAPAMETPOB HE SBJISIeTCS

peIleHneM CUCTeMbl YPaBHEHNU.
Briaensem nanbosiee mpocTble ypaBHEHUS:

BC =0,
AB =0,
AD =0,
CD=0,

OHH YJOBJIETBOPAIOTCA HIECTbIO crocobamm:

1) B,5=0,
2) Aa=0,
3) B,5=0,
4) Aa=0,
5) C,s=0,
6) D,t=0,

Bremunmiem ocrasbHbIE YpaBHEHUA:

aA =

Bs=0,
af =0,
g (8.7a)
at =0,
st=0;
D,t=0;
C,s=0;
Aa=0, C,s=0;
(8.7b)
B,6=0, D;t=0;
B7/6207 D7t:0;
C,s=0, Aa=0.
A%+ At

BA+1=As+ BD ,
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aB+1=AC+ Bt ,

BB = B% + Bs,
BA+1=AC+BD (8.8a)
sC=CB+C?,

tC+1= DB+ aC ,
sD+1=pD+CA,

tD = aD + D?
CD+1=DB+CA; (8.8b)
af+1=as+ 0t,
A* =aA+aD,
B? = B + C,
AB =aB + A,
AB+1=aC+ (D ; (8.8¢)
ts+1=1t0+ sa,
D*=tA+1tD,
C? =sB + sC,
DC+1=tB+sA,
CD =tC+sD . (8.8d)

Bunnwm, uro Bapmantel 3), 4), 5), 6) mecoBmectnmbl ¢ ypasHenusmu (8.8). Takum o6paszom,
[PEJICTOUT MCCIEI0BATh TOMBKO ciydan 1) u 2).
B ciyqae 1) nmeem

1) B,3=0, D,t=0;

ypaBhenus (8.8) mator

ad = A%, 1= As, 1=AC, (8.9a
sC =C?, 1=aC, 1=CA,

1=as, A% =aA, 1=aC, 8.9¢
1=sa, C% = sC, 1=35A. (8.9d
EuncTBenHOE perienne CuCTeMbI BBITISINT TaK:
1
B,3=0, D,t=0, a=A+#0, C:S:Z; (8.10a)

npu 5ToM cooTHorerust (8.1) garor

k = Al s ko = Alo ; m = A_ll’l y moy = A_l’I’LO y (810b)



E.M. Oscurok u ap. BoszmoxkHa JiH (DpHHCIEPOBA T€OMETPH3AIIHS MTOISIPU3AITHOHHON OIITHKI 145

pererne (LN — 1),

AL N
=l 4w (8.10¢)
o | AV AL N A(AL'L + A'N'L)  (AL'N + A"'N'N)
| I/ AN || L A'N| | (ALL+A'N'L) AY(AL'N + A"'N'N)

DTO BBIPOXKJIEHHBIE MATPUIILI PAHTA 2 CO CTPYKTYPOil TOTYTPYIIIIHL.
B cnyuae
2) Aa=0, C,s=0

ypaBHeHus (8.8) maror

1=BD, 1=0Bt, BB = B*, (8.11a)
1=DB, 1=08D, tD = D? (8.11b)
1=0t, B? =3B, 1=08D, (8.11c)
1=1t3, D?* =1tD, 1=tB. (8.11d)

OHI/I nMerT eJMHCTBEHHOEe pelleHue
Aa=0, C,s=0, B=B#0, D=t=B"; (8.12a)

[pU 9TOM COOTHOMIeHHs (8.1) MpuHUMAIOT BUJIL:

k = Bn y ko = Bno y m = Bill y mo = Billo y (812b>
pererne (LN — 2),
BN N
= 9 (8120)
L B'L
- BN' N’ BN N B(BN'N +B*N'L) (BN'N + B~'N'L)
| ' B'L|| L B'L| | (BUN+BL'L)y BBLN+B'L'L)

OTO BBIPOXKJIEHHBIE MATPUIILI PAHTA 2 CO CTPYKTYPOil TOTYTPYIIIHL.
Amnanus sToro BapuanTa JByX HesaBUCUMbIX BeKTopoB I(In) 3aBepmien.

9 JIBa mesaBucumbix BekTopa: Bapuant 1I(k,l)
Pacemorpum creyrormuii cydaii 1Byx HesaBucuMbix BekTopos, Bapuant 1I(k,l):
n:Ak+Bl, ’TL():Oé]{IO—I—ﬁlo,
m:Dl—i—Ck, moztlo+8k0 . (91)
cI)Opl\/Iy.HbI YMHO2KEHHUA ITapaMeTpOB IPUHUMaIOT BUI:
ky = kg ko + k' k + (ak| + 8l) lo + (AkK'+ BY') 1,
mg = (tly + sky)(tlo + sko) + (DY + CK') (D14 Ck)+
ly (ako + Bly) + 1I'(Ak + Bl) |
(aky + Bly) (tly + sko) + (AK' + BI') (D1+ Ck) ,
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g =1y ko +1 k+ (tly + sky)lo + (D' + CK') 1,
K =k, k+k ko+ik' x kit
(aky + Bly) 1+ (AK' + BY) o + 14 (AK’ + BY') x 1,
m" = (tly + sky) (Dl + Ck) + (DY + CX') (tlo + sko) + i (DY + CK') x (D1+ Ck)+
Iy (Ak + Bl) + 1 (ako + Bly) + 41 x (Ak + Bl) ,
n" = ky (Ak + Bl) + k' (ako + Blo) + i k' x (Ak + Bl)+
(aky + Bly) (D1 + Ck) + (AK' + BY) (tly + sko) + i (Ak’ + BY') x (D1+ Ck)
1" =1 k+1 ko+il' x k+
(tly + sky)l + (DY + CX') lp + 4 (DY + CK') x 1. (9.2)

Tpebyem BBITTOTHEHUST PABEHCTB

n” = Ak" + Bl" , ng = aky + Gl ,
m” = DI" + CK" | mg = tly + sky . (9.3)
YpaBHenune
n” = Ak” + Bl" (9.4a)
J1aeT

ky (Ak + Bl) + K (ako + Blo) +4 K x (Ak + Bl)+
(ak, + BI) (D1+ CK) + (AK' + BY) (tly + sko) + i (AK' + BY) x (D1+ Ck) =

Ak k+K ko+ i k' xk+ (aky + 6ly) 1+ (AK" + BY) Iy +i (Ak’' + BY') x 1|+ (5-40)
Bl k+1ky+il xk+ () + sk))l 4+ (DI + CK') Iy +1i (DI + CK') x 1].
[IpupaBuuBasi Ko3hMUITMEHTH! TTPU TOIOOHBIX YJIeHAX, MIPUXOIUM K YPaBHEHUSIM
ki k aC =0,
ko k' : a+As=A,
kyl: B+ aD = Aa+ Bs,
kol - sB =B,
S E 6D = AB + Bt ,
1 : Bt = AB+ BD ,
(9.4¢)
s BC =B,
Ik : B+ At = A2+ BC
k' xk: AC =0,
I x1: AB =0,
k' x1: B+ AD = A% + BC,
I'xk: BC=1B.

YpaBuenue
ng = aky + Gl (9.5a)
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npuHUMaeT BH/I:

OTKY/Ja CIeJyI0T YpaBHEHU

YpaBHuenue

JaeT

ky (ako + Bly) + k' (Ak + Bl)+

(ak) + Bly) (tly + sko) + (AK' + BY) (D1+ Ck) =
a [y ko + K k+ (aky + Bly) lo + (Ak' + BY) 1]+
B 1 ko +V k4 (¢l + sky)lo + (DU + CK) 1] ;

koko
Iolo -
kolo
loko
k'k :
Il:
k'l:
kl':

as =10,

0=apf,

B+ at=a%+ Bs,
Ps=p,
A+ AC =«

BD = aB+ 8D |
B+ AD = aA + 6C
BC=3.

m// — Dll/ + Ck//

(t1) + sky) (D1 + Ck) + (DY + CX') (tly + sko) + i (DY + Ck') x (D1 4 Ck)+
Iy (Ak + Bl) + 1 (ako + Blo) +i U x (Ak + Bl) =

DI k+1ko+il xk+

(tl) + skl + (DY + CK') lg+ i (DY 4+ CK') x 1]+

Clhkhk+K ko+ik x k+

(aky + Bly) 1+ (AK + BY') lp + i (Ak' + BY) x 1] ;

OTKY/JIa CIeJyI0T YPaBHEHU

ko k
ko k' :
ko l:
kol :
Ih1:
o1 :
Ihk:
lo K :

k' xk:

I x1:

k' x1:
I x k:

sC=C,
sC=C,
sD=sD+Ca,
Ds+a=D,
tD+B=Dt+C(,
Dt+p3=D*+CB,
tC+A=D,
tC=DC+CA,
c?*=C,
D?*+B=D?>+CB,
CD=CD+CA,
DC+A=D.

(9.5b)

(9.5¢)

(9.6a)

(9.6b)

(9.6¢)
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YpaBuenue
mg = tly + skq (9.7a)

J1aeT
(tly + sk§)(tlo + sko) + (DY 4+ CK') (D1 + Ck)+

Iy (ko + Bly) + 1 (Ak + Bl) =

[ 1 ko + 1 k+ (¢ + ski)lo + (DU + CK') 1]+ (9.70)
s [ Ko ko + K K+ (akt + plo) lo + (AK' + BI) 17
OTKYJIa CTIeyIOT ypaBHECHNS

koko s2=s,
lhlo: P +B8=1"+s5,
kolo - st =ts + sa,
o e (9.7¢)
k'k : C?=s,
1: D*+B=tD+sB,
k'l: CD =tC+sA,
Kl: DC+A=t.

Cobupaem ypaBHEHUS BMECTE:
aC =0, AC =0, AB =0,

(s—1)B=0, BC =B, (C-1)B=0,
a+A(s—1)=0, (A-—D)a+B(s—1)=0,
(A—-D)g+Bt=0, AB+B(D—-t)=0,
B+ At = A + BC', B+ AD = A% + BC , (9.8a)
as=0, af =0,
(s—1)8=0, BC=8,
at =ao®+ B(s—1), A+ AC =«
(B—B)D=aB, B+AD=aA+}C, (9.8b)
Ca=0, CA=0,
(s—1)C=0, B=0Cg, c(Cc-1)=0, (C-1)B=0,
D(s—1)+a=0,
Dt+p3=D*+CB,

tC+A=D, (D—-t)C+CA=0, DC+ A=D; (9.8¢)
0=sa, s(s—1)=0, (s—=1)5=0,
t(s—1)+a=0, C?=s,
DD —-t)=(s—1)B, C(D-C)=sA, DC+A=t. (9.8d)

s s Bo3MOXKHBI TOJBKO j1Ba 3Hadenud: s = 0, 1. IIpu s = 0 cucrema mMeeT equHCTBEHHOE
perenue:
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perrerne (KL — 1),

n= Ak, ng = Aky , m = Al my = Aly ,

K AK

I AL (9.9a)

-

HpOBepKOﬁ Y6G)I{,ZLE%GMCH B BBIIIOJITHUMOCTH 3aKOHa YMHOXKEHHA [IJId 3TOI'0 KJlaCCa MaTPHIL:

o K' AK' || K AK (K'K + AK'L) A(K'K + AK'L) (9.95)
| L/ AL || L AL | | (UK+AL'L) ALK+ AL'L) '
[Ipu s = 1 cucrema nMeeT eIUHCTBEHHOE DEIEeHIE:
pemenue (KL — 2),
C=s=+1, A=a=0, D=t=+1, B=pg=1,
l’l:l, nozlo, m:l+k, m0:l0+k0,
K L
G=|7 K+L’. (9.10a)
Y6exk1aeMcsl B BBIIOJHIMOCTH TPYIIIOBOIO 3aKOHA YMHOYKEHHS ISl TAKUX MaTPHIL:
/ / K L
G'G = I(/ /L ! ‘ =
L' (K+L)|| L (K+0L)
(K'K+L'L) (K+K'L+L'L) (9.100)
(K +KL+LL) [(KKK+LL)+ (K +KL+LL) | '
10 /IBa He3aBUCHUMBIX BeKTOpa: Bapuant I(n,m)
Paccmorpum coreyronuii cydait IByX He3aBUCHMBIX BeKTOpoB, BapuanT II(n,m):
l1=Am+ Bn, ng = amg + Bng ,
k=Dn+Cm, ko = tng + smy . (10.1)
3/1eCb BOBHUKAIOT J[BA PEIEHUS:
perierne (NM — 1),
AN N
= : (10.2)
AM M
pererne (NM — 2),
M+N N
G = . (10.3)

N M
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11 JIBa He3aBucuMbIX BekTopa: Bapuant I(kn)

Pacemorpum creyrormuii ciydaii 1ByX He3aBHCHMBIX BekTopoB, BapuaHT 1I(k,n):
1= (Ak + Bn) , lo = (ako + Bng)

m = (Dn + Ck) s mo = (t’)’LO + Sk()) . (111)

BaKOH YMHO2KEHUS [TapaMETPOB IIPUHUMAET BU:
ky = kg ko + k' k + ng (ko + Bng) + 0’ (Ak + Bn) ,

mg = (tng + sky) (tno + sko) + (Dn' + Ck') (Dn + Ck)+
(aky + fng)no + (AK'+ Bn') n |
ng = ky no + k' n+ ng (tng + sko) +n’ (Dn + Ck) ,
lg = (aky + Bng) ko + (AK" + Bn') k+
(tng + skq)(aky + Bng) + (Dn' + CK') (Ak + Bn)
kK" =kyk+k ko+ik' xk+ny (Ak+ Bn) +n' (ako + Bng) +in’ x (Ak + Bn) ,
m” = (tng + ski)(Dn + Ck) + (Dn' + CK') (tng + sko) + ¢ (Dn' + Ck') x (Dn + Ck)+
(aky + Bng) n + (AK' + Bn') ng + i (Ak’ + Bn') x n |
n" =kin+Xk ny+ik' xn+nj(Dn+Ck)+n' (tng+ sko) +in’ x (Dn+ Ck) ,
1" = (akj + Bng) k + (AK' + Bn') ko + ¢ (Ak' + Bn') x k+
(tng + sky)(Ak + Bn) + (Dn' 4+ CK')(aky + Ono) + ¢ (Dn' + CK') x (Ak+ Bn) . (11.2)

Tpebyem BbIOIHEHUST YCIOBHIT

1" = (Ak" + Bn") , ly = (aky + fBng) ,
m"” = (Dn” 4+ CX") , mg = tng + sk .
YpaBHeHue
1” = (AK" + Bn") (11.3a)

IIPUHUMAET BUI:
(aky + Bng) k + (AK' + Bn') ko + 4 (Ak’ + Bn') x k+
(tng + sky)(Ak + Bn) + (Dn' 4+ CX')(ako + Ono) + i (Dn' + CK') x (Ak + Bn) =
Alkik+k kog+ik xk+ny (Ak + Bn) +n' (ako + fng) +in’ x (Ak + Bn) |+

Blkyn+Xk ng+ik xn+ng (Dn+ Ck)+n' (tng+ sky) +in’ x (Dn+ Ck) | ;
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OTKYyda CJIeAYIOT paBeHCTBa

YpaBHeHue

OpuHUMaeT BU/I:

kok -
kok' :
non’ :
non :
kon :

]{Zgl’l .

nok, .

k' x k:
n xn:
n xk:

k' xn:

a+sA=A,
A+aC=A,
8D =(FA+tB,
tB=AB+ BD
sB=1hB,
B+ aD = aA+ sB,
B+tA= A%+ BC,
pC =18,
A+ AC=A,
BD = AB+ BD ,
B+ AD = A% + BC
CB=B.

(11.3b)

m” = (Dn” + CK") (11.4a)

(tny + skp)(Dn + Ck) + (Dn' + CK') (tng + sko) + i (Dn’ + Ck') x (Dn + Ck)+

(aky + Bng) n+ (AK' + Bn') ng +i (Ak’ + Bn') x n =

D[kyn+k' ng+ik' xn+ny(Dn+ Ck)+n' (tng+ sko) +in’ x (Dn+ Ck) |+
Clkyk+k ko+ik' xk+ny(Ak + Bn) +n' (ako + fng) +in’ x (Ak + Bn) | ;

OTKYyda CJIedYIOT paBEHCTBa

YpaBHenune

kok : sC=0C,

kok' : sC=0C,

non’ : tD+ B=tD+ (C,
non : tD+3=D*+CB,
kon : sD+a=D,

kon' : sD =sD + aC',

) (11.4b)
nok : tC =DC+CA,

nok’ : tC+A=0D,

k' xk: C?=C,

n xn: D?+B=D?+CB,

n xk: DC=DC+CA,
k' xn: CD+A=D.

lg = (aky + Bng) (11.5a)
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IIpuHUMaeT BUI:

(aky + Bng) ko + (AK' + Bn') k+
(tng + skq)(ako + fng) + (Dn' + CK') (Ak + Bn) =
a [ ky ko + k' k+ ng (ko + Bng) + 0’ (Ak + Bn) |+
B[ (tnf + skb) (tng + sko) + (Dn’ + CK') (Dn + Ck) | ;

OTKY/Ia CJIeIyIOT PABEHCTBA

koko a+as=a+ 3s?,
nno t8 = af + pt?,
kono sB = Bst,
kony, : +ta=a®+ Pts,
oo g B (11.5b)
k'k : A+CA=a+pC?%,
n'n: DB = aB + 3D?,
k'n : CB=p3CD,
kn' : B+ AD = aA+ BCD .
PaccmarpuBaeMm ypaBuenue
my = tng + sk (11.6a)
OHO 3AIMCHIBAETCS TAK:
(tng + skqy) (tno + sko) + (Dn' + CK') (Dn + Ck)+
(aky + Bng)ng + (AK' 4+ Bn') n =
t [ ky no+ k' n+ng (tng + sko) + n’' (Dn+ Ck) ;+
s| ky ko + kK k + ng (ako + Bno) +n’ (Ak + Bn) | ;
OTKY/Ia CJIAYIOT PABEHCTBA
koko s?=s,
nyng 2+ 8=1t2+3s83,
kyno - st+a=t,
kony, : ts = st +as,
- (11.6b)
k'k : C?=s,
n'n : D?>+ B=tD+sB,
k'n: CD+A=t,
n'k : DC =tC+sA.
CobupaeMm ypaBHEHHSI BMECTe:
a+sA=A,
aC =0,
6D = (A+tB,
tB=AB+ BD

sB=1B,
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B+ aD = aA+ sB,
B+tA=A?+ BC,
pC =B,

AC =0,
0=AB,

B+ AD = A% + BC ,
CB =B,
sC=C,
sC=0C,
B=pC,
tD+ 3 =D*+CB,
sD+a=D,
0=alC,
tC=DC+CA,
tC+A=D,
c(C-1)=0,
B=CB,
0=CA,
CD+A=D;
as = (s,
t6 = ap +pt*,
s = Bst
B+ta=a®+Gts,
A+ CA=a+ BC*,
DB = aB + 3D?,
CB=pCD,
B+ AD = aA+ BCD ;
s(s—1)=0,
B=sp,
st+a=t,
0=as,
C*=s,

D>+ B=tD+sB,
CD+A=t,
DC =tC+ sA.
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W3 mosydennoi cucrembl ypaBHEHU ciieyeT, 9To s S, C' BOSMOXKHDBI 3HAYMCHUA:
C=s5=0, C=s=1.

B ciygae C' = s = 0 mpuxouM K €JIMHCTBEHHOMY DeIIeHNIO:
pemenne (KN — 1),

a=A, B=f=0, C=s=0, D=t=A,

1= Ak, lo = Akyg , m = An , mo = Ang , (11.7a)
K N , K N K N
| AK AN | | AK" AN' || AK AN |
(K'K+ AN'K) (K'N+ AN'N) (11.70)
A(K'K + AN'K) A(K'N + AN'N) | '
B cnygae C' = s = +1 TakaKe nNpuxoguM K €IHHCTBEHHOMY DEIICHUIO:
pertenne (KN — 2),
A=a=0, B=p3=0, C=s=+1, D=t=0,
IZO, l():O, m:k, m():ko, (118&)
| K N K' N ||K N| | KK (K'N+N'K)
(;“‘ 0 l(" 0 K ‘ 0 K "“ 0 K'K (11.80)
12 JIBa He3aBUCMMBIX BekTOpa: Bapuaut I(ml)
Pacemorpum creyrormnuii ciydaii 1ByX He3aBHCHMBIX BeKTOpoB, BapuaHT 1I(m,l):
n:Am+Bl, lozamo—l—ﬁlo,
k =Dl + Cm N kg = tlo + smy . (121)
3/1ech BOZHUKAET JIBA PEIICHUS:
pemenne (ML — 1),
AN" AK' AL AM
_ ro-1 _ — .
G=5GS —' N K _' YL (12.2)
petenne (ML — 2),
K 0 M 0
— ro—1 _
G=5GS " = N K _’L M‘ (12.3)
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13 Tpwu HezaBucumbix BekTopa: Bapuantbl [(k,m,n) u I(m,k,l))

[Tepeiiem K aHan3y Caydas TpeX HE3aBHCHMBIX BeKTOpoB. Paccmorpnm BapmanT I(k,m,n):
l1=Ak + Bm + Cn , lo = aky + Bmg + sng . (13.1)

CuagaJia uccyeyeM CIeJICTBIs 13 Oojiee TpOCTOr0 BTOPOro JimHeitHoro orpanndenus B (13.1).
Dopmynst st ky, mg, ng, lj TPUHAMAIOT B

ki = kjko + Kk + nj(ako + Bmo + sng) +n'(Ak + Bm + Cn)
my = mymo + m'm + (aky + Bmg + sng)ng + (Ak’ + Bm' + Cn')n,
lo = (akg + Bmg + sng ko + (Ak + Bm + Cn)k + mg(ako + Bmg + sng) + m'(Ak + Bm +Cn) .

Tpedyem
Iy = aky + fmg + sng (13.2a)

NJIn
(aky + Bmg + sng)ko + (AK' + Bm' + Cn')k + mg(ako + Bmg + sng) + m'(Ak + Bm + Cn) =
a [ koko + K'k + ng(ake + Bmg + sng) + n'(Ak + Bm + Cn) |+
B[ mgmo + m'm + (aky + Bmg + sng)no + (Ak' + Bm' + Cn')n | +
s[kyno+k n+nygmo+n'm]l,

B pe3yJibTaTe NPUXOoJAuM K YpaBHEHUAM

koko : a=a, momo = 0 =0,
moko: B+a=0, nono : 0= (a+ f)s,
npko : s =a?, mong : s = (3%,
ngmo: 0=p0(a+s), king: 0=p0(a+s),
o 0= B(a+s), Konos 0= Bla+s) -
kk: A=« mm: B=7,
mk: B+A=0, nn: 0= (a+p0)C,
nk: C=aA m'n: C =08,
nm: 0=aB+p(s, kn: 0=0§A+f(s.
BelnuireM ToOMBKO HE3aBUCUMBIE YPABHEHUST
a=A, B=p=-A, C=s= A% A(A+5s)=0. (13.2¢)
Hns ypaprennii (13.2¢) BO3MOXKHBI JiBa KJIACCa PENIEHUI:
(I) A=a=0, B=p3=0, C=s5=0; (13.3a)
(I1) A=a=-1, B=p=+1, C=s=+1. (13.3b)

y66,ZLI/IMCH, q9TO Hafl,ZLeHHble pemennsd ya0BJICTBOPAIOT TaK2Ke TPpEM I'DYIIIIOBBIM YPDaBHEHUAM

I = AK” + Bm" + Cn” ; (13.4a)
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OYEBU/IHO, YTO MMPOBEPATH HYKHO TOJILKO pereHue tura [1:
l:—k—i—m—i—n, loz—ko—i‘mo—f-no. (134b)

YpaBHeHune
l// — _k// + m// + n//

HpI/IMeT BU:
(—ky +mg+ng) k+ (=K' +m’ +n') ko +

i(-k'+m'+n)xk+my(—k+m+n)+

m'(—kg+mo+ng)+im’' X (~k+m+n) =

—kyk+k ko+ik' xk+ny(—k+m+n)+

n' (—ky+mg+no) +in' X (~k+m+n) |+
[my m+m' mg+im’ x m+ (—kj + mg + ng) n+

(=k'+m’ +n')ng+i (-k' + m' +n’) x n ]+
[kgn+k' ng+ik'xn+nym+n'"mog+in' xm]j.

HenocpeacrBeHHO BUIHO, UTO MOJyYUE€HHOE yYpaBHEHUE — 9TO TOXKIECTBO.
Yeranossiennble perienns (13.3) OTBEYAIOT CIEIYIONIMM MHOXKECTBAM MaTDPULI;
perrerne (KMN — 1),

-K+M+N M

K N
o M|
/ K N ||K N K'K (K'N + N'M)
G'G = = ; (13.5)
0 M 0 M 0 M'M
pererne (KMN — 2),
l=—k+m+n,loz—k0+mo+no, (136@)
K N
G = ;

9TO MHOXKECTBO BbBIPO2KIECHHBIX MaTpPHUIl paHra 2. HpOBepI/IM BBIIIOJTHEHUE 3aKOHa YMHOXKEHUA:

K’ N’ K N
_K'+M+N M || -K+M+N M|

‘ K'K + N'(—K + M + N) K'N +N'M

= 13.6b
(-K'+ M +N)K+M(-K+M+N) (-K'+M'+N')N+ MM ‘ ( )

(K'K — N'K + N'M + N'N) K'N + N'M
(~K'K + N'K + M'M + M'N) (=K'N + M'N + N'N + M'M)
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BBomguMm obo3madennsa

K'"=K'K—-NK+NM+N'N,
M"=—K'N+M'N+N'N+ MM,
N"=K'N+N'M,

BBIYUC/IAEM

—K"+M"+N" =
~K'K+NK—-NM-NN—-KN+MN+NN+MM+KN+NM=
~K'K+ N'K+ MN+ MM ;
Takum 06paszom, (13.6b) numeer Tpebyemyro CTPYKTYPY MOTYTPYIIIIBL:

KI/ Nl/

_K"+ M"+N" M (13.6¢)

G'G—‘

B cmty oTMmedeHHOI BbIllle CHMMETPUE €CTh aHAJOrHdHbe JABe Bo3mozkHocTH Tura I(kml):

pemenne (KML — 1),

0o 1|| K N |lo 1 M 0] | K 0
G_‘lo‘ 0M"10‘ ‘N K‘:‘L M" (13.7a)
pemenne (KML — 2),
oot K’ N0 1]
1 0| -K'+M+N M ||10
M —-K'+M + N K —-M+K+L
N I = ‘ I u ‘ (13.70)
14 Tpu HezaBucuMbIx BekTopa: BapuanTb! 1(n,l,k) u I(n,l,m))
Pacemorpum BapuaaT I(n,lk) (emy msomopden Bapuant I(n,l,m)):
m:An—l—BH—C’k, mOIOéng—i‘ﬁlo—i‘Sko . (141)

Uccnenyem cradasa Oojiee MpocToe BTOPOe yeaoBre cBA3U. POPMyYJIbI YMHOXKEHNS TapaMeTPOB
[IPUHAMAIOT BU/IL:

ky =kyko+k k+nglo+n'l,
mg = (ang + Bly + sky) (ang + Bl + sko)+
(An' + Bl + CKX')(An+ Bl1+ Ck) + [y ng+1'n |
ng = ko no + k' n+ ny(ang + Bl + sky) +n’' (An + Bl + Ck) ,
lo = Iy ko + 1 k + (ang + Bly + sky)lo + (An’ + BI' + CK')1. (14.2a)

Tpedyem
mg = ang + Bl + sk
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(ang + Bl + sky)(ang + Blo + sko)+
(An' + BI' + CK')(An + B1+ Ck) + [y ng+1'n =
a [ kyno + kK n+ng(ang + Bl + sko) +n' (An + Bl + Ck) |+
B 11y ko +1 k+ (ang + Bl + ski)lo + (An’ + Bl' + CK')1 |+
s|kyko+kK k+mnylg+n'l].

[Tonygyaem cucremy ypaBHeHUIT

ngng : o = a?, Iy : B2 =052, kiko: s*=s,
nolo: af=af+ab+s, noko : as = as,
long: Ba+1=0, loko : Bs =13,
kyng : sa = a, kylo = sB = Bs, (14.2b)

n'n: A% =aA, I'l: B>=p$B, kKk: C*=s,
nl: AB=aB+p3A+s, n'k: AC = aC,
I'm: BA+1=0, I'k: BC =7,
kn: CA=qa, kKl: CB=pC. (14.2¢)
OcraB/isieM HE3aBUCHMbIE YDaBHEHWS:
af =—1, s =—af = +1, C*=s5=1,
A(A—a) =0, C(A—a)=0, B(B—-p3) =0,
AB=aB+ [A+1, AC = aC',
BA+1=0, BC =7,
CA=a, CB=p3C;

OTCIOJIA CJIEJIyeT eIMHCTBEHHOE DellleHHe:
pemenne (NLK — 1),

a=A, B=p3=—— C=s=+1,

m=Kk + (A n-— A_l 1) 5 mo = ko + (A ng — A_llo) 5 (143&)

COOTBETCTBYIOIINE MaTpulibl G UMEIOT CTPYKTYPY
K N
o= .

K+ AN — AL (14.30)

DTO MHOZKECTBO BBIDOZKJCHHBIX MaTPUI C HYJIEBBIM OIIpEeAe/INTEJIeM. HafmeM S3aKOH YMHOXKEHU A
JJIdd TaKUX MaTPHUIL:

K’ N’ K N
G'G = =
L' (K'+AN' - A7) || L (K+AN—A"1L)
(14.4a)

(K'K + N'L) [K'N + N'(K + AN — AL) |
[L'K + (K'+AN'—A-'I/)L] [L'N + (K'+AN'—A-\L')(K+AN—A-'L)] |
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Haiiiem siBHOe BbIpaskenue jyist 6710Ka (22) B marpute (14.4a):
(22) = I/N + (K’ + AN' — A7'L') (K + AN — A™'L) =
(K'K —N'L)+ A(K'N + N'K)—
AN (K'L+ LK)+ A*N'N + A?L'L .

BBoanm obo3naueHns
K'=K'K+ N'L,
N = K’N+N’(K+AN—A‘1L) ,
L'=LK+ (K'+AN' — A7'L'L .

Boraucimm
K// + AN// _ A—lL// —

K'K+NL+A[K'N+N(K+AN-A"L)]-
AV LK+ (K'+ AN'— A7' L] =
(K'K—N'L)+ A(K'N+ N'K)—
AN ('K+K'L)+ (A’N'N+A?L'L) .

(14.4b)

(14.4¢)

Breipazkenus, nonydennsie B (14.4b) u (14.4¢), coBmasaior, T. . BBIIOIHSAETCST TpeOyeMoe paBeH-

(22) = K" + AN" — A™'L"

CTBO:

cienoBaresibHo (eMm. (14.4a))

K" N
G'G = ’ L (K// + AN" — A—lL//) ‘ =G".

[Tosryunm onmcanue cummerpudroro BapuanTa I(n,l,m) Tpex mezaBucumbix BeKTOpoB. [lis

9TOro Haj Marpunamu tuma (14.3b) coBepimmM mpeobpasoBaHue MOI00US:

pemenue (NLM — 1),

a_|o 1|k N’ 01|

10|l L (K'+AN' —A'LY||1 0|~

(K'+AN' = A™'L') L' | _| (M+AL—A"'N) N
N’ K' | = L M|

15 Amnanu3 BBIPOXKAEHHBIX 4-MepHBIX MaTPWI] paHra 3

Apubiii Bug maTpur (2.1) ceryonmmii:

ko + ks

ki 4+ tky ko — k3
lo+1ls Iy —ily mo+ms3

Iy +ily  loy—13 my+img mo—m3

kl — ikg ng + n3 ny — in2

ny+1iny Ny — N3
mq — im2

(14.5)

(15.1)
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Ecrb 16 mpocThIx ¢rmocob0B MOMYYIUTh MOArPYNIBL (3 X 3)-MATPHUI, 3aHYyJsis OJHY i-CTPOKY U
OJINH j-CcTONOEI] B MCXOTHON 4-MepHOII MaTpuIle. JTO CJIEIYIONIIe BAPUAHTHL:

(00) , (01) (02) (03)

(1), (11, (12, 13),

(20),  (21), (22), (23),

(30) , (31), (32), (33) . (15.2)

Heramusupyem onnn Bapuant (33)

ko + ks ki — iks ng+n3g Ny —ing ko + ks ki—iky 2ny O
ki +1iky ko — k3 ny+1iny  ng — N3 ki +1iky ko — ks 2n; 0
lo+1ls 1 —ily mo+ms mi—ims | | 2l 2  2my 0
lh+iy lg—Is mi +imy Mo — M3 0 0 0 O

mp = 0, mo =0, my = ms ,

lo = I3, Iy = —ily, ny = ing, ng = ns. (15.3)

3akJIlo4eHue

Marpunam G Buza (2.1) orBedaer ecTeCTBEHHBII HHBAPHAHT — UX onpejennTens (eMm. [1-3]):
det G = (kk) (mm) + (nn) (1) — 2 (kn) (ml) —
2(—kon+nok+ikxn)(—-myl+lpm+imxl)

(ucnosb3yercst obo3navenue (kk) = koko—kk u 1. 11.), KoTOpBIil siBjsiercs: byHKIMER 0T YeThipex
4-MepHBIX BeJMYUH k,m, [, ¢ JOCTATOYHO MIPOCTOH MATEMATHIECKOI CTPYKTY POl

det G =) Goed™” (ko)™ (m)” (1) (na)”
A<2, ~ B<2 (<2 D<2 A+B+C+D=4.
PasBuras Bbiie KiaccuduKalys MOMHOXKECTB BBIPOXKIEHHBIX MATPHI]
(n) —7, (m)—7, (n)—4, ()—1,
(km) — 5, (I,n) — 2, (k,n) — 2,
(k1) — 2, (n,m) — 2, (m,l) — 2
(k,m,n) — 2, (k,m,l) — 2
(n,l,k) — 2, (n,l,m) — 2.

dburcupyer Bce cymecTBeHHO pasHble Bo3MOKHOCTH (14 cucrem u3 16 ypaBHeHuit npusesn K 45
peleHnsM; U eCTh 16 pereHnii — BBIPOXKICHHBIX MATPUIL PAHTA 3) 3aHYJIEHHs STOIO NHBAPUAHTA,
MIPU COXPaHEHNN CTPYKTYPbI MOTYTPYII HA COOTBETCTBYIOIINX MaTPHUIIAX

Baaromapaoctu

Pabora Boimonnena npu nojepkke benopycckoro pecriydsmmkanckoro donia GyHIaMeHTA b
HBIX uccaepoBanuit: Pymeracko-Benopycckuit mpoekt, rpant @12PA-002.

Astopsr 6arogapusr opranunzaropam VIII mexaynapogroit kordepennun «DuHCIEPOBHI
0000ITIEHNST TEOPUU OTHOCUTE/IHHOCTU» 3a MOJJAEPXKKY HAIIEro yIacThus B paboTe KOH(pEPEHITUN.
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DOES IT POSSIBLE FINSLER GEOMETRIZATION OF THE
POLARIZATION OPTICS?

E.M. Ovsiyuk, V.M. Red’kov

L Mozyr State Pedagogical University, Mozyr, Belarus
2 Institute of Physics, National Academy of Sciences of Belarus, Minsk, Belarus

e.ovsiyuk@mail.ru, v.redkov@dragon.bas-net.by

This paper provides an overview of some of the features of the matrix calculus to analyze
the issues of polarization optics. There is reason to believe that methods of Finsler
geometry can be of help here. Since the Mueller matrices, acting on real four-dimensional
Stokes vectors, are real, then in possible studies of Mueller matrices one can use their
parametrization obtained by applying the Dirac basis. The law of multiplication for the
elements of the original group is complicated, but it is suitable for analytical study. The
explicit form of the determinant of any matrix in this parametrization, provides us with
a natural classifying invariant in a variety of the matrices. This parametrization is used
to describe the possible classes of Mueller matrices, including the degenerate cases of
matrices with zero determinant, described within the structure of semigroups. It turns
out that imposing linear relationships on the 16 parameters that are compatible with the
group multiplication law, we can specify mostly classes of degenerate matrices with the
structure of semigroups. A complete classification of such semigroups of rank 1, 2, 3 is
elaborated.

Key Words: polarization optics, Dirac matrices, Mueller matrices, classification,
degenerate matrices, semigroup.
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ITOUCKOBBIE NCCJIEIOBAHN A
ITPOCTPAHCTBEHHO-BPEMEHHOI'O BEKTOPHOTI'O IIOJIA.
ITPEIBAPUTEJIBHBIE PE3YJIBTATDBI

J1.T. ITasaos!, M.C. ITanuemora'?, B.A. ITanuemoral?
YHUHN Tunepromnaercnma cucmem 6 zeomempuu u dusure, Opasuro, Poccus
2 Mnemumym meopemuseckots u sxcnepumenmanvioti buogpusuru PAH, ITywuno, Poccus
panvic333@Qlist.ru

B pabore mnpencraBieHb MpeIBAPUTENbHBIE PE3YJIbTATHI IKCIEPUMEHTa IO IIOUCKY
runepbosindeckux nin H-moseit, KOTOpble, COIVIACHO UMEIOIIUMCS TEOPETUIECKUM Pe3yJIb-
ratam [1-13| JO/MKHBI IPUBOAUTL K JIOKAJTHLHOMY U3MEHEHWIO XO/Ia BpeMeHH. B kauecrBe
redeparopa H-mong wucnosnb3oBaH MexXaHUYeCKWil yJap, B KadeCTBE PErucrparopa —
BBICOKOCTAOMJIbHBIN KBapIEBBINl TeHepaTop. PesysnbraTom Biausuus H-mosist Ha KBapreBbIit
TeHEPATOP JIOIKHO OBITH U3MEHEHUe YacTOThI ero Kojedbanuii. B skcnepumenTe obnapyke-
HO CMEIIECHNE CYMMApHOTO CIEKTpa KoJebaHUil KBapIEBOI'O I'eHEpaTopa B MOMEHT ylapa
[0 OTHOIIEHUIO K €ro CIEKTPYy B KOHTPOJIe — IIPU COOJIIOJIEHUN TeX K€ YCJIOBUii, HO 6e3

yYAaapa.

KuaroueBnbie ciioBa: dunciaepoBa reoMerpusi, Merpuka bepsasbmaa-Moopa, runepbosmnde-
CKHe TI0JIsI, KBapIIEBbIil TeHEPATOP.

1 Bsenenue. TeopeTtudeckue mpeanochbllIKN, JieXKalide B OCHOBE dKC-
NepuMeHTa

B paborax [1-9] BeICKa3bIBaIACH THIIOTE3a, YTO PEATHHOE MPOCTPAHCTBO-BPEMsl, TIOMUMO MOJIe-
JIelf CBA3aHHBIX C KBaJIPATHYIHON reoMeTpreil mpocTpancTBa MIHKOBCKOTO

dS? = *dt* — da® — dy* — d2?, (1)

MOZKET HECKOJILKO JIydIle, a ryiaBHoe, 3(pheKTuBHee OMUCHIBATHCS MOJIEISIMUA CBI3aHHBIMU CO
CIEIUATBLHON YeThIpeXMEpPHOil OMKBaIpATUIHON (DUHCIEPOBOIl TeoMeTpueil 0018 1atomeil Me-
Tpudeckoil ¢pyukimeit bepaibaa-Moopa

dS* = CH(dt* + dt] + dt; + dts — 2(dt*dt3 + - - - + dtadtl) + 8dtdt,dtydts). (2)

[Tpu sToM, 110 KpaiiHeit Mepe dncro Teoperndecku, ckopocru ¢ u C durypupytonue B (1) u (2),
a Tak Ke IIPOCTPAHCTBEHHOIOI00HBIE KOOPAUHATHI T, Y, 2 U C'ty, Cty, Ct3 MOryT He COBIAIATD
OPYT C IPYTOM.

OTBer Ha BOMPOC, HACKOJBKO aJeKBATHBIMU IS TeJIell ONMMCAHNSA PeabHBbIX (DU3UIECKUX
SIBJIEHUIT MOT'YT OBITH MOJEJIM OCHOBAHHbIE Ha OGUKBaJIpaTHIHOM uHTepBase (2), KaK OOBIYHO,
JIOJIZKHBI JIaTh 9KCIEpUMeHTaIbHbIe ucciaegoBannsg. OQuH n3 BapHaHTOB IIPOBEPOYHOTO IKCIIE-
PUMEHTa U €ro IepBble Pe3yJ/bTaThl OMMMCHLIBAIOTCS B HACTOSIIENR padbore.

B ocHOBY njien skcrepuMeHTa MOJIOXKEH 3aMedaTe/TbHbI 9KCIIepUMEHTAIbHbBIN U TeopeTute-
ckuil (PaKT CBA3BIBAIOIINI MeXK Ty cOOOi CUMMETPHUH ypaBHEHU 3/1eKTponHaMukn Makcsesia
1 HelpepbIBHbIE KOH(MOPMHbBIE CUMMETPUN MTPOCTPpaHcTBa-BpeMenn MuHKoBCcKOTO. Kak m3Bect-
HO, COOTBETCTBYIOIINE TPyl CUMMETPUH TOJHOCTHIO COBIAIAIOT U 9TO OOCTOATETLCTBO CIIY-
JKUT MOIIHBIM apr'yMEHTOM KakK B MPaBUJIbHOCTUA OTPaKeHHs YacTU (PU3UIECKON peasbHOCTU
caMuMu ypaBHeHuAMU MaKcBeJia, Tak U B IeJ1ecO00pa3HOCTH UCIIOIb30BaHUS I STUX XKe T1e-
Jlelt reoMeTpun mpocTpaHcTBa MuHKOBCKOTO. [I0CKOIBKY HaMU BBICKA3BIBACTCSA THIIOTE3a, 9TO
METPUKA PeaIbHOTO TTPOCTPAHCTBA-BPEMEHU MOXKET CYIIECTBEHHO OTJINYAThCA OT IICEBIOPUMA-
HOBOI1 B ITOJIb3Y ee (PUHCIEPOBBIX 0000IIEHNI, TO B TIOCIEIHEH, B HEN30EXKHOM MTOPSIIKE, TOTKHbI
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HaOJIIO/IATHCA UHBIE TPYIIbI HEMPEPBIBHBIX CUMMeTpuil. /I sKcrepuMeHTaIbHBIX UCCIeI0BA-
HUIi 9TO, B YaCTHOCTU, O3HAYAET JIOTUIHOCTH MPEIOJIOKEHIS O CYIIeCTBOBAHUU B PEATHLHOCTU
HEKOEro JOMOJTHUTETHLHOTO (DbYHIAMEHTATLHOTO TOJIsI, CBOMCTBA 1 3aKOHBI COXPAHEHUsT KOTOPOI'O
JIOJIZKHBI OBITH TECHO CBA3aHBI ¢ KOH(OPMHBIMU CUMMETPUAMEI MeTpuKHN Beppasibiaa-Moopa.
JleficTBUTE/ILHO, €C/IN TPYIIa KOH(POPMHBIX CUMMETPUIT TPOCTpancTBa MUHKOBCKOTO U CHM-
MeTpuit ypaBHeHuit Makcseslia, KaK U3BeCTHO, 15-TlapaMeTpudeckasi U CBOIUTCS K TPAHC/IAIIN-
sIM, MIPOCTPAHCTBEHHBIM M THIEPOOJTHIECKIM TOBOPOTAM, AMJIATAIMSM U UHBEPCHSM OTHOCH-
TEJILHO TICeBIOEBKINIOBBIX cep, TO Ipymna KOHPOPMHBIX CHMMETPHIl YeThIPEXMEPHOrO IPO-
crpancTBa bepBanbiaa-Moopa — GeckoHeIHOMepHAasl U 10 CBOEH CTPYKType OJn3Ka K I'pYIIe
OECKOHEYHBIX KOH(OPMHBIX CUMMETPHil MCEeBI0EBKINI0BOM 11ockocT. Ha Harm B3rysi, ecin
TUIIOTE3a O CBS3U pPeajbHONl MeoMeTPHH IMPOCTPAHCTBa-BpeMeH! ¢ (DUHCIEPOBOIl reoMeTpueit
Bepanbia-Moopa BepHa, TO, TOMIMO M3BECTHBIX COBPEMEHHOI (bus3mke deThipex (hbyHIaMeH-
TAJTBHBIX TTOJIeH JTOIZKHO CYIIECTBOBATE €Ille KAaK MUHUMYM OJTHO (pyH/IaMeHTATbHOE T0JIe, YpaB-
HEHUsI KOTOPOTO B 00s3aTeTbHOM MOPsiIKe Oy IyT UMETh CUMMETPUN TPYTIIHI KOH(DOPMHBIX ITpe-
00pa30oBaHmil COOTBETCTBYIONIErO (PUHCIEPOBA MPOCTPAHCTBA. TaKoe T'MIOTEeTHYeCcKOoe BEKTOP-
Hoe mnojie B paborax [10-13| npesyioxkeno Ha3bIBATH TUIEPOOJITIECKUM. DTO TI0JIe JIOJZKHO OBIThH
BEKTOPHBIM 1 00J1a/1aTh PsIIOM MHTEPECHBIX CBOMCTB, MPUHIIUINAILHBIM 00Pa30M OTIMIAIOIINX
€ro OT JIDYTUX U3BECTHBIX (DUBNYECKUX T0JIel, B YACTHOCTH, B BAKyyMe OHO OYJIeT He TOJIBKO T0-
TEHITUAJHHBIM, HO M COJICHOUJIATbHBIM, IIPABJa, B TUIIEPOOTMIECKOM CMBIC/IE 9TOT0 oHATHA. Vc-
TOYHUKAMU TUTIEPOOTMIECKOTO B3aUMOJIEHCTBUSA JIOJYKHDBI ABISTHCA HE 9JIeMEHTAPHBIE YaCTUIIBI
KaK B CJIydae U3BECTHBIX I0JIell, a 3/IeMeHTapHble COOBITHS, TO €CTh, 0COObIe TOUKHU (DUHCIEPOBA
IPOCTpaHCTBa-BpeMeHn. Ecn 0CHOBOI JeTeKTHPOBAaHMS OOBIYHBIX 9JEKTPOMATHUTHBIX U I'Da-
BUTAIIMOHHBIX ITOJIeH SIBJISIOTCS N3MEPEHHsI IPOCTPAHCTBEHHBIX CMEIEeHN JTHHAMOMETPOB, TO B
OCHOBY JIETEKTUPOBAaHUs THIEPOOTMIECKUX TTOJIeil, KAK HAM IIPEJICTABISAETCS, JTIOKHBI OpaThCs
U3MEHEHHS B CKOPOCTH XOJa BBICOKOTOYHBIX YacoB. B KOHIENTyaJbHOM ILIaHe, ICKOMOE BEK-
TOPHOE TI0JIe B OIPEJIEIEHHOM CMbBIC/IE MOXKET OBITh CBA3aHO C MOJIEM YeThIPEXCKOPOCTEHl MUPO-
BBIX JIMHUN YACTUIL B IICEBI0EBK/INI0OBOM IIPOCTPAHCTBE-BPEMEHH, ¢ TOI pa3HUIEH, ITO MOYIb
OOBIYHON YeThIPEXCKOPOCTH BCErJla PABEH €IMHUIIE, a Y MO (PUHCIEPOBBIX YETHIPEXCKOPOCTEN
YACTHUI] UX MOJYJIb MOXKET MPUHUMATh U OTJUYHBIE OT eJMHUIILI 3HAYeHUs. B ompegeieHHOM
CMBICJIE, UCKOMOE BEKTOPHOE I0JIe MOXKHO TaK K€ COMOCTABJIATL C IOJIeM MPOCTPAHCTBEHHO-
BPEMEHHBIX MACHITA00B, U3MEHSIOMNXCA OT TOYKM K TOYKE MPOCTPAHCTBA-BPEMEHU, KOTOpbIE
B paMKaxX pacIInpeHus IICeBI0PUMAHOBOI reomeTpun paccMaTpuBast 1.Beitib, onars ke ¢ Toit
pasuureit, 4ro Beilsib HE OTXOAMI OT UCXOJTHOU KBAJIPATUIHOCTU METPHUKH, a MbI JOIyCKaeM
ee OMKBaJIPATUIHOCTb, TO €CTh, (PUHCIEPOBOCThb. K Tomy ke, B rumorese [.Beitnsa mouru He
yY4aCTBOBA/IN HEPEPBIBHBIE CAMMETPHUH, & B HAIleM cIydae OeCKOHeUIHas TPyIna KOHPOPMHBIX
cuUMMeTpHil (PUHCIEPOBA MIPOCTPAHCTBA-BPEMEHN SIBJISETCS OCHOBOI IMTOCTPOEHUIT U BBIBOJIOB.
Kak 6b1 TO HE OBL/IO, OKOHYATEIHHBIN BHIBOJL O HAJTUYUH U OTCYTCTBUUA B PEAJTLHOCTHU TTOJIS
C OIUCAHHBIMU BBIIIE CBOWCTBAMU, JOJIZKEH CIEIaTh SKCIepuMeHT. [ ero ocyiecTBieHns He-
00X0IMMO BBIOPATD YA00HBI J1JTs 11e/1eii TabopaTOPHOrO MCC/IeI0BaHNs NCTOUYHUK TUIIEpOOIIe-
CKOT'O TIOJIsI, & TaK »Ke CIIoco0 ero jieTeKTupoBanusd. [IpepcraBisgercs J0CTaTOTHO OIPaBIaHHBIM
B KadecTBe reHepaTopa THIEpOOTMYECKOro MOJs B3AThb yJap MacCUBHOTO TeJa O HEMOIBUK-
Hoe mpengarcTBue. [Ipm 3TOoM cOOBITUN TTPOUCXOAAT TPOIECCHl TpaHC(HOPMAIUT KUHETUIECKON
SHEPIUU MACCUBHOTO TeJa 1O PAa3/JIMIHbIM KaHajJIaM U HEKOTOpble M3 HUX MOTYT HMPUBOIUTH K
BOBHUKHOBEHHIO Tunepbonydeckux mnojeit. [Ipu xoporeit TouHOCTH 9acoB, pacroaraeMbIX Psi-
JIOM C TOYKOM yjiapa, CpaBHUBas PABHOMEPHOCTD UX X0Jla B MOMEHTHI IIPE/IIIEeCTBYIONINE VIAPY
U cpasdy MOCjIe Hero, Kak HaM MPeCTAB/ISIeTCs, eCTh MIAHC YOeIUThCs B HAJTUYIUU BJIUSHUS CO-
OBITHSI y/Iapa Ha CKOPOCTh XOJa dacoB. KoHEYHO, TaKoil SKCIEPUMEHT JOCTaTOYHO Irpyd, Tak
KaK He T03BOJISIeT, C OJHOW CTOPOHBI, CMOJEIMPOBATH UMEHHO TOYEYHBIH (B MPOCTPAHCTBE U
BpPEMEHH ) UCTOYHUK TUIEPOOTMIECKOrO MOJIsl, TAK KAK CaM yJap MACCHBHON GOJIBAHKY sBJISET-
CsI COBOKYITHOCTBIO BEChMa, CJIOYKHBIX IMPOCTPAHCTBEHHO-BPEMEHHBIX COOBITHUI, a ¢ APYToil, JaxKe
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JIOCTATOYHO TOYHBIE COBPEMEHHBIE KBAPIIEBbIE YaChl BPSJL JIN MMO3BOJIAT MMOCTPOUTDH 3aBUCUMOCTH
HAIPSZKEHHOCTU UCCJIEYEMOTrO T0JIi IMEHHO OT MHTEPBAJIA, TO €CTh, B JIYUIIEM CJIydae Mpu-
JIeTCsl JTOBOJTBCTBOBATHCS JIUIIL CYMMapHBIM BO BPEMEHU CUTHAJIOM U TOJHKO B 3aBUCUMOCTU
OT TPOCTPAHCTBEHHOI'O PACCTOSIHUS, UTO CYIIECTBEHHO HE TO K€ CaMOe, UTO OT UHTepBaJa.
OjHako, jTake ¢ y9eTOM 3apaHee BUJIMMBIX HEJOCTATKOB, MIPEJIaraeMbIil 9KCIIEPUMEHT BCe Ke
UMeEET TIAHC OKA3aThCs JOCTATOIHO NH(MOPMATUBHBIM U TIO3BOJIUT, KAK Mbl HAJIEEMCsI, HE TOJIHKO
OTIpeIe/INTh caM (haKT HAJTUIUSA WJIA OTCYTCTBUS THIIEPOOJINIECKOTO T0JIsi, HO U OPUEHTUPOBOY-
HO OIEHUTH TOPSJIOK BEJTMUIUHBI BO3MYIIEHUs, KOTOPOE COOBITHE yjaapa MOYKET OKa3bIBATH Ha
CKOPOCTB X0z1a 4acoB. K Tomy ke, B ciiydae MOJIOKUTENbHBIX PE3Y/IbTATOB, TOCTAHOBKA OoJiee
TOYHBIX SKCIEPUMEHTOB Oy/IeT 3HAYUTETLHO OOJIerdeHa u JIydiie 000CHOBAHA.

2 DkclepuMeHTAJIbHAas YCTAaHOBKA W METOANKA M3MepeHMit

B kadectBe reneparopa H-moseit mpesnosmaraeTcsd UCHONb30BATh sIBJICHIE MEXAHUIECKOTO YA~
pa. B Tom ciydae, ecii B mipoliecce yiapa IMPOUCXOUT TeHepalnsd NCKOMBIX TIOJIeil 9TO JTOTKHO
MIPUBO/IUTH K JIOKAJTHbHOMY U3MEHEHUIO CKOPOCTHU XOJla BPEMEHH, YTO, B CBOIO OYEPE/ b, MOXKET
OBITH OOHAPYKEHO TI0 U3MEHEHHUIO CKOPOCTH X018 BEBICOKOTOYHBIX YacoB. B KayecTBe 4acoB Mpe;i-
MoJIaraeTCsd UCIOTb30BaHNE BHICOKOCTAOMIBHBIX KBAPIEBBIX F€HEPATOPOB peaKIins KOTOPHIX Ha
H-noie mposgiBuTCS B KPATKOBPEMEHHOM U3MEHEHHH WX YacTOThI KOJIEOAHMIT, KOTOPOE MOYKET
OBITH 3aPErUCTPUPOBAHO MPH IMOMOIIU PErUCTPUPYIONIEH CUCTEMBI.
Kparko paccMoTprM OCHOBHBIE 9JIEMEHTBI SKCIIEPUMEHTAJILHON YCTAHOBK.

2.1 TI'enepartop H-mons

Jlng peanmsanuu mporecca MeXaHMIecKoro yJapa Oblaa MOCTPOeHa BBIIIKA BBICOTOM 12 M, 1mo-
KazaHHasd Ha (pororpadun, npusenrennoi Ha puc. 1. Boika ucnosib3yercs J1j1s MOTHATUS TPY3a
Ha 3aJIAHHYIO BBICOTY, aBTOMATHIECKOIO BBICBOOOXK/ICHUs I'Py3a M HAIPABJIEHUs €ro TaJIeHus
Ha CTAJbHYIO HAKOBAJIHHIO.

Puc. 1: ®ororpadus BuIKYE, NCIIOML3YEMOil B 9KCIEPUMEHTE 110 MTOUCKY IPOCTPAHCTBEHHO-BPEMEHHBIX
3¢ deKTOB TUNEPOOTUIECKOrO TOJIS.
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PI/IC. 2: Huxaaa gacTb HaHpa.BJIHIOIILefI CHUCTEMBI BBIINIKHA, I'PY3 B CajJla3KaX U CTaJIbHasd HaKOBaJIbHA HaA

aHe OETOHHOIO KOJIOJIIA.

© )

Puc. 3: Cxema pacnono:keHus BBIIIKYH, T3MEPUTEILHOIO KOJOANA M M3MEPUTETLHON MIAXTHI.

['py3 3aKpenyieH ¢ cHemuaJbHBIX cajJa3KaX, KOTOPBIE CKOJb3SAT BHYTPH BBIIIKHU 110 HAIPABJIs-
IOIUM YTOJIKaM, o0ecriednBasi paBHOMEpHOe, 0e3 pacKauMBaHUil, MOJIHATHIE I'PYy3a, a TAK¥KE ero
HAIPABJIEHHOE TIaJIeHNe TOYHO B IEHTP HakoBaJsibHU. Ha puc. 2 mpusemeno ¢oTo Ha KOTOPOM
IIpeCTaBJIeH I'PY3, 3aKPEIJICHHBIN B caJla3KaX, HAaKOBaJIbHA W HUKHASA 9aCTh BBIIIKN, KOTOpasd
CIIy?KAT OJTHOBPEMEHHO HAIIPABJIAIOIINME JJId CaJa30K B KOTOPBIX pPa3MelleH I'Py3.

CranbHas HAKOBAJILHS PacCIioJIoZzK€Ha Ha OETOHHOM IoJ1y YFJIY6JI€HHOI‘O KoJ1oAa.. Ha BEPX-
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Hell KpOMKe KOJIOJIIIa YCTAaHOBJIEHA BBIIIKA, O/I/IepPKIBaeMasd B BEPTUKAJILHOM ITOJIOKEHUH I1IPU
MIOMOIIY CHCTEeMBI pacTszkKeK. CBepXy KOJIOJIel] 3aKPBIT BOJOHEITPOHUIIAEMBIM HACTUIJIOM, B KOTO-
POM TIPEyCMOTPEH JIIOK JIJTsl CITyCKa B KOJIOZETl. BhIKa, Ipy3, KOIOoel, HAKOBAJIbHS, CUCTEMA
MIOTHATUSA TPY3a, COCTOAAA U3 JIEOEIKN U CTAJTLHOTO TPOCA MOKA3aHbl B JIEBOW YaCTU PUC. 3.

B mpaBoit yactu puc. 3 mokazaHa KpbITas H3MepUTeTbHAs [IaXTa, NUMeoIas Ty Ke [IyOnHY,
yto n Kojozen. [llaxTa HaXoaUTCA Ha paccTodHUU 1.5 M OT KOJIOIA U CIYZKAT JJIsT Pa3Mellle-
HUsI U3MEPUTEIBHON anmapaTypbl, a TaKyKe MMO3BOJISIET 3HAYUTE/TbHO OCTA0UTh aKyCTUIECKOe
13/Iy4ueHne, PreHepupyeMoe B MOMEHT yjiapa I'py3a O HaKOBAaJIBHIO.

2.2 Hcnoab3yemble KBapIiieBble reHepaTophbl

s sxcrepumenTa ObLTH BBIOPAHBI BBICOKOCTAOMIBHBIE KBApIEBble T€HEPATOPHI € JIBOWHBIM
tepmoctaruposannem ['K-216-TC, npouszsomumbie dpupmoit MOPUOH. T'enepatopsr obiana-
10T HU3KUM ypOBHEM (ha30BbIX IIyMoB. OHE BAaKyyMMUPOBAHbBI U MTOMEIIEHBI B METAJLINIECKUE
KOpITyCa, CIy Kalllie JOMOJTHUTELHBIM 3KPAHOM /IS 9JIeKTPOMArHUTHBIX moseit. Hekoropsie,
rapaHTHPyeMble U3rOTOBUTEIEM, TapaMeTPhl KBAPIEBBIX N€HEPATOPOB MIPUBEJICHBI B Ta0J. 1.

Tabmuna 1: IMapaMeTpbl HCIIONBL3YEMBIX KBAPIEBBIX MeHEPATOPOB.

Homunanbuasa dacrora 10 MI'

Brixoanoit curnag CUHYC
Temmneparyprasi HeCTAOUIBHOCTD B +1 x 10710
UHTEpBaJIe TEMIIEPATY]

—10...4+60°C

Jonrospemenuast HeCTaOUIHLHOCTD +5 x 1072 (1 ron)
9acTOTHI, He Gosee +3 x 1078 (10 Jser)
KparkoBpemennas HectabOUILHOCTD <2x10712

gacTorhl (feBuanus AJtaHa) npu
BpeMeHU ycpeaHeHud 1 cek

[IpenenbHas TeMiiepaTypa Cpebl —55...480°C

Mexamnmaecknit yaap 100r/3 £1 mc

(YIaponpovHoCTb)

CrofiKoCTh K CHHYCOH/IAJIHOM 1-200 I'/5 ¢

BuOpalu (BUGPOIPOIHOCTS )

[lepmernzarimst ['enepatop
repMeTU3NpPOBaH

Kak cremyer u3 mpuBe/ieHHON TaOIUIbI, HECTAOMIBHOCTh YaCTOThI UCIOJIB3YEMbIX B 9KCIIEPU-
MeHTe KBapIeBBEIX TeHepaTOPOB, I BPeMeHH m3Mepenns 2-4 Jaca, me Gomee 10710, 10711,

Ha puc. 4 a) npusejieHa 3aich BBIXOJHOIO CUTHAJIA KBapIEBOro rereparopa. Kak MOKHO
BHUJIETh — BBIXOJIHON CUT'HAJI YUCTBIN CHHYC 0e3 BUJIMMBIX HEJMHEHHbIX ncKaxkeHuii. KadyecTso
BBIXOJHOTO CUTHAJIA TeHEpATOpa MOATBEPIK/IAET TaKzKe ero CIeKTP MOITHOCTH, TOKA3aHHBIN Ha
puc. 4 6) u npejcTaBIsOmUil cOG0I OMMHOYHDIH OCTPBIH MUK HA PE3OHAHCHOI YacToTe KBapIle-
BOI'O TeHepaTopa.

Bonee peranbHOe pecTaBiaeHne O CIIEKTPe MOIIHOCTH UCIIOIb3yeMOro KBApIEBOTO T'eHepa-
TOpa MOYXKHO TOJIYIUTDh U3 pUC. 5. 371eCh NpeJIcTaB/IeHa YBeInIeHHas YacTh CIEKTPa MOIIHOCTH
BBIXOHOT'O CHUT'HAJIa KBapIIEBOTO N'eHepaTopa B OKPECTHOCTH PE30HAHCHOM JacTOThl. BuiHo, 9To



T Ilasygos, M.C. Ilaruesrora, B.A. Ilaruemrora [louckoBble HCCI€A0BAHUS. .. 167

vl Y P ol Fa f
NE A I3 {3 73 -
Wi {1 i1 [

AT f f

s i ! ! .

1 i / | 3 | £

6 B
FREQUENCY. Hz 10"

Puc. 4: Beixognoii curnan remeparopa, a), U €ro CIeKTp MOIIHOCTH, 0).

PSD | T T T | | T T T T

0.015}

(041 ] TSRS RES N § S —

0.005

0 L i | A L i f e 1 t
02 04 06 038 1 12 14 16 1.8 2
Frequency, Hz x 107

Puc. 5: YBenuuennas 4acThb ceKTpa MOIIHOCTH BBIXOJHOI'O CUI'HAJIA KBAPLEBOIO IeHEpATOPa B OKPECT-
HOCTHU PE30HAHCHOU Y9aCTOTHI.

KpOMe OCHOBHOI MOJIbI Kojiebanuii Ha yactore 10 MI'ty mpucyTcerByeT Takke ciabas CrieKTpasib-
Has KOMIIOHEHTa Ha YacTOTe BTOPOI TADMOHUKH, & TAKKe HEKOTOPasi, JOCTATOYHO c1adasi, MoIa
KoJjiebanmii B paitone gactorsl H MI'm.

2.3 Perucrpupymoiias cucrema

Biiok-cxema perucrpupytoreit cuctemMbr mpejictapieHa Ha puc. 6. OHa cOCTOUT U3 OMUCAHHO-
ro Beiie KBapresoro redeparopa (KI'), KoTopbIil JOMOTHATENBEHO MOMEIIEH B MepMeTUIHBIH
merammaeckuii Kopryce (KOPITYC KI'), ucrounnka nuranusi KBapiueBoro remepaTopa, CocTo-
siiero n3 BHerrHero ucrounnka nutanus (MI1) u saytpennero (UII-KT'), momernennoro B Tor
JKe KOPIIyC, TJie HAXOAUTCA KBapIEBbIil TeHepaTop, U MPeIHA3HATEHHOTO JIJIs TOTIOTHUTETbHON
cTabuIn3aluy ero muraroliero Hamnpsxkenns. Moment yaapa rpysa (I'PVY3) o nakosanbaio (HA-
KOBAJIbH{) perucrpupyercst mpu moMornn yiabrpassykosoro garauka (Y3M). Perucrpais
CUT'HAJIOB OCYIIECTBJISIETCs TIPU MTOMOIIHN dpoBoro 3amnomunaoiero ociuumuiorpadga Wavelet
322A dupwmbr LeCroy (I130), mossossiommero Beicokockopoctayto (10 1T wa kanam) cus-
XPOHHYIO TIO0 00enM KaHajaM OIn(POBKY BXOIHBIX CHUTHAJOB C BO3MOXKHOCTBIO JIAJbHEHIIEro
COXPAaHEHUsI MOy YeHHBIX Pe3yJIbTaTOB B MaMsTh mepconaibHoro kommbiorepa (ITK). Berpoen-
Hag nmaMaTh {30 nmozBossger peructparmio 500000 mocmemoBaTe/IbHBIX U3MEPEHUN Ha KaK IbIi
KaHaJI.
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Puc. 6: Biok-cxema perucrpupyromeil cucreMsl.
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Puc. 7: Ilpumepsr perucrpanuit MomenTa ygapa. CepbIM IOKa3aH BBICOKOYACTOTHEBIN curHas KT, 4ép-
HBIM — cUTHAJI ¢ Y3M.
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[IpumepoM KOHTPOTBHOTO M3MEPEHUsT MOXKET CIYKUTh CHHYCOUIAJbHBIN CUTHAJ, TOKA3aH-
Hblil Ha puc.4 a). [Ipumepsl perucrpanuii MOMeHTa yjapa MpPeJICTABIEHbl Ha PUC. 7.

[Ipomecc perucrpanum U3MepsieMOro CHTHAJA MIPOUCXOMUT caeayiommM obpasoM. Ha Bxo-
aer 1130 momaercst curHas ¢ BBIXOJa KBapIeBOro rereparopa (MOKa3aH CHHUM Ha PHUC. 7) U C
BeIxOJa Y3M-garunka (nokasan kpacubiM Ha puc. 7). [ocrynatome Ha Bxojabt 1130 curna-
JIbl HEIIPEPBHIBHO OIU(POBBIBAIOTCA W IUKJIMIECKU 3aIUCHIBAIOTCA B €r0 BCTPOEHHYIO MaMATh.
B momenT mepBoro kKacaHms Ipy3a O HAKOBAJIBHIO NMPUXOAUT curHaja ¢ ¥Y3M-mardmka, KOTO-
phiit 3amyckaer cucremy cuaxporusaiun 1130 Ttakum obpas3oMm, 910 B maMATH OCIULIOTpada
COXPAHSIETCS YaCTh CUTHAJIA MTPEIIIECTBYIONAs MOMEHTY cpabarbiBanus ¥ 3M-maTanka u 3amm-
ChIBAETCsI TaKas Ke 10 JJTUTeTbHOCTH 9acTh CUTHAJA TOCTIeIyIonas MOMEHTY cpabaThiBaHUsI
narauka. 1.0., pe3yabTHPYIOIas PerucTpalus COJeP:KUT CUTHAJ ¢ BBIXOJA KBapIeBOIO I'eHe-
paTopa B OKPECTHOCTH MOMeHTa yaapa. [lokazaHHble Ha pHUC. 7 CUTHAJBI ObLIM OIU(MPOBAHbI
¢ gacroroit 250 MI', cinemoBarenbHo, 3anuchk jymuHOil 500000 TOUEK COOTBETCTBYET BPEMeEH-
HOMY mHTepBasay B 2 MceK. COBOKYITHOCTH MPOBEJIEHHBIX MCCAEIOBAHUIN MOKa3asa, ITO TaKast
JUTITETHHOCTD SIBJISIETCS ONMTUMAJIBLHOM JIJIsT TOr0, YTOOBI, C OJHOI CTOPOHBI, 3aPErICTPUPOBATD
OKPECTHOCTH MOMEHTa, yJjiapa, KOTOPbIil MMeeT XapaKTepHOe BpeMs IMopsaKa 1 Mcek, a ¢ JApyTroil
— TOJIyYUTh KAYeCTBEHHYIO 3alliCh CUTHAJA reHeparopa (25 ToYek Ha Mepuoj).

B 10 ke Bpems, Kak ciieryeT w3 puc. 7 KaxK bl yaap rpysa 0 HAKOBaJIbHIO NMeeT CBOI WH/IU-
BUJIYAJIBHBIA TOPTPET 1 ¢ OOJIBINOI CTeleHbI0 YBEPEHHOCTH MOYKHO TOBOPHUTH O TOM, UTO JIBYX
OJIMHAKOBBLIX yIapoB He ObiBaeT. [losTomy, mcmonb3yemasi MeTOIUKa M3MepeHnir u 06paboTKu
9KCIIePUMEHTAIbHBIX TAHHBIX, IMPEJICTaBIeHHbIE B HACTOAIIEH CTaThe, MPEIIoaaraeT omepupo-
BaHIE ¢ HEKOTOPBIMI CyMMAapHBIMH, YCPEIHEHHBIMHI 110 MHOXKECTBY U3MEPEHNI, BeJTMINHAMI.

2.4 Mertoauka n3MepeHnii 1 00paboOTKa 3KCIIEPUMEHTAJIbHBIX JTaHHBIX

st TOro, YTOOBI HCKTIOYNTH BO3MOYKHOE BIUSHIE BHEITHUX (DaKTOPOB Ha KOHEUHBINH PE3yIbTaT
HaMU OBbLIA UCIOIB30BaHA METONKA M3MepeHuil «¢ depepoBanueMs. CyTh ee B TOM, 9TO MOCIIE
Ka2KJI0T0 M3MepeHNsI, IIPOBOJMMOr0 B MOMEHT y/iapa I'py3a 0 HAKOBAJIbHIO, KOTOPOE MbI 0003HAa-
YUJIH BBIIIE, KAK <OIBIT», IPOBOJAUTCI KOHTPOJBHOE U3MEPEHNE — «KOHTPOJIb» : 3alUCh CUTHAJIA
HEBO3MYIIIEHHOTO, T.€. 6e3 yjaapa, KBapleBoro reaeparopa. TakuM o0pa30M, OMBIT ¥ KOHTPOJIb
YepelyIoTC Ha MPOTSZKEHUN Beeil cepun m3Mmepenuit. CXeMaTudecKu 5T0 MTPOULTIOCTPHPOBAHO
Ha puc. 8. 37ech cepusi U3MepeHunit ¢ depegoBanuneM obosnadena mudpoit 1. OubiT 0b03HATEH
kak «EXP.», kourpomsubie u3mepenns — « CONTRy». Cpeaee Bpemsi, B TedeHrne KOTOPOTO PO-
UCXOIUT PEruCTPallns Tapbl OMBIT-KOHTPOJIb, cocTaBisgeT 5 MUHYT. OOBIMHO KJINMATHYECKUE
dbakTopbl (BJIAKHOCTD, JABJIEHIE, TEMIIEpATYPa U T.J.), 3HAUUMbIE Bapuanuu reodu3nIeckKux
oJieit IMeoT TIePUOJINKY, TIPEBHIIIAIONIYIO 9TO 3Ha4YeHue. [loaToMy /1t cepun n3MepeHuit, 1is-
mieiicst 00bIIHO 2.5 -4 Yaca, OHH JOJIZKHBI YCPEIHUTHCS, €CI MBI OyIeM paccMaTpPUBATDL Pas3-
HOCTBb YCPEJHEHHBIX 3HAUYEHUIT HEKOTOPOTO TapaMeTpa MeKJLy OIBITOM M KOHTPOJIEM.

[Iponeypa ycpeaHennsi HAUMHAECTCS ¢ TOTO, UTO JJIST KAXKION M3 TOTYUEHHBIX PErucTpa-
Uil BBIYUC/ISAETCS CIEKTP MOITHOCTU. YCJIOBHO 9TO MOKA3aHO Ha puc. 8 moj Homepamu 2.1 —
crekTphl MotHocTH it curHaaoB KI' B okpecTHOCTH MOMeHTa yaapa u 2.2 — CHeKTPbI MOII-
HOCTH JIJIsi KOHTPOJIbHBIX m3Mepennii. Ha ciemyrorem mare mosrydeHHbIe CIEKTPBI MOIIHOCTH
CYMMEDYIOTCs, OT/ICJIBHO JIJIs ONBITHBIX m3Mepennit (3.1) n qyrs konTposbubix (3.2). [omyten-
HbIE CyMMapHbBIE CIIEKTPBI MOIIHOCTH CXeMATUIHO TOKA3aHbl HA PUC. 8 B KBAPATHBIX PAMKAX.
[Tocnenuuit mar B 06paboTKe IKCIEPUMEHTATBHBIX JAHHBIX COCTOUT B TOM, UTO CyMMAapHBIE
CIIEKTPBI MOITHOCTH, TIOJTy9IeHHbBIE JIJIsi KOHTPOJISA, BEIYUTAIOTCS U3 CyMMAapPHBIX CIIEKTPOB MOIII-
HOCTH, TIOJIy9eHHBIX JJIsi U3MEPEHNil B OKPECTHOCTH y/Iapa. JTOT MIAr TMOKa3aH Ha PHUC. 8 Mo
HoMepoMm 4. Ha BbIxojie gerBeproro mara B 06paboTKe SKCIEPUMEHTATBHBIX JTAHHBIX MTOJTYIaeM
PA3HOCTHBIE CIEKTPHI 1O KOTOPBIM MOXKHO CYJIUTH O XapaKTepe U BeIUYHHe OTJINYIUil cyMMap-
HBIX CIIEKTPOB JIJIsI OIBITA U KOHTPOJIA.
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Puc. 8: Meroguka o6paboTKi 3KCIIEPUMEHTATBHBIX JAHHBIX. | — MOOYepeHas PerucTpays CUrHa-
JIa KBapIIEBOTO reHeparopa B oKpecTHocTn MoMeHTa yaapa (EXP.) u koHTposbHast 3amuchk 6e3 yaapa
(CONTR.), 2.1 — MHOXKECTBO CIIEKTPOB MOITHOCTH B OKPECTHOCTH MOMEHTa yiapa, 2.2 — MHOYKECTBO
CIEKTPOB MOIIHOCTH JIJIsi KOHTPOJIBHBIX perucrparuii, 3.1 — cymMMa CIieKTpOB MOITHOCTH JIJIsi PETUCTPa-
UM B OKPECTHOCTU MOMEHTa yiapa, 3.2 — CyMMa CIIEKTPOB MOIIHOCTH JJIs KOHTPOJIBHBIX PECUCTPAINIT,
4 — monyvueHne pa3HOCTHOTO CIEKTPA.

3 ]._.[O.TIy‘IeHHbIe pe3yJibTaThbIl. Pa3nocTHBIE CIIEKTPbI

B tom ciydae, eciin B pe3yJibTaTe BBIUUTAHUS CYMMAapPHBIX CIEKTPOB IOIYYeH <«HE DaBHBIN
HYJII0» PA3HOCTHBII CIIEKTP Mbl MOXKEM TOBOPUTH O CyIIECTBOBAHUM HEKOTOPOI'O OTJINYNA MEXK Ty
CYMMapHBIMU CIIEKTPAMM U, BO3MOXKHO, YaCTOTHOT'O C/IBUTA MEK/IYy U3MEPEHUsIMU B KOHTPOJIE 1
B MOMEHT yJapa, 9TO B CBOIO OYepelb MOYKET CBUJIETETHCTBOBATEH O CYIIECTBOBAHNU MCKOMOTO
BusgHUS H-110/1€1 HA 9acTOTY MCIO/IB3YyeMbIX KBapIEBbIX M€HEPATOPOB.

Hamu 66110 BBITIOJTHEHO JIBE CepUM U3MEPEHMil, OTJINYAIONINecs PACCTOsTHUEM OT IEeHTpa Ha-
KOBAJILHU JI0 KBapIEBOTIO TeHeparopa. Vcnomb3yeMble B 9KCIIEPUMEHTE TTOJI0ZKEHUsT KBAPIIEBOTO
remepaTopa 0OO3HAYEHBI Ha PUC. 3 IUdPaMu HaJ CUMBOJUYECKHUM H300pakeHneM dacoB. B
IIEPBOM TIOJIOZKEHNM KBapIIEBBINI I'eHepaTOp pa3Meliaics B Kosofle Ha paccrogHuu (0.5 M oT
IIeHTpa HAaKOBaJIbHU, BO BTOPOM — B U3MePUTEIbHOI IIaxTe, Ha PACCTOAHUU 3.2 M OT LeHTpa
HaKOBaJIbHIU.

Ha puc. 9 npuBenennsl cyMMapHbIe CHEKTPHI MOITHOCTU JIJIsT U3MEPEHNI B MOMEHT yjiapa,
puc. 9 a) u KoHTpOsBHBIE, puc. 9 6). Kak MOXKHO BHIETH MOIyUYEHHBIE CIHEKTPBHI BU3YaJbHO
BBITVIS/IAT COBEPIIEHHO OJIMHAKOBBIMU, YTO U CJIEJ0BAIO OXKUJIATh, YUUTHIBAS, YTO U3MEpPEHUs
B 000X Cepudx M3MEpEeHHil MPOBOIUINCH C OJHUM W TeM K€ MAKCUMAJIHLHO 3alllUIIEHHBIM OT
BHEIITHUX BO3/IENCTBUII KBapIeBbIM T'eHepaTopoM. Ho BbIUMTaHME, MOKA3aHHBIX HA pHC. 9 CyM-
MapHBIX CIEKTPOB IOKa3bIBaeT, YTO MeXKJy HUMH, B JIEHICTBUTEJIBHOCTU, CYIIECTBYIOT O4Y€Hb
HebOJIbINIe Pa3Indus, KoTopble xopomio Buanbl Ha puc. 10. Ilpeacrasiennniit na puc. 10 pe-
3yJbTaT, KaK 9TO OTMEYAJIOCh BBIIIE, TTO3BOJISIET TOBOPUTH O PA3JIUINN MEXK/IY U3MEPEHUIMU B
OTIbITE U KOHTPOJIE.

Pesynbrarsr i cepun usMmepenuii B maxre (IOJOXKeHUE 2 Ha PHUC. 3) MPEJCTABICHBI HA
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KOLODEC: SUMMA PSD. BROSOK. 250MS
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a) FREQUENCY x10 6) FREQUENGCY x10’

Puc. 9: CymmapHbie crieKTpbl MOITHOCTH I W3MEPEHUi B KOJIOALE: &) U3MEePeHUst B MOMEHT y1apa,
6) KOHTPOJIbHBIE U3MEPEHHUS.

KOLODEC: DIFFERENCE (SUMMA PSD BROSOK) - (SUMMA PSD KONTROL). 250MS
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Puc. 10: Pasnocrs cymmapHbIx criekTpoB (puc. 9) i u3MepeHuii B KOJIOJIIe.

SUMMA PSD FOR YAMA MEASUREMENTS (BROSOK) SUMMA PSD FOR YAMA MEASUREMENTS (CONTROL)
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7/

a

Puc. 11: CymmapHbie ClIIeKTpbI MOLIHOCTH JJIsi U3MEPEHUH B IIaxTe: a) W3MepeHHsl B OKPECTHOCTH
MOMEHTa yJiapa, 6) KOHTPOJIbHBIE U3MEPEHHUsI.

puc. 11 u puc. 12. 31ech, KaK u Jjisd U3MEPEHHT B KOJIO/IIIE MOy I€HbI CYMMAaPHbIE CIIEKTPBI JJIsT
u3MepeHwuii B ombiTe, puc. 11 a), u B KoHTpoIIe, puc. 11 6), KOTOpble Tak yKe Kak U B IPeIbIILyIeM
cJlydae, He BIKA3bIBAIOT HUKAKUX BUAUMBIX OTIHInil. OT/INYINs CTAHOBATCH BUJIMMBIMU TOJIHKO
JIJ18 PA3HOCTU CyYMMAapHBIX CIEKTPOB, IIOKa3aHHOI Ha puc. 12.

st yioberBa cpaBHEHUs Ha PHC. 13 IPUBEIEHBI PASHOCTH CYMMAPHBIX CIIEKTPOB /It CEPUH
u3MepeHuii B KoJo/ue (CriomHas) u B maxre (myHKTup). MoxKHO BUjIETH, 9TO Jyisl CIydasd,
KOI/Ia N3MEPEHHUsT TIPOBOJIATCS B [IAXTE AMILIUTY/Ia PA3HOCTHOIO «CUI'HAJIAY 3HATUTEILHO HUXKE.
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Puc. 12: Pasnocrs cymmapHbix criektpos (puc. 11) mis usmepenuii B maxre.

DIFFERENCE: KOLODEC and YAMA, 250MS, 18-19.09.2011

04
0.3 ‘\
02 \
YAMA k

-0.1 \
-0.2]

KOLODEC

0.1

DIFF. PSD

04

05

05 1 25 3 35 4

2
FREQUENCY, Hz x10"

Puc. 13: Pasnocru cymMMapHBIX CHEKTPOB [jIsi CepUE M3MEPeHHuil B KoJole (CIUIOHAS) U B IIaxTe
(myHKTHD).

4 BbiBoabl

M3MmeHenne Temia xojia KBapIeBbIX YacoOB — UCIIOJIb3YEMOI'0 B 9KCIIEPUMEHTE KBapIeBOI'O IreHe-
parTopa, JOIKHO CONMPOBOXKIATHCSA M3MEHEHNEM ero PE30HAHCHOW 9acTOThI, UTO JIOKHO ITPO-
ABJIATH ce0s KaK MOABICHUE CBUTA MEXK/Ly CYMMapPHBIMUA CIIEKTPAMHU.

Ha puc. 14 nokazan pe3yabTaT 9UCIEHHOINO MOJEIUPOBaHUs (POPMBI PA3HOCTHOTO CIIEKTPA,
JJI cIydast, KOTJIa pa3sHOCTh MEXKLy CYMMAPHBIMU CITIEKTPAMU 3aKJII0UaeTCd TOJTBKO B HAJIUIUN
JacTOTHOTO ¢aBura. Kak MOXKHO BHAETH U3 puc. 14, popMa pa3sHOCTHOIO CHUTHAJIA B 9TOM CJIydae
XOPOIIIO COOTBETCTBYET pe3y/IbTraTaM, IpuBeAeHHbIM Ha puc. 10 u puc. 12. 9T0 06CTOSITEIHCTBO
TOBOPUT B IMOJIB3Y TOTO, YTO B SKCIEPUMEHTE OBLT 3aPErUCTPUPOBAH UMEHHO YaCTOTHBIN CBHUT
MEZK/Ty PA3HOCTHBIMU CIIeKTpamMu. 3MeHenns pasHOCTHOTO CIEKTPa, 00YCIOBIEHHBIE IPYTHMU
MPUYUHAMEI, TOMUMO YaCTOTHOTO CABUTA, AaHATU3UPYIOTCs B [14], re mokazaHo, 4To B 9TOM CIIy-
yae (popMa PasHOCTHOIO CIIEKTpa OyaeT KapInHAJIbHBIM 00pa30M OTIHYATbCS OT MPUBEIEHHOTO
Ha puc. 14. B cuty, orMeueHHOM «y3HAaBAEeMOCTU» 9aCTOTHOI'O CABHUIA MbI MOXKEM YTBEPXKIATh,
9TO TIOTyIeHHbBIE B 9KCIIEPUMEHTE PA3HOCTHBIE CIIEKTPHI CBA3aHbI MMEHHO C U3MEHEHNEeM JacTo-
THI KBapIEBOI'O I'eHePaTOPa B OIBITE MO OTHOIIEHNIO K KOHTPOJTIO.

[TonydeHHubIit pe3yabTaT, ¢ OJHON CTOPOHBI, COBIAJIAET ¢ OXKUIAEMbIM 3(DMEKTOM MPOABIIE-
HUA TUIEPOOTNIECKUX ToJeil, a ¢ APyroil CTOPOHBI TpedyeT JajbHeHIero ncCaeoBaHus JIJIs
HUCKJIIOYEHUs] MHBIX THUIIOB BJIMSHUA BHEMIHUX (PaKTOPOB HA YaCTOTy KBapleBOTO T'eHepaTopa.
Heobxoaumo orMeTnTh, 9TO HamboJIee CUIbHBIM U3 BO3MOXKHBIX BHEITHUX BO3AEHCTBUI siBJIs-
0Tca akyctudeckoe. Ho, ¢ ygeTom TOro, 4ro CKOpocTbh pacrpocTpanenus H-moss nonmaraercs
OJIM3KOI K CKOPOCTU CBeTa, MOMEHT HadaJia aKyCTHIeCKOI'0 BO3JEHCTBUs OY/IeT CUIBHO 3amas3-
JIBIBATDH 110 OTHOMIEHUIO K MOMEHTY BO3JICHCTBHS IUIIEPOOJIMIECKOTO IO/ Ha KBAPIEBbIN reHe-
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Pwuc. 14: Bun pasnoctHOro cnekrpa B ciydae, €CIu MPUCYTCTBYET YaCTOTHBINA CABUT MEXKJy CyMMap-
HBIMU CIIEKTPaMHU.

patop. OIeHKN MOKA3bIBAIOT, UTO JJIs THITHIHBIX CKOPOCTEH PACIIPOCTPAHEHUsT aKyCTUIECKOTO
BO3IEHICTBUsT B BO3/IyXe U B MIOYBE OHO MOYKET CKa3aTbCsi Ha (popMe PA3HOCTHOIO CIIEKTPA TOJIb-
KO JIJIsI TeHEpPaTopa, YCTAHOBJIEHHOTO B HEMOCPEICTBEHHON OJTM30CTH OT HAKOBaJbHU. B ciaydae
YCTaHOBKHU T'€HEpaTopa B U3MEPUTEIBHOI MaxXTe aKyCTUIEeCKOe BO3/IeHCTBIE HAUHET OKAa3biBATh
CBOE BJIUsIHIE Ha KBaPIEBbIN TeHepaTop U PErUCTPUPYIOIIYIO allapaTypy yKe MOCae TOro, Kak
OyJeT 3ammcan 2-X MUJIHUCEKYHIHBII BPEMEHHO PsiJl B OKPECTHOCTH MOMeHTa yiaapa. T.e., ma-
JKe B CIydae ecji 3TO BO3JeiicTBre oKasbiBaeT Biausiane Ha curHaj KI', oHo mpousoitmer yixe
IocJIe TOTO, KaK OyJIeT cejaHa COOTBETCTBYIONIAs PErucTpalus U HUKaK He cKaykeTcs Ha (hop-
Me Pa3HOCTHOI'O CreKTpa. B 9ToM ciiydae m3MepeHHs BBIMOJHEHHBIE B IIAXTE MOYKHO CUUTATH
MTOJTHOCTBIO HE3aBUCHUMBIMHU OT 3TOT0O THIIa HaBojoK. Hamumume B sTOM ciaydae adhdekra, puc.
12, aBjsiercst JOMOTHUTEIBHBIM BECKUM CBUJIETE/IbCTBOM B IMOJIB3Y TOIO, 9YTO TMOJIYUE€HHLIE B
9KCIIEPUMEHTE Pe3yJIbTAThI He SABJISIOTCS Pe3yJIbTATOM BHEITHUX aKyCTUIeCKUX HaBOJIOK. Biin-
sIHUE SJEKTPOMArHUTHOIO W I'PABUTAIIMOHHO-BOJTHOBOTO BO3JEHCTBUII HA YaCTOTY IeHepaTopa
poaHaIu3upoBanbl B [14], rae mokasano, 9To JaHHBIE BO3/EHCTBUS HA MHOTO MOPSJIKOB CJla-
Oee 3aperucTpPUPOBAHHBIX M, K TOMY K€, JOJKHBI MPUBOJAUTH K BUJY Pa3HOCTHOTO CIIEKTPA
OTJIMIHOMY OT 3aPErUCTPUPOBAHHOIO B SKCIIEPUMEHTE.

CyMMEPYysi, MOXKHO OTMETHUTB, 9TO IOJIYIE€HHbIE SKCIIEPUMEHTAJbHBIE Pe3yIbTAThl CBUIE-
TEJILCTBYIOT B IOJIb3Y TOT'O, UTO B 9KCIIEPUMEHTE OOHAPYKEHO HEKOTOPOE BO3JIEHCTBIE HA YACTO-
TY UCIIOJIb3YEMOTr'0 KBapIEBOI'O TeHEPATOPa, KOTOPOe, KAK OTMEYEHO BhIIIe He 00YC/IOBIEHO TeHe-
pammeii B MOMEHT yaapa aKyCTHIeCKOI'o, 3JIEKTPOMAIHUTHOI'O WU I'PABUTAIIMOHHO-BOJTHOBOI'O
BozeiicTBuii. /lannoe BozgeiicTrBue MPUBOAUT K 3(MDPEKTY CMeIeHns Pe30HAHCHON YacTOThI
KBapIEBOTO T€HEpPATOpa U, B MPUHIINAIE, MOYKET ObITH 0OYC/IOB/IEHO TeHepalneii B MOMEHT yia-
pa runepooJIMYecKoro moJid. JIaHHbI BBIBOI ABJIAETCS IpeaBapuTeabHbIM. Heobxoanmbl, Kak
JasbHeIme SKCIIepUMEeHTBI, 110 U3YyYeHUI0 0OHAPYKEHHOI'0 BO3J/IEHCTBHSA, TaK U OOjee yIuIy-
OJICHHBII TeOpeTUIeCKuil aHaIn3 MEXaHU3MOB BO3/IEHCTBISA Ha YACTOTY KBapIEBOI'O reHepaTopa
KaK MCKOMBIX THIEPOOIMIeCKUX MOJIeil TAK W M3BECTHBIX HAyKe B3AUMOICHCTBUN, MeXaHU3MbI
JIEHCTBUS KOTOPBIX MOTYT OTJINYATHCS OT MPOAHATIN3UPOBAHHBIX K HACTOSIIEMY BPEMEHH.
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EXPLORING RESEARCHES ON THE SPACE-TIME EFFECTS
OF HYPERBOLIC FIELDS. PRELIMINARY RESULTS

D.G. Pavlov!, M.S. Panchelyuga'? V.A. Panchelyuga!-?

L Research Institute of Hypercomplex Systems in Geometry and Physics, Fryazino, Russia
2 Institute of Theoretical and Experimental Biophysics of the Russian Academy of Sciences,
Pushchino, Russia
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The paper presents preliminary results of experiments designed to search for hyperbolic
or H-fields, which, according to the theoretical representations developed in [1-13], should
lead to a local modification of the flow of time. As a generator of the H-field, it is used
a process of mechanical strike and as a detector, a highly stable quartz generator. The
result of the influence of the H-field on the quartz generator has to be a modification of its
oscillation parameters. In the experiment, it is discovered a shift of the power spectrum
of oscillation of the quartz generator in the moment of the strike, in comparison with
the spectrum in control, obtained under the same conditions, but without the strike.
Keywords: Finsler geometry, Berwald-Moor metric, hyperbolic fields, quartz generator.
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MOIITHOCTUN CUT'HAJIA KBAPIIEBOI'O 'EHEPATOPA B
OKPECTHOCTU HECTAIIMOHAPHBIX ITPOLECCOB
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CraTbst mpeIcTaB/IsgeT YIPOIIEHHBIE OIIEHKH SKCIIEPUMEHTAILHO 00HAPYKEHHOTO 3deKrTa
CIIBUTA MMApaMETPOB CIIEKTPa MOITHOCTH KBAapIEBOTO TeHepaTopa, paboTaloiero BOIU3H
HECTAIIMOHAPHOTO (DU3MIECKOro mporecca (MeXaHH9IecKoro yiapa). Paspaborana obriast
METOJINKA pacdeTa W aHAJIN3a CIBUTOB IMapaMETPOB CIEKTPA MOITHOCTU TayccoBOil dhop-
Mbl. Ha ocHoBe ymporienubix (Gu3mdecKnx Mofeseil yjiapa U KBaplIeBOro T'eHepaTopa
[POM3BEIEHBl OIEeHKU 3] deKTa MOCPEICTBOM aKyCTHIECKOrO, 3JIEKTPOMATHUTHOTO U
rPABUTAIMOHHOI'O MEXAHW3MOB BJIMSHUS yJapa Ha KBapleByio miactuuky. [lokazano, uro
HU OJIUH W3 PACCMOTPEHHBIX MEXAHW3MOB HE MOXKET ODeCIednTb HAOJIOIAEMBIN MOPSI0K
OTHOCHUTEJILHOTO CJ/IBUTA TTapaMeTpPOB (10_3 — 10_4).

KurodueBble ciioBa: KBapIlEeBbIil T'eHEpaTop, CIEKTDP MOIIHOCTH, TapaMeTp 3aTyXaHUs,
9JIEKTPOMArHUTHBIN UMITYJIbC, aKYCTUUECKHUIT UMITYJIbC.

1 Bsenenne

Qu3nka HECTAIIMOHAPHBIX TTPOIIECCOB MPEJICTABIIAET COOOI 0COOYIO 00/IaCTh UCCIETOBAHUI, HICH
U MEeTOIbI KOTOPOH 00beanHsIOTCs B 00Iee CKBO3HOE HAIpaBJIEHNE, MPOXOJIAIIee TPaKTHIe-
cku 4depe3 Bce pazziesbl pusnku. CrernunduaecKuMu 0COOEHHOCTSIMI HECTAITMOHAPHBIX MTPOIEC-
COB $IBJISIETCSI HEPABHOBECHOCTh, OTHOCUTEIHLHO MaJjible BpeMeHa UX MPOTeKaHUsl, CIOXKHBII CTy-
IIEeHYaThINl XapaKTep WX MEXaHU3MOB U, KaK IIPaBUJIO, 9KCTPEMAJIbHBIN XapaKTep yCJIOBUHA, CO-
MTPOBOKIAIOIMINX ITU Tporiecchl. OOBITHO HECTAIMOHAPHBIE MTPOIECCHI TPUHSATO PACCMATPUBATH
KaK IePexXOIHbIe MEeXK/Iy CTAIMOHAPHBIMU IMIPOIECCAME TN JayKe CTATUIeCKUMU COCTOSTHUSIMEI
paBHOBecHs (PU3NIECKUX cucTeM. [Ipn 9TOM mepexoHble MPoIecchl 06/1agal0T XapaKTePHBIMI
BpeMeHaMU peJIaKCallnl, KOTOpble, KaK IPABUIO, IO OOBIYHBIM MepKaM JIaADOPATOPHBIX IKCIIE-
PUMEHTOB MaJIbI. HO 3TON OpudrHe, a TaKzKe€ BBUAY YNCTO TEXHUYICCKUX pr,Z[HOCTeI';'I JeTeK-
TUPOBaHUA 6bICTpOM€HHIOHLI/IXCH 1 CHUJIbHOJIOKAJIM30BaHHBIX XapaKTEPHUCTHUK HeCTalWOHaPHBIX
[IPOIIECCOB, UX MCCJIEIOBaHUEe OCTaeTCd ‘B TeHu Oojee IeTAJbHBIX U OOMIMPHBIX MCC/IeI0BAHMIIT
CTAIIMOHAPHBIX UM PABHOBECHBIX COCTOSHUN COOTBETCTBYIOMUX (pU3MIecKux cucrteMm. Mexkmy
TeM, UMEIOTCS JIOBOJIbHO BECKIE OCHOBAHUA OXKHUIATH, 9TO UMEHHO HeCTAIIMOHAPHBIE MPOIECChI
MOT'YT IIOC/IY2KUTb OCHOBOI1 JJIA O6Hapy}KeHI/IH HOBBIX, €IIl€¢ HEN3BECTHBIX BaKOHOMepHOCTeﬁ KaK
NOPUKJIATHOTO TakK ¥ (byHIAMEHTAJTBHOrO 3HadeHus [1-3|.

1. Unes o cBsA3M cTpesIbl BpEMEHU U BTOPOTO Hava a TeEPMOJIMHAMUKI HE HOBA U BBICKA3bIBAJIACH
pasHBIME ABTOPAMU B Pa3IMIHbIX KOHTeKcTax [4-6]. B pamkax takoro mojxoma Hectarmo-
HapHBIE TTPOIIECCHI MTPEJICTAB/IAIOT COOOM €CTECTBEHHBIN MHCTPYMEHT JJIsd U3y IeHUsT TTPUPO/IbI
dpU3MIECKOro BpeMeHN.

2. IlpakTuyeckn KazK/iblii pa3iaea (PU3UKNA COJIEPKUT CBOIO XapaKTEPHYIO CUCTEMY YPaBHEHUIH,
KOTOpast UMeeT cTaTudecKuii mpejen. VIMeHHo 5ToT mpeest (crarmuoHapHbIe TOTeHIHATbHBIE
CHJIOBBIC II0JI, JICKTPO U MArHUTOCTATHAKA, CTATUIICCKAC 3aJa9l TCOPUN YIIPYTOCTH, PABHO-
BeCHasl TePMOJIMHAMUKA U CTATMU3MKA U T.J.) B CHJIY YIIOMSIHYTBIX BbIIIIEe IPUIHH SBJISIETCSI
Hanbo/Iee N3YIEHHBIM, B TO BpEMs KaK UX HECTAIMOHAPHBIE 00ODIIEHNS UMEET CyIIeCTBEHHO
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bostee OellHBIE SKCIIEPUMEHTaJIbHbIE OCHOBaHUs. B CBSI3U ¢ 3THM, HCCIeI0BaHUA B 00JIaCcTH
HECTAIIMOHAPHBIX IIPOIECCOB HEOOXOANMBI JIJIsi PACIHIUPEHNUs SKCIEPUMEHTAILHOrO Oasuca
y2Ke YCTOSIBIINXCS (PU3MIECKUX TEOPUIL.

3. HecranmonapHuble TpoIecchl YacTO CBS3aHbI ¢ MHTEPECHBIMU W OTHOCHTE/ILHO MAJIOUCCIIe-
JIOBAHHBIMH STBJICHUSIMEU, WLITIOCTPUPYIONIUME TJIYOOKHE MaTeMaTHIecKue WIEH, JIeXKAIIue
B OCHOBE ONHCaHus (GU3NIECKON PeaTbHOCTH HA COBPEMEHHOM YDOBHE ee TIOHMMaHus (He-
YCTOMYINBOCTH U KaTaCTPOMBI, TOMOJIOINYIECKasi IEPECTPONKA, Xa0C U ATTPAKTOPDI, CJIOXKHBIE
CHUCTEMBI, CAMOOPraHU3AIIUsI, TETIOYKHI OOPATHBIX CBsA3eil 1 T.J1.).

4. HecranmoHapHble MPOIECCHl YACTO CBA3AHBI ¢ UMITYJIbCHBIM (B3PbIBOOOPA3HBIM) BbIIEJICHU-
€M WJIM IIOIJIOIIEHHWEM Pa3/JIMYHBbIX BHU/I0B HEPIUU. C HpI/IK.Ha,,ZLHOﬁ TOYKHN 3peHusd Sarﬂaqef/l
HepBOCTeHeHHOfI Ba2KHOCTH ABJIAETCA YIIPaBJICHHE BPEMCHaMU peJlaKCalluu HO,HO6HBIX Ipo-
eccoB (mpobsiemMa yIupaBJisieMoro TePMOsSIIEPHOIO CHHTE3a.).

5. Beuyy cymiectBoBanus (pyHIaMEHTAIbHON U HEYCTPAHUMOM HECTAITMOHAPHOCTUA — TJI00A b~
HOTO PACIIMPEHUs] BCEJICHHONW B KOCMOJOTMYECKHX MAacHITabax, MpaBOMEpPHO pacCMOTPETHb
CUTYAINIO, KOIa HECTAIIMOHAPHOCTD SIBJIAETCA KJIOYEBbIM (PYHIaMEHTAJIbHBIM CBOMCTBOM
BCEJIEHHOIT, a CTAIlMOHAPHOCTh U PaBHOBECHE HYYKHO PAcCMaTPUBAThH JIUMIb KaK HEKOTOPOE
npubsmzKeHne K 1ol cutyarun (Ha CeroHsIIIHUI TeHb TTOKa ellle JOMUHUPYET MPOTHBOIO-
JIOKHAasl TOYKa 3peHwsi). B TakoM KOHTeKCTe, HeCTAIMOHAPHBIE TIPOIECCHI MOTYT TIOCTY KU Th
KJIIOYOM K HOBOI (PUBMKE ¢ HOBBIMHU YpaBHEHUAMU U (DyHIAMEHTAJHHBIMA KOHCTAHTAMU,
CBSI3aHHBIMU C HECTAITMOHAPHOCTHIO.

Hacrositast craThsi MOCBSIEHA TEOPETUYIECKUM OIEHKAM SKCIIEPUMEHTAJIbHO OOHAapY»KEHHOT'O
adpdekTa jedopmaru ceKTpaabHOl (DYHKIINNA KBApIEBOTO TeHepaTopa MOJ JeHCTBUEM Me-
XaHUYIECKOT0 HECTAIIMOHAPHOIO TIPOIecca — TaJeHns W yjaapa CTaabHOU OoasaHku |[14]. Dkc-
[IEPUMEHT ITPOBOJMJICSI B PaMKaxX IMPOEKTa “DKCIepUMEHTATLHOE UCCIe0BaHNe aHU30TPOINN
[IPOCTPAHCTBA-BPEMEHU, OPUEHTUPOBAHHOE Ha IMPAKTUIECKIe PUIOXKEHN , HHUIUUPOBAHHOI'O
Hay4HO MCCJIEIOBATE/THCKUM HHCTUTYTOM THIEPKOMILIEKCHBIX CHCTEM B reOMeTpHH 1 (hU3NKe U
IPYIIION YaCTHBIX NHBECTOPOB.

CyTb 9KCIepuMeHTa 3aKa049anach B caeayioneM. C MoMOIIbIo CrenuaabHO 000pYI0BAHHON
BBIIIKH BBICOTON 12 M, TsI?KeJIbIil Tpy3 MOJIHNMAETCA Ha 3aJaHHYI0 BBICOTY, 3aTeM aBTOMAaTHIe-
CKI OCBOOOKJIAETCA U CKOJIB3UT BHU3 BJOJb CTAJIHHBIX CAJA30K, VAPAACh O CTAJILHYIO HAKO-
BaJILHIO, PACIIOJIOXKEHHYIO Ha OETOHHOM TIOJTy CIIeHaJIbHOTO Koyoma. Ha nebosbiom paccTos-
HUU OT KOJIOJIIA HAXOIUTCS IIaxTa ¢ U3MEPUTE/THHON annaparypoil, OCHOBHBIMU PETHCTPUPYIO-
IIUMHE 9JIeMEHTAMU KOTOPOU SABJIAIOTCS BICOKOCTAOMILHBIE KBAPIEBbIE F€HEPATOPHI C ABOMHBIM
tepmoctaTupoBanneMm ['K-216-TC, koTopble B IITATHOM pezKIMe PabOTHI BBLIAIOT CUHYCOU 1A b=
HBIII CHTHAJI ¢ OTHOCHTEeIbHOI Bapuammeii yactorsl 1071°-1071! ma mpomeskyTKe Bpemenn ms-
Mepenust (2-4 gaca). JIyis MUHUMUI3AIMN BJINSHIST CHCTEMATHIECKIX N3MEHEHU T OKPYKAOIIe
CPEeJIbl U YCPEJIHeHUA JIeHCTBUSA CIYIalHBbIX (paKTOPOB B SKCIEPUMEHTE TPOU3BOIMIACH MHOTO-
KpaTHasl Mocae0BaTeIbHas 3alliCh CUTHAJIA TeHepaTopa Ha MPOTAXKEeHUM yjaapa u 6e3 yaapa
(KOHTpOJIbHAST 3alliCh, Mapa U3MEpeHUil “3amich yaapa — KOHTDOJIB 3aHNMAaeT MPUMEPHO 5
muHYT). Jlasee, ¢ TOMOIIBIO KOMIIBIOTEPHO MPOrPAMMBI IIPOU3BOMIOCH YCPEIHEHIE 3aIICeit
yJaapa 1 KOHTPOJIbHBIX 3alllCeil MO OTIEJbHOCTH, BBIYUCISIJINCH CIIEKTPhI MOIIHOCTH CHUTHAJIA
yJapa U KOHTPOJBHOTO CUTHAJA U Pe3yIbTaThl BEIAUTAINCH. OUH U3 Pe3yIbTATOB N3MepPeHuit
1 00pabOTKM MPUBEAEHbI Ha puc. 1-2.

Teoperuueckue coobpazkeHusi, MOCTYKUBIINE MOTUBAIMEH JIJIsI IIPOBEIEHUsT ONMIChIBAEMOIO
SKCIIEPHMEHTA, CBS3aHbI ¢ Pa3pabOTKOil MOJMYNCIOBOM Teopuu mosis u ee ciaeacrsuii [7-10].
N ien mommvancioBoit aHAJIMTUIHOCTH, JIEZKAIIIME B OCHOBE 3TOW TEOPUU U MPEJICTABIIAIONIAE CO-
00I1 TOJIMINCIOBOI aHAJIOT XOPOIIO M3BECTHON KOMILIEKCHON aHAJIUTHIHOCTH, IPUBOJSIT K HH-
TepecHol cxeMe 00beIMHEeHNsT B3auMoaeiicTBuil, BOuparoieil B ceds HEKOTOPbIE YePThl TEOPUN
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Puc. 1: CymmapHble crieKTpbl MONITHOCTH JJisi U3MEPEHU B KOJIO/IE: &) U3MEPeHHsl B MOMEHT yJapa,
6) KOHTPOJIbHBIE U3MEPEHMUSI.

KOLODEC: DIFFERENCE (SUMMA PED BROSOK) - (SUMMA PSD KONTROL). 25005
0.5 T T T T T T T

P50 DIFFEREMNCE

o5 1 15 25 3 15 4

2
FREQUENCY
Puc. 2: Pasnocrs cymmapHbIX crieKTpoB (puc. 1) Jyisi n3MepeHuii B KOJIOIIIE.

KOMILJIEKCHOT'O TOTEHIINAIA, €IUHON HeJuHeiiHoil Teopuu mosss Mu, reoMeTpudecKux Moje-
seit Tuna reopun Kamynpi-Kieitna n psga apyrux. Omgaum u3 obmmx 3h@eKkToB rumepoo-
JIMIECKOT'O TOJIs, sABJsgeTCs edOopMaIis MTPOCTPAHCTBEHHO-BPEMEHHBIX MacIITabOB B 00J1aCTU
MIPOCTPAHCTBA-BPEMEHN, B KOTOPOil OHO TpucyTcTByeT. Jlasee Mbl TOKaykKeM, ITO PA3HOCTHBIH
CTIIEKTP MOIITHOCTH MOXKHO WHTEIPETHPOBATH KaK Pe3yJbTaT HeOOJBIIOTO CIBUTA TTapaMeTpPOB
CIIEKTPa MOIIHOCTH KBAapPIEBOI'O T'eHepaTopa Mo JeficTBHeM yaapa. B 9acTHOCTH, CABUT OCHOB-
HOIl 9acTOTHI KBapIIEBOTO T'eHepaTopa IMpeJcTaBisger coboil Besmunny nopsaka 0.01MI'm., T.e.
OTHOCUTEJILHBII CABUT 9acTOThl A = Aw /wy cocTaBsgeT Benuuny nopgaaxka 1073, B npunnumy-
AJILHOM OTHOIIIEHUH TAKOTO POJIA CIBUTY MOTYT ObITH 00YCIOBJIEHBI AEHCTBUEM TUITOTETUIECKO-
ro rurepbomdeckoro mojsi. OgHAKO, MpexK/ e, 9eM JIeTabHO UCCIeI0BATH 9Ty TUIIOTE3Y, MBI,
OYEBUJIHO, JIOJIYKHBI MTPOAHATU3UPOBATEL JIPYTUe TMOTEHINAIbHBIE MEXaHU3Mbl TAKUX CIBUTOB,
OCHOBAHHbIE Ha JIEHCTBUU XOPOIIO U3BECTHBIX (PAKTOPOB (aKYCTUYECKUX, SJTEKTPOMAIHUTHDIX,
IPABUTAI[OHHBIX ).

[lesbr0 HACTOSIIIEN CTATHY SIBJISIETCsI OLEHKY BJIMSIHUST aKyCTUIeCKUX Kostebanuil (passes 3),
9JIEKTPOMATHUTHOTO UMITYJIbca (pases 4), TpaBUTAIMOHHOTO U3/ IyYeHus (pa3jies 5) Ha CIIeKTD
MOIITHOCTU KBAPIEBOIO TeHEPATOpA.

2 VYnpomnieHHas pabodasi MoAeJib KojiebaHuii KBapIeBoro reieparopa

Bynem paccmarpuBaTh KBapleBblil TeHepaTOp Kak KOJae0aATeIbHYIO CUCTeMY, KOTOpast B OTCYT-
CTBUM BO3MYIIEHMIT XapaKTepu3yeTcs CIEeKTPOM MOIITHOCTH BUIA

G(I, 0-, (L)O,Q)) — |Uw’2 — Ief(wfw())?/oz, (1)

rJie TapaMeTpbl Wy, 0 U | IMEIOT CMBICJI PE30HAHCHOI YacTOTHI KOJIEOAHU, IITUPUHBI CIIEKTPaThb-
HOI KPHBOIi, I MaKCUMyMa CIIeKTpa cooTBeTcTBeHHO. Besmuuna U, sBisiercs dypbe-odpazoM



C.C. Kokape Teoperudeckne OleHKH 5KCIIEPUMEHTAJIBHOTO 3P peKTa... 179

Besimanibl U (t) BBIXOJHOIO HANPsi?KEHHUs TeHepaTopa. JTa BeJMYNHA CBsA3aHa depe3 Koadhdu-
nueHT ycuirenusd K

U=KV (2)
¢ HanpszkeHneM V (t) Ha 97IeKTpoax KBapleBoil IACTHHKH, KOTOPasi BKJIIOUEHA B IIeNb 06paT-
HOIl CBsI3U W paboTaeT Ha PE30HAHCHON YacTOTe MOCPEJICTBOM MeXaHu3Ma Ibe303dhdeKTa.

2.1 IIpuBenenue cneKTpa BbIHYK/JIE€HHBIX KoJiebaHmUii

JLns mocTpoeHus aJIeKBATHON (pU3MIEcKOil MoIe T KojaebaHuil, YIUThIBAIOIEl UX BBIHY K ICH-
HBIIT XapakTep, pacCMOTPUM ILIACTHHKY, KaK MPOCTYIO KOaebaTe/IbHYI0 CUCTEMY C BBIHY K IA0-
el CUJIoN, KoTopas ONUCHIBACTCH YPaBHEHUEM:

&+ 208 + wiz = Ppe™0t (3)

rie Bendanna Py uMeeT CMBICT aMILTATY/IBI KOJIeOaHNT HAIPSAYKEHU, TIOJIBOJINMOTO K SJIEKTPO-
JaM KBapIEeBoOil IJIACTUHKU, OTHECeHHOi K ee addekrupnoit unpykrusaoctn: &g = Vy/L, a
BesimanHa 2(t) — 3apsj| Ha 0OKJIaIKaX KBapIeBoil miactuaky. Borancsss dypbe-o6pasbl JIeBoii
U mpaBoil yacreil ypaBHeHust (3), HAXOIAUM:

<I>05(w - wo)
—w? + 2iow + W3

T, = (4)
Ha camom Jieste, HanpsizkeHre Ha 0OKJIaIKaX KBapUeBOil IVIACTHHBI He sIBJISETCS IMCTO MOHOXPO-
MATHYECKUM, H, B CIJLY TOTO, 9TO KBapleBasl IIACTHHKA SABJISETCA OCHOBHBIM 5JIEMEHTOM aBTO-
reHepaTopa C IENbI0 0OPATHOIl CBSI3U, CIIEKTP MOIIHOCTH II01aBAEMOI0 HAIIPSIYKEHHS SIBJIACTCS
Pa3sMBITBIM B OKPECTHOCTH YaCTOTBI Wy HPAKTUYECKH C TeM ke 3HadeHneM o. CiieJJoBaTe/IbHO,
MBI JIOJIZKHBI 3aMeHUTh B (4) nesbra-QyHKIo Ha GYHKIUIO:

1

o

w—w 2 0'2
G(1/\/mo,0,wy,w) = elw—wo)*/ , (5)
YUATBIBAIOIIYIO PA3MBITOCTD KOJIeOaHI HAIPAXKEHUsI, KOTopad B mpenese npu o — 0 nepeiiger
B Jenabra-GyHKImo §(w — wy). Tloce Takoii 3aMeHbI CIIEKTP BBIHYKIEHHBIX KOJIeOaHUii mpuMer
BUI:

B,  e(ww0)?fo?
Ty = 5 — (6)
V7o (Wi — w? 4 2iow)
CIIEKTD HAIPSAKEHUS
v
Vo, = L(w} — w? + 2iow)z,, 0 g~ (wwo)?/o? (7)

-7

a CIIEKTP MOHIIHOCTU BbBIXOJHOI'O HaIllPpAXKEHUA:
2172
K2VE o

w—wp)?/o? 8
— : (8)

2
|Uw| =
CpasruBbas (8) u (1), IPUXOINM K CBSA3H T€OPETUIECKUX (3aTPABOYHBIX) TAPAMETPOB KBaPIEBOi
IJIACTUHKY € HabJII0aeMBbIME XapaKTePUCTUKAME CIIeKTpa (KOTOpbIe MbI OyjeM 0003HaYaTh
4epToii):
Wy = Wo;

o= \/56;
KZ%Z B K2VE)2

2

I =

o 2m52
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®opmysibt (9) HEOOXOAMMBI JIJIsi CDABHEHUSI TEOPETHUECKUX PACUETOB ¢ SKCIIEPUMEHTATHHBIMI
3aBUCUMOCTSAME U OY/IyT MCIIOJIb30BaThCA B JlaJbHEHIIIeM TPU OleHKaX.

2.2 OnwucaHme BO3MYIIEHU

Buernraee BozgeiicTBue Ha renepaTop OyeM OIMUCHIBATH ¢ TTOMOIIBIO 9 (MEKTUBHOIO yPaBHEHU
KOJIe0aHU OCIUIISATOPA ¢ TPEHUEM:

t
6% + 2007 + widw = # (10)
rae 0x — BeJUYMHA BO3MYIIEHUs Kojebauwmii, f (t) — Or'PaHUYCHHBLIII BO BpeMEHU HCTOYHUK

BO3JIeiicTBUs. Fcmm, Kak yke ObLIO OTMEYEHO paHee, MHTePIPETUPOBATh BEJTUUNHY T KaK 3apsl
Ha OOKJIaJIKaxX KBapla, To Beaundnna f(t) Oyger UMeTh CMbICT BO3MYIIAIOIIErO HATIPSIZKEHUsT Ha
obkaKax kBapia (L — MHIYKTUBHOCTH KBapuesoii miactuaku). [lepexons B (10) K dypbe-
KOMIIOHEHTaM, TIOJIYUIM:

(- w? 4+ 2iow + wj) bz, = f—;, (11)
rie
—+o00
fo= e [ fO0e e
w = e .
2T
OTCIO,H& IIOJIHBII CIIEKTP MOIIHOCTH BBIXOJHOI'O CUI'HaJIa
G = K|V, + f|" ~ G+ KX (V.o f: + V26 1), (12)

PaznocTHBI CIEKTP MOIIHOCTH BBIXOJIHOIO CHTHAJIA OYJeT JaBaThCs (DOPMYJIOii:
AG =G —G=K(USf+ UL, (13)

C yderom 3aBucuMOCTH (8), TIPUXOIUM IIOCTE HEKOTOPBHIX MPOCTBIX K OKOHYATEIHHON 00mIeit
dopme pasHOCTHOIO CIEKTPA:

AG = 2K/ Te~@==0*/2°Re 7, (14)

B nambneiitmem dopmysa (14) 6yaer nenoabpb30BaThCs JJist OIEHOK B KOHKPETHBIX MOJIEJSIX BO3-
MYLICHU.

2.3 Cuaabasa pedopmaliysi IIPOCTHIX PE3OHAHCHBIX KPUBBIX

[Ipexk e, 4em mpucTynaTh K KOHKPETHBIM OIIEHKAaM, PA30BbEM OOl TIOJIXO/] K UCCIETIOBAHUIO
c1abbix gedpopMalninii 3aBUCUMOCTE BUIA:

G(I,wy, 0,w) = Te~ @0/ — [G(qa, £). (15)
B (15) MbI TakzKe Jyisi yJ06CTBa BbIISIIN Ge3pa3sMepHy o (DYHKIHIO

G(a, &) =e &/,
. W — Wy

§= =0 (16)
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0,8

0,6

0,44

0,24

Puc. 4: Bosmoxuble xapakrepble Buisl 3apucumoctu (17). us Bcex Tpex sasucumocrein =1,
0=0.1, wog=1. dna cummerpuunoro ogaoropboro rpadura A;r=0.5, A, =A, =0, 11d cuMMeTpHu4-
noro asyropooro A;=A,=0, A, =0.5, A1 aHTUCUMMETPUIHOrO C aMILIUTYIOI KOJIEOAHMSI OKOJIO
4.3 A,=0.5, A=A, =0, u HakoHer 1t acumMmerpudroro A=A, =A, =0.5.

XapakrepHas 3aBUCHMOCTD Buja (15) mokasana Ha puc. 3.

[Iycrs Temepb Mbl mMeeM 3aBucuMocTb Buga (15) ¢ 6ausknvu napaverpavu I = I + 01,
wh = wo+Idwy, 0’ = o+dco’. Torma pasuocrs G (I', wy), 0',w)—G (I, wy, 0,w) MOKHO IPEJCTABATH
B BUJIE:

AG(§) = 1G(a,€) (Az + —fﬁ (A, + EAU)> : (17)
o ol 0 )
—_— . J— wo- —_ 0-
AI - Ji ) Aw - wo ) A(f - p (18>

— OTHOCUTEJIbHBIE U3MEHEHUsI apaMeTpos 3apucumoctu (15). XapakrepHble BUbI PA3HOCTHOT
sasucumoctu (17) mpecraBiieHbl Ha puc. 4.



182 IuniepkominiekcHble yucia B reomerpun u ¢usuke, 1 (17), rom 9, 2012

0,6 0,8 1,0 1,2 1.4

-0,2
-0,4

-0,61

-0,8

Puc. 5: 3asucumocts (17) npu 3HaveHusIX mapaMeTpoB, B3sATHIX u3 (21).

[TpuBesenubIe TpadUKN NWLTIOCTPUPYIOT TOT (baKT, 9TO PA3HOCTHBI criekTp (17) B obmieM ciry-
Jae acUMMeTpHYeH (He CHMMETPUYEH M He aHTHCHMMETPUYEH) OTHOCHTENbHO TOYKH £ = 0
w = wy. B caygae A, = 0, pasHocTHas KpuBas Oy/er cuMMerpudHa, a B ciaydae A; = A, =0
— auTucummerpudHa. [Ipu sToM, BO3MyIIeHns mapaMeTpOB OKA3bIBAIOTCS CBI3aHHBIMU C OCO-
H6eHHOCTAME (POPMBI KPUBOH, B 9ACTHOCTH, MOJOYKEHNEM MaKCUMyMOB U MUHUMYMOB. [IpocToit
aHajn3 OOHAPYKUBAET HEYJI0OCTBO KOJIMYECTBEHHOI'O AHAIN3a BO3MYIIEHUH 110 KOOPIUHATAM
MAKCUMYMOB ¥ MUHUMYMOB, TIOCKOJIbKY BBIYUC/IEHUsI 110 9TUM KOOPJIMHATAM MPUBOJIAT K KyOu-
qeckKuM ypaBHenusiM. CytmecTBeHHO ObicTpee u mpoire BosmyteHus Ar, A, A, MOXKHO BBITH-
CIATh, uccaeays noseaenne pyuknun AG B HyJle 1 ero OKpecTHOCTH. B KadecTBe mHTEpIIpeTa-
[MOHHBIX IPUMeM ciejytorue (popMyJIbl, BhiTeKatomume u3 (17):

AG(0
A= —I( );
a*AG'(0)
_ . 19
Au 2I (19)
A — eAG(a) — AG(0) — aAG'(0)
- 21 ‘

3mech mTpux o3Havdaer auddepeHmpoBanne Mo OGe3pasMepHoil mepeMenHoi . DTu Hopmy-
JIbI MBI U OyJIeM HCIIOJb30BATH Jlajiee TMPHU WHTEPIPETAINNA SKCIEPUMEHTAJLHBIX Pa3HOCTHBIX
CIIEKTPOB B T€PMUHAX BapHAaIil MapaMeTpoOB MHTEHCUBHOCTH, OCHOBHOW YAaCTOTHI M IIUPUHBI
HCXOHON CIEKTpabHOM KpuBOi. B KadecTBe mpuMmepa MPOMHTEPIPETUDYEM B TepMHUHAX Je-
dopmarmit Ay, Ay, A, IKCIIEpUMEHTAIBHBIN CIIEKTD, NMpUBEIeHHBINH Ha puc. 2. CorjacHo mac-
NOPTHLIM JanHbM wy = 1071, a cormacuo rpadukam (1) cnexrpa mommoctn [~ 50B?/Tn?,
o~ 0.8 10° T'n, craso 6uITh a ~ 0.08. Henocpeacrsento us rpaduka (2) pasHOCTHOrO CleKTpa
MOIITHOCTU HAXO/INM:

AG(0) ~ —0.08 B*/T'i?;
AG'(0) ~ 11.5B* /T, (20)
AG(a) ~ G(0) + aG’'(0) ~ 0.84 B? /T’
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[Toncransst 51U NaHHbIE B MHTENpeTanuoHubie dhopmysibl (19)Haxommum:

A[ ~—1.6- 10_3;
A, ~T74-1074 (21)
A, ~14-1072

Ha puc. 5 npejicraBiiena Teoperndeckas pasHOCTHas 3aBUCUMOCTH (17) ¢ mapamerpamu (21).

3 Omnenka BJIUSIHUA aKYyCTHYE€CKNX KOJeOaHmit

OcHOBHBIM (paKTOPOM, MOTEHIINAIBHO CIIOCOOHBIM TOBJIUATH Ha PabOTY KBAapPIEBOTO T€HEPATO-
pa, clle/lyeT CINTAaTh aKyCTUIeCKUe BOJTHBI, KOTOpPbIe TeHepupyeT yaap O0IBAaHKN O HAKOBAJIHHIO.
Pacemorpum Moenb, B KOTOPO aKyCTUYIECKUN UMITYJIbC, TeHEPUPYEMBbIil yIapOM, OIIUCHIBACTCS
CUT'HaJIOM BHIa:

X (t) = Xoe >t (22)

rae £ — OCHOBHAg 9aCTOTA aKyCTHYECKUX KOJeOaHWil, Y — mapaMerp WX 3aTyXaHWs, U COOT-
BECTBYIOIIUM CIEKTPOM:
1Xo
21(Q — w + %)’

X, (23)
Benuuauna X, uMeer cMbIC/T aMILUIITY/IbI KOJIeOaHUI MTOBEPXHOCTU B OKPECTHOCTHU yaapa. Koie-
OaHUs TTOYBBI C AMILTATYI0H X 1 9acTOTOI ) MHAYIUPYIOT IIEpEMEHHOE TTOJIe MHEPITUHT, aMILITH-
TyIa KOTOPOTO IMeeT MopsAIoK BemmdanHbl 22X, DTo 1mojte co3maeT ocu/IIpyomee Bo BpeMeHn
T0JIe HANPSPKEHUH BHYTPU KBapleBoil miacTuHKu ¢ ammutyaoit 87 ~ uQ?Xy/S ~ kpl$% Xy,
rie p = kplS — npucoeHeHHAS Macca JIACTHHKY (OHA MEHBIIE PEAJIbHON MacChl M3-3a JeMII-
dbupyromux yerpoiicTs, moHmKaoImx 3OdekT Tpsackn), k — koaddunueHT neMndupoBaHus,
{ — TommuHa IIACTUHKU, S — ILIOMIA/Ib €€ TOMEePeTHOr0 CeIeHN. DT HAIPSIYKEHUS CO3/IA0T
nobaBovHble (IO OTHOINIEHUIO K HOMUHAJIbHBIM) [epeMeHHble 11071 edopMaluii ¢ aMImTyI0i
du ~ 0T |E ~ kplQ2Xy/E, tne E — momyb FOura kBapua. TobaBounbie gedopManum nHy-
UPYIOT J00aBOYHOE BO3MYIIAIOIIEE HANPS2KEHNE Ha IIACTUHAX KBapIa, aMILIUTYIy KOTOPOTO
MOXKHO OIIEHUTDH 110 (hOpMYy.Ie:

Su.  kpl2Q2X,  k2Q2X,
Vo b =g ~ ez,

(24)

rjie d — Mbe3oMOJLy b KBaplia, ¢2, = E/p — KBaJpar cKopocTH 3ByKa B KBapiie. Takum o6pazom,
koMOuHUPYs (23) u (24), mpuxoaum K dopmyiie:

Lo RPN, il 25)
Y 2mde2, (Q —w+iX)  2m(Q —w %)
BbIMUC/Iss BEMECTBEHHYIO YaCTh BEJMINHBI f,,, HAXOIHM:
%
Re f, = — - (26)

2mwg (€ + &) + a?’

rae o = (wo—N)/wo, @ = X /wy. Ioacrasiisis 3o Beipazkenue B ooiryio dhopmyiy (14), momyanm
JUIst AKyCTHIECKOTO PA3HOCTHOIO CIIEKTPA MOIIHOCTH CJIeyomLyio (opmyiy ¢ yaerom (9):

AGaK(f) = Mgali(a7a7§07§)a (27)

TWo
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0,2 0,4

Puc. 6: Bespasmepnas criekrpasbhas dyHkuus (28) npu 3HAUEHUSX ITapAMeTPOB, B3ATHIX 13 (29).

rJie MbI BBeJIU Oe3pasMepHYI0 Pa3HOCTHYIO CIIEKTPaIbHYI0 (DYHKIIUIO aKyCTUIECKOr0 BO3MYIIIE-
HUA:
6_52 /26‘2

gaK(a7 «, 507 g) = m’

(28)
ua=a/wp.

Tenepb Mbl MOKEM HePEHiTH K KOHKPETHBIM KOJMIeCTBEHHBIM OIEHKaM. KauecTBeHHO aHa-
JIMBUPYS 3aIUCH aKYCTHIECKOTO CUTHAJIA, MOYKHO 3aMETHTh, UTO B HEM BBIIEJISIETCs H0JIee-MeHee
SIBCTBEHHO HU3KOUYACTOTHAS COCTABJISIONIAs OPsIKA KIJIOTePIa U ee yJIbTPa3ByKOBOE 3aIlO/THe-
HHUE B pPa3bl MeHbIIel AMIIJIUTY/IbI. HpI/I 9TOM AJIUTEJIbHOCTH 3BYKOBOI'O MMITYJ/IbCa COCTaBJIAET
BesmmanHy mopgaka 10 mc. Orcroga momydaem pabodne ONeHKH JIJIsT 9aCTOTHBIX aKyCTUIeCKIX
napaMeTpoB 3aBucumoct (27):

So~1, a~107°. (29)

Tenepb MBI MOYXKEM MOCTPOUTH MPUOJIM3UTENBHBIN Ipaduk 6e3pa3zMepHOil crieKTpaJbHON PYHK-
uuu (28) — oH mpejcTaBieH Ha puc. 6.

[IpuBenennsit rpaduK KAIECTBEHHO OTIMIAETCS OT SKCIIEPUMEHTAIBHOTO, U CBUIETETbCTBY-
eT O JJOMUHUPOBAHUU CJBUTA aMILIUTY/IbI CIIEKTPa M0 CPABHEHUIO CO CIBUTAMU JIPYTHUX Mapame-
TPOB.

J171s1 OLIeHKM aMIUIATY/IBI CIIEKTpa IIPUMeM CJIeflytorne ciupaBodnblie [11] u onenovTnble 1aH-
HbIe JIJIsT TTApAMEeTPOB, BXOAATIINX B O Vj:

k ~0.1;
0~ 1073 M
QO ~103Tm;

Xo ~ 1073

Kn
d~ 10710 —,
H

(30)
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Ncxona m3 9TUX OIEHOK MojydaeM s Koddduimenra nepej 0e3pasMepHOil CIIeKTpaIbHOI
dbynxmueit B (27) Bemmunny mopsaka 10710 B2 /T,
Beranciss renepsb 1o (27) suaderns AG(0), AGL(0) 1 AG(a):

AG(0) =~ 1071 B2 /T'i?,

AG!

a;

(0) ~ —2-10719B?/T'u?, (31)
AG,(a) ~ 5-1071 B* /T,

U TIOJICTABJIsISI [TOJTyYeHHBbIe 3HaueHns B (HopMysbl (19), momyduM st aKyCTHIeCKIX OTHOCH-
TEJBHBIX CABUTOB CIICAVIOININE 3HAUCHUS:

A~ 2.10712,
AM  —1.3.10714; (32)
AM 610713,

DTH ONEHKN OTJINIAIOTCs TpUMepHO Ha 10 MOPSIKOB OT 9KCIEePUMEHTAIbHBIX 3HadeHuii (21).
Mpb! npuxouM K 3aK/II0OY€HUIO O TOM, UTO HU 6Ud Pa3HOCTIHO20 CNEKMPA GKYCTMUNECKUT 603-
Myuerut, nu mem 60see NOPAJOK BEAUNUHDL AMNAUMYODL BOZMYWEHUA HE COOMBEMCMBYIOM
Hab6A100aeMOT 68 IKCNEPUMEHME KAPMUHE.

4 OrieHKa 3JIEKTPOMAarHUTHOI'O BJANSIHUS yJdapa

BeiBesiem ternephb oreHOUHBIE (DOPMYJIBL /IS SJIEKTPOMATHUTHOTO BIUSHUS yAapa OOTBAHKHN HA
paboty KBapieBoro remeparopa. HecMoTpst Ha 9KpaHUpPOBAaHUE YCTAHOBKH, 9JIEKTPOMATHUTHBII
UMITYJIBC 00J1aJIaeT MPOHUKAIOIIEH CIIOCOOHOCTHIO M, KAK Mbl YBUJIUM HUKE, B IPUHITUIIE MOYKET
BJIUSATH Ha pabOTy KBapIEBOI'O MeHEPATOPA, MEHss €ro CIEeKTPAJbHYIO (DYHKITHIO.

CHagaJsia omuIIeM CyTh IPOUCXOJIAIINX IIPOIECCOB KavueCTBEHHO. B mporiecce yapa cTaJabHON
OoBaHKN 00 OCHOBAHME, B MeCTaX KOHTAKTa OOJIBAHKH C OCHOBAHUEM BO3HUKAIOT 3HAUUTE]Ib-
HbIE 110 BEJUYNHE U CUJILHO HECTAIMOHAPHBIC HANPSKEHUsI, BHI3BIBAIOININE CUIBHYIO Jedopma-
[0 KPUCTAJIINIECKON PENIeTKN U CJIBUT €€ JIEKTPOHHON M MOHHOW KOMIIOHEHT OTHOCUTETHHO
Ipyr japyra. BosHUKHOBEHUE U UCYE3HOBEHUE TAKOTO MOJIAPUTOHHOTO COCTOSHUS COITPOBOK/ A~
eTCs U3JAydeHneM 3JIeKTPOMATHUTHOI'O UMITYJIbca. Ero HEeKOrepeHTHBIN XapaKTep MPUBOIUT K
pasercTBy (F) = 0, OJIHAKO 9TOT MMILYJIbC MIEPEHOCUT B JIFO0Oi JIEMEHT TEJIECHOTO YIJla MM-
MyJIbC U SHEPTHUI0. JacTh 3TOr0 UMITYJIHCA U SHEPIUU MPOXOAUT CKBO3b SKPAHBI U JIOCTUTAET
KBapIIEBOil TIaCTUHKY. B3anmoeiicTBre 37 1eKTPOMArHUTHOTO UMITYJThCA U KOJIEOTIOTIEN s TI1a-
CTUHKH CBOJIUTCA K KPATKOBPEMEHHOI MeXaHU1IeCcKoil “BCTpsicke” KpHCTasia KBaplia JaBaeHneM
U3JIyYeHUsT UMITY/IbCa, KOTOpas M BBI3bIBAET JeOpPMaIUIO CIIEKTPAJIbHON (DYHKIINN.

[lepeiteM K TpPOCTBIM MOJEIBHBIM OIleHKaM. [Ipexkiae Bcero orneHuM MHTErpaJibHyIO WH-
TEHCUBHOCTD 3JIEKTPOMATHUTHOI'O MMITYJIbCa, TTOPOXKIEHHOTO yAapOM OOJIBAHKH 00 OCHOBaHUE.
CorutacHo 00IIel TEOPUH SIEKTPOMAIHUTHOTO M3JIydeHus [12|, mopsigoK BesnauHb (BeayIeil)
JIATIOJTLHOW KOMITOHEHTBI M3/TyIeHUsI TaeTCs BBIPAYKEHUEM:

2
J ~ e (33)

goC3

B (33) Besimunna P — 9T0 MeXaHUYECKH WHIYIUPYEMbIil JUTOIBHbI MOMEHT B MPOIECcce yia-
pa. s oneHKkn BemmauHbl P ipuMeM, 9To B IPOIIECce yapa 3JeKTpoHHas (Gosiee moIBUzKHA )
KOMIIOHEHTa, 9JIEKTPOH-UOHHON KPUCTAJJIMIECKON peleTKn mpuodperaeT CKOPOCTh v, ¢ KOTOPOii
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Oo/IBaHKa HAJIETAET HA ONOPY HEMOCPEJICTBEHHO Mepel yaapoM. Toraa 3aKoH COXpaHEHUs SHep-
I'mm JaeT:

Q2

C )

men.Vu? ~ (34)

rae Q ~ en.Sl — MHIYIUpyeMbIil yIapoM MOIAPU3AIMOHHbIN 3apsifl, N, — KOHIEHTPAIH J/IeK-
TPOHOB, S — IJIOWAJbL CeYeHUs OONIBAHKHU, | — BEJIMUYMHA CMEIIEHUs 3JIEKTPOHHONW M MOHHOI
KOMIIOHEHT JPYT OTHOCHTENIbHO npyra, C' ~ goe(w)S/d — eMKocTh GosBaHKN, d — ee TOIIIUIHA
(pa3Mep B HAIPABJIEHUH, [EPIEHINKYJISPHOM IJIOCKOCTH KOHTAakTa). VI3 (34) ¢ yueToM cooTHO-
menns v ~ gh, (h — BblcoTa ajienus GOJIBAHKHI) MOy YaeM:

P Ql~ sosmeghS.

(35)
[Ipotecc pasnenennss KOMIIOHEHT MeTa/JIMIECKOH TJIa3Mbl TIPH yape TPUBOIUT K JIEHTMIOPOB-
CKUM KOJIeDaHUsIM, B MPOIECCe KOTOPBIX YaCTh HEPTHH MOJISIPU3AINE BbICBEUNBACTCS B BUJIE
u3rydenusi. JacTora JIEHIMIODOBCKUX KoJIebaHuil wy, ~ /n.e?/egme, Kaxpoe nuddepeHimpo-
BaHWe 10 BpeMeHH B (33) CBOIUTCSA K YMHOMKEHHUIO HA wy, TAKAM 00Pa30M OKOHUYATEJBHO /IS
WHTEHCUBHOCTHU JIUTIOJIBHOTO MU3JIy9eHUs MOTydaeM OIEeHKY:

(c1en 2 (ghS)?

J ~
£oC3

(36)

Nznyaaemas B mporecce yaapa 3a Bpemst At sHeprusi I At pacmpocTpaHsieTcs Hapy»Ky B BUJIE
ceputaeckoro cmost ToamuHoi cAt. JI1s1 OIeHKY TJIOTHOCTH SHEPTUN € B UMITYJIbCE H3JTYIeHUsT
B MECTE€ PaCIOJIOZKCHUA I'eHepaTopa IOJIOZKUM

JAt ~ € - dmrcAt, (37)
OTKY/Ia
€ 10—1i (38)
r2c’

e r — PacCTogHUEe OT MecTa yjapa JI0 TeHepaTopa. TakuM o0pasoM, MMITYIbC W3JTy9eHUs
morajiasl Ha KBapIeBYIO IUIACTUHKY, CO3/1aeT Ha Heil NMITYJIbC YCKODEHUS:
F pAS  qeAS

N — Y

~ —

M M M’

(39)

rae M — macca KBapreBoit mactuakn, AS — ee oAb, ¢ — UHTErPATBHBIH KOI(DMUITHEHT
HOTJIOMIEHNUs SJIEKTPOMATHUTHON SHEPIUM MMILYJIbCa Ha MYTH €ro PACHPOCTPAHEHUS OT MeCcTa
yaapa Jo reaeparopa. OKoHYare bHO, mocie nojgctanoBku B (39) (36) u (38), nomyuamnm:

q AS

~101—1 . =2
14 eoctr2 M

- (erene)? - (ghsS)%. (40)
[ToBTOpsist Tenepb JOCIOBHO OLEHOUHbIE BBIKJIAIKY IIPEIBIIYIIEr0 Pas3iesia, CBsI3bIBAIOIIIE M0JIe
YCKODEHHUS ¢ aMILIUTYI0i BOBMYIIAIOIIEr0 HAPSZKEHHsl, Oy YUM ONupasach Ha dopmyiy (24):

k2 q kel

Vo~ —p~ 1071
Vo R 0

KB

(enene)? - (ghS)>. (41)

goctr?  pupc2 d

B ormenke (41) mepBbiii COMHOKHUTEIH OTHOCUTCS K MPOLECCY U3JIYUIEeHHsI M PACIPOCTPAHEHsT
3JIEKTPOMArHUTHOTO U3JIydeHUsI, BTOPOIl — K CTPYKTYype KBaplleBOil IJIACTUHKU, TPETUil — K
9JIEKTPOHHON CTPYKType OOJIBAHKH, 9eTBEPTBHIl — K MEXaHUYEeCKHM IapaMeTpaM CaMOro 9KC-
TIEPUMEHTA.
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[IpeamnonoKum Ternepb, 9TO JAEKTPOMArHUTHOE BO3MYIIEHUE, JIEHCTBYIONEe Ha KBapIEBYIO
IJIACTUHKY, B TPYyOOM MPUOINKEHNN UMeeT MPIMOYTOIbHYI0 BPEMEHHYIO 3aBUCUMOCTb, T.€. OIH-
cbiBaeTCsl (pyHKIIMEH BUIA:

0, t <0;
ft)=08V(t)=< Vo, 0<t < (42)
0, t>T,

rjge T — BpeMs (IPOCTOro ojMHOYHOrO) coyiaperus. Pypbe obpas 3aBucumocru (42) umeer
BU/I;

Vo, .
w=—(e " —1). 43
fo= g2 1) (43)
Ero BemecrBennas 4acTb:
oVt
Re f, = ﬁ sin(wr). (44)

[Toncrapmsst 510 BeIpazkenue B obiryto dopmyiry (14), momydaem:

AGSM(&) ~ @gelw(aaﬁaé)a (45)

TWo

r7e Mbl BBEIU O€3pasMepHyI0 JIEKTPOMATHUTHYIO (DYHKIIMIO PA3HOCTHON CIEKTPAJJILHON MOTII-
HOCTH

o—62/20 sin(B(€ +1))

gaM(dvﬂ7§) = §+ 1 )

(46)

u ﬁ = WoT.

[epeiiiéM K KOHKPETHBIM KOJIMYECTBEHHBIM OIEHKAM. DKCIIEPUMEHTAIbHbIE JTaHHbIE JTAI0T
JUIsl BpeMeHu yjapa seandnny ~ 1/% ~ 10 mc, Koropoe npejcrasiisier coboil XapakTepHoe Bpe-
Msl 3aTyXaHUsI aKyCTHIECKOTO UMITYJIbCa U BKIIOUaeT cebst 3hdeKThl jipebe3rKanust OOJIBAaHKHI
[pU ee CJI0XKHOM (HECUMMETPUIHOM) yJape 0 HAaKOBaJIbHIO. B oTyimdme oT 310ro BpeMeHu, BeJin-
YUHA BPEMEHH T, KOTOPOE ONMpEeIeseT 3JIEKTPOMATHUTHBII UMITY/IbC, XapaKTepU3yeTcss BpeMe-
HEM OJIMTHOYHOTO TIPOCTOTO COYIAPEeHNs, BeTMINHA KOTOPOT'O 10 MTPOCTHIM OIIeHKaM KOHTAKTHOI
3ajaam Teopun ynpyroctu |13| cocraBnger sesmumny! mopsiika 107'mc, uTo He mpormBope-
YUT UMEIOIIUMCST SKCIIEPUMEHTATBHBIM JTaHHBIM. TaKuM 00pa3oM, /It BeJTMIUHDBI (3 Oy daeM
onenky: 3~ 103. Termepb MBI MOXKeM IIOCTPOUTH TPUOIU3HTEILHDI IpaduK Ge3pasMepHOil crieK-
TpasibHOil yHKIMK (46) — OH HmpejcTaBIeH HA puUC. 7.

[IpuBeennbii rpaduk KapJInHAILHBIM 00pa30M OTIMYAETCA OT SKCIIEPUMEHTATHLHOTO — €ro
BOODIIE HEBO3MOXKHO MHTEPIPETHPOBATH B TEPMHUHAX PA3HOCTH JBYX O/sm3kux nmukoB! Bosee
TOTO, €CJIU yIeCTh TO 0DCTOATEHLCTBO, ITO IKCIEPUMEHTAIBHBIH CIIEKTD OBbLIT TOIYYEH MTyTeM
yCpeIHEeHUsI 0 Pa3IudHbIM yIapaM, B KOTOPBIX HaOJ0IaIca pa3dpoc BpeMeH, To 3hdeKT Bo-
00I1Ie JI0/I?KEeH MPAaKTUIeCKU UCIE3HYTh BBULY CJIYIAHOCTH (ha3 CKJIAIbIBAIOIIIXCS OTMHOTHBIX

!Onenka (zamaua 1 x maparpady 9 B [13]) aa Hameit cutyanum uMeer BHT:

m2 1/5
T <<gh>1/2RE2> ’

e m — macca 6bosBankd, h — BbIcOTa ee maneHus, F — momysas FOura cramu, R — pagmyc OonBaHKH.
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Puc. 7: Bespasmepnas crekTpaibuas ynkims (46) npn snauennax mapamerpos a = 0.08, 8 ~ 103
(cupaBa yBesmdeHHbIH dparMeHT B okpectHOCTH & = 0.)
{\ 0,015+

0,010

\m .m H‘m_ AL AN
‘\‘HH‘“WHI W02 00 0. o) -0j02 “bo1 x
| , X X X X
| 14
9,005

0,010

Y-

Puc. 8: Vcpennennasi 6Ge3pasmepHasi crekrpaibHas (yHKuus (47) Ipu 3HAYEHUSX [ApaMeTPOB
a=0.08, 3 ~ 103, AB ~ 10% (cnpaBa yBemmaeHHbIit GparMenT B OKPECTHOCTH MAKCHMYMa).

yaapos. [IpumeM /11 OLEHKH, 9TO BpeMeHa yIapoB ObLIN PACIIPEIEIEHbl PABHOMEPHO B MHTEP-
Base [19 — AT/2;19 + AT/2], ¢ AT = 79/10. Torna ycpenuenne cnekrpa (45) mo 7 cBoguTcsa K
MHTEIPUPOBAHMUIO TI0 OTPe3KY [1o—AT/2; 70+ A7 /2] dynkiyn sin (8(€ + 1)) u genenuto q Ha AT.
Eciin npoziesiath Takoe ycpejHeHue, TO Jis yCPEJIHEHHOIo 110 BpeMeHaM yjapa 6e3pasMepHoro
Pa3HOCTHOIO CIIEKTPA JEKTPOMATHUTHBIX BO3MYIIEHUIT IOy anTes ciieyionias GhopMyIia:

sin(AB(£+1)/2)

<g3M> - gaM : Aﬁ(f T 1)/2 )

(47)

riae AS = Atwy ~ 10%. T'pacduk dbynknun (47) npejacrasien Ha puc. 8.

CpaBHeHIE aMILIATY/T TIPABBIX TPAQPUKOB 7 U 8 HAIVISIHO UJLTIOCTPUPYET POJIh YCPeTHeHM
— aMILUTATY/Ia PA3HOCTHOTO CIIEKTPa MOCTe YCpeTHEHNS YMEeHBbINIAach puMepHO B H0 pas.

TeMm He MeHee, OIICHUM 39Ty aMILJINTYydy, OIINPasAChb Ha CIIPaBOYHBIC []_ 1] 1 OIeHOYHbIC JaHHBIC
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ISl TapaMeTpoB, BXoaammx B 0Vy B (45) u ciemyrorue:

r ~ 1w,
P ~ 103kr /M3,

Ne ~ 10%n73,

48
S ~ 107 1m2, “3)

AS ~ 1074m72,
gh ~ 10m%c2,

er~1, ¢g~107*

Ucxonss w3 9TUX ONEHOK IMOIydYaeM JJIs aMIIUTYAbl PA3HOCTHON CHEKTPaIbHON (DyHKIUU B
(45) BesmuuHy He pesbImaonLyo 10718 — 1072 B? / I'®. Dra OlEeHKA OTIIHYAETCS OT AMILIHTY-
JIbl PA3HOCTHOT'O 9KCIEPUMEHTAIBHOIO CIIEKTPa MOIIHOCTH TpuMepHO Ha 20 mopsaakos. Taknm
0bpazoM, GopMma pazHoCmH020 CNEKMPA IAEKMPOMAZHUMHLET 603MYWEHUT U NOPAJOK BEAUNU-
HoL €20 AMNAUMYIbL GOCOAOMMO HE COOMBEMCMBYIOM, HADA00AEMOT 8 IKCNEPUMENME KAPMUHE.

5 O1neHKa rpaBUTAIIMOHHO-BOJIHOBOIO BO3MYIIEHUS

B sTom pasiesne mbl rpyb0 OlleHHM TOPSI0K BEJIUYUHBI BKJIa/la I'PABUTAIIMOHHOTO M3JIyI€HHST B
C/IBUT YACTOTHI KBAPIIEBOT'O MeHEpPaTOpa. 3a OCHOBY IPUMEM TEOPHUIO U3JIyYeHHs CJIa0bIX TPaBU-
rannorHbix BosiH B OTO [12]. B pamkax 91oii Teopu jij1st BOJIHOBBIX BO3MYIIEHUI METPHYECKOTO
dona momyvdaeTcs Caeayiomee OleHOIHOe BhIpaskeHue:

K -
h~-=D 4
D, (49)

rje K — SHHIITeHOBCKAs MPABUTAIIMOHHASI TOCTOsIHHASI, paBHas 8w/ c*, r — paccroguusg oT
CHCTEMBI, M3JIyYalomiell BOIHBL, 10 TOUKU UX HAOMOAeHHst, [) — XapakTepHoe 3HATIeHHe BTO-
poil MPOU3BOAHON KBAIPYIIOILHOIO MOMEHTa I'PABUTAIIMOHHO M3JIydatomieil cucreMbl. [Tockomb-
Ky OCHOBHasI 9aCTh I'PABUTAIIMOHHOTO U3JIy9YeHUsI TeHePUPYeTCs Ha MPOTIKeHNN BPEMEHH VA~
pa, a yaap 00JIBAaHKK O HAKOBAJIbHIO MOXKHO pacCMaTpUBAThH I'PyDO KaK KoJedaTe/IbHbII ITPOIEece
C MEePHOJIOM T U aMIUIATYI0i 0 (aMmmTyaa gedopManni) B MecTe KOHTAKTA, TO BEJUINHY D
MOYKHO OleHUTh Kak M&2 /72 rne M — macca Gomsanku. Takum o6pazoM, Jis aMILIATYIbI
BOBMYIIEHNsT METPUKHU TOJIyIaeM CJIe/IyIolIee BbIpaskeHue:

2
K. 0
h~~ M. (50)
rooT
Boamytennsi MeTpUKE BO3MYIIAIOT MACIITAObI JJIMH W ITPOMEXKYTKOB BPEMEHU, TTPU STOM B
CHJIy MAJIOCTH BO3MYIICHUII M IMPOCTON CBA3U YACTOTHI ¢ STAJOHAME BPEMEHH, HOPSAI0K BEJIH-
INHBI BO3MYIIEHHUs /i COBIAIAET € HOPSAAKOM A pyy. [TogCcTaBIAS 9HC/I0BbIE 3HAUEHS, IOy IaeM
CJIEYIOILY IO OICHKY:
_44
Arpas ~ 107, (51)

YTO HA MHOI'O IOPSIKOB MeHbIlle HabmomaeMoil Besmanabl A. MoyKHO ¢ IMOJTHO ompeIe/IeHHO-
CThIO 3aKJIIOUUTH, UYTO 2PABUMAUUOHHOE USAYUEHUE HE UMEEM, OMHOWEHUA K PACCMAMPUBHE-

Momy appermy.
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6 3akJirodyeHue

Mps1 pazpaboTain METOIUKY HHTEPIPETAIINN PA3HOCTHBIX BHIXOIHBIX CIIEKTPOB MOITHOCTH KBap-
1eBoro reaeparopa (paszen 2.3) B repmuHax jedopMaluii mapaMeTpoB rayccoBOro MIKa, MEeTO-
JINKY YIPOIIEHHOTO, HO CAMOCOIJIACOBAHHOT'O ONMUCAHsI PAOOTHI CXeMbl aBTOKOsIebaHuil (pasmes
2.1) u meronuky ydera ero sosmyineruii (dopmyna (14)). Ha ux ocHOBe MbI TIpOU3BEJIN UH-
TepIpeTALNIO OJHOI'O0 U3 XapaKTePHBIX PA3HOCTHBIX CIEKTPOB, MOJIYYEHHOI'O B SKCIEPUMEHTE.
Pesiomupyem nosydeHHble pe3yabTaThl.

1. BennauHbl OTHOCUTEIBHBIX AedOopMallnii mapaMeTpoB IrayCcCoOBOIO CIIEKTPa MOIITHOCTH, ITOJTY-
YeHHBbIEe M3 SKCIIEPUMEHTAJBHBIX JAHHBIX, MHTEIIPETUPOBAHHBIX B paMKax Pa3BUTON MeTo-
JIIKH, UMEIOT cyiejytorue (OpUeHTUPOBOYHbBIE) 3HAUEHUSI:

A] ~—16- 10_3;
A, ~T74-1074 (52)
A, ~14-1072

Nx morpemnocTs ompeaensgeTcd MOTPENTHOCTHIO BBIYUC/IEHUH CIEKTpa Ha KOMIIbIOTEpE U
(ryIaBHBIM 00PA30M) MOTPEITHOCTHIO OMPEIeIeHIsT PEIIEPHBIX 3HAYEHHUIT PA3HOCTHOTO CIIEK-
Tpa 10 rpaduKy U B IEJOM COoCTapasger seuuuny nopsaka 10 — 20 %. DTy morpemnocTtsb
MOKHO YMEHBIIIUTh Ha MOPAJIOK, IPUMeHss 0ojiee aKKypaTHbIE U TOCIeI0BATE/IHLHBIE METO-
JIbI 06PabOTKI SKCIIEPUMEHTATBHBIX CIIEKTPOB (METO/I HANMEHBIINX KBAaJPATOB).

2. Pa3HOCTHBII CIIEKTP MOIMHOCTH aKyCTUIECKNX BO3MYIIEHUH JeHCTBUTEILHO UMEET JOMUHU-
PYIOIIHIT MOPSIZIOK BEJMYUHBI [I0 AMIUIUTY/IE CPEJIH CIIEKTPOB IPYTuX (GaKTopoB (IpaBUTAI-
OHHOT'O U 9JIEKTPOMAIHUTHOTO), HO ero ¢opma (puc. 6) OTIHmdaeTcss OT KCIePUMEeHTATbHOI
(CymiecTBEHHO 3aHMKEH BKJIaJ AeOpMAIUE 9aCTOTH), & MOPSI0K BEJIUUUHBI AMILTATY/IbI
OTIMYAeTC TpUMEpHO Ha 10 MOPSAIKOB OT 3KCIEPUMEHTAILHOIO 3HAUYCHHUSL.

3. Pa3HOCTHBIN CIIEKTDP MOIIHOCTH 3JIEKTPOMAIHUTHOIO BO3MYIIEHHUS CIEAYET PACCMATPUBATD
KaK BTOPOIl 0 MOPAIKY BeJMYUHBLI [0 aMIUIATYIE CPEIU CIHEKTPOB APYyIruX (hakTOpOB, HO
ero ¢dopma (puc. 7) KapaAHHAJILHBIM 06pPa30M OTIMYACTCS OT SKCIEPHMEHTaIbHOH (ee Bo-
06I1ie HEBO3MOXKHO MHTEPIIPETUPOBATH KAk J1ehOPMAIINIO TAPAMETPOB TayCCOBCKOTO MHKA).
[TopsioK BEJIMYMHBI aMILTUTYIbI OTJIHYaeTcsd IpuMepHo Ha 20 MOPSIIKOB OT 3KCIIEpUMEH-
TAJbLHOTO 3HAYEHUS, IIPH 3TOM OTJIMYUE OYAEeT TOALKO YCHIUBATLCS C YUETOM YCPEIHEHUS
CIIEKTpa II0 BpeMeHaM yJapa.

4. I'paBurarmonno-posiHoBON 3 dert capura dacrorel OTO, cBazamubil ¢ gedopmanusaMu
IPOCTPAHCTBEHHO-BPEMEHHBIX MACIITA00B, OT/INYaeTCd NpuMepHO Ha 40 MOPSAJKOB OT IKC-
MepUMEHTAJIbHBIX 3HAYEHHIT CIBUTOB ITAPaMeTPOB.

Takum 0O6pa3oM, onupasich Ha MOIyYeHHbIE OIEHKH, MOYKHO C YBEPEHHOCTBIO YTBEDPKIATh,
9TO HU 00U U3 PACCMOMPEHHLT MELAHUSMOE — GKYCUMECKUll, IAeKMPOMa2HUMMBLL U
2PABUMAUYUOHHO-B0AHOB0T — He CNnocoben 6 NoAHOT Mmepe 00BACHUMD NPUPody dedhopmaru
CNEKMPa MOULHOCTNA CULHAAG KBAPUEBO20 2EHEPATOPA — HU 6 KOAUMECTNEEHHOM OMHOULEHUU,
HU 8 KAUECNBEHHOM.

DTOT BBIBOJI, pa3yMeeTcsi, TpedyeT JOMOTHUTETBHON TIATeIbHO MPOBEPKU KaK B METOIKE
9KCIIEPUMEHTa, TaK U B €ro TEeOPEeTUIECKON MHTepIpeTannn. Y TOYHEHNEe OIEHOYHBIX 3HAYEHU
napamMerpoB (ec/ii, KOHEYHO, OIMMOKN He MMEIOT IPUHIUIHNAJIBHOIO XapaKTepa) CKOpee BCero
HE CMOI'YT CKOPPEKTHUPOBATL TeOpeTUuIeCKHue NpeJCKa3aHud Ha JCCATKN IIOPAIKOB, a METO/JUKa
9KCIIEPIMEHTOB yrKe OTpabOTaHa Ha CTATUCTUYECKH 3HAYMMOM KOJUYECTBE OJMHOYHBIX SKC-
[EPUMEHTOB, XOTs MPUYMHBI UMEIOIIXCsA (DIIYKTYaIyii M3MepsieMbIX BEJIUUUH €Ille IPeICTONT
BBISICHUTH. Ha TeKyIuii MOMEHT Halll aHA/IM3 MOXKHO PacCMaTpUBaTh KaK IIpeIBapUTeIbHOE
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00HaIeKNBAIOIIEe CBUIETEIHCTBO B TOIb3Y HAJIMYUS HOBBIX (DU3NIECKUX IPPEKTOB, CBI3AH-
HBIX C HECTAIMOHAPHBIME (PU3MIECKUMHI [TPOIECCAME, HEOObACHUMBIX B PAMKAX CYIIECTBYIOIINX
dUBHIECKUX TEOPHi.
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THEORETICAL ESTIMATION OF EXPERIMENTAL EFFECT
OF POWER SPECTRUM SHIFT OF QUARTZ GENERATOR
SIGNAL IN VICINITY OF NONSTATIONAR PROCESSES

S.S. Kokarev

Research Institute of Hypercomplex Systems in Geometry and Physics, Friazino, Russia
RSEC Logos, Yaroslavl, Russia

logos-center@mail.ru

The paper presents rough theoretical estimations of experimentally observed shift of
power spectrum of quartz generator parameters, influenced by nonstationar physical
process (mechanical strike). General method of calculation and analysis of shifts of
Gaussian signal is worked out. Based on simplified physical models of mechanical strike
and quartz generator, estimations of the effect produced by acoustic, electromagnetic and
gravitational mechanisms are presented. It is shown, that no one of the above mentioned
mechanisms can’t produce experimentally observed value of relative shifts (1073 —107%).

Key Words: quartz generator, power spectrum, signal attenuation parameter, electro-
magnetic pulse, acoustic pulse.
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