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Crarbst ipejicTaBisier coboii HEOOJBIION 0630 CBeIeHNUi IO Teopun U OEPEHITTPYEMbBIX
GYHKINN TOJMMINCIOBON mepeMentoit P, — P, 1 ee mpuioxkennsaM. Ha ocHoBe creruasib-
HOIT KJ1accuduKaIuu BHIPOKIEHHBIX (T.€. HeOOPATUMBIX B OOBIYHOM CMBICJIE) TIOJIUIUCE]T U
TeopeMbl 00 obIeM Buje R-nmHeitHoro orobpakenust P, — P,, ompemesieTcst MOHSTHE
MPOU3BOAHON (DYHKIMU TOJUIUCTOBON mepemenHoit. [omomopdubie (hyHKIMN mommdu-
CJIOBOIl TIepeMEeHHOH BbLIendioTcd cpean auddepeHupyeMbix (DyHKIUN COBOKYITHOCTHIO
ycsioBuii (osmmaucioBoit anasior yeiaosuii Komm-PuMana), Koropble B M30TPOITHOI crcTeMe

KOODJIMHAT UMEIOT BUJI: 5 f=0(k=1,...,n—1) rue 5: C*kd, C — compsixke-
Hre B anaredbpe P,. PaccMorpenbl pasjamdHble 0OODIIEHHBIE KJIACCHI T'OJOMOPQHOCTH,
ggal, Koy ki » KOTOPBIC OTIPEJIEIAIOTCS MOHOMHBIMM b depeHInATBHBIMI Y PABHEHI MU
1 KJIaccuUIUPyIOTCa HAOOPOM BEKTOPOB HEOTPUIATEIbLHON IEJOYUCIEHHON n-MepHOIt
pemerku Z%. Paccmorpen Bompoc O rojloMOP@GHOM H aHAJIUTHYECKOM ITPOJOJIZKEeHUH
rnaakux Gyaknuii P, — P, 3a1aHHbIX Ha HoAMHOroobpasun P,. O6cyXKaaeTcs MoaIndu-
coBag Bepcus TeopeMbl Komu n naTerpasnabuoit dhopmyssl Koim BMecTe ¢ MHOrOMEpPHBIM
obobrenneM meproii. Ha ocHoe cummerpudanoit ¢popmbl BepBabna-Moopa pazsBuaercs
CUMMETPUYHBIH aHAJIOr HCYucjaeHus BHemHuX (opm Kaprana (cummerpudnoe ymMHOXKe-
Hue, 3Be3na Xomka u auddepennman). Paccmorpenbl TpaHcdOpMAaIMOHHBIE CBOHCTBA
MIPOU3BOIHBIX CKAJIAPHON MOTUIUCIOBOM (DYHKIINYA U T€OMETPUIECKIX 00BHEKTOB, KOTOPHIE
CTPOATCs U3 HUX. B 4acTHOCTH, paCCMOTPEHBI BENIECTBEHHBIE CKAJISPHI, 13 KOTOPBIX MOYXKET
CTPOUTCH JIATPAHXKUAH TTOJTUIUCIOBOM Teopuu 1ojisd. Ha ocHoBe anredphbl OMOp CTPOUTCS
KOHCTPYKIIAs COMMPUKOCHOBEHUS, UTPAOIIAs BAXKHYIO POJIb B (PUBNUIECKON MHTEPIPETAIINN
MOJTMYIUCTIOBOM Teopuu mojsg. BoiBemenbl (HopMyabl i KOI(DDUIMEHTOB CBA3HOCTH
Jlesu-Husutsl, cornacoBannoit ¢ ¢opmoit Beppanbmra-Moopa, a Takxke dopmyna s
dopMBI 00beMa I N-KOPHEBBIX (PUHCIEPOBBIX METPUK YETHOTO MOPsIKa. PaccMOTpPEHBI
HEKOTODPBIE JIeOPMAIMOHHbBIE ACIEKTHI IVIAJKAX (DYHKIUH MTOTMIUCIOBON MTEpEMEHHON U
MOKa3aHa BJIOXKUMOCTH JTF000# R-ajreOpbl B IpOCTPaHCTBO OuinHeHbIX (opm Hax P,. B
IIEJIOM CTaThd MOYKET PacCMaTPUBATBHCH KaK IPEIBAapUTENbHBIN HaOpOCcOK obIeil Teopun
dyukuumit nonmauciopoii nepementoit (TOIIIT).

KitroueBsbie ciioBa: nmonducia, aHaJuTHIeckrne (pyHKIUU, TOTIOMOPMHbIE (DYHKIIUH.

1 Bsenenne

PasButue Teopuu OTHOCUTETHHOCTH W KBAaHTOBON TEOPUU MPUBHEC/IO B (PUBUKY U MaTeMaTH-
Ky KOMILIEKC Hjeil, chbopMUPOBABIINXCA B JOCTATOYHO MOIIHBIE W MPOJAYKTHUBHBIE TPUHIUIBI
OCTpOeHUsT PU3NIECKUX Teopuil. Peds nger o npunyune 2eomempudayuu i npuHuune ai2eopa-
U3AUUY [1] [IpuaTnn reomeTpusanuu Boies B (PU3UKY CO CTOPOHBI TEOPUM OTHOCUTETHHOCTH 1
ee TIepBOHAYAJILHBIX ODOOIEHU, pa3BUBAEMbBIX i OObEINHEHNUsT TPABUTAIINA W SJTEKTPOMAT-
HeTH3Ma B paMKaX eJInHON mosieBoil Teopun |2, 3|. Ero nampreiimmas peaausarus mocIyKuia
OCHOBaHUEM JJIsi KaJHMOPOBOYHON KOHIIENIINU BBEIEHMSI B3aUMOJEHCTBUIA, JIieKalleil B OCHOBe
COBPEMEHHOIH CTaHIAPTHOM Mojiesn 1 ee Baxuelimux obobmmenuii [4]. Tlpuniun ajrebpansaimn,
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MMOHNMAaeMBbIil B IIMPOKOM CMBICTIe, Bomes B (pn3nky XX BeKa CO CTOPOHBI KBAHTOBON MeXaHUKHI
U KBAHTOBOI Teopun mojsg. Ayrebpa ormeparopoB KBAHTOBOI MEXaHWKU IMPEJICTABIAET CODOit
BayKHeHmit npuMep (HhU3MIECKOro TMPUIOKEHNA abCTPAKTHBIX ajaredpandeckux cTpykryp [5].
Pazymeercs, anredOpanmdeckuii u reoMeTpUYIecKnil OJIXO0/bI K UCCJIEIOBAHNIO TPUPOJILI B3AaUMHO
JIOMIOJTHATOT JpyT Jpyra. Hambosee spkuit mpumep cuMOnosa ujaeii reoMeTpuu U ajreOpbl 3a-
KJIIOUaeTcs B KOHIENIWN IPYNbl JIm — OCHOBHOM WHCTDYMEHTE M3y4eHWsS U HCIIOIb30BAHUS
HenpepbIBHbIX cummMerpuil [6]. JIpyroit npumep — ajirebpa KOMIUIEKCHBIX YUCET U T€OMETDHs
eBKJIMJIOBOH TJI0CKOCTH |7], KOoTOpast MHLyIpyeTcs 3Toil airebpoii mocpeacTsoM (opmbr

ne = Re(dz ® dzy) (1)

[Toceee 06CTOATETHCTBO MPEICTABIACTCS IPE3BBIYAHO MHTEPECHBIM 1 HecaydaitHbiM. OHO
HaBOJIUT HA MBICTIb 00 YHUBEPCAJIBHON U (DYHIAMEHTAJIHHOM CBA3M MKy aaredpoil u reomeTpu-
eit. HacTHBIE PUMeDHI TAKON CBSI3U, €CJIU ee TIOHUMATh B IIUPOKOM CMBICTIE, XOPOIIO U3BECTHBI
[8, 9], HO MBI XOTeM ObI 320CTPUTH BHUMAHUE UMEHHO HA PEHETHYECKON CBA3U MeOMEeTPUU U
aredphl, SIPKYI0 WJLIIOCTPAIINI0 KOTOPOH MbI MOXKeM HabsojaTh Ha mpumepe dopmysbt (1).
BameuaresbHo, 9T0o aHasor dpopmynbl (1) paboraer u B asrebpe Tak Ha3bIBAEMBIX JBOMHBIX
wncen P [10]:

np, = Re(dh1 X dhg), (2)

rtie h = z + jy, j2 = +1, z,y € R. Popma (2) asngerca MeTpukoit MUHKOBCKOTO 2-MepHOi
[ICEBI0EBKINI0OBOM MI0CKOCTU. XOPOIIO M3BECTHBIN (haKT CyIIeCTBOBaHUsA JeanuTeseil Hy/Is B
asrebpe JBOMHBIX |HCes (MMEHHO TOT (haKT He TMO3BOJISIET PACCMATPHUBATH 9TY aarebpy Kak
Y1CJI0BOE HOﬂe) B FeONIeTpI/I‘{eCKOﬁ nHTrepnpeTanu nmpuBoauT K CyII€eCTBOBaHUIO M30TPOITHBIX
HaIpaB/IeHNU Ha IMJIOCKOCTH JBOMHBIX YUCE]I, KOTOPBIE, B CBOIO OYePe/b, TECHO CBA3AHBI C KH-
HEMATHUKOI 1 (DU3KMKOI CBETOBBIX CUTHAJIOB (B UX yceueHHOIT 2-mepHOii Bepenn) |11, 12].

OkasbiBaeTcst, y areOphl IBOWHBIX dnce (B OTJIIYHe OT aaredpbl KOMILIEKCHBIX YHCeIT) eCTh
HENOCPe/ICTBEHHbIE MHOTOMEPHbIE KOMMY TATHBHO-aCCOIMaTHBHBIE 00001enus |13, 14]. Onu Ha-
3BIBAIOTCA (A2EOPAMU NOAUNUCEN WA AN2e0PaMU N-Yuces U MBI jlajiee OyaeM obo3HAYaTh MX
P,,. HecmoTpst Ha pOpMAaIBHYIO IPOCTOTY ITUX aJIredp — B CHEIUATBHOM 0a31ce OHU YCTPOEHbI
KaK TpsMasi CyMMa OJIHOMEPHBIX ajareOp BEIIECTBEHHBIX UHMCE/ — UX HaJJICYKAIIEe UCC/IE0Ba-
HUE II03BOJIAEeT YyTBepP2KIaThb, 9TO OHU O6.Ha.ﬂ‘aIOT PAIOM CHeH‘I/ICbI/IquKI/IX, NHTEPECHBbIX U COOEP-
JKaTeJTbHBIX CBOMCTB, HE OCTABJIAIONINX COMHEHUI B PEAJILHBIX BO3MOXKHOCTAX UX (PU3MIECKHUX
npusiozkenuii [16]. B mocieaee BpeMsi ak THBHOCTD IyOJIMKALIUiT 10 aarebpe TOMMInces1, TepBo-
HaYaJIbHBIM ITOIBITKAM ee (DU3NIEeCKUX MPUIOKEHUN U CMEXKHBIM ¢ Hell HAITpaBIeHusIM 3aMeTHO
Bospocsa |15, 16, 17, 18, 19] u moromy, Ha HAII B3IJIAJ, Ha3pesia HEOOXOIMMOCTh MPUBECTU B
HEKOTOPYIO CUCTEMY UMEIOIIHECs B 3TON 00/IaCTU CBEJICHUS.

Henbio HACTOSAIIIEH CTaThU sIBJASIETCsS 0030p (PUBNYIECKN OPUEHTUPOBAHHBIX MAaTEMaTHIECKIX
Pe3yJIbTATOB, UMEIOIINXCST Ha CETOJHSANIHUAN JIeHb 110 ajredpe mojmancesl. OCHOBHON aKIEeHT B
U3JI0YKEHUH MaTepHUa/ia CJIeJaH Ha aHAJTUTHIECKOM U TOJIOMOP(HOM acreKkTe (pyHKIUH moman-
CJIOBOM HepeMeHHOﬁ 1 CBA3aHHBIMM C HUM BOIIPpOCaMH. qaCTb PE3YyJIbTAaTOB HOCUT YTO‘{HHIOHH/HU/I
1 0000IIAIONINIT XapaKTep U MPUBOIUTCS BHepBble. s y1obcTBa UTeHus CTaThsd pasdnuTa Ha
JIOCTATOIHO MeJIKHe pasgesbl. OOImil pasaesn 2 comepKuT Bce HeoOX0oIuMbIe Da30BbIe CBEICHUS
o aJirebpe m reoMerpun noguuncesa. B pasgene 2.1 Mbl IPUBOAUM CBOJIKY OCHOBHBIX OIIpe-
JlesleHnit 1 0a30BBIX CBEJECHUIT 1O ajredpe MOJMYuce B CIENUaIbHOM M30TPOITHOM Oasuce, B
KOTOPOM CBOMCTBa 9TOH aJredpbl OMUCHIBAIOTCA Hambosee nmpocto. B pasmene 2.2 npejiaraer-
¢ KJIacCUPUKAIISA BBIPOXKIECHHBIX MMOJUYNCE ¢ TIOMOIIbIO MOHATHA uHekca Ind mommauncia,
KOTOpasi TO3BOJIsieT HECKOJIBKO PACHIUPHUTL ONepaluio faejeHus B aareope P,. B pazmene 2.3
BBOIUTCS HAOOp n — 1 omepannii KOMILIEKCHOTO CONPSXKEHUs, AEHCTBYIONNX Ha KOODPINHATHI

' MumMas 9acTh 9Toi OPMBI HHIYIHPYET BEMEeCTBEHHYIO0 CHMILIEKTIIeCKYIO MEeTPHKY Ha IIJIOCKOCTL.
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MTOJTMYUCTA B M30TPOIMHOM 0asnce KaK TI'PyMIa IMUKJIMIECKHX MEePECTAHOBOK, U OIPEJIE/IAeTCA
uHIyIUpyeMast uMu (1iceBio)HopMa. Pazjient 2.4 MocBsIeH 9ucTo anrebpandecKoMy OIlpeiesie-
HITIO N-KOpHEBOii buncIepoBoit MeTpukn Bepsambaa-Moopa Me B P, 1 ee pasmudnbiM dhopMam
npejcTaBieHns. Aarebpa cuMMeTpuil 9Toit MeTpuKy (KOH(MOPMHBIX CHUMMETPHUil I H30METPHIA)
npuBejicHa B pazjene 2.5. B pasgene 2.6 mepedncieHbl HEKOTOPbIE BayKHbIE T€OMETPUYECKUe
obberThl (MeTpudeckas cepa SP,,, koryc Con(z), moamyriibl), onpe/ejeHne KOTOPbIX OMIpa-
eTcd Ha MeTpuKy bepBaibiaa-Moopa u ee cBoiicTBa.

Marepuan cratbu, oObeIUHEHHBIN B 00Ul pasjes 3, MOCBsIleH cBoiicTBaM auddepeH-
IUPyeMbIX (DYHKIUN MOJTUYINCIOBOM niepeMennoii. B pasgesne 3.1 Mbl onpejienisieM CXOAIIECs
CTEIeHHbBIE PsAJIbI TIOJTMIHUC/IOBOM MEPEMEHHON B TOIIOJIOTUN TTPAMOM CYMMBbI OJTHOMEPHBIX €BKJIH-
JIOBBIX MeTpUK. CXOISIIecs psi/ibl MO3BOJSIOT HaM ¢OPMYJIUPOBATH B pasiese 3.2 MOHSTHE
AHAJIUTUYIECKON (DYHKIUU TOJIUIHUCIOBON mepeMeHHON 1 copMyIMpoBaTh OOILYI0 TEOpPeMy O
COOTBETCTBUM MEKJIy AHAJIUTUYECKUMHU (PYHKIUAMU COMPIKEHHBIX TOJUYUCIOBBIX MT€PEMeH-
HBIX 1 HADOpaMU BEIECTBEHHBIX (DYHKINIT MHOTHX BEIIECTBEHHBIX NepeMeHHbIX. B pasiene 3.3
MBI JIa€M OIpeJIeIeHIe CXOsIIeiicst (B TOMOJOIUH MPIMOi CyMMBbI) HOJHYUCIOBO MOCTe0Ba-
TEJIbHOCTU U HENPEPHIBHON (DYHKIMH TOJINIUCTIOBOI TIepeMeHHOil, a Tak»Ke 00Cy»K/1aeM B OOIIIX
JepTaxX HEKOTOPhIe HEOOBITHBIE YePThl CXOANMOCTH W HEIPEPHIBHOCTH 110 MeTpuKe BeppaJibia-
Moopa. Anajioru TeopeM KOMILIEKCHOIO aHajm3a 06 obiiem Buge C-IuHEHHBIX U R-TuHeiHbIX
GYHKIUIT KOMIJIEKCHON TIepeMeHHON (hOPMYIUpYETCs i JUHEHHBIX (DYHKIUH TOJTUIICIOBOI
nepeMeHHON B paszzerne 3.4. C MOMOIIBIO MOHATHAST WHIEKCA MOJUINCIa Mbl YTOUHSIEM KJIACCH-
Jeckue omnpejeeHns KiaaccoB yHkimii o u O B ToukKe B pazuene 3.5. Ha ocHoBe Teopem n
GOPMYINPOBOK MPEAbIAYIINX Pa3/IesioB onpeaenenne auddepeHnupyeMoit (yHKINNA TOIAIH-
CJIOBO#I TIepeMeHHo aeTcs B paszene 3.6. B pazaesne 3.7 Mbl 1aem ornpejiesieHue rooMopgHoit
(DYHKIIUU TIOJIMYUCIOBON TTEPEMEHHON, Y KOTOPO NMPOU3BOJAHAA HE 3aBUCUT OT HAITPABJICHUS
(ompesiesisieMoro mocpeIcTBOM (hHHCIEPOBBIX oMMy rioB). B pasmese 3.8 mpesaraercst 0606~
[eHIe TOHSTHS TOJOMOP(MHOCTH, MOCPEICTBOM HAOOPOB OIMPEIE/ISIONNX MOHOMHBIX audde-
PEHIMAIBHBIX OMepaTopoB. Bo3aMOXKHOCTE rOJIOMOPGHOrO WM aHAJIUTHIECKOTO TTPOIOIXKEHUS
MOJIMIUCTIOBBIX (DYHKITU, 33/ JaHHBIX HA KPUBBIX WA MOBEPXHOCTAX, OOCYKJIAeTCs B pasjiesie
3.9. B pazzene 3.10 mb1 npuBoguM (GOPMYJIUPOBKY U JI0KA3aTEIbCTBO MOJIUIHCIOBOI T€OpeMbI
Ko u obcyk1aeM ee COOTBETCTBUE C Pe3yabTaTaMU PAIa MPEIbIIYIINX PAOOT.

Ob6muit pasmen 4 comep:KUT HEKOTOPbIe MHTEPECHbIE W MOTEHIUAJIBLHO BaKHbIE I IPH-
JIOKEHUH TeoMeTpPUYeCcKre acleKThbl roIoMOPMHBIX (DYyHKIUN MOJIMYUCIOBON TepeMmenHoii. B
pazznene 4.1 MBI jaeM omnpejiesienre TOJIOMOP(MHBIX U TOJTOMOPMHO-3aMKHYTHIX (POPM U Ha UX
ocHOBe (hbopmympyeM MHOroMepHoe obobmienne Teopembl Kommu B P,. OTamdurenbHO 0co-
OeHHOCTHIO (POPMYTHPOBOK sBjsieTcss ux C'H,-KoBapraHTHOCTH, a He 00Iasi KOBAPHUAHTHOCTb.
Paznen 4.2 comepKuT HEKOTOpBIE BayKHbIE OINpee/eHnsd 1 (POPMYJIbl, Kacalolrecs: aaredpbl
CUMMETPUIHBIX TEH30pOB (MOJIHAJ U KOIOJINAJL) U CHMMETPUIHBIX aHAJOIOB BHEIIHEH Mpons3-
BOJHOM 1 3Be37bl Xo/Ka. TpancdopMamonabie 3aKOHBI JIjIg TOJIOMOP(HBIX MPOU3BOJIHBIX 1
nxX KoMOmHaImii obcyxkpaiorcsa B pazaene 4.3. B pasaene 4.4 Mbl cTPOUM BellleCTBEHHBIE CKa-
JIIpHBbIE MHBAPUAHTDHI, HEOOXOAUMBIE I (POPMYJIUPOBKH MPUHIIUIIA HAUMEHBIIETO JeiCTBUs
MOJIMIUCIOBOI Teopun 1oJisi. Baxkaas 11 (pusndeckoit mHTEpIpeTann KOHCTPYKITHS COMIPUKa-
caroruxcs ¢ puncaepoBoit Mmerpukoii Bepsasibaa-Moopa reomerputieckux 00beKTOB U3/1araeTcst
B pazjesie 4.5. Mbl BBOJMM B 9TOM pasjielie aaredpy ornop U paccMaTpUBaeM B KadecTBe TTpUMe-
pa compukacarommecsd reomerpudeckue 0obekThl B Hz. BuiBog dhopmystsr s koahduiimenTon
cBaA3HOCTH JIeBu-YuBUTHI, cormmacoBaHHOl ¢ MeTpuKkoit bepBasibia-Moopa, B Tpon3BOIBLHBIX KO-
opAMHATAaX IpuBeneH B pasaene 4.6. Bompoc o BbipaxkeHUn 11 "HBapUaHTHONW (OPMBI 00beMa
B IIPOCTPAHCTBAX ¢ MHOT'OMHJIEKCHBIMI METPUKAMU YETHOT'O paHra obcyKiaaercs B pazzene 4.7.

Heb6osb1m10ii 3aK/TIOUNTEIBHBIN OOIIUI pa3/iesl CTaTbu 5 MOCBAIIEH 00CYKIEHUIO HEKOTOPBIX
NHTEPECHBIX aJaredpandeckKux acleKToB rooMopdHbix GyHKImid. B pasgene 5.1 obcyxKmaercs
CBA3b TOJOMOPMHBIX DYHKIHI ¢ aOCTpaKTHON Teopueil 1ebopMaIllnoOHHbIX CTPYKTY], PA3BUTO
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B [20], a B paznesne 5.2 npuBoauTcs BapraHT "TeopeMbl BIOKeHNsA" BCSKOi ajrebpbl HAT TT0JeM
BEIIIECTBEHHBIX YHCEJI B IIPOCTPAHCTBO MOJTUYUCIOBBIX OMINHEHHBIX (POPM COOTBETCTBYIOMIE
Pa3sMepHOCTH.

XoTs MaTepuas HACTOSIIEH CTAThU HEIb3s CUUTATH 3aBEPIIEHHON YaCThIO UCC/IE/IOBAHNIT B
00J1aCTH TIPUJIOYKEHNI TIOJTUINCE]T, MbI HAJIEeMCsI, ITO HACTOAIIAS CTAThs OY/IeT TOJIe3HOM 3anH-
TEPECOBAHHOMY YUNTATENIO W, BO BCAKOM CIydae, COKOHOMHUT €ro BpeMsi, HeOOXOIUMOe Ha MOWC-
KU PA3PO3HEHHBIX YKYPHAJIbHBIX ITyOJIMKAIMI, CIIMCOK KOTOPBIX (HEIOJIHbII) IPUBEJIEH B KOHIIE
crarbu. K OCHOBHBIM IyOJIMKAIUSIM, KOTOPBIE HMOCTYKIIN (PaKTHIeCKOH OCHOBOW HACTOAIIE
craThbu, ciaeayer oraectn (12, 16, 21, 22, 23].

Boraucnenuga ¢ nommvuciamMu u GyHKIUAME OT HUX OOHAPYXKHUBAET HEYJI00CTBO OOIIECITPU-
HSITOTO TIPAaBUJIa CYMMHUPOBaHUS JUHINTENRHA IO MOBTOPSAIOIINMCS WHIEKCAM, ITO3TOMY Ha IPO-
TsIKEHUH BCeil cTaThil BO M30€KAHUH Iy TAHUIIBI MbI IPOIMICHIBAEM CYMMBI WU 3HAKUA CyMMU-
POBAHUs STBHO.

2 OCHOBHLIe cBeacHM:d 110 aﬂre6pe n reoMeTpumn 1nmoJIm4amnuce’1
2.1 Aunarebpa u onmepanuu

AccornmaruBao-KoMMyTaTuBHas ajirebpa P, Hagx nosmem R (anrebpa MOJIMYHCES WIH M-9UCE )
0000IIIaeT Ha BBICIINE U3MEPEHUs XOPOIIO U3BECTHYIO aaredpy JABONHBIX 4YHCes Ha TJIOCKOCTU
[10]. Ee obuuii s;memeHT nmeer BHI:

A= Ale; +... A", (3)
rae 6asuc {e;}i—1,. , aaredper P, yAOBIETBOPSIET COOTHOMICHIUSM:
e;ej = 0;;¢; (Her cymmuposamnmus!). (4)

U3 coorHomienust (4) BBITEKAIOT MPOCTbIE TIPABUJIA YMHOKEHUsI U JIEJIEHUs] TOJIMIHCE)L:

AB = zn:AiBie,-, % = zn: Ee (5)
i=1 =1

[IPU 3TOM JIeJICHUe OIPEJIE/IEHO TOJBKO HA T. H. HEBLPOAHCOEHHBIE INEMEHMDL, Y KOTOPBIX BCE
n

B # 0. Ponb anrebpandeckoii eunuibl urpaer siemedt I, = Y e;. Basuc (uim rounee Kiace
i=1

6a31CoB), B KOTOPOM TabJIHMIla YMHOYKeHUsT uMeeT BuL (4), OyJIeM Ha3bIBaTh U30MPOTHHLM.

2.2 BbIipoxkeHHbIE JIEMEHTHI

YIOMSIHYTBIE B IPEJIBIIYIIEM ITYHKTE BBIPOXK/ICHHBIE 9JIEMEHTHI (T.€. TaKue, y KOTOPBIX MO Kpaii-
Heil Mepe O/THa 13 KOMITOHEHT B 6asuce {e; } paBHa HYJII0) HIPAIOT BazKHYIO POJIb B caMoii airebpe
P, u B ee mpuioxkennsax. OHI JTOMYyCKAIOT CISAYIONLYO OUEBHIHYIO Kaaccudukannioo. HazoBem
undexcom Ind(A) snementa A € P, snemeHT P,, KOMIOHEHTBI KOTOPOTO OMPEIETSIIOTCS IO
dopmy.e:

1, A" +#0;

Orobpaxkenne Ind 3amaer oTHOIIEHNE 3KBUBAJEHTHOCTH Ha P,: 1Ba 3meMmenTa A m B SKBuUBa-

Ind
nentabl (A ~ B), ecin Ind(A) = Ind(B). Kiaccsl 9KBUBAJEHTHBIX JIEMEHTOB [0 OTHOIIEHUTO

Ind

~ U JAI0T KJIACCU(PUKAIIIO BBIPOXKJIEHHBIX 3JIEMEHTOB. DTU KJIACCHI MOYKHO OTOXKJIECTBHUTH C
JIUCKPETHBIM MHOXKECTBOM Z,, TBOMYHBIX ITOCJI€I0BATETLHOCTEN JIJTMHBI 17, KOTOPOE TIPEJICTaBIIsI-
eT coboit n-KpaTHOe MPsIMOe TIPOu3BeIeHne Zg X - - - X Zo. Hanpumep, kinacc nugekca (1,1,...,1)
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npejicTaBiisieT ool MHOXKECTBO HEBBIPOXKJIEHHBIX 3jieMeHTOB, a Kiaace (0,...,0) ogHosmeMen-
TeH U TPeJICTaB/IgeT Hyib. Ha MHOXKECTBe MHJIEKCOB OIIpeJiesIeHa ollepaliisi IIPOu3BeieHns (oHa
Hacemyercst u3 P,). HerpyiHo mpoBepuTh CrpaBe/TiBOCTD CJIEIYIOEro PABEHCTBA:

Ind(AB) = Ind(A) - Ind(B). (7)

DTO TOXKJIECTBO, B YACTHOCTH, O3HAYAET, YTO KJIACCHI SKBUBAJTEHTHOCTH MOYKHO IIEPEMHOKATD.

Ha muoxkectBe Z,, MOYKHO BBECTU YACTUUHBIN MOPSIOK <: JIJId BCAKHX 11,1y € Z, Oymaem
TOBOPUTH, 4TO i1 < ig, ecin iy - 4o = 1;. OdeBumHo Takxke, uro (1,1,...,1) — nambosbrmii
sseMenT B Z,, a (0,...,0) — nanvenbamii. O9eBUIHO, ITO [T CYMMBI 9JIEMEHTOB, B OTJIHYNE
ot (7), UMeeT MeCTO JIMIIb HEPABEHCTBO BUIA:

Ind(A + B) < Ind(Ind(A) + Ind(B)). (8)

Temepb MBI MOZKEM HECKOJIBKO PACIIHPUTH JTaHHOE paHee B (D) olpeiesienne oOnepamum JeJIeHIs.
Mer oonpeensiem onepanuto jgeyenus A/B st Beakux smeMeHToB A u B ¢ yropsiio9eHHbIME
nngekcamu Ind(A) < Ind(B) Tak, 9Tobbl JeIeHre HEeKOTOPO# KOMIIOHEHTHI HA HOJb BCErJIa
COIIPOBOXKIAJIOCH HAJIMYIMEM HYJI B 9TOH KOMIOHeHTe, npudeM Mbl moiaraem 0/0 = 0. Ilpu
stoMm Ind(A/B) = Ind(A). Hanpumep, B uacrHoctn, nist paBubix najekcos Ind(A) = Ind(B) =
(1,1,...,0,0), rae Ha mepBBIX kK MeCTax CTOAT €AUHUIBI, & HA MOCJICIHUX N — k — CTOAT HyJH,
pesysbTaT JeneHus 6yIeT BBINVISIETh CAEIYIONIM 00Pa30M:

A Alei+.. Afep 4+ Oejyr + ..
=) =€ Oe; € Ind*(1,1,...,1...,0), (9
B~ Bley+...Bkey + Oepir + .. Z € +]§H ¢; € Ind ™ k ), (9)

T.€. TIO CYIIECTBY OH OIpejiesidercd Ha k-mepHoil nomanredpe P, C P, ¢ HEBBIPOXKJIEHHBIMU B
Heil syeMeHTaMu. AHAJIOTUYIHO ONPEJIE/IAETCS JIeJIEHIe 3JIEMEHTOB U C JIIOOBIMU JIPYTUME YIIO-
PAIOYEHHBIMU UHIEKCAMU.
OrmeruM, YTO C/ieJIAHHOE HAMU PACIIUPEHUE OMEPAINH JICJIEHUs] BaYKHO [IJIsT KOPPEKTHO-
ro onpeneserns auddepeHnupoBanns GyHKIUH TOJMIUCIOBOI mepeMeHHO (pasaenst 3.5 u
6). [1st masbHeIero uCoab30BaHus BBEJIEM elle OJIHY Oojiee IpyOyIo XapaKTepUCTUKY Bbl-
POXKJIECHHOCTH dJIeMeHTa aareopbr A:

A = (TrolInd)(A)

zn: Ind(A)’, (10)

KOTOPYIO Ha30BeM cuenamypoti snementa A. Byaem HasbBarh 371eMeHT A cOOCTBEHHO HEBBIPO-
KaeHHbIM, ecn 0 < A < n.

2.3 ConpsizkeHusl 1 MCeBIOHOPMA

Ha asrebpe P, ompenesiena oneparusi conpsizkerusi C: P, — P,, IeficTByOIIas 10 IPaBUILY:

— C(Z Aley) =) Ale, (11)

=1

rae A° = A", Ee k-ag urepanus neitcTsyer 1o dopmyie:

n

CHA) =) Are;, (12)

i=1

rme A° ¢ —n < s < 0 onpegensierca dopmynoit A* = A"TS T. e. cloXkKeHne U BLIYUTAHUE WH-
JIEKCOB TIPOU3BOJNTCA B apudMeTHKe 0 MOJLYJ/IIO 1. DTO MPABUJIO 0 YMOTIAHUIO OyIeT BCeria
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mojipasyMeBaThbesd n pagee. s k = n umeer mecto ToxaectBo C™ = id. Takmm obpaszom, dax-
TUYeCKH, Ha ajredpe P, onpeesiena n— 1 oneparius KOMILIEKCHOTO COTIPSI?KEHHsT, 9TO 00001IaeT
CUTYAIUIO JJIsI KOMILIEKCHBIX U JBOMHBIX UHCEI.

OmnpeesieHHEbIE HAMU KOMILIEKCHBIE COTIPSZKEHUST TIO3BOISIOT YUCTO aJredpandecKu ompese-
Tk (ncesdo)nopmy || Al Beskoro snementa A € P

[[cka) =T[4 e = 1AL, (13)
k=1 k=1 s=1

rje IepBoe PaBeHCTBO aBTOMATUYECKH CJle/lyeT U3 OIpeJeseHUsd KOMIJIEKCHOIO COIPAXKEHUS
u TaOIuIbl yMHOXKeHUA B P,, a BTOpoil 3HaK paBeHCTBa CJleAyeT IMOHNMATh KaK OIpeeeHIe
n—oii crernenn nceBJIoHopMbl a1eMerTa A. OrMernm, 9To neeBaoHopMa || A|| Moxker npuHIMATH
HOJIOYKUTEIbHBIE OTPHUIATEIbHbIE, Hy/IeBble I MHUMbIE 3HaUYeHNst. AOCOTIOTHON BEJTMIMHON 3J1e-
MmeHTa A, Oy/1eM Ha3bIBATh BEIIECTBEHHOE YUCJ/IO, PABHOE

Al = V/1A[™ . (14)

OueBUIHO, ITO JJI BCAKOTO COOCTBEHHO BBIPOZKJIEHHOTO 3/IeMeHTa A MMEerT MecTo paBeH-
crBa: | Al = |A] = 0, B T0 BpeMs Kak JIJIsi HEBBIPOXKIEHHBIX 3jieMeHToB || Al # 0.

2.4 CkaagpHoe noJmIrpon3Bejienne u merpuka bepBasnbaa-Moopa

Konnenmus HOpMBI, omnpejesieHne KOTOPOil onupaeTcd Ha (pOpMy N-0T0 MOpsIKa, JIEFKO 0000-
MAETCs JI0 KOHIEIIUN NOAUCKAAAPHO20 Npousdsederus snemeHToB (A, ..., A, ), onuparormeiics
Ha N-JuHeHyI0 GOPMY BUIA:

> ﬁC’“(Aik) = (A1, A, (15)

(%1, yn)
rje CyMMHPOBAHIE BBITOTHSIETCS [0 BCEM MEepecTaHOBKAM o (i1, .. .,%,) PA3JINIHBIX HHJEKCOB
i1y .., in. 13 (15) merko momydaercs ciemyorias 6osee sBHast (hopMyJIa:
1 1
Al DY An
(Aq,...,A,) = perm , (16)
n n
AP AT

IJle perm — IepMaHeHT KBaJIPATHONH MaTPUIIbl, UMEIOIN CTPYKTYPY OIPE/IeINTeE IS, BCe 3HAKU
B KOTOPOM TIOJIATAIOTCS TLTFOCAMU.
CkaJisipHoe moIunpon3BejicHre (Kak 1 MEPMAHEHT) MOYKET ObITh 3allMCAHO B KOMIIOHEHTAX

B CJIeAyIOoUieM BUIEC: ‘ ‘
(Al,...,An) 562'1...2'”14? ...A;n, (17)

TIe €, i, — CUMMETPHYHBII cuMBos JleBu-UuBUTHI?, COBOKYITHOCTH KOMIOHEHT KOTOPOTO CJle-
JIyeT pacCMaTpUBATh KaK METPUYECKUil TeH30p mpocrpaHcTBa P,, orHecennblii K Gasucy {e;}.
JluHeiiHOEe TPOCTPAHCTBO € MOMMIMHERHONH MeTpudecKoil dopmoii (17) HasbiBaeTcsa npocmpa-
cmeom Bepsaavda-Moopa (obosnadaercst H,), a Mmerpuka B (17) HasbIBaeTCst n-MepHOT MeMPU-
koti Bepsaavda-Moopa, KOTOPYIO B HACTOSIIEH cTaTbe MbI OyaeM o6o3Hadarh (™e. DOpMyIIbI
(13) u (15) o6HApYKHMBAIOT MEHETUYECKYIO CBA3b mpocTpaHcTB P, u H,: anrebpa HOIHIHCE
UHIyIUpyeT MeTpuky Beppasbiaa-Moopa 1mog00H0 ToMy, Kak aaredpa KOMILIEKCHBIX YHCeJT H-
JIYIEpYeT €BKJINI0BY MeTpuky Ha miaockoctu (dopmymna (1)). OTmernm, 9TO IPOCTPAHCTBO
Bepsanbma-Moopa H,, oTHOCHTCS K THITY N-KOPHEBBIX (PUHCIEPOBBIX TPOCTPAHCTB, N3y YaeMbIX
dbuncaeposoit reomerpueit [24].

20H omnpeenseTcs aHAJIOIIIHO CTAHJAPTHOMY aHTHCUMMETPUIHOMY CUMBOJY JleBu-UuBUTEI, /111 KOTOPOTO
MBI OCTaBJIAEM O0OO3HAYEHUE €;,. 4 , C 3aMEHON 3HAKOB MUHYC Ha ILIIOC.
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2.5 WN3omerpuu m KOHPOPMHBIE CUMMETPUN

PaccmorpuMm Hekoropble mpuddepeHnmaabHO-TeoOMeTpudecKne aclieKThl TpocTpancTsa H,, Ko-
OPJIMHATHI KOTOPOro OyieM 0603Ha4YaTh 3/1eCh PUBBIYHBIM 00pa3oM mocpejcreom (zh, ... ™).
Metpuka e B 31X KOopaMHATAX B cooTBeTcTBUN ¢ (16)-(17) MpUHMMAaET cleIyrommit BuI:

e =Sz @ - @ da™), (18)

rae S — omeparop cuMmMerpusaln (6e3 IHCI0BOro MHOXKHUTENs ). HempepbiBHbIE cuMMeTprn
(koH(OPMHBIE CHMMETPUI U U30METPHK) MeTpuKu Bepsasibia-Moopa onuchiBaroTcst anrebpoit
JIn BekTOpHBIX TIOJIelt X, yIOBIETBOPSIONINX KOH(MOPMHBIM ypaBHeHusM Kusmnnra:

Lyx™e=)\.M¢, (19)
rje A — HeKoTopast cKaJsipHas dbyHKImst Koopansat. MoxkHo mokaszaTs [25], 14To obimee perenne
ypasHenuit (19) ucuepnbiBaeTCst CIeIYIONMMI KJIACCAMI BEKTOPHBIX MOJIEii:

1. Ty = 0;, (i=1,...,n) (rpancusimmu);
2. Dy = 21941 — 2'0;, (i = 1,n — 1) — (YHUMOAY/IADHBIE UIATALNY, CYMMUPOBAHUS 110
Her!);
n .
3. Ctry,..p) = 2 Fi(24)0;, tne F; (1 = 1,...,n) — mpou3BobHbIE riiajKue (ByHKINN OIHOI
i=1
nepeMenHoii (koadopMHbIe Tpeobpa3oBanHus).

[Tepsbie JBa Kjacca BEKTOPHBIX MOJedl WHIYIUPYIOT rpymny wusomerpun Iso(H,), Koropas
sBJIsieTCsl TosynpsaMbiM pousseienneM 1, (H,) x D, _1(H,) 1Byx abeseBbIX MOATPYIIL: abe-
JIEBOM TOArPYIIILI TPAHCIAINAN Tn(Hn) u abejieBoil MOATPYIIbl YHUMOILYISPHBIX IUIaTAINi
D,,_1(H,). B koHeYHOM BHIe B KOOpAMHATAX TPEOOpa30BaHusl H30MeTpUr MeTprKu bepBasibia-
Moopa umeroT caeayonuii oot B

n
T,: ot > 2t +¢ D,_q: 2t — a'z’, Haizl, i=1,...,n, ¢',a' € R. (20)
i=1

Tpernit K1acc BEKTOPHBIX TOJIeil MHIyIUpyeT OECKOHETHOMEPHYIO HeabesieBy IPyIITy KOH(POPM-
HBIX TipeobpazoBannii C'(H,,), SBHbI KOHEIHBI BUI KOTOPOIl B BEBIOPAHHOM M30TPOITHOM 6asmce
ompe/jiesisgeTcss HAbOPOM MPOU3BOJIBHBIX IVIAAKAX (PYHKITHIT { f"}izlwn OJIHON mepeMEeHHOM!:

CH,):z" =y =f(z") i=1,...,n. (21)
[Ipu sTom Merpura Me mpeobpasyercs Mo 3aKOHY:
(W, _ ﬁ N\ (22)
Pt dx*

[TomuepkneM, uTo paccmarpuBaeMast Hamu rpynmna C(H,) sBisiercs BecbMa ClIenUAaTbHOI 0T
rpynnoii rpynnsl auddeomopdusMoB, mosToMy KoH(MOPMHOE TpeobpasoBanue Buja (22) He
MIPUBOJIUT K TOSBJIEHUIO HETPUBUAJIBLHON KPUBU3HBI MeTpUKN bepBasibiaa-Moopa.

2.6 Hekoropble MmeTpudeckue o0beKTbl B H,,

Kaxk mokasano Beiiie, rpymnmna nzomerpunt 1so(H,,) COIEpKUT TOTHYIO TOATPYIIY TPAHCIISIII
T,. D10 03Ha4YaeT, 9YTO BbIOpaHHAs HAMHM HU30TPOITHAs CHCTEMa KOOP/JIMHAT JIOMYCKaeT KJ/acc
adPUHHO-IKBUBATIEHTHBIX €if CHCTeM KOODAUHAT (T.e. CBA3AHHBIX C UCXOIHOM HEBBIPOXK ICHHBIM
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addUHHBIM TTIpeodpa3oBaHueM), B KOTOPOM KOMIIOHEHTHI MeTpuku Bepsasibna-Moopa ocraror-
¢ IOCTOAHHBIMK. JIpyruMu ciioBaMu, Mbl MOXKeM paborarh B H,, ¢ riaodbaabHbIMEI adDUHHBIMI
KOHCTPYKIUSIMU (THUIIA PaJNyCc-BEKTOPOB, MOMEHTOB DA3JIMNIHOTO TOPsJIKA U T.II.), OCTABAsICh
B Kyacce ahbdUHHO-I9KBIBAJCHTHBIX CHCTEM KOODAMHAT (B KOTOPOM, KOHEYHO, OTHIOJb HE BCE
[PEJICTABUTENIN OYIYT SIBISITHCS W30TPOIHBIMU CHCTEMaMu). B CHily BO3MOXKHOCTH TJIOGAITH-
HOTI'O OTOXKJECTBJIEHUsI KacaTeJlbHOro npocrpancTa 1, H, ¢ camum H, B m11000i1 TOUKe X, II0-
JINCKAJITPHOE TTPON3BEIeHNEe TPUBUAIBLHO MEPEHOCUTCs ¢ UM epeHIInaTIbHO-TeOMETPUIECKIX
(kacarebHBIX) BeKTOPOB B H,, Ha addUHHbBIE BEKTODDI.

2.6.1 Cdepa Sg]/}
PacemorpuMm ypaBHenne MeTpudeckoil e IMHUIHON cdepbl Sg;} B npocTpancTBe BM:

|Me(z,...,x)] =1, (23)

rie z = (x',...,2") nonnmaerca Kak adpuUHHBI BeKTOp B MpocTpancTse H, B U30TPOIMHOlM
cucTreMe KOOpAuHAT ¢ (pUKCUpOBaHHBIM HadajaoM. OmpejeneHHass TAKIM 00pa3oM MeTpudecKast

cdepa numeer 2" CBA3HBIX HEKOMIIAKTHBIX KOMIIOHEHT Sg_lz

2"1
n—1 __ n—1
o= s (24)
a=1
DTH KOMIIOHEHTHI MOXKHO KJiaccudunmpoBaTh sneMentamu P, uma {T,=(%1,.. ., :i:l)}azlwyl,

KasK/JIbIII U3 KOTOPBIX NMPUHAJJIEXKUT POBHO OJIHON M3 CBA3HBIX KOMITOHEHT C(bepbl. B coorset-
CTBHUU C 9TOH KIaccuduKanueil, KOMIOHEHTHl MOYKHO pa3/Je/INTh Ha YeTHbIe WJIN HedYeTHBIE, B
3aBUCHMOCTH OT KOJMYECTBA OTPUIATETHLHBIX KOMIIOHEHT B KJjacCHudUKaTope T,. KoMmmonen-
Ty SEat, cooTBeTcTByIomIyto mementy Ti = (1,...,1), Gymem HasbiBaTh nonoKuTeMbHOM®. [10
CBOUM I‘eOMGTpI/I‘{eCKI/IM cBoiicTBaM cdepa Sg,;} BecbMa OJIM3Ka K TJIOCKOMY M — l-MepHOMY
mpoCTpaHcTBY: B Sy, HAPUMED, depe3 MobyIo TOUKY, He JIeXKAILYIo Ha JAHHOI SKCTpeMaJH/I
JUIAHBL (T.€. Ha TJIaJKOil KPUBOIi, ,ZLOCT&BJIHIOH_IGI/I SKCTpeMyM (byHKIMOHATY JTHHB Ha Syt
WHIyIIPOBAHHOMY BJIOYKeHHeM St — H,,) MOKHO TPOBECTH eIMHCTBEHHYIO KCTPeMaslb, He
MEePeCeKAIOIYIOCsT ¢ TIepBoii [22]. OTMeTI/IM 3JIECh ellle OJHY BayKHYIO aHaﬂormo cepnr Spy;
¢ eBKJIII0BOH cepoit: TOUKHU, JIesKalie Ha YeTHBIX KOMIOHeHTax cdepbl Shyf, PaccMaTpu-
BaeMble KakK 9JIeMeHTHI ajreOpel P,, n3obpaxkaror noarpyniy D,,_; (110 YMHOKEHUIO) IPYIIIIbI
usomerpwuii Iso(H,).

2.6.2 Komnyc Con(z)

Haszosem xonycom Con(zg) Touku xo € H, MHOXKeCTBO TO4YeK B H,,, yIOBIETBOPSIOMINX yPaB-
HEHUIO:

|z — x| = 0. (25)
OquI/Iﬂ‘HO’ KOHYCBI BCEX TOYEK I/ISO]\/IOpd)HbI n 3TOT I/I3OI\IOpCbI/I3M yCTaHaBJINBa€TCA CUMBOJIAYIC-
cKoOit (hOpMYJIOit:
e
Con(z1) = Con(zg) + 1 — xo.

Dnementer z € Con(xg), €Cm UX HHTEPIPETUPOBATH KAK JIEMEHTHI AJreOpsl P, peCTaBIsioT
c000#1 B TOYHOCTH BCE T€ JIEMEHTHI, /I KOTOPBIX T — &g HE UMEET OOPATHOTO 10 YMHOYKEHUIO.

3Taxske 6ymeM HA3LIBATH MOJOKHTEIBHON UaCTh P,, COmepKaIrylo Bce Te saeMeHTHl A, y Koropsx A’ > 0
A BceX ¢ = 1,...,n.
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2.6.3 DKCHOHEHIMAJIbHbIE YTJIbI U Qkpn-HpOCTpaHCTBa

HenocpencrBeHnoi TPOBEPKOii ¢ MOMOIIBIO (5) JIErKO yOEeUThCs B CIIPABEIHBOCTH CJIELYIOIIETO
IPEJICTABIICHUS JII0O0T0 HEBBIPOXKIeHHOro nommanciat A € P,:

A= A, =T(A)|AleY, (26)
s=1
riae T(A) = Ta) — Ki1accuduKkarop TOH KOMIOHEHTHI SEa, KOTOPYIO Tiepecekaer Jiyd AA,

R>)X>0,
X = Z Xf4€5 (27)
s=1

— noymyron A (T.e. yrioBasi mepeMeHHasl, SIBJISIIOIIASICSA 0 CBOEil ajredpamveckoil Ipupojie
HOJITIUCOM TOTO 2Ke THIA, 9To n A),

X% =1In AA (28)
| Al
T.H. 9KCNOHEHUUAALHBIE Y2Ab, daemenma A,
~ A
A= (29)
Ta(A)

NPUBEJICHHBI (K TOJOXKUTETHHON KOMIIOHEHTE Sgﬁ) 97eMeHT A, y KOTOPOro Bce KOMITOHEHTBI
B M30TPOIHOM Oasnce MOIOKUTENbHBL. [lo camomy cBoemy ompejiesieHUIO SKCIOHEHIINATbHbIE
VIJIBl YAOBJICTBOPAIOT TOXKIECTBY:

Tr(x) =Y x* =0, (30)

9TO, B CBOIO O4Y€pEb, obecreunBaeT TO2KIECTBO
X =1, (31)

AHaJIOTUYIHOE II0 CMBICIY YC/JIOBUIO €IMHUYIHOCTHU MOOYJId KOMIIJIEKCHBIX YHCEJI, JIe2KalllUX Ha
e):[I/IHI/ILIHOIU/I OKPY2KHOCTHU B KOMILJIEKCHOI IIocKocTH. MOXKHO IIOKa3aThb, 9YTO BEJIMYNHa

Ixal = XY xa M (32)

MMeeT CMBICT AaHAJIOTa eBKJIMI0Ba yriua® Mex ity snementamu(-sektopamu) A u T(A). Ona nasmr-
BAETCS 63AUMHbLM Y2A0M MEZK LY HUMU. B3aUMHBIi yT0JI MEK 1y HEBBIPOK ICHHBIMU SJIeMEHTaMU
A€ P, u B e P, upu 7(A) = 71(B) onpegensercs mo dbopmy:ie:

¢(A, B) = [xB/al- (33)

[Tepexon or snementoB P, K ux mommyriam 1o dopmyie (28) MOXKHO MOHMMATH KaK HEKO-
Topoe orobpaxkenmue: b : P, — P,. Harnsaauo o6pas b(P,) = 2P, uzobpaxkaercsi B IPOCTPaH-
crBe P, B BUJIE MHIIEPIUIOCKOCTH, OPTOMOHAJBHON (B €BKJIMIOBOM CMbIC/IE) TPOCTPAHCTBEHHOMN

4311ech MBI HECKOIBLKO 3aberaeM BIIEpel, UCIOIb3ys TOHATHE SKCIOHEHTLI OT Hoamaucia. JJoctaTrouno 6erio
IPOCMOTPETH paszjen 3.1, B KOTOpoM 00Cy?K/IaI0TCsI CTEIIEHHbIE PSIbI MOJUIUCTIOBON MepeMeHHON 1 aHAJIUTHIIe-
ckue GyHKIUNA OT Hee.

50On obnagaeT CBOMCTBOM a/IIUTUBHOCTH W MOYKET OBITH ONpe/eNeH KaK JJIMHA SKCTPeMaId Ha eJIMHITHON
cepe SPyf, coemumsontuii Touky T(A) u eX(Y) ma meii [22].
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fuccekTpucce (MOHUMAEMO TaK»Ke B €BKJINIOBOM CMBICTIE) TOJOKUTETHHON KOMIOHEHTHI P,
NPOXOJAIIEH Yepe3 HyseBol snemeHT anrebpnl P,. OTobparkenne b, KOTOpoe Mbl HA3BIBAEM
b-mipoekIueil (Gumpoexiueii), mpeacTaBiser coboil HeJIMHeHHOe OTOOpAaYKeHNe JIMHEHHBIX MTPO-
CTPAHCTB U JOILyCKaeT IIOCIeAYIONNe NTePallin:

P, QP, > Q*P,--- 5 QFP, > ... (34)

Kazkplii mar urepaiiuy IpoeKTHBU3UPYET Mpoobpas M MOHMYKAET pasMepHOCTh obpasa (Kak
noxmuOroobpasus P,) Ha exunuiy. Takum o6pa3oM, pasMepHOCTh MHOIOOODa3Hs MOIMYTJIOB
OFP, pasna n — k, u BCero CymecTByeT JIUIIL N — 1 HE3aBUCHMBIX B3aIMHLIX YIJIOB Xff)- Ota
MOCIEIOBATE/IHHOCTh HE3ABUCUMBIX B3AUMHBIX YIJIOB MO3BOJISET 3AIMCATH JIECTHUIHOE IKCIIO-
HEHIMATBHOE MPEeJICTAB/ICHIe MoJInIucaa [22].

[IpuBeem 6e3 JT0Ka3aTEILCTBA, CIEIYIONLYI0 OYEBUIHYIO (DOPMYIIY:

CHA = 1(C*FA)|AJe™, (35)

yCTaHaBJIUBAIOIIYIO IIPpAaBUJIO KOMIIJIEKCHOI'O COIPAXKEHHA IIOJIUYINCE/I B 3KCIIOHEHIHMAJIbHOM
npeacTaBJICHUN.

3 Amnanuntmdeckue m rojoMopdHbie (DYHKIUN IIOJIAYNCIOBOI Hepe-
MEHHOW

3.1 CreneHun u cXoOdAINEca PAAbI

[TpaBuso (5) yMHOXKeHUsI TOJUYUCE]T B H30TPOITHOM Ha3uce MO3BOJIsIeT ONPeJIeJIUTh JTH00YI0 1ie-
JIOUYKCJIEHHYIO CTeleHb nomancia A € By:

A" = (AYey + - + (A, (36)

@opwmyna (36) rogurcs W IS OTPULATETHHBIX 3HAYEHUIT n B ciydae, Korja A HEeBBIPOXKJe-
HO. DTa HopMyJIa MO3BOJIET JIETKO ONPEIeTnTh (hOPMaTbHBIE CTEIIEHHBIC MOJUINCTIOBBIE PsiIbI

BUIA:
o0 n o

R(z) = Z et = Z Z crs(2°)Fes, (37)

s=1 k=1

n
rie P, 5 ¢y = Y cpses, P > © = z'e; + -+ - + a"e,. Pasencrro B (37), BoiTekatommee u3 (36),
s=1

O3HAYaeT, YTO CTENEeHHON s MOJMIUCIOBON MePEMEHONH B M30TPOITHOM 0Oa3uce pacraiaeTcs
Ha CYMMY 71 HE3aBHCHMBIX DsJIOB BEIIECTBEHHOI mepeMeHHOi. EctecTBenno Hazparh psin R(x)
CXOJIATINMCS, €CTH M TOJBKO €CJIN KaKJIblii U3 BeleCTBEHHBIX PsIOB B IpaBoil dactu (37) cxo-
JIATCsT B OOBITHOM CMBICTE. AHAJOTMIHO MOXKHO BBECTH OIpeesieHns aOCOTIOTHO U YCIOBHO
exofatmuxest psiyioB R(x) (ecim abCoTIOTHO CXOIATCs BENeCTBEHHbIE PSJIbl U YCIIOBHO CXOJUTCS
X0Tsl OBl OJINH U3 BEIIECTBEHHBIX PsfioB). [lo cyTu jena, pedb WJIeT O CXOAUMOCTH PSJIOB MO-
JITYHUCJIOBO ITepeMEeHHOI B TPAMOYTOJIHLHOM MeTpuveckoil Tonojorun R, B KOTOPOil OTKPBITHIE
n

g-Imapbl B OKPECTHOCTH HEKOTOPOIl TOUKH Ty € R" 3a1a10TCs HepaBeHCTBOM Y |z — zg| < €.
k=1
3.2 Anammrundeckue PYHKIUM IOJIUYUCIOBON IIePEMEHHOIN

BosMmokHOCTB OIpejiesieHnsT CTEMEeHHBIX PSIIOB MMO3BOJISIET ONPEIEINTh KJIacC aHATUTIIeCKUX
dbyuKIWit omarcioBoit epemernoit C¥(P,) Kak COBOKYIHOCTH oTobpazxkenuii P, — P, npeJ-
CTABUMBIX B BHJIE CXOJAIINXCS MOJMIUCIOBBIX CTENEHHBIX PsifioB B (37) (¢ IpOU3BOIBHBIM
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[EHTPOM DPAa3JIOXKeHUs1). DTO OlpejieieHre JIOomycKaeT 00600IIeHre Ha OTPUIIATEIbHbIE CTEIeHN
(mosmauciosbie psijibl JlopaHa) BHE KOHyca IEHTPA PA3JIOKEHUS B Psijl.

[IycTth nMeercss HeKoTOpas aHaJUTHYECKasi (PYHKIUS BellecTBeHHOM nepementoit f : R —
R, xoTOpasi onpeeaseTcs CBOUM Pa3/IoXKeHNeM B PsJi ¢ HEKOTOPBIM IIEHTPOM pas/oxKeHus &p:

[e.¢]

£ = al€— &), (38)

k=0

rae Ko PUIUEHTHI ¢ BEIECTBEHHBI. DJIEMEHTAPHO MIPOBEPSIETCsI, UYTO ee aHAJIUTUIECKOe MPO-
JIoJzKeHune Ha P, Bcerja CyIiecTBYeT, e IMHCTBEHHO U ONpeJie/isdeTcss (popMyJIoii:

f@) = e —&L)" =Y Y anla® —&o)fes =Y fla)e (39)
k=0 k=0 s=1 =1

C yuerom (37) aHAJOIMYHO HMeEM B3aMMHO-OJHOZHAYHOE COOTBETCTBHE MEXKIy Habopamn
{fs}s=1,..n aHATHTHYIECKUX (QYHKIWI BEIIECTBEHHOI MEPEMEHHO M aHATNTHICCKUMU (QYHK-
IUAMU OJTHON TIOJIMYUCIOBOM ITepeMEeHHO, KOTOPOe yCTaHABINBAETCs (POPMYJIOii, 0000IIAOIIei
(39) u BBITeKATOMIEH U3 (37):

f(z) = chxk = Z fs(z%)es, (40)

rie
n 0
Cr = chses " fs(g) = Z cksgka
s=1 k=0

¢k € Py, cxs € R. Nanbreiiee obobrenne (40) BbIpazkaeT CIeIyomast

Teopema 1. Hmeem mecmo buexmusnoe coomeememeue mencdy nabopamu { fsts—1. n n
BEULLCTNEEHHBIT aGHAAUMUYECKUT Gynruut om k eewecmeennuis nepemernnvs R¥ — R u ana-
aumuveckumu Gyrukyuamy P, — P, om k noiuvuciosvix nepemennovlir 6uda:

l1 12 lk

P,xP,x---x P,— P,

2de
lq

P,=C"(P,)
uecely dasg=1,...,k nonapro pasaurmot.

HokazaTesbcTBO. [10CTATOMHO IIPOBECTH TOKA3ATEIBLCTBO ISt O/IHOM 13 BBIGOPOK {/,} (10-
Ka3aTeIbCTBO JIJI IPYTUX BBIOOPOK CBOJUTCS K IIPOCTOMN MepeHyMepaluu epeMeHHbix ). [lycers
ly=q—1nnaq=1,....k dpyruymu cioBaMu, pacCMOTPHM aHAJINTHIeCKyIO GpyHKImIO f oT k
MOJINIUCTIOBBIX IEPEMEHHBIX BUJIA:

1 k—1 1 k

1
(x,2,..., v ) f(z,2,..., x

) € P,, tae 1= Coz. (41)

B cuy anamuruaHOCTH f MMeeM MpejicTaBjieHne 3Toil (hyHKIUN dyepe3 cXOAAmuiics (MOKOMITO-
HEHTHO) CTEMeHHOMN PsiJI ¢ HEKOTOPBIM IIEHTPOM Pa3JIoXKeHus Tg € Py:

1 k-1 1 1 k-1 k-1
[z, w0 )= Z Crng.omp_1 (T — 20)™ (T — o)™ -+ (T — @ o)™ (42)
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C yuerom dopmysibr (12) mocie mepexofia K pas/IoXKeHUsM 110 U30TPOITHOMY 0a3nCy KazKI0ro
COMHOZKUTE/IS TI0J] 3HAKOM CYMMBI B (42), oIy duM:

o0 n
Z Z Cm0~-~mk718(xs o x(s))mo (lﬁil - xgil)ml T (x87k+1 - x(s)ikJrl)mkfles

mo,...,mi_1=0 s=1

n
Z folx®, a7t o a5 ey, (43)
s=1
rIe Mbl 00O3HAYUNIIN
folx®, a7 a7 =
o0
D @ )@ = @ e (4a)
mo,...,mk—1=0
n
nu Cmo...mk_l - Z Cmg..mp_15€sy Cmg..mp_1s € R. Ha6op beHKHI/H/I {fs}s:l,...,n7 onpegenﬂeMmﬁ

s=0
o (43) u ecTb HCKOMBIN HAOOP AHAJINTHIECKUX (DYHKIHH OT K BEIECTBEHHBIX MEPEMEHHDIX.
[IpoBonst paccyzKIeHuo B 00PaTHYIO CTOPOHY, MOXKHO I10 JTI000MY TaKOMY HabOpY BOCCTAHOBUTD
AHATUTHYECKYI0 DYHKIUIO K N-IHCIOBBIX IepeMeHHbIX. ]

PaccmoTpenHble HaMu CHTYAIAH SBIAIOTCA 0000IIEHIEM Ha 1 M3MEPEHNIT CUTYAIHil Ha JBOM-
HOf1 TIITOCKOCTH®, KOTOPBIE, B CBOIO 0M€PE/Ib, ABIAIOTCS alrebpanvecKuMI aHAJTOTAMI AHAJITH-
YeCKHX, aHTHAHAJINTUIECKUX U 0DOOIIEHHO-aHAINTHIeCKNX (DYHKINI KOMIUIEKCHOI HepeMeH-
Hoit 7).

3.3 IlIpenesbl 1 HeNMPEPBHIBHOCTH

B ocnoBe anaimsa JiezkaT onepaniy IpeiesbHoro mepexona. IlepeiiieM K paccMOTPEHHIO CO-
OTBETCTBYIOIINX KOHCTPYKImit B P,. HazoBem GecKOHEUHYIO MOMMYUCIOBYIO MOCIIEI0BATE b
HoCTh {2,}: N— P, cxozsuieiicst, ecim cOOTBETCTBYIOIINE OKOMIIOHEHTHBIE [OC/IE/I0BATEILHO-
el {2 }o=1,..n CXOIATCA B CMBIC/IC OOBIYHOIO aHaIM3a. MOMKHO BBIICTHTL 0CO60 PaAGHOMEPHO
(o KOMIIOHEHTaM) CXOJISIIIIECs] TTOJIMIUCIOBbIe ocaeoBaTeapHocTn {2}, ecin aBoiiHas mo-
caeoBarenbHocTh {8} Kak orobpazkenue N X Z, — R CXOAUTCA PABHOMEPHO 110 MHOYKECTBY
Z,, B OOBIYHOM CMBICJIE.

JlaHHbBIe HAMU OIIPEJIJIeHNsI CXOAMMOCTH HUKAK He CBSA3aHBI C TOH MeOMeTPUYECKON CTPYK-
Typoit (merpukoii Bepsasbaa-Moopa), Kotopyto unmyiupyer airebpa P, u 1o cyTH, Kak yKe
OTMEYAJIOCh BbIIIIe, UHYIUPYIOTCS eBKJINIO0BON MerTpukoil B R, (uam, Tounee, npsMoii cyMm-
MOIl OJJHOMEPHBIX €BKJIMJIOBBIX MeTpUK ). [TosToMy magum ere ojHO OmpejiesieHIe CXOAUMOCTH:
OJINYUNCIIO G HA3BIBACTCH YCAOBHBIM Npedenom GECKOHETHOI TTOINYHCIOBOM [0C/Ie/[0BATEIbHO-
cru {z,}, (MbI Oymem o6o3HAYATH 9TOT (DAKT B 3alllCH Tak: {T,} ~» G, B OTINYNE OT 3AINCH
TPAUIUOHHON cxomumocTi: {x,} — a) ecn

lim |a — 24|y =0, (45)

rjae | e |[gpyy — HOpMa B Merpuke Bepsasbna-Moopa. Ilonstie ycioBHOTO mpesena 0600maer
MOHSITHE OOBIYHOIO, B TOM CMBICJIE, 4TO JIIOOOH KIacCHYecKuii Mpejiest SIBISeTCs U YCIOBHBIM,

SUx tpu: anamuruyueckue byHKIME (PACKIaIBIBAIOTCA MO MOJOKUTETLHBIM CTEeHAM h), aHTHAHATUTHIC-
ckue GyHKIuu (PACKIAJBIBAIOTCS 0 TIOJOXKUTENLHBIM CTeneHsaM h) u 0600IIeHHO-aHaAuTHIecKue (DyHKINN
(PACKJIAZBIBAIOTCS 110 TIOJIOXKUTEILHBIM cTeneHsM b u h).
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B TO BpeMs KaK He BCAKHIl YCIOBHBII IPEIEN sBJISIeTCS KIACCHIeCKUM. PaccmorpuM, K mpn-

Mepy, CeMeHCTBO MOJTHYHUCIOBBIX HOCIEJI0BATEILHOCTEH {5 }s—1,.. n, B KOTOPOM MOCTIEIOBATETb-

HOCTD {1} } CXOAUTCS K HyIIO, & OCTATBHBIE TIOCTICOBATEIBHOCTH OIPAHITICHD! (1 He 00532 h-

HO cxozguecs). B sTom cirydae mo6oit BeIpoKIeHHBIH mement ¢ magekcom (0,1,1,...,1)

B cooTBeTCTBUM C (45) ABJIsIeTCsi YCJIOBHBIM IIPEJIEJIOM HMOJMYUCIOBOI T10C/IeI0BATEIBHOCTI
n

{zg = > xle,}. Bee makue ycrmoBHbIe Tpejesbl 00pa3yioT THIEPILIOCKOCTh ' = 0 B Kiacce

s=1
U30TPOITHBIX 0a3ucoB. TakuM oOpa30M, OTCYTCTBHE IMOJOXKUTEIbHON OMpPeIeIeHHOCT HOPMBI,

HHLyIIpYeMoii MeTpukoit Bepsasbaa-Moopa, IPUBOAUT K Psi/ly HEOOBIYHBIX CBOMCTB YCIOBHO-

ro npejesa. Hanpumep, BO3MOXKHA CUTYalUs, KOIJIA BCe MOKOMIIOHEHTHBIE [OCIEI0BATEIHHO-
S

cTh {Z)}s=1,..n PACXOAATCA, HO TOJMUUCTIOBAST MOCIEOBATE/ILHOCTD {Tq} YCIOBHO CXOTHTCA.

PaccmoTpum cemeiicTBo mocsieioarenbocteit {x) = (—1)7*}. Venosmbrii pejies nomamucio-

n
BOfi TIOCTIEZIOBATEIBHOCTH {Tq = ) Tjes} COBNAJAET ¢ MHOXKECTBOM BEPIIMH N-MEPHOro Kyba
s=1
[—1;+1]*" = Q™ C P, 3a uckmodenuem napsl: Bepumabl (+1,—1,+1,—1... 41, —1) u upo-
TUBOIOJIOXKHOT efi. Takske, B 06I1eM CTydae He BBITOJHAIOTCA TIPUBBIYHBIE TIPABUIIA OOPAIIEeHUST
c npegeramu. K npumepy, ecin {z,} ~» a u {y,} ~» b, To mocrenoBarensHocTs {2, + Y, } MOKeT
He UMeTh B Ka4eCTBe CBOEro YCJIOBHOTO Mpejiesia MOJTHIucyio a + b.

MoxkHO cKa3aTh, 9TO IMOHSITHE YCIOBHOTO Ipefesia, CBs3aHHOe ¢ MeTpukoii Bepasbia-
Moopa, obHapyKUBaeT HEMOJTHOTY MPOCTPAHCTBA P,, TTOHUMAaeMOro KakK MHOXKECTBa TOYEK —
YCJIOBHBIN TIpEJIesl TIOCIeI0BATEIbHOCTH 9JIEMEHTOB-TOYeK P, MoxKeT He ObITh Toukoil. B Kiac-
CUYECKOM AHAJIM3€ U TOMOJIOTHH MPEJIEIOM TI0CIE0BATEIHHOCTH TOYEK TOIOJOIHYECKOTO MPO-
cTpaHcTBa (B TOM CJIydae eCIi OH CYIIECTBYET), SIBJISETCS TOYKA — SJEMEHT TOi Ke TPUPOJIBI
(T.e. HE MMeroIuii cOGCTBEHHBIX MOAMHOXKECTB). Eciu Tenephb mepefiTi 0T MCXOIHOTO MHOMKE-
crBa (B Hamewm ciydae P,) K MHO:KecTBY 2" Beex ero momMHozkecTB, TO MBI HMeeM OOBIYHYIO
CUTYaIUIO: HEKOTOPBIE (CXOJISIIIECs) MOC/Ie0BATEIbHOCTH CIEIUATBHBIX (OHOTOUETHBIX IO/
MHOYKECTB) 3JIeMEHTOB MHOzKecTBa 25 cxoares K sementam Toro xe Muoxkectsa 28 (mommo-
skectBaM). [Ipyrumu ciioBamu, 1Jisi KODPEKTHOIO COTJIACOBAHUS CBONCTB MeTPHKHN BepBaJib/ia-
Moopa 1 TOMOJOTHH €CTECTBEHHO TOIOJIOIM3UPOBATh He MCXOmHoe mpocTpancTso P,, a 2,
[Ipu 3TOM OTKPBITHIMHI HOIMHOMKecTBaMu 277 GyIyT crenmanbHble ceMeiicTBa MOIMHOMKECTE B
2P Mpr orpanmamm obcyzKaeHne BOIpoca 0 MeTpHYecKoil Tomostoruu Bepsasnsaa-Moopa mpo-
crpancTB H,, 371€Ch JIUIIb ITUME OOIIUMI KOMMEHTAPUSAMIE.

Haszosem nosmuancio A € P, npenenom dyukuun f: P, — P, B To4Ke xj, €CJIH €ro Be-
IIeCTBEeHHbIe KOMIIOHEHThI A’ ABIAIOTCSA TpejielaMi COOTBETCTBYIONUX KOMIIOHEHT (byHKIUH
fi B 0bbraHOM CMBICTe. AHasorn4no, HasoseM dyHKIHO f: P, — P, HempepbIBHOH B TOYKe
xo € P,, eciu B 3T0i TOUKe HENPEPBIBHBI B OOBITHOM CMBIC/IE €€ BEIIeCTBEHHbIE KOMIIOHEHTHI.
DKBUBAJIEHTHOE YCJIOBUE HEIPEPbIBHOCTH:

lim f(2) = f(wo). (46)
CHOBa OTMETUM, YTO MPEJIEIbl U HEMPEPBIBHOCTL (DYHKIINI MOJTUIUCIOBOI TIepeMeHHOit, dhop-
MYJIUPOBKa KOTOPBIX OMUPAIach ObI Ha HOPMY, aCCOIMUPYEMYIO ¢ MeTpukoii Beppasibia-Moopa,
OyIyT 00a/1aTh OYeHb CTPAHHBIMU CBOMcTBaMu. PaccMoTpuM (DyHKIIMIO MOJIMYUCTIOBON Tepe-
MEHHOI1, 3a/1aBaeMy1o (hbOpMYJIOii:

n

D(z) =) (1= (=1)*)D(z") + (1 = D(z*))(L = (=1)**"))es, (47)

s=1

rie D — crangapraaa dynkiusg lupuxsie or BemecTBeHHOI nepemennoit. Hecmorpsa Ha TO,
9TO HU OJHA M3 KOMIOHeHT (hyukimu D(z) He umeer mpejesia HU B OJHON TOUKe, DYHKIUS



J.T". Ilasjos, C.C. Kokapes ...CBoiicTBa NIaJgkux (YHKIHI TOJTHIHCTOBOH MEPEeMEHHOH 17

D(x) nmeer (ycaoBHBI) Tpeses mo MeTpuke Bepsasbia-Moopa B J11000ii TOUKe, TOCKOIBKY, K

IIpuMepy

T—T0

Hanee, HecMOTpPsI Ha Pa3pbIBHOCTH Beex KOMIoHeHT (yuKiuuu D(xz), sta dyuknus "Henpepbis-
na" B "Merpudeckoii Tonosorun' ; accoruupoBaHHoii ¢ MeTpukoii bepsasbaa-Moopa. Kasbrakn
nojiuepKuBaioT ToT (akt, 9ro (1ceso)nopma Beppasbua-Moopa He MOpoXkKIaeT HUKAKOM TO-
MOJIOTUU B KJIACCHIECKOM CMBICJIE TOTO CJIOBA.

3.4 R-ymmmueitable u P,-nuHeiinble oToOpakeHUs

Haszosem oro6paxenue ¢: P, — P, R-nuneitabiv (P,-iuHeiiHbIM), ecin
Az + py) = M(z) + pl(y) (48)

I BegKuX T,y € P, m Beskux A\, p € R (Besgkux A\, pu € P,.) OueBmmnOo, 9TO CBOHCTBO
P,-nuneitHocTn gBjsieTcss 6ojiee CUJIBHBIM, U€M CBOWCTBO R-IMHEHHOCTH, MOTOMY Kjacc P,-
JIMHEHHBIX 0TOOPAYKEHUI SIBIISIETCST TOJMHOYKECTBOM (TIOIIPOCTPAHCTBOM ) R-MHEHHBIX 0TOOpa-
xeruit. OOt Buj R-muHEHHBIX 1 P,-THHEHHBIX 0TOOpaykeHuil yCTaHABIMBAET CJIeIyoast

Teopema 2. 1) Obwuii 6ud R-aunetinozo omobpascenus £: P, — P, umeem caedyrousee

npe@cmaSJLeHue:
= Z o I, (49)
s=1

2de o, € P,.
2) Obwuti 6ud Pp,-aunetinor omobpastcenuti umeem npedcmasaenue (49) ¢ as = 0 das ecex
s=1,...,n—1 u npoussosvrvim o, € P,.

HokazaresiberBo. 1) B cuny R-nuHeiiHOCTH ¢ OJHON CTOPOHBL:

= E(i rle;) = ixié(ei) = i r'whey, (50)
s=1 s=1

s,k=1

1€ Mbl BBEJ/IN obo3HaUeHIE wf IJId BEIIECCTBECHHDBIX KOSCI)CbI/IHI/IeHTOB Pa3JI02KeHUA IIOJININCeI
n

{(e;) mo mzorporHomy Gasucy: £(e;) = > wkey. C apyroit croponsl, as Mo6oro HAGOPa MOMH-
k=1
YHCTOBBIX BEJIUYUH { s fs—1, 5 MBI OyJI€M HMETb:

i% T= i(ageq) i (o7 zle,) Z oo le,, (51)
s=1

s,q=1 rl=1 s,r,l=1

riae a? — BemiecTBeHHBbIE KOI(bDMUINEHTHI PA3IOKEHNs (s TI0 U30TPOIHOMY basucy, o’ — Ma-
TPUIIA $-OT0 CONPsIzKeHHsl (CONpsiyKenne — R-jmHeiiHast oneparus u ee IeficTBIe Ha KOOPUHATHI
[OJTMYIKCIIA B M30TPOITHOM GA3UCe OIPEJIeIsieTCs HaOOPOM MaTPHIL UKJINIECKUX [IEPECTAHOBOK ),
a TIoCIe/IHee 3BeHO paBeHcTBa (51) OBIIO MOTyYeHo ¢ yaIeToM TaOJINIbl yMHOKEHNs (4) s1eMeH-
ToB n3oTporHoro 6asuca. [Ipupasausast kosddurnmentst B (50) u (51) mpu TPOU3BOIBHON KOM-
ounarmy r'e, MBI TIOTyTaeM TOCIe HaJIesKAIIX TepeoOo3HadeHnil MHIEKCOB CyMMIPOBAHH:

Wi = Z alo)”  (mo r HeT cymMMupoBaHMUs!). (52)

Ocraercsi 10Ka3aTh, YTO CUCTEMa MATPUYHBLIX ypaBHeHuii (52) paspemmMa OTHOCUTENLHO .
B srom ciygae, koaddbunueHTs! af OyayT OJIHOSHAYHO BBIPArKATHCS Uepe3 3aaHHBIE CAMUM
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R-nmueiinsiv orobpazkenneM kodddunnents! w;. Cucrema (52) Oymer paspermma, ecin Jio-
boe cedeHre MPOCTPAHCTBEHHON KyOUYIECKOW MATPHIILI ¢ O BTOPOMY BEPXHEMY HHJIEKCY (T.e.
KBaJIpaTHas MATPUIA, COCTABJICHHAS U3 9JEMEHTOB 0] mpu J10060M (BUKCHPOBAHHOM 7°) OyIeT
00paTHMO B CMBICJIE OOBITHOM IS KBaJIpATHBIX MaTpuil. /ljisi BbisicHeHUs Bompoca 06 obpa-
THUMOCTHU 9TUX MaTpHUIl 3aME€TUM, 9TO KOMIIOHEHTDI HpOCTpaHCTBeHHOﬁ MaTpHUIIbI O'lsr 3aJaI0TCA
caemyroreit oomeir popMyIoit:

o =6, (53)

[PU 9TOM BBIYUTAHNE BEPXHUX MHJIEKCOB MOHUMAETCS IO MOJAYJ0 1 (T.e. 7 — s = n+ (r —s) mpu
r —s < 0). opmymna (53) yTBepKIaer, 9T0O MATPUIBI KOMILIEKCHBIX compsizkenuit C*¥ mosryda-
IOTCS U3 eIMHUIHON MaTPUIIBI TOCTIEI0BATEIbHBIME UKIMIeCKUMUI TTI€PECTAHOBKAME €e CTPOK
(cemoBaTeIbHO, OHE BCe HEBLIPOXKeHHBI). Ho Jiobast KBaapaTHas MaTPHUIA ¢ KOMIIOHEHTAMI
o} npu PUKCHPOBAHHOM T NMEET aHAJOIHIHYIO CTPYKTYDY (BepxHuil nHmekc J-cumposa B (53)
[OC/IE/IOBATE/ILHO TIPOOEraeT Te YKe 3HAUEHWsl ), CJIeJ0BATEIbHO MATPUIIbI CeUeHUsl KyOmuecKoil
matpurpl B (53) npu dukcupoBaHHOM $ U (BUKCHPOBAHHOM T — 3TO OJWH W TOT Ke Habop
MATPUI], B KOTOPOM CeYeHUs OTJIMIAIOTCsI JINIIb MOPSIKOM pacnoozkenus. Ctaio 6bITh HHTe-
PeCyIOIIIe HAC CeYeH s HEBBIPOZKJIEHHBI, KazKJI0e 13 HUX 00paTuMo, a cucrema (52) 0JHO3HATHO
paspermma.

2) PacniuceiBas yciosue P, -muHeiiHOCTH J171s1 001ero npeactasiaenus (49), momyauM ¢ ofHoi
croponsl s £(fz):

n R n n n
s
(pr) = as fr= ") (ater) Y (07"07e,) Y (0)"a'e,)
s=1 s,k=0 r,g=1 l,p=1
n
Z aFok ok Bty (54)
s,k,l,r=1

C apyroit CTOpOHBI
n n n n
r k sl k ok _sk
Bl(z) = g Be, E asey E o, rle g agB oy 2Pey,. (55)
r=1 s,k=1 p,l=1 s,k,p=1

B cuny mponsBosibHOCTH U & HOIKHBI OBITH PaBHBI KOA(MDMUIINEHTHI TP OTUHAKOBBIX KOMOU-

Hanusx 3 zPey B (54) u (55), OTKya moc/e HaJIEXKAIIErO TepeobO3HAMCHNs HHIEKCOB CYMMU-

POBaHUA ITOJIydaeTCdAd CUCTEMa OFpaHI/I‘{eHHﬁ Ha Oél; cJaeayroniero sujia:

n n

k sk _sk __ k _k _sk
g alotiolt = g draiop”. (56)
s=1 s=1

Hng cnyaast k = r paserctso (56) npuHIMaeT 6ojee TPOCTO BHI:

n n

'S ST sro T ST
E alol ol = g alo; (57)
s=1 s=1

C yuaerom (53) coorromernio (57) MOKHO IPUIATH CJEIYIOIIIIA BUT:

i TSI = i arer. (58)
s=1 s=1

B cuity HEBBIPOXKIEHHOCTH MATPHIIBI-CedeHnst 0, ° Ipu (PUKCHPOBAHHOM 7 (CM. 00Cy2KIeHUe B
IpeJBIIYINeM IIyHKTE JOKA3aTeIbCTBA), Ha KOMIOHEHTHI d, ° MOXKHO "coKpaTruTs' crpasa u
cineBa B (58). B pesysbrare MOMyYUM PABEHCTBO 6€3 CYyMMUDPOBAHMUS:

ald, f =al. (59)

S
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IIpu s = 0 mod n coornomenue (59) maer TOXKIECTBO af = «f, a npu s # 0 mod n oHO
BBIIOJTHAETCA TOJABKO TIPHU ozéc =0,s=1,2,...,n—1. IIpu k # r mb1 noxyunm u3 (56)

n n
k sk sk __ k ck—sck—s

E a o) o]t = E a0, %0, = 0.

s=1 s=1

[Tpu r # | meabTa-CUMBOJIBL B TIOCIEIHEH CyMMe OTJMIHbBI OT HYJIA IPH PA3HBIX S U MbI ITOJLY9UM
TO1eCTBO. [IpH r = | MBI OJTY UM CyMMY C KBaIPATOM JIeJIbTa-CUMBOJIA, KOTOPast paBHA CyMMe
¢ TIepBoii crenenbio aesbTa-cuMbona ((68)% = §%), koropast npu ycnosuu k # r u ¢ yueToM TOrO,
aro af = 0 npu s # 0 mod n, obparmaercst B Hy/Ib TOXKIECTBEHHO. [

3.5 Kuaccewr o u O

BJ1ech u Jajiee 1oj1 -0KPEeCTHOCTBIO TOUKH To Oy/1eM IIOHIMATh eBKINI0B Ky6 Q)7 (o) ¢ HeHTpoM
B TOUKe Zo U pebpaMu JUIMHBI 2€, NapaslebHBIMUI KOODMHATHBIM OCSAM HEKOTOPOH H30TPOIHOI
cucreMbl Koopanaar. Hazosem ungekcom dyukuuu f: P, — P, B rouke z noanuancio Ind(f(x)).
Paccmorpum MuOKeCTBO Cq.0)(P) dynkimit P, — P, KOTOpBIE HEIPEPBIBHBI (B TOIIOIOTHH TIPS
MOt CyMMBI €BKJIIJIOBBIX METPHK) B Q7 (a) 1 KayK/1as U3 KOTOPBIX HMEET IIOCTOSHHBIN HHJIEKC B
Q7 (a)\{a}. dna mapsr dynxnuit f i g u3 Cq ) (P,) ¢ ynopsgodenasivu nnjiexcamu B Q7 (a)\{a}
(T.e. mpu yeaosuu Ind(f(x)) < Ind(g(z)) npu z € Q2(a) \ {a}), 6yaem rosoputs, uro f = o(g)
B TOYKE @, €CIIH

lim @) = 0. (60)

z—a g(x)
Ecmu y naper dynknuii f u g u3 C(ae)(F,) HHIEKCH COBIAJAIOT Ha Beeil okpecTHOCTH Q7 (a)
u npezgen B (60) cymecTByeT u OTIHYEH OT HyJis, TO Oymem rosoputh, uto f = O(g) (wmm
skBuBasieHTHO ¢ = O(f)) B TOuKe a. O4eBUIHO, UTO OTHOMEHUS 0 U O MEXKTY HOJMIUCTIOBBIME
QYHKIUAME B HEKOTOPO! TOYKe IPU YCJIOBHU YIOPAJOYEHHOCTH 3HAYEHUII HWHIEKCOB SKBHBA-
JIEHTHBI CTAHJIAPTHBIM oTHOIIEeHHUsIM 0 1 O Mexk ity orimaabiMu B Q7 (a)\ {a} or ToxaecrBerHOrO
HyJI KOMIOHeHTaMu f 1 g.

3.6 Iuddepennupyembie pyHKIUN

Hazosem dyukmuio f: P, — P, muddepennupyemoit B Touke xy € P,, ecau ee npupalieHne B
9TOI TOYKE IIPEJICTABIMO B BUIE:

f(zo + Az) — f(z0) = L(xo, Azx) + B(xo, Ax), (61)

rae L(zg, Az) — R-nuHeiiHas mommdaucioBasi (OyHKIHsT OTHOCHTEIBHO TlepeMeHHON Az 1 Herpe-
pBIBHAs TI0 X, a B(zo, Ar) — dyHKIWs, HAXOAAMAsICS B OTHOIEHNN "noau—o-manoe” ¢ Az,
T.e. IpeJICTAaBUMas B BUJIE:

B(zo, Az) =Y _ Bu(x0)o(A ), (62)

rae Os(zg) — HEKOTOpBIe HEMPEPhIBHbIE MOJUINCIOBBIE (DYHKIMN OT MepeMeHHoil xo. OyHKuuo
L wmb1, KaK 0OBIYHO, Ha3biBaeM auddepenmnuaaom GYHKIUE f B TOUKe T( Ha mpupaiieHun Ax
u obosuadaeM df (rg, Azx). CoriacHo yTBep:KaeHust TeopeMbl 2, muddepeHian mpeIcTaBuM B
CJIeIYIONIEM BUJIE:

df (xg, Az) = Z o (20) A IT . (63)
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[Toacrasnas (62)-(63) B (61), momyanm ¢ yaerom (12) mrs kommnonent (61) craeyroree mpe/-
cTaBJIeHue:

fs(x(l) + Am(l), c) = fs<x(1)7 )= Z(amsAxs_m + Bms0s(A g}», (64)

m=1

rie o onpegenenusam (62) u (12) kommomentsl o4(A T) dynkuumii o(A T) yaoBICTBOPSIOT
paBeHCTBaM:
os(A ) T)

lim = 0.
Amsl m_0 AgsS—m (65)

[TocnenoBaTebHO TIEpEXO/d K TpeiesiaM IPU MPUPAIEHNAX O OJHOM M3 KOOP/IMHAT, Oy vda-
eM B KadecTBe cjiejcTBus ycnosus juddepennupyemoctu (61) cymecrBoBaHne BCeX YaCTHBIX
MIPOU3BO/THBIX U PABEHCTBA:

af

ams<x0) =
k
Paccmorpum dbopmasbibie quddepennnanbable onepaTopsl {0} x=1, . », OIpeaeIseMble 10 Gop-
My.JI€e:

o= C*(9), (67)
n
e 0 = Z es0s. BBesenne stux OIIepaTOpPOB MOTHUBUPYETCS CIEAYIONUMUA COOOPAXKEHUIMU,

s=1
AHAJIOIMYHBIMUA MOTHBUPYIOIIMM COOOparKeHUsIM IS BBEIEHHs OnepaTopoB O, u J; B KOM-

IUIEKCHOM aHasm3e |7|. YMHOXKast paBeHCTBA

k _ _
= " k-l—le1 +3§‘n k+2 +x2n k en, (68)

KOTOpPbIEC MOXKHO ITOHUMATb KaK CbOpMyJIbI nepexoga OT BEIIEeCTBECHHBIX KOOPAWHAT K ITOJIMYM-

CITOBBIM, TOCTeI0BaTebHO Ha € (I = 1,...,n) TOMyYNM CepHio PABEHCTH:
_ k B k1 B k+n
e Ml = 1 e Ml =y L. et M=, T, (69)

OTKY/Ia MojiydaeM oOpaTHbie (DOPMYJIBI IIepexXo/ia OT MOJUIUCIOBBIX ITePEMEHHBIX K BEIeCTBEH-
Hbﬂ\l’?:
n
JTZ = ka:l €L, (72)
k=1
rae Hymepanusd COHpH)KeHHﬁ KaK OOBLIYHO IIPOU3BOAUTCHA 110 MOJYJIIO M. TeHepb, B COOTBETCTBUU

¢ bopmymamu (72) 6ymem uMeTh 110 TpaBuity AudepeHInpoBatus CI0KHOM (DyHKINNT:

n
f of 5m af 5 f (73)
_ E — E €k+ =
89&5 Oxs 77
s=1
7OTMeTHM IS HOIHOTHI KAPTHHEL, ITO hopMaibHas "skobueBa Marpumna’ 3aIaeTcsl KOMIOHEHTAMI:
ox  dx*
@ = 7l = €l+s, (70)
ox

a SIKOOMAHBI — 3TO HEBBIPOXKJICHHBIE SJIEMEHTHI U3 MHOKECTBa Kaaccupukaropos T(P,). OTMernm Takxke, 9T0
B cuiy (70) UMeer MeCTO TOXKIECTBO:

or & axax
- = pouy 68+m6l+m = I 6l (71)
0% dam E:

m=1 CE m=1
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B COOTBETCTBUH ¢ omnpesesenueM (67).
C yuerom (12) u (66) Gymem uMmers:

5 f= Zesas_k Z e, = Z Om—tf€m = Z Qe Crm- (74)
s=1 m=1 m=1 m=1

Coornomenne (74) MOXKHO 3amucaTh 6071ee KOMIAKTHO B MATPUIHOM BHUJIE:

Df =a-e, (75)

rie D crosberr, COCTABJIEHHBII 13 OIIEPATOPOB 5, D f — "npousBenenue" cTonbdIia Ha MOTTIUCTIO-
BO#T cKaJisip f, @ — BellleCTBEHHAs MATPUIIA ¢ KOMIOHEHTAMU (g, € — CTOJIOEI], COCTABICHHBIN
13 6a3UCHBIX 9JIEMEHTOB ajreOpbl P,, yMHOXKeHue B IpaBoii yactu (75) craHIapTHOEe MATPHIHOE
(MaTpuna Ha crosbern).

3.7 TomomopdHbIe DYHKIINN ITOJUYINCIOBOI IepeMeHHO

OmnpesiesinM Tenepb 2040MOpPHbIe PYHKUUL NOAUNUCA0E0T, nepemennol KaK TaKne 0TODpayKe-
uus P, — P,, y KoTopbix juHeitHast yactb L B (61) sBistercs P,-nuneiinoit, a B = [(zg)o(Ax).
B cooTBeTcTBUE cO BTOPOiT 9acThiO TEeOpeMbI 2, ipupaiienne P,-rooMopdHOit hyHKITINT MOXKHO
[PEJICTABUTD B BUJIE:

Af = a(zo)Az + B(z0)o(Az), (76)

rae a u (3 — HEKOTOpble HempepbiBHbIe GyHKIMU P, — P,. Kiracc romomMopdHbIX DyHKIIMIT
SIBJISIETCS BeChbMa Y3KUM IOAKIaccoM JuddepeHnnpyeMbIx (QyHKIUH, KOTOPBI XapaKTepus3y-
eTcsl PABEHCTBAMU (vys = 0 miasg Bcex m = 1...,n — 1. B coorBercruu ¢ (75) stu ycioBus

k
MOXKHO 3aliCaTh ¢ MOMOIIbLI0 (hopMaibHbIX auddepeHnnaibHbX onepatopos {9}:

0f=0 k=1,....n—1. (77)

B kommnonenTax ycioBus (77) NPUHEMAIOT B NOAUNUCA0HT Yycaosull Kowu-Pumana 6 uso-
mponmnom basuce:
of*
ozk

Takum obpaszom, 20a0Mmopdnvie PYNKUUL NOAUNUCA0B0T NEPEMEHHOT 6 UIOMPONHOM ba3uce
TAPAKMEPUYIOMCA Npoudeosvnvim nabopom {f°}s—1  n n eewecmeenno-dudgheperyupyemoir
Ppyrruut 00Hot nepemerHot:

=0 mpu s#k. (78)

flz) = fHater+ -+ fr(@")en. (79)

CraenaeM HECKOJBKO 3aMeYaHUil 10 MOBOLY NOJOMOPQHBIX (PYHKIUI MOIUINCIOBON ITepEeMeH-
HOIA.

1. Hecmorpst Ha BHemmHIOO cxoxkecTh Bhlpazkenuit (79) u (40), Boipaxkenne (79) ommchiBaeT
CYIIECTBEHHO Goslee MUPOKMI Kiaace (DYHKIWIA, MOCKOJBKY B HEM Ha KOMIOHEHTHI f° Ha-
KJIAIBIBAIOTCS JIUITh YCTIOBUsL TJIAJIKOCTH, a He aHajutuaHoct B ormane ot (40). Takuwm
00pa30oM, B OTJIMYNE OT KJIACCHIECKOTO KOMIIJIEKCHOTO AHAJIN3A, KAACCH, AHAAUMUNECKUT U
20A0MOPPHBLT PYHKUULT NOAUNUCA060T, NEPEMEHNOT CYULLCTNEEHHO PA3AUYHYL (AHATNTIIE-
CKHU€ ABJIAIOTCS TTOJMHOXKECTBOM TOOMOPQHBIX).
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2. Kak u B KOMILUIEKCHOM CJIydae, YCIOBUIO FOJOMOPGHOCTH MOYKHO NPUAATH BUJ, yCIOBUS He-
3aBUCHMOCTH IIPOM3BOIHOI OT HalpaBjenus. JeiicTBuTe/IbHO0, paciuceiBas yeiaosue qudde-
peHIpyemoctu B obmieit hopme (64) mpu bukcnpoBaHHOM (HEBBIPOKIEHHOM ) HATIPABJICHUH
npupamienns Az = T(Ax)geX, (x = constp, ) momyanm:

Af =" om(zo) T (A T)oe™ + Bun(0, X)om(0), (80)
m=1
HOJIY IUM JIJIst TPOU3BO/IHOI 110 HEBBIPOXKJACHHOMY HAIIPABJICHHUIO X B TOYKE Zo:
df _ o f(zo+ 1(Az)0eX) — f(m0) - m X—x
E(xo) = lim () gex = mZ::lam(:vo) T(Ax /Azx)eX™x. (81)

B obiem ciaydae suadenue npoussouoit df /dx muddepentupyemoit byukimn f npu dpuk-
CHPOBaHHOM HalpapjeHnn audQepeHInpoBaius Y 3aBUCAT OT BbIOOpA 3TOr0 HAIIPABJICHUS.
Eciu e dyukuus f P,-romoMopdHa, TO 3aBHCHMOCTb OT Harmpas/enus B (81) mpomasgaer
(aHAJIOTHYHO KOMILJIEKCHOMY CJIy9aio).

3. Conocrassist hopmyssl (79) u (40) ¢ obuwM BuoM 31eMeHTa KOH(MOPMHBIX Tpeobpa3oBaHmii
(21), MBI IPIUXOJUM K BBIBOJLY O TOM, UTO 20A0MOPPHHOIE PYHKUUU NOAUNUCA080T NEPEMEH-
HOT — 3MO Kax pad me PYHKUUU, KOMOPblE OCYUECTMEBAANOM KOHPOPMHBIE NPEOOPAS0BAHUA
mempuru Bepsasvda-Moopa. Janee Mbl yBUIMM, 9TO C TOYHOCTHIO 10 TIEPECTAHOBKU KOOD-
auHaT rojjoMopdHble DYHKIUT — 9TO 68 MowHoCcmy Te (DYHKIUH, KOTOPhIE OCYIIECTBIIAIOT
KOoH(OPMHBIE TTPEoOPa30BaHnst MeTpUKN. VHBAapHAHTHOCTH YTJIOB MKy HEBBIPOKICHHBI-
Mu BekTopamu X, Y KacareabHOro npocrpanctsa 1, H, mpoBepseTcs: IpsMOii BBIKJIAIKON ¢
yderoM onpejenenns (33):

¢<X7 Y) = |XY/X| i> ¢(X/7Y/) = ¢(f/X, f/Y) = |Xf’Y/f/X| - |XX/Y| = ¢(X7 Y)a (82)

riae f' = df /dx u yuareno, 9T0 3aKOH MpeoOpPA30BaHUs BEKTOPOB MPU IOJOMOP(HBIX TIpe-
00pa3oBaHUAX KOOPAMHAT 3aJaeTCs MPOCThIM ajrebpandeckum npasuiaom: X' = f'- X.

4. AHAJIOTUYIHO KJIACCHIECKOMY KOMILTIEKCHOMY aHAJIN3y B TOYKAX, B KOTOPBIX MOJLYJIb TOJTHYIN-
cJIoBOI Tipom3BoAHON [/ TosoMopdHOi GyHKIIE oOpaliaeTcs: B HYJIb:

] = |AgY" =0, (83)

n
riae Af = H 8]“/8965 — (BeHleCTBeHHbeI) AKOOMAH HpeO6pa30BaHI/I$I KoopauHaT, COOTBET-
s=1

CTBYIOIIEro rojioMopdHoit pyHkiun f, ycaosue KOHOOPMHOCTU TPEOOPA30BAHUS MOXKET Ha-
pymarbes. Hanpumep orobpazkenue z — 2 nekonodopmuo B Touke x = 0 (paccyKenue,
[IPUBEAEHHOE B IIpEeAbIAYINeM IIyHKTe He IIpOoiijeT BBUAY TOIO, YTO B OlpedeseHUe IKCIIO-
HEHIINAJIBHOTO YTJIa BXOJAUT HOPMa BEKTOPOB, KOTOPYIO MBI Ha BCEX dTAIlaX PACCYXKJIEHUs
noJiaraju OTJIMYHOM OT HyJist).

5. Ilepenecenue Bcex MpeIbIYIINX PACCMOTPEHUI Ha CIydail TeX WM WHBIX BBIPOXKICHUN MO-
JKeT MoTpebOBaTh CIENUAJIBHOTO UCCIeoBaHnsA. Mbl MPOBeJIeM ero B OXHOW u3 OyIyIInX
Ty OJTUKAITNIA.

3.8 O06o6mienHO-rosIoMOpdHbIe DYHKIUN TTOJIUIUCTOBOMN
nepeMeHHOI

PaccmoTpennoe BhIle ycioBue rofoMOpgHOCTH B (hbopMe PaBEHCTBA HYJII0 HEKOTOPOIro Habopa
YACTHBIX MPOU3BOJIHBIX MEPBOro mopsizika (77) JOMyCKAeT MHOTOYUCTEHHbIe 0OOOIIEHUs, KO-
TOpbIe MOTI'YT OBITH HOJIE3HBIMU B IpHJIoKeHusX. Obo3Ha4NM 1ocpeacTBoM AJ momducioBoe
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JIMHETHOE TTPOCTPAHCTBO TaaKnX GyHKImit f: P, — P,, yI0BIeTBOPAIONINX YPABHEHUIO:
k
of=0. (84)

k
Hpyrumu ciosamu, A} = ker 9 . Herpyano namucars obummit Buj snementa f € A7, mepexons
K BeriecTBeHHbIM Koopanuatam. CoryacHo (84)

A n
0 f = Zas—kfses = 07 (85)
s=1
OTKY/Ia yCJI0BHe TpuHaieskaoct f Kiaaccy AJ Bbipazkaercs (pOpMy/IaMu JIJTsi KOMIIOHEHT:
af®
—— =0, s=1,...,n. 86
Oxs—k (86)

Teneps, ¢ yaerom coorHomenuii (77), MOKHO CKa3aTh, YTO OMPEEIEHHBIN BBIIE KJIACC TOJIO-
MOPGHBIX (DYHKINN OMUCHIBAETCA KAaK Iepecevenne saIePHbIX TONPOCTPAHCTB BUIA!

n—1
v=) AL (87)
s=1
ARaJormaHo, onpeemM® KIacchl TOMoMOPMHLIX (DyHKImiT Q}’g k=1,...,n — 1 mocpeacrBom
COOTHOIIEHUS:
r= )AL (88)
s#k

Bynem HazbBaTh MHOKECTBO (DYHKIIHI 13 KTacca Q}; k-20.100Mmopdrvimu. B KoopauHATHOM TIpeI-
cTaBjeHun ooIuii k-roIoMOPMHBINA 9JIEMEHT ONMUCHIBAETCS (POPMYJIOii:

fl@) = @ *)es = Cry(a), (89)

rie g(z) € G-
MOozKHO HPOJOJIKATH TOCTPOEHHOE 0600meHne u gajee. st 910l mesn pacemorpum 0606-
IIEHHOE YCJI0BUE TONOMOPGDHOCTH B Buje Habopa MOHOMHBIX JuddepeHInaabHbIX ypaBHeHuit

BUIA:
n

N

I1 (a) f=Dkaf—0. (90)
m=1

B Beipaxkennu (90) k, — s/1eMeHT n-MepHOil IIeJI0UNCIeHHON HeOTPHUIATEe/IbHOM perneTkn Z7,

k" — ero mesounC/IeHHbIE HEOTPUIATEIbHbIE KOMIIOHEHTBI, ¢ = 1,..., 7 — YNCJIO YCJIOBUI THIA

(90). JI71st KpaTKOCTH MBI BBEJIH CUMBOIIHYecKoe obosHaderne DY — "sekTop B cremenn BekTop"

("Bekrop" D 6bL1 BBejieH panee B (hopmyiie (75)), ompeesieHne KOTOPOro OUeBH/THO:

AN VALY VAC N VACS (91)

Beumy Toro, uro kaxmoe yciosue Bupa (90) mapamerpusyercs METOYNCTCHHBIM BEKTOPOM,
a KOMITOBWIHsI MApbl TAKUX YCIOBHH (KoTOpas sBisercs anddepeHnnaTbHbIM CIeCTBHEM
HCXOJIHBIX YCJIOBUIT) XapaKTepU3yeTcss CYMMON IeJOYNCIeHHBIX BEKTOPOB, MMEeM B3aMMHO-
OJIHO3HAYHOE oTOOpaskenne nuddepeHImanbHbIX onepaTopos Buaa (90) B Koumblo Z7 Ham Z..

83mecy U mallee MpeIIoaraeTcs, UTO BCe (PYHKIUH HMEIOT HeIpephIBHBEIC YACTHBIC IIPOM3BOAHBIE TAKOTO
TOPSA/IKA, KOTOPBI HEOOXOINM JIJIsT KODPEKTHOCTH BBOJIUMBIX OMPEIEICHMUIA.
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OueBnyno, 3aaBas ycIoBHe rooMOpdHOCTH HAOOPOM 3JIEMEHTOB B Z', Te1ecoo0pasHo orpa-
HUYMBATHCS JUHEHHO-He3aBucuMbMu® B Z' ayeMeHTaMu Konblia Z'. Boas o603HaTeHns:

Ap = ker D™, (92)

[oJIy4JaeM B KadecTBe OOOOIIEHHBIX KJIACCOB KOJOMOPMHBIX (PYHKIHUil TepeceueHus sjIepHbIX
MIPOCTPAHCTB BUJA:

Gltrioy = [ Ak (93)
a=1

1yees By B
Topos pemerkn Z7 (y E; Ha i-oM MecTe CTONT €JMHHIIA, HA OCTAJIBHBIX MeCTaX — HYJH), &
"msinka' |, KaK OOBIYHO, O3HAYAET MPUHYINTEIbHBIN MPOIYCK COOTBETCTBYIOMIErO IJIEMEHTA.

Omnummenm 6osee mogpobHo cTpyKTypy npocrpanctsa Ajg . CooTBeTcTByIomumii eMy aHHYIIH-
pytommit oneparop DPF* noxKeT GLITL TpeCTaBICH B BUJE:

Paccmorpennble sbime kiacest Gi' = Q(”E ) e {E;}iz1,..n — HabOp OGA3UCHBIX BEK-

k

DY = (5) = (5)" "o b, (94)

9TO0 BMecTe ¢ ompegenenneM (84) mis A7 gaer ciemyloniee CHMBOJINYECKOE ypDaBHEHUE IS
obutero synementa f € App
DPVEkf = AR (95)

CHOBa HCIIONIB3Ys TIPEICTABICHIE
k k
DP-VE: — (8)p_20 0, (96)

U BBITIOJIHSsI CUMBOJINYECKOEe HHTerpupoBanue (95), moryanm:

k
DP=DEef —3 @ AT + AT, (97)
HpO,HOJI}KaSI 9TOT IIpouecc gaJiee, IIOJIyInM O6HLI/Iﬁ By IIpeacTaBUTE A KilacCa I‘OJIOMOCbHOCTI/I
g;LEk = ZEk:
p—1 L
Ay =P e A (98)
q=0
NI B ABHOM BUIE:
k k k
Alp Sf=fothx+faz’+. . fraz? (99)

n n n
rae Bee f; € A, @opmynsl Tuna (98) GyeM Ha3BIBATH HOPMYAAMU NPUEEOCHUA Ap, x Af.
n
MozkHO BBIIHCATD aHATOIUYHYI0 (hOPMYJIy IPUBEIeHNs 1 OOIMX A1CPHBIX npocTpancTs Aj K
npocrpancrBaM A}

n ki—1
PP oA, (100)
s=1 ¢=0

CIPaBeJIMBOCTD KOTOPOI BIIOJIHE OYEBUIHA U3 MPEIBIIYIIEr0 PACCMOTPEHNS.
B zakrodenne 5Toro pasziesna OmuiieM CreluaabHbIi KIacce le 4, ~TOTOMOD(MDHBIX PYyHK-
Ui, OnpejiessieMblil HHBAPUAHTHBIM (ITOJIUCKAJISIPHBIM) Tud depeHImalbHbIM OIepaTOPOM:

On=lloI"L =] 6. (101)

s=1

9HecMOTpsI HA KOHEYHOMEPHOCTD Z"! KaK TIOJIMHOXKeCTBa B 4", Z' GeCKOHETHOMEPHO KaK KOJbIO HaJ Z .
K npumepy, 6eckonednas nociaenoBareabHocts aaementos (0,0...,0),(1,0,...,0),(2,0,...,0),... juHeiino ne-
3aBucuMa B 2.
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Omnepatop (), ABJIETCs TOJTUIUCIOBOI Bepcneit AByMepHOro oneparopa Jlammaca Ay = 40,05 n

MHOTOMEPHBIM 0000IIeHIeM 2-MEePHOT0 BOJTHOBOTO oneparopa Uy = 40,07, tie h € Ps. Tlo sToit
n

npuanne Knacce Gr | p OyleMm Jis KPaTKOCTH Ha3bIBATb NOAUZAPMOHUMECKUMU HYHKUUAMU

u obosuadars Harm(P,). B coorsercTBunm ¢ obueit hopmyioit npusenenns (100), Mbl mosrydaem

JITIsT 9TOTO KJIacca CJIeyolee o0Inee CAMMETPIIHOE MTPEeICTABIEHIE:

Harm(P,) = @5 A} (102)
k=1

njim B KOOpAMHATHOM BHUJIEC:
n n
Harm(P,) 3 f =) ) fie,, (103)
s=1 k=1
rje f; — BellecTBEHHbIC (PYHKINH R ! 5 R, YAOBJICTBOPAIOIINAE YCIIOBUAM:
ofi
Oxk

CraejtaeM HECKOJIBKO 3aMeYaHUIi.

=0, s,k=1,...,n. (104)

1. Konnernmus G™-romomopduoctn (060011eHHON TOIOMOPGHOCTH) MTOMIMO (DOPMATHHON BO3-
MOYKHOCTH OIPABJIBIBAET ce0s TeM, UTO KaXKJIOMY THUITYy 9TOH TOJTOMOPMHOCTH OTBedaeT He-
KoTOpas cucteMa JuddepeHnnaabHbIX yPpaBHEHN Ha KOMIIOHEHTHI COOTBETCTBYIONINX T'OJIO-
MOPGHBIX (DYHKIIN, UTPAIOIIIX POTIb 0000UWEHHLT NOAUNUCAOSHT Ycrosuti Kowu- Pumana.
Tak, nys k-rojoMmopdHOCTH OHU UMEIOT BUJ

af®
Ox!
BeITeKarommit u3 (89); mis G, -rooMOpHBIX (DYHKIHIT STH YCIOBUsT BBIPAZKAIOTCH yPaB-

nerusivu (86); mis nmosmrapmorndeckux dyukiuii "yeaosus Komm-Puvana" npusnMaior
BI/I

=0 mpu l#s—k, s=1,...,n, (105)

anfs
oxl---0xn
Berrekaronuii 13 (103). OrenbHble HHTEPECHBIE BOIPOCHI OTHOCATCST K T€OMETPHYECKON 1
dpu3mIecKoit HHTEPIPETAIIIAM STUX yCJI0BHi. To 00CTOATENHCTBO, YTO 9TH WHTEPIPETAIINN
MOTyT 6bITb HETPUBUAJIbBHBIMUA, MO2KHO 3aME€TUTH Ha HEKOTOPLIX JaCTHBIX C/IyYdadX. K npu-
Mepy, k-roloMopdhHOCTD XapaKTepu3yeTcss He3aBUCUMOCTBIO OT HAIPABJICHUS TPOU3BOIHOMN

k
k-ronmomopduoit dbynkuuu no nepemennoii’® z . @yukiun Harm(P;) — 3T0 B TouHOCTH BCe

TJIaKHe perieHums 2—MepHOI‘O BOJIHOBOI'O YpaBHEHUA B obJ1acT BHE NCTOYHUKOB.

=0, s=1,...,n, (106)

2. AHaJIormIHO TOMY, KAK B KOMILIEKCHOM aHajn3e KOH(DOPMHBIE OTOOPaKeHUsT KOMILIEKCHO
IIJIOCKOCTH OMUCHIBAIOTCA KaK TOJIOMOP(MHBIMU TAK ¥ AHTUTOJIOMOPMHBIMEI (DYHKIIMAMEI KOM-
IJIEKCHOI TIepeMeHHoli (B 00/1acTi MX HEKPUTHYECKUX TOYEK), B ciaydae P, kKoHbOpMHbIE
0TOOparKeHHsI PeaM3yI0TCs aaredpandecKuMu aHaJI0TaMi TOJIOMOPMHBIX U AHTUTOJIOMOPd-
ubiX Gyukimit #Ha C' — k-rosoMopdHBIME DYHKIUAME (TAKXKe B 00JIACTH UX HEKPUTUIECKUX
To4ek ). JleiicrBuresibHO, 06IIuMit BUJL 371eMeHTa KOHMOPMHBIX TIpeodpasoBaHuil, coIeprKaImx
TOXKIeCTBeHHOe TpeobpaszoBanme B (21), coBmamaer ¢ kKiaccom 0-rooMopdHBIX DYHKITHIA.
Knacc k-romomopdubix dyHKInmit moaydaercd u3 Kjiaacca 0-romoMopdHBIX JAeficTBuEM ore-
patopa C*:

T =C*G). (107)

10B kOMILTEKCHOM AHAJII3E byHKIMY, TOTIUHSIOMMEC YCIOBUIO 0, f = 0 HHOI/Ia HA3LIBAIOT GHMUZ0AOMOPH-
Homu. [ToMuMo KOHMOPMHOrO 0TOOPaYKEHNsT OHU OCYIIECTBIISAIOT JIOKAJTBHO U3MEHEHUE OPUEHTAIIUN KOMILIEKC-
HOIT IIJTOCKOCTH.
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KOTOPBIl TeOMeTPUYecKN JefiCTBYyeT Ha KOOPJWMHATHI MHOTOOOpasusa H, Kak orepaTop ux
[UKJINYIeCcKoil epectaHoBKu 0. Takum obpazom, ecin f € Co(H,) = §» TO U3 yCIIOBUSA

FH(Me) = X Me, (108)

BhIpazkaroiiero koudopmuocts f (f* — xkoauddepentman orobpazkenus f), B CHIIy U3BECT-
HOTO cBoOficTBa KoanddepeHraia KOMIO3UINNA CAeLyeT:

(0 )" (Me) = (1 0 07) (M) = A+ O, (109)

— cBOHcTBO KOHOpMHOCTH I Kacca Gf'. Mbl ncnonpsosann B (109) daxT mHBapHAHT-
HOCTH MeTpuKH BepBasbna-Moopa OTHOCHTEIBHO NUK/IMYECKHX (Ha CAMOM Jiejie JIOObIX!)
nepectanosok kKoopmaat: o (™Me) = e, Ormernm, uro monommenue xmacca Co(H,) Krac-
camu G ¢ k =1,...,n—1 ne ucuepnbisaer ceMeiicTBa BCeX KOH(MOPMHBIX IPe0odpasoBammii
merpuxn (Me: ocratores B cropone dymkmun P, — P, suma o f, e f € Gy, a 0 — omeparop
IepecTaHOBKH, He BXOAAIUI B MOAIPYIIY HUKIMICCKUX IePeCTaHOBOK.

n

3. OcranoBuMCs HEMHOI'O Ha CTPYKType KOJblia Z!, KOTOpoe KIacCH(PUIUPYeT HaM Pas3/ni-

HBIe yc10BUs rojgoMopdHocTr. Ha 5TOM KOJIbIIe MOXKHO OIPEIe/IUTh YACTUYHBI HOPAIOK:
HA30BEM [[Ba PA3JIMIHBIX S1eMeHTa ¢ U b u3 2 ynopsmodennsivu (a < b), ecin Haiimercs
c € Z%, Takoit, uto b = a + c. CTpyKTypa HopsiiKa Ha Z} WHIYIUPYET BKJIOUYEHIE COOTBET-
CTBYIOIUX YIOPSIIOUEHHBIM SIeMEeHTaM Z'} KIaccoB rogomopduoctu: G C Gy, ecn a < b.
Ecim g nByx kaaccoB G u Gp', BXOISIUX B COBMECTHOE ycyoBue rosomopduoctn (93),
Haiiercs siaement M(a,b) € Z7, Takoii uro:

Ga NGy = Ghi(ap), (110)

TO MOXKHO COKDATHTb YUCJIO YCJIOBHUI OJOMOPMHOCTH Ha €IUHUILY, 3aMEHUB KJIACCHI, CO-
OTBETCTBYIOIINE SJIEMEHTaM @ U b, OJHUM KJIaccoM, cooTBercTByomuM siaementy M (a,b).
DT0, 0YEBUIHO BO3MOYKHO, TOJIBKO B TOM CJIydae, KOrJa Y SJIEMEHTOB @ 1 b MMeroTcs obIue
MEHBIINE 3JIEMEHTBI, IPU ITOM

M(a,b) = max ¢ (111)

c<a,c<b

— MakcuMasbHBI u3 Hux . OrMernm, uTo Kiaace GYY, coctogdmmit U3 HyseBoil dbyHKIuN,
JIEXKUT B [IEPECEUEHUH JIIOOBIX KJIACCOB TOJOMOPGhHOCTH.

4. HazoseMm modysem 2oaomopdprocmu xaacca G, 9UCIO

G =) a’, a€Z} (112)
s=1

(3TO IPOCTO CyMMAPHBIH MOPsIZIOK COOTBETCTBYOMIErO Jud epeniuanbHoro Monoma). Hu-
CJIO pa3JIMIHBIX TUTIOB TO0MOpPdHOCTH MOy k B P, naercs ciemyioreit (hopMyJIoii:

B — % (113)

KOTOPYIO HETPYJIHO JI0Ka3aTh 110 UHAYKIIUU.

N MozkHO 6BLTO 6B TAKIKE CKA3ATE, UTO 00bEIMHEHNIO KJIACCOB TOJTOMOP(MHOCTH, COOTBETCTBYIOIIIX 3IeMEHTAM
a,b € Z", coorBercrByer syemedT m(a,b), MUHUMAJbHBIA U3 3JEMEHTOB, OJHOBPEMEHHO Gonbmmx a u b. Mbl
OHAKO HE PACCMATPUBAJIHM TUIIOB TOJTOMOPQHOCTH, ONPEIETITEMBIX 00beINHEHUIAMM.
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5. PaccmarpuBas kinaccel G a € ZJ"; KaK BEPIIUHBI N-MEPHOI PEIIeTKN W COeJINHsIsI COCETHIE

KJIACCBI CTPEJIKAME, 0003HAMAIOMINMY BJIOXKeHUs (i Gy — Gi'\ p , MBI MOJIyYUM N-MEpHBII

k
nernnoit kKomiieke C(t, D) st omepaTtopos (), TOUHBI B KayKJIOM 3BEHE, TIOCKOJIbKY

J
Im¢; C ker 0. (114)
Takmm 06pazom, Ha Kiraccax ronoMopdHbLIX DYHKIUIT onpeeeHs! (a, j)-KOroMoIorum
Nag) = gg+Ej/gg- (115)

®opmyna npusesenust (100) dbaxkTuueckn oTpazkaer cTpoeHre G B TepMUHAX KJIACCOB €ro
KoromoJioruii. Mbl He pa3BuBaeM B HACTOAIIEH cTaThbe KOOMOJIOTHIECKN acleKT 0000IIeH-
HO#T TosToMOpdHOCTH JTasiee.

6. MoxkHO omnpesenTh KJacchl roioMopdHOCTH elle Oojiee OOIIero BUJA, paccMaTpuBasi, K
npumepy, dopmasnbibie moanHoMbl P|[D, €] oT 2n MepeMeHHBIX ¢ MOCTOSHHBIME (TIOIIIH-
cI0BBIME) KodbdumentaMu. 371ech

D=,....8) €=(C'...,C") (116)

HaOOPB! nud depeHnInpoBaHnili 1 KOMILIEKCHBIX COMPsI?KeHUil (OHI He KOMMYTHUDPYIOT JIPYT C
apyrom). Tlomyuatormuecst yeaoBust ro;ioMOpHOCTH OYIyT MPEACTABISITE COOON TOBOTHHO
CI0¥KHBIe cucTeMbl mud depeHnnanIbHbX ypapaenniit? obmero suga. Mbl ocTabigeM nsyte-
HUE 9TUX BO3MOXKHOCTEH I Oy IyuxX myOIMKAIIHA.

3.9 TosmomopdHOEe npogosrKeHne

Pacmorpum riajikyo kpusyio y: I — P, e I — j11060e CBA3HOE MOJIMHOXKECTBO BeleCTBEHHOMN
IPSIMOTi ¢ TPAHIMYHBIMEI TOYKAME (v U (v (cityuan o = +00 He nckirodatores ). [lycrs Ha KpuBoii
v 3amana dyakuus fo: () — P,. Bosaukaer Bompoc: cymecTByeT i rojoMopdHast (B KaKOM-
HuOy b cmbicie) dyukmus f: L — P, rae v(I) C L C P,, takas, 4to ee orpanudenue f|, )
coBmajaer ¢ fo?

PacemorpuM cHadasia ciaydail meusdomponHotli KpUBOW 7y, T.e. TaKOW, KOTOpasi He COIEPKUT
KYCKOB CO CKOPOCTBIO & HyJIeBO#i HOpMbI B MeTpuke Bepsasbia-Moopa. 3mech u jajiee ToUka
obozHadaeT guddepeHnnpopanue o napamerpy t € I. B aTom ciydae, moamdncioBoe mpe/i-
cTaB/IeHne KPUBOH 7y UMeeT B :

2(t) =Y @' (e, (118)

npudeM Bce p° # const nm na ogHOM U3 KyckoB I. ['mankyto dyukmuo fo: P, — P, na kpusoit
v C P, moxxHO monuMarh Kak dpysknuio I — P, Buga:

o= fib)es, (119)

12B ormmvme oT IpeBIIyIIIX CIyYIaes STH yPaBHEHH He OYIyT PacIIeIIAThCA Ha, OTHENbHLIE YPABHEHMIS I
KOMIIOHEHT

13CoorHomenne (118) MOKHO WHTEIpPETHPOBATH GOee HATMIAIHO, €CIH OTPAHMINTLCS KTACCOM AHAJHTHYIC-
CKUX KPUBBIX. B 3TOM Cydae

z(t) =Y ¢ (t)es = F(tl,), (117)
s=1

rne F' — dyHKInd, onpeiesieHHas HA 9acTH MPOCTPAHCTBEHHON JMaroHasn TMOJOKUTETLHOM KOMIIOHEHTHI P,
UMeIOIell CMBICTT BEleCTBeHHoM ocu B P,. Takum 06pazoM, B cIyvae aHAJATHIECKIX KPUBBIX MBI MOYKEM Dac-
CMaTPHUBATh KPUBYIO 7y KAK HEKOTODYIO jedOPMAINIO KyCKa IIPOCTPAHCTBEHHON jauaronasnu tl,, (t € [ag;as]) B
P,.
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T.e., dbakTHIecKH, ToxKe Kak Kpusyio'? B P,. IIpeanonaras (JoKaabHYI0) 06paTUMOCTh KOMIIO-
uent B (118), moxuo 3ammcars (119) cremyronmm o6pasom:

fo=)  f5o(¢)  op(tles. (120)

[onarag teneps B (120) f* = f5 o (p*)~! u samensss ¢*(t) — x° (B s-om cmaraemom ©*(t)
3aMeHsIeM Ha 2°), Mbl MOJIy9uM TpeGyeMoe IIPOOIKCHIE BHIA:

fl@) =) f(a)es (121)

Omno ynosnersopsieT yciaoBuio 0-rooMopdHOCTH M, 9TO OYEBUIHO U3 CAMOIO MOCTPOEHUs, JIO-
KaJIbHO €JIMHCTBEHHO. DJjieMeHnTapHas 001acThb L, Ha KOTOPYIO MPOJozKaeTcsd fo, IPeICTaBIsieT
co0O0I1 N-MEPHBIN eBKJIMJIOB MapaJiaeorpaMM

E" = [ (@)@ ()] x - x [p*(a); M (ah)] X - x [p"(ad); 9" (a3)] C P, (122)

e o4, o € I — rpaHnmpl HOAMHOXKECTBA 00JIACTH ONPEE/IeHNsT KPUBOii Y, BHYTPH KOTOPOIf
BCE KOMIIOHEHTBI OJHOBPEMEHHO obpaTuMbl. Ecim KpuBas <y ycTpoeHa He HATOJIOTMIHO, TO €€
06J1aCTh OTIPeJIe/IeHIs] MOYKHO pa3OuTh Ha KOHeUHOe (UK, B KpaitHeM cIydae, ObITh MOYKET CUeT-
HOE) YUC/I0 YacTeil, Ha KaxKI0il 13 KOTOPBIX OyJIeT CIIpaBeI/INBO IPeJICTaBIeHIEe TOJIOMOPMHOTO
pacimpennst Buga (121) ¢ HekoTopbiM Habopom dyuKIwit { f*}, 3aBucsmmm or BeIbOpa BeTBeil
obpaTtHbIxX (MHOro3HAIHBIX) dyHKIWMit {(p*) ™!}, TIpu sToM nosHast 061acTh roIoMopdHOTO pac-
mupeHust OyeT MpecTaBiIsiTh coboit 00benHenne napaJsuiesnenumnegos suaa (122). OueBuno,
B cJlydae KPUBOi 0OIIEro MOIOXKeHUsI, TPOJ0KeHe fi Ha Bce MPOCTPAHCTBO P, HEBO3ZMOYKHO.
OmHozHagHbE k-rOo/TOMOPGhHBIE paciupenus (hyHKIun fj, 3aaHHON HA KPUBOI Y, TTOJIYIalOTCSI
AHAJIOTHIHO®

PaccmorpuMm Teneps cmydait m3oTporHoit Kpuoii. [Ipemnonokum caadasta, 9To TOTBKO OHA
13 KOMIIOHEHT KPUBOilI mMeeT mocrosinHoe 3HadeHne ¢ = const = a¢ HA HEKOTOPOM CBA3HOM
noamuoxkectse I” C [ ¢ rpaHudYHBIME TOYKaMu (37 > ap U By < ag. Ilyers npu ap < t <
g-asi KOMIIOHEHTa KPUBOIl 7y OMUCHIBAETCsI HEMOCTOsIHHON yHKImeit ¢q(t), a npu Fy < t < ay
g-ast KOMIIOHEHTa KPHBOM 7 OMMCBIBACTCS HEMOCTOSHHOM dyHKImed ¢o(t). Byzem obosnadars
06e 3T KOMIIOHEHTBI OJHOOOPA3HO ¢ OCTAJBHBIME KOMIIOHEHTAMHU TocpeacTBoM ¢l(t). Beumy
HEIPEPBIBHOCTH KpUBOil ¢1(01) = ¢2(F2) = al. Ilycrs fy — rmankast GyHKuus Ha KPUBOI,
3aj1aBaeMasi ocpeIcTBoM cootHomenust (119). st panbHeiinero mpojaBuKenus HaMm 10Tpedy-
ercst aHaIMTHIHOCTh KoMIoHeHT {f§} u {¢®}. Jlng aHaauTuaecKnx 3aBUCHMOCTEH MbI MOYKEM
yTBepKIaTh, 9t0 fi(t) = A? = const npu t € [B1; F2]. PaccMoTpuM NpOM3BOIBLHYIO TIAJIKYIO
dyukunio ¢: R — R, obJacTh onpeaesenns KOTOpoii BKI0YaeT al, 1 MOJTOXKIM

fg © (QDS>_17 908(051) <z < @8(ﬁ1)7 S = ]-7 <oy
fs(l’s) = Aq+¢(xq)_¢(aq)’ SZQHSOS(%) <uz° SSOS(CVZ)a s=1,...,4,...,m;
féeo(gps)717 S%QI/IQOS(OQ) <’ SSOS(OQ)? S:L'"ana -5 T
feole®)™, ©*(B2) < z* < () s=1,...,n.

(123)
B IIPE/IIIOJIOKEHUH, YTO COOTBETCTBYIONINE O0paTHble (DYHKIIUK CYIIECTBYIOT MU BBIOPAHBI UX
OJ/IHO3HAYHbIE BeTBU. 1or1a (PYyHKIIIS

f(z) = ¢*(a*)e,, (124)

4 Koropyo, ¢ y4eToM 3aMedaHns mpeablIyIneil CHOCKH, B CIydae aHATHTHUeCKHX (DYHKIIH MOYKHO IIOHAMATD
KaK TocjieioBaTeslbayto JedopManuio orpeska A, — v — '

15 ITnst k-roomopdHOTO pactmuperns HeobXOAIMO TONoKuTL f5 = fi o (¢~ k)7L
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y KOTOPOI BCE KOMITOHEHTHI 38, UCKJIIOUEHIEM ¢-0i (haKTHIeCKH MTOCTPOEHBI AHAJIOTUIHO MTPEIbI-
JyIIEMY CIydaro, a g-as onucbiBaercs dgopmyJioit (123), coBnajaer Ha H30TPOMHON KPUBOIL 7y ¢
fo u siBIIsIeTcst rosomopduoit. [Iponssos romoMopdHOTo mpoo/zKennst hyHKIHA ¢ H30TPOITHBIX
YYIACTKOB KPUBBIX 3aK/II0YAETCS KAaK B BBHIOOPE (DYHKIIMOHAJIHHONW 3aBUCUMOCTHU, MPOJIOIZKAIO-
mieii mocTosiHHbIe KOMIOHEHTHI (byHKImA ¢ B (123) — mponsBosibHA), TaAK U B BEIOOpE 00J1aCTH
roJIOMOPGHOTO MPOIOIIZKeHUsT (¢ KaK MpOou3BOJbHAsS (DYHKIINS UMeeT IPOM3BOJIbHYIO 001aCTh
onpeJiesIeHnsl, BKIIOYAIOILYIO TIOCTOSHHOE 3HaYeHne KoMnoueHThl al). Obaactb onpeenenus L
dyukmun (124) B obmem crydae ocraercs 00beIMHEHIEM TapaJiiesenune1os. leiictBue ore-
patopos CF na (124) mosBossgeT MOIYYNTH COOTBETCTBYIOMmMUE k-rojoMopdHble paciupeHns
Jo.

B ciryuae, Korjga y m30TPOITHON KPUBOH OCTAIOTCS MOCTOAHHBIMU HECKOJIBKO KOMITOHEHT, aHa-
JIOTUYIHBIN MTPOU3BOJI TOJIOMOPGHOTO PACITUPEHUs] PACIPOCTPAHSETC M HA 9TU KOMIIOHEHTHI.
[Ipu sTom obiacTh rosoMopduoro paciupenus "mapodburcsa" Ha napasienenurneabl £" BUIa
(122), rpaHn KOTOPBIX TApAJIIETbHBI KOOPAWHATHBIM IHIIEPIIOCKOCTSAM H30TPOITHON CHCTEMBI
KOOP/IMHAT, & IUC/I0 TAPAJIEIEIIUIEI0B U KOOPAUHATEI UX I'PAHEl OTPeIe/IsoTCs KOHKPETHBIM
nostozkeHneM "ToUueK moBOpoTa KOMIIOHEHT KPUBOH U TOJIOKEHNEM €€ M30TPOIHBIX yIaCTKOB.
OTrMernM, 9TO MBI TIOKA3aH BO3SMOXKHOCTD 2040MOPPH020 NPOIONIHCEHUA NOAUNUCAOBOT PYHK-
YUU ¢ HEU3OMPONHoOl KPUBot M AUUWD GHANUMUYECKO20 NPOJOAACEHUSA C USOMPONHOTU.

PaccmoTpuMm B 00IIIX 1depTax BO3MOXKHOCTH IOJIOMOPGHOIO MPOIO/KeHUs DYHKIUH fo ¢
JIBYMEPHOI TyiajKoil peryspHoii moBepxuoctu Sy C P,. Ilpeamnonoxkum, 910 moBepxHOCTD So:
Gy — P, (Gy — obnacts B R?) onuceiBaeTcst mapaMeTpuiecky MOINYUcI0Boil hyHKIHel Bujia;

z(u,v) = ngs(u, v)es, (125)

rie ¢° (u, v) — IJIaJKNe KOMIIOHEHTHI, YIOBJIETBOPIIOIINE YCIIOBUSIM:
(D)0, ZANOT 40 u (2) |za|lz] #0. (126)

B nmepBom ycoun (126) reomerputdeckuii pagamyc-BeKTOP ?(u, V) TOIy9IaeTcs U3 MOJTHIUCTIO-
BOil 3aBucuMOCTH (U, V) 3aMeHON B Hell e; — €5, & caMO YCJIOBHE BBIPAXKAET PEryJsipPHOCTD
MOBEPXHOCTH (JIOKAJIbHBIN 6a3KC Ha MOBEPXHOCTU HEBBIPOXKIEH ). Bropoe ycioBue mpecraniisi-
eT coboil aHAJIOT YCJIOBHUS HEU3O0TPOITHOCTHU JIJIsi KPUBBIX, KOTOPOE MOYKET HAPYIIATHCA Tereph
JIMITL Ha MHOYKeCTBe Mephl HyJib B (Gy. Peryssphbie mosepxHocTu ¢ yeiaosuem (2) B (126) Oy-
JIEM HA3BIBATH HEeU30mponHuimu. Bedkyio moanancioByio byHKIUIO HA TOBEPXHOCTH Sg MOZKHO
paccMaTpuBaThb IO aHAJIOTMU CO CIy4dYa€M KPHUBBLIX CHOBa KaK IIOBEPXHOCTb Sé, IIOJIy9aeMYIO
nedopmarieit Sy 1, CTAJIO OBITH, 33IAHHYIO B TOH 2Ke mapaMeTpu3aiyi, 9To u Sy:

o= fiwve,. (127)
s=1

CHauganma paccMOTPUM BO3MOXKHOCTH (-rosomMopdHOro mpogo/kenus 3asucumoctu (127). B
9TOM CJIydae Mbl JIOJZKHBI OCTPOUTH HOJHYUCTIOBYIO (yHKImO Buja (121), koropast mpu ee
orpanmueHnn Ha Sy Jaasa Obl (127). B KoMmoHeHTaX BOMPOC CBOJMTCS K UCCIIEIOBAHUIO CO-
BMECTHOCTH CUCTEMBI YpaBHEHUI:

(¢’ (u,v)) = fi(u,v) (s=1,...,n), (128)

rie ¢° u f§ 3amanable GyHKINUN, a f° M0JJIesKUT OThICKaHUIO. 13 00Imux TeopeM MHOIOMEPHOT'O
BEIECTBEHHOTO aHAIN3a CJIeYeT, ITO JJIsl TOKAJIHHOTO CYIeCcTBOBaHuSA (hyHKIUi f* HEoOXOm1-
MO H JIOCTATOYHO OOpAallleHre B HYJIb BCeX siKOOMAHOB:

D(¢*, f3)

=0 =1....,n. 129
D(u,v) )8 AR (129)
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CoorHomenus (129) MoKHO 3amucaTh Oojiee KOMIIAKTHO Ha, si3blKe P,-3HaIHbIX nuddepeHIn-
AJbHBIX (DOPM:

dfy Adp = 0. (130)

Yenopust (129) mim (130) MOXKHO paccMaTpuBaTh Kak HEKOTODBIE YCIOBUsI MHTEMPUPYEMOCTH
T TOTIOMOPgHOTO pacimuperusd. Mbl BuanM, 4to, B oimdre oT (0-rooMopdHOTo MpoIoyKe-
HUS ¢ KpUBBIX, 0-2010M0pdhHoe npodossicerue ¢ noseprHocmeti 603MOACHO AUWD NPU docma-
MOUHO IHCECNKUL 02PAHUYEHUAT KAK HA CAMY NOBEPTHOCNML, Mak U Ha Pynruuro fo na Hed.
OueBUIHO, TO Ke caMOe OTHOCUTCS U KO BCEM THUTAM k-TOJIOMOP(MHBIX MPOIOJIZKEHUA.

Bosee moaxomgamumM KaHIIIATOM HA TOJIOMOPMHOE TPOIOIKEHIE ¢ TOBEPXHOCTHU SABJISTIOTCS
KJIACCHI TOJTOMOP(MHBIX (DYHKIINIA lem BBy B Qg By Paccmorpum s onpeesieHHO-
CTH BOIIPOC O TIPOJIOJIZKEHUH C TTOBEPXHOCTHU B KJIACCe 9%07 i rojjomopdguocT. B aTom ciiydae B
KOMITOHEHTaX BOIIPOC O MPOJIOJIZKEHUH CBOJIUTCA K UCCIETOBAHIIO COBMECTHOCTH CUCTEMBI (DYHK-
[MOHAJILHBIX YpaBHEHUI BUIa:

et (u, ), o Hu,v)) = fi(u,v), s=1,...,n. (131)
HerpyaHo Bujerb, 9To JIOKAJIBHO BOIIPOC O BO3MOXKHOCTH ng 5, "TOIOMOPMHOTO 1IPOTOIZKE-
HUS pelraercsd MOoJoKHUTeNbHO. JleficTrBurebHo, mpeanonaras o6paTUMOCTh MPeodpa3oBaHuii
(u,v) = (¢%(u,v),p* H(u,v)) ana Beex s = 1,...,n, Mbl MoxkeM mepeiitn B (131) K HOBBIM
kKoopauHaTaM: z° = ¢*(u,v), s = 1,...,n. Torna ypasuenus (131) dbaxrudeckn mpeBpamaoTcs
B OIIpeJIe/IeHIe NCKOMBIX (DYHKIINI f*, 3a/Iaf0MINX HCKOMOE ggo, El—I‘OJIOMOp(bHOe MIPOJIOJIZKEHIE:

Frat el = Wi, e ), (e, 2 7), (132)

rye orobpaxkenne ¥*: R? — R? ¢ kommonentamu ()5, 1)5) aBystercss 0OpATHBIM K 0TOODaKEHHUIO
®*: R? — R? ¢ xomnonentamu (¢°, ¢* ). Bonpoc 0 BO3MOKHOCTH TOOMOPGHBIX MPOIOIKE-
HUIl aHAJIOTUTYHBIX THIIOB le 5, Pemaerca (yokasbHO!) TAKKe TOMOKUTETBHO. DIeMEHTAPHBIMI
00J1aCTAME FOJIOMOP(HOI0 PACIINPEHH OCTAIOTCs, KAK U B CJIydae IPOJOJIZKEHUIT ¢ KPUBBIX, €B-
KJIMJIOBBI ITapaJlyIeJIeIInIIe bl

Herpynno coobpas3urb, 9T0 aHAJOIIIHBIM 00pa3oM OyLyT 0OCTOATH Jejla ¢ BO3MOKHOCTBIO

ng B (Bce 4, — pa3IMIHBI, HA30BEM TAKOE MPOJOJIZKEHHE CMEUAHHbM DYHKITOHATHHON
iq 9 g

pasmeprocTu k) MpOMOKEHUl ¢ HEM30TPOIHBIX MOJMHOT000pasuit S, C P, pasjimyHbIx pas-
MEPHOCTEH M < N: 803MONACHOCTNG CMEUAHHO20 20A0MOPPHO20 NPOJONHCENUSA C PYHKUUOHAAL-
HOT pasmeprocmvro k < m umeemcsa npu 6viNOAHERUL JOCMATOYHO HCECTKUL 02PAHUMEHUT
Ha NodMHO02000pasue S, U PyHKuu0 fo HG HEM, G CMEUWAHHOE 2040MOPPHOE NPOJOAIHCEHUE
¢ PYHKUUOHAAOHOT pasmepHOCMVI0 Kk = M A0KAAbHO 6Ce20a B03MONCHO U (AOKAADHO) eOuH-
cmeenno. Ilpn 5ToM cMmenaHibie roJIoMOp(HBIE IPOJIOKEeHNsT ¢ (PYHKIMOHAILHON pasMepHO-
ctbio m < k < m BO3MOXKHBI M HEEJIMHCTBEHHBI. DTU BBIBOJIBI IPOSICHSAIOT OOIIHI XapakTep
KOPPEKTHBIX KPAEBBIX 3aJ1a4, KOTOPbIE MOTYT BOSHUKATH B (DU3MIECKUX MPHUIOKEHUAX TEOPUH
GYHKIUI TOMTUYUC/IOBOI TIepeMEHHOT].

Mpsr1 He Oy1eM B HACTOAIIEH cTaThe KacaThCs BOITPOCa O TOJTOMOPQHBIX MPOIOJIKEHUIX DoJIee
00IIlero THIa ¥ BOIPOCa O FOJIOMOPMHBIX MPOIOJIZKEHUSIX ¢ H30TPOIHBIX MOAMHOroo0pasuit S,
npu m > 1.

3.10 WuarerpanbHasa Teopema u ¢dpopmyaa Komm B P,

Onpenennm noauvuca080t unmezpas om GYHKUUL NOAUNUCA060T, NepemerHoti IO TIIKOM na-
paMeTpU30BaHHOI KPUBOIl 7y 110 (hopmy.ie:

/fdxzzes/fmrs dt, (133)
s=1
v aq
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riae t € [ag,as] € R — mapamerp Ha Kpuboil . B cury onpenenenns (133) cymecrBoBanue
U CBOIICTBA MOJIMYUCIOBOIO MHTErpasia oT (PYHKIUH MOTHYUCIOBOI IIePeMeHHON OIPeIe/IsI0TCsT
CYIIECTBOBAHUEM U CBOMCTBaMM OOBIYHBIX BEINIECTBEHHBLIX MHTEIPAJIOB OT KOMIIOHEHT. PaccMo-
TPUM Terepb HEKOTOPYIO 0-TO0MOPQHYIO TOTUIUCTIOBYIO (DYHKIUIO f U PACCMOTPHUM MO~
CJIOBOIT MHTErpaJj OT Hee MO HeKOTOPOMY 3aMKHYTOMY KOHTYPY 7:

(7, f) = f /() d. (134)

Beuy onpenenenus (133), s—ast KOMIIOHeHTa nHTErpasa (s — IPOEKIUs Y HA 0Ch T°):
ff(a:s) dz® =0 (135)
s

B cuty dhopmysbl Heiorona-Jleitbnuna. OueBuaHO, aHAJOITYHBI BBIBOJL TOJIYUYUTCA U JJIs UH-
TerpayioB oT k-rojoMopdHBIX (PYHKIUN 0 3aMKHYTHIM KOHTYPaM, OMUCHIBAEMBIM B T€PMUHAX
k

IIOJINYUCIOBOH IepeMeHHONR Z:

A, f(5)) = %f(é“:)d =0, k=1,...,n. (136)

Beipazkenne (136) npemcrasiaser coboit GmzKaiimmii ajrebpandecKuii aHAJIOr KJIACCHIECKO
TeopeMbl Kol KOMIIJIEKCHOTO aHAJIA3a.

[Ipexk e gem repeiT K MOIUINCI0BOM Bepcuu HHTerpaabHoit (popmyisl Komm, pacecmoTpum
IIOJIMYMCJIOBOI nHrerpaJi sBpaa:

K" = f(ac —a) dz, (137)

e a € P,,a & vr € Z, v — HEKOTOPBIl 3aMKHYTHIIl KOHTYD B P,. IlockonbKy (yHKIMs
(x — a)" aHAIMTHYHA TIPU T # a, MOXKEM [epeidTH K TOKOMIIOHeHTHOi dhopme (137):

K" = Z es /(xs —a®)"dz®. (138)
s=1
Ys

Ecim r > 0, to marerpan K, = 0 B cuy (136). Ecin npoexius «y; He BR/OUaer B cebs a’,
TO cOOTBeTCTByIomas KoMmrnonenTa K, = 0 npu Bcakom 7. [Ipu r < 0 m a® € +° unrerpan K
CTAHOBUTCsI HECOOCTBEHHBIM W CTPOTO TOBOPSI PACXOIAIIMMC. Ero peryispusoBaHHOE 3HAUE-
Hue OyJeT 3aBUCETh OT BLIOOpa MeToJa pery/asdpusanuu. B HacTodmeil crarbe Mbl BHIOHpaeM
perynasgpusanuio, pakTUIecKn OCHOBAHHYIO Ha Npuaoxkernn (hopmysnsl Heiorona-Jleiibnuma K
PACXOJIANINMCS UHTErpaJjiaM: HeCOOCTBEHHOMY WHTerpasy OT (DYHKIIUU ¢ TMPUNHUCHIBAETCH 3HAa-
genne G(b) — G(a) (ecam OHO CyIIECTBYeT B KAKOM-HUOY b cMbIcsie), e G — nepBoobpasHas ¢,
a,b € R — xoHneBble TOUKN. B HamreM cirydae 1o npasuio gaeT K, = 0, nockonbky a = b. Ilo-
CKOJIBKY CMBIC/T UCTIOIB3YyEeMO HAMU PETyJISIPU3AINU KEeCTKO MPUBA3aH K M30TPOIHON cucTeMe

KOOD/IMHAT, Ha30BeM BLIOPAHHYIO HAMH PeryJIsapU3auio usomponmnotit®,

6Ormernm, uTo B pabote [23] B mpocTpancTBe P, HCIOMB30BATACH JApYyTas pPeryIapU3allus, TPHBA3aHHAL
K runepboIndecKoil NoNpHOil cucreMe KoopauHat (noasapras peeyaspudayus). OHa naBaja sl 3aMKHYTHIX
KOHTYPOB, OXBATLIBAIOIIUX TOUKY a € Ps, sHadenne K" = ( mpm J0o0bIX BEHMIECTBEHHLIX T, & IJI KOHTYDOB,
cocrostmux u3 snemMenTos Konyca Con(a) snavenne K™ = 0 npur # —1, anpu r = —1 K1 = +jlg (smaku +
OTpazKaloT JiBa BHIOOPA HAPaB/IeHHs 06X0/1a), TJ1e j = €] — ey — runepbomydeckas MEIMas eunua (52 = +1),
a g — OGeckoneunas "dyHIameHTaIbHAS KOHCTaHTA" [IBYMEPHOH IICEBIOEBK/IMIOBON I'€OMETPUM, MMEOIIas
CMBICJI pa3Mepa IIPOCTPAHCTBA MUIEPOOIMIECKUX YIVIOB (AaHAJOr 27 Ha eBKJIMIOBON ILJIOCKOCTH).



32 I'unepkomiiiekcHblie ucia B reomerpun u ¢usnke, 2 (16), rom 8, 2011

Paccvorpum Temeps monmancioBoit maTerpast tuna Komm ot 0-romomopdroit byHKImm f:

f) [ )
rma = 2P e (139

rie a & . Ilpeobpasys nojpaTerpasbioe Boipazxenue B (139):

x5 — a’ x5 — a’ x5 — a’

oz fo(af) — Jf(as) + f(a®) _ £(a*) + B(z") + M (140)

re B cuty rosiomopduocTr f yHKIUS ( — peryjsdpHa U HENpepbiBHA, U TOICTAB/IsIS €ro B

(139), momyunm ¢ yaerom (136) u pasencrsa K~ = 0 B u3oTponHoii perynapuzanun’’:

J@ (141)
r —a
Y
4 T'eomerpmyeckmue acnekTobl H,,

B sTom pazzesne Mbl OCTAHOBUMCS Ha HEKOTOPBIX 'eOMeTPUYecKuX acnekrax P, wimm H,, TecHo
CBSI3AHHBIX C BBEJICHHBIMHU BBIIIE KaccaMu G"-rooMopdHBIX (DyHKITHII.

4.1 Mmuoromepsnbie Bepcun TeopeMbl Komm B P,

Koncrpykimu pasmesna (3.10) momyckaror MHOroMepabie 0600mienust. [Ipek e Bcero omnpeeanm
BHerHue P,-3Haunbie nuddepeHiuaibibie 2040MOpdHvie [-hopMbI:

WhR = g AL A d B > dat R A N dat e, (142)

s=1

B (142) Bce k; pasnudHbl, B J€BOIl 9aCTH CTOUT SJEMEHT MOJIMYUCIOBOrO Oasuca P,-3HaqHbIX
rofoMopdHBIX [-hopM, a crupaBa ero pasjoxkenue 1Mo dasucy B anrebpe P,. OdeBumgHO, 9TO He
BesiKast P,-3uaunas nudpepenimanbiast [-dpopma asiisgercs roasomopduoii. Hanpumep, TakoBoit
He 6ymer 1-popma Buma dr®I,. Herpyano BEIBeCTH HEOOXOMUMEIl KPUTEPHii TOIOMOPMHOCTH
l-dpopmbl BuA:

w= Z asdz®i A - A dare,. (143)
s=1

Bamernm, 1aro KoaddunneHTs! a, (mocrosiuubie wim Gyukunu P, — P,) BeiHOCATCs B (143) 3a
n
3HAK CYMMBI B BUJIe TIOJMYICIOBON BEJMYUHBL a = Y a’e;. TakuM 06pa3oM, w MOXKHO BCerja

s=1
[PEJICTABUTH B BUJIE w = aw, T1e W naercs dpopmysoit (143) nmpu ay = 1. 3ameTuM Temnepb, 4To

CyMMa 3HAUEHUH MH/IEKCOB KOODJMHAT B S—OM CJaraeMoM mpapoit dactu (142) pasua
t(s) =1Ils— (kv +---+...k)modn, (144)
CJIeJI0BATEJIbHO PA3HOCTh COCEJHUX 3HauUeHuii t(s) paBHa:

t(s) —t(s—1)=1Is—1I(s—1) modn = [ modn = const modn, (145)

T.e. He 3aBUCHT OT S. TakuM 06pazoM, Jist TOro 9rodbl uccieayemMas Havu hopMa @ 6buta (po-
HOPIHOHABHA) TOJIOMOPMHOMN, HEOOXOUMO, YTOOBI CYMMDBL INEMEHMOE K} nocaedosamenvroir

"Ha P, B monapHOil pery/spusamy, 1 KOHTYPOB, OIMMPAIONINXCs Ha KOHYyC, B TpaBoil wactu (141) Gymer
croats jly f(a) (cM. pes. CHOCKY).
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cmpor n X I mampuybe undexcos koopdurnam 6 (143) omaunanucy wa | no modyaro n. Pazyme-
ercs, obast [-popma Buza (143) Moxker ObITH pas/iozkeHa 110 6a3ucy U3 roIOMOPMOHBIX I-hopm
Buza (142):

W= Z akl_”klwé«'u-kz (146)

K1, k=1

L€ Ay, .k, — POTOMOPQHBIE KOMIOHEHTHI (IIajkne QyHKIUU FOJOMOPMHBIX KOOPIUHAT). DTO
OYEBUJIHO YK€ M3 IOJICUeTa BEIIECTBEHHBIX PasMepHOCTel COOTBETCTBYIOIINX JTUHEHHBIX TPO-
crpancTB (oHE coBmagaioT u paBabl nC}). Oboznaunm npocrpanctso (F (P,)-moayms, F (P,) —
KOJIBII0 Tiaakux dyakuuit P, — P,) muddepentmanpabix dopwm crenenn | B P, depes /\l P,,
a rpaJlynpoBaHHyIo anrebpy Beex sremrHux dhopm A P,. Kak u 06braH0

n

AP. =B /NP, (147)

k=0

IpUYIeM MTPOCTPAHCTBA /\0 P, u \" P, usomopdunr npocrpanctsy dbynkimit P, — P,. Onpese-
1

JleHne BHemHero quddepennuposanns d: /\l P, — /\lJr P, ua A P, ouesunno. [IpuBegem ero

BBIPAazKeHHE B FOJIOMOPMHBIX KOOPAMHATAX:

n

0
dw= Y —a’“;"“’ Wl (148)
ki, k=1 O

Bce cBoiicTtBa omeparun d, u3BecTHBIE B BEIECTBEHHOM aHAJM3€, OCTAIOTCS B cujie U B P,.
OTI\IeTI/H\A JIMIb, 9TO d KOMMYTHUPYET CO BCEMU KOMIIJIEKCHBIMU COIIPAXKEHUAMUN Ck

OmpeeuM MOIUINCIOBOM nHTErpas oT [-hopMBI W € /\l P, to [-mepuomy mojaMHOT00Opa-
3ui0 S; CJIEIYIONIM 00pa30M:

G = fo=3 e, fun (149)

I7le Ws — S—ast KOMIIOHEHTA W U KaXKJI0€ CJIaraeMoe 0] 3HAKOM CyMMbI CIIPaBa MPEJICTABISET CO-
O0il cTaH APTHBIN BEIIECTBEHHBIN HHTErPaJI OT [-hOpMBI 110 [-MepHOMY TTOAMHOT00Opa3uio. Bu-
JIy JTUHEHHOCTU OMNEpAaIuu pa3JjIozKeHUs 10 MOJuYucaIoBoMy Oasucy teopema Ilyankape-/lap0Oy

nMeeT MecTo U st popm Ha Py,:
/ dw = 7{ w (150)

Si+1 08141

(narerpas ot muddepennnana [-bopmbl 1o | 4+ 1-MepHOMY OMHOr000pasmio B P, paBeH mH-
TerpaJjty oT 3Toi GopMbI 10 [-MepHOit rpanuie). JloKazaTesbeTBO CBOIUTCS K BBIMTHCHIBAHUIO
HOJIMYUCTIOBBIX KOMIOHeHT (150) ciieBa u cripaBa W MPUMEHEHHUIO K HUM CTAHJIAPTHON Belle-
cTBeHHO# Bepcun TeopeMmbl [lyankape-/IapOy.

[Iepes Tem Kak BBeCTH CJIeyIOlIee ONMpeJie/ieHne, HAITOMHUM KOMIIAKTHOE JT0KA3aTEeTbCTBO
Teopembl Kol B KOMILIEKCHOM aHAJIM3€, OCHOBAHHOE HA KOMILIEKCHMDUIIMPOBAHHON Bepcun
teopembl [lyankape-/lap6y [7|. Unrerpas or mpomssosmbHoil rmaakoit dyuximpn C — C 1o
3aMKHYTOMY KOHTYDPY v = 0D, tie obracte D (u ee rpaHuiia y) He COAEPKUT 0COOBIX TOYEK,
MOXKeT OBITh CBEeJIeH K WHTerpaJsIy 1o 3TOi 00acTu:

%f(z,z) dz_/%dZ/\dz. (151)
v D
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Ecmu dyukius f — ronomopdua B D (T.e. ecim Bewony B D Beinonasiercs 0; f = 0), To mHTErpast
crpaBa obpalaeTcst B HyJIb U UMeeT MeCcTo TeopeMa Kormm.

1-MepHas Bepcus IMEHHO TOI cuTyanun pakKTUIeCKu U ObLIa PACCMOTPEHA, B IIPEIbIILYIIEM
paznene. Ee muoromepnoe obobiienne B P, MOTUBHUpPYeT cleiayioiiee omnpejenenne. Hazosem
l-bopmy w 20m0Mm0pPHO-3amrHymot, eciu B ee pasnoxkenun (146) 1o rosomopduOMyY 6azucy

KOMIIOHEHTBI Gy, .k, € GF . . Ipyrumu ciosBamu, roaoMopdhHO-3aMKHy ThIe [-pOpMbI HMEIOT
kl EARES) kl
BUI:
n

Z k1 kv kik

_ .7
W = aklmkl(x,...,x)wo . (152)

kiyeki=1

BamrHyTOCTH opM BHma (152) mpoBepsieTcst TPOCTBIM BbIYUCIeHWEM (OHA OdYeBHiHA). Lo-
JIOMOP(HO-3aMKHYThIE (DOPMBI ABJISIOTCS W TOYHBIMU, MOCKOJIBKY TOMOJOrHYIecKu P, romeo-
MopgHO R™, a Bce rpymnmnbl Koromojoruii R™ TpuBmasibHbl. Pasymeercs, Kiacc rooMopdHO-
3aMKHYTBIX (DOPM IIPEJICTABIIIeT COOOM MOJAMHOMXKECTBO BCEX 3aMKHYTHIX (hopM (Hampmmep 1-

12 2 1 12
dbopma z d x + & d x= d(xx) — 0UeBUIHO 3AMKHYTa, HO HE SIBJISIETCS TOJIOMOPQHO-3aMKHYTOi1 ),
HO MHOT'OMEPHOE TIOJINYINCIOBOE 0000IIeHne TeopeMbl Ko Hanboiee ecTeCTBEHHO (DOPMYJIH-
pyercss IMEHHO 7T TOTOMOpP(MHO-3aMKHYTHIX bopM!®. OBo3HAYNM 3TOT KIacc MOCPEICTBOM
CH /\l P, rjie WHIEKC T yKA3bIBAET HA OTHECEHHOCTb CBOMCTBA 3aMKHYTOCTH K HEKOTOPOM
CHUCTEeMe M30TPOMHBIX KOOPAMHAT (CM. CHOCKY ).

[Ipex e Beero, 3amernm, 9to (opmyJia (136) sBagETCS TACTHBIM CIyIaeM 04eBUIHOIO 0600-
menns: (y,w) = 0, rae w € CHy, /\1 P,. JeiictBurennHo, B cuty TeopeMmbl Ilyankape-/IapOy

nMeeM:
(7, w) =]{w= / dw = 0, (153)
Y 01y

rae 0ty — mobas riaKas peryagpHas IOBePXHOCTh, HATAHyTas Ha KOHTYD 7. CoOTBeTCTBeH-
HO, TIOJTHBIM TTOJIMYHUCJIOBBIM 00001IeHneM TeopeMbl Kot O6yeT paBeHCTBO HYJII0 MHTerpaJia;

(Sp,w) =0 (154)

.. !
OT BCAKOI [-cbopmbl w n3 Knacca C Hy) /" P,, 10 BCSIKOMY 3aMKHYTOMY MOJIMHOT00Opasuio S; B
P,.

4.2 KourpaBapuaHTHasi CHMMETPUYHASI METPHUKA ¥ MCYNCICHNE
(ko)momman,

Paccmorpum mpoctpanctso Bepsanbaa-Moopa H, u merpuxy Bepsamabia-Moopa (Me B weit,
OTHECeHHYIO K HeKOTOPOil M30TPOIHOl cucTeme Koopauuat (2, ..., 2™), B KOTOpoil 3Ta MeTPHKa
mveer sy (18). Pacemorpnm tensop (™Mé pua:

Me=8(® - ®8,), (155)

KOTOpBI onpenenser "craasgapHoe nogaunpousseaenne”’ B pacciaoennn 1-popm /\1 H,, o dop-
MYJIaM:

(w1)1 e (wl)n
W1 )k, - - - (Wn)k, = perm . . (156)

(Wn)1 --r (Wn)n

18HeckobKO 3aberast BIIEpeJ, OTMETHM, YTO JAHHOE HAME OIpe/esIeHIe KJIacca FOJIOMOPPHO-3aMKHYTHIX 1-
dopM He ABJIsIeTCS MHBAPUAHTHBIM OTHOCUTEJIHLHO OOIIEKOOPAUHATHBIX Npeobpaszosanuii Ha P,. OxHako, 0HO
SIBJISIETCs] MHBAPUAHTHBIM OTHOCUTEJIFHO HO0JIee Y3KOro KJiacca JIFObIX k-rojloMOpdHBIX TpPeodpa3oBaHuii, KOTO-
pbl€e, KAK 9TO OBLIO YKA3aHO BBIIIE, ABISIOTCS KOH(MOPMHBIMI Tpeodbpa3oBanusavu H,,.

klkn<

(Wiy.voywp) =€
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B (156) MBI HCIOIB30BAIN CHMMETPUYIHBIH CHMBOM JIeBn-UWBHTHI ¢ BEPXHUME HHJICKCAMH,
onpejesieHre koroporo anajgorndno (17). Ternsop (155) Gymem HasbBATH JYaALHbIM HITH 00PaIM-
nom K Me. DT0 HAzBaHUE OTPABIBIBACTCS CIIEIYIONTNM CBOficTBOM KommonenT (Me i (ME:

I(n—1)! k. O,
nl(n —1)! 1 T v
Z le...krkTH...knfmlmmrkrﬂmkn = mperm SRR (157)
kr41,..,kn klr o 5]4:

Pagencrsa Jieoii u npasoii uacreit (157) ¢ TOUHOCTBIO 710 KO3hdUIMenTa cJieIyioT u3 coobpazke-
HUl cUMMeTpUH, BUJ KO3MDMUIMEHTA CIeAyeT U3 PeAyKIMOHHON (hOPMYJIBI JIJIsi TEPMAHEHTOB,
BBITEKAIOIIEN 13 MMPOCTOTO MO/ACYeTa MTEePECTAHOBOK:

Z(’I" Te ... Tg ):<n+$_1)( e ... Tg >, (158)
p— T Mo ... Mg mo ... Mg
rae
S
<7a1 e T )Eperm (159)

my ... m
s ops ... O

— COKpaIleHHOe ODO3HaveHue i MEePMAHEHTA, COCTABJICHHOIO U3 YIOPSIOUEHHBIX JeTbTa-
cuMBOJIOB. TakuMm oOpa3oM, B KaxkjaoMm H,, mMeeTcs, KaKk MUHUMYM, Y€TbIpe THIA MOJTHUCKAIAP-
HOI'O NPOM3BEICHUA: ABa MOJHOCTHIO AHTUCHMMETPUYHBIX IIPOU3BCACHAA 7-OK BEKTOPOB WA
1-dopwm, acconumpoBaHHBIX ¢ hopMamMu 06HLEMOB B KaCATEJILHOM U KOKACATETHHOM PaCCIOEH-
AX:

vol=daz* A---Ada™, vol=0; A---AD,, (160)

KOTOPBIE MOPOXKIAIOTCS Ollepalyeii BHeIHero (KOCOCHMMETPHYHOTO) MPOM3BEeIeHns A U JiBa
CUMMETPHUYHBIX ITPOU3BE/IEHIS N-0K BEKTOPOB Min 1-hopM, 3a7aBaeMbIX CHMMETPUYIHBIMHA TIO-
mumseiinpivu bopmamu (18) u (155). Ormernm, uro dopmbr (160) cymecTByor Ha JIO60M
[JIaJKOM MHOT00Opasuu, B TO BpeMs Kak Hasmdue dbopm (18) u (155) — cmenmduaeckas oco-
OeHHoCTh mpocTpancTB H,. [li1s BoccTaHoB/IeHUs1 Oojiee TIOJTHOM CUMMETPUN MEXKIY aHTHCHM-
METPHYHBIMH ¥ CUMMETPHYHBIMHI METPUKAMH, OIIPEIENM OIEePAINIO V CHMMETPUYECKOTO IIPO-
U3BeJIeHNs BEKTOPOB U 1-dopm 1o dopmymam:

XVY=XY+Y®X;, wVA=wA+AQuw, (161)
st Besikux X, Y € TH, n w, A € T*H,,. Teriepb Mbl MOKeM HamucaTh 1o anasgoruu ¢ (160):
"e(X1,. .., X)) = Vol(Xy, ..., X)) "E(wi, ..., wn) = Vol(wi, . .., wn), (162)
rie .
Vol=dz'V---VvVdz"; Vol=0d, V-V, (163)

— "cummerpuanbie (hopMbl 00beMOB" .

Ananornio Mexk 1y aHTHCHMMETPUIHBIMI TeH30paMu (p-pOpMaMU U P-BEKTOPAMI) U CHM-
METPUYHBIME T€H30PaMU (P-noauadv U p-Konoauads,) MOXKHO TPOJOIKUTE 1 najee. Onpeje-
mum pacenoenne p-nojman \/* H, Kak MHOXKECTBO BCEX CUMMETPUYHBIX KOBAPUAHTHBIX TEH-
3opHbIX nosieii. Oun obpaszyior f (H,)-Mojiy/ib, 6a3UCOM KOTOPOTO SIBJISIFOTC HAOOD IOJIHAL
{dzFrv---vdz*}p 1 . Moxuo onpeesuTs Tenephb rpayuposanmyio aiare6py nonuag \/ H,,

B KOTOpOIi omeparys MoJIHaJTHOTO YMHOXKeEHUs V' MexXK Iy noiuagamu P = Z Pkl,_,kpdxkl V
E1yeeokip

ceVdat e \PH,u Q= Y Qll,,,lqukl V.. Vdrle € \/* H, onpenensiercs no (opmyiie:
I
PVvQ=QVP= Y 3 PyQuuda® V. vdatvdity..ovddl (164)

kiyekip 11,0l
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OueBnaHO
\V H. =B \/"H.. (165)
p=0

AHa/IOTIYHO ONpeeNsieTcss CUMMeTpUYHast rpayrpoBanHas ajnrebpa konomman \/~ H, (T.e.
asrebpa KOHTPABAPUAHTHBIX CHMMETPUIHBIX TEH30POB).

[To amasoruu ¢ oneparmsivu Jayaansaimn (3Be3na Xo/Ka), aCCONNIPOBAHHON ¢ AHTHCHMMe-
TpudHBbIME (hopMaMU 06'bEMOB, MOYKHO OMPEETUTD IYATH3ANUI0 CMEUAHHHLT oAUl (I KO-
noymay). Hazsosem nommany P € \/? H,, cMemanuoit, ecim oHa B KaXK 101 TOUKE TIPEICTAB/IAETCS
B BU/JIE JIUHEHHON KOMOMHAIINK 9AEMEHMAPHLLL CMEUAHHDIT D-NO0AUGO BUIA dxkrv. ..V dxkp, rie
Bee k; pazmuaHbI (17151 cMeIaHHbIX KOMOIMa/L 3/IeMeHTapHOil Konoamaoit 6yaer Oy, V - - -V Oy,
rie Bee k; pasnuansl). JIuHeitHoe moampocTpaHcTBO (OHO He 00pa3yer Mmomaaredphbl) BCEX CMe-
IIAHHBIX [OJIMA]] CTemeHn p 0603HadnM Mx(y) \/* H, 0 < p < n (mOQmpocTpaHCTBO CMENTAHHBIX
komommuat, Gyer Mx(, V? H,) Onpenennm orobpazkenne ®: Mx) /' H, — Mxu) V" " H,
(cummempuunas 36e3da Xodoca) Kak JMHEHHBIH omepaTop, JeHCTBYIOMMN Ha 6a3WC CMelaH-
HBIX TIOJIAA]] TI0 (hOpMYy.JIe:

®(dr* v - vdat) = da v v da™r, (166)
rae n uudp (ki,...,kp, 71, .., 7h—p) (BO3MOKHO HOCIIE HAJIEXKAIIE IEPECTAHOBKH) 00Pa3yIoT
[OC/IEIOBATEHLHOCTD 1, . .., n (OlIpeiesieHne CMMMETPU30BAHHOM 3Be3/1bI X0/[2Ka Ha KOIOJINa1axX

anasiornduo). (OTMeTuM, 9TO CHMMETpHUs omepaiuu V MO3BOJISET He CIeJUTh 33 3HAKAMU W
opuenTanueit.) K npumepy, dopmbr Vol u Vol B (163) ¢ moMoIIbi0 cMMeTPIYIHOI 3Be3/1bI XO/I7Ka
3AIMMCHIBAIOTCS DOJIee KOMITAKTHO:

Vol = ®1; Vol = ®1* (167)

riae 1* — nocrosianas (eauananast) dbyHkims Ha H,, paccMaTpuBaeMast Kak 3jieMeHT popMasib-
HOT'O TIPOCTPAHCTBA KOIOJINA,T \/0* H,,, kotopoe Mbl otoxkjectsisem ¢ f (Hy).

Onpenenum cummverpuanbiil quddepennnan @), kak R-muneitnoe orobpaxkenne \/* H,, —
\V& 1 H,,, neiicrByiolee B KoopuHaTaX 1Mo (popmy.ie:

0P,
@ P= Z %dms\/dmk1 VoV odae (168)
ki,eoskip v
re P= ) Pkl,,,kpd.xkl V-V dz* — mpousBosIbHBIH S7€MeHT \/* H,. Ormernm crieyionme

k1yrkip
cBoiicTBa @):

@ (P, +P,) = @P+@ P, (mureiinocts); @ (PVQ) = @PVQ+PV@Q(npasuio Jleiibuua);
(169)
@ f=df, vne f € \/° H,.
B s10it crarhbe Mbl He OyjieM pa3BUBATH TEOPUIO WHTEIPUPOBAHUS IOJMAJ W IOJTHAJIHBIE
(cummerpruHbIe) anajgoru reopeMbl [lyankape-/Iap0y.

19CHoBa OTMETHM, YTO ONpeJeeHIe CMENIAHHBIX IIOINa ¥ KOIIOIHAJ He SBJISeTCS MHBADHAHTHBIM OTHO-
CUTEJIbHO MHOXKECTBA BCEX KOOPIMHATHBIX NpeobpasoBanmii Ha H,,, OJHAKO OHO SIBJISIETCS WHBAPUAHTHBIM OT-
HOCHUTEJIbHO €€ DECKOHETHOMEDPHOTO TOAMHOYKECTBA KOH(OPMHBIX TPEO0dpPa30BaHUil, OCYIIECTBIISEMbIX HADOPOM
k-ronomopdHbIX dDYyHKIIMIA.
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4.3 T'eomerpusi Npou3BOAHBIX DYHKIINU ITOJIMYINCIOBOI NepeMeHHO

Jns busmaecknx IpuioyKeHnii BaxKHO yMeTh CTPOUTh HHBAPHAHTHBIE (CKaJsIPHBIE, BEKTOPHBIE,
TEH30PHBIE U T.JI.) XaPAKTePUCTUKH U3 TOJIMIMCIOBbIX 00bEKTOB U X MIPOU3BOIHBIX. BhIlie yike
OTMEYaJIoCh, 9TO MPeodpa30BaHusd, OCYIIECTBIIEMbIE MHOKECTBAMHE Kk-TOTOMOPMHBIX (DYHKIINI
(1 mazke MX pacIIUpeHusMu J10 KOH(GOPMHBIX npeobpasosanuii C' H,) urpatior ocobyio pojb B
reomerpun P, (tounee B reomerpun H, u anrebpe P, ), HO3TOMY MbI OTJIEIHHO TPOAHAINIUDPY-
eM BOIIPOC TEH30PHAIbHOCTH IM€OMETPUIECKIX 00bEKTOB OTHOCHTENbHO mpeobpasoBanuit C'H,
(ksracc TaKuX 0G'bEKTOB, €CTECTBEHHO, CYIIECTBEHHO IMIUPe, YeM KIace OOIeKOBAPUAHTHBIX TeH-
3poB). Bysem mmeHoBaThH 006IIEKOBADHAHTHBIE TEH30PbI (G-MEH30paAMU, & BEJUYUHBI, SBJISIO-
Iuecs TeH30paMu OTHOCUTEIbHO KOH(MOPMHBIX mpeobpazoannit C'H, HO He ABJIAIONINECS TEH-
30paM# OTHOCUTEIHLHO OOIIEKOOPANHATHBIX Ipeobpaszopanuii — C'-mensdopamu. 1Ipexae Beero,
PacCMOTPUM TOJIOMOPGHYIO IMPOU3BOAHYIO OT HEKOTOPOIl CKAJISIPHON MOTHINCIOBON DYHKIIUN:

5 f = Zasfkfses- (170)
s=1

Ee BemiecTBeHHbIe KOMIIOHEHTHI — 3TO DA3JIMYHBbIE YACTHBIE MPOU3BOJIHBIE OT (pasandHbIX!)
ckasipubIx pyHknnii. Kak 31o xoporo nzsectHo u3 auddepeHnaibHoii reoMeTpun, Hi 9acT-
Has [POU3BOJHAS 110 OTJEIBHOCTH, HU BCS MX COBOKYIIHOCTBH OT pasHbIX (yHKuuii B (170) He
oOpa3yeTr reoMeTpuIecKoro 00 bLeKTa OTHOCUTETHHO OOIINX KOOPAMHATHBIX (M dHeoMophu3MoB.
O061eKoBapUAHTHBIM T€OMETPHIECKIM OOBEKTOM SIBJISIETCS COBOKYITHOCTH BCEX JaCTHBIX ITPO-
U3BOJHBIX OT BCEX KOMIIOHEHT f, KOTOpPble MOXKHO OOBLEJIUHUTDH B OJUH TOJOMOPQHBIH mudde-
pEeHIIHAI:

i =3 Fdhe Y dfe,, (171)
k=1 s=1

KOMITOHEHTBI KOTOPOI'O TaKKe MPEeJCTaBJILAI0T OO0 0DIIEKOBAPUAHTHBIE NeOMETPUYECKIe 00b-
ekTbl — 1-cbopmbr df®. B orimvne o puMaHOBOi reOMETpPUN ¢ KBAJIPATUIHON METPUKOM, B €0~
Merpun BepBasbia-Moopa HEeT HUKAKOIrO MPOCTOrO CIocoba mocTponTh u3 df wim df® BeKTOp
rpaguenTa. KOHCTPYKIMs COMPUKOCHOBEHUSI, KOTOPYIO MBI PACCMOTPUM B CJIEAYIONIEM pa3Jie-
Jie, TO3BOJIAET KaxK 10t 1-popme CTABUTH B COOTBETCTBUE I'DAJIMEHT, KAK KOHTPAaBapPUAHTHBII
TEH30p BaJeHTHOCTH N — 1. AHAJIOTUYHO, BEKTOPHBIM TOJISM KOHCTPYKIUS COTTPUKOCHOBEHUSI
OyJIeT COMOCTABISATH MOJUAILY BaJeHTHOCTH N — 1.
OcranoBuMmcs mogpobHee Ha mpeobpasoBannax u3 MuoxkecTBa C'H,,, IMEIONNX CJIe/Iy Ot
OO BILI:
(', .. a8 = (2™ = (F e W), e ™)), (172)

r7e 0 — HeKOTopasl MepecTaHOBKa, JIeHCTBYIOIIas Ha MHOYKeCTBe WHIAEKCOB 1, ... n. Omepatop
k
0 Tpeodpa3yeTcs Mpu TaKUX TPeodPaA30BAHUSX MO 3aKOHY:

k n K o(s—k) s—o(s—k)
L S A (173)

s—k
— ox

9TO JIETKO yCTaHaBauBaercst npu nomoutu dopmyn (172), (72) u obparnoii k meii. [Ipu m-
roJIoMOP(HBIX IIPe0OPA30BAHUAX 0 JeiiCTBYeT Ha MHJIEKCHI KaK MUK/JIndecKad nepcranopka C™,
B stoMm ciyuae o(p) = p+m, o (p) = p — m, u (173) npunnmaer Bu;

kk—m k—m

=6 F) (174)

Haxkownern, ipu 0-romomopdubix npeobpazosanusx (o = id) (173) npuHuMaer auaroHaIbHbIH
B

b= (01) 9, (175)
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YTO O3HAYAET, YTO JIMHEIHOE TTPOCTPAHCTBO BEKTOPOB T'OJIOMOPMHOT0 Ha3uca MpUBOJUTCA B 9TOM
k
cIydae K IpgaMoil cymMMe OJIHOMEPHBIX MPOCTPAHCTB U KarKJbIil U3 BEKTOPOB O BeJeT cedsa Kak

BeKTOp 1Ipu (-rotoMOpHBIX TPeodPa30BaHNAX KOOPJANHAT. B MpoMeKyTO4dHOl cuTyarmm, Ko-
rJla MMEPeCTAHOBKA 0 MMeeT WHBApPHUAHTHbBIE TTOJAMHOXKECTBA, WHJIEKCOB, JIMHEITHOE ITPOCTPAHCTBO
BEKTOPOB T'o/IoMOPgHOTO Ha3uca pacnagaercsd Ha BEKTOPHbBIE TOIIPOCTPAHCTBA U COOTBETCTBY-

OIIe TIOMHOYKECTBa MHOYKEeCTBa {5} CTAHOBSITCS BEKTOPAMU OTHOCHUTETHLHO TPeodpa3oBaHuil
(171) ¢ Taknm o.

Onupasich Ha TIO/IyYeHHbIe Pe3y/ILTAThl, 00Cy UM posb npeobpasosanuit CH? C CHY C
CH,, (coorBerctBerto 0-rooMopdHbIX, k-romomopdubix (k= 2,...,n — 1) 1 KOHDOPMHBIX),
KOTOPYIO OHU UT'PAIOT B OINPEJICJICHHBIX paHee KOHCTPYKIUAX. ToT (hakT, uTo mpeodpa3oBaHmsd
n3 C'H,, coXpaHSIOT yIJIbl, OBLT JOKa3aH B 3aMevdannn 2 pas3jena 3.8. TecHo cBa3aHHBIN ¢ 3THIM
bakT — MHBAPUAHTHOCTH KOHyCa (B KACATEJILHOM MPOCTPAHCTBE) OTHOCUTEIHHO NMPeobpa3oBa-
unit u3 C'H,. [leiicTBuTe/IbHO, €C/IN B HEKOTOPOI M30TPOITHON crCTeMe KOOPIUHAT JIOKAJTHHBII
KOHYC OIpejieifeTcs KaK obbequHenne Tunepiiockocreit dr! = 0,1 = 1,...,n, To U B HOBOI
cucTeMe KOOP/INHAT YPABHEHUS STUX TUIEPILIOCKOCTEN OY/IyT NMeTh B COBOKYITHOCTH TaKOM Ke
s do’t = 0,1 =1,...,n. O4eBHIHO, YTO MHOKECTBA CH?, CHF w CH,, 3aMKHyTBHI KazK10e
10 OTJIETLHOCTH OTHOCUTETHHO KOMITO3UIINIT CBOUX 3JIEMEHTOB, T.€. 00pa3yioT rpymmonasl. Ecin
OrPAHUYUBATHLCS 0OPATUMBIMU TOJIOMOPGMHBIMU MTPEOOPA30BAHUSMU (/IS IE€ro JIOCTATOTHO O~
TpeboBaTh, YTOOBI Mpon3BoaHbe Beex f° B (171) mo cBOMM €IMHCTBEHHBIM apryMeHTaM HUTJE
He 0Opamanch B HyJ/b), To peobpasosarnsa CHC, CHF u C'H, o6pa3yioT BlIOKeHHBIE B JIPYT
apyra rpymmbt. Hoarpymma C HF rpymmsr C H,, urpaet ocobyio posb B oTpeeieHnsax 06001meH-
HOII ToJIOMOPGHOCTH, JAHHBIX B pasfierne 3.8. [lelicrBurenbuo, muddepennnaabHble MOHOMBI
DF¥e cnmemanmoro Tuna (re. ¢ ko = By + Eyy + -+ + E; | ¢ pa3IndHbIMU i,.), BXOJISIINE B YCIO-
Bue (90), sABJIIOTCA TeH30paMu OTHOCHTEILHO peobpaszosanuit CHY | u ne apistoTcs TakoBbIMuI
orrocurenbro C H,. Ilepsblit BBIBOJ ipsivo crieyer u3 dopmya (174)-(175), a Bropoit — u3 pac-
CMOTpEHIs MPOCTOTO TIpUMepa B Majoit pasmeprocTn. Takmm obpasom, CHE-unsapuanmmwidi
CMBICA MOHCHO NPUIAMD AUULD CMEULGHHBM MUNGM 20A0MOpdHocmu. OcTallbHble BBEJIEHHBIE
THUITbI MTHBAPUAHTHBI JIUITHL OTHOCUTEHHO P, -IMHEeHbIX TPeodpa30BaHuil, a UX WHBAPUAHTHOE
omucanne orHocurenbio CHF-npeobpazosanuii BO3ZMOXKHO JIUIIL B TePMUHAX COOTBETCTBYIO-
X auddepeHuaIbHbIX TOIHNHOMOB. JIerko mposepsiercsi, 4To BBeJeHHBIE B 3.10 TotoMopd-
HbIle [-opMbI KOH(DOPMHO WHBapUaHTHBI oTHOCHTEThHO C H,y, & TooMOpdhHO-3aMKHYTBIE (hop-
MbI HHBapuanTHbl otHocuTebno C'H,. Takxke nuBapuanTHbiMu oTHOCUTENbHO CH,, ABIAIOTCS
npocrpancTea Mx(,) VPH, 0<p<nmu MX’(;) \/* H,, cMelanubIxX mojinasl U KOTOJINAJL, BBEIeH-
HbIEe B 4.2.

4.4 CkaJjisspHble UTHBAPUAHTHI

g mocTpoeHusT MOJIUYUCTIOBOI TEOPUN TIOJIs ¢ TTIOMOIIBIO TPUHITUTIA HAUMEHBINETO JIEHCTBUA,
HEOOXOJIMMO MMETh HaOOP HE3aBUCHUMBIX CKAJIAPHBIX BEIIECTBEHHBIX WHBAPUAHTOB, (DYHKIIUEH
KOTOPBIX MOXKET SBJIATHCS JarpaH:kuaH Teopun. Omupasch Ha OMBIT MOCTPOEHUs aJredpande-
ckoit Teopun B Hy [16], MOXKHO ¢hOPMYIMPOBATE CJIE/IYOIINE BONPOCHI, HA KOTOPbIE MbI JIOJIZK-
HBI OTBETUTD, IPEXKJIE YeM 3allMCaTh TPUHIIAIT HAMMEHBIIEro JefCTBUS B OJUYUCIOBOI Teopun
MOJIS TTPOU3BOJILHOI PA3MEPHOCTH:

e Kak crpouth BemecTBeHHbIE KOMOMHAIINN IO U UX IIPOU3BOIHBIX !
e Kak crpouth ckajsipHble KOMOMHAIINN TOJIeH U UX IIPOU3BOIHBIX !

Haopgamnue obime cooOparkeHus, 1 KOHKPETHbIE COOOPaxKeHus, KOTOpble BO3ZHUKAIOT NPH
aHajm3e CTPYKTYPbl Teopun B Hy, MBI TIepedncinM B BUJIE CJIEIYIONINX TyHKTOB.

1. VYpasuenusi reopuu Hy — BTOpPOTO MOpsi/iKa, OHU BKJIIOYAIOT B Ce0sl CKAJISPHBINA BOJHOBOI
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orepaTop

0 0
Oh Oh’
B MHOroMepHBIX MOJIMYUCIOBBIX TEOPUAX Ha MeCcTO oreparopa s ecTecTBEHHBIM 00pa3oM
BBICTYTIaeT orepaTop n-oro nopsigaka (), BBejeHHbIil panee B (101).

Oy =4 (176)

2. Taxkum obpazoM, BHYTPEHHSS JIOTHKA MHOTOMEPHBIX TEOpUil OOHAPYKUBAET, YTO UX YpaBHEe-
HUs JTOJIZKHBI OBITH JudDepeHnnaabHbIMI YPABHEHUSIME N-0T'0 MOPs/IKa BUJIA:

OnF =™, (177)

rae (n)J — MCTOYHUK IIOJIMYMCJI0OBOI'O IIOTEHIMAJIA.

3. Io anamornn ¢ Hy ucrounux ™ J nomxen BbIpaKaThCs depe3 nmoTeHnuag s U caMoaeiicTBusd
IIOJIMIHUC/IOBOIO IIOJIS.

4. U3 obmero Buga ypasHeHuii Ditiepa-Jlarpamzxa Teopun moss u Buga (177), ciaeayer, dro
NCKOMBII Jlar'paH2KHaH TeOpUuMn HOJIZKEH 3aBUCETH OT IIPOU3BOJHBIX T — 1 IIopdaKa.

5. HanaH}KI/IaH Teopun IJOJIZKEeH TaK2>Ke 6bITb CKaJIAPOM OTHOCHUTEJIbHO KOOPJAMHATHBIX IIpE-
obpaszoBaHMii.

6. B reopun Hy meronomopdHocTs X U KHUHETHUIECKUi 4jieH Y BapUAIMOHHO SKBUBAJEHTHBI,
T.e. UHTErpajibl OT HUX M0 Ho OTJIMIAIOTCA TOJBKO I'PAHUYHBIMHU YIEHAMH. DTO CBOHCTBO
OKa3bIBaeTCs CYIIECTBEHHbIM B Hy 11 MPUMEHUMOCTHU SKCTpPaBapHAIlMOHHOTO IPUHITUIIA
[26]. MokHO OKmIaTh, YTO MOJOOHOE CBONCTBO JIOJKHO BBITOIHATHCA U B H,.

7. OpHoBpeMenHast mojcTaHoBKa h <+ h, F' <+ F B neifictBun teopun Hy mHe menser X,Y, a
CJIeIOBATENBLHO U Beero AeficTBrusd. MoKHO 0KUJATh, YTO OJJHOBPEMEHBIE ITOJICTAHOBKM:

h—C(h)—...C*"h)—h, F—C(F)—...C"(F)—F, (178)

0000ITIaoIIe TTPUBEIEHHYIO BBINIE MMOACTAHOBKY i Hy, Tak:Ke He JIOKHBI MEHATH CO-
OTBETCTBYIONNX (PYHIAMEHTAJIbHBIX KOMOMHAIINN M CAMOI0 JIeHCTBUsI. DTa CUMMETPUS 10
CYIIIECTBY OTpaKaeT paBHOIIpaBUe KOOP/JIWHAT B MCXOJHOM IPOCTPAHCTBE MOJUYUCE] U Be-
IIIECTBEHHOCTDH BBIPAXKEHUIA.

[Ipocreiinmmv (1, O Beeit BUAMMOCTH, €JMHCTBEHHBIM) HAG0POM (pyHIAMEHTAIBHBIX KOMO-
HaIdil MPOM3BOAHBIX TUIIEPKOMILJIEKCHOTO MTOTeHIna a B H,,, yJIOBIETBOPSIONINI BCeM Tepevn-
CJIEHHBIM BBIIIE CBOMiCTBAM, sABJsgeTCs HAOOp { X (k)}kzl,m’n, KOTOPBIIl ONMUCHIBAECTCS CIIEAYIONIEit
obreit popmy.oit:

n P k+s—2 9 k+s—1
X(k) = Z slj’l s s+1 d s+n—2" (179)
s—1 0 dzxd r ...0 =
Jnst Ho o1a hopmysia maer y:ke n3BeCTHbIe KOMOUHAIINN:
XW=FuFp; X =F,F; (180)

— KMHeTUYeCcKuil 1IieH U HeroJoMopgHOCTD, paHee obo3Ha4daBIInecsd Kak Y n X COOTBETCTBEH-
HO.
CrhenaeMm Tpu 3aMedaHUsd.

1. Nusapuanter X ®) spmsmorcs C-cramspaMu, HO He sBIIIOTCH G-CKAISPAMIT (sT0 TMpOIIE BCe-
ro yeujerb, Ha npumepe X u Y B Hs (dbopmyra (180))). Takum obpasom, noauwucio-
8aA MEOPUA NOASA (MEOPUA NEPBO20 YPOBHA), NOCMPOEHHAA HA OCHOBE AAZPAHHCUAHA GU-
da L = L(XW ... XM 6ydem npedcmasasmo coboti e obuiexosapuarnmmuyio meopuno,
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a CH,-unsapuanmuyro meoputo. IT0 0OCTOATETHCTBO OCTAJIOCH HE3AMEUEHHBIM B paboTe
(|16]). Tem He meHee, mocsie BBIBOA YPABHEHHI TIOJIMINUCIOBOIO TIOTEHIUATA, UX PEIICHHS 1
bU3NIECKON MHTEPIPETAIMI TOCPEJICTBOM KOHCTPYKIMU COIPUKOCHOBEHNUSI, MbI TIPHXO/AM
K 0OIIEKOBAPUAHTHON Teopuu mosist (Teopun Broporo yposasi). Orverum, uro G-cKajasgpom
SIBJIsIeTC KOMOMHAIIMS OOIEeKOBapPUAHTHBIX 0000menuit X ®) Buma:

XU 4oy x0, (181)

e B KazKJI0M X(k) YJaCTHbIC IIPOU3BOAHbLIE B BEIICCTBEHHBLIX KOMIIOHEHTaX 3aMCEHEHBbI Ha
KoBapuaHTHble (cM. paszes 4.6).

2. Jlerko ykazarh dyHIaMeHTAIbHbI BemecTBeHHblH (G)-cKasp &,, 3aBUCSIIUNA OT CAMOTO
1oJIst, & He ero npou3BoAHbIX. OH OyIeT UMeTb BHL

G=FI"=]] F I (182)
s=1

B pabore [16] o He ucnoab30BaICs.

3. Herpyano mocrpouts u npyrue Beriecrsentbie (C-)cKajsipbl, HATPUMED:

KO =|dF|",... (183)

HO OHHN 6y,ZLyT NPpUBOAUTDL K TE€OPUHU I10JIgd C HUSIMUMU ITPOU3BOAHBIMI (MeHbHH/IMI/I n)

4.5 Comnpukacaromnecs 00beKThI

PaccmoTpuM KoopauHaTHBIE M-TIJIOCKOCTH Ly, M30TPOITHON CUCTEMBI KOOPJINHAT, KOTOPBIE OTIpe-
JIeJIAIOTCd HaDOPOM ypaBHEHUI BHJIA:

1 =0,... ,x"m=0. (184)

Kax s1o ciienyer u3 (18), crangapTHast Ipolie/Iypa OrpaHnIeHnst METPUKHI Ha TIOJMHOr000pasme
JaeT TpUBHAIBHLIN pesyabraT: Me|, = 0. Bosee KOPPeKTHLII Mepexo Ha TOAMHOT000DasHs
L, oCcymIecTBIISETCS TIOCPEIACTBOM KOHCMPYKUUL CONPUKOCHOSEHUA: MBI TOBOPUM, YTO METPUKA

05 185
) ) (185)

M MyCTBIX apryMeHTOB

—~

conpuxacaemes ¢ mempuxoti ™Me sdoav woopdunammbir sexmopnoir noaeti {0;,,...,0;, .} m
obo3HavuaeM 9TOT (PaKT CJEIYIONIIM 00Pa30M:

(mle = gn=mp (¢, (186)
rae E™ = (0, ..., 0;, ) — CUCTeMa n — M BEKTOPHBIX HOJIEH (3a/1af01as HEKOTOPOe pacipe-
nenenne B Hy,). Tor dakr, aro Beipazkenue B mpapoii qactu (185) sBisiercs m-MepHON METPUKOIf
Bepsanbaa-Moopa Ha m-nockoctu Ly, (410 orpazkeHo B 0bo3HadeHusX JeBoit qactn (185)),
[IPOBEPSIETCsT SJIEMEHTAPHO. DTO O3HAYAeT B YaCTHOCTH, YTO KOHCTPYKIIUS COMPUKOCHOBEHUSI
(185) ycranasauBaer uzomopdusM (nzomerpuio) Ly, u Hp,.

Pasymeercst, KOHCTPYKIIHsT COMTPUKOCHOBEHHS PACIIPOCTPAHSIETCST HE TOJBKO Ha KOODIMHAT-

Hble BEKTOPHbBIE TI0JIS JIJIs PElIeHns IPOOJIeMbl OI'DAHNYEHNS METPUKH HA M30TPOITHBIE ITO/ITPO-
crpancrBa. Konerpykuuto (185) MoxkHO 0600muTh Ha J1i06yi0 cOBOKYMHOCTb { X1, ..., X, n}



J.T". Ilasjos, C.C. Kokapes ...CBoiicTBa NIaJgkux (YHKIHI TOJTHIHCTOBOH MEPEeMEHHOH 41

BEKTOPHBIX IO, MpuYeM HEKOTOPbIE MO0/ B 9TOH COBOKYITHOCTU MOTYT IOBTOPATHCS. Byem
Ha3bIBATH 9TY COBOKYITHOCTb 0nopoti 1 0003HAYATH ee MOCPEJICTBOM OoJiee ToApoOHON 3amucu

Em={X7", ., XFY, an+.ap=n—m. (187)

B cnydae ¢ moBTOpsIOnmuMucs BEKTOPHBIME TTOJIIME ortopa £~ yiKe He OMICHIBAETCS B TEPMIU-
HaX KJIacCH4IecKoro pacrpejenerns. Ha omopax "™ moxuo BBectu f (H,)-anrebpy, moaaras

ErmiTm2 . my+me < n

gn—miy gn—mz _
1 Sg, my+mg >n

: (188)

rie M2 nonygaercs uz EM™ u £ ™2 06beIMHEHNEM UX 3JIEMEHTOB (J1J1sT OOIIIX BEKTOD-
HBIX [OJIell UX WHJIEKChI-IIOKAa3aTe Il (; CKIaAbIBaloTCs ), a £2 — mycrast ornopa, jjis KOTOpOii

E7 P "e=0. (189)

YMHOXKeHHe OlOp Ha CKaJIsipHbIe (DYHKIUK TPOU3BOAUTCS TOKOMIIOHEHTHO (KasKJ10€ BEKTOPHOEe
[OJIe HE3aBUCKMO OT €ro KPaTHOCTH yMHOXKaeTcs Ha (DYHKIUI). Ajrebpa Omop CJieayronm
00pa30M B3aUMOJIEHCTBYET C omepaleil COMPUKOCHOBEHUSA:

gn—mz |—> (gn—ml I—) ne) — (gn—m1 H gn—mz) I—) ne; (fgn—m) [—> nE — fn—m(gn—m |—> €>‘ (190)

PacemorpuMm compukacaroruecs KOHCTPYKIIMH, OCHOBaHHbIE Ha MPUMEHEHWH UJIEU COIPH-
KOCHOBEHUsI K pe3ysibratam paszena (4.3). McerenoBanne Taknx KOHCTPYKIUI HEOOXOIMIMO JIJIst
GOPMYINPOBKHU TOJIUIUCIOBOI TEOPUU TOJIsI, B KOTOPOH OCHOBHBIM OOBEKTOM SABJISIETCS TOJIH-
YUCIOBOI CKAJISIPHBII MMOTEHIMA, a HabIoJaeMble (pU3HIecKre XapaKTePUCTUKNA CTPOSITCS U3
9TOr0 MOTEHIINAJIA U €ro MPOU3BOJIHBIX. KaK ObLIO yCTAHOBJIEHO BBIIIE, TOJTOMOPMHBIH J1udde-
pennuas df ot GYHKIUN TOJTUIHCIOBON TIepeMeHHO orpeiesigeT Habop OOBIYHBIX Juddepen-

n

masioB: df = Y df®es. MBI MOXKeM paccMOTPETh COBOKYITHOCTh
s=1

Em = {(df"), . (df*)*), a4+ =n—m (191)
11 06Pa30BaTh e COMPUKOCHOBEHHE ¢ MeTpuKoil WEé. B pesy/brare MblI IIOIYUNM M-BEKTOD
o —
EVM P e = dfy (192)

riae ko, € Z, — BEKTOD HEOTPHIATEJbHOI n-MepHOil pernerku (0bO3HAUEHHE KAaK B pasfesie
3.8). Takum o6pazom, roomopdubIii auddepernual, onmuChLBAIOIINIHAC B 0OIIEM CIydae Habo-
pom n 1-popm — BerecTBeHHbIX T MDEPEHITNATOB OT KOMIOHEHT MTOJTUIUCTIOBOIO MOTEHIIAATA,
— TIOPOZK/TaeT MHOYKECTBO TOJMIMHEHHBIX 10 3THM 1-chopMam CHMMeTPUYHbIX m-Komommas. B
YaCTHOCTH, KOBapUAHTHBLIE ONMOPHI BUAa E" ! MOPOKIAIOT IOCPEICTBOM KOHCTPYKIIUU COIPH-
KOCHOBEHUST PA3JIUIHBbIE BEKTOPHBIE TOJIS.

KoHCTpyKINIO CONPUKOCHOBEHHS MOXKHO PACIPOCTPAHUTD U Ha BTOPYIO METPHUKY — hopMy
obbema vol uau vol. Teneps, mpaB/ia, COMPUKACAIONINECS] KOHCTPYKITUU OY/IyT OTJIUIHBI OT HYJIsI
TOJIBKO B TOM CJIydae, eC/I OHOPBI He COJIEPKAT MOBTOPSIONIIXCS 37IEMEHTOB (MHIEKCH a; B (37)
60 1 6o 0). Ilomygarormumecss KOHCTPYKIME Ha KOBAPUAHTHBIX OMOPAX gn—m OyIlyT JaBaThb
M~-BEKTOPBI (AHTUCUMMETPUIHbIE TEH30PBI BaJeHTHOCTH m). KOMOUHUDPYST 9TH M-BEKTOPHI C
CUMMETPUIHBIMU 1M-KOTIOJINAIAMHU, MOYKHO TOJIyIaTh KOHTpaBAPUAHTHBIE TEH30PHI C Pa3/IHi-
HBIMU THITAME CUMMETPHUH.

Cocraprss onopy 0" ™ u3 muddepeHnuanbHbpx onepatopos 0; (1 =1,...,n):

0" "™ = {0k 0k, ..} (193)
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(Bce k; pasiuvHbI) U cONpHUKacasi BIOJIbL Hee MeTpUKy bBepsasibaa-Moopa, moydnM TeH30pHBbII
b depeHImaabHbI OnepaTop N — M MOPsIKa BAJEHTHOCTH M

5n_m rhe= B(n,m), (194)

I B KOMIIOHEHTaX:
b i1l dnm 9 .
(o = = ttmdtednemg, 9, (195)
Bamenoit 0; Ha V; (cM. cyeyromuii pa3/ies) 3T omepaTopbl MPEBPAIAIOTCS B OOIIEKOBAPH-
aaTHble. OTHOCHTENBHO mpeoOpazoBanuit C'H, 5Tu omepaTopbl BeayT cedsl KaK TEH30PHI U C
JaCTHBIMI TTpon3BoAHBIME. OTMeTnM, 9TO omepaTop D (,) coBmamgaer ¢ onepaTopoM (), BBe-
IEeHHBIM B paszese 3.8.
B kadecTBe HAIJIAIHOTO MpUMEPa pacCMOTPUM COIpUKAcAlouecs KOHCTpyKinn B Hz. Bor-
OepeM B KadecTBe MOJIMIHUCIOBOrO MOoTeHIa a (OYHKINIO In:

3
f(z) =Inz = Zlnxs es. (196)
s=1

Tonomopdubrii auddepennunan gaer 1-dopmbl wy = dzt/z*, s = 1,2,3. Onopst £ = {w,} n
&2 = {w;,w;}, (BCe i, j, s — PasIMIHBI), MOPOKIAIOT BBHIPOKICHHBIE CONPUKACAIONIAECS 00BHEK-
TBI, IO9TOMY PACCMOTPHUM YCPEIHEHHbLIE CUMMETPUYHLIE OObeKTHl B Ha:

3 3
g = Zgj e V= ng PBe §=8p B (197)

rae £ = {w,ws, w3} — eIMHCTBEHHAs ONOpA TPETHEro MOps/IKa, JAIOIAasd OTJMIHBIN OT Hy-
Jisd ckaasap S. B siBHOM BHe KOMIIOHEHTBI CHMMETPUYIHOIO TEH30pa ¢, BEKTOPHOTO Mojs V u
cKajsipa S BBIPAXKAIOTCsI CJIEAYIOMIMU (POPMYIAMIU:

0 1/z* 1/2*
@=| 12 o 1 ;(V>=<2 - 2); S=—" . (198)

2,37 2173 ply2 12,3
22x3 xlad’ ol izl
/2% 1/z* 0

[IpeacraBasier naTEpEC OOJiee MOJAPOOHO PACCMOTPETH CBOMCTBA 3-MEPHOIO PUMAHOBA MHOTO-
obpazusi, KOTOpoe MOPOXKIAeT KOHCTPYKINsT COITPUKOCHOBEHUST C MTOJIMIUCIOBBIM JIOTAPU(DMOM.
KoBapuanTHast MeTpuKa g mMeeT BUJI:

m;ﬁgfnl T3 T2
(9= =z =2 = |. (199)
i) T 1Tz

Anrebpa uzomerpuii Mmerpuku (199) 3-MepHa U IpeJICTABIISIETCS CJIELYFOIIMMU BEKTOPHBIMU TI0-
JISIMU:

2 3
Xy =z'01 — 2°05; X(9) = 2°0; X3y =2'In L }81—#:)6 In L }82+x ln{ }03 (200)

MokHO caenaTh BBIBOJ O TOM, YTO PHMAHOBO MHOr0OOpasme, CONPUKACAIOIIEECs] C MeTpH-
Koit BepBasibia-Moopa B1016 TOI0MOPdHOI 1-POPMBI TOTMYICIOBOTO JTorapudma, OJHOPOIHO.
Eciu B kauecTse KoopauHaThl 1T MEPOBOTO BpeMeHH BhIGpaTh KoMmbunarmio A2 = (xlx223)1/2
(711 KOMIIOHEHTBI B MOJIO?KUTEIBLHOM OKTAHTE), TO Ha MOBEPXHOCTH SZ OJIHOBPEMEHHBIX COObI-
it T = const u MBI OyJ1eM UMETh

(201)

dz! dz?
dx® = —T?
x ((301)%2 + ($2)2$1>
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Taxum 06pazoM, orpaHnyueHne MeTpUKH ¢ Ha Sz MpUMeT BH/L;

3
he =Y giwde’ @ da*|ogep0_ge = oo = —2T%((du')? + (du?)? + du' du?), (202)

ik=1

rae u! = Inzt, u? = In2? Us Buga (202) cremyer, 9ro MOAMHOrOOGpa3Us S% OJTHOBPEMEHHDIX
COOBITUI — TUIOCKWE U eBKJIMIOBHI (1), UTO elle pas MoJATBEPKIAeT BbIBOJ 00 aHAJIOIMYHOCTH
CBOICTB chephl 5129 s CBOIICTBaM 2-MEpHOI'0 €BKJINI0BA IPOCTPAHCTBA, YIIOMAHYTLII B pazjiese
2.6.1, a Tak:Ke WLTIOCTpUPYET (aKT O HETPUBUAJIHLHOM BKJIIOUEHUU B MHOTOMEPHBIE T'HIIEpOO-
JIMYeCKHUe MPOCTPAHCTBA €BKJIMAOBBIX IIPOCTPAHCTB ¢ KOMIIAKTHOM I'PYIIIONA BpAallleHU.

4.6 KoBapuaHTHas NpOU3BOHAsI

PaccmoTpenue mpeb Iy KOHCTPYKIUA B TPOM3BOILHOM KPUBOJIMHEHHO (T.e. HEM30TPOI-
HOIT) crcTeMe KoopamHaT TpebyeT BBEJIeHNs KOBapUAHTHON mpon3BoaHoil V. MunnManbHas ee
BepCHs MOJTYIUTCS, €C/IM MBI TOTpeOdyeM oOpalleHus B HYJIb €€ KPYJeHUs:

Torsy(X,Y) = VyY — Vy X — [X,Y] =0, (203)

noTpebyeM KOMMYTATUBHOCTh KOBAPUAHTHOTO JhDepEeHIIMPOBAHNUS CO CBEPTKOM (T.e. COrIaco-
BAHHOCTH KOBAPUAHTHOTO i depeHIMpoBaus BEKTOPOB 1 1-hopM) U KOBapUAHTHOE MOCTO-
SHCTBO MeTpukn BepBasibiaa-Moopa:

vV Me = 0. (204)
HepeXO,ILE{ K KOOpAWHATHOMY IIpE€ACTaBJICHUIO CBA3HOCTU C ITIOMOIIBIO CUMBOJIOB KpI/ICTOd)(beJ'[HZ
n
Vod; =Y Thok, i, k=1,...n, (205)
k=1
e 0; — KOOpJWHATHbIE BEKTOPHBIE TMOJsi, W JUMD@EpeHnnupyss KOMIOHEHTbI MEeTPUKHU

Bepsanbia-Moopa (B MpOM3BOJILHOI crcTeMe KOOPMHAT ), MOTyIuM>Y:

OF Yy
glxlk—n = Vo, "e(Ok,,. .., 0k,) = Z Z DB by (206)

s=1 r=1

r7e OblLIa NCMOJIB30BaHa CUMMETPUYHOCTE CUMBOJIOB Kpucroddeis Mo HUzKHIM WHJIEKCAM, BbI-
TeKaloIas U3 PABEHCTBA HYJIIO0 KPyYeHHs M KOBAPHAHTHOE MOCTOAHCTBO METPHKHN Beppasbia-
Moopa. 13 dopmysnsr (206) u dopmyssr (157) s ¢cBepTOK MHOMOMEPHON MATPUIILI METPUKU
Bepsanabaa-Moopa u o6paTHOil K Heil, JIETKO IIOJIyYNTh CICAYIONIYI0 (DOPMYILY:

- Is¥r *

OEk, k,, _ 2n(n—1)! (n—1)(n—1) &
Emklmkn—l 1 n—1 _ Fm Fl m 207
Z 81:3 n -+ 1 sr n+ 1 ; ( )

kl,...,kn71
O6pasyst ceepTKy BbIpakenus (207) MO WHJEKCAM M U § W BbIpayKasl CBEPHYTBHIE CHMBOJIBI
Kpucroddens, raxoanm:

n

n+1 OE k, k,_
I‘l — Emklmkn—l TR1...RKn—1 ] 208
; "= Bn—Dn=1) 2 Dem (208)

mk1,...kn—1

20 ITj1st sKOHOMEH GYKB MbI OCTAaBJIsIEM [JIsi MeTpuKH Bepsaibia-Moopa o6osnadenne (e, a 1151 ee KOMIOHEHT
npuHIMaeM obozHadenne Ey ., ITOCKOJIBbKY B IIPOU3BOJILHOM CHCTEMe KOODJMHAT 9T KOMIIOHEHTBI OTHIOND HE
COBIIAIAIOT C KOMIIOHEHTAMHU CHMMETPUYHOTO cuMBoya Jlesu-Yusuror. IIpu sToM 1 KommonenTsr EF1+Fn ofpar-
noit Merpuxn (ME He COBIATAIOT ¢ HEMI, OQHAKO cooTHOmeHus obparHoctu (157) (¢ 3amenoii € ma E) mmeror
MECTO B JIIOOOH crucTeMe KOODIMHAT, TIOCKOIbKY CMEITAHHBIN TeIbTa-CHMBOJI — ODIIEKOBAPUAHTHBIN TEH30D.
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[MoncraBasst sro B (207) u BhIpaxkas cuMBoIbl Kpucrodders, momydaeM OKOHYATETBHO st
KO3 PUIMEHTOB CUMMETPUIHON CBA3HOCTH, COTJIACOBAHHOI ¢ MeTpuKoil bepsasnaa-Moopa:

™ n+1 Z Emklmkn—l 8E’Tk1~~-kn71 n—1 5m Z Eqkl...kn,1 aFJS}“L'-knfl

s 2n(n — 1)! oxs 3n—1" Ozd
(209)

k1yeeoskn—1 qyk15e e kn—1
npu n > 2. [Ipu n = 2 umeer MecTo ctaHgapTHasi GOpMyJIa.

4.7 Dopmbl 0ObeMa I BJIOXKEHHBIX O0bEKTOB

B reomerpusix uHCIepoBa THIA BO3ZHHKAeT MPobJeMa KOHCTPYUPOBAHUsT WHBAPUAHTHOMN (00-
meKoBapuaHTHOM) (opmMbl oobema. Koopaunaraas dopma vol, mocrpoenHas paHee siBIAeTCs
CKaJISIpOM JIMIIb OTHOCHTEIbHO MOAIPYIIbl YHUMOMLYJIAPHBIX muddeomopdusmon. C apyroit
CTOPOHBI, MMPMOJIMHETHOE TTPUMEHEHNE PACCYKIEHU, TTO3BOISIONINX B PUMAHOBOI IeOMEeTPUH
paccMaTpuBaTh B KadecTBe (POPMBI 00beMa BEJTUYUHY \/del Ao Adz™ A (nerepmMuHAHT
MAaTPUIBI METPHYECKOIO TEH30Pa) B HAIEM CIydae He MPOXOJIUT, BBULY MPOOIEMbI KOHCTDY-
UPOBaHUsT OTHOCUTE/IHHOTO CKaJsipa U3 KOMIIOHEHT (PUHCIEPOBOl METPUKU, MATPHUIla KOTOPOIt
sIBJISIETCSI MHOTOMepHOIi. B HacTosiIem pasgesie Mbl pacCMOTPUM OJHY JOCTATOYHO OOILYIO KOH-
CTPYKIINIO, KOTOPas MO3BOJIIET CTPOUTH POPMBI 00beMa JIJIsI BCIKUX METPUIECKUX (DOPM {eT-
Hoit BastenTHOCTH [20]. HamomumM, 910 B CIydae puMaHOBOi T€OMETPUN UMEETCsT HEBBIPOK IEH-
Has MeTpUKa ¢ KBaJPaTHOI Marpuieil KoMmoHeHT (¢). 3aKOH mpeobpa3oBaHusi METPUKH MPH
CMeHe CUCTeMbI KOOPJMHAT B MaTPUIHON hopMe mMeeT BUL:

(9)=J"(9) J, (210)

riae J — marpurna Axobu. Beraucigsa jgerepMUHAHT JIeBOM U NpaBoil yacTeil, moTydaem:
A = (det J)*A/, (211)

OTKY/I2

VA
[

VA = s (212)
Pasemcrso (212) osnauaer, uto pemmunia v/A Bejier cebst KAK OTHOCHTENBHBII CKAIAD C BECOM
-1, B TO BpeMms Kak KoopauHaTHas (popMa 00beMa — 9TO OTHOCUTEIbHBIN CKaJIdap ¢ BecOM +1.
CrieoBaTe/IbHO WX MPOM3BE/ICHNE SIBJISIETCsI CKAJISIPOM ¢ BECOM HYJIb (Ha caMoM jiejie 5T0 Oyier
[CEBJIOCKATIAP, TOCKOIBKY OH "dyBeTByeT" OpHEHTAIMIO CHCTEMbI KoopauHar). Vnest narmeii
KOHCTPYKIIUU 3aK/IIOYAETCS B TPUBEJIEHUN MHOTOMEPHBIX MATPUIL K KBaJIPATHBIM U HCIIOIH30-
Baunio (211)-(212).

Pacemorpum npocrpanctso (T M)®P Beex dhopMm (KOBapHAHTHBIX TEH30POB) CTENEHU P B
HEKOTOpOIt (pukcupoBanHoit Touke x € M muoroodpazus M, dim M = d. Tlocie duxcanun
6a3mca 9TO MHOXKECTBO MOXKHO OTOXKJIECTBUTH C MPOCTPAHCTBOM P-KYyOUYIECKUX BEIIEeCTBEHHBIX
MaTputl, Mgxp pazmeproctu d. [TycTs Teneps d = 2k n nycTh 3adUKCHPOBAHO HEKOTOPOE TTPOU3-
BOJTbHOE pa30meHne MHOYKeCTBA BEKTOPHBIX apryMeHTOB Bcex 2k-dopM Ha /IBa MOIMHOMKECTBA
1o k seMeHTOB. Be3 orpannyenusi OOIIHOCTU MBI MOYKEM CUHTATD, UYTO MEPBble k apryMeHTOB
OTHECEHBI K ITEPBOMY TTOJIMHOYKECTBY, a BTOPbIe k 3JIeMeHTOB — KO BTopoMmy. Omnpeaenm oTodpa-
wenme x: (Z7)F — {1,...,d*}, koropoe ynopsiiounBaeT MHOXKECTEO 3JIEMEHTOB k-MEpHOro Ky-
6a eJI0UNCIeHHON (HeOTPUIIATENBHOI) PeIeTKN. DTO 0TOOparXKeHHe YIOPsIOINBAHNS HHLY V-
pyer u3oMopdu3M (HEKAHOHIYECKUIH, TOCKOIBKY OH 3aBUCUT OT BBIOODA X) Xa: Mgxar <> My, g
MeKJIy MMPOCTPAHCTBAMU 2k- KyOMYeCKUX MATPUI] pa3MePHOCTH d M KBaJIPATHBIX MATPHIL pa3-

MepHocTH dF) KOTODBI KasKIOMY 3IeMeHTY Ag, . apax 1ag, BCAKON p-KyOudeckoil mMaTpuipl A
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CTaBUT B COOTBETCTBHE 3JIeMEHT Xx(A)qy, 10 npapmiy?l:

X * (A)ab = Ax—l(a)x—l(b). (213)

[TocTpoennblit T3OMOPGU3M TO3BOJIAET TIEPEHECTH BCE OTEPAINN U3 CTAHIAPTHON aaredbpbl KBa-
JnpaTHbIX MaTpuil ¢ Mgk gx B Myxar. A mmenno, myctb &: Mgkyge — Mgk g — ormepaTop Ha
Mk gry B0 Mgeyge — R — ancnoBasg dyarums Ha Mgeyge 1 x: Mgeyge X Magegge — Mgeyge —
bunapnaga onepanud Ha Mgy g, Torna nsomopdusm x, HHIYIUPYET onepaTop On: Mgxa —
M sz, amcnoByio Gynknuio [(y: Myxar — R 1 GuHapHYIO OIepanuio * M gxar X Myxar — Mgx2e
COIJIACHO CJIeIYIONX (hOpMYT:

by=x."odoxs (I) By=Box. (II) exe=x'(xu(o)*x.(0) (II]).  (214)

@opwmyaet 1, 11, III B (214) Kak gacTHBIE CJIyYan BKIOYAOT B cebsl OMEpAIUU CyMMbI, YMHOKe-
HUSA, TPAHCIIOHUPOBAHUSA MATPHUIZ2 1 PA3/IMYHbIC YUCIOBbIE XapaKTePUCTUKU MaTPUIIb! (HAITPH-
Mep, ee JeTePMUHAHT UJIM TIEPMAHEHT).

[Iycte Temeps j Oymer marpuieil flkoOm HEKOTOPOTO HEBBIPOXKJIEHHOIO IMpeobpa3oBaHMs
KOOP/IMHAT Ha UCXOJTHOM MHOTOOOpazun M:

o 0x'”
I8 = Bub

(215)

u mycth j ! Gyser obparnas k meit. B mpocrpanctse 2k-bopm (T7)®% s10 npeobpaszobanue
unaymmpyer 2k-kybudaeckyto Marpuiy J 1, Takyto, 9To
—1\Bi... ~1

1 Beskoit bopmbt © € (TF)®2%. Quesnano, uro J~! = (571)®*. Boipazkenue (216) nocpe-
CTBOM Xy MOXKET OBITH mepeBesieHo B Mgk, gr:

X+(0) = x:+(0) = xu(J ) Xu (@) (T ). (217)
®opmymna (217) ananormana (210). Berauciss nerepmunant ot obenx qacreit (217), momydaem:

det x.(©)

4t (9)" = et (D"

(218)

rj1e ObLIO UCTob30BaHo cooTHomenne X.(J 1) = x.(J) ™!, koTopoe B cBOIO 04epe b, HEMOCPe,I-
crBenno caeayer u3 (214)-1. 13 (218) cremyer, aro musa dbopmbl © ckasgpHas MIIOTHOCTH Beca
—1 cymecrsyer, npu ycnosuu (joctaTodnom, Ho He Heobxomumom!), uro [det x.(J)]* asngerca
HEKOTOpOil crenennio gerepmunanta det j. B srom ciydae, crenenn soipaxkenuii [det x.(J)]? u
det j KaK OJIHOPOJHBIX MOJMHOMOB OTHOCHTEJILHO TPOU3BOAHBIX O’ /OT NONKHBI ObITH CBA3AHBI
COOTHOIIICHUEM:

deg g, o0 [det X« (J)]? = Ideg(p, o, det J, (219)

2lHampumMep, B KadecTBe @ U b MOTYT OBITH B3ATHI k-3HAMHDLIE TUMPLI d-aIIMTHOrO IPeICTABICHAS COOTBET-
CTBYIOMIEH TIOJIOBUHBI TPYIIILI HHIEKCOB:

a=o1d’ +aod + -+ apd™; b= 01d’ + Bod + - + Brd*.

22V MHOKEHTE MaTPHUI] Ha YUCJIO CBOOUTCA K IIPOU3BEICHUIO MATPUIILI Ha MaTPUILY, IPONOPIUOHAIBHYIO €I1-
HUYIHOI.
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rae | € R. I[lockombky
degg, oy det j = d,  deg g o, [det X«(J))> =2 -deg J - deg det My g = 2kd", (220)

MBbI ITPUXOAWM K COOTHOIICHHUIO:
| = 2kd", (221)

KOTOPOE O3HAYAET, UTO BEJININHA
det v, (© Ut — | det,© 1/2kd*—1 222
X X

SIBJISIETCS TIOJIXO/ISANINM KAH/IMIATOM Ha CKAJISIPHYIO IJIOTHOCTh Beca —1 OTHOCUTENHHO OOIIIX
KOODJIMHATHBIX TTpeobpasoBanuii. B yacTHOM (BBIIETIEHHOM) CIydae KBaJpaTuaHbix ¢hopm (k =
1), | = 2 m MBI OPUXOAUM K CTAHJAPTHOMY BBIpayKeHWIO Jiis (GOPMbI 00beMa, KOTOpoe He
3aBHCHUT OT pa3MepHOCTH MHOTooOpasus (mpu 3roM dhopma He 00si3aHA OBITH CUMMETPUIHOI ).

Pasywmeercst, yemosue (219) He siBsgieTcsi JOCTATOYHBIM JIJIs CIIPABEJJINBOCTH BCEX HAIIIX
PACCYKISHMIT, TIOCKOIBKY MbI JOJKHBI yoeuThea B ToM, ato Beipazkenue | det x, (J)|*! ¢ I us
(221) ecTh B JEHCTBUTENLHOCTH C TOYHOCTHIO J10 3Haka det j. Pacemorpmm mpeobpaszoBamme
Suv 1 J — J, KOTOPOE OCYIIECTBIISIET IEPECTAHOBKY CTPOK B j: V-0il 1 fi-0it. IlepecTaHoBKa CTPOK
(kak oreparTop) HHJIYIMPYeT MPeodpasoBaHie St J — J B M xar, KOTOPOE TIEPECTABIISET JTIO-
6ol MaTPUYHBIA 7eMeHT J BepXHUI MHIEKC KOTOPOTO COJEP:KUT (i U (WJIN) ¥V C SJIeMEHTaMH,
KOTODBIE B Ha TEX K€ MO3UIUAX UMEIOT MHIEKCHI ¥ U (WJIM) (i COOTBETCTBEHHO. DTO Ipeobpa-

g

30BaHUe, B CBOIO OYepe/ib, MHIyIMpyeT npeobpasosanue (s, )« X«(J) — x«(J), meficTryiomee
no npasuny: (S, )«(x«(J)) = xx(s,,J). Ono B3ammmHO mepectabsger cTPOKK MaTpuibl X« (J),
c HOMepamu, Mpoobpasbl KOTOPBIX X (a) = oy ...ay comepxar p u (uwmm) v. [oanoe uucio
TAKUX MEPeCTAHOBOK B MaTpuiie X.(J) paBHO:

P= izilq’f =(3F-1)/2. (223)

Taxkum obpazom, npu JiE00Oi TepecTaHOBKe JBYX CTPOK MaTpUIbl j (A1 CTOIOIOB BCe pac-
CY’KJIEHUs JIOCJTIOBHO MOBTOPsIOTCs), det x.(J), paccMarpuBaeMblii Kak OJHOPOAHBIN ITONH-
HOM OT TIpoM3BOAHBIX Oz'/0x Oysner mpeobpasoBbBaThcs 1m0 mpasmy: det(s),).(x«(J)) =
(—1)F det x.(J). D10 3HAunT, uro gerepmunant det x.(J) ¢ TOUHOCTBIO IO MOCTOSHHOTO MHO-
xKurenst ectb P + 2m-as (m — soboe nesoe) crenenb det j KOTODPBIil SIBJISETCs €IMHCTBEHHOI
(¢ TouHOCTBIO 710 MHOKHUTENA) DyHKIMEH Oz’ /Jx, obiagaromuii CBOHCTBOM aHTHCHMMETPHH TI0
OTHOIIIEHHIO K MEePEeCTAHOBKE JIFOOBIX Map CTPOK WJIA CTOIOIOB. BBUIY Bua caMoro n3oMopgus-
Ma X (OTOXKECTBJICHIE COOTBETCTBYIONIHMX SJIEMEHTOB) U CTPYKTYPE TeH30PHOTO [IPON3BEICHI
7% MaTpuup! J, TOCTOAHHBIN MHOMKUTEIL He MOYKET 3aBUCETh OT caMoil MaTpuibl j. Tor dakr,
YTO OH PaBeH €JUHHIIE, HEIOCPEJCTBEHHO IIPOBEPAETCs BBIUYUC/IEHHEM JeTepMUHAHTA o0pa3a
TOZKJIECTBEHHOI'O KOODJMHATHOTO IIPe00PA30BAHMS:

det x«(E) = det [5xq = 1. (224)
Ternepb Mbl JJOJIKHBI CDABHUTH BBIPAYKEHHUSI:

det x.(J) = (det 5)FT™ (225)
¢ (220) u (222). CpaBHuBasi, IPUXOJAUM K paBeHCTBY: P+2m = [/2 umu ¢ yaerom (221) u (223):

3F — 2kd"t = 4m + 1, (226)
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KOTOPOE CJIEJIyeT PAaCCMATPUBATEH KAK YCIOBHE HA PA3MEPHOCTb MHOT00Opasus d u creneHb 2k-
dbopmbl, 7151 KOTOPHIX hopMa 06beMa MOYKET ObITh 3alliCaHa UCIOIB3YEeMbIM HAMHI METOJIOM.
Bcee pemtenns (227) npeacraBisior coboit Tpoitku (m, k,d). dnsg —5 < m < 5 umerorcs ciemy-
fommue pemtennst (226):

(0,1,d) (— crammaprusiit caygaii), (0,2,2), (1,2,1), (—1,2,3), (2,2,0), (227)

(=2,2,4), (-3,2,5), (4,4,2), (—-4,2,6), (5,3,1), (=5,2,7).

s meTpuk Tuma merpukn bepBasbia-Moopa moaxoa paboTaeT TOJTHKO B 9€THBIX Pa3MEpPHO-
crsx. [Monarast B (226) d = 2k, npuxoaum Kk dopmyiie:

3k — (2k)* = 4m + 1. (228)
Pemenuns nna d = 2,4, 8 umeror BuI:
0,1,2), (=2,2,4), (—1004,4,38). (229)

JIrobonbiTHO, uTo 7151 d = 6 (Hg) ypaBHenue (228) He nMeeT pelieHuii.
C yuaerom dopmyit (221)-(222) mmeeM ciieyiolnee npejcTaBIeHne JJisi THBADHAHTHO hop-
MBI 0Obema B Hy:
vol = | dgt((4)6)|1/16dm1 Adz® A dz® A dz?. (230)

OTmMeTHM, ITO KOHKPETHBIH BHIOOD X BiusieT Ha 3Hauenne det, ‘e, (n Boobe nerepMuHAHTOB
MHOTOMEPHBIX KyOMYeCKHX MaTpPHIl) HO He BJIUSET Ha TPaHC(HOPMAIMOHHBIE CBOWCTBA ITOTO
BBbIDayKEHUS.

5 AJrebpamdeckne acleKThl TOJIMYINCIIOBBIX TOJIOMOP@HBIX DYHKITHIA
5.1 Hedopmarnum nogmuoroodpaswmii F,.

B paznene 3.9 mbl yxke Kacaauch JaedOpMAIMOHHBIX ACIEKTOB T'OJOMOPQHBIX (DYHKIIUN ITO-
JINYUCIOBOI miepeMeHHO. B HacTosieM pasjiesie Mbl OCTAHOBUMCS Ha TOM BOIIPOCE HEMHOTO
nojipobHee. HamoMHuM HEKOTOpPBIE O0IIUE CBEJIEHNA 13 aDCTPAKTHON Teopun J1e(pOPMAITHOHHBIX
CTPYKTYD Ha IVIAJIKUX MHOroobpasusix [20].

Cs0600m101 depopmaruonnoti cmpyxmypot D HasbBaeTcs coBoKymHOCTh (B, M, €, ©), te:
B u M — riagkue cBsI3HBIE 3aMKHYyTBIe MHOroobpasus, dim B = d, dim M =n > d;

&€ C Emb(B, M) — HekoTopoe TOJMHOKECTBO INIAIKUX BIoKeHuit & — M,

O € (T*M)®P — mekoTOpas TIaJKag BEleCTBeHHO-3HauHas GopMa crernenn p Ha M. [Tpumem
CAeAYIONLYI0 J1epOPMAIIMOHHYIO TepMunosioruto: B — d-meno, M — d-mnozoobpasue, © — d-
mempuka, obpas t(B) =S C M st Hekoroporo ¢ € £ — d-obsexm win degpopmarm.

Besikoe Bnoxkenne ¢ uaaynupyer dopmy (de)* € (T*B)®P, roe (di)* — xomuddepenunan
BJIOXKeHUd ¢, orobpaxkaontuit (T*M)®P — (T*B)®P. PaccMOTpUM HEKOTOPOE JAPYTOe BIOKEHUE
/' € €, koropoe umeer cBoii cobersennblii d-oobekt (B) = S C M. Ha paccioennn (7%B)%P
MBI rtosryanm (opmy (di')*O. Jlerko BEIETH, 9TO KOMITO3HILH

Vot = (231)

ectb quddeomopdusm S — S = ((S), Korophiil Mbl GyeM HasbBaThL dedhopmanueti d-resa
B M. Beskas nedopMmarust umeer ( MMeeT eCTeCTBEHHYIO JIOKAJIbHYI0 Mepy — Pa3HOCThb JIBYX
dbopm (mepeneceHHBIX Ha d-TeI0 d-METPUK), B3ATHIX B OJHON U TOM ke Touke b € B:

(d)*O(b) — (du)*O(b) = Ag(b), (232)
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rJie Mbl BBeJin 00o3HaueHne Op st opmos depopmayuu va B. Ucnonbsys onpenenenne (231)
1 U3BECTHOE CBOMCTBO KojuddepeHnaia OT KOMIO3UIMNA 0TOOParKeHUI:

(d(ac B))" = (dB)" o (da), (233)
MPUXOJIUM K SKBUBAJECHTHOMY TPEJICTABIEHUIO (DOPMBI gedopMariuii:
Ap = (dv)*((d¢)"© — ©) (234)

u onpegensem dhopmy gedopmalun
As = ((d)")™'Ap = (d¢)'© — © (235)

Ha jgedopmante S.

OTMmernM, 9TO OMHUCAHHAS BBIIIE a0CTpaKTHAas KOHCTPYKIU 00001aeT 6a30Bble KOHIEIINN
dbusuku crtomubIX cpex u Teopun yupyroctu |27, 28| (yupyrue resa, Tersop jaedopMarmii,
MaTepraJbHOe U OTHOCUTENIbHOE (JIArPAHKEBO) OMMCAHNe KHHEMATHKH CILIONIHBIX CPeJ 1 T.JI.)
U SIBJISIETCsI OCHOBOI JIJIsI TIPEJICTaBJIeHUsI MHOIMX COBDEMEHHBIX MoJIeBbix Teopwmii 29, 30, 31,
32]. B pabore [20] nmokazano, uro medopmanuu 06pasyoT ClIenuaibHy0 aaredbpy, JOMYyCKAT
KJIacCHPUKAIIIO U Onucanue j1eopMaIlMOHHON UCTOPUN.

JI7s1 HaIeit cTaThy MpeIcTaB/IgeT HHTepec caydaii, korama M=P, (wm M=H,),u © = Me.
[Tycrs 3amana HekoTopast gedopmanus d-rena: (: S — S§’. OkasbiBaeTcsi, 9TO CpeJICTBaA MOJIH-
YUCTIOBOM aareOpbl U FOJIOMOPGHBIX (PYHKIIUI MO3BOIAIOT HHTEITPETUPOBATE 3TY J1e(DOPMAIIIIO
Kak cy»KeHne Ha S HEKOTOpoit romomopduoit byukun f: P, — P,. JlefictBureibHO, TOT aKT,
YTO TAKOe CYzKeHUe MOYKHO MHTEPIPETUPOBATH KaK JAedOopMalIliio y:Ke 00CYKIAICSA B pasjesie
3.9. KopoTKo MOBTOpsisi PACCyzKIeHUsA, Mbl MOYKEM KOHCTATUPOBATDH CJEIyolee: Jdast (pyHK-
uus P, — P,, orpaHnyeHHasi Ha MOJIMHOT000Opas3ue, Oy/IeT B Ka9ecTBe 0dpa3a NMEeTh OIMHOTO-
obpasue, T.e. MOXKeT PacCMATPUBAThCA Kak jgedopMarmsa>>. Mbl T0KHEL AL YOeIUThCS, ITO
8CAKGA dehopmayus MoxHcem buims peanusosana xax omobpascenue P, — P,. Jlnsa narmsi-
HOCTHU pacCyzKJIeHuil y100HO mepeiitn K KoopauHataMm. [lapa Bioxkenunii d-rejia OmMUCHIBACTCS
napoit dyukuit B — P, Buga:

= ¢ (ur,...,uges, U= ¢ (uy,... uqe, (236)
s=1 s=1

rae {ug}r—1,. .4 — Koopamuarel Ha B. Hama mens 3akiodaercs B TOM, 9TOObI TOKA3aTh, 9TO
it Beskux ® mw U naiinerca f: P, — P,, yIOBIETBOPSIONIEe YCIOBUIO:

U=fod. (237)

B panpuefimux paccyzKJIeHnAX OTPAHUINMCH HEM30TPOIHBIMU JepOPMaHTAMU U UX OOIIMMU

nostoxkeHusiMu. PaccmorpuM B KadectBe byHKIun f QYHKINO U3 Kjaacca TOJTOMOPGHOCTH
n .

Gp B, > /1€ BCE i — DAL B koopnunaTtax Takas QyHKIusS Oy/IeT UMeTh BUJT

Q19000

=Y fah 2k, (238)
s=1

riae Bee {kf} pasimdHbl i KaxKI0ro (bUKCUPOBAHHOTO S, U kf“ =k} + 1. C yderom BuIa
(238), ypasrenue (237) MOKOMIIOHEHTHO OYI€T IPUBOJUTH K BEIIECTBEHHBIM (DYHKIINOHATHHBIM
yPaBHEHUAM BHUJA!

O (up, ... uq) = FE"  (ug, . ug), .0 (ug, . ug) s=1,...,m, (239)

Z3Mbl JIOIAKHBI UCKJTIOYUTh U3 PACCMOTPEHHs JepOpMAIi, COMPOBOKIAIONINECS U3MEHEHHEM Pa3MePHOCTH
(CKJIEMBAHNS W CILTIONIUBAHNUS).
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orHOcuTebHO dyHKIWA f°. Jlnsg Hekoroporo dbukcuposanuoro s B (239) mepeiizem K HOBOI
cucreMe KoopAauHat Ha B:

yt =M (uy, . ug); .yt = YRy, . ug). (240)

Takoii mepexos; BOSMOXKEH B CHJIy MAKCHMATBHOCTH paHra nuddepeHnnaia BiIoKeHus (OH pa-
BeH d) u mpeanosoXkennoo 06 obiem mosoxkernn jedopmanta B F,. Ilogcrasisis obparennst
(240) B seBy10 YacThb (239) mosy<mum:

(XMWY, Xy = YY) (241)

MBI IPUXOIUM K ABHOMY BBIpazkeHuIo uckomoit pyukiun f* (dynxuun ¢° u x* ussecrusr). Ilo-
BTOPsAs AHAJIOTMYHDBIE PACCYKJICHUS JJId OCTAJbHBIX KOMIIOHEHT f, MBI MPUIEM K HEKOTOPOMY
MIOJTHOMY ee BhIpaxkeHnto. Taxkum obpazom, gedopMaliun d-Tesr o0IIero nojgoxenus B P, MOXHO
OIKCHIBATH FOJIOMOPMHBIMU (DYHKITUSIMEI KJIacca ggm__, B Ecnu ma kakom-To 1rare mpemo-
JIozKeHre 00 ODOIIHOCTU TOJIOYKEHUsI He padoTaeT W 3aMeHa KOOPJAWHAT He TTPOXOJIUT, CJIEIyeT
paccMoTpeTh (YHKIMIO f ApYroro Kiacca Toro xe tuma Gp B (T.e. KJIacc ¢ IpyruM Ha-

GOPOM pA3JIUIHBIX UHIEKCOB {i1,...,0n_4}). 3aMedaTebHbIM 00CTOATEILCTBOM SABJISETCS A0-
KaAHAA eQUHCMBEHHOCTL 2040MOpPHOU Pynkuyuu f, ocyuecmeasouweti depopmayuro. dToT
daxr cremyer uz paccMoTpenus B pazjese 3.9 Bonpoca O TOJIOMOPGHOM MPOJIOIKEHUN C MO
MHOTOOOpazuit. Omucanune gedopMalinii T30TPOIHBIX 1e(OPMAHTOB € MTOMOIIBIO TOJIOMOPMHBIX
GyHKIMIT BO3MOXKHO, HO TEXHUYIECKH OHO yCTPOEHO 0Ojiee CJI0KHO U, B COOTBETCTBUU C Pac-
CMOTDeHHsAME pasjiena 3.9, oHo He OyjieT 0071a/1aTh CBOMICTBO eIMHCTBEeHHOCTH. MBI He OyeMm B
HACTOSIIIEN CcTaThe MOIPOOHO OCTAHABIMBATHLCS HA 9TOM BOIIPOCE.

THedopmarmonnas crpykrypa (B, P, £, ™e) npencrapiser coboii eCTECTBEHHYIO OCHOBY 11
MIOCTPOEHNS CIEIUAILHOTO (PUHCIEpPOBa AHAJIOTa TEOPUH CILIONIHBIX CPEJ] U CIIeInaIbHON (huH-
CJIepOBOil Teopun MO B 1epOPMAIIIOHHOM ITPE/ICTABICHNMN.

5.2 Tlonm4uuciioBble peajim3aliuy aOCTPaKTHBIX ajiredop

B macrositiiem pasesie Mbl MOKaXKeM, 9TO MexK 1y R-ajareOpaMu  KBaIPATUIHBIME (DYHKITUSIMI
P, — P, (6ununeitabivu hopMaMu ToIOMOPMHBIX KOOPJUHAT) UMEETCsl B3ANMHO-OIHO3HATHOE
coorBercTBHe. TakuMm obOpa3oMm, ajaredpa MOJIHUINCe TPeICTaBasIeT co00il B 9TOM CMBICIE YHU-
BepCAJTbHBIIT MHCTPYMEHT Il ONMCAHWS U MCCIeJoBaHns R-airedp.

Kak m3BectHo, Besikasg n-mepHas R-anrebpa A, 3a1aercd B HEKOTOPOM 0Oa3mce CBOMMEU

k :

CTPYKTYPHBIMU TOCTOSTHHBIMU {cij}kzl,_,_m.

n
_ k

5i 0= chdy, (242)

k=1

n
rae {0;}iz1,.n, — HeKOTOpEI Oasuc anredbpsr A,. IIponssenenne 1Byx smeMenToB a = Y, a'd; u
i=1

n
b= > b'd; u3 A, umeer c yaerom (242) Bu:

i=1

n
_ k ipj
a-b= g ci;a't! O (243)
1,5,k=1

Paccmorpum teneps anredpy A, u anredpy P,. Puxcupyem B A, HEKOTODBI MPON3BOILHBII
6asuc {d;}i=1,..n, & B P, HexoTopEIil u30TpOnHLIil 6a3uc {e;}—1,  , U MOCTPOUM OUEKTHBHOE
orobpaxkenue p: A, — P, 10 paBeHCTBY KOOP/MHAT 3JIEMEHTOB:

a= ia’ﬁi — pla) = iaiei. (244)
i=1 i=1
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OueBnHO, OTOGPaZKEHNe p COMTIACOBAHO ¢ JIMHEHbIME oneparusivu B A (cymma oTobpazkaer-
csl B CyMMY, & YMHOXKEHHe Ha CKaJigp — B yMHOXKeHHe Ha cKaJigap). [lokazkeM, 4To omepalus

p y
YMHOXKEHUS + OTOOpayKeHneM p TEPEBOUTCSA B OMEPAIUIO -, KOTOPasi OMUCHIBACTCS CJIEIYIOIEH
dopmyoii:

a-b=c pla) p(b) = p(c), (245)
rie
L _ T (A
pla) - p(b) = (Xy@) (Q7)(Xow), (246)
1 n
rie (X4) — BeKTOp-CTOIOEI COCTABIEHHBIN 13 TOM0OMOPGHBIX KoopanHat {A, -+ A} smemenTta

A € P,, (Q*) — mekoTopas MOIMUMCIOBas MATPUIA, KOTOPas MPH (DUKCHPOBAHHBIX 6a3Mcax B
A, u P, ogHO3HA4HO onpeesisiercst aaredpoii A,,, TouHee ee KyOMUIECKOil MaTPUIE CTPYKTYP-
HBIX KOHCTAHT.

Jlns mokasaTenbeTsa (245)-(246) n BBIBOgA ABHOM BOpMyYITE Mg QA4 BEIMHCIIM TpaByTo
qacth (246) ¢ yuerom Toro, uro p(a)’ = a’, p(b)’ = b':

n

(Xo() (2@ (X,w) Z (/58 ab= Z Qi sa® b e, (247)

I,;m=1 l,m,s=1

CpasuuBas (247) ¢ (243) (nys cpaBHeHUsT yIA00HO CIIe/IATh 3aMEHY MHIEKCOB CYMMUDOBAHUS B
(247): 1l - k=s—1, m — p = s — m), UPUXOAUM K BBIBOJLY, UTO IIPABBIE YaCTH BBIPAKCHUIT
(247) u (243) OyayT MEepexoUTh APYT B APYTa IMpHU OTOOPAKEHUU P, €CJII

Ckp (QA)S k,s—p (248)

(BBIYUTAHMS WHIEKCOB KAK OOBITHO MPOM3BOATCS 10 MOLYJIIO ). Takum o6pas3oM, yMHOKEHHe
B JTI000I asiredpe, MOCPEeICTBOM OTOOPAaXKEeHUsA P JIEHCTBUTETHHO MOYKHO OIMKUCHIBATH MTOJTUYUCTIO-
BBIMI OMJIMHEHHBIMI (POPMAMIU.
[IpuBesieM sIBHBII BUJ COOTBETCTBYIOIIMX MOJUYIUCIOBBIX MATPHUIL JI HEKOTOPBIX U3BECT-
HbIX R-arebp:
k kel ()]
ot = : (249)
€2 €1
rme A, = C, AJ' = P, u AY — anre6pa gyamsmbix wncen (6asuc {1,w}, w? =0.)
st anreOpbl KBATEPHUOHOB € CTAH/IAPTHOM 0Oa3uce MOIydaeM MaTPUILy

—€1 —€4 —€3 €2

Q]HI _ €4 —€1 —€3 €3 (25())
€3 €9 —€1 €4 ’
€2 €3 €4 —€

Ormerum, aro dpopmyiia (248) umeer MECTO TOJIBKO B KJIACCE H30TPOIHBIX OA3UCOB, T.€. OHA UH-
BapUaHTHA JIMIIb OTHOCUTEIHHO abesteBoit moarpymmsl D, ; rpymnst GL(n, R) yHIMOILYISPHBIX
nunaranuii. [IpousBosibHast cMmeHa basuca B anrebpe A, M3MEHUT KOHKDPETHBIH BU (hOpMYJIbI
(248), HO cam bakT GHEKTHBHOIO COOTBETCTBUs ayire6pbl A, u amrebpbl P, ¢ yMHOXKeHHeM
IOCPEICTBOM HEKOTOPOil OGuInHeiHoit (hopMbI OT BLIOOpa 6as3HcoB He 3aBucuT>?,

24cnonb30Banne H30TPOIHOTO Ga3wca yIpomaeT JOKa3aTeThCTBO U JaeT OTHOCHTETHLHO MPOCTYIO (hOPMYITy
cBszu MaTpuibsl Q4 ¢ MaTpmueil CTPYKTYDHBIX KOHCTAHT. Ilepexojis Ha a3bIK aHAJOIMH ¢ (DU3MKOIL, MOMKHO
CKa3aTh, YTO KJIACC H30TPOIHBIX OA3MCOB COOTBETCTBYET KJIACCY HHEPIUAIBHBIX CHCTEM OTCYETA, & BO3MOKHOCTD
JIOKQJIBHOI'O OIIMCaHUdA MPOU3BOJJIBHOI'O [ABUXKEHHNA B TE€PMHUHAX HHEPIMAJBbHBIX CHUCTEM OTCYETa (HOCpe,[LCTBOM
[epexojia B JIOKAJIbHO COIYTCTBYIOILYI MHEPIUAJIBHYIO CHCTEMY) COOTBETCTBYET HAIlEMY PUEMY OIUCAHHUSI
[IPOU3BOJILHOM aJiredphbl B TEPMHUHAX AJAreOPh! IOJIMYNCeSI B H30TPOITHOM 0a3uce MOCPEICTBOM ITOKOMIIOHEHTHOM
buekyu p.
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ANALYTIC, DIFFERENTIAL-GEOMETRIC AND ALGEBRAIC
PROPERTIES OF SMOOTH FUNCTION OVER POLYNUMBERS.

D.G. Pavlov}, S.S. Kokarev!?

L Research Institute of Hypercomplex Systems in Geometry and Physics, Friazino, Russia
2 RSEC Logos, Yaroslavl, Russia

geom2004@mail.ru, logos-center@mail.ru

The paper is a brief review of results on the theory of differentiable functions of
polynumbers variable P, — P, and of its applications. We define derivative of a
function of polynumbers variable, basing on special classification of degenerated (i. e.
irreversible) polynumbers and on the theorem stating general form of R-linear mapping
P, — P,. Then we define holomorphic function of polynumbers variable as subclass
of differentiable functions by the set of differential conditions (polynumbers analog

k
of Cauchy-Riemannian conditions), which in isotropic basis have the form: 9 f = 0,

(k=1,...,n—1) where (]‘;: C*d, C' — conjugation in algebra P,. Some generalized classes
of holomorphic functions ggalykaw,kar are defined by monomic differential equations,
which can be classified by the set of vectors of non-negative integer n-dimensional
lattice Z". The question of holomorphic continuation of some smooth function from
submanifolds of P, to P, is discussed. We derive polynumbers version of Cauchy theorem
and Cauchy integral formulae together with possible multidimensional generalization
the first one. Using symmetric Berwald-Moor form we develop symmetric analog of
differential forms calculus (Symmetric product, Hodge star and external differential). We
analyze transformation properties of derivatives of scalar polynumbers functions and of
those geometrical objects, that can be constructed from these derivatives. In particular,
we construct real scalar invariants, appropriate for Lagrangian formalism in polynumbers
field theory. Basing on supports algebra we formulate tangent construction, playing
important role in physical interpreting of polynumbers field theory. The formula for
Levi-Civita connections coefficients concordant with Berwald-Moore form and formula for
volume form based on n-root metric of Finsler type in even dimensions are derived. Also
we consider some deformational aspects of smooth function of polynumbers variable and
prove the statement, that any R-algebra can be embedded into space of bilinear forms
over P,. The paper can be treated as preliminary sketch of general theory of functions of
polynumbers variable (TFPV).

Key Words: polynumbers, analytic function, holomorphic functions.
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OUNHCJIEPOBA TEOMETPUZ4 B TEOPUU I'PABUTAILINN

FO.C. Baagnmupos

Mocxosckuti Tocydapecmeennoili Ynusepcumem, Mocksa, Poccus
yusvlad@rambler.ru

Tpanummontast hopMa CreruaJbHON TEOPUU OTHOCUTETHHOCTH (DOPMYJHPYET TEOPUIO B
He3aBepIIeHHOM Bujie. IwHaMudeckne ypaBHEHUS I IBUKEHIS JaCTUIIBI 3AITICHIBAIOTCS
B COOTBETCTBUM C NPHUHIIUIAMU TEOPUU OTHOCUTEJTHLHOCTU, TOTAA KAK COCTOSIHUE YaCTH-
bl OIHUCBHIBAETCSI B HEPEJISITUBUCTCKOM Bue. VTHOPHUpYsT HEPEISTUBUCTCKOE ITOHSITHE
COCTOSIHHAS YACTHUIIBI, YIAeTCs IMOCTPOUTH €IUHBIA (OpMau3M [JIsi OIMMCAHUs IeTEPMU-
HUPOBAHHBIX W HEIETEPMUHUPOBAHHBIX YACTHUIL, KOTOPBI MPUBOAUT K HEOOXOIUMOCTH
MHOI'OBapPHUAHTHON I'€OMETpUH IIPOCTPAHCTBAa-BpeMeHU. KBaHTOBbIE MPUHIUIIBI OCHOBAHDI
Ha MHOTOBAPHUAHTHON TeOMETpPHUM M TEPSIIOT pOJb MEPBBIX (PUBNIECKUX ITPUHIUIIOB.
Kapkachnasi KOHIIENIUs 3JIeMEHTAPHBIX YaCTHI OCYIIECTBJSIET PEIATHBUCTCKOE OIUCAHME
COCTOSIHUAS YACTUIIbI, KOTOPOE OKA3BIBAETCH MPUTOIHBIM IJIsi CJIy4dasi TUCKPETHOW U MHO-
FOBAPUAHTHOONW Te€OMETPHUM IPOCTPAHCTBa-BpeMeHH. KapKacHas KOHIIENIUs 3aBepIIaeT
MEePExXOJl OT HEPEJATUBUCTCKON (pU3NKU K (PU3MKe PEIATUBUCTCKON U peaim3yeT IOJHYIO
reOMeTPU3aIni0 (PU3UKU.

KuaroueBbie ciioBa: dhuHCIEpPOBa T€OMETPHsI, TEOPUS TPABUTAIINI.

1 Bsenenne

[Ipexk e Bcero, ciieryeT OTMETUTh, YTO UMEETCs PsiJi TOHUMaHuil (huncaepoBoit reomerpuu. Ham-
OoJ1ee PaCIIpPOCTPAHEHHBIM SBJIAETCA CIydail, Korja MeTPUIECKUl TeH30p 3aBUCUT HE TOJIBKO OT
KOOD/IMHAT, HO U OT BEKTOPOB B KacaTeJbHOM IMPOCTPAHCTBe (0T CKOpocTeii). DTOT BapuaHT
bunCIEPOBBIX TeOMeTPHIT TOAPOOHO PacCMOTPEH B psijie MoHorpadumit (cMm, Hampumep, [1]).

pyroit BapuanT hUHCIEPOBBIX reoMeTpuii paccmarpusaercs B rpymme [.I. [Tasiosa [2]. B
€ro OCHOBY IIOJIOXKeHa TeoMeTpus bBepsaibiaa- Moopa, B KOTOpoOii MeppolpeaesieHre 3a1aeTCs
He OOIIENPUHATHIM KBaJIPATUIHBIM, a BhIpaXkKeHHeM 4eTBepTOoil cremneHn o auddepeHIuaIaM.

Kak nam npejcrapisiercs, K pasuBaemomy /JI.I'. [TaBioBeiM BapuaHTy (DUHCIEPOBBIX T'€O-
MeTpHil IPUMBIKAIOT MHOTOTOYEYHbIE TeOMETPHUH, pa3BuBasiuecs B rpyimme B.4. Ckopoborarnb-
Ko [3].

[Tocnennee yTBep:KaeHHe OCHOBAHO HA TOM, UTO, 10 HalleMy yOexKJIeHHWIO, B OCHOBE JIIO-
O0it Teopun, IpeTeHAYIONEH Ha (PU3MIECKYIO, JIEXKHUT OonucaHne (pu3nIecKuX B3auMOIACHCTBUIl,
U BHUJI MEPOOIIPE/IeIeHNsT HEIOCPEICTBEHHO CBA3aH C XapaKTepOM pacCMaTpPUBAEMbIX B3aWMO-
ﬂeﬁCTBI/Iﬁ. ECJ'H/I B OCHOBY T€OpHU KJIQAYTCsdA ITapHbIE B3aH1\lO,[L€I71CTBHH, KaK 9TO mMeeT MeCTO B
cIydae 9JIeKTPpOMAarHeTu3Ma Uil HbIOTOHOBOM I'PaBUTAIMH, TO KM COOTBETCTBYET KBaIPATUTHOE
Mepoornpeienenne. B ciydae ydera 3-TO9edHBIX, 4-TOYEYHBIX U T. J. B3aUMOJIEHCTBUI CJleIyeT
HCIIOJIE30BATh T€OMETPUIO ¢ MEPOOIIPE/IeIeHUEM COOTBETCTBYIOIIEH CTEIEHN.

B nacrosiee BpeMs OOIIENPUHATO ONMUCHIBATH I'PABUTAIIMOHHBIE B3aMMOJEHCTBUASA Ha Oa3e
SHHIITeRHOBCKOM 0b1meii Teopun orrocuresibaoctu (OTO), ogHaKo UMeeTcst psjl APYIUX, MEHee
U3BECTHBIX TEOPHil, B paMKaX KOTOPBIX omuchiBatoTcs Kiaccuueckue 3dhdertor OTO. B croe
BpeMd 3TOT Bomnpoc paccMaTpuBasics K. TopHoMm, KOTOpbIil mokazaJa, 9To umMmeeTcsd boJiee J1ecaTKa
TaKUX TeOpI/Ifl. Cpem/I HUX MO2KHO Ha3BaTb TE€OPHUU ITPAMOIO ME2KIaCTUIHOI'O BS&HMOﬂeﬁCTBHH
dborkeposckoro Tumna [4] penstuBucTcKyto Teoputo rpaputanuu A.A. JloryHoBa, 1 HEKOTOpBIE
JIpyTrHe.

B c¢Ba3u ¢ 3TuM cite/iyeT OTMETUTD, YTO MHOYKECTBO BCEX M3BECTHBIX TEOPUI MOXKHO KJ/IACCHU-
puIUpoBaTh 10 HECKOJIBKUM MeTa(pU3nIecKuM HapaurMaM, Cpejn KOTOPbIX HANOOIbIIII WH-
Tepec MPEeJICTABISIOT TPU AyaJUCTUYECKUEe TTapaIuIMbl: TEOPETUKO-TIO/IeBasd, K KOTOPOI MOYKHO
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oraectn Teopuio JloryHnosa, reomerputieckas, B ocHoBe Kotopoii jexkut OTO, u pensdimonnas,
KOTOpas HbIHE MPEeJICTAB/IEHa TEOPUSIMU MPAMOTr0 MEKYACTHIHOrO B3anMojeiicTBusd. B nanHoit
paboTe paccMaTPUBAIOTCS TEOPUH TI'DABUTAIIMN B PAMKAX I€OMETPHUYECKOTO U PEJISIIUOHHOTO
MIO/TXOJIOB.

[Ipu paccmoTpennn Bompoca O CBA3M FeOMETPUN U (DUBUKU HE CieIyeT 3a0bIBaTh TaK¥Ke CO-
obpaskeHusI, BRICKa3aHHBIE B cBoe BpeMs A. [lyankape, KoTopblit chopMyIupoBas cBoeoOpa3HbIit
MPUHIIAI JIOTIOJTHUTETBHOCTU BHJIa, (PU3NYECKUX YPABHEHUN U MCIOIb3yeMOil P 9TOM reoMe-
tpun. OH mojIaraj, 4To, B IPUHIUIIE, MOXKHO UCIOIb30BATH JIIOOYIO T€OMETPHIO, HO TOT/Ia IO,
Hee CJe/yeT MoJA0UpaTh COOTBEeTCTBYIONNE ypaBHeHus dusuku. Haubosee mpoctoit siBiisiercst
reoMeTpus TIJIOCKOTO MPOCTPAHCTBA- BpeMenu. VIMEHHO Takasi reOMeTpHs, KaK MPaBUJIO, HC-
MIOJIB3YETCS B TEOPETUKO-TIOIEBOI W PeJIANNOHHON mapaaurmax. Ousndeckie B3anMOAEHCTBUS
BBOJIATCS CIIEIUAHHBIMU TTOCTYJIATAMI, OTHAKO BCAKHIT Pa3 OKA3bIBAETCS, ITO IIOCTPOEHHYIO Ta-
KUM 00pa30M TEOPUIO MOXKHO MPEJCTABUTH B PUMAHOBOM ITPOCTPAHCTBE ¢ HEKOI 3pDeKTUBHOI
METPUKOM.

B nanmnoit pabore mokazaHbl TMPOsABIEHUs Heil (DUHCIEPOBON TeOMeTpuu B H BapHaHTaX
Teopuit pU3NIECKUX B3aUMOIEHCTBHIL:

1) B Teopum mpsiMOro MEXKYACTHYHOIO 3IJIEKTPOMATHUTHOTO B3ammMojeiicTBus Porkepa—
Qeitnmana, T/e OlepezKAIoNIe BO3JAEHCTBUS YCTPAHIIOTCA TIOCPEICTBOM yUeTa TpeXdacTud-
HBIX B3aUMO/ICHCTBUH;

2) B TEOPUU MPSIMOTO JIMHEAPU30BAHHOTO IPABUTAIIMOHHOTO B3ANMOJIEHCTBHUS, T/1e, KAK U B CJIy-
Jae 3JeKTPOMArHeTU3Ma, JIJId YCTPpaHEHUs] OTePerKaloNux BO3AefCTBUIl HEOOXOUMO YUIu-
THIBATH MUPOBOI TOTJIOTUTETb B BUJIE BCEX TPETHUX YaCTUIL OKPYIKAIOIIETO MUPA;

3) B TeOpUHU MPsIMOTO IPABUTAIIOHHOIO B3aUMOJIEiicTBUsT (DOKKEPOBCKOTO THUIIA, COBIIAIAOIIELT
¢ SWHIITEIHOBCKO# 0011eil Teopreil OTHOCUTENTBHOCTH BO BCEX TMOPSIKAX Pa3JIOYKEHUS 10
rpaBUTAIINOHHON KoHCcTaHTe, Tj1e HeqmHeiHocTn OTO 00yc/ioBIeHBI y9eTOM TPOHHBIX, Ue-
TBEPHBIX U T. JI. BO3JEHCTBUIA;

4) B PeJISIUOHHON 00'beIMHEHHON TEOPUU MPABUTAINE U 3JIEKTPOMArHETH3MA, T MPABUTAIINS
BO3HUKAET B KAadecTBe KBAJPATUIHOTO IJEKTPOMArHeTU3Ma B HUBIIEM JUHEAPU30BAHHOM
OpUOIMKEHNN U XapaKTepPU3yeTcsl TaK:Ke CJIaraeMbIMH, COOTBETCTBYIOIIUMU KYOUIHBIM 1
YeTBEPHBIM B3aUMOJACHCTBUSIM;

5) B OGuHapHOil TeomeTpodu3uKe, HAIEJEHHOH HA BBIBOJ KJIACCHIECKHUX MPOCTPAHCTBEHHO-
BPEMEHHBIX ITPEJICTABJICHNI U3 3aKOHOMEpPHOCTEl (pU3nKn MUKpoMupa. B 3Toit Teopun mpo-
CTEHINne 3JIEMEHTHI ONMMICHIBAIOTCS (PUHCIEPOBBIMU CIIMHOPAME, OT KOTOPBIX MOYKHO TepeiiTn
K (QUHCIEPOBBIM (YHAPHBIM) T€OMETPUSIM.

2 Wneu duHcaepoBoOili reoMeTpun B TEOPUN ITPSIMOTO
JIEKTPOMATrHUTHOTO B3aMMO/IefiCTBUAA

CrpamuBaeTcsi, KK MOYKHO COBMECTUTH CTOJIb IIUPOKUIT CIIEKTD BO3MOXKHBIX TEOPHUl ¢ Hjes-
MU uHCIepoBoil TeoMerprun! HeKoTopblit HaMeK Ha pellleHne JTaHHOTO BOIPOCA JIAeT TeOpUs
PSIMOTO MEXKYACTHIHOTO B3amMmojieiictBust pokkepoBckoro tuma |5]. B ocHoBe sToil Teopuu
nexxut npuarun Pokkepa, 03HAYAIONINN PABEHCTBO HYJIIO BapHAIllUd OT JEHCTBUs, B KOTOPOM
B3aMMOJIEHICTBUE MEXKy Tapoil YacTull ¢ u k omnpeessdeTcsd BhIpaXKeHneM

Sunlich) = [ [ dtyiand(s* b)) dsids, 1

rae jH-BeKTOPbI 4-TOKOB 3apsi?KeHHBIX YACTHUIl, dS - CMEIIeHUs BJ0JIb MUPOBBIX JuHuii. VHTe-
IpUpOBaHUE TTPOU3BOJUTCA BJIOb MUPOBBIX JIMHHUI B3aUMOJEHCTBYIONINX 3aps/ioB. B 9TO BbI-
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paskeHne BXOJUT JUPaKoBcKas J-byHKIMA OT KBaJpaTa uHTepBaia s2(i, k) MKy paccMaTpu-
BaeMbIMU YaCTUIIAMH, KOTOPAasl MPEJICTABIISIETCS B BUJIE JIBYX C/laraeMbIX

5526, k) = —— [8(ctu — ra) + 6(cta + 1), @)
2|rzk’
COOTBETCTBYIOIINX 3aITa3/bIBAIONINM U OMEPEKAIONINM B3aNMOJIEHCTBUAM MEXK/1y YaCTUIIAMU.

XapakTepHO, 9TO B (DOKKEPOBCKOM JIEHICTBUM OTCYTCTBYIOT IOJIs TIEPEHOCYNKOB B3anMO,1eii-
cTBuit. Bee onpenernsiercs JAIb XapaKTEPUCTUKAME CAMEIX IACTHII.

B Teopun npsimoro sseKTpoMarHuTHOrO B3anmMomeiicTBus QOKKepa BCKPBLICS CePbe3HbI
HEJIOCTATOK, — B HEll CHMMETPUYHO TPUCYTCTBOBAJIH 3ala3/IbIBAIOIIIE 1 OTIEPEeXKAOIINe B3amMO-
JIeCTBUSA MEXKJIY TapaMy YacTHUIL, TOTIa KaK, CONIACHO (DU3UYECKOMY IIPUHIIUITY TPUYIUHHOCTH,
JIOJIZKHBI OBITH JIUIIH 3alla3/IbIBAIONINE B3aUMOJEHCTBHA. DTOT HejocTaTok Teopun Pokkepa
Obl1 yerpaneH B pabore k. Yurepa u P. @eiinmana B 1945 1. [6], rae 6b110 mokazaHo, 9TO
KpOMe TMapHBbIX OTHOIIIEHN HEOOXOINMO YIUTHIBATH TAKZKEe TPOITHBIE 1 Hostee 00IIIe OTHOIIEHU ST
(T. e. B3aMMOJIEHCTBHUS) MEXKJLy JEKTPHYECKH 3apsyKeHHBIMU JacTUaMu. JIpyrumu ciioBamu,
teopus Pokkepa ObLIa JI0MIOMHEHA (PEHHMAHOBCKOM Teopueil MorJIOTUTe s, KOTOpas MTPOUJLIIO-
CTPUPOBAHA Ha PHUCYHKe 1, IJie MOKa3aHO BO3J/ENCTBUE HA MMapy B3aUMOJIEHCTBYIONINX YACTUIL §
1 k CO CTOPOHBI OKPYZKAOMINX YACTHUIL S.

Puc. 1: Biusgnue deifinManOBCKOrO MONJIOTUTEIS HA 3JIEKTPOMArHUTHOE B3aUMOJIEHCTBIE IBYX 3aps/I0B.

OTOT y4JeT IPUBOIUT K YCTPAHEHHIO OTIEPEKAIONINX BO3ACHCTBUI U K YIBOCHUIO 3aI1a3/bIBa-
IOmMMX BSaI/IIVIO,ZLefICTBI/IfI. KpOMe TOr'o, B YpaBHEHUAX ABU2KECHUA 3aPAKEHHBIX JaCTUI[ aBTOMa-
THUYI€CKHN BOSHUKACT CHUJIa PaJUaIVMOHHOI'O TpeHUdAd, IIPOINOPIHOHaJJIbHaA TpeTbefI HpOI/ISBO,ZLHOfI
OT KOODJAWHAT.

OTU Pe3y/IbTaThl CJIe/IyeT TPAKTOBATH, ¢ OJIHONW CTOPOHBI, KaK npoAsseHus npuruyuna Mazxa,
MOHUMAaEeMOT'0 B CAMOM IUPOKOM CMBIC/IE KaK BJIMSHUE Ha BCE JIOKAJIbHBIE MOHATHA U COOBITHS
CO CTOPOHBI BCEX TeJI OKpYKatoteil BeesienHoi, a ¢ IpyTroit CTOPOHBI, 3TO MOXKHO TOHUMATh KaK
NPOABAEHUA PUHCAEPOBOT 2e0MEMPUL B TAHHOM BBIIIIE ee OTIPeJIe/IEHNN Yepe3 MHOTOTOIeIHOCTD
HCHOJIB3YEMBIX MOHATHI. DTO BHIPAZKAETCsI, BO-IIEPBBIX, B yueTe 3-4acTHIHbIX (1 Goiee 06IInX)
B3aUMOJEHCTBUN MeXKAy 3apAKEHHBIMHU YaCTHUILAMU, U, BO-BTOPBIX, B TPETbell MPOU3BOIHONM,
qepe3 KOTOPYIO 3allUChIBACTCA CUJIa PAAUAllMOHHOIO TPEHU.
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3 UWneu duHCIEpPOBOIT TeoMeTpun B TEOPUM TPABUTAIIAN

Bormpoc o mocTpoennn Teopun nMpsiMoro rpaBUTAIIMOHHOTO B3ANMO/IEMCTBHS MTBITAINCH PEIIUTH B
cBoux paborax @. Xoitn u xx. Hapnukap, roBopui o rpasutaruu u [.B. Pazanos. Ho peanbubrii
mar B 9TOM HampasjeHun 6bu1 ciesan B paborax A.A. Ilanriomuna u f.1. I'panosckoro [4].

OcHoBHas uest STUX padoOT ObLIA YPE3BBIYAIHO TPOCTOH U BIIOTHE COOTBETCTBOBAJIA MaTe-
MaTudecKoil peanuzamuu ujeir Pokkepa. HyKHO OBLIO MOCTPOUTH BBhIpaXKeHue Jijisd JeiCTBUs
PABUTAIIMOHHOTO B3aMMOJECHCTBHSA JBYX MACCHBHBIX YACTUIl. DTH aBTOPHI UCIOJIb30BAJIN TOY-
HO TaKYIO YKe KOMOMHAIINIO, TOJILKO BMECTO TOKOBBIX OTHOIIEHU B 9JIEKTPOINHAMUKE 3aITHCATIN
creruuyIeckoe CKaJIsipHOe MMPOU3BEJICHIE He TOKOB, a TEH30POB SHEPTUH-UMITYIbCA B3aUMOIEH-
CTBYIOIIUX TeJI:

. m;myg v «@ :
SE (i, k) = GT//“Z’)UU) (MuaMvs + NusMva — C3MuwNas) u(k)ufk)(S(sQ(z, k))ds;ds,.  (3)

[Tocreame peAcTaBIsIOT COOO MTPOM3BEIeHN MacC Ha KBaIPATUIHBbIE KOMOMHAIINN U3 KOM-
[MOHEHT UX 4-CKopocTeil. DTO MOIJIO OBITH HABESHO TeM, UTO, €CIU B ypaBHeHHAX Makcsel-
Jla UCTOYHUKOM 3/IEKTPOMATHUTHOTO TOJISI SIBISIOTCS TOKHM 3apsi>KEHHBIX YacTHIl, TO B Caydae
rPaABUTAINN UCTOYHUKOM B MPABOI YaCTH YpaBHEHUNT DUHINITENHHA SBJISI€TCS TEH30D SHEPruu-
HUMITYJTbCA TPABUTUPYIONIIX O0bEKTOB.

Bropoit coctaBagioneit B 1eiicTBUM /g TPABUTAIIMOHHOTO B3aUMOJIeiicTBUsA, Kak n y Pok-
Kepa, Obla BbhIOpaHa JUpPaKOBCKasd Jie/ibTa~-pyHKImg. Bes mpobiieMa cocTosiia JTUITh B 3allUCH
"cKaISTPHOTO TTPOUW3BeIeHNs" TEH30POB YHEPIUU-UMITY/IbCA JBYX YaCTUIl. DTO HECTOKHO OBLIO
HaiiTh, paccMaTpuBas JUHEiHOe TPpUO/INZKeHNe B SIHIITEHHOBCKOM Teopuu rpapuTaiun. B ntore
y I'panoBckoro u [TanTiomuna moydmioch aeiicteue pOKKEPOBCKOTO THIIA JIJIsI TNHEAPU30BAH-
HOII Teopuu I'paBUTAIUN.

B sToit Teopun, kak u y Qokkepa, HET CpeIU MEPBUYHBIX MOHATHI IPABUTAIIMOHHOTO II0O-
qs1. Bee 3amuchiBaeTcss NCKIIOYNTE/HHO U€pe3 XapaKTePUCTUKN B3aNMOJIEHCTBYIOMINX JIaCTHUIL:
X CKOPOCTH, MacChl U B3auMHbIE HHTePBaJIbl. OHAKO MPHU JKEJAHUU MOXKHO BBECTHU TOHSTHE
MMOTEHIINAIOB IPABUTAIIMOHHOIO TIOJIsI, KaK paHee BBOJIUIOCH MOHATHE KOMIIOHEHT 3JIEKTPOMAr-
HUTHOTO TIOJIs, HO 9TO Telephb HEeKWe BTOPUUIHBIE, MOXKHO CKa3aThb, BCIIOMOTaTe/IbHbIE TTOHATHSI.
Yepes 3T moTeHIUAIBI CTPOUTC dhDEKTUBHAS METPUKA PUMAHOBA MPOCTPAHCTBA, U JIETKO
MOKA3aTh, UTO JJIsI 9TOW METPHUKH TOYKJIECTBEHHO BBIMOHSIOTCS YpaBHEHUs DiHINTeHA B JIU-
HEITHOM TIpUOJIMKEHNN. 37eCh CUTYAIMS MTOJTHOCTHIO aHAJOTUIHA, CIYy9al0 SJIeKTPOINHAMUIKH,
r7e B TEOPUU MPAMOTO MEKIaCTHIHOTO JTEKTPOMATHUTHOTO B3aUMOJICHCTBHUSA TaKyKe TOXKJIC-
CTBEHHO BBINIOJIHAIOTCH ypaBHeHus Makcpesura.

OpHako B JaHHOW TEOPUU KOMIIOHEHTHI 3((MEKTUBHON PUMAHOBON METPUKU OIpe/Ie/IeHbI
JIMIIb B T€X TOYKAX, IJIe IPUCYTCTBYIOT MaTepuasibHble 00bEeKThl. BHe UX MOHATHE IPABUTAIIN-
OHHOT'O TIOJIsT TepsieT BeaKuil cmbici. KerecTBenHo, B 9T0i Teopuu, B JIMHEHHOM TPUOJIMZKEHUN
cosriaatornieit ¢ OTO, B npunHIUe HEBO3MOXKHBI BAaKyyMHbBIE DEIIeHns YpaBHEHWH DHHIITe-
Ha, a CJIeJ0BAaTe/NbHO, OTCYTCTBYIOT U HEMaXOBCKHE PEIeHUs], BbI3bIBABIINE MHOI'OYHUC/IEHHbBIE
JINCKYCCUU B CJIydasX, KOIJla UCXOAAT U3 ypaBHEHUH DIHIITEHa KaK MEPBUYHBIX MOCTYJIATOB
TEOpUn. DTO MPEJCTABIAeT cO0OI TO, K YeMy CTPEMUJINCh B CBOEM BapHaHTEe TEOpUH XOIa u
Hapnukap.

[TepBoro npub/nKeHMsT BIIOJIHE JOCTATOYHO I pacdeTa HabJII0IaeMbIX I'PDABUTAIIMOHHBIX
spdexTor. [Is pererns psiga KOHKPETHBIX 3a/1a9 9TOT IIyTh PEIIeHns] OKA3bIBAETCs MPOIIE U
Harasaee, deM B pamkax OTO.

OnsiTh BOSHUKAIOT TPOOJIEMBI ¢ HAJIMYHEM OIEPeKAIONMINX BO3/IEHCTBUI, KOTOPbIE MOMKHO
YCTPAHUTh yYeTOM 3-4aCTHYHBIX (1 Gosiee 0OIUX) OTHOIIEHU, T. €. ONsITh C MOMOIIBIO MPHUH-
numa Maxa uian ydera (pUHC/IEPOBOIl TeOMETPUN B IMIPOCTPAHCTBE CKOPOCTEIi.
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4 ®uHCJIEepOoBa reOMETPUS U TEOPUsl IIPSIMOT0 I'PABUTAIIMIOHHOI'O
B3aumMmo/ieiicTBusi, copnagaromiasa ¢ OTO

B nameit ¢ A.JO. Typeirunsivm pabore [7| 6110 npousseieHo 0600IIEHNe JTMHEAPHU30BAHHOMN
TeOpUH TPaBUTAIMU Ha OOIUil ciaydail Teopun ¢ HeaumHeiiHocTsmu, copmasaromieii ¢ OTO B
JIFOOOM TIOpSIZIKE PA3JIOXKEHMs 110 TPaBUTAIIMOHHOI KOHCcTaHTe (3.

OTa 3a7a4a perragach METOJOM IOC/IeI0BATEILHOTO MpudnKkenns mo kouncrante G. Ilo-
CKOJIbKY B (DOKKEPOBCKOM ITPUHITUTIE JIJIsI TPABUTAIIMOHHOTO B3AMMOJIEHCTBISA BMECTO BEKTOPOB
TOKOB (PAKTUIECKH CTOSAT TEH30PbI SHEPTUH-UMITYJIHCA YACTHUIL, CJIETOBAJIO MOJACTABIATH ITOCTe-
JIOBaTE/IbHO TIepBOE, BTOPOE U T. J. npubsm:kenus: mo G st BbIpayKeHU TeH30pa SHEPruu-
AMIIYJIbCa B3auMozeiicTByfomieil gacTuiibl. Kpome Toro, ciegoBaio 0000IIUTh BHIPAYKEHUS J1JIsT
ucnoyibzyemoit pyukimuu ['puna. Hamomunm, B TuHeapn30BaHHON T€OPUU OHA TTPEJICTABIIAIACH
B BHUJIE JTUPAKOBCKOI JIe/TbTa~-(PYHKIIMU OT KBaJIpaTa WHTEPBaJIa ME¥XKYy B3aUMOJICHCTBYIOMIIMHI
qacTturamu. Ternepsb oHa puobpesia 60J1ee CIOXKHBIN BUT, 3aBUCAIIII 0T 3 HEeKTUBHON METPUKHT
B COOTBETCTBYIOIINX MPUOINKEHUAX.

[TocnenoBaTeIbHO 1T KarKJI0TO M3 9TUX PA3/IOKEHUil pemaanuch 3ajadn, paHee paccMa-
TPUBABIINECS /Il IMHEAPU30BAHHON IpABUTAIINN. DTO O3HAYAJIO, BO-IIEPBBIX, 0000IIeHIe (DOK-
KEPOBCKOI'O BAPUAIIMOHHOTO MPUHIIAIIA HA CJIydail ydera HeJUHEHHLIX PDABUTAIMOHHBIX BO3-
ngeficrBuii. BosHukaromii 3/1ech MpPOM3BOJI B BBIOOPE KOHCTAHT PeIIajca U3 TpeOOBaHMs, ITOObI
MOJTY Jalonuecs U3 BAapUAIMOHHOTO MIPUHIINIIA, YPABHEHUsI JIBUYKEHUS YACTUIL COBITAIAH C YPaB-
HEHUSIME Te0Je3NIECKUX JIUHUHM JacTHI] B 3(PPEKTUBHON METPHUKE B COOTBETCTBYIOMIEM ITPUOJIH-
JKEHU.

Bo-Bropbix, ci1e1oBaio obecrnednTh TOK/IeCTBEHHYIO BBITOJIHUMOCTD YPAaBHEHU T DHUHIITeiHA
B KayKJIOM U3 pacCMaTpUBAEMbIX TPHUOIMKeHU 1m0 KoHcTaHTe G. 9TO TpeboBaHUe TO3BOJIIIO
YCTPaHUTH BECh MPOU3BOJ B BbIOOpe KOHCTAHT B mpuHiune Pokkepa i I'PABUTAIIMOHHOTO
B3auMOAeCTBU.

B-Tperbux, ciegoBaJio pa3BUTh TEOPHUIO IPABUTAIIMOHHOIO MOIJIOTUTE IS, aHAJOTUIHYIO pa-
Hee Pa3BUTON JJIsl ciIydas JIEKTPOJIMHAMUIKHA.

EcrecTBenHo ObLIO HAUaTh PeIIeHNE STUX 3314 cO BTOPOro npubd/mkeHus. [lomyausiieecs
IIPA 9TOM JIOBOJIBHO CJIOYKHOE BBIPaXKeHUe It TPUHINIA (POKKEPOBCKOIO THUIA MOXKHO OBLIO
NPOUHTEPIIPETUPOBATH B BUJE Tpex THIOB (efiHMaHOBCKUX auarpamm (cm. puc. 2). Ilepsbrii

l S k ( s k l k

Puc. 2: Tnarpammbl heliHMaAHOBCKOTO THIIA, UILTIOCTPUPYIONIUE CIaraeMble BTOPOTo MOPsSIKa B TEOPUN
MIPSMOI'0 'PABUTAIMOHHOIO B3aUMO/IeMCTBUA

TAI JguarpaMM O3HadaJsl MPAMYIO 3aMEHY JIBYXTOYEYHBIX B3aUMOJICHCTBUIl Ha TpEXTOYEeUYHbBIE.
Bropoit Tun MOKHO OBLIO MPOUHTEPIPETHPOBATD YePEe3 TPEXTOYETHbIE B3aUMOICHCTBUS C yUe-
TOM BBEJICHAA TPEXTPABATOHHBLIX BEPIINH Ha ONHOU M3 BO3MOXKHBIX I'DABUTOHHBIX JIMHWH, a
TpeTHil THN guarpaMM COOTBETCTBOBAJI ITAPHBIM OTHOIICHUAM MEXKIAY YaCTHIAMU depe3 Iapy
IPaBUTOHHBIX JIMHUM.
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BamMeTnM, 9TO MOMydYeHHbIe JAHHBIM METOJOM BBhIPpaykKeHWs, NIIIIOCTPUPYyeMble depe3 (heifH-
MaHOBCKHE JUarpaMMbl, COOTBETCTBYIOT JUArpaMMHON TeXHHUKe, KOTOPYIO pa3puBaj cam Deii-
HMAaH, UJs1 OT yzKe U3BECTHO 00Ieit TeOpun OTHOCUTETHHOCTH.

[Tonydenuble BapralmOHHBIM METOJOM ypPaBHEHUS JBUKEHHUS MPOOHBIX YaCTHUIL ObLIN TTPe]I-
CTaBJIEHbI B BUJE YpaBHEHHIl Teofe3ndecKuX JIMHUN B 9(p(HEeKTUBHON PUMaHOBOI METPUKE BTO-
pOro MOpsiAKa 0 I'PABUTAIMOHHON KOHCTAHTE. DTO IMO3BOIUIO YACTHIHO CHSITH IMPOU3BOJ B
KOHCTaHTaX.

SareMm, 3anucas cuMmBoyibl Kpucrodbdens u kpuBuzny depes 3hPEeKTUBHYIO METPHUKY BO
BTOPOM MPUOJNKEHNU U UCIOAb30BaB ypaBHeHne s pyHKIuu ['puHa B paccMaTpuBaeMoOM
NpUOJINKEHNH, OBLIO MMOKA3aHO, IMPU KAKOM BBIOOPE OCTABIIUXCS HEOIPE/IeJIeHHBIX KOHCTaHT
JIOCTUTAETCs TOXKIECTBEHHAsT BBIIOJTHUMOCTD YPaBHEHNN DifHIITEHA.

DT 33191 OBLIM PACCMOTPEHBI U [Tl CJIEIYIONNX TPUO/IMKeHuil. Bel1 BeipaboTan ayro-
PUTM 3aJIaHUs KOHCTAHT Tak, YTOOBI ypaBHEHNsT DWHINTEHa BBIMOTHAINCH U BO BCEX TOCTIEIy-
IOIIUX HTPUOIMKEHUIX 10 KoHcTaHTe (.

B uTore 6b1710 TPOIEeMOHCTPUPOBAHO, BO-IIEPBBIX, YTO METOIOM IIOC/IEI0BATEIbHbBIX TPUOIN-
JKEHMI MOYKHO ITOCTPOUTH TEOPHUIO IIPAMOT0 MEXKIACTUIHOTO I'PABUTAIIMOHHOIO B3aNMOIeCTBHS
BO BcexX nopsijakax 1mo (G COBMAJAIONLYIO ¢ SHHIITEHOBCKOM 00Ieil Teopreit OTHOCUTETbHOCTH.
Bo-BTopbIx, OBLIO MOKA3aHO, UTO MCIOJAb30BaHHAS METOJIMKA O3HadaJja ydeT, KpoOMe ITapHbIX,
eIe TPEeXYACTUIHBIX, YeTHIPEXUACTUIHBIX U T. J. B3aUMOJEHCTBUI MeXKIy JacTuinamu Bceeren-
HOI. DTO TaK»Ke MOXKHO BOCIPHHMMATH KaK MPOSABJIEHNsT (PUHCIEPOBBIX T€OMETPHUil B TEOPUN
IpaBUTAIIN.

5 ®@unHcepoBa reoOMeTpUdA N peJsanuoHHasd Teopusl TPaBUTAIAN

OrmernM, 9To B Hammx paborax |8, 9| ObUT MOCTPOEH elle OJWH BAPHAHT MPSIMOIO IDABUTA-
[UOHHOTO B3aUMOICHCTBUS, BCENEIO ONUPAIOIINICA Ha PEJSIMOHHbIA TMOAX0M K (PU3HMIECKAM
B3auMOAEICTBUSIM.

Boimmcannoe Boinze (pOKKEPOBCKOE AeHCTBIE B3aUMOACHCTBUS JJIs Aaphbl YACTHUIL MOYKHO Pac-
CMATPHUBATDH KaK IIapHOE OTHOIIEHKE, IPEICTABICHHOE B BUIE JIBYX CJIAraeMbIX, KOTOPBIE CAMU I10
cebe TIPeJICTaB/IAIOT OT/e/bHbIe NapHbIe OTHONIEHUsI: TTPOCTPAHCTBEHHO-BPEMEHHOE U TOKOBOE,
KazKJ10€ M3 KOTOPBIX XapaKTepu3yeTcsi cBoeii reomerpueii. OHI XapaKTepu3yioTCs CBOUMHI 3aK0-
HAMU, [IPEJICTAB/ISIONMME COOON paBHBIE HYJIIO COOTHOIIEHUS /sl TTAPHBIX OTHOIIEHUN MeXK 1y
(bUKCHPOBAHHBIM IHCIOM 3JIEMEHTOB (TOUYEK).

Tak, 3aKOH JjI TPOCTPAHCTBEHHO-BPEMEHHBIX OTHOINEHU, COOTBETCTBYIOMIUX MeOMETPUN
MUHKOBCKOIO, 3alUCHIBAETCA B BHJE PaBEHCTBa HyJI0 onpeiennrens Ksmu-Menrepa s 6
COOBITHIA:

2

ci

2 2 2
Sk S Seb 0 Sed

S ca

0 1 1 1 1 1 1
10 S?k S?a S?b Szzc S?d
1 Sii 0 Sia S%b Sic S%d
Dikavea = | 1 82 82, 0 82y st s2q | =0, (4)
1 Sgi Sgk Sga 0 Sgc Szd
1
1

2 2 2 2 2
St Sak Sda Sav Sac 0

rae ImapHble OTHOIICHWA (I/IHTepBaHbI) OpeaACTaB/IAIOTCA B BUOE

3
sip = (27 —a3)” = Z(zi - 132)2 i = L (5)
=1
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BoimonmaumocTs 3aK0HA 1715 JTIOOBIX 6 COOBITHI COCTABJIAET TPUHITAI (DYHIaMEHTATLHON CUMMe-
TPUH JAHHOI CHCTeMbI OTHOIIEeHNI. MUHOPBI MeHbIIIero mopsaka onpeaenntess Komm-Menrepa
Ha 6 TOYKAX-COOBITHUSIX B OOIIEM cydae MOI'YT ObITh OTJUYHBI OT HYJs U ONPEIEIsiioT BCe
N3BECTHBIC I'€OMETPpUYICCKHUE IMOHATHUA: NHTEPBaJIbI (MI/IHOp MHWHUMAaAJIBHOT'O IIEPBOI'O HOpﬂ,ZLKa),
KOOP/IMHATHI TOYEK-COOBITU, TLIOMAIN, 00bEMBI, IJIOCKHEe W JIBYIDAHHBIE YTJBI U T. J. DTO
00CTOATENIBLCTBO cocTaBIgeT 0000meHHbIi npuHinn Kimddopaa.

J171s1 TOKOBBIX OTHOIIIEHUH, COOTBETCTBYIONIMX TreoMeTprn JI06a4eBcKoro (IIpocTpaHcTBy CKO-
pocreii) 3aKOH TpecTaBIgeT cobOl PABEHCTBO HYJIIO omnpejenutend ['pama Jjist 5 37eMeHTOB
(ckOpoCTell MM TOKOB b 3apsizKeHHBIX YACTHIL):

€ Uik Uiy Uis  Ugl

~ ~2 ~

Ug; € Ukj Uks Ukl
| 5. . 2~ o~

Py = | Uy U € U uy | =0, (6)

Ug; Usk Uy € Us]

Uy Wr Uy UWs €

rae nmapHble OTHOIIEHUA IMPAACTAB/IAIOTCA B BUAE CKaJIAPHBIX HpOI/ISBe,D;eHI/Iﬁ TOKOB BS&I/H\IOILGIU/I—
CTBYIOIINX YaCTHIL

m

aik = éiékuik = éiéku(i)u(k)u- (7)
Ob6paTuMm BHHMaHUe Ha TOT ¢akT, 4To B npuHIimine PokKepa st JTEKTPOMATHUTHBIX B3au-
MOJIECTBUNA CTOUT MPOU3BEACHUE TOKOB JIBYX B3aUMOJICHCTBYIOIINX YaCTUL, IIPEICTABIAIONICE
€000 MUHOP MUHUMAJILHOI'O TOPSIKa U3 ONpEJIE/JINTEsT B 3aKOHE TOKOBBIX OTHOIIeHuit. c-
nosibsyeM (mocrysmpyem) obobienubiiit npuanun Kianddopaa. OkasbiBaercsi, Bce MUHODBI OT
MIEPBOTO JI0 Y€TBEPTOTO MOPsIKA U3 OIpeienTe A ['paMa B 3aKOHE TOKOBBIX OTHOIIEHU NMEIOT
HEKOTOPBIH (DU3UIECKUIT CMBICIT.

BosbmeM mpocreiiiiiee 060011eH1IEe CTyvdas JIEKTPOMAarneTu3Ma; moJIcTaBuM B npuHIU Pok-
Kepa JInaroHaJbHbIIl MUHOP BTOPOTO TOPsJIKA U3 TOKOBBIX OTHOIICHHUI:

P .

Dy = ;k %Ek = (1 = wiguni) = =Gy Uiy (Muatlus + Mpslve — 2y Mg Uy Uy (8)
COXPAHUB JIeTbTa-(PYHKIUIO U3 TPOCTPAHCTBEHHO-BPEMEHHBIX OTHOIIEeHUi. JIerko BUIeTh, UTO
B 9TOM CJIydae€ IIOJIydaeTCd 3alliCaHHOE BbIIIE ,HeﬁCTBHe JJId IIPUHOUIIA CDOKKepa B Teopuun
OpAMOTO ME2KIaCTUIHOT'O (JII/IHeapI/ISOBaHHOI‘O) I'PaBUTalUOHHOI'O BBaI/IIVIO,H‘eI'?‘ICTBI/IHZ

STO O3HaYa€T, 9TO B 9TOM IIOAXOA€ I'PaBUTallsA OKa3aJlaCh HE IIEPBUYIHBIM BUJIOM B3aI/IMO,ILeIU/I—
CTBI/IfI7 a IIPOU3BOJHBIM OT 3JIEKTPOMarHeTU3Ma BHUI0M BSaHI\lOﬂeIU/ICTBHﬁ. OHa BBICTYIIa€T B BUE
CBOEOOPA3HOI0 KBaJIpaTa OT JIeKTPOMArHETH3MAa. 3aMeTUM, 9TO 3TOT pPe3yJIbTAT yiKe MOXKHO
6bIJIO opeayrajaTb B paMKax 5—MepHOﬁ FeOMeTpH‘{eCKOﬁ MOZEJIA I'paBUTalUU U SJIEKTPOMalHe-
TusMa, npejyoxkennbiv 1. Kasymneil, rae 4-mMepHblit MeTpudecKuil TeH30p gy, NOPeACTaBIAeTCs
yepe3 KOMIIOHEHTHI H-MEPHOTO METPHIECKOro Tersopa GGy B BUIE

4G c?
Guv = Guu - G5MG51/ = Gw/ - _AMAV; A,u = WGSM- (9)

A
JmaronabHbIe MUHOPBI 0OJIee BBICOKUX TPETHETO U YETBEPTOrO MOPSIKOB ONPE/IE/ISIOT HEJIU-
HelHble cJaraeMble B IIPSIMOM MeKYaCTHIHOM I'DABUTAIMOHHOM B3ammMojeiicteun (8, 11]. Ouu
MIPOMJLTIOCTPUPOBAHBI TIEPBOi KOJIOHKOH Tadauibl 1. Bo BTOpoit KOTOHKe 0003HaYEeHbI BhIparKe-
HUsI COOTBETCTBYIOIINE JIEKTPOMATHUTHBIM B3aUMOJEHCTBHSIM C yIeTOM TPAaBUTAIMN (BO3/IEi-
CTBHsI CO CTOPOHBI TPETHUX U YETBEPTHIX YACTHUIL). T PeThsi KOJIOHKA COOTBETCTBYET CIATaeMbIM,
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Tabmumna 1.
’ Gravitation Electromagnetics Mach’s principle
~ 2 ~
e = 7 = Const Wik 0
D(z) | € Uik (2) _ | Uki Ugj D(2) Uij  Uis
ik T Thws é2 ik,j T éQ ikjs — U U
ki k Ji j kj ks
~2 ~ ~ ~ ~ ~ ~ ~ ~
@) € Uik Ugy @) Uik Uiy Uis @) U5 Uis  Usl
G &2 G | g, &2 a, | G G @
Dji = | tei € qu] Dylis = | Uik €5 uJZS Dijisq = | Ukj  Ugs Ul;l
Uj;  Ujk €j Ugk usj € U Uls €
~2 ~ ~ ~ ~ ~ ~ ~
€; Uik Uiy Uigs Uik Uiy Uis  Ugl
e R S R L 0
WIS Uy Uik €5 Ujs PRISE Uy Ug; € Ug
~ 0~ ~ 52 ~ ~2
Us; Usk Ugj €5 Uy U UWs €

OIMCBHIBAIOIINM IPOsiBJIeHUs TpuHIUIa Maxa B TeOpHHU NMPsIMOTO 3JI€KTPOMArHUTHOIO B3aMMO-
JIeificTBUS.

YHoMAHYTBHIE clTaraeMble OMUCHIBAIOT 3-X- U 4-X-JacTUIHbIE B3aUMOJENCTBUSA, UYTO OMITH
MOYKHO TPAKTOBATh KaK MPOsIBIeHNs (PUHCIEPOBBIX NFeOMETPHil B TpocTpaHcTBe cKopocTeit. OHu

7K€ ITO3BOJIAIOT OIMHUCHhIBATL ITPUHIIUII Maxa.

6 Wneu dpuHCIEpOBOIT TeomeTpun B buHApPHOIT reoMeTpodu3nKe.

O1Hako Bce U3JI0KEHHOE COOTBETCTBYET MPOSABIEHUAM (PUHCIEPOBBIX TeOMETPUl HAPSTY C Teo-
MeTpueil OOIIETPUHATOTO KBaJIPATUIHOIO MEPOOIIPEIe/IEHNs] B KAYeCTBE CJIEYIONUX TPUO/In-
xeHuit K dusnveckoit peasbnoctu. Ho B mporpamme dbumceepoBoit reoMeTpun, pa3BuBaeMoit
B rpynme /I.I'. IlaBmoBa, mpoBosriamaercd MPUHIUNAAILHO UHAS POJIb (PUHCIEPOBO TeoMe-
TPHUUI: TIpeJIaraeTcsi UCXOAnTh u3 (uncaeposoit reomerpun (Beppanbia—Moopa) u moxyanThb
TeOMETPHIO € KBaJIPATUIHBIM MePOOIpe/IeSIEHNeM KaK BTOPUYHYIO, TPOM3BOJIHYIO OT (hUHCITEe-
pogoii. CripalmmBaercsi, HACKOJIBKO (pu3ndeckn 000CHOBAaHA MMOCTAHOBKa Takoil 3amaun? Ha narmn
B3IVISLJT, TAKOH MOJIXOJT PeauCTUYeH, eC/In CYIecTBeHHO 0000muTh moaxo Ilasmosa n necxoants
He U3 cdepbl KJIacCHIecKoit reoMeTpuu U (hU3NKH, a U3 3aKOHOMEPHOCTeH (pu3ndecKnx B3au-
MOJIEMCTBUIT B MUKPOMUPE U PACCMATPUBATH OOIIETPUHATYIO T€OMETPHIO U BCIO KJIACCHIECKYTO
PU3UKY KaK HEYTO BTOPUIHOE, IIPOU3BOJIHOE OT 3aKOHOMEPHOCTEl (DU3MKN MHUKPOMUPA.

Takast porpaMma 1oj Ha3BaHumeM OmHapHasi reomerpodusuka |9-11| passuBaercs B Ha-
meit rpynmne, corpyaundaromieii ¢ rpynmnoit /I.I'. [TaBiosa. B ocHoBy 9T0it mporpamMMbl KJ1a1eTcs
Teopust 6GuHApHBIX crcTeM KoMmiutekcHbix ortHommernit (BCKO), npeacrapisiomast coboit cBoe-
00pasHyI0 TeOMETPUIO Ha JBYX MHOYKECTBAX JIEMEHTOB, & He Ha OJJHOM MHOYKECTBE TOYEK, KaK
B OOBIYHBIX TeoMeTpusix. MexK 1y s7eMeHTaMu JIByX MHOXKECTB 3aJ1aeTCsd KOMILJIEKCHAas MeTPU-
Ka, KOTopas yJIOBJIeTBOPsET HEKOTOPBIM 3aKOHAM, T. €. COOTHOIIEHUAM JIJIs OTHOIIEHUI MeK 1y
POU3BOJIBHBIME 7* 9JIEMEHTAMU OJ[HOTO MHOXKECTBA U § DJIEMEHTAMU JPYTOr0 MHOXKECTBA (CM.

puc. 3).
Cunrarp Teopuio BCKO reomerpueii maer ocnoBanue ToT hakT, YTO OOIIENIPUHATYIO T'€0-
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Puc. 3: Bunapusie cucrembr orHomenuii pasara (7, s)

METPHIO Ha OJHOM MHOXKECTBE JIEMEHTOB (TOUEK) TakzkKe MOXKHO ChOPMYINPOBATH TOYHO IO
TAKUM Ke IPaBUJaM Ha OCHOBE 33JIaHUdA 3aKOHA BEIIECTBEHHBIX MaPHBIX OTHOIIEHUNH MEXKTY
MIPOU3BOJILHBIMU 7" TOYKAMU OJIHOT'O MHOYKECTBa PACCMATPUBAEMOTO MHOT00Opa3us.

Teopus BCKO cooreercTByer reomerpun B Mukpomupe. OO0 3TOM CBHJIETETBCTBYET, Mpe-
JKJIe BCEro, TOT (pakT, YTO IJIEMEHTHI OMHAPHON TeOMeTPUU MUHUMAJIbHOIO HEBBIPOKIECHHO-
ro panra (3,3) ONUCHIBAIOTCs 2-KOMIOHEHTHBIMU CIIMHOPAMU, JIEXKAIIUMU B OCHOBE OIUCAHUS
depMUOHHBIX JacTUIl B MUKpPOMEUpPe. MOXKHO yTBEpKJIATh 1 00OpaTHOE, — CIIMHOPHBINH XapaKkTep
9JIEMEHTAPHBIX TACTHIL MOXKHO CIUTATH nposiBieHneM B dusuke (u B reomerpun) BCKO panra
(3,3). XapakTepHO, 9TO 2-KOMIOHEHTHBIE CIIMHOPBI XAPAKTEPU3YIOTCS TEM, UTO TIPU BbIJIEJICHHO
rpynme npeobpazosanuit SL(2,C') octaercs "HBAPUAHTHON aHTUCUMMeTDHYHAS KBaJIPATHIHAS
dopma. Kak nzBectHo, Teopus 2-KOMIIOHEHTHBIX CITMTHOPOB COOTBETCTBYET 4-MepHOil TeoMeTpun
MUHKOBCKOTO Tak:Ke ¢ KBaJIPATHIHBIM MEpPOOIIPeIeIeHIEM.

QakT 3amennbl B Teopun BCKO obmenpuHaToil BelecTBEeHHON METPUKHM Ha KOMILIEKCHYIO
SIBJISIETCSI BITOJTHE €CTECTBEHHBIM, €CJIN YIeCTh, UTO KaK KBAHTOBas MEXaHUKa, TaK U BCA (DU3NKA
MUKPOMUPA OIHICHIBAETCA HA OCHOBE KOMILJIEKCHBIX 4mnces. Kak M3BeCTHO, W3 KOMILIEKCHBIX
KOMITOHEHT KBAHTOBOMEXAHMIECKUX BOJTHOBBIX (PYHKIINN CTPOSITCS BEIIeCTBEHHBIE BEJIUINHBI,
UHTEPIPETUPYEMble KaK CKOPOCTH MJIM KOOPJIMHATHI B KJIACCUYIECKON (hU3UKeE.

B mamux paborax mokazaHo, YTO JIjId OMUCAHUSA (PUUIECKUX B3AUMOJIEHCTBUN HEOOXOTUMO
nepeiTi K cBoeobpasHoMmy OmHapHOMyY MHOroMepuio Ha 6aze BCKO 6osee Bbicokoro panra (4,4)
Wi B caMoM obiem ciaydae — K panry (6,6). IIpm arom BosHHKaer ecrecTBeHHOE 06OOIIEHME
Teopun 2-KOMIOHEHTHbIX criiuHOpoB. Tak, 3akon BCKO panra (4,4) 3anuceiBaercs B Bjie

Ui, Ui Uiy U

u u u u
@(4 5= ka kg3 ky Ex | 07 (10)
’ Uja  Ujp  Ujy  Ujx

Ul U Uy U
rJe ImapHble OTHOIIEHUSI IIPEICTABISIIOTCA B (pOpMe
Uin = it + 3202 + 305, (11)

DJIEMEHTBI 3TOW CUCTEMbI OTHOIIEHUN OMUCBHIBAIOTCH 3-KOMIIOHEHTHBIME crimHOpamMu. JIma Hux
XapaKTepHOil sBJIeTCs NHBAPUAHTHOCTDb KyOUdHO# (hOopMBbI

-1 kl -1
b(zk]) = ,L'Q k2 j2 — Z‘lk?j:’) + /L'3k1j2 + Z‘kajl _ i3k2j1 _ izkljg _ i1k3j2 (12)
.3 .

<
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npu npeobpaszoBarusx w3 rpynnsl SL(3, C). Ha srom ocHOBaHWM OHI HA3BAHbBI (DUHCTIEPOBBIMIE
cnimropamu [12].

Ot GunapHbIX reoMeTpuii panros (4,4) u 6o/ee BHICOKHX IO MPABUJIAM, AHAJOTUIHBIM TeO-
pun BCKO panra (3,3), MOKHO mepeiiTu K yHAPHBIM (DUHCIEPOBBIM [€OMETPHIM, OJHAKO OHH
OKa3bIBAIOTCsI O0JIee BBICOKUX Pa3sMepHOCTeld.

NsBectHble BUabl GpU3MIECKUX B3auMomeiicTBuil yaaercs omnucarh B pamkax BCKO panra
(6,6). DTOT paHr 0OYCJOBJIEH TEM, 9TO HEOOXOIAMMO OIMCATH B3aUMOJECHCTBHE MApPbl YACTHIL,
KazkJiasl M3 KOTOPBIX IPEJICTABIAECTCA TPOMKAMHU 3/1eMeHTOB. IlociemHee cOOTBETCTBYET Tpex-
KBapKOBOIl CTPYKTYpe CUJILHO B3aUMOJIEHCTBYIONINX YacTUIll — bapronoB. [Ipoodpas Takux B3a-
UMOJIEHCTBUIT XapaKTepU3yeTcs: TaK HA3bIBAEMBIM 0a30BbIM 6 X 6-O0THOIIIEHNEM, KOTOPOE PO
JIIOCTPUPOBAHO Ha PUCYHKE 4.

/4 /1L
Puy P

n n
oy Ha

Puc. 4: ®usnueckas mmocrpanus 6azosoro 6 X 6-oTHOIEHISA

910 BbIpakenue (PaKTUIECKH MPEJICTABIAET OO0 MHOTOTOYETHOE OTHOIIEHUE, TUITUIHOE JIJIst
bUHCIEPOBBIX TEOMETPUIA.

CBoeoOpasue Takoil Teopuu COCTOUT B TOM, U4TO B (DU3UIECKOM MUDE MPOSABIIsgeTCs (PpUHCe-
pOBa TeOMEeTpHsl He B 9NCTOM (MHOTOMEDHOM) BUJIE, & B BHJIE CBOCOOPA3HON KOMIIO3UIINI CBOUX
nogcucrem: teopust BCKO panra (6,6) pacmernusiercst Ha kommosunuio 13 BCKO panra (3,3),
cooTBercTByIOMNIEil obuienpunsaTomy 4-meputo, u Ha BCKO panra (4,4), kotopas oKa3biBaeTcs
COOTBETCTBYIOIIEl BHYTPEHHEMY H30TOIMYECKOMY MPOCTPAHCTBY B CHUJIBHBIX B3AMMOEHCTBU-
sax. B Heil, Kak y»Ke 0TMEYaAJOCh, UMEIOT MECTO KyOWYHbIe MHBAPUAHTHI, BMECTO 2X2-MaTPUI]
[Taynu BeicTymator 3x3-marpuiisl esi-Manna, a 9/1eMEeHTBI OMUCHIBAIOTCS 3-KOMIIOHEHTHBIMUI
CIITHOPAMU, ITO COOTBETCTBYET TPEM I[BETOBBIM 3apsigaM KBapKOB.

B pamkax OunapHOii reomeTpodusnKe (HaKTUIECKN MPEIJIOKEH BapUAHT 00beIUHEHHS U3~
BECTHBIX BIJIOB (DYHIAMEHTAJBHBIX (pU3NTIecKuX B3ammoieiicteuit. Ecin BHyTpeHHEe n30TONN-
YecKoe MPOCTPAHCTBO CUJIbHBIX B3anMoeicTuil onucbiBaercs BCKO panra (4,4), To BHyTpeH-
Hee MPOCTPAHCTBO 3JEKTPOCIA0BIX B3AUMOIEHCTBUN BO3ZHUKAET B PE3YJIbTaTe CBOEOOPA3HOIO
BBIPOZKJIEHMsI 9TON CHCTEM OTHOIIeHHt, ipu KoropoM tunudnast 1 BCKO panra (4,4) rpyn-
na SU(3) cyxaercs no rpynmnbsl SU(2). DeKTpoMarHuTHOE B3aUMOJIEHCTBIE TTOIYIaeTCs JIIs
cydast erne OOJIBINEero BIPOKIEHHUS TPOCTPAHCTBA BHYTPEHHUX CHMMETPHUI.

XapakTepHo, 4TO B OMHAPHON reoMeTpodU3NKe BCe PACCYXKJICHUS MPOBOJIATCH HE3aBUCHU-
MO OT TIOHSATHI KJIACCUYIECKOTrO MPOCTPAHCTBa- BpeMeHn. VcTOKOM MOHSTHS JIUHBI (METPUKH)
spiisiercst BCKO mMuanmasbaoro panra (2,2), ssisiomasics nogcucremoit BCKO 6ostee Bbicoknx
panros (3,3), (4,4) u v.n. Vmenno sta BCKO orercTBennas 3a mnossienne ha30BbIX BKJIAI0B
y 9JIEMEHTApHBIX YacTuil. Mup oKazajcs yCTPOEHHBIM TaKUM 00pa30M, YTO 38 BO3HUKHOBEHUE
KOOP/IMHATHOTO TTPOCTPAHCTBA ABJISIETC OTBeTCTBeHHOM KoMmmosuius aByX BCKO MunnMab-
ubIX panros (2,2) u (3,3). IIpu srom BCKO panra (3,3) orBeTcTBeHHA 32 MOABICHHAE YIVIOBBIX
Koop/uHaT u Hab/roIaeMoil kiaccudeckoit pasmeproctu 4, a BCKO panra (2,2) siBisiercst ucto-
SIHUKOM TIOHATHS JIJINHBI, T. €. CAMOT'O MEPOOIIPe Ie/IeHNUs.
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B ¢Bs31 ¢ 3TMM yMeCTHO HAIIOMHHTHL HEOJHOKpPATHBIC BhICKasbiBanusa JIxk. Yumepa o ponn
a3 B obpazoBanuu cTpyKTypbl reomerpun (cm. [13]).

TakoBbI HCTOKM CyHIECTBYIOIINX HBIHE IMPEICTABICHHI O KIACCHIECKOM IPOCTPAHCTBe-
BpeMeHn U (PU3MYCCKUX B3aUMOACHCTBHAX.

7 3akJirouyeHue

B zakmiouenune mepednciuM psj JOBOJOB B MOJIb3Y UCC/IEIOBAHUI W MPUMEHEHWUH B (pU3UKe
pUHCIEPOBBIX TEOMETPUI.

1. Henuneitnocts B sitamreiinoBekoit OTO MOKHO TOHUMATH O0YCIOBICHHON COBOKYITHO-
CTBIO BKJIAJIOB OT (DUHCIEPOBBIX N€OMETPHil ¢ KyOMYIHBIM, 4-1f CTENeHN U T.JI. MEPOOIIPE/Ie/IeHNU-
SIMU.

2. Anayms Hu3MKM MUKPOMUPA B paAMKAX PEJISIIHOHHOTO MO/IX0/a MOKA3bIBAET, YTO B OCHO-
BaHUEe MOXKET ObITh MOJIOYKEeHa OUHApPHAs CUCTeMa KOMILIEKCHBIX OTHOIeHuii paunra (6,6), sJe-
MEHTBI KOTOPOil (KBAPKU UJIM KOMIIOHEHTBI YaCTHUIL) OMUCHIBAIOTCS (DUHCIEPOBBIMU CIIMHOPAMU.
JI7st HUX UMEIOT MeCTO He KBaJIpaTUYHbIE, KAK B CIydae 2-KOMIIOHEHTHBIX CIIMHOPOB, & KyOud-
HbI€ NJIN 60Hee BBICOKOI CTelleHn KOM6I/IH&L[HH N3 CIIMHOPHBIX KOMIIOHEHT.

3. Ot puHCIEPOBBIX CIIUHOPOB MOYXKHO TEePeiTH K (DUHCIEPOBBIM I€OMETPUSIM, B KOTOPBIX
MepOOIIpeIe/IeHIE OCYIIECTBIISIETCI He KBQIPATHIHBIMUA BHIPDAYKEHUAMU, a KyOMIHBIMU, YeTBep-
TOW W T. JI. CTEIIEHEN.

4. Bee nmeroruecs usndeckne Teopun (pU3nIecKux B3aUMOIACHCTBUN MOXKHO PACCMATPHU-
BaTh KaK IMMPOsiBJIeHNs (DUHCIEPOBBIX T€OMeTPHil, B KOTOPBIX, OJIHAKO, IIPOU3BeIeHa IPOIEeIypa
(4 4+ n)- pacmertennit Tuna (4 + 1)— paciiemienust B 5-MepHON T€OMETPUIECKON MO/ THIA
teopun Kamytel. B Takoit Teopun 3apsiipl YaCcTHIL MOYKHO PACCMATPUBATH KaK MPOSBIEHUS J0-
MIOJIHUTEIbHBIX KOMIIOHEHT (DUHCIEPOBBIX CITMHOPOB WJIN COOTBETCTBYIOIIUX UM JOTIOJTHUTE b
HBIX KOMIIOHEHT BEKTOPOB.

5. loBosbHO naBHO 0OCYKIaeMblil (bu3nKaMu-TeopeTnkamu npuHiun Maxa ecTecTBeHHBIM
00pa3oM MOYKHO TPaKTOBATh KaK MpOsiBJieHne (PUHCIEPOBBIX T'€OMETPUNl B JIAHHOM BBIIIE UX
IIOHUMaHUN. HaHOMHI/IM, 9TO B CaMOM HIMPOKOM CMBICJIE ITPUHIIUIT Maxa O3Ha4Ya€T, 9TO Ha B3a-
I/HVIOI[‘QIU/ICTBI/IG MeK1y JHO6bIMI/I ABYMdAd YdaCTHUIIaMM OKa3bIBalOT BJ/IMAHUWE TPETbHU, Y€TBEPTbIC U
T. JI. OOBEKTBI BCEIO OKPYZKAIOIIEr0 MUPA. JTO MPUBOIUT K TOMY, 9TO MHOI'HE HCIOJIb3yEeMble
B (pU3MKe MOHATHS, TPUMUCHIBAEMbBIE OT/IEJIHLHBIM YaCTUIIAM, TaKUe KaK UX CBONHCTBA WHEPIUH,
3HAYEHUsS MACC U T. J., HA CAMOM Jiejie O0YCJIOBJIEHbI BIUSHUSMHU CO CTOPOHEBI BCETO OKPY-
JKAIOIIEero Mupa. DTO AOCTATOYHO APKO OBLIO IMPOJIEMOHCTPUpPOBaHO B paborax JIxK. Yuiaepa
u P. Qeftamana B TeOPUN TPSIMOTO MEKYIACTUIHOTO SJIEKTPOMATHUHOTO B3anMmoieiicteus. OHu
IIOKa3aJin, 9YTO IMOCPEACTBOM yY€Ta BKJIaJO0B B IIapHbIE BSaHMOﬂeﬁCTBI/IH OT TPETbUX 9aCTU OKPY-
JKalOIIero Mupa MCKII0YAIOTCs OTepeKalolne B3anmMOJIefiCTBUs 1 0OOCHOBBIBAETCS TIOSBJIEHTE
B YDPABHEHUSX JIBUYKEHUS CUJIbI PAIUAIIMOHHOIO TPEHUS.

JIureparypa
[1] Pynx X. duddepentmanpaas reomerpust dbuHcaepobix npocrpancts. M., Hayka, 1981.

[2] asnos JI.I. unocodekne n MaTeMaTnvIeckne OCHOBaHUsI (PUHCIEPOBBIX PACIIUPEHNU{T Teo-
pun ornocuresnbHocTa [/ ['unepromnaekcroie wucia u 2eomempuu 6 gusure. 2(4), c¢. 12-18,
2005.

[3] Cropoborarbko B.41., ®emun IH., [Tespix B.A. N-Toueunas reomerpus tuna Eskiuna //
Co. "Mamemamuueckue memodv, u pusuro-mexanuueckue noss”". Kues, Haykosa mymxka,
Buimn. 1, c. 5-10, 1975.

[4] Tpanosckuit S1.11., IManromun A.A. K pensituBuctckoii Teopuu tsirorenus // Hzeecmus
AH Kas. CCP, cep. ¢usz-mam. 2, c. 65-69, 1965.



1O.C. Baaguvupos @uHCI€pOBA T€OMETPHSI B TEOPHHU T'PABUTAIIHI 65

[5] Fokker A.D. Ein invarianter Variationssatz fur die Bewegung mehrerer electrischer
Massenteilchen // Z. Phys. Bd. 58, pp. 386-393, 1929.

[6] Wheeler J.A., Feynman R.P. Interaction with the absorber as the mechanism of radiation

// Rev. Mod. Phys. Vol. 17, pp. 157-181, 1945.

[7] Baagumupos 10.C., Typeirur A.FO. Teopusi mpsiMoro Mex9IacTHIHOTO B3aUMOJIEHCTBHS.
M., Dueproaromusmar, 1986.

[8] Vladimirov Yu.S. Gravitation interaction in the relational approach // Gravitation and
Cosmology. Vol. 14, No. 1 (53), pp. 41-52, 2008.

[9] Baagumupos HO.C. Pensnumonnas Teopusi NPOCTPAHCTBA-BPEMEHU U B3aUMOJEHCTBUIA.
Yacts II. Teopusa pusmaeckux B3anmogeiicteuit. M., 3n-Bo Mockosck. yu-Ta, 1998.

[10] Baagumupos HO.C. Meradusuka. (2-e uznanue). M., Usnp-so BUHOM (JIaboparopusi 6a-
30BBbIX 3HaHMit), 568 ¢, 2009.

[11] Baamumupos FO.C. Ocuosanus dusuku. M., Nzx-so BUHOM, 456 ¢, 2008.

[12] Solov’yov A.V., Vladimirov Yu.S. Finslerian N-spinors: Algebra // International Journal
of Theoretical Physics. Vol. 40, No. 8, pp. 1511-1523, 2001.

[13] Yumep k. I'pasurarus, weiitpuno n Beenennast. M., U3n-Bo uHoctp. jur-por, 1962.

FINSLER GEOMETRY IN THEORY OF GRAVITATION
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Special relativistic theory in its traditional form formulates theory as incomplete. Particle
movement dynamic equation is fixed in accordance with relativistic theory principles while
particle condition is fixed in non-relativistic form. Ignoring the non-relativistic idea of
particle condition we manage to construct a single formal description for determinate and
nondeterminate particles which leads to the necessity of multivariant spacetime geometry.
Quantum principles are based on multivariant geometry and lose role of the first physical
principles. The frame concept of elementary particles gives relativistic description of
particle condition which turns out to be applicable for the case of discrete and multivariant
spacetime geometry. The frame concept finishes transition from nonrelativistic physics to
relativistic one and realizes complete geometrization of physics.
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The nilpotent version of the Dirac equation can be constructed on the basis of the algebra
of a double vector space or complexified double quaternions. This algebra is isomorphic
to the standard gamma matrix algebra, with 64 units which can be produced by just 5
generators. The H, algebra used in the Berwald-Moor metric is a distinct subalgebra of
this 64-part algebra. The creation of the 5 generators requires the rotation symmetry
of one of the two component vector spaces to be preserved while the other is broken.
It is convenient to identify the respective spaces as an observable real space and an
unobservable ‘vacuum’ space, with corresponding physical properties. In combination
the 5 generators produce a nilpotent structure which can be identified as a fermionic
wavefunction or solution of the Dirac equation. The spinors required to generate the 4
components of the wavefunction can be derived from first principles and have exactly the
same form as the four components of the Berwald-Moor metric. They also incorporate the
units of the H4 algebra in an identical way. The spinors produce a zero product which can
be interpreted in terms of a fermionic singularity arising from the distortion introduced
into the vacuum (or spinor) space by the application of a nilpotent condition.

Key Words: Berwald-Moor metric, nilpotent, spinor, vector space.

1 A dual vector space

We need to begin by describing a number of significant algebras. The four quaternion units,
i, 7, k, 1, follow the well-known multiplication rules:

P=k*=k*=ijk=—1

ki — —ik — .
The multivariate vector units, i, j, k, 1, are effectively complexified quaternions (ii) = i,
(15) =j, (ik) = k, (i1) = 4, and follow the multiplication rules:

P=j=kK=1

jk = —kk = i

(5)
ij=—ji=1k (6)
(7)
ki = —ik = ij. (8)
They are isomorphic to Pauli matrices. If we complexify this algebra, we revert to quaternions,
so (i) = 4, (4j) = 7, (k) = k, etc. Multivariate vectors differ from ordinary vectors in having
a full (algebraic) product:

ab=a-b+iaxb 9)

from which all the rules concerning unit vector multiplication may be derived. Terms like ii,
ij, i’k are pseudovectors (e.g. area, angular momentum) and i is a pseudoscalar (e.g. volume).
The units i, j, k define a complete Clifford algebra of 3D space:
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i j k wvector

i i 1tk bivector  pseudovector quaternion
0 trivector pseudoscalar

1 scalar

Pseudovectors and pseudoscalars give us areas and volumes, etc. The intrinsic complexification
produces a kind of doubling of the elements. Let us suppose we have another such algebra,
isomorphic with the first:

I J K  wvector
I WJ K bivector  pseudovector quaternion
7 trivector pseudoscalar

scalar

If we combine these two algebras commutatively in a tensor product, or alternatively take the
algebraic product of the eight base units, 1, i, j, k, ¢, I, J, K, we obtain 64 terms, which are
«+» and «—» versions of:

i J k i 3 ik 11

I J K I WK

il jI kI a4 kI

iJ jJJ kJ dJ 4§J k]

iK jK kK iK jK kK

We can describe this as a double vector algebra or a double Clifford algebra of 3D space.
Alternatively, we can take the algebraic product of the four quaternion units, 1, ¢, 7, k, and
the four vector units i, i, j, k, to obtain «+» and «—» versions of:

i j k a4 g &k i1
T g3 k w g ik
it jo ki de e ke
ij Jg kj dj 4y kg
ik jk kk ik gk kk
This is exactly isomorphic to the previous algebra and can be described as a vector quaternion
algebra. A third version of the same algebra could be obtained by complexifiying the algebraic
product of two commutative sets of quaternion units 2, 5, k, I, J, K. This algebra has «+»
and «—» versions of:
7 J k " ] ik i1
I J K i 1 1K
oI I kI el gl ikl
i 3d kK  wd gJ ikJ
1K jK kK ©K 3K ikK

This can be described as a complexified double quaternion algebra.

2 The gamma matrices and the H, algebra

The three 64-part algebras are completely isomorphic. The units can be represented as a group
of order 64, with a minimum of 5 generators. Their physical significance is that they are also
isomorphic to the gamma algebra of the Dirac equation, based on 4 x 4 matrices. In fact all
possible gamma matrices can be derived from the products of two commuting sets of Pauli
matrices, say oy, 09, 03 and X1, Yo, X3. Relativistic quantum mechanics, it seems, requires
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a dual vector space. This is in addition to the ‘doubling’ produced by the complex nature of
each vector space [1, 2.

The 5 generators of the group can be matched to the 5 gamma matrices in a number of
ways, for example:

Yo =ik; v =i yp=1j; v3=ik; 5 =1j.

There are many ways of doing this but the overall structure is always the same.

A particular subalgebra of the 64-part algebra is the H, algebra. This can be obtained using
coupled quaternions, with units 1, ¢I, 3J, kK. The result is a cyclic but commutative algebra
with multiplication rules

iIil = jJjJ = kKKK =1 (10)
iIjJ = jJil = kK (11)
JTkK = kKjJ = il (12)
kK il = iIkK = jJ (13)

The same algebra can be achieved with the negative values of the paired vector units 1, —il,
—jJ, —kK. (1 is equivalent here to —ii.) This time we have:

(—iD)(—iI) = (=jJ)(=id) = (-kK)(-kK) =1 (14)
(—iD)(=3J) = (=3I)(—iI) = (-kK) (15)
(—3J)(—kK) = (=kK)(=jJ) = (-iI) (16)
(—kK)(—iI) = (—i)(-kK) = (-jJ) (17)

If we use the symbols I = ¢ = —il, J = 3J = —jJ, K = kK = —kK, 1, to represent this
algebra, we can structure the relationships in a group table:

* 11 I1}1J K
1 11I]J K
I 11 K|J
J JIK|1]1I
K K|T]J|1

The group is a Klein-4 group, a noncyclic group of order 4.

3 Nilpotent quantum mechanics

One of the most significant aspects of the algebraic versions of the gamma algebra is that
they allow us to create a very powerful and streamlined version of relativistic quantum me-
chanics [1, 2]. The simplest way to derive this is to begin with Einsteins energy-momentum
conservation equation (with the usual convention that ¢ = 1):

E*—p*—m?=0 (18)

We can now use our algebra to factorize this equation, Here we will use the combination of
four quaternion units (1, ¢, j, k) and four multivariate vector units (4, i, j, k) though we could
equally use the double vector or complex double quaternion algebras. The eight base units
(1, 4, 4, k, i, j, k, i) have a similar structure to Penrose’s twistors, [3| with four real or norm
—1 components and four imaginary or norm 1 components. There is a significant difference,
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however, in that the connection between the units of space and time is a quantum rather
than a classically relativistic one. Even in conventional relativistic quantum mechanics, the
connection between space and time is not that of a true 4-vector, but rather one mediated by
the gamma matrices, with different gammas applied to the space and time components. The
algebra now allows us to factorize (18) in the form

(ikE + iip, + ijp, + ikp, + jm)(ik E+ iip, + ijp, + ikp, + jm) = 0 (19)

or
(ikE + ip + jm)(1tkE+ ip +jm) = 0. (20)

If we now apply a canonical quantization procedure to the first bracket in these squared expres-
sions, to replace the terms ¢ and p by the operators £ — i0/0t, p — —iV (this time equating

h to 1), and assume that the operators act on the phase factor for a free fermion, e~ #*P)
we obtain the nilpotent Dirac equation for a free fermion:
a .. . . . . ,Z'(Et, l‘)
$k§ FitV+j3m) (£ikE £ip+jm)e P =0 (21)

If we use a multivariate vector for the p or V term it automatically includes spin (through the
extra x term in the full product) [4]. So, here, p is interchangeable with o.p and V with ¢.V.
However, if we should revert to using ordinary vectors at any time, we would have to include
an explicit spin or angular momentum term.

As usual, 4 simultaneous solutions are required for the wavefunction: 2 for fermion / an-
tifermion x 2 for spin up / spin down. Rather than a 4 x 4 matrix differential operator and a
column vector wavefunction, we use a row vector operator and a column vector wavefunction,
each of which may be represented in abbreviated form by (+ikE + ¢p + jm). In the nilpotent
formalism, the four solutions can be represented as, say:

(ikE+ ip + jm) fermion spin up
(ikE— ip + jm) fermion spin down
(—ikE+ ip + jm) anti fermion spin  down
(—ikE—ip+ jm) antifermion spin  up

The observed particle state is the first in the column, while the others are the accompanying
vacuum states, or states into which the observed particle could transform by respective P, T
and C transformations:

P t(ikE+ip+jm)i = (tkE—ip+jm)
T k(t(kE+ip+jmk = (—ikE+ip+jm)
C —j(ikE+ip+jm)j = (—ikE—ip+jm)

Replacing the observed fermion state spin up with any of the others would simultaneously
transform all four states by P, T or C. It is often convenient to specify just the first term, with
the others assumed to be automatic consequences. The relation between the P, T, C transfor-
mations and vacuum can be shown in a relatively simple way. If we take (£ik E+ip+jm) and
post-multiply it by the idempotent k(+ikE + ip + jm) any number of times, the only effect
is to introduce a scalar multiple, which can be normalized away.

(£ikE+ip+jm)k(LikE+ ip+jm)k(ikE+ip+jm) .. — (xikEtip+j3m) (22)

Similarly with (jE+ip+jmor (iE+ip+jm. All these idempotent quantities can be regarded
as vacuum operators, and k, ¢ and 7, or, equivalently, K, I and J, as coefficients of a ‘vacuum
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space’. Nilpotent quantum mechanics (NQM) produces all the standard results of conventional
relativistic quantum mechanics, which can easily be obtained by replacing (21) with

: 0 0 0 o\ 5
—%s <%a+%8_x+%8_y+73&+lm> =0 (23)
Standard classic results obtainable through NQM include spin , one-handed helicity for weakly
interacting states, and the zitterbewegung which emerges as an automatic switching process
between the four states in the wavefunction, and which is interpreted as a mass-generating
switching between the fermion and its antifermion vacuum partner, and the two helicity states,
which are already mixed in real fermions. NQM also produces many new results. [1| Among the
most important are the descriptions of three different boson-type states, which are combinations
of the fermion state which any of the P, T or C transformed ones, the result being a scalar
wavefunction.

(£ikE £ ip + jm)(FikE £ ip + jm) spin 1 boson
(£ikE £ ip + jm)(FkE Fip + jm) spin 0 boson
(£ikE £ ip + jm)(LikE F ip + jm) fermion-fermion combination

One of the most significant aspects of this formalization is that a spin 1 boson can be massless,
but a spin 0 boson cannot, as then (£ikE + ip)(FikE F ip) would immediately zero: hence
Goldstone bosons must become Higgs bosons in the Higgs mechanism.

The key aspect of NQM, is the fact that an operator of the form (ikE + ip + jm) auto-
matically generates a phase term on which it operates to produce a nilpotent amplitude of the
form (ikE + ip+jm), that is, one that squares to zero. We don’t really need an equation. The
fermion needn’t be free. We can incorporate field terms or covariant derivatives into the oper-
ator, with, for example, £ — i0/0t+ ep+ ..., and p — —iV+ eA + ... . We can still represent
the operator as (ikE + ip + jm), but the phase term will no longer be e~ “#~Pr) It will be
whatever is needed to create an amplitude of the general form (ikE + ip + jm), which squares
to zero, with the eigenvalues F and p representing the more complicated expressions that will
result from the presence of the field terms. In principle, this means that we can do relativistic
quantum mechanics for a fermion in any state, subject to any number of interactions, simply
by defining an operator of the form (+ikF + ip + jm). This will then uniquely determine the
phase factor which makes the amplitude nilpotent. There is no need to define any equation at
all:

operator acting on phase factor? = amplitude? = 0. (24)

In NQM the total structure of the universe is exactly zero. Pauli exclusion, a fundamentally
nonlocal phenomenon, is an immediate consequence. Imagine creating a fermion wavefunction
of the form ¢; = (ikE+ ip+jm) from absolutely nothing; then we must simultaneously create
the dual term, ‘vacuum’, ¢y = —(ikE + ip + jm), which negates it both in superposition and
combination:

Vs +1b, = (ikE+ip+3m) — (ikE+ip +3m) =0 (25)

Yy = —(IkE+ip+jm)(ikE+ip+jm) =0 (26)

Pauli exclusion then says that no two fermions share the same vacuum.

As an example of the power of NQM, we may show a calculation involving the Coulomb inter-
action. The U(1) symmetry group for the Coulomb interaction comes from the characterization
of a fermion as a point source with spherical symmetry. It is a purely scalar symmetry defined
only by the magnitude of the charge, or source of the interaction. This is effectively equiva-
lent to defining a coupling constant for the interaction, which maintains its value independent
of the distance from the source. Here, we use a version of Dirac’s standard prescription for
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converting the differential operator to polar coordinates, [5| with the explicit inclusion of a
fermionic spin / angular momentum term:

1
(iikEii(3+1iz<]+2>)+jm). (27)
or r r

The fundamental condition necessary to assign this operator to a fermion state is that it main-
tains Pauli exclusion and leads to a nilpotent solution when applied to a phase factor. This
leads to the local manifestation of the U(1) symmetry. It can be seen, simply by inspection,
that it will be impossible to obtain a nilpotent solution (i.e. a nilpotent amplitude) and Pauli
exclusion with any phase factor unless the operator ik F includes a potential energy term vary-
ing with 1 / r to cancel out the effect of that in the ¢ part of the operator. So, simply requiring
spherical symmetry for a point particle, requires a term of the form A / r to be added to F.

(iz’k(EwLé)ii(%Jr%ii(jt%))+jm>. (28)

Deriving the solution for this case provides a model for all other cases. If all point particles are
spherically symmetric sources, then the minimum nilpotent operator will be of the form (28).
To establish that this is a nilpotent, we must now find the phase to which this must apply
to create a nilpotent amplitude. This is a convenient example for showing how an operator
fixes the phase factor and quite quickly produces the characteristic solution for the Coulomb
force (hydrogen atom, etc.). The solution for (28) is relatively straightforward. The ease of
calculation is due to the fact that the structure provides dual information about both fermion
and vacuum. We apply the specified operator to the phase factor

e Y Z a,r” (29)
v=0

to find the amplitude (derived, as in the conventional solution, by inspired guesswork or trial
and error), and equate the squared amplitude to zero.

o1
A\? It3
4(E+—) =2 —a+ 4+l 4 2
r roor r
30
.+1 (30)
j —
N [P 21| +am?
roor r
Equating constant terms, we find:
a=+vm?— E? (31)

Equating terms in 1/7?, with v = 0:

'y:—l+\/<j+%)2—A2 (32)

Assuming the power series terminates at 7', and equating coefficients of 1/r for v = n':

2EA = —2vm? — E2(y+1+n/) (33)
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and g . .
b (v 4+ 14 n)? H 1
n
! (/G + 50— 42w

When A = Ze* we have the ‘hydrogen atom’ solution in just 6 lines!

4 The fermion as a singularity

One way of looking at fermion structure is to say that it requires two ‘spaces’ to define a particle
singularity. We can describe one of these as real space and the other as the ‘vacuum space’
which we have previously defined. This space is closely connected with charge and the weak,
strong and electric interactions, as well as with 7, P and C transformations. The generators
of the combined 64-part algebra, significantly, require the symmetry of one space to be broken
while the other is preserved:

K i dj dk Al
enerqy momentum mass
time space proper time

The space with the unbroken symmetry (lower case symbols) is real space, the space of observa-
tion. The space with the broken symmetry (upper case symbols) is ‘vacuum space’, the space of
all unobservable quantities (time, mass, charge, etc). The creation of a singularity using these
two spaces determines that they are precisely dual and that each contains the same informa-
tion as the other, though in a different form as regards observation. The fermionic singularity
produces an asymmetry or chirality in the space of observation because of its combination in
the asymmetric nilpotent structure with the unobserved dual vacuum space.

The combination of fermion singularity and spatial duality has many manifestations: spin
and nonzero rest mass occur because the fermion ‘rotation’ has to negotiate 2 spaces but with
an observed asymmetry; zitterbewegung comes from the switching determined by the duality
between the spaces; spin chirality of fermions emerges through exactly the same process as the
chirality producing mass via zitterbewegung, because the spinor process produces an observed
asymmetry between the spaces that are dual in their original formulation. And it becomes
apparent that the zitterbewegung mass is exactly that produced by the chirality of vacuum
space in the Higgs mechanism. Berry phase is an expression of the singularity of the fermion
state and is equivalent to spin (topology with a singularity produces an extra twist, equivalent
to ). The pole in the fermion propagator occurs at the boundary between observed space (+ F)
and vacuum space (—E), the combination which produces the singularity.

A possible analogy between the two spaces is, if we create a knot out of two pieces of
string, say red and blue, but imagine that each doesn’t know that the other exists (which is
effectively the meaning of commutativity). We then imagine seeing the universe from the point
of view of one of them, say, the blue string. From the blue perspective (‘blue space’ / lower
case symbols), the blue string is straight, so we must devise some special contortion to create
the state of the red string from the blue’s perspective. The spatial ‘double twist’ becomes
equivalent to a singularity, an additional structure within the space. (The paired quaternion /
vector units, [ = ¢ = —il, J = j3J = —jJ, K = kK = —KkK, in fact, define a minimal degree
of mathematical knottedness in that each operated on by one of the others produces the third,
with no anticommutativity.)

Penrose has examined something similar from the point of view of twistor theory, which has
a family resemblance to the algebra of the dual space in that it is constructed of four real units
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and four imaginary. Visually, the effect can be represented in the Robinson congruence. |3, 6]
Penrose’s theory, however, assumes a classical 4-dimensional relation between space and time
or momentum and energy, while NQM requires a quantum connection to be made via ‘vacuum
space’ (k, 1, 7), or through the ‘gamma matrices’:

ik 11 1j 1k J

K i oI Ik wWJ

enerqy momentum mass

time space proper time

In effect, Penrose has to eliminate the mass and take the scalar product of the space-time to
preserve the 4-vector structure which he has privileged.

The twistors derive their dual 4-D vector space from the intrinsic duality of a 3-D vector
space, in requiring vectors and pseudovectors. However, NQM really requires an additional
duality — a dual dual space, which does not require an arbitrary extension to 4-D. The apparent
‘4-dimensionality’” comes from a combination of 2 x 3-D. Mass emerges from this extra duality
even if we assume that the intrinsic motion of the particles is at the speed of light. Defining a
physical singularity in terms of two vector spaces produces mass, as well as spin and chirality.

5 Defining a dual space spinor

In standard relativistic quantum mechanics, the wavefunction, say 1, is multiplied by a 4-
spinor, a summation of 4 terms which adds to 1. 9 is a solution of the Dirac equation, and so
is ¢ multiplied by any of the 4 terms in the spinor. Individual terms in the spinor are used
as projection operators to project out individual states fermion / antifermion, spin up / down.
The nilpotent formalism doesn’t need spinors because the terms are already projected, but it is
possible to set it up in such a way as spinors can be used. The most convenient way is to use
both pre- and post-multiplication of v, as with the C, P, T operators. This dual multiplication
emerges from the fact that the nilpotent wavefunction is already pre-multiplied by an algebraic
operator, by comparison with the conventional one.

All the standard aspects of spin and helicity are easily recovered with NQM. This means
that it is possible to find a spinor structure which will generate the NQM state vector. A
set of primitive idempotents constructing a spinor can be defined in terms of the H, algebra,
constructed from the dual vector spaces:

(1-iI—jJ—kK)/4
(1—il+jJ+KK) /4
(14+i1—jI+kK) /4
(1+il+jJ—KK) /4

As required the 4 terms add up to 1, and are orthogonal as well as idempotent, all products
between them being 0. The same terms can be generated using coupled quaternions rather
than vectors:
(142l +3J+4I)/4
(142l —3J —1I)/4
(1=l +j5J—<I)/4
(1—il—jJ+1iI)/4
Complexified vector quaternions produce the same structures as the dual vectors:
(1—iti—igj—ikk)/4
(1—dtitigj+ikk)/4
(14+idii—ijj+ikk)/4
(14iddi+ijj—ikk)/4
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These spinor structures were produced following discussions with J.B. Almeida, who has been
working on an extensive theory of spinor structure.

The ‘spaces’ in the spinor structure are notably completely dual. The system, however,
introduces chirality, for the signs cannot be completely reversed. We can only reverse two of
them, e.g.

(1-+HI—jI+KK) /4
(1-+HI+jI—KK) /4
(1-iI—jJ—KkK) /4
(1—iI-+jJ+kK) /4

Pre- and post-multiplying a ‘pre-spinor’ form of the nilpotent by either the original set of double
vector spinors, or the set with signs reversed, typically gives results such as

1 0 0 0 kE+ip+jm\ /1 0 0 0

0 —ikk 0 0 ikE+ip+im || 0 kk 0 o |

0 0 —ii 0 kE+ip+jm || 0 o @i o |7

0 0 0 —ijj kE+ip+im ) \0 0 0 —ijj (35)

= ((i(kE+ip+jm) (ikE—ip+jm) (—ikE+ip+jm) (—ikE—ip+jm))

which is the full ‘spinor’ form of the nilpotent wavefunction, with the chirality assigned to
the mass term. (An alternative approach would be to assume that the columns in the first
4 x 4 matrix bear the coefficients 1, k, i, j, and the rows 1, ik, i2, ij, the position being
reversed in the second 4 x 4 matrix; a version of this technique has been used previously to
relate the nilpotent version of the Dirac equation to the conventional one based on matrices.[1])
Clearly, any two nonidentical spinor matrices will produce a physically meaningful version of
the 4-component wavefunction.

One of the remarkable things about the spinor structures generated is that they have the
exact form of the components of the two forms of the Berwald-Moor metric:

(t—z—y—2)t—xz+y+2)t+ax—y+2)t+x—y+2) (36)

(t+z+y+2)t+z—y—2)t—z+y—2)t—x—y+2) (37)

If we multiply the 4 components in any order, we will always get zero. In a sense this is
like defining a singularity in ‘spinor space’. The zero product can thus be interpreted as a
fermionic singularity arising from the distortion introduced into the vacuum (or spinor) space
by the application of a nilpotent condition. The space becomes quartic because it is created
out of two quadratic spaces. We can see this from the fact that the spinor structure ultimately
emerges from 4 X 4 matrices which are created from two sets of 2 x 2 matrices, which are
isomorphic to the units of the usual quadratic vector spaces.

As the two vector spaces are dual, it is possible to restructure physical equations so that their
positions are reversed, and so the singularity in spinor (= vacuum) space implies that there must
also be a singularity in the observed ‘real’ space. The quartic Berwald-Moor metric becomes an
expression of the fundamentally rotationally quartic nature of the underlying algebra. While
multiplication of the units of the algebra produces rotations in the spaces and identity after a
complete cycle, multiplication of the spin metric shows that it describes a singularity.

In fact, the H4 algebra has many manifestations at a fundamental level in physics. A long-
standing theory of my own is that the fundamental parameters mass(-energy), time, charge
(electric, strong and weak) and space have a Klein-4 symmetry relating their properties to each
other [1,7-9]. Klein-4, as we have shown, is essentially the group structure of Hy. The same
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applies to identity and the 7, C' and P transformations, which are related to the respective
properties of mass, time, charge and space. Also, their fundamental algebraic natures are re-
spectively scalar, pseudoscalar, quaternion and vector, which, when expressed as the Clifford
algebra equivalents scalar, trivector, bivector and vector (where these are taken in 1-D), also
have a Klein-4 symmetry. If we take mass, time, charge and space as successive descriptions
of the universe generated by a ‘universal rewrite system’ (as work done over the last decade
suggests we should [1, 10-11]), then we have four commutative algebras existing as a simul-
taneous description. In effect, because the first two are scalar and complex, this reduces to
a combination of scalar, complex coefficient and quaternion acting as though it were a vector
space, and another vector space. The combination is not physical, and so is unobservable. This
is what we have called ‘vacuum space’. The breaking of the symmetry of this ‘space’ in creating
the 5 generators of the algebra is the ultimate source of the breaking of symmetry between the
physical interactions [1].

6 Using discrete differentiation

A discrete or anticommutative differentiation process, developed by Kauffman, [12| offers us a
possible link between quantum and classical conditions. In this mathematics, the differentials
are replaced by commutators. Defining

dF
—r = |F.H| = [F.E] (38)
and oF
X |F,P] (39)

we can remove the phase factor from the amplitude and the mass term from the operator (and

F dF
1 can replace — where there is no explicit use of a velocity operator). In our physical

application, we can define a nilpotent amplitude

Y = ikE + iiPy + ijPs + ik P3 + jm) (40)
and an operator
.0 .. 0 .. 0 .0
D_Zk&_“axl_”axz_zkaxg, (41)
with )
W ] = [.B) (12)
and ”

With some straightforward algebraic manipulation, we find that

D = w(ikE + 4Py + ©jP2 + tkPs + jm) + i(ik E+ iiP1 + ijP2 + tkP3 + jm)yp—

44
—2{(E— P? - P2 - P2 —m?). (44)
When is ¢ nilpotent, then

o
Dy = (kaf + nv) b= 0. (45)
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This is a Dirac equation using discrete differentials. Generalising this to four states, with D
and ¢ represented as 4-spinors, then

Dy = (k% + iiV) (+ikE+ 4iP; £ ijPy + itkPs +jm) =0 (46)
becomes the equivalent to the Dirac equation in this calculus. Significantly we did not use i or
th in defining the differentials, though this is usually required in canonical quantization. The
equation is thus valid, where nilpotency is a fundamental condition, in discrete classical as well
as in quantum contexts.

In a further development, we can also extend the definition of D, following Kauffman, to
include covariant terms, such as A;, so that D becomes D — A;. The covariant terms A; can
be seen as representing either a field source or an expression of the distortion of the Euclidean
space-time structure, for example, that produced by the presence of mass in general relativity.
This means that, if we choose to use structures of this kind to replace the direct use of mass,
then a massless covariant D operator provides us with a convenient route to achieving this.

In this context, we observe that Bogoslovsky [13] sees the field of a fermion-antifermion
condensate as a source of space-time anisotropy, with a phase transition in which the particles
acquire masses from the space-time, the mass shell taking the form of two hyperboloid in-
scribed cones. By introducing exponents into the expression for the metric function, Bogoslovsky
finds a geometric phase transition, which could be interpreted as a mass-creating spontaneous-
symmetry breaking in the fermion-antifermion consendate. According to Bogoslovsky, the
generalised Lorentz transformations responsible for the process lead directly to the Berwald-
Moor metric. In the discrete version of the double nilpotent representation of the bosonic state
(or ‘fermion-antifermion condensate’), no mass term appears in the operator, but the differen-
tials may be replaced by covariant derivatives, and so the opportunity arises to represent the
appearance of mass directly in terms of an anisotropic space-time structure. Of course, the dual
space structure we have used is directly responsible for the creation of mass, as this emerges
with spin , chirality and zitterbewegung from the creation of the fermionic singularity.

7 Conclusion

An analysis of the true nature of the gamma algebra and its origins suggests that the most
significant aspects of relativistic quantum mechanics and the fermionic state — singularity,
nilpotency, spin 1/2, chirality, zitterbewegung, the origin of mass, and symmetry breaking —
can be described through a spinor structure which is a manifestation of the ultimate spatial
distortion — a singularity. The singularity is created through a combination of two quadratic
spaces, made dual through a nilpotent connection. In fact, if we reverse the topological ar-
gument for explaining spin and Berry phase, this is probably the only true way of creating
a physical singularity in nature. The Berwald-Moor metric, by appearing in the spinor space
which defines this singularity, has a truly fundamental role to play in quantum physics.The
nilpotent condition, however, can be applied beyond quantum physics, and a version of the
nilpotent Dirac equation can be applied to systems that are classical but discrete, if we use a
calculus based on commutators rather than differentials. It is possible that the Berwald-Moor
metric may be significant also under these, as well as under quantum, conditions.
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METPUKA BEPBAJIB/IA-MOOPA B HUJIBIIOTEHTHOM
CIIMHOPHOM IIPOCTPAHCTBE JIMPAKA.

IInrep Poynanc
Vnusepcumem Jlusepnyan, Jlusepnysv, Beaukxobpumanus

p.rowlands@liverpool.ac.uk

Hunbnorentnasa Bepcuss ypasHenust Jlupaka MoxKeT OBITH TIOCTPOGHA Ha OCHOBE
aJiredphl JBOMHOrO BEKTOPHOI'O MPOCTPAHCTBA WMJIM KOMILIEKCH(DUIIMPOBAHHBIX JIBOWHBIX
kBaTepHnoHOB. Takas ajrebpa m3omopdHa cTaHIapTHON ajaredpe ramma-marpuiy 64
€JIMHUIIBI, KOTOPBIE MOTYT OBITH TOJYYEHBI BCETO JIUIIL MATHIO reHeparopamu. Ajrebpa
H4, wcnonwzyemas B merpuke DBepsanbma-Moopa — oueBugnasa noganrebpa sroir 64-
sneMeHTHO anreOpbl. Co3maHume MsaTH TeHEPATOPOB TPeOYeT COXpaHEHUs BPAIIATETHHON
CHUMMETPHUHU OJIHOTO U3 JBYX KOMIIOHEHTOB BEKTODHBIX MPOCTPAHCTB, B TO BpPEMs Kak
CUMMETPHSI BTOPOro — HapylleHa. llemecoobpa3ubiM OyaerT OmperenTh yKa3aHHbIE
MIPOCTPAHCTBA, KAaK: OJHO — JIOCTYIHOE HaOJIIOJEHUIO JefCTBUTEIbHOE TPOCTPAHCTBO U
BTOPOE - «BaKyyMHOE», HEIOCTYIIHOE HAOJIIOMEHUIO MPOCTPAHCTBO C COOTBETCTBYIOITUME
dusndeckumu cBoiicTBamMu. B coderaHum JApyr ¢ APYyroM 3T 5 TE€HEPATOPOB CO3/AIOT
HUJIBIIOTEHTHYIO CTPYKTYPY, KOTOPYIO MOXKHO ONPEIENNTh, KaK (PEPMUOHHYIO BOJHOBYIO
dyuknuio wian pemienne ypaaenns lupaka. CHnuHOpBI, HEOOXOMUMBIE JJIs Te€HEPAIUU
4-X KOMITIOHEHT BOJIHOBOU (DYHKIIMM, MOTYT OBITh MOIYYEHBI U3 MEPBBIX MPUHIIUIOB U
UMEeTh TOYHO TaKyIo ke (DOpMy, KaK U YeTbipe KOMIIOHeHThI MeTpuku bepsasibia-Moopa.
Taxeke, 10106HBIM 06pa30M, OHM BKJIIOYAIOT B ce0s equHubl aarpednsl Hy. CrinHOpHL 1aioT
HyJIeBOe IIPOU3BEIEHNE, KOTOPOE MOXKHO MHTEPIPETUPOBATH Yepe3 MPU3My (HePMUOHHBIX
CHHTYJISIDHOCTEl, BOSHUKAIONIUX B PE3yJIbTaTe BO3MYIIEHHsI, BBOAMMOIO B BaKyyMHOe (11
CIIMHOPHOE) MPOCTPAHCTBO HAJIOXKEHUEM YCJIOBHI HUJILIIOTEHTHOCTH.

KuaouyeBbie cioBa: Merpuka Beppambma-Moopa, HUIBIOTEHT, CIMHOP, BEKTOPHOE
IIPOCTPAHCTBO.
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PHYSICAL FINSLER COORDINATES IN SPACETIME
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In Finsler geometry a Finsler coordinate is a coordinate in the tangent space manifold of
a given base manifold. As such it has been given various definitions in the relativity and
field theory literature and often even remains undefined physically. Physically meaningful
coordinates of a point in the tangent bundle of spacetime are the spacetime and four-
velocity coordinates of the measuring device. It is here emphasized that the four-velocity
of the measuring device need not be the same as the four-velocity of the measured object,
either classically or quantum mechanically. The four-velocity of a measured particle
excitation of a Finslerian quantum field in the tangent space manifold of spacetime is not
a suitable physical Finsler coordinate. The role of the Finsler coordinate is elaborated in
a detailed example involving a Finslerian quantum field and associated microcausality.

Key Words: Finsler geometry, Finslerian fields, quantum field theory, microcausality,
maximal proper acceleration, spacetime tangent bundle, relativity, light cone, causal
domain.

1 Introduction

For the last thirty yeas I have been exploring possible physical implications of a possible physical
upper bound on the curvature of worldlines in spacetime. Equivalently, it can be argued that
there is a physical upper bound on the proper acceleration ay of any physical object relative to
the vacuum and that it is of the order of one Planck length per squared Planck time [1], [2]. If, as
one normally expects, the universal gravitational constant has the same value at submicroscopic
distances as at macroscopic distances, then the maximal proper acceleration ag is of the order
of 102 m/s%. (If this is not the case, as in currently popular theories of a running gravitational
coupling constant or extra dimensions, then the maximal proper acceleration ay would be much
less because what enters in its evaluation is the gravitational constant near the Planck scale
[2].) In a long series of papers, it was argued that the universal upper limit on attainable proper
acceleration relative to the vacuum imposes restrictions on the differential geometric structure
of the tangent bundle of spacetime [2]-[7]. One is lead naturally to a Finslerian structure for
spacetime in which the spacetime metric depends not only on the spacetime coordinates, but
also on the four-velocity coordinates of the tangent space manifold. Various features of the
differential geometry of the tangent bundle of spacetime were obtained, including the bundle
metric, connection, curvature, and geodesics [2]-[7]. In a personal communication, Anadi Das
pointed out to me in 1991 that the differential geometric structure which I had obtained had a
form very similar to that appearing in the mathematical work of Kentaro Yano and Evan Tom
Davies on the tangent bundles of Finsler and Riemannian manifolds [6], [9], [10]. Exploiting this
work of Yano and Davies, I undertook a series of investigations concerning possible differential
geometric structures of a Finsler spacetime. The Levi-Civita bundle connection coefficients
and the Riemann curvature scalar were determined [8]. An almost complex structure was
constructed on the bundle, and conditions were given that the tangent bundle be Kaehler
and/or complex [11], [12]. The inclusion of bundle torsion was addressed [13], [14]. Possible
physical implications were investigated for the differential geometric structure of spacetime and
gravitation [4]-[6], [15]-[17]. Much of this work was summarized in 1995 at the Joint Summer
Research Conference on Finsler Geometry organized by David Bao, Shing-Shen Chern, and
Zhongmin Shen [15]. On that occasion, Chern requested that all of the speakers include in
their papers a list of open problems. One of the problems posed by me (Problem 5) was to
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construct classical and quantum field theories defined covariantly on a Finslerian spacetime
tangent bundle, and this problem motivated most of my subsequent work on Finslerian fields
[16]-[28].

2 Physical finsler coordinates

Throughout all of my earlier work, the question arose as to the physical interpretation of the
tangent space Finlser coordinate, namely the four-velocity. It is the four velocity of what? The
four-velocity appears implicitly in all possible Finslerian fields [5]. For example, the metric of
the tangent bundle of spacetime adapted to the affine connection is

0
GMN(z,v) = 9u (2, 0) ; 1
(z,v) 0 Guow (1)

in which the spacetime and four-velocity coordinates are designated by:
{zM} = {a#, pov*}, {M=0,2,..,7; p=0,1,2,3}, (2)

where v# = dx*/ds, po = c*/ay is a constant of the order of the Planck length, and ¢ is
the canonical speed of light in vacuum [5]. Evidently the metric field g,,(z,v) depends on
the spacetime point x* at which the field is measured or else acts on some object, and x*
would also be the spacetime coordinate of the measuring device. It follows that v* would be
the four-velocity of the measuring device. Analogously, for example, the bundle connection
also depends, through the metric on both z* and v*, and the geodesic equation yields the
spacetime and four-velocity coordinates of an object such as the measuring device acted on
by the gravitational field [5]. Also, for example, the Laplace Beltrami operator for the bundle
depends on the spacetime coordinate of the measuring device and its four-velocity [16]. The
four-velocity of the measuring device will be referred to in the following as the physical Finlser
coordinate, it being the tangent space coordinate in the Finslerian tangent bundle of spacetime.
As an explicit example of the possible role of physical Finsler coordinates, in the remainder of
this paper I review its role in an analysis of microcausality in quantum field theory.

3 Example

In the following example, for simplicity, the role of the four-velocity Finsler coordinate is
considered in a scalar quantum field theory in the spacetime tangent bundle restricted by
the limiting proper acceleration [16]-[28]. For simplicity, a Minkowski spacetime in the base
manifold is assumed. Of course, Minkowski spacetime is a very special case of a more general
Finslerian spacetime, but understanding this simple case may facilitate future analyses involving
a more general Finslerian spacetime The quantum field is Finslerian in the sense that it
depends not only on the spacetime coordinates of the device measuring particle excitations of
the quantum field, but also on the four-velocity of the measuring device.

Canonical quantum field theory in Minkowski spacetime suffers from the divergences oc-
curring at very small distances and/or very high energies. This long standing issue is also
manifested in the singular delta function appearing in the microcausality relation involving the
commutator of the quantum field at two points separated in spacetime. It has been argued
in earlier work that an implication of a physical upper bound on allowed proper acceleration
relative to the vacuum is that the canonical microcausality relation is modified to include de-
pendence of the field on the four-velocity of the device measuring the field, so that the delta
function is replaced by a function concentrated near the Planck scale of spatial separation be-
tween the two devices measuring the field, or within a much larger separation when the relative
speed of the two measuring devices is near the canonical speed of light [20], [21]. A consequence
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is that the causal boundary, canonically defined by the light cone, is warped at these scales so
that the timelike region extends into the canonical spacelike region. The speed of the associated
causal connectivity can exceed the canonical measured speed of light. The condition for this
warp-speed causal connectivity to occur optimally with instantaneous transmission is when the
spatial component of relative four-velocity of the two measuring devices is orthogonal to their
spatial separation, and for spatial separations near the Planck scale. When the relative speed
of the measuring devices is very large, the range for warp-speed causal connectivity may extend
well beyond the Planck scale; however if the wavelength in the frame of the moving measuring
device is much less than the range, the field is extremely reduced, and any warp-speed causal
connectivity is exponentially suppressed.

The limiting proper acceleration ay determines the structure of the metric on the tangent
bundle of spacetime [5]. Among the many differential geometric invariants determined by the
bundle metric is the Laplace-Beltrami operator [16], [20]:

0 0
L= G71/2_ Gl/ZGMN_ ] 3
oxM oxN (3)
This is the invariant generalization of the wave operator, or d’Alembertian, of standard field
theory. A simple invariant field equation for a scalar field ¢(x,v) is then given by [16]

Lo(z,v) = 0. (4)

Again, as for any Finslerian field, z* denotes the location in spacetime where the field is
measured, or equivalently, the location of a particle excitation of the quantum field or the
location of the device measuring this excitation, and v*, the Finsler coordinates, denote the
location in four-velocity space of the measuring device. It is important to stress that v* is not
the four velocity of the particle excitation, and also that z* and v* are classical commuting
variables since they are the coordinates of a measuring device, which is classical. For a flat
Minkowski spacetime, the wave equation, Eq. (4), reduces to [18|:

0? . 0?
(Gavgc + 76" e ) P =0, )

Oz+0x,,

for the Lorentz-invariant field ¢(x,v), where pg is of the order of the Planck length. For
this case, it was argued in earlier work that a scalar quantum field satisfying Eq. (4) is given
by [16], [27]
3 .
O, ) = 2 GpsrtBasrs e/ 0 pupu/ H)a(p)
(6)
+ e/heror/h(—popu/h)al (p)]
where & is Planck’s constant divided by 27, p denotes the four-momentum p* = {p°, p*, p?, p} of

a particle excitation of the field, a'(p) and a(p) are particle creation and annihilation operators
satisfying the commutation relations,

[a(p),d'(p)] = 6*(p — P), [a(p),a(p’)] =0, [a'(p),a'(p')] =0, (7)

63(p) is the three-dimensional Dirac delta function, and 6 (z) is the Heaviside function,

1, 2>0
0(2)=< L z=0. (8)
0, z<0

Also in Eq. (6), N is a normalization factor. For vanishing pg, or equivalently, infinite ay,
Eq. (6) reduces to a standard relativistic free scalar quantum field.
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Next, it can be shown that the Pauli-Jordan function, expressing microcausality through
the field commutator at two points (z,v) and (z/,v’) in the tangent bundle, generalized for the
upper bound on proper acceleration, is given by [20, 21, 28]

[¢($,U),¢(33,,U/)] _ :Zj\i? |:0 (P077;CUO> 0 (_pOWiLiCUO’) Ly (p077;(3’l)0/> p (_pon;;vm)}

—(z— 2" —ipy(v — 1 2112
Ky ((me/h) [~ ( po 1/2)] )7 o

X

[~ (@ — ' — ipo(v — o))

where m is the mass of a particle excitation of the quantum field, 6(z) is the Heaviside function
defined by Eq. (8), and K;(z) is the modified Bessel function of the third kind of order one.
Equation (9) is divergent for

[z — 2’ —ipo(v —0')]* = 0. (10)

Equation (10) determines the causal boundary separating the future from the past and the
spacelike region and describes a warping of the standard light cone near the origin in a region
of the order of the Planck length, and at much larger distances for large relative four-velocities.
The warped region is timelike, whereas without the warping, that region would be spacelike
(outside the standard light cone). For vanishing py, and also for equal four-velocities, v = v/,
Eq. (10) reduces to the standard light cone. Also, it can be argued that other bosonic and
fermionic fields may also be expected to satisty the same wave equation, and the same causal
boundary, Eq. (10), will apply. Particle excitations of the field can be expected to propagate
along the causal boundary. It is to be noted that the relative Finsler coordinates (v —v’) warp
the causal boundary corresponding to the standard light cone.

Taking the real and imaginary parts of Eq. (10), one obtains the following two equations
defining the causal boundary:

(2 — )2 = (polv — /)’ (11)
and
po(v =) (x —2') = 0. (12)
Rewriting Egs. (11) and (12) in explicit component form, they become:
—|2 —
(Aa")? = [Az| + pR(A0)? - p(BV)?, (13)
and
poAv° Az’ = poﬂ : A—>I‘, (14)

__)
where Az® = 2% — 20, Ar =T — Z, Av® = oY — v, and Av = U’ — ¥. Next multiplying
Eq. (13) by (Az° ) and substituting Eq. (14), one obtains

(Ax®)* (‘A:p‘ — i Av) ) (Ax%) —po‘ AQL" =0. (15)

Equation (15) has the solution:
, 1/2
Az’ = + (‘A_x)‘ - pg(E)Q) X

o\ 1/2 1/2
— =
1 14 2p0Av - Ax
2 — 2 —
: Ax| - p(a0):

+

X

(16)

N —
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H
Next dividing both sides of Eq. (16) by po ‘Av‘, and choosing the positive sign inside the bracket

in order that Az be real, one obtains

_ 1 2 1 4 2 1/2 2
T_i{2(X 1) + 5 [X* +2(cos 20) X* + 1] } , (17)

in which the normalized temporal separation T is defined by

T = Ai , (18)
Po ‘AU
and the normalized spatial separation X is
4]
X = o A—Z))' (19)

—
Also in Eq. (17), the angle 6 between the spatial separation Az and the relative spatial com-
ponent Aw of four-velocity is

53
0 =cos™ T —r—. (20)
=i
Also, Eq. (14) becomes
X
V = T cos 9, (21)
where the normalized relative time component four-velocity is defined by
poAv°
V=" (22)
Po ‘AU

__)
For T, X, and V, the scale is here set by the relative spatial component of four-velocity ‘Av‘

together with the factor py of the order of the Planck length. Substituting Eq. (17) in Eq. (21),
one obtains

1 1 Y
V= chos@{5 (X% = 1) + 5 [X" 42 (cos20) X* + 1]1/2} . (23)

According to Eq. (17), near § = m/2, for X? < 1, or equivalently within the sphere

— 2 —

‘ALL” < p2(Av)?, the temporal interval Az? is near vanishing, and near instantaneous causal
connectivity occurs between spacelike-separated points. This is consistent with the possible ex-
istence of extended excitations such as strings. The standard light cone, X =T, is effectively

— —
warped in this region. The biggest effect is infinitesimally near § = 7/2 and for Ax‘ < poAv,

_>
for which Az /At is infinite. For vanishing 6, the standard light cone is not warped. Thus
the warped light cone and associated causal boundary are anisotropic. Also, for X > 1, or

— —
equivalently for ‘Ax’ > poAv, the warped light cone effectively becomes the standard light

cone and becomes asymptotically isotropic and not warped.
When the measuring device detects a field excitation, the speed of the device is at the causal
boundary, Egs. (11) and (12), determined by the ¢-field excitations. The measuring device at
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the origin is here taken to be at rest, and dz /dt is defined to be the velocity of the moving
device relative to the one at rest. The velocities of the two devices can be interchanged because
only the magnitude of the relative velocity enters. We proceed to derive the velocity of the
moving measuring device. First, according to Eq. (22), one has

A = ‘E

1% (24)

It is important to note that, in accord with special relativity, the moving measuring device has

a7\ "
time component of four-velocity v¥ =+ = (1 ~ o ) and spatial component of four-
c
I . . . .
velocity v = v . The device at rest has time component v° = 1 and spatial component
— dz’
= 0. Therefore |Av| =~"|——], an . ecomes
¥ = 0. Theref ’A 7 || and Ea. (24) b
c
dz’
v =l=A |V (25)
or solving for +/, then,
1
TS T (26)
1— Vv
cdt
or equivalently,
a7’ A’

v) o (1)

cdt cdt

) -G

!/

(1_

a7
Solving Eq. (27), one obtains for the speed ‘ 7
c

of the measuring device in units of ¢ :

dz’
cdt

v
14V

(28)

—
We proceed to obtain an expression for the actual range R = ‘A:E’ /po between the two measur-

ing devices, expressed in units of py (of the order of the Planck length). According to Eq. (19),
one has

Az| = o |B2] x, (29)
and it then follows that the range is given by
Y
T dz'
- =y X = cdt X. (30)
£o cdt d7

cdt

gEij)

It is to be noted that the range R approaches infinity as the speed of the moving detector

!/

dt
approaches ¢, the canonical speed of light. Of course, extremely high energies are required to

accelerate a detector to such high speed. For 8 = 49997 and very small X, one calculates, for
example, R ~ 10,
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_>
The speed in units of ¢, namely, ‘daz' / cdt‘, of the moving measuring device is determined

by Egs. (28) and (23). This gives the speed at which the moving measuring device must move
for it to be at the causal boundary and detect a particle excitation. It can be shown that near
standard light speed for the device is required in the region, § = 7/2, 0 < X < 1, in which
warp-speed connectivity occurs.

The speed of the causal connectivity between the two measurements is here defined by

%
W = ’Aa:’ /Az? and is called the warp speed. It then follows from Eq. (17) that

H

Az

W = :%: X 73 (31)
{% (X2 —1)+ 3 [X*+ 2 (cos20) X2 + 1]1/2}

The warp speed W is the speed of causal connectivity expressed in units of the standard speed
of light. For € infinitesimally near 7/2, and X < 1, the warp speed approaches infinity. For
0 = .49997 and very small X, one calculates, for example, W = 2000. Thus warp-speed causal
connectivity occurs near the Planck scale of spatial separation between the devices measuring
the field, or at much larger separations when the relative speed of the two measuring devices
is near the standard speed of light. However, it is argued below that the field is exponentially
attenuated for wave lengths of the field excitation less than the spatial separation of the two
points where the field is measured. For larger wave lengths, such connectivity is no surprise,
since the location of the particle excitation is only definable up to a wavelength.

For particle excitations of negligible rest mass, according to Eq. (6) and [19], the field
strength ¢ as a function wavelength A of the excited particle is proportional to

/

~ p—PolpV|/B _ _Po 1 — d

cos ') } , (32)

in which € is the angle between the wave vector of the excited field and the velocity of the
device measuring the field. (It is significant to note in passing that the field has an automatic
spectral cutoff beyond the Planck mass [22], [23].) Proceeding to evaluate Eq. (32), according
to Eq. (19), one first has

Az] = po |B0] X, (33)
or equivalently,
H
= ) (34)
po X cdt

and therefore solving for +/, one obtains

— 2\ 1/2
A2
v =1+ X . (35)

Thus for 0 = /2, Eq. (32) becomes

2\ /2
Po Po )Am’
@ ~ exp <_X7) =exp | =+ 1+

po X
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H
For ‘Am’ > poand X < 1, Eq. (36) reduces to

—_

~
ibdE (37)

¢ ~exp |-

—
One notes that for particle wavelength A < )Am), the field strength is greatly attenuated.

As an example of the field attenuation, for X = 0.001 and 6 = 0.49997, one obtains
—

A4

+——=71x10" ~ 7. Also, the corresponding speed of the measuring device is near the
Po

canonical speed of light,

!

~ ¢, and the field is

(38)

_>
‘M’ 1 7.1 % 107p,
¢ ~exp |— =exp |——m—mm—| .

N | X by

The corresponding warp speed W = 3, 183.

4 Conclusion

It has been argued that the appropriate Finsler coordinates for Finslerian fields such as the
spacetime metric and any field defined over the spacetime tangent bundle are given by the
four-velocity tangent space coordinates in the tangent space manifold of the tangent bundle of
spacetime. The four-velocity here is that of a device measuring the field or any object acted
on by the field. An example has been given of the role of physical Finsler coordinates in the
analysis of microcausality in quantum field theory. The Finlser coordinate is the four-velocity
of the measuring device measuring particle excitations of the quantum field. An implication
of a physical upper bound on allowed proper acceleration relative to the vacuum is that near
the Planck scale of spatial separation between the two devices measuring the field, or at much
larger separations when the relative speed of the two measuring devices is near the canonical
speed of light, the standard causal boundary, canonically defined by the light cone, is warped,
so that the timelike region extends into the canonical spacelike region. The speed of the asso-
ciated causal connectivity can exceed the canonical measured speed of light by many orders
of magnitude. The condition for this warp-speed causal connectivity to occur optimally with
instantaneous transmission is when the spatial component of the relative four-velocity of the
two measuring devices is orthogonal to their spatial separation, and for spatial separations
near the Planck scale. The range for warp-speed causal connectivity may extend well beyond
the Planck scale when the relative speed of the measuring devices is very large, however for
practical cases in which the wavelength is much less than the range, the field is extremely
attenuated. Analogous behavior may also be expected not only for a scalar field but also for
other bosonic and fermionic fields. It is also significant to note that the modified quantum field
is Lorentz invariant, and causal connectivity backward in time remains impossible. A proper
understanding of the appropriate physical Finsler coordinates is an essential ingredient in all
of this analysis.
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OUBNYECKHNE ®VHCJIEPOBBI KOOPJINHATDBHI B
ITPOCTPAHCTBE-BPEMEHU

I'oBapa Bpasar
Hcenedosamenvcran aabopamopus apmuu CIIA, Adesvgpu, CIIIA

howard.e.brandt.civ@mail.mil

B dwuncnepoBoii reomerpun GUHCIEPOBa KOOPAWHATA — 9TO KOOPAWHATA B KacaTEIbHOM
MIPOCTPAHCTBE TAaHHOIO 6A3MCHOTO MHOroobOpasusi. Kak TakoBYyIO ee MBITAJINCH OIIPEIe/INTh
MHOI'O pa3 B JINTEPAType, IIOCBSIIEHHON TeOPHH OTHOCUTEJLHOCTH ¥ TEOPHUM IIOJIs, YACTO
OHA JIaXKe OCTAeTCsl HEOIpEIe/IeHHO B (U3NIecKOM cMbIcie. DPUNYECKH 3HAYNMBIE
KOOPAMHATBHL TOYKH B KaCaTeJbHOM PACCIOEHHH IIPOCTPAHCTBA-BPEMEHHU — 9TO KOOP-
JMHATHI IPOCTPAHCTBA-BPEMEHN U 4-CKOPOCTH M3MEPUTEILHOr0 Nnpubopa. 37eCh aKIEHT
JejlaeTcs Ha TOM, 9TO 4-CKOPOCTb HM3MEpPUTEJHLHOrO Ipubopa — 9TO HE TO Ke caMoe,
YTO 4-CKOPOCTH M3MEPAEMOro OObEKTa, KJACCHYECKOrO0 WM KBAHTOBOMEXAHHYECKOIO.
4-CKOPOCTb M3MEpSieMOr0  BO30YXKJEHUsT YacTUIbl (DUHCIEpPOBa KBAHTOBOIO IOJS B
KacaTeJIbHOM IIPOCTPAHCTBEHHOM MHOIOOOpa3uH He sIBJISIeTCS MOIXOIsIeil (hbusnmaecKkoi
duHCIEpOoBOit KoopAMHATOMH. Posh (brHCIEpOBOit KOOPANHATHI MTOIAPOOHO PACCMATPUBAETCS
Ha JeTaJIbHOM IIPUMEpPE, KacalolmeMcs (PUHCIEPOBa KBAHTOBOI'O ITOJISI M COIIYTCTBYIOIIEH
MUKPOIPUINHHOCTH.

KuroueBble cioBa: (QuHCIEpOBa reoMeTpus, (PUHCIEPOBBI MOJisI, KBAHTOBAas TEOPUSI
OJTs, MUKPOIMPUIMHHOCTh, MaKCHMAJbHOE PEISITHBUCTCKU PABHOYCKOPEHHOE IBUKEHNE,
MIPOCTPAHCTBEHHO-BPEMEHHOE KACATEIBHOE PACCTOCHUE, OTHOCUTETLHOCTD, CBETOBOW KOHYC,
MpUYIUHHAS 00/1aCTh.



88 I'mnepkomiiekcHble dncia B reomerpun u ¢usuke, 2 (16), rom 8, 2011, c. 88-117

I'EOMETPU3AIINSA OPU3NKU:
JANCKPETHAA TEOMETPUA ITPOCTPAHCTBA-BPEMEHU U
TEOPNA OTHOCUTEJIBHOCTU

FO.A. PouioB

Hnemumym npobaem mexanuxu, PAH, Mockea, Poccus
rylov@ipmnet.ru

Tpanunuonnasi dpopMma CrennagbHOi TEOPUU OTHOCUTEJHLHOCTH (DOPMYJIUDPYET TEOPHUIO B
He3aBEPIIEHHOM BuJie. JInHaMUIecKue ypaBHEHUs JJIsl TBUYKEHUS YACTUIbI 3aINCHIBAIOTCS
B COOTBETCTBUU C NPUHIUIIAMU TEOPUU OTHOCUTEHLHOCTH, TOI/Ia KAK COCTOSHHE YaCTU-
Il OTMHUCHLIBAETCS B HEPEJISITUBUCTCKOM Bue. VTHOPUDYsS HEPETSTUBUCTCKOE MOHSITHE
COCTOSIHUSI YaCTHIIbI, YJAETCs MOCTPOUTH eIWHbIH (POpMan3M JJjisd ONUCAHUS JeTEPMU-
HUPOBAHHBIX M HEICTEPMUHUPOBAHHBIX YACTHUIl, KOTOPBI MNPUBOIUT K HEOOXOMUMOCTU
MHOFOBapHaHTHOﬁ reomMeTpun IIpoCTpaHCTBa-BPEMEHH. KBa.HTOBbIe OPUHIUIIBEI OCHOBAHBI
HA MHOTOBAPUAHTHOW TIE€OMETPUU W TEPHAI0T POJb MEPBBIX (DU3UYECKUX TPUHIIUATIOB.
Ka.pKaCHa.H KOHIEMINA JIEMEHTAPHBIX YaCTUI OCYHIECCTBJIAECT PEJIATUBUCTCKOE OIIMCAaHNE
COCTOSIHUAS YaCTHUIIBI, KOTOPOe OKA3bIBAETCA MPUTOTHBIM JJIsl CJIydasl AUCKPETHOU W MHO-
FOBAPUAHTHOONW T'E€OMETPUM MPOCTPAHCTBa-BpeMeHu. KapkacHas KOHIICIIIUs 3aBepIIaeT
[EPEXOJT OT HEPEJATHBUCTCKON (DU3NKHU K (DUBUKE PEATHBUCTCKON M pPean3yeT MOJHYIO
reoOMeTpU3aIuio (BU3UKU.

KiroueBblie ciioBa: JAUCKPpEeTHasd reoMeTpusd, HeaKCuoOMaTU3npyemble reoMeTpun, MHOI'O-
BapuaHTHOCTL T€OMETPHHN IIPOCTPaHCTBa-BPEMEHHN, CTOXaCTUYIHOCTL KaK CJIeICTBHE I'eoOMe-
TpUH MIPOCTPaHCTBa-BPEMEHHN, KapKaCHasd KOHUEIIIUA dJIEMEeHTaPHBIX YaCTHIIL.

1 Bsenenne

DTa pabota mpeicTaB/sieT coboil KpaTKuit 0030p pa3BUTHs T'eOMETPU3AINY (PUNKU 38 MOCTIeT-
Hue JBa Jecatusiaerus. [eomerpusanus (pu3nku HaYAIaCh B KOHIE JEBATHAIIATOrO Beka. [lo-
CJIeIOBATETbHBIMU STANlAMU T€OMETPUBAINY (PUBUKH SABJIAIOTCS:

1. CBsI3b 3aKOHOB COXPAHEHUsI CO CBOHCTBAMHU M€OMETPUH TPOCTPAHCTBAa-BpeMeHH (OIHOPOIHO-
CTBIO ¥ M30TPOITHOCTHIO),

2. crenuajabHast TeOPUsS OTHOCUTETHLHOCTH,
3. obiasi Teopus OTHOCUTENIHHOCTH,
4. mpocTpaHCTBEHHO-BpeMeHHas reomerpust Kasmynbl-Kireitaa.

BoabimuaeTBO (hn3nKoB HE BEPUT B BO3MOKHOCTH TeoMeTpusannn ¢pusnkn B Mukpomupe. OHu
BEpAT B KBAHTOBYIO MPHUPOAY (DUBNYECKUX ABJECHUN B MHUKPOMHUPE U HE 3HAIOT (PU3UIECKOI
reOMEeTPHH, MTO3BOJIAIOINIE 00bICHUTH KBAHTOBBIE SIBJIEHUA Kak reomerpudeckue 3 dexTol. 1o
9TOH mpuYMHe cefiyac MouTH HUKTO He paboTaeT ¢ reomeTpusarueii pusuku. [lo HeobxogumocTn
0030p HOBEWNIIIEro pa3BUTHSA IeOMeTpU3alNi (PU3UKU MpeACcTaBIsgeT coboit 0030p padoT OIHOTO
aBTOpA.

Wnest reomerpusanun (pu3nKA OCHOBaHA Ha CleAyolieM obcrodreabcrBe. OIucanme IBU-
JKEeHHsI 9aCTHUIbl COJEPZKUT JIBa CYIIECTBEHHBIX dJ€MEHTa: T'eOMETPHUIO IPOCTPAHCTBA-BpEMEeHN
U 3aKOHBI JUHAMUKHU. DTH JBE KATErOPUHU CBA3aHBI. MOKHO MCCIeI0BATh 9TH JBE KATerOpPUu
TOJILKO BMeECTe, W TPaHUIla MeXKJy 3aKOHAMHU TeOMETPUU W 3aKOHAMU JTUHAMWUKU He SABJIfA-
eTcsl KeCTKO 3aJaHHoil. MoxkHo caBurarh 9Ty rpanuily. Hampumep, MOXKHO BBIOpaTh OYEHBb
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MIPOCTYIO T€OMETPUIO TPOCTPAHCTBAa-BPEMEHM, TOT/Ia 3aKOHBI JIMHAMUKHU OKAXKYTCs JTOBOJIHHO
COXKHBIMU. MOXKHO TONBITATHCA UCIOIb30BATH M€OMETPHIO IMPOCTPAHCTBA-BPEMEHH, BhIOpAH-
HYIO TaKUM 00pa3oM, 4TOOBI JIMHAMUYECKUE 3aKOHBI ObLIN Obl OueHb npocThiMu. Hampumep,
BO3MOKHO CYIIECTBYET TaKasl T€OMeTPUs MPOCTPAHCTBA-BPEMEHU, TJIe SJIEMEHTApHbIE YaCTUIIbI
JIBUZKYTCs CBOOOJIHO. BzamMmosieiicTBre MeK1y 9acTHIIAMU OCYIIIECTBIIAECTCH Yepe3 TeOMETPUIO
npocTtpancTBa-Bpemenu. ['eomerpusa Kanympr-Kieiina npeacrapiasger coboit mpumMep Takoil reo-
MEeTPHH, TJIe IEKTPOMATHUTHOE TOJIE SBJISAETCA CBOMCTBOM I€OMETPHUH TPOCTPAHCTBA-BPEMEHN.
DJIEKTPOMArHUTHOE B3aUMOJIENICTBUE YACTUIl O0bsACHIETCS KaK PE3YJIbTAT B3AUMOJIEHCTBUS C
9JIEKTPOMATrHUTHBIM TIOJIEM, €CJIU UCIOIb3YETCs MMPOCTPAHCTBEHHO-BpEMeHHasi reoMeTpusd Mun-
KOBCKOTO (BMecTo reomerpnn Kasyusr-Kieitna).

[IpocTpancrBo-BpeMsi MUHKOBCKOTO OJIHOPOJHO U M30TPOIHO. MOYKHO JIerko HammcaTh 3a-
KOHBI COXPaHEHUsI SHEPIUU-UMITYJIbCa U YIJIOBOI'O MOMEHTA B IPOCTpPAHCTBe-BpeMeHn MUHKOB-
ckoro. Heyb3g mammcaTh 3aKOHBI COXpaHeHHd B TpocTpaHcTBe-BpeMenu Kasrypr-Kieitna c
SJIEKTPOMArHUTHBIM TIOJIEM, TTOTOMY YTO 3TO MPOCTPAHCTBO-BPEMs, BOOOIIE INOBOPs, HE SBJIfA-
eTcs OJTHOPOJIHBIM U M30TPONHBIM. Takoe pa3iamdne 0OyCJIOBIEHO TeM OOCTOATETHCTBOM, UTO B
pocTpaHcTBe-BpeMerr MUHKOBCKOTO 9JIEKTPOMATrHUTHOE TI0JIe SABJISIETCS BEIIECTBEHHOM CYIII-
HOCTBIO, TOIJIa KaK B mpocTpancTse Kamyp-Kiteiina sjekTpoMarunTHoe 1moJie siBIseTCst TOJTHKO
CBOMCTBOM IIPOCTPAHCTBEHHO-BPEMEHHONM I'€OMETPUN.

Kakast n3 9Tux IByX TOYEK 3PEHUs sBJIsIeTCA TPaBUIbHO! Mbl mosaraeM, 9To CIeayeT uc-
OJIb30BaTh 00a moxoa. [Ipu reoMeTpuaeckoM MOIX0/Ie YNCI0 CYIIHOCTEN MeHbIIe (B Ipeese
MOJIHOI TeOMETPU3aIUI OCTACTCS TOJIBKO OJIHA CYI[HOCTD ), U JIErde YCTaHABIMBATH (DU3UIECKUE
(1 reoMeTpHYeCKIe) MPUHIAIIBI, OTBETCTBEHHBIC 32 OMHUCAHNE PA3INIHBIX CTOPOH (DU3UIECKUX
sipjiennii. C IpyTOil CTOPOHBI, KOTJIa CBSI3b MEXK/Ly PA3JINIHBIMUA CTOPOHAMEI (PU3NIECKOTO sIBJIE-
HUs y7Ke YCTaHOBJIEHA, MOKHO PACCMATPUBATh PA3INIHbIE CTOPOHBI (DU3MIECKOTO SABJIEHUS KaK
pasHble CYIIHOCTU. TaKoil MOJX0/ TO3BOJISET OMUCHIBATL KOHKPETHbIE (DU3UYeCKue sBJIEHUs
MIPOIIE W MIPUBBIYHEE, PACCMATPUBAS UX KAK PE3YJIbTAT B3AUMOJIENCTBUS PA3HBIX CYITHOCTEI .

PasBuBasi reomerpusanuio (pusnKm, Mbl CTpEeMUMC pabOTaTh ¢ (PUBUIECCKUMU TPUHITATIAMHA,
roJiarasi, 9To J0Opble cTapble KJacCUYecKne MPUHIUITBI BePHBI. Mbl YKIOHSAEMCS OT BBEJIEHUS
HOBBIX (DU3MYECKUX MPUHIUIIOB HAa OCHOBE PACCMOTPEHHsS OTHEJTbHBIX (DU3MIECKUX SBJICHUI.
Mpr mostaraeM, 9TO KJIACCUYECKHUE MPUHIIUIBI BEPHBI, XOTS WHOIJIA OHU MPUMEHSIOTCH Herpa-
BUIbHO. HaM ymamoch oOHAPYKUTH HECKOJIBLKO OMMOOK B TPUMEHEHUH KJIACCUIEeCKUX TTPUHIIN-
noB ¢puszuku. Hekoropble n3 ommbOK CBA3aHbI ¢ HAITUM HECOBEPIIEHHBIM 3HAHHEM T'€OMETPUN
U He3aBEPIIEHHOCTHIO TEOPUU OTHOCUTETHHOCTH.

[Ipu mosnoit reomerpusanuu (hU3UKKA FEOMETPHsT MPOCTPAHCTBA-BPEMEHN BBIOUPAETCS Ta-
KM 00pa3oM, UTO BCE YACTUIIBI JIBUKYTCs ¢BOOOMHO. CHIOBBIE IO U UX B3aUMOJIEHCTBUE
C YaCTUIIAMU BO3HHKAIOT TOJILKO B TOM CJydae, KOrja reOMeTpHs MPOCTPAHCTBA-BPEMEHHU BbI-
OpaHa HempaBWJIbHO. B TOM ciydae, Korja reoMeTpus IPOCTPAHCTBA-BPEMEHU OTIMYAETCS OT
UCTUHHOIN T€OMETpUU, PA3JIndrie TeOMeTPHil MOPOXKIAeT KOPPEKIMIO B BUJIE CUJIOBBIX MOJIEN.
[Tonnasi reomerpusarysi (GU3MKN U3BECTHA JJIsi KJIACCHYECKUX (TPABUTAIIMOHHOIO U 3JIEKTPO-
MarHUTHOTO) B3anmojeiicruii. OHaKO, TTOMHAs TeoMeTpHu3anust (GU3NKH eIlle He U3BECTHA [T
MHUKpomupa. [[puanna 3Toro 00CTOATEIHCTBA, JEXKUT IJIABHBIM 00pa30M B TOM, YTO HAIIU 3HA-
HUsI TeOMeTpUN HecoBepIleHHbI. [lotHas reomerpusanys GpUsnKn BO3MOXKHA TOJIBKO Ipu Oostee
COBEPIIIEHHOM OTHMCAHUU T€OMETPUN TTPOCTPAHCTBAa-BPEMEHM.

[eomeTpus Kak HayKa O paCIOJIO?KEHHH T€OMETPUYECKHX OOBEKTOB B NMPOCTPAHCTBE WJIH
B IIPOCTPAHCTBE COOBITHI (IPOCTPAHCTBE-BPEMEHN) MOJHOCTBIO OIMCBIBAETCS PACCTOSTHUEM

1
p (P, Q) mexty ro0bIME IBYMsI TOYKamu P 1 ), wim MupoBoit byHKIHel o = 3 p*. Teomerpusi,

KOTOpasi MOJTHOCTBIO OMUCHIBAETCS MUPOBON (DYHKITHEl, Ha3bIBACTCH (PU3MIECKON TeoMeTpuei.
[Tocie monuoit reomerpusarun (GU3NKKA JUHAMUKA YaCTUI TPEBPAIAETCAd B MOHUCTHIECKYTO
KOHIIEIIINIO, MOJTHOCTBIO OIMUCHIBAEMYIO B TEPMUHAX OJHOW BETMYUHBI (MUPOBOil (DYHKIIUH).
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JIrobasi KOHIEMIIHsI, KOTOPasi COIEPKUT HECKOJIBKO GA30BBIX TOHATHI (BEJINYINH) HYKIAETCS B
COTIJIACOBAHHOCTH MEYKJy BCEMU MOHATUSMU, UCIOIb3yeMbIME B KoHIenuu. /locTuzkenne tako-
r'O CcOIVIacHs OYeHb TPY/IHAS 3a/a4ua. DTO MOXKHO YBHJIETh Ha mpuMepe reoMerpun. Ousndeckas
reOMEeTpUs ABJI€TCs MOHUCTUYECKON KOHIIEMIINel, TOTOMY YTO OHA& OMUCHIBAETCS C ITOMOIIHIO
OJTHOIl TOJIBKO MUPOBO# dpyHKIMU. [Ipn TpaaunmnonHoM OonmcaHuy PUMAHOBBIX T€OMETPHUil HMC-
HOJIB3YIOTCSl HECKOJIBKO 6A30BBIX MOHTHH (MHOrooGpasmne, CUCTeMa KOODJIMHAT, METPUIECKHil
TEH30D), ¥ PUMAHOBA TeOMETPHsI OKa3bIBAETCsI MeHee 00Iei KoHIenueil, dem husndeckas reo-
MeTpusi. Kpome TOro pumMaHoBa reoMeTpusi OKA3bIBAETCS HECOTVIACOBAHHON B HEKOTOPBIX ITyHK-
Tax.

AnbbepT DIHIITEHH MeYTAI O CO3JaHUN eIUHON Teopun ToJsi. Takas Teopus ObLIa ObI MO-
HUCTUYIECKON KOHIIEIINE, U 3TO 06CTOATETHCTBO OBLIO ObI HanboJIee MPUBJIEKATETLHON YepTOoit
takoit Teopun. OJHAKO MOHUCTUYIECKAs KOHIIEIIINsSI HA OCHOBE N€OMETPHUU IPeICTAB/ISIETCS 00-
Jlee TTPUBJIEKATE/THHOM, YeM MOHUCTUYECKas TEOpHs, OCHOBAHHAs Ha €JIMHOM TI0JIe, TIOTOMY YTO
[JIABHBI 06beKT husnaeckoii reomerpun (MupoBasi GYHKIMS) SBJIIeTCs 60Iee MPOCTBIM 00b-
€KTOM, YeM CHUJIOBOE TIOJIe eJIMHON TeOPHH ITOJIH.

Tpynuoctu reomerpusariun hU3NKNA TOSBUINCH, KOT/Ia (PU3NKU HAYAIN UCCIEI0BATH (hus3nu-
YecKue siBJIeHus B MUKpoMupe. Mbl He MOXKeM TOYHO 3HATH M€OMETPHIO TPOCTPAHCTBA-BPEMEHN
B MHKpomupe. J[oBOBbHO eCTeCTBEHHO, YTO NeOMETpPUSA MPOCTPAHCTBA-BPEMEHN B MUKPOMUDPE
MOYKET OKa3aThCst TUCKPeTHOH. COBpeMEHHBIE UCCIEIOBATE/N PACCMATPUBAIOT TUCKPETHYIO M€0-
METPUIO KAK T€OMETPHIO Ha PelreTdaToM MHOXKECTBe TOYeK. B JacTHocTH, uMeeTcs Criennab-
HBIT pa3jen B mybsmkamusax Apxusa, ozarnasiaennsit High Energy Physics - Lattice. Permrer-
YaToe MHOYKECTBO TOYEK He MOXKET OBbITh OJHOPOIHBIM U M30TPOINHBIM. B COOTBETCTBUU C 3TUM
0BCTOATELCTBOM CIUTACTCS, ITO JIMCKPETHAS TeOMeTPHsl IIPOCTPAHCTBAa-BpeMeHH (reoMeTpHst
HA PeIIeTKe) He MOXKET CUYUTATHCs OJHOPOJIHOM ¥ M30TPOMHOIA.

Ha camom nene quckperHasi reoOMeTpust ITPOCTPAHCTBA-BPEMEHU HE 003aTeTbHO SIBJISICTCS
reoMeTpueil Ha pemieTke. /{McKpeTHas reoMeTpus MpOCTPAHCTBA-BPEMEHN MOXKET OBITH 3aJIaHa
Ha KOHTHHYaJbHOM MHOXKECTBE TOUeK. B 4acTHOCTH OHA MOYKeT OBITh 3a/1aHa Ha TOM YK€ CaMOM
MHOT000pa3uu, rie 3aj1aHa reoMeTpus MHUHKOBCKOTO. DTO CBA3aHO C TeM, YTO JUCKPETHOCTH
FEOMETPUH $BJISETCs CBOWCTBOM I'€OMETPHUH, a He CBOWCTBOM MHOXKECTBA TOYEK, HA KOTOPOM
3ajaHa reOMeTpus.

Juckpemnasn ceomempus Gg  ecmvb makas 2eomempus, 20e nem bauskur mover. Marema-
THYECKU TO O3HAYAET, YTO

|Q(P7Q)| ¢ (07)‘0)7 VP,QEQ (11)

31ech () ecTh MHOXKECTBO TOYEK, Ha KOTOPOM 3ajiaHa reomerpus, u o (P, ()) ectb paccrosHue
Mex 1y Toukamu P, (). Benmmauna \g siBsieTcst 3/1eMeHTapHO# JIIMHOM JTUCKPETHON TeoMeTpun
Gq. leomerpust Ha perieTke MOXKET YJIOBJIETBOPATD cBoiicTBY (1.1), HO Takasi reoMeTpust SBJIsIeTCs
OYeHb CHeUaJbHBIM BHUJIOM JUCKPETHOW TeOMEeTpUM, KOTOpas He MOXKeT ObITh OJHOPOIHON U
U30TPOITHON.

[Iycthb o) gBsieTcst MUpoBOit (byHKIMEH reomeTprn MIHKOBCKOTO Gy

1 , , 1
om (z,2") = oYk (2" —2") (" — 2™%), oum (z,2") = §p12v[ (x, ) (1.2)
rie py (@, x') ecth paccrosiuue (MHTEPBAJ) MEXKTYy TOYKAMHU ¢ MHEPIUATLHBIMA KOOPIMHATAME
r={2% 2" 2% 23} u 2/ = {2, 2", 2%, 2"*}. Muposaa dbyukuus oq

9 1 ecm x>0
o4 =0m+ %sgn (om) s sgn (x) = 0 ecm z=0 (1.3)

—1 ecm <0
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OMKCBIBAET JINCKPETHYIO reoMeTpuio Gq, KoTopas yJIoBIeTBOpsieT orpanmdennto (1.1), xors reo-
MeTpusi G4 3a/laHa Ha TOM Ke caMOM TOYE€YHOM MHOKecTBe ()i, T/ie 3ajaHa reomerpus MuH-
KOBCcKOro. l'eomerpusi Gq OKasbIBaeTCs OIHOPOJAHON u m3oTpomHoil. Kpome Toro amckperHast
reomerpusi Gq OKa3bIBACTCA MHOTOBAPHAHTHON M HeakcmoMarusupyemoii |1, 2|. B auckperrom
ITPOCTPAHCTBE-BPEMEHN JACTHIA, HE MOXKET OMUCHIBATHCA MUPOBO# JTMHUEH, TTOTOMY YTO BCAKAas
MUPOBasi JIMHUSA TTPEJICTABIIET COO0l MHOXKECTBO CBA3AHHBIX OECKOHEYHO MaJIbIX OTPE3KOB MPsi-
moit. Ho B auckperHoit reomerpun Gg HET OTPE3KOB KOpOUe, YeM dJIeMeHTapHasl JJIMHA Ag. DTO
03HAYaeT, YTO BMECTO MUPOBOI JITMHUM UMeETCs MUPOBas IeMb

¢ =P,P,., (1.4)

cocrosiias u3 reomerpudeckux Bektopos PP, 1 = {Ps, Piyq}, s = ... — 1,0, 1, ... KoHeuHoii
nymHbl f. [eomerpraecknit BEKTOD (g-BEKTOD) TpeIcTaBasgeT coboil ynopsioueHHOe MHOKECTBO
PQ = {P,Q} u3 aByx Touex P u Q. IlepBas Touka P siBisieTcsi HAYaJIOM BEKTOpa, TOLJA Kak
BTOpasi ToUKa () SBJSETCs KOHIIOM ¢-BEKTOpa. 1aKoe OmpejesieHre BEKTOPa HCIONb3yeTCs B
dusuke. OgHAKO, MaTEMATUKN TPEIIOYNTAIOT APyroe onpeesienne. OHU ONpeessioT BEKTOD
KaK 3JIEMEHT JIMHEHTHONO BEKTOPHOT'O MIPOCTPAHCTBA.

Sameuarue. Mbl HCTIOIB3yeM CHEIUATBHBIN TEPMUH «T€OMETPUIECKUl BEKTOP», TIOTOMY UTO
TPaJUIMOHHO TepMuH "BeKTop" O3HAYAeT HEKOTOPYIO MHOIO-KOMIIOHEHTHYIO BEJIMYNHY (KOM-
MOHEHTHI BEKTOPa B HEKOTOPOii cucTeMe KoopauHaT). BoobIie roBopsi, B COBpEMEHHOI reome-
TPHUH BEKTOP OIpeJIeAeTcs KaK JIeMeHT JINHEHHOro BEKTOPHOIO MMPOCTPAaHCTBa. B aTOoM ciydae
BEKTOD MOXKET OBITh PA3JIOZKEH 10 OA3MCHBLIM BEKTOPAM CHUCTEMbI KOODJIWHAT U IPeCTaBJIEH
KaK MHOYKECTBO KOOD/IMHAT BeKTOpa. Takoe ompesesenne y100HO, KOTIa TOBOPAT O BEKTOPHOM
oJ1e, MMEMOIIEM HEeCKOJbKO COCTABJISIONINX. B cOOCTBEHHO €BK/IMIOBON NeOMETPUU MOHSATHE
reOMETPUIECKOr0 BEKTOPA COBIAIAET C TPAJIUIMOHHBIM OIPE/IeIEHNEM BEKTOPaA KaK dJIeMeHTa
JINHEITHOTO BEKTOPHOTO MMPOCTPAHCTBA. B eBKINI0BOI reOMeTPHH g-BEKTOP MOYKET ObITh PA3JIO-
JKeH 110 Oa3UCHBIM BEKTOPAM U IIPEJICTABIEH KAK MHOYKeCTBO KoopanHat. OIHaKO B IMCKPETHOM
reOMeTPUH, ONUCHIBaeMOil MupoBoii (yukmumeii (1.3), reomerpudeckuii BEKTOp HE MOXKET OBITH
[IPEJICTABJIEH KAK CyMMa ITPOEKINii Ha 0a3MCHbBIE BEKTOPHI, IIOTOMY UTO B JIMCKPETHON reoMeTpun
(1.3) HesIb3s1 BBECTH JIMHEHOE BEKTOPHOE TIPOCTPAHCTBO Jazke JIOKaJIbHO. OHAKO, OTIpeiesieHne
BEKTOpA KaK MHOXKECTBa U3 JIByX TOYEK He COIEPXKUT CCBLIKHM Ha CHCTEMY KOODJIWHAT U CIIe-
[UaJIbHbIE CBOWCTBA €BKJIMJIOBOI reoMeTprn (Takue Kak JUHEHHOe BEKTOPHOE IIPOCTPAHCTBO).
OrnpeiesieHne reoOMeTpUIeCKOro BEKTOPa ABJISeTCs 0ojiee OOIUM, U B COOTBETCTBUU C 3aKOHAMMU
JIOTUKY TepMuH "BeKTOp" ClIeayeT MCIoMb30BaTh 0 OTHOIIEHUIO K T€OMETPUIECKOMY BEKTODY.
JuckperHast reomerpust Gq moaydaercsa u3 reomerpun MUHKOBCKOTO Gy ¢ TTOMOIIBIO j1edhopma-
un reomerpun MUHKOBCKOTO, KOrjia MUpOBas (PYHKIUS 0y 3aMeHsSeTCsl MUPOBOI (byHKIIHei
oq [3| Bo BCex onpenenennsx reomerpun MUHKOBCKOTO.

MupoBbie 1enu B JIUCKPETHON reoMeTpur MPOCTPAHCTBAa-BPEMEHU OKA3bIBAIOTCS CTOXACTHU-
qeckuMu. IlycTh snmemenTapHas JyIMHA Ag UMeeT BUI

o h

)\0:%

(1.5)
riae ﬁ €CTb KBaHTOBagd IIOCTOAHHasA, C €CTh CKOPOCTL CBE€Ta 1 b €CThb YHUBEpCaJibHad ITOCTOAHHAA,
CBA3bIBalolllad I'eOMETPUIECKYIO MacCy WU (,ZUII/IHy 3BEHAa NIHpOBOIL/'I HGHI/I) C Maccou m HaCTHUIbI,

C TIOMOII[BIO COOTHOIICHHS
m = bu (1.6)

Torna crarucTHyeckoe OMUCAHME CTOXACTUYECKUX MHUPOBBIX Ilereil MPUBOIUT K YpPaBHEHHIO
Ipeaunrepa [4]. B pesyibrare kBanToBble 3(hMEKTHI OMUCHIBAIOTCS KAK TeOMETPHIECKUE -
dEKThI TUCKPETHON TeOMeTPUU IPOCTPAHCTBa-BpeMeHn. KBaHTOBbIE MPHUHIUIBI MIEPECTAIOT
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ObITH NepBeIMI pusmaecKuMn npuHIunamMu. OHU CTAHOBATCA BTOPUYIHBIMU IMPUHIUIIAME, KO-
TOpBIe He CllelyeT NPUMEHATh BCeryla U Be3le. B YacTHOCTH, He BO3HHKAeT HeOOXOIUMOCTH
KBAHTOBATH I'PABUTAIIMOHHOE IIOJIE.

B amckpeTHOit TeoMeTpun mpOCTpaHCTBA-BPEMEHH TeOPHsl OTHOCUTEILHOCTH OKA3bhIBACTCH
HesaBepiIeHHoit. JIeso B ToM, 9TO mepexol 0T HEePeJATUBUCTCKON (pu3NKu K (pU3NKe pesIaTh-
BUCTCKOI COITPOBOXKIAeTCsl BUJIOU3MEHEHUEeM JIMHAMUYECKUX yPaBHEHUI, OMUCHLIBAIONIX JIBU-
»kenne yacTunpl. ONucanme COCTOSHHA YACTUILI OCTAETCS TeM K€, 9TO U HePe/saTUBUCTCKOI
dusure. CocTosHEe YACTUIBI OIUCHLIBACTCH TOYKOI B (pa30BOM IPOCTPAHCTBE KOODJIMHAT U
UMITYJILCOB. VIMITyJIbC 9acTUIBI Py, ONpeesIdeTcs KaK KacaTeIbHbI BEKTOP K MUPOBOIl JTMHUN
gactuipl o8 = 2% (1), k= 0,1,2, 3.

mgpu’ (7) il (7) = Tim ' (r+dr) — 2" (1) _ du' (1)

B V95w (7) u? ()’ dr—0 dr dr (1.7)

pr (7)

rJe T eCTh IapaMeTp BI0JIb MUPOBOI JTuHUK. B IMCKpeTHO# reoMeTpun IpocTpaHCTBa-BpeMeHN
HeT MUPOBBIX JnHuil, u mpemen (1.7) ve cymecrsyer. B dusrke Ha 0OBIYHBIX TPOCTPAHCTBEHHO-
BPEMEHHBIX MAacCIITadaX XapaKTepHbIE JJTMHBI MHOTO OOJIbIIle, YeM 3JeMeHTapHas JIUHA Ag,
OTpaHUYMBAIONIAS JIJIUHY 3BEHHEB MHUPOBOU Ilenu. B 3ToM ciydae JIOMyCTHMO HCHOIB30BATH
npenen (1.7) kak ymosierBopurenbHoe npubszkenne. Ho B dpusnke MUKpoMHUpa TaKoe IpPHU-
OJIMKeHMe OKa3bIBAeTCsl HEYJIOBJIETBOPUTEIBHBIM, TIOTOMY YTO XapaKTepHble JIJIUHBI B (pu3nte-
CKUX SBJIEHUAX OKA3BIBAIOTCS TOPSIKA 9JIeMEHTAPHON JIJIMHBL \g. B pe3y/ibrare MOHATHSA TEOPUN
97IEMEHTAPHBIX YaCTHI], OCHOBAHHbIE HA IMOHSITHH COCTOSHUS YACTHUIIBI KAK TOYKHU (ha30BOTO MPO-
CTPAHCTBA, OKA3bIBAIOTCA HEYIOBJIETBOPUTETHHBIMH.

[TocnenoBaTebHOE PEIATHBUCTCKOE ONMUCAHUE YACTHUI] B MUKPOMUPE HE JIOJIYKHO HCIIOIb30-
BaTh (pa30BOE MPOCTPAHCTBO M €r0 TOYKU. BMeCTO 9TOro MCIob3yeTcs KapKacHas KOHIIEIINs
OIUCAHUS JIEMEHTAPHBIX YACTHUII, TJIe YaCTHIA OMUChIBaeTcst ee KapkacoM P, = { Py, P, ...P,},
KOTOPBII COCTOUT U3 N+ 1 KeCTKO CBA3aHHBIX IPOCTPAHCTBEHHO-BPEMEHHBIX ToueK Py, Py, ... P,.
B caydae TouedHOIl YacTUIBI ee KapKac COCTOUT M3 JBYX Touek Py, P;, KoTopble ompejesis-
0T BEKTOD MMIIYJIbCa YACTHUIIbL. B JTaHHOM ciiydae BCe XapaKTepHUCTHKU YaCTUIbI (Macca, 3a-
PsiJl, UMITYJIBC) OMPEIEIAITCS TeOMeTPUIecK JIByMst ToukaMu Py, Py. B ciydae Gosee ciiox-
HBIX YaCTHIL, OMUCBIBAEMbIX Kapkacom P, = { Py, P, ...P,}, umeerca n(n + 1)/2 uaBapnantosn
|PxP;|, i,k = 0,1,...n, onuceBAOMNX T€OMETPUIECKE BCE XapAKTEPUCTUKH JacTHIlbl. Bompoc
O TPUPOJIE CBSA3U MEXKIy TOUKAMU KapKaca He BO3ZHUKAET, [IOTOMY YTO JIMCKPETHAsI T€OMEeTPUs
[IPOCTPAHCTBa-BPEMEHN MOKeT 00J1aJaTh OrPAaHUIEHHOM Je/IMMOCThIO.

Kapkac gacTuiibl siBJIsSleTCsi aHAJIOTOM perepa, KeCTKO MPUKPEIJIEHHOTo K JacTutie (husu-
geckomy Teity). Cres 3a IBUKEHHEM KapKaca, Mbl CJIEUM 38, IBIZKEHIEM YaCTHUIIbL.

B nagasie gBaaiiaToro Beka ObLIO €CTECTBEHHO AyMaTh, YTO KBAHTOBBIE YACTHUIIBI — 9TO MPO-
CTO HEJIeTePMUHUPOBAHHBIE (CTOXACTHYECKHUE) YACTUIBI, YTO-TO BPOJE OGPOYHOBCKHUX YACTHIL.
Boun monbITKN 00bSICHUTH KBAHTOBYIO MEXaHUKY KaK CTATHUCTHYECKOE OIMUCAHUEe CTOXaCTUde-
cku ABIKyImxcsa gactut |5, 6]. OmHAKO 9TH MONBITKA OKA3AJIUCh HEYIATHBIMU M3-38 TOTO, YTO
HCITOTB30BAJIACh 8EPOAMHOCNHAA KOHUENUUA CMATNUCTIUYECKO20 ONUCAHUA.

CrarucTrdeckoe ONMCAHUE UCIOIB3YeTcsa B (PU3UKE JJIsI ONMCAHUsT HEIeTePMUHIPOBAHHBIX
qacTur (UM CHCTEeM ), KOTJIa HeT IMHAMIYECKUX YDABHEHUl Wi HAYaJIbHbIe YCIOBUs TOYHO He
ompeieseHbl. PaccmaTpuBaercs craTuCTUYecKuil ancam6/ib € HeJeTepMUHUPOBAHHBIX YACTHUIL,
T.e. MHOT'O OJIMHAKOBBIX HE3aBUCUMBIX dacTuil. OKa3bIBaeTCsl, UYTO CYIIECTBYIOT AUHAMUYECKHE
ypaBHEHUS [JI CTATUCTUIECKOro aHcaMO/s1 £ HeJeTepMUHIPOBAHHBIX JaCTUIl, KOTOPhIE sBJIs-
IOTC KOHCTUTYAHTAMH 3TOTO CTATUCTHIECKOro aHcamoOjst £. PaccMoTpeHme cTaTnCTHIecKOro
aHcaMOJIsT KaK JIMHAMUIIECKON CHUCTEMBI SIBJIIETCST JUHAMUYECKOT KOHUENUUET CMATUCMUYecKo-
20 onucanus (JIKCO). D10 n3HavaibHas KOHIENINS CTATUCTUIECKOTOo onucanust. Vcnoip3osa-
nre JIKCO ocHoBaHO Ha HE3ABUCUMOCTH KOHCTUTYAHT CTATHUCTUYIECKOrO aHncaMOs. Coydaitable
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COCTABJISIONINE IBUKEHNs] KOMIIEHCUPYIOTCS M3-3a WX HE3aBUCUMOCTH, TOTJA KAaK pPeryJIsipHbIe
COCTABJISIONINE JIBUZKEHNS HAKATIJTUBAIOTCS.

B nepenstuBucTckoit hbusnke UCHOIb3yeTCsl BEPOATHOCTHAS KOHIIEMIUS CTATUCTUIECKOTO
omucarus (BKCO). Hampumep, BKCO ycmenrso ncronb3yercss ajist omicanusi OpOYHOBCKIX
qactutl. [Ipn ncnonpzoBanun BKCO cienar 3a naBukeHneM TOYKH B (Ha30BOM IIPOCTPAHCTBE.
Touka n3obpazkaeT COCTOAHNE HeIeTEDMIHIPOBAHHON YaCTUIIBI, U JIBIKEHNE TOYKU B (DA30OBOM
MIPOCTPAHCTBE OMKUCHIBAETCH BEPOATHOCTHIO Tepexojia. [ombITky onucanusi KBAHTOBON MeXaHu-
KU B KadecTBe pe3yJibTaTta craTuctudeckoro onucanus B pamkax BKCO okazanuck Hey1avHbI-
mu, moromy 910 BKCO ecth HEpeIsaTHBHCTCKOE OMUCAHNE, TOTJA KAK HEPEAAMUBUCTNCKAA KEUH-
MOBAA MELAHUKA ABAACTNCA PEAAMUCSUCNCKUM NOCMPOEHUEM, I KBAHTOBYIO MEXAHUKY CJIE/IyeT
oJIy9aTh Kak cratuctudeckoe omucanne B Tepmunax JIKCO.

Ho nouemy nepeisiTuBUCTCKAsT KBAHTOBas MEXaHUKA SBJISIETCS PEJISITUBUCTCKUM MOCTPOEHU-
em? [Toromy 49TO cTOXACTUYECKAs] COCTABJIAIONIAS JIBUKEHUST KBAHTOBON YACTHUIIHI MOXKET OBITh
PEeITUBUCTCKOM, U CIeyeT NCIOIb30BATh IMHAMIIECKYTO KOHIIEIINIO CTATHCTHIECKOTO OINCa-
aust (JIKCO), koTopasi He UCOIB3yeT HepeJsITUBUCTCKOrO MOHATHS (DA30BOr0O MPOCTPAHCTBA.
Kpowme Toro Hesb3s ucnonb3oBars npejes (1.7) B onpejeseHnn uMIryibca JacTull, OmuchiBae-
MBIX CTOXaCTHYECKUMU MUPOBBIMU JIMHUSMU, KOTOPbIe HE UMEIOT KACATETbHBIX BEKTOPOB.

B camom mene, B pamkax JIKCO ymaercs moayauTh KBAHTOBYIO MEXAHUKY, KAK CTATHUCTU-
YecKoe OIMCAHNMEe CTOXaCTUIeCKH JIBIKYNMXCcsa dactut |7, 8, 9]. Dro ncnonb3oBaHme JIuHAMI-
YeCKOI KOHIIEMIUN CTATUCTUIECKOTO OIICAHUS He SIBJISIeTCS STAOM B TeOMeTpU3alny (DU3UKH.
JKCO gaBisieTcss mpoOCTO MPEOJI0JIEHNEM HE3aBEPIIEHHOCTH TEOPUU OTHOCHTETHLHOCTH, KOTJA
PEeATUBUCTCKIE TUHAMIIECKNE YPABHEHUS IPUMEHSIOTCS K HEPEeJIATUBUCTCKOMY TOHSTHIO CO-
crosiaust gacTuilel. OHaKO0, 0ObsicHeHne 3(hhHEKTOB KBAHTOBON MEXAHUKN KAK PE3Y/IbTAT CTATU-
CTUYIECKOTO OTHUCAHUS CTOXACTUIECKOTO JBUKEHUS JACTUIL TOJHUMAET BOIPOC O MPHUPOE CTO-
XaCTUIHOCTH JIBUKEHNs] KBAHTOBBIX YACTUII.

[TepBoHAYAIBLHO CTOXACTUYHOCTH JIBUXKEHUS YACTHI] WHTEPIPETUPOBATIACH KAK PE3yJib-
Tar BlanMozeiicTBus ¢ 3pupom. OpHako, B JajbHEHIIEM MOSBUIACH UJEs, UTO CaMa I[eo-
MeTpHs MPOCTPAHCTBa-BPEMEHN MOXKET WrpaTh pojib 3dupa. pyrumum cioBamu, reomMeTpust
IPOCTPAHCTBAa-BPEMEHN JIOJIZKHA OIIPEJIENATh JBUKEHNe CBOOOJHOI JacTuibl. Eenn nBmkeHne
CBODOJIHOI YaCTUIIBI SABJISETCS CTOXaCTUYECKUM, TO FeOMeTPHs MPOCTPAHCTBAa-BPEMEHN He MO-
KeT ObITh reomerpueii MUHKOBCKOTO, IOTOMY YTO B IPOCTPAHCTBEHHO-BPEMEHHOW reoMeTpun
MuHKOBCKOTO JIBUKEHHE CBOOOHON YaCTHUIILI SIBJISIETCS JETEPMUHUPOBAHHBIM. PeasibHas reo-
MeTPHs MTPOCTPAHCTBA-BPEMEHN T0I?KHA ObITh OJTHOPOIHOM U M30TPOITHOMN, HO OHA JIOJIZKHA, OT-
JugaThes oT reomerpun Munkosckoro. [eomerpust mosrkHa ObITH MHOTOBAPUAHTHON. DTO 03HA-
Jaer 9To B TOUKe (Yo mMeercs MuOro BekTopoB QoQ1, QoQf, QoQY, ... KOTOpbBIE S5KBUBAJICHTHBI
BekTopy PoP; B Touke Fy. Ho BekToper QpQ1, QoQ}, QoQY, ... He SKBUBAJIEHTHBI MEXKIY CO-
60if. DTO O3HAYAET, YTO OTHOIICHUE SKBUBAJCHTHOCTU MWHTPAH3UTHBHO. [aKas reoMeTpus He
MOXKET OBITh AKCHOMATU3UPYEMOIl, TOTOMY 9TO B JIIOOOH aKCHOMATU3UPYEMOl Te€OMETPUU OTHO-
IIIeHre SKBUBAJIEHTHOCTH TPAH3UTUBHO. HeakcnmomaTusnpyembie TeOMETPUN He OBLIN M3BECTHBI
B CEMU/IECATHIX TOJIAaX JIBAIIATOTO0 Beka. JInckpernas reomerpusi (1.3) Toxke He Oblia U3BECTHA,
MIOTOMY YTO B TO BPeMs JUCKPETHAs IT'eOMEeTPUs BOCIIPUHUMAJIACH KAK NeOMeTPHUs Ha pelreTya-
TOM MHOYKECTBE TOYEK.

Nnesa dpuszndeckoii reoMeTpun, MOJTHOCTHIO OMUCHIBAEMONl MUPOBOI (PYHKIIHEH, TOIBUIACD
TOJIBKO B JIEBAHOCTBIX rojiax Apajnaroro seka [10]. Binskas unes pucranToil (MeTpryeckoil)
reoMerpuu nosiBrach panbiie [11, 12]. Ho Takast reomerpust He MorJia ObITh UCIIOIB30BAHA IS
OTHMCAaHUs TeOMETPHUH MIPOCTPAHCTBA-BPEMEHH.

Huckpernas reomerpust (1.3) ucnosnb3yercs mjis 06bsCHEHUsT CTOXACTUIHOCTH JIBUKEHUS
cBobomubix dactull [4]. OjHAKO, 9Ta reoMerpus HCIOJIb30BaIach CHadajda Kak MpOCTeiliee
MHOTOBapuaHTHOe 0000IIeHre TeoMeTpun MIHKOBCKOTO, a He KaK JIUCKpeTHasi reomerpus. Tor
dakT, aTo mpocTpaHCTBEHHO-BpeMeHHast reoMeTpusi (1.3) sdBJsieTcst AUCKPETHO, OBbLI 3aMedeH
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HECKOTBKIMU TOJIaMU TT03/Hee. FcTecTBeHHO, UTO NCXO/Id U3 UJEeN IUCKPETHON TeOMeTpUH, ITPU-
XOJIUIIIb K TEOMETPHU Ha PeIlleTKe, IOTOMY YTO HeJIb3s MoIydnTh reomerpuio (1.3), ecau dusn-
YecKas TeOMeTpUsl He U3BeCTHA.

[Ipumenenue uzmydeckoit reoMeTpUu Jjisi OMUCAHUS ITPOCTPAHCTBA-BPEMEHU MUMEET Cepb-
e3HbIe TOCTIEICTBUS Jiisi (hu3uKu MuKpomupa. OKa3blBaeTcs, 9TO KBAHTOBBIE MPUHIUIILI HE
SIBJIAFOTCS TIEPBBIMU MIPUHIINTIAMY TIPUPOBI. Teoprs OTHOCUTETHHOCTH OKa3bIBAeTCs He3aBep-
mernoii. HykHo mepecMoTpeTh TOHsITHE COCTOAHUS YacTUllbl. Maremarnyecknii annapar, uc-
MOJIB3YEMBIil s onucanus (PU3NIECKUX SBJICHUI B MUKPOMUDE, CYIIECTBEHHO M3MEHSETCS.
JnHaMuyaeckne ypaBHEHUsI TEPeCcTaioT ObITh JuddepeHInaaIbHbIMI YPABHEHUSIMI U TPEBPa-
IIAIOTCST B YPABHEHUS B KOHEUHBIX pasHocTaX. Onucanue MBUKEHUS YACTHUI] U OMUCAHUE BJIUsI-
HUS 9aCTUIL HA TPABUTAIIMOHHOE TMOJIE CTAHOBUTCS OECKOOPIMHATHBIM. DTO OBLIO TIPOIPECCOM B
ONMCAHWY JIBUKEHUs] YACTHUI[ B MUKPOMUDE.

[Tepexom OT TPaJIUIIMOHHOTO ONMUCAHKS B TepMUHAX TuddepeHInaaIbHbIX YpaBHeHuil K Oec-
KOOD/IMHATHOMY OIUCAHWIO B TEPMUHAX MUPOBOil (DYHKINK ObLT HECKOJIBKO HeOKMTaHHbIM. OH
CBA3aH C BLIPOZKJIEHHBIM XapaKTePOM COOCTBEHHO €BKJINJIOBOI T€OMETPUHN 110 OTHOIIEHUIO K Pr-
3UYIECKON MeoMeTpuu. JTO 03HAYAET, ITO HEKOTOPBIE NeOMEeTPUIECKNe OOBbEeKThI U HEKOTOPbIE
reoMeTpUYecKre MOHATHs, KOTOPbIe PA3INIHbl B (DU3NYECKOI TeOMETPUN, OKA3BIBAIOTCS COBIIA-
JTAIONIMMU B COOCTBEHHO eBKJINJI0BOI reoMerpun. Hampumep, reomerpudeckuit Bektop PoP;
ompesieIgeMblil KaK YIIOPs0UYeHHOe MHOXKECTBO U3 JIBYX ToueK Fy u P, gaBjisgeTcd BEKTOPOM B
dpusmyeckoit reomeTpun u B €BKINI0BOI reomerpun. [Ipoekmuu p; Bektopa PoP, na 6asucubie
KoopauHaTHbIe BeKTOPhl QoO;, [ = 1,2, ..n onpemensitorcss COOTHOIIEHUSIMEI

p = (PoP1.QoQ), [=1,2,..3 (1.8)

Baecy (PoP1.QoQ;) ectp cramsipnoe mpomssenenue aByx BekTopoB PoP; m QpQ;, xotopoe
OIIpeIesIsieTCsl B TEpMIHAX MUPOBOil (DYHKIIMH COOTHOIIIEHIEM

(PoP1.QoQp) = 0 (FPo, Qi) + 0 (P1, Qo) — 0 (P, Qo) — o (P, Q) (1.9)

Bripaxkenue ckajsipHoro npoussejenns (1.9) depes MupoByo (yHKIUIO OJHO U TO ke B (u-
3UYECKOIl reOMeTpUuu M B COOCTBEHHO €BKJIUIOBOI reomerpun. B dbusudieckoii reomerpun co-
orHorrerue (1.9) mpezcraBisger coboil OmpejeieHne CKaJIsIPHOIO MPOU3BEJICHNs, TOTIa KaK B
eBKJIMI0BOIT reomeTpun cootHoternne (1.9) momydaercs: Kak CIeJCTBIe TeOpeMbl KOCHHYCOB, HO
B 000mx ciydasx Beipaxkenue (1.9) BepHo. B eBKINIOBOI TeOMeTpUN CKAJSIPHOE TPOU3BEJIE-
HIe UMeeT M3BECTHBbIe JIMHEITHbIe CBONCTBA, HO 9TU CBONCTBA, BOOOIIE TOBOPs, OTCYTCTBYIOT B
dusnueckoit reomerpun. B pesyibrare cocrapisioniue p; reomerputdeckoro sekropa PoP; ne
omnpeiensiior Bektop PoP; B dusmueckoit reomerpun, xorst onn onpesessior Bektop PoP; B
CcOOCTBEHHO €BKJIMJIOBO# reomeTpuu. 1o o3Ha4daer, 9to BekTop PogPy u ero cocrasistomue py,
[ =1,2,..n o3HAYAIOT OJIHY U TY K€ BEJIMINHY B eBKJINJIOBOI T€OMETPUH, TOT/Ia KaK 9TO, BOOOIIE
TOBOpPS, pa3/IMYHbIe BEJIMYNHBI B (PU3NYIECKOI reoMeTpun.

Ananornyno BeIpaxkenue g Kpyrosoro mumnaiapa Cylp, pg, OIpPeneIseMoro TOYKaMH
Py, P, (Py # Py) Ha ocn nuuinH/Ipa 1 TOYKOM () Ha TIOBEPXHOCTH IUIMHJIPA, IPEJCTABIAET CODOi
MHOXKECTBO TOYeK R, YJIOBJIETBOPSAIONINX COOTHOIIEHHIIO

Cylp,p,@ = {R|Spypir = SPPiQ} (1.10)

rae Sp,p,@ €CTh IUIOMIAIb TPEYTOIbHUKA, OIpeiesigeMoro ero Bepmmuamu By, P, Q). Iltomann
Spypiq@ ompesienigercs ¢ moMomntbio hopmysl epona. Ilycrs Touxa Py € Tip,py], e Tip,p,) €CTH
OTPE30K MPAMOIl JUHAN MEXKIY TOUKaMu Py, Pi. 9TOT 0Tpe30K OmpeaesieTcss COOTHOIIIEHIEM

Tirr = {R\\/ZJ (Po, R) + /20 (P, R) = \/20 (po,pl)} (1.11)
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Torma B cobeTBerHO eBKINAOBOI reomerpunt Cylp,po = Cylp,p,o = Cylp,p,g. Ho B busnde-
cKoit reomerpun, Boobe rosopd, Cylp p,o # Cylp,r,g 7 Cylp, pyo. Apyrumu ciosamm, MHOTO
pasmmaHblX muamHApos Cylppg, Fo, P1 € Tis,s,) dUsHIecKoil reoMeTpun BHIPOXKIAIOTCH B
CODCTBEHHO eBKJIMJIOBON T€OMETPUH B OJUH IUIHHJP, ONpeJe/sdeMblil ero ocsio g, s,] ¥ TOY-
KoMl () HA MOBEPXHOCTHU IIIJIMHIPA, TOTOMY UTO OTPe30K mpsamoii (1.11) aBiasgercs oIHOMEPHBIM
B CJIy4uae COOCTBEHHO €BKJIMJIOBON T'€OMETPHH, HO OH sABJIAETCS, BOOOIIE TOBOPs, MHOIOMEPHOIT
MOBEPXHOCTBIO B CIydae (pU3MIecKoil reOMeTpun.

OanomepHOCTh OTpesKa (g, s,] B €BKINIOBOI TeOMeTpPUH B TePMHHAX MUPOBOH (yHKIUH
dopmynupyercs ciemyomnuM obpazoMm. Beskoe cedenne S (’Egl Sal5 Q) orpeska T[g,s,] B TOUKe
Q € Tjs,s, cocrout us oanoit Touknu . Ceuenne S (7—[51 Sal5 Q) OTIPEJIEISIETCS KAK MHOYKECTBO
Touek R

S (ﬁ5152]7 Q) = {R|U (Slv R) =0 (Sl, Q) No (S2; R) =0 (SQ, Q)} (112)

B coberBenno eBKIMI0BOI reomerpun S (ﬁngQ], Q) = {Q}, VQ € Ts,5,), TOrIa KaK B Clydae
dusnIeckoit TeoMeTpUN STO PABEHCTBO HE BBIMIOJIHAETCS, BOOOIIE TOBOPS.

Takum obpazoM, reoMeTpus, BOOOIIE TOBOPsI, BBIPOXKIAETCS TIPU TIepexoie OT (hU3MIeCKOl
reoMeTpur K COOCTBEHHO €BKJIMJIOBON TeoMeTpuu. PazjmdHblie reoMeTpudecKne 00beKThl (pu-
3UYECKOIl TeOMETPHUHN U TOHSITUS MOTYT COBIAJATh B €BK/IUI0BOI reomerpuu. Haoboport, mpu
nepexo/ie 0T COOCTBEHHO €BKJINJIOBOI TreoMeTpur K (PU3NIECKOil TeOMeTpUN HEKOTOPhIe 00beK-
ThI €BKJINJIOBOI T€OMETPUN PACIICILIAIOTCA Ha Pa3IndHble TeoMeTpuieckne o0beKThl. [lepexon
OT O0IIero cjiydas K YaCTHOMY BOCHPUHUMAETCs Jierde, TOrJia KaK MePexXoJl OT YacTHOTO CJIy-
Jas K 00IIEeMY COTTPOBOXKIAETCS PACIIEIIEHHEM TeOMETPUIECKIX OObEKTOB U T€OMETPUIECKUX
MOHATHUHN, 1 9TO BOCIPUHUMAETCS TOPA3/I0 TPY/IHEE.

2 PenatuBucrckasi MHBAPMUAaHTHOCTD

PengruBucrckasi "HBAPUAHTHOCTH OOBITHO MPEJCTABIISAETCS KAK WHBAPHMAHTHOCTH JIMHAMUIE-
CKUX ypaBHEHUIl OTHOCHTENBHO rpymmbl [lyankape mpeoOpasoBaHmil WHEPIUAIBHBIX KOOP/IN-
nat. HepengaTuBucrckue JuHAMUYIECKUE YPABHEHHUS CUNTAIOTCI NWHBAPUAHTHBIMU OTHOCHTETHHO
IPYIIBI TAJMJIEEBhIX MPeoOPa3oBaHuil MHEPIUAJIBHBIX KOOPAUHAT. Bo3MoKHO i cOpMyIn-
pOBATh pa3IUYUe MEXK/y PEeJSTUBUCTCKON U HEPeJIATUBUCTCKON (PU3NKONH B MHBAPUAHTHDBIX
TepMHUHAX, T.e. 0€3 CCBLIKM HA CUCTEMBI KOODJIWHAT U 3aKOHBI X mpeobpasoBanus’! Jla, sro
BO3MOYKHO.

B penstuBucrckoit ¢pusuke reoMeTpusi MPOCTPAHCTBA-BPEMEHU OIUCHIBAETCHA C TTOMOIIBIO
OJIHOIt CTPYKTYPBI 0, KOTOpasi M3BECTHA KaK KBaJpaT MPOCTPAHCTBEHHO-BPEMEHHOTO WH-
TepBasa, WX MupoBas (YHKIHUsA. B HepeaaTUBUCTCKONR (pU3HKe ITPOCTPAHCTBO COOBITHI
(IpOCTPaHCTBO-BPEMST) ONMUCHIBACTCS JBYMsI T€OMETPHYECKMMHU CTPYKTypamu. Takoe nByX-
CTPYKTYPHOE OIMCAHWE HE SABJISETCs MPOCTPAHCTBEHHO-BPEMEHHON TreoMeTpueil, TOTOMY YTO
reoMeTpus MPOCTPAHCTBA-BPEMEHH OIUCHIBACTCA OJIHON CTPYKTYpoil 0. Eciu numeerca apyras
[IPOCTPAHCTBEHHO-BPEMEHHAas CTPYKTYPa, TO TAKOE TMTOCTPOCHHE CJIe/IyeT KBAJIMMUIIMPOBATDH KaK
00OTAIIIEHHYIO TE€OMETPHUIO, T.e. T€OMETPHUIO C JIOMOJHHUTE/THHON TeOMEeTPUUIECKOl CTPYKTYPOIi.
Taxoit momosHATEIBHON CTPYKTYPOil sBasgeTcs BpeMmerHast crpykrypa 1" (P, (), KoTopast mpei-
cTaB/IgeT coOOM pa3sHOCTH ADCOTIOTHOTO BpeMeHM Mek7ay Todkamu P u (). MoxHO mocTpo-
UTh JIPYTYIO TeOMETPUIECKYI0 CTPYKTYpY S (P, (), KOTOpast SBJISeTCs PA3HOCTHIO aDCOTIOTHBIX
IPOCTPAHCTBEHHBIX nosioxkeHuit Touek P u Q. Crpykrypa S (P, Q) He siBjsieTcst He3aBUCUMOIH
crpykrypoii. [Ipocrpancreentast crpykrypa S (P, Q) MOXKeT ObITh OCTPOEHA U3 JIBYX CTPYKTYD
o uT. B mobom ciiyuae 6 nepeaamusucmcroti guduke umeromcs 06e He3a8UCUMbBLE 2€0MEMPU-
weckue cmpykmypu.. B peasmusucmekoti usuke umeemces moavko o0na cmpyxkmypa o.

B mepengTuBucTckoit pusnke 0OBITHO UCIOIB3YETCs BpeMeHHas CTPYKTypa 1’ u nmpocTpaH-
cTBeHHasg cTpyKTypa S. OHAKO MOXKHO HUCIOAb30BATH T'€OMETPUYECKne CTPYKTYpbl o u 1.
B sTom ciydae ciemyer ucciienoBarh JOMOMHATEIbHBIE OIPAHIYEHNUsI, HaJaraeMble BpeMeHHOI
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cTpyKTypoit T’ Ha MpPOCTPpaHCTBEHHO-BPEMEHHYIO TeoMeTpuio MuHKoOBCKoro. l'eomerpuyeckue
CTPYKTYPHI IPOCTPAHCTBA-BPEMEHU OIPEJIEISIOT TPYIITY JBUKEHUI ITPOCTPAHCTBA-BPEMEHN, U
9Ta TPyNNa JBUXKEHUN MPOCTPAHCTBA-BPEMEHN ONPEeIsAeT TPYIy WHBAPUAHTHOCTU JUHAMU-
Jeckux ypaBHenmit. Takum obpazom, pasaumdne MKy PeTsTUBUCTCKON M HEPEIsITUBUCTCKON
puBuKOIt ONpeeIIeTCsT IUCIOM TeOMETPUIECKUX CTPYKTYP. DTO pasjmdrne MoyKeT ObITh chop-
MYyJMPOBaHO B OECKOODAMHATHOM BHJE. 3aKOHBI MTPE0OPa30BaHUs JIMHAMUYIECKUX YPaBHEHUI
SBJISTIOTCST TOJIBKO CJIEJICTBUSIMU CYIIECTBOBAHUS 3TUX T'€OMETPUIECKUX CTPYKTYP.

3 Craructuyeckoe onmcaHne CTOXaCTUYECKOI'o
JBUXKEHUST YaCTUIL

CraTucTudecKoe ONucanne CTOXaCTHIECKUX (HeJIeTePMIHIPOBAHHBIX) YACTHUIL ABIAETCS UCTOU-
HUKOM (DU3UIECKOI TeOMeTPHUH, MOTOMY UTO OHO CTABUT BOIPOC O MPUPO/IE WHICTEPMUHU3MA,
KOTOPBI MOKeT ObITh 00bsICHEH TOJIBLKO OoJjiee 00IIIeil 0JHOPOIHOI TreoMeTpueil IpocTpaHCTBa-
BpEMeHH, YeM reomerpust MUHKOBCKOTO.

Kax ynmomuHaIOCh BO BBEJICHUN, CTATHCTHIECKOE ONMUCAHUE HEJIETEPMUHUPOBAHHBIX TaCTHII
OBLIO BIIEPBBIE IMMOJIYYEHO C TIOMOIIHIO JUHAMUYECKONW KOHIEHIIUN CTATUCTUIECKOTO OTMCAHUS
(AKCO). Dror moaxos 0OCHOBaH HA DEJSITHBUCTCKOM MOHSATHH COCTOSHUs dacTuipl [7, 8, 9.
JIpyroit MeToj1 onucaHnst CTOXACTHIECKNX JACTUIL OBLT UCTIOB30BAH MO3/HEE, KOTJIA CTATUCTH-
YeCKHit aHCAMOJIb UCIIOTH30BAJICH KAaK OA30BBI 9JIEMEHT TUHAMUKY IacTHIL ( BMECTO OTIAETbHOI
gacruibl) [13]. B aToM MeToe He UCIOMb3yeTcst MOHATHE OTAEIBHON YaCTHUIbL U TTOHATHE (haz0-
BOI'O MPOCTPAHCTBA. DTOT METOJ OOXOIUT MOHATUE COCTOAHUS JacTullbl. OH HE UCIOIb3YeT 9TO
nonsiTre. Vcmonb3yercss TOIBKO MOHATHE COCTOSHUST aHCAMOJIsI, KOTOPOe He IYBCTBUTEIHHO K
npobiieme cymectBoBans npesena (1.7). C dpopMaibHOi TOUKI 3peHNst ITOT MEeTO, HCIOIb3YeT
JKCO, a ne BKCO.

HeiictBue st cratuctudeckoro ancamois € [Sg| ¢BOBOJHBIX HEJIeTEPMUHUPOBAHHBIX Ya-
ctuil Sy 3aMUCHIBACTCS B BUJIE

m., m o I . dx
= — —u” — —Vu ; dtdg, =— 3.1
Acs bl = [ {58+ T~ Dvufaas, %= (3.)
Ve
Hesasucumbie nepementbie & = {1, &, 3} MapKUpyOT KOHCTUTYAHTHI Sg CTATUCTUIECKOTO

aHcaMOJ1s1. 3aBUCHMBIE TIepeMeHHbIe X = X (£, £) ONUCBHIBAIOT PErYIISPHYIO COCTABIISIONLYIO IBU-
JKeHnst dacTuibl. [lepemennas u = u (¢, X) OMICHIBAET CPeJIHEee 3HAYEHIE CTOXACTHIECKON COCTa-
BJIAIONIE CKopocTH, fi ecTh KBaHTOBast mocTosiHHAst. Bropoit wien B (3.1) onuckiBaeT KuHeTHIe-
CKYIO SHEPIUIO CTOXaCTUIECKON COCTABJIAIONIEH CKOPOCTU. T peTuil UieH ONMUChIBaeT B3AMMO e~
CTBHE MEXKIy CTOXACTHIECKON COCTABIISAIONIEH CKOPOCTH U (f,X) U PEryJsipHON COCTABJISIONIET
x (t,€). Oueparop
o o0 0

Oxt’ 0x2’ Ox3
ompejiesieH B ITPOCTPAHCTBE KOOpAWHAT X. JImHamMudeckue ypaBHEHHS I JTUHAMHYECKON CH-
crembl £ [Sg) momydaoTcs B pesysbTare BapbupoBaHus jeficTBusA (3.1) MO TMHAMIYECKAM I1e-
PEMEHHBIM X U U.

JleiicTBue ajst OMHONM HeIeTePMUHUPOBAHHON YACTUIBI Sy NMEET B

m ., dx

h
As,, [x,u] = / {EX + %uQ — §Vu} dt, X =— (3.3)

D10 meficTBHE ONpEIeIeHO HEKOPPEKTHO, IIOTOMY dYTO omeparop V onpemened Ha 3D-
npocrpancTse Koopaunar x = {z!, 2?2 23}, Torma xak B dynxumonane jeiicreuga (3.3) nepe-
MEHHas X HUCIIOJIb3yeTCs TOJBLKO Ha OJHOMEPHOM MHOXKECTBE. JTO O3HAYAELT, YTO He CyIIECTBYEeT

(3.2)
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JMHAMIYECKUX YPABHEHUI it 9acTUIbl Sy, W YacTHIA Sy sSIBJSIETCS] CTOXACTHYECKON (a He

JHAMIYEeCKOi) cucremoit. Oaaako, dyHkunonan jgeiictsus (3.1) siBisiercsi XOpPOIIO Ompejie-

JIEHHBIM JIJIsl CTATUCTUIECKOro ancaM6/is € [Sy| cylecTByOT JuHAMUYECKIe YPABHEHUS, XOTS

JIMHAMIYECKUX YPaBHEHUI He CYIIECTBYET /It KOHCTUTYaHT 3TOTO CTATUCTHIECKOIO aHCAMOJIS.
Bapuarus geiicrust (3.1) IpuBOANT K JUHAMIYIECKAM yDABHEHUSIM

f h
ous  mputoVp=0,  u=-—goVing (3.4)
d2X m o h
rie
 fleutt) _ (ot y
0 (!, 22, 23) D (Er, 60, 65) |

ITocie HajIerKalIell 3aMEHBI [IEPEMEHHBIX JHHAMIYECKHE YPABHEHUS NPUBOJATCS K yDaBHE-
Huio [13]

12 12 A
ih00) + —— V2 + ——V25, - (80 — 200) Y — —— ~L V50001 = 0 (3.7)
2m 8m dm p
rae w €eCThb ,HByXKOMHOHeHTHaﬂ KOMIIJIEKCHasd BOJTHOBaA beHKIH/IH
p= 9, sa=L2Y 4123 (3.8)
p

0o CYTh 2 X 2 maTpunsl [laynn

we(U8) s (0F) e (h) e

ay
bipy
Ba nocnennux 4nena ypasHenus (3.7) obpamiaroTcst B HyJib, U ypaBHEHUE MPEBPAIIAETCS B
ypasuenue [IIpemxunrepa

Ecnu cocrasisiomue ¢ u 1)y JIMHEHHO HE3ABUCUMBI 1) = ( ), a,b = const, To s = const.

h2
ihdy + —V?h =0 (3.10)
2m

Takum obpasom, ypapaenune IlIpeanarepa n mHTEPIpETAIldst KBAHTOBONH MEXAHUKU BOSHIUKAIOT
u3 puHaMIdeckoii cucreMbl €[Sy, omucsiBaeMoii dyuKImonasom aeiicteus (3.1). Dror dakr
KayKeTcsl HECKOJIBKO HEeOXKHUIAHHBIM, IMOTOMY YTO BOJHOBasi (DYHKIMS B KBAHTOBOH MEXaHHUKE
paccMaTpuUBaeTCcs KaK 0COOBI KBAHTOBBIN OOBEKT, He UMEIOIINN aHAJIOTa B KJIACCUIECKO (-
suke. Ha camoM fesie, BoiHOBast pYHKIINA €CTh IIPOCTO CIIOCOO OMUCAHUS MAEATbHON CILIONTHOM
cpenbl [14]. MoKHO ONUCHIBATH WICATBHYIO KUJAKOCTh B TEPMUHAX THIPOIMHAMUIECKUX TI€Pe-
MEHHBIX: IIJIOTHOCTH p W CKOpocTH V. MOKHO ONMCHIBATH MIEAJTBHYIO YKUJIKOCTH B TEPMUHAX
BostHOBOI byukruu. Crarncrudeckuii ancambib & [Sy] npenacrasisier coboil TUHAMIYECKYTO
CUCTEMY THIIA CIUIOIIHON Cpeibl. DTU JBa IPeJCTaBIeHUs IUHAMUYECKUX YPaBHEHUN JJIsd JIU-
HaMu9IecKoil cucrembl € [Sg] MOKHO TTpeoOpPa3OBBIBATH OHO B JIPYTOE.

O606m1enme neiictBus (3.3) Ha CIydail CTOXACTHYECKUX DPEJISITUBUCTCKUX YACTHIL, JTBIKY-
IIXCHA B 9JIEKTPOMArHUTHOM T1071e, MMeeT B [15]

Alz,x] = / {—mcK\/gik:tij:’“ _ ZAk:t’“} de, die = deyde, (3.11)

K = 1+X (ke +0k), A=— (3.12)
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rie z = {z°(&,€)}, @ = 0,1,2,3 cyrsb 3aBucumble nepemennnte. § = {&, &} = {&}, k =
0,1,2,3 cyTb HezaBUCHMBIe TlepeMenHble, n @ = dz'/d€. Bemuunnnt k! = {Fal (x)} , 1=0,1,2,3
SIBJISTIOTCSL 3aBUCUMBIMU TI€PEMEHHBIMHU, OMICHIBAIOIINMU CTOXACTHYECKYIO COCTABJISIONLY O JIBU-
xernns dactunpl, Ay = {Ax(z)}, k = 0,1,2,3 ecTb moTeHIIHAT TEKTPOMATHUTHOTO MOJIS.
Junammtdeckas cucrema ¢ geiicrsuem (3.11), (3.12) aBisgercs ctarncTuaecknM ancaMb/IeM Hee-
TEePMUHUPOBAHHBIX YACTHL, KOTOPBIil BBIIVIS/IUT KAK HEKOTOpAasl CIIONIHAS cpeja. [lepeventbie
k! CBAZAHBI CO CTOXACTHYECKOI COCTAB/IAIONIEH 4-CKOPOCTH U! YACTUIBI ¢ MOMOIIBIO COOTHOIIIE-

HUA

m
K= —u 1=0,1,2,3 (3.13)

h ) ) Y )
B HepesTHBICTCKOM NPUO/IMZKEHNN MOKHO IpeHebpedsh BpeMeHHOil cocrapisomei k0 = Hu’
10 CPABHEHHIO C IPOCTpaHCTBenHOl £ = Ttu. Ilomaras § =t = 2° u A, = 0 8 (3.11), (3.12),

noyvaeM jeiicrsue (3.1) Bmecto (3.11), (3.12).
[Tocre HajIeKameil 3aMeHbl IEPEMEHHBIX TTOJTydaeM JIMHAMHUYECKOe YDaBHEHHE st Jeii-
crBug (3.11), (3.12). Dro muHaMmUUIecKoe ypaBHeHHe umeer B [15]

. e ) e h?
(—zh@k + EAk) (—zh@k + EAk) P — (m262 + T (0154) (alSa)> Y=
_h281 (palsa)
2p

rje UCHob3yioTcsa obosHadenus (3.8), (3.9). B wiyuae, korjga BomnoBast QyHKIWS 1 OTHO-
KOMIIOHEHTHA, BEKTOP § =const, n [uHaMu9IecKoe ypasHeHue (3.14) npeBpamaercs B ypaBHEHHE
Kneitna-T'opmona

(0a = 5a) ¥ (3.14)

(—z’h@k n gAk) (—ih@’“ + ZAk> b —m2) =0 (3.15)

[TpeobpazoBanue rUAPOIMHAMUYECKUX ypaBHeHuil (3.4) B [UHAMUYECKHE YDABHEHUsI B TE€PMU-
HaX BOJIHOBOW (DYHKINK % OCHOBAHO Ha TOM (paKTe, UTO BOJHOBasT (PYHKIUS PEICTABIISIET
co0oii crocob onmcaHus THAPoANHaMIYIecKuX ypasaeruii. [14]. IIpeobpazoBanue rugpomHaM-
YeCKUX ypaBHEHMUIH, OMICHIBAEMbIX B TEDMUHAX IHJIPOJMHAMIYECKIX [IePEMEHHBIX (TIOTHOCTD p
U CKOPOCTh V), K OMHUCAHUIO B TEPMUHAX BOJHOBOI (DYHKIUK JOBOJIBHO TPOMO3/IKO, TIOTOMY YTO
OHO HUCIIOJIB3YeT YaCTHIHOE NHTEIPUPOBAHUE JTMHAMUYECKUX YpaBHEHUI. DTO MHTErPpUpPOBaHNE
PUBOJIUT K MOSIBJICHUIO TIPOU3BOJIbHBIX (byHKIHi g% (£). BosnoBas QyHKIMs CTPOUTCS U3 ITUX
byuxmii [14].

MoKHO clieIyommuM 00pa3oM MOACHUTH CO3JIABIIYIOCA CUTYAIUIO. XOPOIIO M3BECTHO, YTO
ypasuenue Illpenunrepa moxkeT ObITH 3ammcaHo B THApoAnHaMudeckoit dpopme MaseayHra-
Bowma [17, 18|. BonunoBasi dbyHKIUS IpeICTABIAETCA B BUJIE 1)

¥ = pexp (ip/h) (3.16)

[Moxcrasnsgs (3.16) B ypapuenne Ipemunrepa (3.10), momydaem JBa BeleCTBEHHBIX ypaBHe-
HUs U TUHAMWYECKUX TEePEeMEeHHBIX p U . B3dB rpajgueHT oT ypaBHEHHS I @ U BBOJA
00O3HAYEHN ST

h

v =——Vo, curlv =0 (3.17)
m
[OJTydaeM YeThipe YPABHEeHUs IUIPOJUHAMITIECKOrO THIIA
dp dv  0v 1
—+V =0 —_— = V)v =—-——VU, 3.18
g TV =0 =g T Vv =DV (3.18)
rae Ug ecth norennnan Boma, onpeessieMblil COOTHOIIEHIEM
n [ (Vp)° h?
Us = U (0, 90.%) = o (2 _ag,) - P25 3y

~ 8mp p N 2m./p
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['mppoaunammaeckne ypaBaenus (3.18) MoryT 6bITD JIeTKO IOy IeHbl 13 ypasHenuii (3.4), (3.5).
Y0661 OSyunTh ypashenus (3.18), (3.19) B TepmuHax BOJIHOBON (DYHKIMU, HAJO TIPOMHTETPH-
POBATH 3TH yPaBHEHMs, IIOTOMY YTO OHM MOJIYYeHbI ¢ MOMOIIBI0 aud depennuposanns ypaBHe-
uust Hpeauarepa. 9To HHTErprpoOBaHme JIETKO IIPOU3BECTH, €CJIH BBIIOIHEHO yesaosue (3.17), u
TeUeHNe YKUJIKOCTU MOTEHINATBHO.

B obmem ciydae 3aBUXpEHHOTO TeUYeHWS WHTEIPUPOBAHUE CYIIECTBEHHO CIoKHee. Tem He
MeHee 3TO MHTerpupoBaHue ObLio mpousseneno [14], u momydeHo Gosee CI0KHOE ypaBHEHUE
(3.7), ryie jiBa MOCTIEHUX WIEHA OMUCHIBAIOT 3aBUXPEHHOCTH TevdeHusi. Y pasuenue [Ipennarepa
(3.10) mpeacrasisier coboit YacTHBI ciydaii 6oee obuiero ypasuenus (3.7).

Bamernm, uro ypasHenue (3.7) HeJIMHENHHO, XOTsI OHO UHBAPUAHTHO OTHOCUTEJILHO MPeobpa-
30BaHUA

Y — ) = Ay, A = const (3.20)

KOTOPO€ TIO3BOJIIET HOPMUPOBATH BOJTHOBYIO (DYHKIIMIO K JIFOOOMY HEOTPHIATE]THHOMY 3Have-
HUIO. DTO CBOICTBO ONMUCHIBAET HE3ABUCUMOCTH CTATUCTHYECKOTO aHCAMOJIS OT YUC/Ia KOHCTU-
TYAHT.

[IpencraBienre KBAHTOBOW MEXaHUKU KAK OIMCAHUE CTATHCTUYECKOTO aHCAMOJIs KJIACCUIe-
CKUX HEJIETEPMUHUPOBAHHBIX YaCTUI TIO3BOJIsIET MHTEPIIPETUPOBATH KBAHTOBBIE COOTHOIIIEHUS B
TEPMHUHAX CTATUCTUYIECKOTO OMMUCAHNSA. DTa HHTEPIIPETAIINsT PA3INIAETCs B HEKOTOPBIX MyHKTAX
OT TPAIUIHOHHOf (KOMEHTareHCKOi ) MHTepIpeTalni KBAHTOBON MEXaHUKL.

B n0ob6oM craTHCTHYECKOM ONMUCAHWU MUMEIOTCA JIBA BUJA M3MEPEHUil, KOTOphbie 00JIaIaioT
pasmumaHbIME cBoficTBaMu. MaccoBoe uamepenne (M-u3meperue) Npou3BOIUTCS HaJT BCEMU KOH-
CTUTYaHTAMH CTATUCTHYECKOro aHcaMOss. Pesynbrarom M-usmepenus Besmannabl R sBisercs
pacripejiesienne BeJnauHbl R, KOTOpoe MOXKeT ObITH MPEeJICKA3aHO B Pe3yJIbTaTe PelIeHUs TUHA-
MHUYECKUX YPaBHEHUIT JIJI CTATUCTHYECKOTO aHCAMOJIs.

Ornesnbroe u3Mepenue (S-u3MepeHne) MPOu3BOIUTCs HaJl OJIHON U3 KOHCTUTYaHT CTATUCTHU-
qeckKoro ancamoisi. PesyibraroM S-m3mepenusi BeutauHbl R sB/IsieTCs HEKOTOpPOe CydaiiHoe
3HaYeHNe BeJnYnHbl [, KoTopoe He MOxKeT OBITh Ipe/CcKa3aHo Teopueil. B KomeHrareHckoit
MHTEPIIPETAIINA KBAHTOBOI MEeXaHUKU IMPEJIIOIAraeTcs, ITO BOTHOBas (DYHKINS ONHICHIBAET OT-
JIeJIGHYIO 9acTully (a He CTaTucTudecKuii ancaM6yb dacTul). B pesyabrare MMeeTcs TOJLKO
OJIUH THI W3MepeHus, KOTOPbIil NHOrJa paccMaTpuBaeTcs Kak M-usmepenue, a MHOTJIA Kak S-
u3mepenue. [lockonbky M-u3mepenne n S-m3mepenne 00J1a/1al0T PA3HBIMEI CBOHCTBAM, TO OTO-
JKJIECTBJIEHHUE 9TUX JBYX BHUJIOB U3MEPEHUs SIBJIAETCHI UCTOYHUKOM MHOTOYHUCIEHHBIX MTPOTUBO-
peunii u mapaJiokcos. [19].

[IpejcraBienre KBaHTOBON MEXaHUKH B BUJIE CTATUCTHYECKOT'O ONMUCAHUS JIBUKEHUS HEJIe-
TEPMUHUPOBAHHBIX YACTHI] UMeeT JIBa BaxKHbIX ciejcTiust: (1) VckiroueHre KBAHTOBBIX TPUH-
[UIIOB U3 YUCJIA EPBBIX TPUHIUIOB. (2) BO3HUKHOBEHUE MPOOIEMbl H3HAYATBLHOIO CTOXACTHYIE-
CKOTO JIBUZKEHUSI CBOOOTHBIX YACTHII.

4 Ilpmanun nedopmanum

To, 4T0 reoMeTpUsT MOXKET MOJHOCTHIO ONUCHIBATHCS C IIOMOIIBIO PACCTOAHUS (UM MUPOBOM
dbyuKIUN) — 5T0 OUeHDb cTapas uiaed. CHavaga 9T0 OBIIO METPUIECKOE IPOCTPAHCTBO, OMUCHI-
BaeMoe MeTpuKoil (paccrostaueM). Merprka Oblia orpaHuYeHa PsiJIoM YCIOBUIT TAKMX KAK aKCH-
OMa TpeyroJIbHIKa U HEOTPHIIATEeIbHOCTh MeTpuku. TpeboBaHIe HEOTPUIATETBHOCTH METPHUKNI
He I03BOJIAJI0 IPUMEHUTh METPUYECKOe IPOCTPAHCTBO JIJId OIMCaHUs IPOCTPaHCTBa-BPEMEHU.
[1aBHBI HETOCTATOK METPUYECKOI reoMeTpuu u AucTaHTHON reomerpun |11, 12| — sr0 He-
BO3MOXKHOCTH (HEyMEHHE) TIOCTPOCHUs T€OMETPUIECKIX 0O'bEKTOB B TePMUHAX MUPOBOil (hyHK-
N NN B TepMuHax MeTpuku. [locrpoenne reomerpnyecknx oObEeKTOB B TE€PMHHAX MHUPOBOIt
QyHKINN TOZKHO OBITH BO3MOXKHO, MOTOMY YTO IPEATIOIAraeTcs, 9TO TeOMETPHUs IOJTHOCTHIO
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OIHMCBIBAETCA MUPOBOI (DyHKIIMEH U B TepMUHAX MUPOBOil (pyuknuu. Bosee Toro, dousnydeckas
reoMeTpHUs MO3BOJIAET OCYIIECTBIATH OECKOODIMHATHOE OIICAHUE.

Taxast cuTyalust BOSMOXKHA, €CJIH MPaBUILHO OMPEJIEINTh MOHATHS PT€OMETPUU U T€OMETPH-
JEeCKNX 00bEKTOB.

Onpedenerue 4.1: @usndaeckas reomerpust G = {0, 1} npezacrabisier coboii TodeTHOE MHO-
’KecTBO () ¢ 3aJIaHHOI HA HEM OJHO3HATHON MUPOBOH (DyHKIHEH o

o: QxQ—=R, o(P,P)=0, o(P,Q)=0(Q,P), P Qe (4.1)

Onpedenerue 4.2: Ilse dpusnueckue reomerpun Gy = {01, N} u Gy = {02, s} sxBuBaeHnt-
ubl (GreqvGs) ecim MHOKeCTBO Touek (2 C Qo A 01 = 09, it 2y € Oy A 09 = 07.

Samevwanue: CoBlagenne TOYeIHBIX MHOXKecTB )y u )y He dBideTcsd HEOOXOMAUMBIM I
SKBHUBaJIEHTHOCTH TeomeTpuit G; u Go. Eciau nmorpeboBatsh coBmajenus () u (g B caydae 9KBU-
BaJICHTHOCTH reoMeTpuii G; u Gy, TO ymajeHue oJHOi TOYKM P M3 TOYEeYHOro MHOXKeCTBa ()
npespaiiaer reomerputo G; = {01, } B reomerputo Go = {01, \ P}, Koropas okasbiBaer-
cel HESKBUBAJICHTHOI reoMeTpun G. Takas CUTyalldsl IIPEACTABJILAETCs HEIPUeMIEMOil, IOTOMY
YTO TeOMeTpHsl Ha 4YacTh w C ) TOYEYHOro MHOXKecTBa () OKa3bIBaeTCs HEIKBUBAJICHTHOI
reOMeTpuu Ha BCEM TOYEIHOM MHOZXKeCTBe ().

B coorBercrBum ¢ onpejesnerneM reomerpun Gi={o,w;} u Go={o,wy} Ha wacrax Q,
wi C Quwy CQ sxsuBazentusl (GreqvG), (GoeqvG) reomerpun G = {o,}, Torna kak
reomerpun Gy={o,w;} u Go= {0, ws}, BoOOIE TOBODS, HEIKBUBAJICHTHBI, €CIN w1 & Wy HIIH
wy & wy. Takum 06pa3oM, OTHOIIIEHNE SKBUBAJEHTHOCTH, BOOOIIE TOBOPs, MHTPAH3UTUBHO. ['€o-
MeTpHs IPOCTPAHCTBA-BPEMEHN MOKET BUJON3MEHATELCA B PA3JINIHBIX 00JIACTAX IPOCTPAHCTBA-
BpEMEHH. DTO 03HAa4aeT, 9TO (PU3MIECKOe TeJI0, OMUCBIBAEMOe FeOMETPUYIECKAM 00LEKTOM, MO-
JKeT 3BOJIOIMOHNPOBATEL TAKMM 00Pa30M, YTO OHO OKA3LIBACTCH B 0OJIACTAX C PA3HOI TeoMeTpH-
eil IPOCTPAaHCTBA-BPEMEHU.

Onpedenerue 4.3: Teomerpuaeckuii 00bekT gp, reomerpuu G = {0, )} apisercs momaMHo-
JKECTBOM gp, C §) TOUEIHOrO MHOKeCTBa 2. DTOT TEOMETPHIECKUIT OOBEKT gp, TPECTABIACT
coboit MHOKecTBO KopHeilt R € () dyukuun Fp,

Fp, : 2—-R
rue
P, Fo. (R) = Gp, (un, 1z, o1y), 5= % (n+1)(n+2) (4.2)
w = o(w,wg), i,k=0,1,..n+1, l:1,2,...%(n+1) (n+2) (4.3
w, = P,e, k=0,1,..n, Wy = R € (4.4)

Baecw P, = {Fo, P1, ..., P,} CQ cyrb n+ 1 ToYeK KOTOPBIE SBJISIIOTCS MapaMeTPaMu, OIpe/ie-
JIIOIIUME T€OMETPUUIECKHN O0BEKT gp,

gp, = {R|Fp, (R) =0}, ReQ, P, € Q" (4.5)

Fp, (R) = Gp, (u1,us,...u;) ectb nponssonbnas dynkuus 3 (n+ 1) (n + 2) aprymenToB  u,
n n + 1 napamerpos P,. MuoxectBo P,, mapaMeTrpoB IreOMeTPHUYIECKOr0 00beKTa HA3BIBACTCS
KapKacoOM reOMeTpUIecKoro oobekTa. [10IMHOKeCTBO gp, HasbIBaeTCs 060JI0YKON KapKaca (reo-
MeTpriueckoro obberTa). O Kapkac MOKET UMETh MHOTO pasHbIX obosodek. Korma gacruia
paccMaTpruBaeTCsd KaK FeOMeTPHYEeCKNil 00BEKT, ee IBUKEHIE B IIPOCTPAHCTBE-BPEMEHU OTHCHI-
BaeTcs ee KapKacoM P,, KOTODBIIl MHTEePIPETUPYeTCs KaK pelep, yKECTKO MPUKPEIJIEHHBIN K
JACTHIIE.
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Samevarue: TIpon3BoibHOE TOIMHOXKECTBO TOYETHOrO MHOXKecTBa (), BOOOIE TOBOps, He
sIBJII€TCS TeoMeTpudecKuM oObekToM. Ilpenmonmaraercs, 9ro (usndeckume Tejra MOIYT UMETh
TOJIBKO (DOPMY FeOMETPUIECKUX 00BEKTOB, IIOTOMY YTO TOJIBLKO B 9TOM CIydae MOXKHO OTOXKIe-
CTBUTD OJINHAKOBBIE (DUBUYECKUE TEIA B PA3JIUIHBIX T€OMETPUIX TPOCTPAHCTBA-BPEMEHN.

Cy1iecTBOBaHNE OMHUX W TEX K€ NeOMETPUIECKNX OOBEKTOB B Pa3HBIX 00JACTSAX MPOCT-
pPAHCTBa-BpeMeHN, MMeIOIINX Pa3/IMIHbIe TeOMETPHUH, TMOJHUMAET BOIPOC 00 SKBUBATEHTHOCTU
reoMeTPUIeCKNX 00bEKTOB B Pa3HbIX TeoMeTpusix. Takoil BOIpOC He BO3HUKAJ PaHbIIE, MOTO-
MY 9TO HE PacCMaTPUBAJIACh TaKas CUTYAIMs, KOrIa (DU3MIECKOe TeJI0 epeMeIaeTcs U3 OHO
00J1aCTH IPOCTPAHCTBA-BPEMEHN B JIPYTYIO 00JIACTD, UMEIOIILYIO APYTyio reoMeTpuio. Boobiie ro-
BOPsI, TPAIUIINOHHBIN MATEMATHIECKII alllIapaT TeOMETPUN TTPOCTPAHCTBa-BPEMEHHU He TTPUCTIO-
cODJIeH [JTsT OJTHOBPEMEHHOTO PACCMOTPEHNsT HECKOJIBKIX PA3JIMTIHBIX T€OMETPUI MTPOCTPAHCTBA-
BPEMEHT.

MbI MOKEM BOCHPHHIUMATEH T€OMETPHIO IPOCTPAHCTBA-BPEMEHHN TOJIHLKO Yepes JBUzKeHne (hu-
3UYECKUX TEJT B HEM, HJIH Y€Pe3 MOCTPOEHUE FeOMETPUIECKUX 00bEKTOB, COOTBETCTBYIOIINX ITUM
dusnaeckum Tenam. Kak ciaemyer u3 onpedesenus 4.3 reomerpudeckoro oobekTa, dpyukims F
Kak (DYHKIHsI ee apryMeHTOB (MUPOBBIX (DYHKIIHI OT PA3JIUIHBIX TOUEK) UMEET OJIUH U TOT JKe
BHJT BO BCeX (PU3MIECKUX MEOMETPHUAX. JTO O3HATAET, 9TO reoMerpudecknii 0obekT (J; B reome-
tpun G; = {01, Q1 } monyvaercsi u3 TOro ke camMoro reomerpudeckoro oobekra Oy B reoMeTpun
Gs = {02,Q2} ¢ mOMOIIBIO 3aMEHBI 09 — 0] B ONPEIEJICHUN TeOMETPUIECKOTO 0ObEKTa.,

[TockobKy pusnvdecKas reoOMeTpusi ONpPeIessieTcsd ITOCTPOEHNEM ee TeOMETPUIECKIX 00beK-
ToB, dusndeckas reomerpus G = {0, {2} MoxkeT OBITH MOTyUeHA M3 HEKOTOPON CTAHIAPTHO
reomerpuu Gy = {0y, 2} ¢ momorpio nedopmalnu crangapTHoil reomerpun Gy, Jdedopmanns
cTaHIapTHON reomeTpun Gy OCYIECTBIIAETCS 3aMEHOM Oy — 0 BO BCEX OIPEIEIEHUIX TeOMe-
TPUYECKUX OOBEKTOB CTaHaapTHOH reomerpuu. CoOCTBEHHO €BKJIMIOBA T'€OMETPUS SIBJISIETCS
akcmoMaTu3upyemoit reomerpueit. OHa OCTpOEHA KaK JIOTHIECKOE MIOCTPOEHUE C MIOMOIIBIO Me-
tora EBkymmma. O qHOBpeMEeHHO COOCTBEHHO €BKJIUI0BA T€OMETPHSI sABJISIETCsT (DUBUIECKOIT reome-
Tpueit. OHa MOXKeT UCIOIb30BAThCA KaK cTaHgapTHas reomerpus Gy . [Toctpoenne dpusnaeckoit
reOMEeTPHUH B pe3y/Ibrare J1edOpMaIii COOCTBEHHO €BKJINIOBOM MreOMeTPII Ha3bIBAeTCsI IPUHIIN-
oM jiecpopMaiui. BoIbIMIHCTBO (PU3NYECKUX M€OMETPHil ABJIAIOTCS HEAKCHOMATH3UPYEMbIMUI
reoMmerpusMu. OHI MOTYT OBITH MOCTPOEHBI TOJBKO € TIOMOIIBIO MPUHITUIA 1ehOpMAaIni.

Onucanne JBUKEHUsT SJeMEHTapHBIX YaCTUIl B MPOCTPAHCTBE-BPEMEHU COJIEPKUT TOJBKO
kapkac dactunsl P, = {Fy, Py, ...P,}. Bun dbyukiun (4.2) He siBjisieTcsi CyIIECTBEHHBIM B IIep-
BOM Ipub/imzkeHnu. B 1rnHaMuKe 3j1eMeHTapHbIX 9acTHUIl CYIIeCTBEHHA TOJIbKO SKBUBAJIEHTHOCTh
BekTOpoB P; Py, i,k =0,1,...n. 9TU BEKTOPHI ONPEIE/ISIIOTCI KAPKACOM YaCTUILI Py,.

DksuBasenTHOCTh (PoP1eqvQoQ;) nmByx BekTopos PoyPy 1 QoQ; ompesensercst coorHoIe-
HUAMU

(PoP1eqvQoQy) : (PoP1.QoQ1) = [PoP1] - |QoQ1| A |PoP1| = [QoQx| (4.6)
rie
|POP1’ = 20' (Po, Pl) (47)
u ckanaproe npoussesenue (PoP1.QoQ;) onpenensercsa coornomenuem (1.9)
(PoP1.QoQ) =0 (Poan) + U(Pl,QO) - U(PO7QO) - U(PLQZ) (4.8)

Kapkacot P,, = { Py, P1,...P,} u P, = { P}, P, ...P.} moryr npuna/jexarb OJHOMY U TOMY 7K€
reOMETPUIECKOMY OO'bEKTY, eC/IH

PPy = PPy, i,k=0,1,..n (4.9)

T.e. JyIHBI Beex BekTopos P, Py u PP} pasubl. O1HAKO 9TOr0 HEJTOCTATOMHO JIJIsT 9KBUBAIEHT-
HOCTH Kapkacos P, and P, .
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Kapkacot P, = { Py, P1,...P,} u P, = {P}, P|,...P.} sKBuUBaJIcHTHDI
(PneqvPy,) : ecin  P;PreqvPiPy, i,k=0,1,,..n (4.10)

Jpyrum cioBaMn, 9KBUBAJIEHTHOCTb KapKacoB TpeOyeT paBeHCTBa JinH BekTopos P, Py u PP},
U PaBEHCTBA UX B3AWMHBIX OPUEHTAIHIA.

5 MHuaoroBapnaHTHOCTDH

Qusndeckasi reoMeTpust 001a/1aeT CBORCTBOM MHOTOBAPUAHTHOCTU. DTO O3HAYAET, ITO B TOUKE
Py nmeerca mmoro BektopoB PoPy, PoP, PoPY| ..., koropsre skBuBasentHs BekTopy QoQ; B
TO4YKe (Jo, HO OHU He 9KBUBAJEHTHBI MeK 1y cob0ii. COOCTBEHHO €BKJIMI0BA FeOMETPH He 00J1a-
JIaeT CBOMCTBOM MHOIOBAPUAHTHOCTU. B cOOCTBEHHO €BKJIMJIOBOII M€OMETPHH UMEETCs TOIHKO
onun BekTop PoP; B Touke Py, KoTOpbIil 9kBUBasienTeH BeKTOpy QoQ; B Touke Q).

DopMaJIbHO MHOTOBAPUAHTHOCTH CBA3aHA C OINPEJIeIEHIEM SKBUBAJIEHTHOCTA BEKTOPOB Ue-
pes anrebpandeckue cootHomenus (4.6) - (4.8). Eciu Bekrop QoQ1 3a/1aH, 1 Hy?KHO OIIPEIETNTh
sKBUBaseHTHbINH BekTOp PPy B TOuke Py, TO Hy>KHO penuth jBa ypasHerus (4.6) oTHOCHTE b
Ho Touku Pj. Ecim smu nBa ypaBHeHHs MMEIOT €IWHCTBEHHOE peIleHNe, TO UMEeTCs TOJIHKO
onuH sKBuUBaseHTHBIH BekTOp PoP; (omHoBapunanTHOCTh). Feim umeercss MHOTO perenuit, To
nmMeercst MEOTO BeKTopoB PoPy, PoP), PoPY .., koropsie sxBuBasenTHbl BekTOpy QoQ: (MHO-
rOBapUAHTHOCTH). Bo3MOKeH Takoii cirydail, Korja HeT perreruii. B sTom ciaydae mmeer mMecto
HYJTb-BADHAHTHOCTb.

MmuoroBapuaHTHOCTb M€OMETPHUHU TPOCTPAHCTBAa-BPEMEHN BeJleT K PACIIEIJIEHUI0 MUPOBOIL
I[N HA MHOT'O CTOXaCTUYEeCKUX MUPOBBIX Ieneil. B pe3ysibrate MHOrOBAPMAHTHOCTH NEOMETPUI
MIPOCTPAHCTBA-BPEMEHU TTPUBOJIUT K MOSBIEHUIO KBAHTOBBIX 3(DDEKTOB.

Hynb-BapuaHTHOCTD TMOSBIISIETCS B CJIydae MHOTOTOYEIHBIX KAPKACOB. DTO HHTEPECHO B TOM
OTHOIIIEHNH, YTO HYJIb-BAPUAHTHOCTH MOYKET 3allpeliaTh dJeMeHTapHble YaCTUIBI C MHOTOTO-
YEYHBIMU KAaPKACAMI.

6 JIuckpeTHOCTh I'€eOMETPHUN MPOCTPaHCTBa-BPEMEHN

Muposast dyukius (1.3) onuchBaeT MOTHOCTBHIO IUCKPETHYIO TeomeTpuio. OIHAKO, TeOMeTPHsI
MIPOCTPAHCTBA-BPEMEHN MOXKET OBITH YACTHYIHO JUCKPETHOI. MOXKHO BBECTH IIOTHOCTH TOYEK
p = doy/dog B AUCKPETHOI TeOMeTPUU MO OTHOIIEHWIO K [JIOTHOCTH TOYeK B reomerpun MuH-
KOBCKOro. /InckperHast reoMeTpusi MOXKeT OMUCHIBATHCA OTHOCUTETBHON TJIOTHOCTHIO TOYEK

S
p(oa) = Tdos \2 (6.1)
1 ecm oy > ?0

Jlnsg 6/IM3KUX TOUYEK OTHOCUTE/IbHAs IJIOTHOCTh TOYEK JUCKPETHON reoMeTpun oOpaliaeTcs B
HYyJIb, U 9TO OOCTOATETHCTBO PACCMATPUBAETCS KAK JIMCKPETHOCTH reomerpuu. OHAKO, THC-
KPETHOCTH T€OMETPUN MOXKET ObITh He TIOJTHOII.

PaccmoTpuM reomerpuio mpocTpaHCTBa-BpeMeH: ¢ MUPOBOi dyHKIel oy

)\_(2) sgn (o) eciu  |oy| > og

Oy = oM + 5 o ccmn o] < 0o Ao, 0p = const (6.2)
OrHocuTebHAS JIOTHOCTH TOYEK B reoMerpun (6.2) mMeer BH
2
1 ectn |og| > 09 + 2
do (o) 2
plog) =——— = o 2 (6.3)
g > ecmn |og| < og+ 2
oo + 70 2
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)\2
Eciu o < )\8 OTHOCHTE/IbHAS IIOTHOCTH TOYEK B OOJIACTH, TIIe |0'g| S (0,00 + 7°> MHOTI'O

menbiIne, deM 1. Ecan 0g — 0, ornocurenbhast miornocts Touek (6.3) crpemnres K (6.1). eome-
tpuio (6.2) cenyer KBaIUQUIIPOBATH KAK YACTUIHO JTUCKPETHYIO T€OMETPHIO TPOCTPAHCTBA~
BpeMenn. Byaem nazpiBaTh reomerpuio (6.2) 3epHUCTON reomerpueii. B 3epHucToii reomerprn
IIPOCTPAHCTBA-BPEMEHI OTHOCUTE/IbHAsA IJIOTHOCTh TOYEK, Pa3/ie/IeHHBIX MaJIbIM PAcCTOAHUEM
MEHBIIINM, 9eM A, MHOT'O MEHbIIIE, YeM OTHOCHTEIbHAs IUIOTHOCTDH APYTHUX TOUYEK. 3EPHUCTAA
reoMeTpusl, OIUCbIBaeMas MUPOBOi DyHKITHel

ye [ sen (om) ecm  |oy| > o9
oy = oMt o
2 f (U_M

g0

fe) = =f(==), f(1)=1

gBJIsIeTCs 00001menneM reoverpun (6.2).

, Ao, 00 = const (6.4)
) ecn  |oy| < o

7 JluHamMuKa 3jieMEeHTApHbIX YaCTHUI]

JInnamMuKka 3/IeMEHTapHBIX YaCTHI] B 3¢PHUCTON MreOMeTPHUH MPOCTPAHCTBA-BPEMEHN PACCMATPH-
Baercs [20]. CocrosiHue 9acTHIbl OMUChIBaeTcs ee kKapkacom P, = { Py, Py, ...P,}, cocrosmnm u3
n-+ 1 mpoCTPaHCTBEHHO-BPEMEHHBIX TOUEK. TaKoe OMMCaHIe COCTOSHIS YaCTUIIbI SBJISETCS TI0JI-
HBIM B TOM CMBICJIE, UTO He HY’KHBI IIapaMeTpbl YacTUllbl (Macca, 3apsijl, CIuH U T.01.). Best 91a
uHMOpPMAIIUS ONUCHIBAETCS PACIIONIOXKEHHEM TOYEK B KapKace. DTO 03HAYAET MeOMeTPH3AIINI0
IIapaMeTpOB dJIEMEHTAPHBIX YaCTHIL. KpOMe TOIr'O, TpaJUIIMOHHOE OIIMCaHUE COCTOAHUA JaCTUIIbI
KaK TOYKH B (Da30BOM IPOCTPAHCTBE OKA3BIBAETCs HEPEJIATHBUCTCKUM. 3€PHUCTAsi TEOMETPHSI,
BOOOIIIE TOBODS, MHOIOBapUAHTHA. JIBUKEHNE YaCTHIBI ABJISIETCS CTOXACTHIECKUM, U IIPeJIet
(1.7), onpenejsionyii UMITYJIbC YACTHIBI HE CYIIECTBYeT. Takum 06pazom, movL 6biHyatcoer
ONUCHIBAD COCTNOANUE YACTIUYDL €€ KAPKACOM OAHL MO20, YMoOb, YOOBAEMEOPUMD NPUNYUNAM
MEOPUL OMHOCUMEALHOCTIU NPU ONUCKHUYU QUHAMUKY CIMOTACMUNECKUT YaACTIUY,

DBOJIIOLMS] COCTOSTHUS YACTHUIIBI ONMUCBIBAETC MUPOBOIA 11enbio C, COCTOSAIIEl U3 CBA3AHHBIX

kapkacos Py = {PO(S), Pl(s), ...Pﬁs)}, s=..—1,0,1,...

c=P®, PO =p  s=  _101,.. (7.1)
CBsI3b MKy KAPKACAME MIDPOBOH LIeIH BO3HUKACT, IOTOMY UTO BTopas Touka P\*) s-oro xap-
Kaca COBIAJAET C MepBOil TOYKOM PO(SH) (s + 1)-oro kapkaca. Bekrop P(()S)Pgs) = P(()S)P(()SH)

Ha3bIBa€TCA BEAYIIUM BEKTOPOM, OIIPEIC/IAIOIIM CbOpMy l\IHPOBOﬂ IIeIm. Bee KapKacChbl B IIeII
OJNHaKOBBI B TOM CMBICJIE, 9TO

‘PES)P](:)

= uix =const, i, k=0,1,.n, s=..—1,0,1,... (7.2)

Onpedeserue: JIpa Bekropa PoP1 u QoQ; sxksusanentnl (PoP1eqvQoQ;), ecin

(PoP1.QoQ1) = [PoP1] - |QoQu| A [PoP1| = [QoQu| (7.3)

Ecin wactuna siBiisiercst ¢cBOOOHOM, TO JIBUZKEHIE ee KapKaca MOCTYHATEJNbHO (T.e. IBUKEHIe

(s) plstl)
6e3 BpallleHNsT), U OPUEHTAIINsT CMEKHBIX KapKacoB Pr ’, Pr OJlHA U Ta Ke.

(PP P IRE) — [plRL - i 7.
ik = 0,1,.n, s=..—1,01,..

) ‘P(»SH)P,(:H)
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VYpasuenus (7.2), (7.4) o3HA4YAOT, YTO CMeyKHble KAPKACHI MHUPOBON e 3KBUBAJEHTHBI

s s+1
,PT(;, )qu’P;l ), S = ... — 1, 0, ]., ...CMQ}KHI:)IG KapKacCbl 9KBHUBaJICHTHbBI, €CJ/IM 9KBUBaJICHTHBLI CO-
OTBETCTBYIOIINE BEKTOPbI CMEZKHbIX KapKaCOB

(PES)P,is)equES+1)P,gs+l)> i k=0,1,.m, s=..—1,01,. (7.5)

[Tonygaem n (n + 1) AuHAMUYECKUX YPaBHEHUH B KOHEYHBIX pasHocTax (7.5) (wm (7.2), (7.4)),
KOTOPBIE ONMHUCHIBAIOT IBOJIONMIO COCTOSTHUST YaCTHUIIBI. BBOs CHCTEMy KOODJAMHAT, MOJIYYaeM
nD MUHAMIYIECKUX MEePEMEHHBIX, YbU 3HAYEHUs OMPEEIAI0TCS INHAMAIECKIMI Y PABHEHISIMI
(7.5). Baech D ecThb pasMepHOCTh MPOCTPAHCTBA-BPEMEHH (YUCI0 KOODJMHAT, OMUCHIBAIOIINX
HOJIOZKEHNE TOYKH). B 9acTHOCTH, B CIydae TOUEYHON YACTHIBI, Ube COCTOSHEE ONUCHIBACTCS
JaByMs ToukaMu Py, Pj, 9ucio JuHAMUYECKUX YPaBHEHHIl ng = 2, TOrjia KAK B YeThIpeXMep-
HOM MPOCTPAHCTBE-BPEMEHH YHCIIO MEPEMEHHBIX N, = 4. B MHOroBapuaHTHOM HPOCTPAHCTBE-
BpPEMEHH JIMHAMUYECKHe YPABHEHUS UMEIOT MHOTO peleHnii. B pesysbrare MupoBas 1enb oKa-
3BIBAETCS MHOTOBAPHAHTHOI (CTOXACTHIECKOIT).

B pumaHOBOM TpOCTPAHCTBE-BPDEMEHN W IIPOCTPAHCTBE-BpeMeHNn MIHKOBCKOrO MUpPOBast
Iellb MOXKeT OBITh AIIPOKCUMIPOBAHA MUPOBOI JIMHUEH, TIPU YCJIOBUH, 9TO XapaKTepHbIe Pa3-
MepbI 331491 MHOTO GOJIbIIIe, YeM JIIMHBI 3BeHbEeB MUPOBOIi Iienu. B 9ToM cirydae quHaMudeckme
ypasrenus (7.5) npuBoasTCcs K 0OBIKHOBEHHBIM [ThdepeHnnagbHbIM ypaBHeHusiM. Ecin Mupo-
Bast JIMHIS BpeMeHunogoona 20|, perennst AMHAMIYIECKUX yPABHEHHUIT OKA3bIBAIOTCS €/IHHCTBEH-
upnvn. B sexropsr PSP pocTpancrsentonono6Hbl, anHaMiteckne ypasHeHHs HMEIOT
MHOT'O DeIeHHii Jjaxke B PIMAHOBOM ITPOCTPAHCTBE-BPEMEHH. DTO CBA3AHO C TEM OOCTOSITE b
CTBOM, YTO DHMAHOBA M€OMETPHUs TaK Ke Kak 1 reoMeTpusi MUHKOBCKOTO MHOTOBAPHAHTHBI 110
OTHOIIEHUIO K IPOCTPAHCTBEHHOIOOOHBIM BeKTOpaM. IIpu TpauinoHHOM I0/X0/1e IPOCTPAH-
CTBEHHOMNOI00HBIE MUPOBBIE JIMHIN HE PACCMATPUBAIOTCs, BooOIIe. Takme MUPOBBIE JINHAK He-
JIOILYCTUMBI [0 OIPEJIEJIEHHIO (ITO - TOCTYJIAT).

B [21] 6bu1a caenana mombiTKa mosmyduTh juddepeHipuagbable YPaBHEHUs it TOUETHO
gacTuipl. Criepa OGbLIO TOMYYEHO yPABHEHUE [JIsi TOUEUHO YaCTHUIBl B IPOCTPAaHCTBE MuH-
KOBCKOT'O. DTO TOJIBKO OJHO YpPaBHEHHE, TOTJa KaK MPU TPAJUIMOHHOM MOJIXOE MOJIYIAl0TCs
TPH ypaBHEHHUs JIJIs COCTABJISIOMINX CKOPOCTH 3 = V/c. DTO ypaBHEHNEe UMeeT B/

B2+(ﬂ_5>2:0 5:% (7.6)
1—02 ’ S dt '
Bsenem obosnadenuda
BB =1/ 5232 cos ¢ (7.7)
rJie ¢ ecTb yroa Mex 1y BekTopamu [ and ﬁ Ypasuenue (7.6) mprUHUMAET BUJL
2 2
9 B cos B
g1+ 5 =0 (7.8)

Eciu Muposast muans Bpemenunonobna 32 < 1, u cos’¢p < 1. To ckobka B (7.8) monokuTebHA.
Torna sakmodaem u3 (7.8), 4to

B=0 (7.9)
[Tosryuaem Tpu ypaBHeHUs U3 OnHOTO ypasHeHus (7.9)
. d
=1 =0 (7.10)

dt
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Eciu MupoBast TMHUS TPOCTPaHCTBEHHONOM00Ha, To 32 > 1, n ckobka B (7.9) obpamaercs B
HYJIb IIPH

2
2 p—1
COS QZS = 7 <1 (711)
yCKOpeHI/Ie v = CB CTaHOBUTCA HEOIIPEAC/JICHHBIM IIPpU 9TOM 3Ha4Y€HUU YIJIa Qf) MEXK Y /3

u (3. DT0 cleayeT MHTEPIPETUPOBATH KAaK HEBO3MOXKHOCTH CYIIECTBOBAHMA MPOCTPAHCTBEH-
HOIOJOOHBIX MUPOBBIX JuHUI. [Ipu TpajuImOHHOM TOX0/e TakKasd HEBO3MOXKHOCTH CYIIECTBO-
BaHUs IIPOCTPAHCTBEHHOMOAOOHBIX MUPOBBIX JIMHU [IPOCTO MOCTYJINPYETCH.

Taxkoii pe3ybTaT J0BOJILHO OYEBHUIEH, IOTOMY UTO IIPOCTPAHCTBEHHO-BPEMEHHAs TeOMETPHs
MUHKOBCKOTO OJIHOBApUAHTHA OTHOCUTE/IHLHO BPEMEHUIOJM00HBIX BEKTOPOB U MHOIOBAPHAHTHA
OTHOCHUTETHHO IPOCTPAHCTBEHHOMOMO00HBIX BEKTOPOB. [/ BpeMeHHUIIO00HBIX BEKTOPOB MOYKHO
HOJIYYUTh TPU JuHamMudecKux ypasuenus (7.10) uz ogaoro ypasaenus (7.8). Jljis nmpocrpas-
CTBEHHOIOJIOOHBIX BEKTOPOB 3TO HEBO3MOYKHO.

Hpyroii npumep paccmarpuBaercs B pabore [21]. PaccmarpuBaercs NBuzKeHHe TOYEYHOl
YaCTHUIBI B TPABUTAIIMOHHOM I10JIe MACCUBHOM cepbl Macchl M. B HbIOTOHOBCKOM NPUO/INKEHIN
mupoBas dyuKIw o (t,y;t',y’') Mexkny Toukamu ¢ koopauuatamu (t,y) u (t',y’') numeer Buz

1 2GM 1
Ao — 2 AV R N2
ctyity) =5\ -F )t — 3=y (7.12)

rae G ectb I'paBUTallMOHHAasA IMOCTOAHHAA, 1

/
=YY (7.13)
2
MeTpuueckuii TeH30p UMeeT TPaJUIUOHHbI BHI
2GM
gik = gk (x) = diag | ¢ — —=, —1,-1, -1 (7.14)

Vx2

U TeOMeTpHs IIPOCTPAHCTBA-BPEMEHHU, ONUChbiBaeMas MUPOBOil dyHKimeit (7.12) e sisiercs
pumanosoii. Ho MupoBas pyHKIMSA OKa3BIBAECTCS OJHO3HATHOIA.

PumanoBa reomerpusi KOHIENTYaabHO AedEKTUBHA B TOM CMBICIE, 9YTO MUPOBas (DYHKIIHs
PUMAHOBO}I TEOMETPUN € METPUIECKUM TeH30poM (7.14) sBjsieTcs MHOTO3HAYHOM, TOra Kak
MUpOBas (PYHKIUS JOKHA OBITH ojHo3HauHOi. Ho puMaHoBa reoMeTpus oJHOBapUaHTHA OT-
HOCHTEJIbHO BPEMEHUIIOI00HBIX BEKTOPOB, NMEIONMX 00IIee Havai0. B pe3ysbrare BpeMeHHIIO-
JIOOHbBIE MUPOBbIE LENKM B PUMAHOBOW I'€OMETPUH IIPOCTPAHCTBA-BPEMEHN OKA3bIBAIOTCS JI€TEP-
MUHEPOBaHHBIMU. OHU MOT'YT OBITH 3aMEHEHbBI JeTEPMUHUPOBAHHBIMU MUPOBLIME JIMHUSIM.

leomerpus (7.12) mpocTpaHCTBa~-BPEMEHN MHOTOBAPUAHTHA, BOOOIIE TOBOPs, HO € MUPOBAasI
dbyukmua (7.12) onnosnauna. Muposas byskius (7.12) momydaercs B pacumpeHHoi obIeit
TEOPUHU OTHOCUTEJHHOCTH, KOIJIa yAaJeHbl HeOOOCHOBAHHBIE OpaHUYEHUs, TPeOyIoune puMa-
HOBOCTH DeOMETpPHUH TIPOCTPAHCTBA-BpeMeHn [22].

st monydenust nudpdepeHnnanbHbIX JUHAMAYECKUX yPaBHEHUN st CBOOOIHON 4acTHIlbI
pPaccMOTPUM JIBa CBfA3aHHBbIE 3B€HA MUPOBON Ienu, onpejenseMble Toukamu By, Py, Py, nmMero-
MIMMHI KOOPAMHATHI

Po={y—dy}, P={y}, Pr={y+dy} (7.15)

e
y={t,y}, dy, = {dt,,dy }, dys = {dts,dy,} (7.16)
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CYTh KOOD/IMHATBI B HEKOTOPOJ HHEPIUAIBHOI cucTeMe KoopanHat. J{nuHaMuuecKue ypaBHeHNs
(7.2), (7.4) npuHIMAIOT BH

o(y,y—dy)) = o(y,y+dy) (7.17)
4o (y,y —dy1) = o(y—dy,y+ dya) (7.18)
Baenem oboznauenns
dY1 dy2 Vi Vo
Vi dt ) Va2 dtg’ b1 c B c (7 9)
1. 1. . dﬁ dtl + dtg
- g-= i == e 2
Bio= G-gfd  By=p+ b, Gl A= (7.20)
rie
v=cf v=cf (7.21)
GM 14
veviy=2 rovy =LY (122
(¥)

[Ipeobpasyst aa ypasuenusi (7.17), (7.18) ¢ ucnonb3oBanmem obosnadennii (7.19) - (7.22) u
paccmarpuBas dt, dyy, dy, Kak OECKOHETHO MaJible BEJIMIUHBI, MTOJIyYIaeM MTOCIe YIIPOIIeHU

o\ 2
L, , a(eovusess) e ; ,
3 (@) = eBVU ()" + 5o (@) + 5 5"6°0u0U (d)* =0 (7.23)

rae

0
oy~

0a

BaMeTnM, 4To YJIeHbI MOpsAIKa dt MCUe3atoT.
B repmunax nmepemenubix v, v,V onpenesnenHbix coorHomenuamu (7.21), (7.22) coorHorme-
aust (7.23) umeror BuI

1., . 1 (VVV 4vv)? 1
Vv —VVV + = —0"0°0,05V =0 7.24
2V VYV EA 2tV — vy ot v A (7.24)
HonyqaeM B HEPEJIATUBUCTCKOM HpI/I6JII/I)KeHI/II/I
1., .
SV - vVV =0 (7.25)

OueBH/IHO, UTO HEJIb3sI OMPEIEIUTh TPU COCTABJIAIONIMX BEKTOPA V U3 OJHOTrO ypaBHeHwus (7.25).
Mo2KHO ONpeIeSIUTh TOJBKO CPEJHIOI BeJUUNHY (V) BEKTOpa V, BHIODAB HEKOTOPBIH MPUHIIAIL
yCpeHEeHUs.
[IpeacraBum v B Bujie
(vVV)

(VVV)
VvV

(7.26)

I7ie V|| I V| CyTh KOMIIOHEHTBI BEKTOpA V, IPIYEM V|| HapasulebHa BeKTopy VV 1 V| mepren-
JquKyagpaa K Bektopy VV. Uz (7.25) ciaexyer

Vi — 29 VV +¥] =0 (7.27)
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[IycTh
. vVV VHVV . ({/VV) \YA% .
VYV _
v v Y evE T v
Ypasuenue (7.27) Mo)KeT ObITH TIEPENUCAHO B BUJIE
of — 201 [VV]+¥v1 =0 (7.28)
i
o = |VV| £/ |VV] -2 (7.29)
3(7.29) crenyer, aro
0<v:<|VV]?, 0<9<2|VV]| (7.30)

Bemruuna ) Konebyercss BOKPYT CpeJIHero 3HaYeHHst <1')||> = |VV].

< H> |VV| <U||> vV (7.31)

[TpurnMast BO BHEMaHWE CUMMETPHIO U Ipejmnosaras, 9to (v, ) = 0, moixydaem

W= () ==y oy (732

B obmmem ciayuae nomydaem Bmecto (7.27)

@ﬁ — 20 |[VV]+ V] =

WV 2(vVV) () + (oo vaiv)t 1
= — o7 — v — C—v 070,05V (7.33)

OTOT Pe3yJIbTAT OTJIMYAETCS OT TPAIUIMOHHOIO pe3yJibTaTa OOIIeil TeOpUN OTHOCUTETHLHOCTH,
IOTOMY YTO OH 3aBUCHUT OT BTOPBIX IIPOU3BOIHBIX 0,03V I'DaBUTAIIMOHHOIO HMOTEHIMAIA. Y DaB-
Henue (7.33) MozkeT GBITH 3aIICAHO B BUJIE YPABHEHNs OTHOCHTENIBHO T

2
. UH . (vVV il
vﬁ (1+—02—2V—v2> — 2 <|VV] Ry — <VJ_>

(VVV)* + (vivy)® 1,
= gy o~ 2V 00V (7.34)

8 IlomBm>KHOCTHL TpAaHUIILI MEXK/IY JUHAMMKON YaCTHUIl 1 IeOMeTpueit
NPOCTPaHCTBa-BpeMeHU

B reomerpun npocrpaHcTBa-BpeMenu G juHamudeckue ypasaenust (7.2); (7.4) sanucbiBarorcst
B BHUJIE

2
(PUPY PRI =[PP ik =0.1,m (8.1)
2 2
PR [POPP, ik =0,1,m (8.2)

Pasnocrs nunamudeckux ypasrenuii (8.1), (8.2) moxkeT 6bITD 3ammcana B BUJIe, KOTOPBIi O1130K
K TPAJUINOHHOMY OIHCAHHIO B ImpocrpaHcTBe-BpeMenn Kamympr-Kieitna [20]. Ilycrs ok, ects
MupOoBast QYHKIUA B IIPOCTPAHCTBEHHO-BpeMeHHOiT reomerpun G, . ['eomerpus Gk, ecrb marTu-

MeEpHad IICEBJOCBKJ/INAOBa I'€eOMETPHUA NHIIECKCA lc KOMH&KTHCI)HHHPOB&HHOIU/I KOOp,HI/IHaTOIL/'I .CU5.
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JpyruMn ciioBaMu, TeOMeTpHs IPOCTPaHCTBa-BpeMeHn Gk, ecTb reomerpust Kasmyup-Koreitna c
NCUE3AIONIIMI TPABUTAIIMOHHBIM U 3JIEKTPOMArHUTHBIM ToJigMu. [IpeacTaBuM MUpOBYIO DYyHK-
A0 0 TEOMETPHUHU PEeaIbHOTO ITPOCTPAHCTBA-BpeMeHN § B BHJIE

U<P7Q):UK0(PJQ)+d(PJQ) (83)

rie pyHKIua d OMUChIBACT PA3HOCTH MEXK/Iy MUPOBOW (DYHKIIHEH 0 pPeailbHOTO MTPOCTPAHCTBA-
BpEMeHN U MUPOBOil (hyHKIMEN 0k, cTaHgapTHOH reomerpun Gk,, B KOTOPOil OyJIeT IPOU3BO-
JUThCA ormcanue. Torma moydaem

(PoP1.QoQ1) = (PoP1.QoQu)y, + d (Po, Q1) +d(P1, Qo) — d(Fo, Qo) —d(P,Q1)  (84)

|PoP1|? = PP, +2d (Py, P) (8.5)

rie nngexe 'Ky o3Hadgaer, 9To COOTBETCTBYIONIE BEJIMIMHBI PACCIUTAHBI B reoMeTpunt Gk, €
IOMOIIBI0 MUPOBOH (DYHKINH 0K, .
C momompio (8.4), (8.5) nuramudeckue ypasuenus (8.1), (8.2) MoryT ObITh 3alMCAHBI B BHIE

2

(PES)P](:)‘PZ(S-&-l)PI(:—H)) _ ‘PES)PI(CS) —w <P¢(S)a Pk(s)’ Pi(s+1)a Pk(s+1)> ’ ik=0,1,..n
Ko Ko
(8.6)
2 2
PP [PPPP)| —2d (PO, PP) -2 (PCVPEY) ik =0, 1,.n (87)
Ko KO

riue

w (P, PP ) = 2a (PO, PP) —a (PO, P

3 (2 (2

—d ( 288 pi<s+1>> d ( P, P,(s+1>>

(3 3

+d (P, PEY) (8.8)

VYpasuenus (8.6), (8.7) sBASIIOTCA ypABHEHUSAME B KOHEUHBIX DA3HOCTSX, 3AIIUCAHHBIX B T€O-
merpun Gg,. [IpaBble yacTu paBeHCTBA ITUX YPAaBHEHW MOIYT ObITb MHTEPIIPETUPOBAHBI KAk
HEKOTOPBIE TEOMETPUIECKHE CUJIOBBIE MOJIsl, TIOPOKIEHHbIE TeM OOCTOATETLCTBOM, UTO IeOMe-
TpHsi IPOCTPAHCTBAa-BpeMeHN § ONUCHIBAETCS B TEPMUHAX CTAHJAPTHON reomerpuut Jk,. DTH
CHJIOBBIE TI0/IsI OMMCHIBAIOT OTKJIOHEHHE 3epHUCTOl reoMerpun G or reomerpun Kanyis-Kireitna
Ok, - Takas BO3MOXKHOCTH UCIIOJIL3YETCs TIPH OMUCAHUN IPABUTAIMOHHOTO MOJIs, KOTOPOE MOXKET
OIKCBHIBATHCS KAK MOPOXKJIEHHOE KPUBU3HOI KPUBOTO MPOCTPAHCTBA-BPEMEHH, UJIM KAK TDABU-
TAIMOHHOE TI0JIe B TeOMETPHH [TPOCTPaHCTBa-BpeMenr MunkoBckoro. B aunamudeckux ypaphe-
Husx (8.6), (8.7) Takas BOSMOXKHOCTb Deain3yeTcs JJIsi TPOU3BOIBHON 36PHUCTON TeOMeTpHN
[IPOCTPaHCTBa-BpeMeHn G.

Haubobumii mHTEpec MpecTaB/IseT 3BO/IONUS BEIYIIEr0 BEKTOPa P?Pﬁ”. D1 ypaBHeHWUst
nostydatoTcst n3 ypasaenuit (8.6), (8.7) npu i = 0,k = 1. Ilonyuaem n3 ypasuennii (8.6), (8.7)

)P(()s+1)P§s+1) 2

2
_ P(S)P(S)
-~ [POP

—2d (PO(S), Pfs)) —2d (PfS’, PfS“’) (8.9)
Ko

0

2
(P(()S)Pgs).P(()s+1)Pgs+1)) . _ ‘P(()S)Pgs)

= 34 (R, PY) —a (R, ) 4 d (P, PPTY) (8.10)
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rJIe UCIOIb3YyeTcs, YTO Pl(s) = PO(SH).
B cinydae, Korjia mpocTpancTBO OJHOPOIHO U (DYHKITUS

d(P,Q) = D (ox, (P,Q)) (8.11)

ypasrenus (8.9), (8.10) npurumaoT Bu

S o (8.12)

Ko

)P(()s+1)P§s+1)

2
_ P(S)P(S)
-~ [POR

(P(()S)Pgs) .P(()s+1)Pgs+1)) . - )P(()S)Pgs)

2

—4d (R, P —a (R, PPY) (3.13)
Ko
(5

B cmydae, xorma Beaymuil BEKTOD PE)S)P1 ABJIAETCA BPEMEHHUIOM00HBIM, MOXKHO BBECTH
yToJI (;5(()81) MeKJIy BEKTOpaMHI P(()S)Pgs) n P(()SH)PgSH)

noMoIIbI0(8.12) OH onpeessAeTcst COOTHOIIEHIEM

(P((]S)Pgs)'P(()sH)PgsH))

2

B craHjaprHoii reomerpun Gg,. C

cosh ¢ = Ko (8.14)

’Pg)s)Pgs)

Ko

Torna B ogHoponHoit reomerpun G, ypasuenue (8.13) mmeer Buj

o (BP0 - a (PP

sinh —L —
2 ﬁ‘P(()S)PgS)

(8.15)

Ko

Takum 0OpasoM, peaTUBACTCKAS AMHAMUKA JACTUIL MOXKeT OBITH 0000IIeHa Ha Caydail 3epHu-
CTOIl PeOMEeTPUH MPOCTPAHCTBA-BPEMEHH.

[Ipumenenne dopMammamMa MUPOBOH (DYHKITHH TO3BOJIAET OCYIIECTBUTH CIBUT TDAHUIIHI
MEXK/Ty JIMHAMHUKON YacTUIl U MeOMEeTpHell MpocTpaHcTBa-BpeMenn. KoHIenTyabHoe pa3BuTie
Teopun Kazkercs bosiee 3(pPeKTUBHBIM B MOHUCTUIECKOI KOHIIEIIINH, COAEPKAIIEH TOJIHKO OJTHY
6a30Byt0 BemunHy (MUpPOBYIO (byHKIHNIO). MoHMCTHIeCKas KOHIEMIUsT O0jiee 1yBCTBUTEIbHA K
BO3MOYKHBIM OIIHOKAM. DTO 0OCTOATETHCTBO TTO3BOJISIET HAXOIUTH OMIMOKYM U UCIPABJISTH UX.
B koHmemnmuu, rje nMeeTcs HECKOIBKO OA30BBIX BEJIMYMH (MOHATHIT) CBS3b MEXKILy STHMHU TI0-
HATUSAMEI MOYKeT OBITh COBEPIIEHHO PAa3/JNYIHON. DTO 0OCTOATETHLCTBO MPENSTCTBYET BBIOOPY
MIPaBUJILHON CBA3M MEXKJIy pa3IndHbIMEU 0a30BBIMU MOHATHAME. [locTpoeHne KoHIenTyaabHO
TEOpUU, OCHOBAHHOI Ha (PU3UIECKUX MPUHITUIAX, CJIEIYET OCYIIECTBIITH B (pOpMe MOHUCTUAIE-
ckoit kourernuu. OHAKO, 9TO HE UCKIIOYAET TOTO, 9TO HEMOHUCTUYECKAS TEOPUs C MPOCTOM
reoMeTpueil TPOCTPaHCTBa-BPEMEHN MOXKeT OBbITH IPOIe MpU pacdeTax KOHKPETHBIX (bu3ntde-
CKUX ABJICHUM.

Hemonnctuyeckasi KOHIENIUS HE TaK YyBCTBUTE/NbHA K OIMIMOKAM B TEOPHUH, TOTOMY YTO
BJIMSTHIE BO3MOKHBIX OIINOOK KOMIIEHCHPYETCs IPU pacdeTe KOHKPETHBIX (PU3MIECKHUX sIBJIe-
HUIl BBEJIEHHEM HOBBIX TUNOTE3 (MHOTJA Jlayke M300pEeTEeHMeM HOBBIX MPHUHIUIIOB, UMEOIINX
orpaHmdeHHoe npuMeHenre). [T0CKOIBKY pacdeTsbl COMTAaCyOTCs ¢ SKCIEPUMEHTATbHBIMUA JIAH-
HBIMH, TO TEOPUs PacCMaTpUBAETCA KaK MpaBUIbHas TEOPUsd, MOITBEPKICHHAS HECKOIbKIMU
9KCcIepuMeHTaMu. Takoii MoXo 1 O3BO/IsAeT O0bACHUTD U PACCINTATH HOBbIe (DPU3UIECKUE sIBJIE-
Hust. OIHAKO, 9TOT MOJAXO MPENATCTBYET OCTPOSHHIO TTOC/IeI0BATE/IbHOM (pU3NIECcKOil Teopun,
oObacHdIONEN Bce pusmyeckue sipiaenud. /leso B ToM, 9T0 HEUCITPAB/IEHHBIE OIMUOKN OCTAIOTCS
B TEOPUU U MOTYT MPOSIBUTHCS MPU pacdere APyTruX (pU3NIecKuX siBJICHUI.

[ToaBMKHOCTH TpaHUIIBI MEXKYy JIUHAMUKON YacTUI[ U T€OMeTpUell MpoCTPaHCTBa-BPEMEHH
pasperraeT Criop MexK/Iy CTOPOHHUKAMK ODINel TeOPpUr OTHOCUTETHHOCTA U CTOPOHHUKAME pPe-
JISTUBUCTCKON TEOPUU I'PABUTAIIIH.
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9 Poxaenue nap

DddexT poxkIeHUs Tap paccMaTPUBAETCS B PabOTe M0 TeoMeTpU3aIu (PU3nuKu, MOTOMY UTO
5TO OBLIO TIEPBOE MPOSIBJICHNE HerocieoBaTeibHocT KBanToBoii Teopun moss (KTIT). Heywe-
nre KTII menmpormBopeYnBo 0OBACHUTHL POXKJIEHHUE MMap OBLIO TeM TEPBBIM IIArOM, KOTOPBI
TIOPON UJIEI0 PEBU3NN KBAHTOBBIX IMTPUHITUIIOB.

B copemennoit ¢pusuke cunrtaercs, 4To 3hdeKkT poKIeHUs Map sABIAeTCs CrelndUIecKuM
KBaHTOBBIM 3(deKTOM, KOTOPBIil He mMeeT KJaccudeckoro anasora. OH sBiseTcsd Hanbosee
BA’KHBIM CBUJIETEIbCTBOM B TOJIb3y KBAHTOBOI Mpupoabl Mukpomupa. OmHako, 910 He Tak [15].
Ha camom nene, m KaaccmiecKnii, 1 KBAHTOBBII MeXaHU3M POXKJIEHUs Map OTCYTCTBYIOT B CO-
BPEMEHHOI KBaHTOBOIl TEOPHUU IOJIdA, €C/U ee PAa3BUBATH HEIIPOTUBOPEYNBO B COOTBETCTBUU C
KBAHTOBBIMU NpUHIUNAMHI. K cokaseHnio, KBAHTOBas TeOpHUs TOJIsl PA3BUBAIACH HETOCIE0-
BaTEIbHO. 3/IeCh MBI PACCMOTPHUM TOJBKO IIPUYNHBI 9TOH HENOCIeI0BATEIHHOCTH, CChLIASACH Ha
OpUTMHAJIBHBIE PAOOTHI /IS YACHEHUS JleTaJIeil.

Ypasuenne Kieiina-I'opmona (3.15) omucsiBaeT 9BOTIONUIO CBOOOJHOIO KBAHTOBOIO 0OLEKTA
(MupoBoit yiunuK). B oTcyTeTBHE 37I€KTPOMArHUTHOrO 1oJist ypasHerue (3.15) umeer Bu

R20,0% +m2c*h =0 (9.1)
CTaILI/IOHaprIe COCTOAHHIA 3TOI'O KBaHTOBOI'O O6”beKTa OIIMCBIBAIOTCA PENICHUAMN

mc

2
b = Aexp (—ikot + ikx), ko= +1/K2 + (7) (9.2)

Ecmu kg > 0, aTor KBaHTOBLIN 00beKT HaxoguTcsa B cocrosgunn "wacruna'. Ecim kg < 0, aTor
KBAHTOBBII O0OBbEKT HAXOJUTCS B COCTOSHUM "aHTHYacTUNA". DTOT KBAHTOBBLI OOBEKT HA3BI-
BaeTcs "smiIoH". DTOT TEpMUH MpeacTaBisgeT coboit mpourerue abbpesuarypsl "MJI" or cios
"mMupoBast muHEA" . Takum 06pa3oM, JacTUIA U AHTUIACTUIA CYTh JIBa PA3HBIX COCTOTHUS IMIIO-
HA, a He He3aBUCUMbIE OObLEKTHI. IMJIOH UMEET JBa PA3HbIX COCTOSHUS: YaCTUIA U AHTUYACTUIIA.

Pox nerne mapbl mpeicraBiisier coO0il POKIEHNE JacTUIlbI 1 AHTHIACTHIIEI B HEKOTOPOIT TOY-
Ke IIPOCTPAaHCTBa-BpeMeHn. JacTuiia M aHTHYACTUIA CYTh JBa PA3IUUIHBIX COCTOSHUS OIHOI
JIMHAMITYECKON cucTeMbl (MUpOBOit inann). OHI HE MOTYT ObITh PA3IMIHBIMU JUHAMUIECKUMU
CHCTEMAMH, ITOTOMY YTO JB€ pPa3Hble JUHAMUYECKHE CUCTEMbI He MOTYT MCUYE3HYTh MPU CTOJIK-
HOBEHHUH B OJHOI TOYKe IIPOCTPAHCTBA-BpeMeHn. JPMEKT POKICHUs Tapbl WIN aHHUTUISIIIIIT
mapbl BOSHUKAET, KOIJa MUPOBas JNHISA U3MEHsIeT CBOe BpeMeHHOe HallpaBJIeHHe.

[Tycth MUpOBast JIMHUST 9aCTHUIBI OMUCHIBAETCS YPABHEHUSIMU

f=2%(r),  k=0,1,2,3 (9.3)

e T eCTb HEKOTOPBIN 3BOIIOIMOHHBIN ITapaMeTp BIOJbL MHUPOBOW juHuu. /[as dacTuibi
dz®/dr > 0. ana anrnuacruns dz®/dr < 0. Touka, e npoussognas dx’/dT wsmenser cBoii
3HAK, SBJAETCS TOYKOW POXKIACHUS UM aHHUTHISIIIN Taphbl 9acTUNA-aHTUIACTUIIA.

Benuuuna py = hky sBageTcd cOOCTBEHHBIM 3HAYEHHEM BPEMEHHOW COCTABJLAIONIEH Py =
—1hdy oneparopa 4-uMITyIbCca

pr=—ihdy  k=0,1,2,3 (9.4)

Yactuma u aHTHYACTHAIA UMEIOT pas3jndHble 3HAKM BPEMEHHOI cocTaBidomieit pg = hkg 4-
UMIIYJIbCA. JHEPrUsl HEOTPUIIATEIbHA BO BCEX COCTOSHUAX IMJIOHA.

E = / Todx = / (B* (Bo* - 8°Y) + m* ™) dx >0 (9.5)
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Bnecy TP saBIsieTcss COCTABMAIONIE]l TEH30pa SHEPIUU-MMITYJIbCA [T JUHAMHIECKON CHCTEMbI
Ska Kueitna-Topyona, nyis koropoii ypasuenne Kieitna-Topaona (9.1) siisiercs jauHaMude-
CKUM ypaBHeHHeM. Takum obpaszom, omepaTop H = Do, BOODIIIE TOBOPsi HE COBIAJAET C OIle-
paTopoM sHepruu E, KOTODBINl BO3HUKAET 13 BbIpakeHust (9.5) mpu BTOPUIHOM KBAHTOBAHUU.
Takoe ke pasutdie UMeeT MeCTO MPU KJIACCHIECKOM OIMCAHUN PeJIITUBUCTCKON dacTuibn [24].

B nepengaTuBucTCKOM NMPUOJIMKEHUN, KOTJIA HET POXKJICHUS TIap, SBOTIONNOHHBII ontepaTop H
(raMuIbTOHMAH) coBOAJAeT ¢ sueprueil yactuipl E (i —E). D10 coBnajieHne MepeHOCuTCst
13 HEPEJATUBUCTCKON TeOpuu, Tje HeT POXKJEHUs YaCTUIl, B PEJIATHBUCTCKYIO TEOPUIO, TJe
nmMeercsa poxkaeHne gactuil. CooTHOIIeHNe

o = 5 |0, [ Toix (9.6)

rae [...|_ o3HaYaeT KOMMYTATOD, HCIOJb3yeTCsi BO BTOPHIHO KBAHTOBAHHOI TEOPUH JJIsI OIpPe-
JleJIEHNST KOMMYTAI[MOHHBIX COOTHOIIEHN.

TN KOMMYTAIIMOHHBIE COOTHOIIEHUS TPUBOAAT K TOMY, YTO YACTHIA U aHTUYACTHUIA Pac-
CMaTPUBAIOTCS KAK PA3JINIHbIE JMHAMUIECKUE CHCTEMbI (He PA3JInIHbIe COCTOSTHUSI OJTHOf U TOii
JKe JIMHAMUYECKOiT crcTeMbr). POpMAaIbHO 9TO O3HAYAET, ITO OIEPATOD 1) CONEPIKUT ¥ OIEPATO-
PBI POXKJIEHUsI, W ONEPATOPHI YHUUTOXKEHUs. DTO HEOOXOIUMO ISt TOTO, 9TOOBI YI0OBIETBOPUTH
coorrorernio (9.6). Ilpu sTom criocobe BTOpHIHOr0 KBAHTOBAHUS YACTHUIIA U AHTHIACTHIA PAC-
CMATPUBAIOTCA KaK He3aBUCUMbIe OOBLEKTHI. BaKkyyMHOe cOCTOsIHIE OKa3bIBAETCS HECTAIIMOHAD-
HbIM. Boob1iie roBopsi, eciim BaKyyMHOE COCTOSIHUE sIBJII€TCS COCTOSHHEM 0e3 JacTHUIl, TO OHO
JIOJIZKHO OBITH CTAIIMOHAPHBIM, TTOTOMY YTO B 9TOM CJIydae MPOCTPAHCTBO-BpeMs mycroe. Oj-
HAaKO, TOJIATaloT, YTO BaKyyMHOE COCTOSTHUE COJIEPZKUT BUPTYaJbHbIE YACTUIIBI, KOTOPhIE MOTYT
TIpeBpaIlaThbCd B peasibHble YACTUIBI U aHTHYACTUIILI, €CJIN MMeeTCs HEKOTOPOe B3amMOJIeli-
CTBUE, ONUCHIBAEMOE HEJIMHEHHBIM YJIEHOM, JOOABJIEHHBIM K JUHAMIYECKOMY ypaBHeHuto (9.1).

Hanpumep poxKjieHne nap NosBJgeTcs B cIydae HeJlmHeiiHoro ypasaenus [25, 26, 27, 28]

20,0 + mPPp = gy (9.7)

rJe g ecTh nocTosiHHas camojeiictsusi. COOTBETCTBYIOIINE AUHAMIYECKUE YPABHEHUS [THIILY TCS
B BUJIe PA3JIOXKEHUs 110 TIOCTOsIHHOf camomeiicrBus g. [Ipu pemeHnn STux ypaBHEHUH UCIIONb-
3yeTcd Teopud BOSMYIICHUI.

CymecTByeT ajgbrepHATHBHOE TIpe/cTaBenue [29] nemmueiinoro ypasuenns (9.7), Kkorpa 1a-
CTHUIIA ¥ AaHTHYACTUIIA PACCMATPUBAIOTCS KAK PA3HBIC COCTOSTHUSA SMJIOHA, & HE KAK HE3aBUCHMbIE
00beKThI. B 9T0OM Cityuae BosHOBast QYHKIMS 1) CONEPKUT TOJIBKO ONEPATOPbI YHUUTOXKEHHsI, &
" COIEPIKUT TOILKO OIEPATOPBI POk AeHus. B aToM cirydae oneparop suepruu E mveer To1bK0
HEOTPUIATEILHBIE COOCTBEHHbIE 3HAUCHNs. Dueprus F me coBmajaer ¢ raMuisronnanom H, kak
9TO MMEET MECTO B KJIaCCHIecKoM ciydae [24]. Bakyymuoe cocTosiHme cTanmoHapHO, U HET He-
0OXOIMMOCTH BBOJUTDH BUPTYaJbHbIE YacTuibl. JIuHaMIUecKne ypaBHEHUsT MOXKHO DeIaTh, He
[OJIb3YSCh PA3JI0KEHUEM M0 MOCTOSHHOM caMOIeHcTBus ¢ U n36eKaTh MCIOIb30BAHUS TEOPUH
BosMmytenuii. OIHAKO B 9TOM ciiydae HeT poxjenus nap. Orcyrersue apderra poxeHns nap
O3HAYAET TOJIbKO, YTO HeJMHeHHbIH wieH Tumna (9.7) He MOXKeT TeHepHpOBaTh POXKJIECHUE Hap.
DdderT poxaeHNs Aap OCYIIECTBIACTC Holee CIOXKHBIM B3aHMOJICHCTBIHEM, KaK 9TO CIEyeT
u3 (3.11), (3.12), wim u3 [15], rae npobiema poxKIeHNs Hap uccjaeoBana bosee geTaabHo. Po-
JKJIEHHe TIap CBA3aHO ¢ m3MeHeHneM 3(bekTuBHON Macchl Km 4acTulpl, a He ¢ BUPTYAJIbHBIME
gactuiiamu. He odeHb siCHO, Kak y4ecTb usMeHeHue 3(hheKTUBHON Macchl B paMKaxX KBAHTOBOM
Teopui, Xots ypasaenue Kieiina-I'opgona (3.15) yunteiBaer daxrop K (3.12), orBeTcTBeHHBDII
3a m3MeHeHne 3pHEeKTUBHON MacCHhI.

[Tpobema pozKieHus map moKa He TeOMETPH30BAHA, XOTs CIIOCOD TeOMETPU3AINN POXKICHUS
nap JIOBOJIBHO sICEH.
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10 KapkacHasi KOHIEeNusl 3JIeMEeHTAPHBbIX YaCTHIL

[Tocse pabotst [4] pob reoMeTprn MPOCTPAHCTBA-BPEMEHN B TEOPHHU JIEMEHTAPHBIX TACTHUIL YBe-
JINYUJIACH, TOTOMY YTO KBAHTOBbIE TIPUHIIUILI ObLITH (DAKTHIECKN 3aMEHEHbI MHOTOBAPUAHTHOI
reomeTpueil mpocrpancrBa-Bpemenu. CTaso siCHO, 9TO CTPOsi TEOPUIO JEeMEHTAPHBIX YACTHUIL,
CJIEJTyeT UCIO/Ib30BATh PEISTUBUCTCKOE MOHIATAE COCTOSAHUS TaCTHUIII.

B cinydae, Korma dacTuiia He SIBASIETCsl TOYEUHOI, ee COCTOSTHUE OINUCHIBATCS KApKACOM
Pn =A{F, P, ..., P,}, KoTOpBIil TipescTaBiseT coboii MHOKeCTBO U3 (n + 1) IpocTpaHCTBEHHO-
BPEMEHHBIX TOYEK. DTH TOYKHU JKECTKO CBS3aHBI MexK Iy co0oit. B cirydae To9edHOl dacTUIrb
KapKac COCTOUT U3 JABYX To4eK. Kapkac P, dBIgeTCs ecTeCTBEHHBIM 00OOIIEHIEeM KapKaca TO-
YEUIHOI JaCTHUIbI Ha CAydail CI0XKHOM dacTunbl. JIBuykenne 000 TacTUIIBI ONMUCHIBACTCA MU-

POBOIl TIETBIO, COCTOSIIEH U3 CBA3AHHBIX KApKacos |23 ...731(10), 737(11), e P
PO = {pgs>,p1<$>, ..P,§S>}, s=..0,1,.. (10.1)
CMexKHbIe KapKachl 737({9), (s+1) LIENU CBA3aHbI COOTHOIIECHUSIMU Pl(s) = O(SH), s =..0,1,...

Bekrop P(()S)Pgs) = P(()S)PE)SH) SIBJISIETCS BEJLYIIUM BEKTOPOM, KOTOPBIi OlpesessdeT HalpaB/ie-

HUE MUPOBOI 1emnu.
JnraMuka cBOOOIHOM 9/IEMEHTAPHON YACTUIIBI ONIPEIEISIeTC COOTHOIIEHUSIMU
s s s+1 s+1 .

POeqvpetD . PYPYequPTIPEY k=010, s=..0,1,.. (10.2)
KOTOPBIE OIUCHIBAIOT 9KBUBAJEHTHOCTH CMEYKHBIX KAPKACOB. DKBUBAJEHTHOCTH BEKTOPOB OIPe-
JiesisteTcst cooTHoteHnsiMu (7.3).

TaKI/HVI O6pa3OIVI JMHaMHIKa CBO60,Z[‘HBIX JIEMEHTAPHBIX JaCTHUILl OIIUChIBACTCA CUCTEeMOI aJjre-
opandeckux ypasaenuit (10.2). Creruduka THHAMIKI 3aBUCAT OT CTPYKTYDPbI SJIEMEHTAPHBIX
gacTur, (B3aMMHOTO PACHOJIOXKEHUsT TOYEK BHYTDH KapKaca) U OT MeOMETPUH MPOCTPAHCTBA-

P(S)P(S) 9 9 9
BEKTOPOB i Ek IIOCTOAHHBI BJOJIbL BCECU MHPOBOM IICIIN. ™

S S
BpeMenu. JlauHbI ‘PE )P,(c)
n(n + 1) /2 BeMIMH MOYKHO PACCMATPHUBATH KAK XapaKTEePUCTUKH YaCTHIBL. B ciydae Toded-
Hoii wactunpl guaa |PyPg | 3sena P P,y aBisiercst reomerpudeckoii Maccoit yactuipl. B

citydae Oosee CIOXKHBIX KapKacoB 3HadeHne napamerpos |P;

P(S)ng)‘ HY?KHO UCCJIeI0BATD.

Cucrema nunammdeckux ypasuenuit (10.2) cocrout u3 n (n + 1) anredpandeckux ypasHe-
Huit g1 nD IUHAMEYMECKHX IIepeMeHHBIX, rje D ecTb pasMepHOCTH MPOCTPAHCTBA-BPEMEHN
(mceso KoopauHAT, HeOOXOIUMBIX IS MAPKUPOBKH BCEX TOUEK HPOCTpaHCTBa-BpeMemin). Eciu
n > D+1, 94uc/o AMHAMIYECKUX [IEPEMEHHBIX MEHbIIIe, 9eM THC/I0 ANHAMIYeCKIX ypaBHeHuii. B
9TOM CJIydae BOBHUKAET IUCKPUMUHAIIMOHHBIN MEXaHU3M, KOTOPLI 3alpeIlaeT HeKOTOPbIe Kap-
Kacbl. DTOT MEXaHM3M I03BOJIAET O0bACHUTH AUCKPETHDIE APAMETPBI SJIEMEHTAPHDBIX TACTHIL.
Ecmn n < D, 4ncio inHAMIYECKIX YPABHEHUI MEHbBIIe, YeM IHCIO0 JUHAMHIYIECKHX IepeMeH-
HBIX. B 9TOM C/Iydae MOXKET CyIIeCTBOBATH MHOIO DEIICHHIl, U JBUKEHNe YaCTHIBI CTAHOBUTCS
MHOTOBAPHAHTHBIM (CTOXaCTHIECKUM). B Teopun 91eMeHTapHBIX YaCTUL] BCTPETIAIOTCs 00a CIIy-
qasl.

Junavuaeckne ypasuenus (10.2) sammcbiBaioTcss B 6€CKOOPANHATHOM BHJE, U 9TOT (akT
SIBJIAETCSL JIOBOJIOM B IOJIb3Y JUHAMIYeCKHX ypasHenumii (10.2), mMOCKOTbKY OH H30aBIAeT OT
HEOOXOANMOCTH PACCMATPUBATE IpeobpasoBanus Koopaunat. Junamirdeckue ypasrenns (10.2)
ABJIAIOTCS anrebpandecknMu (a He auddepeHuatbHbIME) YPABHEHUSMHE, H 9TOT (DaKT TOXKe
SIBJISIETCSL JIOBOJIOM B IIOJIb3Y TEOPUH, HOTOMY 9YTO aaredpamdecKue ypaBHEHNsT HEIyBCTBUTE Ib-
HBI K BO3MOYKHOII JIUCKPETHOCTH F€OMETPUH IPOCTPAHCTBA-BPEMEHIL.

Bruta caemama mepsast (HeTpUBHAJIBHASI) HOMBITKA HCIOIb30BAHUS PEIATHBHCTCKOIO IO-
HSTHSI COCTOSIHHS IACTHIBL. BbIIa paccMoTpeHa CTPYKTypa ANPAKOBCKOI dacTuis! (depmuo-
ra) [30]. D10 OBUI KOHIENTYaIbHBIH IIAr, MOTOMY YTO PACCMATPHBAIACH BO3MOMKHOCTB IHPO-
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CTPAHCTBEHHOIOIOOHBIX MUPOBBIX Teneil. [IpocTpancTBeHHONOI00HBIE MUPOBBIE JTUHUU OTCYT-
CTBYIOT B TPaIUIIOHHON KOHIIEIIINN 3JIEMEHTAPHBIX JaCcTUIl (OHN BO3MOYKHBI JIJIS BUPTYATbHBIX
YACTHII, HO 9TO 0COOBIN BOIpPOC). B KapKacHO#l KOHIEIMN JIeMEHTAPHBIX YaCTUI] TAKOTO Or'pa-
HUYIEeHUs HET.

JlnpakoBCKas 9acTHUIA — 9TO AMHAMUYIECKas cucTeMa Sp, JJIst KOTOPOil TUHAMIIECKUM yPaB-
HeHUeM siBJisieTcd ypaHeHue /Iupaka.

iv" Ok + me = 0 (10.3)

Oxazaioch, 4T0 KapKac JUPAKOBCKOM YacTHIlbl cocTouT u3 n todek (n > 3). Muposas nenb
peJIcTaBIAeT coboil TPOCTPAHCTBEHHOIIOIO0HYIO CIIMPAJb C BPEMEHUIIOJO0HOM OChIO.

Yiaercsd onmcaTh KJIACCHIECKYIO MOJIETb Spe JAUPAKOBCKON 9aCTHUIBI B paMKaX KapKaCHOM
KOHIIETIIIH 3JIeMEHTAPHBIX JacTuil. /linckpernas reomerpus (1.3) mpocTpaHCTBa-BPEMEHN 3aMe-
HSIETCs TTOJTYUCKPETHON TeOMeTpueil, OnuchbiBaeMoit MUpoBoit (pyHKIueit oq

)\2
o4 = o+ 0 J sen (om) ecmu |oy| > 09 >0 22—

10.4
2 | flom) ecmm | om| <op (10.4)

h
bc
rjie oy eCTh MupoBast pyHKIs reoMeTpun MUHKOBCKOTO, b €CTh yHUBepcaIbHas TIOCTOSHHAS, &
00 eCThb HeKoTopas mnocrosiHas. OyHKus f sBIsieTcsi MOHOTOHHOI HeyObIBatomeii byHKImeit,
obnamatoreii ceoiicreoMm f (—og) = —1, f(09) = 1.

[eomeTpust mpocTpaHCTBa-BpEMEHH, OnchbiBaeMast MupoBoit dbyukiwmeit (10.4), apagercs of-
HOPOJIHOM U M30TponHOi. HacTh MUPOBOIi (DYHKINH, COOTBETCTBYIOIIAs |0y | > 0¢ OTBETCTBEH-
Ha 3a KBaHTOBBIC 3(deKThl Touednoil dacTuip! (ypasuenue Hpeannarepa [4]). Hacts MupoBoit
dbyukuuu (10.4), coorBercrByomas |oy| < 0p, OTBETCTBEHHA 3a CTPYKTYPY YACTHUIIBI ¢ KApKa-
COM, COCTOSIIIIMM He MeHblIie, yeM u3 tpex Touek. Ecim |f (oum)| < |owm/0o], TO mpocTpancrsen-
HOMO/IOOHAsT MUPOBas 1EIlb MOYKET UMeTh (hOPMY CIUPAJIU € BPEMEHUIIOA0OHOI OChIO.

Beur ucenenosan cay4ait [30], korma

flom) = — (10.5)

0o

Takoit BeIOOp MUPOBOIl (DYHKINKU HE MPETEH/IyeT Ha OMUCAHWE PEeAJbHOIO MPOCTPAHCTBA-
BPEMEHU. DTO TOJBKO HEKasi MOJIEIb, KOTOpas MPABUJIBHO OIMUCHIBAET KBAHTOBBIE 3(PEKTHI,
CBSA3aHHDBIE ¢ TOYEYHON YACTUIIEH, U ITBITACTCI UCCIET0BATD, MOYKET JIM IIPOCTPAHCTBEHHOIIOI00-
Has MUPOBasd Ielb UMeTh (hOPMY CIIUPAIN ¢ BPEMeHUI0100H0i ochbio. CorylacHO KBa3UKJIACCH-
Jeckoil anmnpokcumMaru ypapaenns Iupaxa [31, 32, 33| MmupoBas nunus c60600Hot Kaaccue-
cKO0T TUPAKOBCKOM dacTuilsl umeet opmy crnupasu. Takas hopMa MUDPOBOI JTHHUE 00bsICHIET
CyIIECTBOBAHUE CIIMHA. BBLIO MHTEPECHO, MOYKHO JIU MOJIYYUTh CIUH JUPAKOBCKON YacTHUIILI B
KapKacHOI KOHIIETINW JIEMEHTAPHBIX YaCTHIIL.

Paccmorpenue B [30| moarBep o npeanoiozKeHue o CliupajbHOM BIJIE MUPOBOIl e I
pakoBckoit dactunsl (bepmuona). Kapkac dbepmuona go/KeH comepKaTh 601ee IByX TOUEK.
Kpowme Toro, 66111 TIOTy9eHBI HEKOTOPhIE OTPAHMIEHNsT HA PACIIOIOKEHNEe TOUEK KapKaca. JTO
O3HAYaeT, YTO B KaPKACHOM KOHIIENIINN NMeeTCs JUCKPUMUHAIIMOHHBII MeXaHU3M, OTBETCTBEH-
HBIIl 38 JIUCKPETHbIE 3HAYEHUs ITapaMeTPOB 3JeMeHTAPHBIX YacTHUIl. TaKoil JUCKPUMUHAIINOH-
HBIIT MEXaHW3M OTCYTCTBYeT B TPAJIUITMOHHOM ITOJXO/E, OCHOBAHHOM Ha KBAHTOBBIX MPUHITATIAX.
[Tostyuenubie pe3y/IbTATHI SABJISIOTCS IPEIBAPUTETHHBIME, IIOTOMY UTO OBLIO UCTIOIB30BAHO ITPO-
croe orpanndenne (10.5) Ha muposyio dyskImo0. Tem He MeHee Pe3yIbTAThl OKA3bIBAIOT, Y9TO
KapKacHas KOHIIENINS MO3BOJISEeT HCCIeI0BaTh CTPYKTYPY JIEMEHTAPHBIX JacTull. 1paanin-
OHHBIIl TTO/IXO0J, OCHOBaHHBINI Ha KBAHTOBBIX IPUHIIUIAX MTO3BOJISET TOJBKO MPUIHICHIBATH JJI€-
MEHTApHBIM YaCTHUIIAM TakKue (peHOMEHOJIOTHYIecKe CBOMCTBA KaK Macca, CIIUH, IIBET, apOMaT U
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T.1. 63 00BsCHEHNS TOTO, KAK 3TU CBOIICTBA CBA3aHBI CO CTPYKTYPOIl SJIEMEHTAPHBIX YACTHII.
TpaIunoHHBII TOIXO] TTO3BOJIAET TOJIHKO KJIACCU(DUIIMPOBATH dJIeMEHTAPHbBIE YaCTUIIBI 10 UX
deHOMEHOJIOTUYIEeCKIM CBOMCTBAM U MPEJICKA3BIBATH PEAKIINH MEXKJIy JeMEHTAPHBIMU YacTU-
[IaMU HA OCHOBE 3TOH KJIACCU(PUKAIIIN.

Takas curyarus HATOMUHAET CUTYAIUIO C UCCIEJOBAHINEM XUMUYECKUX 3jIeMeHToB. [lepno-
ANYIeCKad CUuCTEeMa XMMNIYICCKUX JICMEHTOB ABJIACTCA (beHOMeHO.HOFI/I'-IeCKI/IM IIOCTPOECHUEM. OHa
ABJIAETCA anI/I6yTOI\I X1UMUUN. yCTpOfICTBO ATOMOB XUMHNYCCKUX JIEMEHTOB UCCJICAyeTCA (bI/ISI/I-
KoOil (KBAHTOBOI MexaHUKoOIM ). [lepuoudaeckast crucreMa XUMIYIECKIX 9JIEMEHTOB ObLiIa OTKPHITA
paHbIlle, YeM HAavaI0Ch UCCIe0BaHne CTPYKTYPhl aToMoB. OHAKO IMepUoIMiecKas CUCTeMa He
ITOMOTJIa CO3/IaTh KBAHTOBYIO MEXaHUKY U UCCIEOBATH CTPYKTYPY aToMoB. Ilepnonmdeckas cu-
CTeMa 1 KBaHTOBad MeEXaHNKa ABJIAIOTCA anI/I6YTaMI/I Pa3HbIX HaYK. TO‘-IHO TaK K€ KapKacCHad
KOHIIEIIINST JIeMEeHTaPHBIX YacTHUIl U TPAJIUITHOHHDBIN (PeHOMEHOJIOTMIECKNH TOIXO0/, SIBISTIOTCS
[0 CYIIECTBY aTPUOyTaMW Da3HBIX HAyK, UCCIEAYIONINX DPA3IUIHBIE CTOPOHBI dJIEMEHTAPHBIX
YJACTHII.

11 3akJ/rouynTe/ibHbIE 3aMeYaHUd

Taxum obpazom, B JBAIIATOM BEKe MEPEX0/l OT HEPEIATUBUCTCKON (PU3UKU K PEISITUBUCTCKO
MIPOU3BO/IUJICA TOJBKO B IMHAMUYECKIX YPABHEHUAX, HO HE B IOHATUN COCTOSAHUA YacTUIlbI. [1o-
HATUE COCTOSTHUSA YACTUIIBI KAK TOYKH B (hpa30BOM IMPOCTPAHCTBE HEAIEKBATHO B IPUMEHEHUH K
HeJIeTEPMUHUPOBAHHBIM YacTUIaM. B HepesaTuBUCTCKOM (DU3MKe COCTOSHUE YACTUIIBI OIHCHI-
BaeTcs TOYKOI B pa3oBoM mpocrpancTse. CyllecTBOBaHNE H3HAYAIBHO HEeJIeTEPMUHUPOBAHHBIX
YACTHI] B MUKPOMUPE He TO3BOJIsI€T UCIOIb30BaTh (ha30BOe MPOCTPAHCTBO, TIOTOMY UTO MPEIEs
(1.7), onpeAeAONHit UMITYJILC YACTHUIIbI, HE CYIIECTBYET sl HEJIeTEPMUHUPOBAHHBIX YACTHIL.
DT0 BBIHYZXK/AeT ONUCHIBATH COCTOSIHUE YaCTHIBI 0€3 MCIOIb30BaHus mpeaeao tuma (1.7).

PenaruBucrckoe moHATHE COCTOSHUSA YACTHUIIBI OCYIIECTBJIAETCA C IMOMOIILIO KapKaca da-
ctutbl. Kapkac cocTonT m3 HECKOJIBKUX ITPOCTPAHCTBEHHO-BPEMEHHBIX TOUYeK. Takoe MOHATHE
COCTOSTHUS YACTHIIBI MOYKET ObITH MPUMEHEHO KaK I JIeTEPMUHUPOBAHHBIX TaK U HeJIeTePMU-
HUPOBAHHBIX YaCTHI]. IMCI0 TOYEK KapKaca 3aBUCUT OT CTPYKTYPbI JeMEHTApHON YaCTHUIIHI.
Baxkno, 94TO KapKac OMuChIBaeT BCe XapaKTEPUCTUKU YACTHUIIBI, BKITIOUAs MACCy, 3apsl, IMITYTbC
U JIpyrue XapaKTePUCTUKH, eCJIH OHU UMEIOTCs (CIIMH, IBeT U T.I1.). B pesysbrare momydaercs
MOHUCTHYeCKas KOHIIEIIHsI, T7e Bee hyHIaMeHTaIbHble (GhU3NIecKue siBJIeHnsT (BKIIIOYast SIeK-
TPOMATHUTHBIE U TPABUTAI[MOHHBIE B3aMMOJIEHCTBUS) OMUCHIBAIOTCS B TEPMHHAX TOYEK IIPO-
CTPAHCTBA COOBITUN M MUPOBBIX (DYHKIUI MEXKIy HUMHU.

JlwmHaMudeckne ypaBHEHUs TPEJCTABISIOT co00il ajaredpandeckne ypaBHEHUs, 3alUCAHHbIE
B 0ECKOODIAMHATHON (hopMe. DTU ypaBHEHUS IPOIIE U YHIUBEPCAIbHee, YeM YPABHEHUS, UCIIO/Ib-
3yeMble B TPaJIUIIMOHHON TEOPUU 3JeMEHTAPHBIX YaCTHIL.

[Toyuennas kKapkacHas KOHIIEIIIINS €Ille He siBJISeTCsl TeopUeil JIEeMeHTAPHBIX YaCTUIl. DTO
TOJIBKO JIUIIb KOHIIETIINS, KOTOPas UMeeT JeJI0 ¢ (PUBUICCKUMU U T€OMETPUIEeCKUMU TTPUHIIN-
namu. [Ipeanomaraercsd, 4To KapKacHasl KOHIEMIIN MOYXKET ObITh MPUMEHEHA JIJIst JII00O0 reoMe-
TPUU MIPOCTPAHCTBA-BPEMEHN U JIJIA JIIOOBIX KapKacoOB, KOTOPbIE COBMECTHBI C 9TOH reoMeTpH-
eit mpocTpaHcTBa-BpeMeHn. Ha camoMm fese, cymiecTByeT peaJibHas T€OMeTPHs TPOCTPAHCTBA-
BPEMEHU N CYIIECTBYIOT TOJIBKO TaKW€ KapKacCbl, KOTOpBIE JOIIyCKAIOTCA 3TON reoMeTpureil.
Kapkacnasg KoHIENIUs MpeBpallaeTcd B TEOPUIO dJIeMEHTAPHBIX YaCTUIl, TOJHKO KOTJa 3Ta
peasibHasi TeOMEeTPHs MPOCTPAHCTBA-BPEMEHN OyJIeT ompejesieHa. DTa peajbHas TeOMeTpHUst
MIPOCTPAHCTBAa-BPEMEHN U KapKacChl, COBMECTHUMBbIE C Hell, JIOJ2KHBI COIJIACOBBIBATHCS C IKCIIe-
PUMEHTAJIbHBIMA JAHHBIMU.

Komnnenrst (dusmaeckne npuanuiibl) Ceo, TPAJAUIMOHHON TEOPUHI SJIEMEHTAPHBIX TACTHIL He-
IIOCJIEA0BATEIbHA, IIOTOMY YTO OHA HCIOJIb3YeT HEPEJIATUBUCTCKOE IIOHATHAE COCTOAHUS JaCTU-
IIbI, KOTOPO€E He MOYKET UCIIOTb30BAThCs IIPHU ONMMCAHUN HeIeTEPMUHIUPOBAHHBIX YacTHIl. Bearast
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HEToC/Ie/I0BaTeTbHAsT TeOpUst 0018 1aeT OUeHb TOJIe3HBIM CBOHCTBOM. Takas meopus no3eoaiem
noaywams A0boe orcesaemoe ymeepotcoenue. Hyorcrno moavko npudymams nodrodswyro 2uno-
me3y. [locnenoBarenbuast Teopusi JIOMYCKaeT MOJYyYaTh TOJIBKO TaKHe YTBEPXKICHU, KOTOPbIe
crenyior u3 6a30BbIX yTBep:kaeHuit teopuu. IlocimemoBarebuas Teopusi MO3BOJISET BBOJUTH
TOTBKO TaKUe JIOMOJHUTE/IbHBIE TUIIOTE3bI, KOTOPhIE COBMECTUMBI C TEOPHEii.

DKCIEPUMEHTATOPHI, U3YyYalOIIe JIeMEHTAPHbIE YaCTUIIbl, HYKJIAIOTCA B HEKOTOPBIX IO-
HSTUSAX, HEOOXOIUMBIX JIJIsi OMHUCAHUs SKcrepuMeHToB. OHU HE MOTYT ONHCHIBATH CBOW IKC-
MEPUMEHTHI 0e3 WCIO/IH30BAHNsT COOTBETCTBYIONINX TOHATHI. DKCIEPUMEHTATOPBI OEPYT 3TU
MOHSITUST U3 CBOETO OMBbITA U CYMIECTBYIOMUX Teopuii. K cokaeHnio, 9STu MoHATHS He BCEra
anekBaTHBL. Cucrema 9Tux nmoHdTuil heHoMmenosorndeckas. OHa Moyie3Ha I OMUCAHIS SKCIIe-
pumenToB. OHAKO OHA He BCerja aJeKBAaTHA JIJIsi ONUCAHUS MIPUPOJIbI SJIeMEHTAPHBIX YACTUII.
DTO MOYXKHO BHUJETH Ha IIPUMEPE HCCIeI0BAHUS CTPYKTYPhI ATOMOB. XUMUKU, KOTOPbIE SKCIIE-
PUMEHTAJILHO UCCIEOBAINA CBOMCTBA XUMUYIECKUX 9JIEMEHTOB, HUUEro He 3HAJM 00 yCTpOicTBe
aromoB. CTpyKTypa aToMOB He MOIJIa ObITH Omnucana (HDeHOMEHOJIOTUIEeCKIUME MOHATHAMA, KO-
TOPBIE UCIIOIb30BATNCH XUMUKAM.

[IpescraBiieHHas KapKacHas KOHIEIIIHs TPeICTaBIsieT coD0i TOMBKO KOHIEMNINIO (a He Te-
opuio) 3eMeHTApHbIX dactuil. OHa He MOXKeT ObITh IPOBEPEHaA SKCIepHMeHTaIbHO. HyKHO
OTIPEJIC/IUTH PeabHYI0 TeOMETPUIO TPOCTPAHCTBA-BPEMEHN U MCCIIEI0OBATH BO3MOYKHBIE KapKa-
CBI 9JIEMEHTAPHBIX YaCTHUIL. 10T/1a KapKacHasl KOHIEMINs TPEBPATUTCS B TEOPHIO S/IEMEHTAPHBIX
gacTull. Ke yke MOXKHO Oy/1eT IPOBEPUTH IKCIIEPUMEHTATIBHO.
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GEOMETRIZATION OF PHYSICS: DISCRETE SPACE-TIME

GEOMETRY AND RELATIVITY THEORY
Yu.A. Rylov

Institute for Problems in Mechanics, Russian Academy of Sciences, Moscow, Russia

rylov@ipmnet.ru

Conventional form of the special relativity theory formulates the theory in an
unaccomplished form. The dynamic equations of the particle motion are written in
accordance with the relativity principles, whereas the particle state is described in the
nonrelativistic form. Ignoring the nonrelativistic concept of particle state, one succeeds
to construct an uniform formalism for description of deterministic and indeterministic
particles, which leads to a necessity of multivariant space-time geometry. The quantum
principles are founded by existence of the multivariant space-time geometry and lose
the role of prime physical principles. Skeleton conception of the elementary particles
realizes relativistic description of the particle state, which appears to be adequate in
the case of discrete and multivatiant space-time geometry. The skeleton conception
accomplishes transition from nonrelativistic physics to the relativistic one and realizes
complete geometrization of physics.

Key Words: discrete geometry, nonaxiomatizable geometries, multivariancy of space-
time geometry, stochasticity as a corollary of space-time geometry, skeleton conception of
elementary particles.
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I'MITEPKOMIIJIEKCHBIE YNCJIA 11 AJITEBPANTYECKA#
CUCTEMA I'EHETUUYECKUNX AJI®ABUTOB.
SJIEMEHTBI AJITEBPATYECKON BNOJIOT N
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Hrnemumym mawunosedenus PAH, Mocksa, Poccus
spetoukhov@gmail.com

[IpencraBiaeHbl pe3yabTaTbl MCCIEI0BAHUST MHOTOYPOBHEBOW CHCTEMBI B3aMMOCBI3AHHBIX
MOJIEKYJITPHO-TEHETHYECKNX aJi(paBUTOB Ha OCHOBE IPUMEHEHHUsI MATPUYHBIX METOJIOB
TEOPUH IIOMEXOYCTOWYMBOrO KOIUPOBAHUSI. DTHU HUCCIEI0BAHUS BBISBUJIN CBA3H JaH-
HOIl cucTeMbl aaBUTOB € CHCTEMaMU TUIMEPKOMILIEKCHBIX 4YHces (KBATEPHHOHAMUI
lamunbrona m cmanT-KBaTepHunoHamu Kokja u ux paCHH/IpeHI/IHMI/I), KPOHEKEPOBCKUMHA
ceMelicTBaMM MaTPHIl, OPTOrOHAJbLHBIMHU cucTeMamnu GyHKIun Pagemaxepa um Youma,
MaTpuniamu Anamapa u jgp. OTMEYArOTCs CTPYKTYPHBIE MAPaJIIeIU3Mbl MEXKJLY CUCTEMOI
MOJIEKYJIIPHO-TEHETHIECKUX aJI(PABUTOB U CUCTEMOI HAC/IEIOBAHNS IIPU3HAKOB Y IEJIOCT-
HBIX OpraHnu3MoB, HO,ZL‘-II/IHHIOHLGI'?ICEI 3aKOHaM MeH)leJIH u Hpe,ILCTaB.HHeMOIU/I KJIaCCUYICCKNMU
pemerkamu [lernera. CucreMa MOJIEKY/ISIPHO-TEHETUIECKUX aI(PaBUTOB, OOIIAst JIJIA BCEX
JKUBBIX OPraHU3MOB, CBOUMH aJireOpanvdecKuMK CBOMCTBAMU IMOJACKA3bIBAET HOBBI — aJ-
rebpandecKuii — My Th MO3HAHWS YKUBON MAaTEpUM W PA3BUTHUs AJIredpamdecKoit OMoIorny,
CBSI3aHHON C T'MIEPKOMILIEKCHBIMU YncjIaMu. 2KnBas marepusi, obecrieduBaroIias mnepe-
Jady HACIEICTBEHHON WHMOPMAIIMU IO MeNW MOKOJeHHUH, mpeacraeT HHMOOPMAIMOHHON
CYIIHOCTBIO, IIyDOKO ajrebpamvdHoil Mo cBOEil Ipupoe.

KuroueBbie ciioBa: reHeTndecKkue ajadaBUThl, THIIEPKOMILIEKCHBIE Yncia, pyHkiun Paie-
Maxepa, QYHKIUKA YOJIIIIa, MaTpUIlsl AraMapa, MUKJIXIecCKre I'PYIIbL, perteTku llenHera,
ajrebpanmyeckasi OMOJIOTHSI.

1 Bsenenne

JlocTmzkeHunst MOJIEKYJITPHONM TeHEeTUKU ITPUBEJIM K HOBOMY MTOHUMAHUIO caMoil Ku3Hm: « 2Ku3Hb
eCTh IAPTHEPCTBO MKy PeHaMu 1 MareMaTikoii» [1|. Ho kakas nuMeHHO MaTeMaTHKa sIBJISIeTCsT
MapTHEPOM T'€HEeTHYEeCKOro KoJa?!

[IprTasgch HAILYTATH TAKYIO MATEMATHKY, aBTOP 00paTHU/ICH K U3YIeHUIO0 MHOTOYPOBHEBOI CH-
CTeMBbI B3aNMHO CBA3AHHBIX MOJIEKYJIPHO-TeHeTnIecKnX anadasnutoB. Ha sToMm myTn HEOKM1aH-
HO OOHAPYKUJIUCH CBA3U I'€HETHYECKOU CHCTEMbBI C U3BECTHBIMU (DOpPMAIN3MaMU UHZKEHEPHO-
MATEMATUIECKON TEOpUU MOMEXOYCTONYMBOTO KOAUPOBAaHUS WHMOPMAIUN: KPOHEKEPOBCKUM
MIPOU3BE/IEHIEM MaTPHI], OPTOTOHAJIbLHBIMU cucTeMamu pyHkiuii Pagemaxepa n Yomma, Tabsim-
[AMJ YMHOZKEHUsI THIEPKOMILIEKCHBIX YHCIOBBIX CHCTEM, MaTpuiiaMu Ajgamapa u T.7. |2, 3, 4.
Hacrosamas craTbs moCBsAIeHA HEKOTOPBIM Pe3yJIbTaTaM TaKOTO M3yUueHUs (HheHOMEHOJOTHIe-
CKOIl CHCTEeMBI B3aMHO CBSI3aHHBIX M€HETUYECKUX aji(aBUTOB.

AndaBurhl urparoT 6a3UCHYIO POJIb B TEXHOJOTUIX KOMMYHUKAIMH. B 11000t KOMMYHUKAa-
[IMOHHON CHCTeMe <IepeJaTINK-TIPUEMHNKy MTPUEMHUK BCeT/Ia 3HaeT aji(paBUT CHTHAJIOB, KO-
TOPBIIl UCHOIB3YeT TepeaTdnuk Jjist coodinenuii. B simHrBucTuke aadaBuTbl OOBIYHO UMEIOT
MHOT'OYPOBHEBYIO CTPYKTYDPY, ITOCKOJIBKY COJIEPKAT IMOAMHOXKECTBA IVIACHBIX U COTJIACHBIX 3BY-
KOB, IIPUYEM TIOJIMHOYKECTBO TJIACHBIX COCTOUT M3 TOJIMHOYKECTB JIOITUX U KPATKUX TJIACHBIX,
a TIOJIMHOYKECTBO COTJIACHBIX — W3 MOAMHOXKECTB 3BOHKUX W IVIyXUX COTJIACHBIX ¢ T.J. Kom-
YecTBa YJIEHOB BO BCEX ITHX YACTAX JUHIBUCTHYECKUX aldaBUTOB He CBI3aHBI JAPYT C IAPY-
TOM KaKHUMU-JTHOO M3BECTHBIMU aJIredpandecKuMu 3aKOHOMepHOoCcTsAME. Hamu oOHapyKeHo, 9To
B MHOTOYPOBHEBOIl CHCTEMe IeHeTUYeCKUX aadaBUTOB CUTYyalldsl CYNIECTBEHHO MHAas: MHOIHE
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YACTH 3TOU CHUCTEMBI TECHO B3aMMOCBS3aHBI MOCPEJCTBOM COJEPXKATETHHBIX aareOpamaecKnx
3aKOHOMEPHOCTel 1 (hOPMATN3MOB, KOTOPbIE IIMPOKO M3BECTHHI B MaTEMAaTUKe U TEXHUKE CBA3N.

MonekyisipHO-TeHETHYIECKAs CUCTEMa YKUBOTO BEIIECTBA COMEPXKAT CIIeAyIoNIne aadaBUuThI,
KasKJIbIil U3 KOTOPBIX MOKET OBITh PACCMOTPEH KaK OTJ/IEJbHBIN aJaaBUT WK KaK YaCTh CJIOZK-
HOI aIhaBUTHOM CUCTEMBI:

— 4-OyKBeHHBIH a/1aBUT a30TUCTHIX OCHOBAHUII;

— 64-OyKBeHHBIN aIpaBUT TPUILIETOB;

— 2-OyKBeHHBII aJI(paBUT «CJIa0bIX» U «CHJIBHBIX KOPHE» TPUILIETOB;
— 20-OyKBeHHBIN ahaBUT aMUHOKUCIIOT;

— 2-OyKBeHHBI aIhaBUT MYPUHOB U ITHPUMUINHOB;

2-OyKBeHHbII a/ihaBUT CUIBHBIX U CJIA0BIX BOIOPOIHBIX CBsA3EIl;

— 2-OyKBEHHBIH ajIpaBUT «KETO U aMUHO,

u T.71. (CM. PACHIUPEHHBIN CIUCOK MeHeTHYecKuX ajidaBUToB B cTaThe [5]).

C y49eToM 3TOro MOJIEKY/ISIpHO-TeHEeTUIeCKass CUCTeMa ABJISIeTCs MOJNA3bIaHoM. JIrobas mo-
CJIeJIOBATETHbHOCTD a30TUCTHIX OCHOBAaHUI B MojteKystax Haciaeacrsernoctn JTHK n PHK moxker
YUTATHCA KaK MOJUSA3bIYHOE MMOCTIaHne, MTHTEPIPETUPYEMOE B 3aBUCUMOCTHA OT HACTPOWKH CUU-
TBHIBAIOIIETO YCTPOiicTBa Ha TOT Wian uHOH asicbaBut. MoxKHO 100aBUTDH, YTO pacIpOCTPAHEHHOE
BBbIpasKeHUe «TeHEeTUIeCKU KOJI» O3HAYaeT B3aUMHOE COOTBETCTBUE MEKJLY SJIEMEHTAMU JIBYX U3
IepedncaeHHbIX aadaBuToB: aadaBuTa TPUILIETOB 1 ajadaBuTa aMIHOKUACIOT U CTOIM-KOJOHOB.

leneruveckast mundopMmalins, 3aucaHHas Ha YPOBHE MUKPOMHUPA T€HETUYECKUX MOJIEKY.I,
JITKTYET KOHCTPYKIUU B MAKPOMEPE YKUBBIX OPraHU3MOB B YCJIOBUAX CUJBHBIX IIYMOB W ITO-
Mex. 3akoH MeHjessi He3aBUCUMOrO HACJIEJIOBAHNUS DA3/IMUUTE/bHBIX MPU3HAKOB (HAIpHMED,
[BeTa BOJIOC, KOXKW U IJIa3 HACIELYIOTCS HE3aBHCUMO JIPDYT OT JIPYTa) CBHUJETEIBCTBYET O TOM,
YTO ATOT JAUKTAT PEATU3IYETCs Yepe3 pas/ImIHble He3aBUCHMbIe KaHAJIBI Iepeaain HHpOpMaIun
IIOCPEJICTBOM HEM3BECTHBIX aJI'OPUTMOB MHOTOKAHAJIBLHOIO MTOMEXOYCTOMYNBOTO KOAUPOBAHMSI.
CoOTBETCTBEHHO KaXKIAbII OpraHu3M IIPEICTAET aJTOPUTMUIECKON MAITHHON MHOMOKAHAJIHLHOTO
MIOMEXOYCTOMINBOIO KojaupoBaHus. J[/isi mo3HaHus 9TOIM MaIUHbBI CJIEyeT UCIOIb30BaATh TEO0-
PHUIO TTOMEXOYCTONINBOrO KOJAUPOBAHUS.

2 MarpuyHble IIpeJACTABJICHNS reHeTUYIeCKNX aJd)aBUTOB

Teopusi TOMEXOYCTONYNBOIO KOAMPOBAHUs 0A3MPyeTCst Ha MATPUIHBIX Merojax. Hampmmep,
MaTpUYHbIE METOJIBI MO3BOJIAIOT IepelaBaTh KadecTBeHHble (oTorpadun nmosepxHoctn Mapca
Ha 3eMJII0 Yepe3 MUJUIHOHBI KHJIOMETPOB CHJIbHEHIINX moMex. JIiist 9Tux meseit nenosib3yoTcs,
B YaCTHOCTH, KDOHEKEPOBCKue cemeiictBa Marpui Agamapa (Puc. 1).

Ha Puc. 1 cumBon (n) o3Ha9aeT KPOHEKEPOBCKYIO (MM TEH30PHYIO) LEJIyIo crenenb. Kpone-
KEPOBCKOE ITPOM3BE/ICHIE MATPHIL ABJIAETCs OOBIMHON omepaliieil B TeXHUKe 06pabOTKN CUTHA-
JIOB, TeopeTryaecKoit pusnke u np. OHO UCIIONB3YeTCs IS TIePeXoia OT IIPOCTPAHCTB ¢ MEHbIIeH
Pa3sMEPHOCTBHIO K ACCOLUUPOBAHHBIM IIPOCTPAHCTBaM Gosiee BBICOKOI pasmeprocTh. [lo anaso-
[U¥ ¢ IpUEMaMy TEOPHUH CBA3U MbI IpejcTaBiseM 4-0yKBeHHBI andaBuT a30THCTHIX OCHOBA-
uuit A, C, G, T/U (agenun, quro3ut, ryaHuH, TUMIH /ypaiiii) B ¢hopMe KBAJIPATHON MATPHIIBI
[C T; A G| (Puc. 2). Dror 4-6yksenusbiit aindapur cBsg3an ¢ 16-0yKBeHHBIM aI)aBATOM I€HETH-
YECKUX JIYTIeTOB 1 64-0yKBEeHHBIM a/l(aBUTOM TeHETUIECKUX TPUILIETOB TIOCPEJICTBOM BTOPOM
W TpeTbeil KpoHeKkeposckoit crenenu sroif Marpumpl [C T; A G| u [C T; A G|®), koropuie
naror (4 % 4)- u (8 * 8)-MaTPHILl ¢ YIOPSIOYEHHBIM PACIOJOKEHIEM JYIJIETOB U TPUILIETOB B
uux (Puc. 2).
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Puc. 1: Hauanbubie marpunst Anamapa u3 cemeiicra (2" % 2™)-marpur Ajamapa, OCHOBAHHOTO Ha
KPOHEKEPOBCKUX crernensx (n) 6azosoit marpuubt Hy 3T0TO cemeiicTra.

_ cc|cr |rc | 1T

C|T] calcelrta | TG
[CT;AG]= Aﬂ; [CT; AG|?=FXC ]| AT | GC | GT
T AA | AG | Ga |GG

CCcC | cCcT [ cIC | cIT | TCC | TCT | TIC | TIT
CCA| CCG | CTA | cTIG | TCA| TCG | TTA | TIG
CAC | CAT | €GC| CGT ] TAC | TAT | TGC | TGT
[CT;: AG®=] CAA| CAG | CGA | CGG [ TAA | TAG | TGA | TGG
ACC| ACT | ATC | ATT | GCC | GCT | GIC | GIT
ACA| ACG | ATA | ATG | GCA | GCG | GTA | GIG
AAC | AAT | AGC | AGT | GAC| GAT| GGC | GGT
AAA | AAG | AGA | AGG | GAA| GAG| GGA| GGG

Puc. 2: Tenernueckas (2 % 2)—wmarpuna [C T; A G| azoTucTbIX OCHOBaHUIT I TEHOMATPHIIBI €€ BTOPOIt
U TpeThell KPOHEKEPOBCKHUX CTeNeHel, cojeprKalliie ynopsaodeHHble MHOXKecTBa 16 myrmreroB m 64
TPHILIETOB. UePHBIM BbIIEIEHbI TPHUILIETHI C CUIBHBIMU KOPHSIMHE U JIYILJIETHI, COOTBETCTBYIOIIIE TAKIM
KOPHSIM (IIOSICHEHHUE B TEKCTE).

Ob6parumcst Teneph K aahaBuTy CHIBHBIX U CJ1A0BIX KOpHEil TpurieTos. /IBe mepsbie mo3u-
[IIU KasKI0TO TPUILJIETa HA3hIBAIOTCS €10 «KOpHeM». Ecu Bce 4 Tpuriiera ¢ 0JuHAKOBBIM KOPHEM
KOJMPYIOT OJIHY U TY YK€ aMUHOKUCJIOTY, TO TAKON KOPEeHb HA3BIBAETCsI «CHJIBHBIM» (HAIIPIMED,
CGC, CGA, CGT, CGG komupytor oxny amuHOKHCIOTY Arg). B mporuBHOM Ciiydae KOpeHb
Ha3bIBaeTCst «C1abbiMy» [6]. [Ipuposa moyemy-To mojesnnia MHOXKECTBO 64 TPUILIETOB Ha JBa
PaBHBIX MOJIMHOXKECTBaA 110 32 TpUILIeTa B KaXKJOM: IIepBOE MOJAMHOYKECTBO COAEPXKUT 32 TpU-
mwreta ¢ cunbHbIME KopHamu (CC, CT, CG, AC, TC, GC, GT, GG), a Bropoe — 32 Tpuriera
co crabeivu kopusivu (CA; AA, AT, AG, TA, TT, TG, GA) (cm. Tabauma 1).

Kak sTor 2-0yKBeHHBIN ajdaBUT CUIbHBIX U CIA0BIX KOPHEil comnpsizkeH ¢ 64-O0yKBEHHBIM
aspaBuToMm TpuaeToB? CyliecTByeT /i, HAIPUMEDP, CAMMETPUA B PACIIOIOKEHNN TPUILIETOB C
CUJIBHBIMU 1 c1abbiMu KopHsaME B MaTpute Tpurieros [C T A G (3) | KoTopast 6bLIA TOCTPOEHA
COBepIIeHHO (POPMAJIBHO 0€3 YIOMUHAHUS aMUHOKHUCIOT U TIP.?7 3aMeTuM, 9TO UMEeETCs OTPOM-
Hoe KomdecTBO 64! ~ 10%° BapmanTos pacnosoykenns 64 TpuUITIETOB B (8 x 8)-marpuue. s
cpaBHeHHA, (DU3NKA OIICHUBAET BCe BpeMd cylecTBoBanns Beesennoit B 1017 cexynm. OdesuHO,
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Tabmmma 1: IMoxMHOXKECTBA TPUIUIETOB € CHJIbHBIME (CjI€Ba) M CAa0bIMH KODHSIMHU B <YHU-
BEPCAJIBHOM» ~TEHETHYeCKOM KOJe M KOJe MHTOXOHJDHH dYeJOBeKAa U IIO3BOHOYHBIX. Vc-
XOJIHBIE JIaHHBIE B34Tbl ¢ cajita HanumonansHoro 6monHgopMaiuontoro obmecrsa CIITA
(http://www.ncbi.nlm.nih.gov/Tazonomy,/ Utils /wprintgc.cgi).

VYHUBEPCAJIbHBIN (CTAHIAPTHBIN) TEHETUYECKUIT KO/
8 MojceMeficTB TPUILIETOB C CUJILHBIMU | 8 MOJACEMENCTB TPHUILJIETOB CO CJIaOBIMU KOPHAMUI

KOPpHAMM U aMUHOKHCJ/IOTBI, KOAUDPYEMbBIE | 1 KOAUPYEMbIE aMUHOKHUCJIOTHI
nMn

CCC, CCT, CCA, CCG — Pro CAC, CAT, CAA, CAG — His, His, Gln, Gln
CTC, CIT, CTA, CTG — Leu AAC, AAT, AAA, AAG — Asn, Asn, Lys, Lys
CGC, CGT, CGA, CGG — Arg ATC, ATT, ATA, ATG — Ile, Ile, Ile, Met
ACC, ACT ., ACA, ACG — Thr AGC, AGT, AGA, AGG — Ser, Ser, Arg, Arg
TCC, TCT, TCA, TCG — Ser TAC, TAT, TAA, TAG — Tyr, Tyr, Stop, Stop
GCC., GCT, GCA, GCG — Ala TTC, TTT, TTA, TTG — Phe, Phe, Leu, Leu
GTC, GTT, GTA, GTG — Val TGC, TGT, TGA, TGG — Cys, Cys, Stop, Trp
GGC, GGT , GGA , GGG — Gly GAC, GAT, GAA, GAG — Asp, Asp, Glu, Glu

TEHETUYECKNIT KO MITOXOHIPUIT TTO3BOHOTHBEIX
CCC, CCT, [CCA . CCG — Pro | CAC, CAT, CAA, CAG — His, His, Gln, Gln

CTC, CTT, CTA, CTG — Leu AAC, AAT, AAA, AAG — Asn, Asn, Lys, Lys
CGC, CGT, CGA, CGG — Arg ATC, ATT, ATA, ATG — Ile, Ile, Met, Met
ACC, ACT . ACA, ACG — Thr AGC, AGT, AGA, AGG — Ser, Ser, Stop, Stop
TCC, TCT, TCA, TCG — Ser TAC, TAT, TAA, TAG — Tyr, Tyr, Stop, Stop
GCC., GCT, GCA, GCG — Ala TTC, TTT, TTA, TTG — Phe, Phe, Leu, Leu
GTC, GTT, GTA, GTG — Val TGC, TGT, TGA, TGG — Cys, Cys, Trp, Trp
GGC, GGT, GGA , GGG — Gly GAC, GAT, GAA, GAG — Asp, Asp, Glu, Glu

970 CaydaiiHoe pactooxkenne 20 aMHHOKUCIOT U COOTBETCTBYIONIUX TPHUILIETOB B (8 X 8)-
MaTpHIle MOYTH HUKOT/IAa He JACT CUMMETPHUHU B ee TOJOBUHAX, KBaJpaHTaX U cTpokax. Ho
HEOXKWJIAHHO (PEHOMEHOIOITYeCKOe PACIIOIOKEHNE 32 TPUILIETOB C CUJIbHBIMU KOPHAMHU U 32
TPUILIETOB CO CIAOBIMI KOPHSAMUI UMEET B 9TOI MAaTPHUIle CHMMETPUIECKUI XapaKTep XapakTep,
KAK ¥ PACIOJIOKEHNE COOTBETCTBYIOIINX CUTbHBIX M CIAObIX JIyIeToB B (4 * 4)-reHoMarpuile

[C T; A G|® (Puc. 2):

1. Ob6a kBazpaHTa BIOIb KayKJI0H JUATOHAIN TOXKIECTBEHHBI 110 MO3auKe.

2. Bepxugsg m HUXKHAA TOJOBUHBI B KaXKJIOW MaTPHUIE 3€PKAJIbHO-AaHTUCUMMETPUYIHBI JIPYT
JIpYTy [0 1BeTy (MeHEeTHYeCKH HACIEeILyeMOe TeI0 KayKJOrO YeJIOBEKA COCTOUT U3 JIBYX
3epPKAJTHHO-aHTUCIMMETPUYHBIX TIOJIOBUH, HO, KAK OKa3bIBAETCs, MOJO0HAs 3epKaJIbHAs aH-

THCHMMETDUSI TIOJIOBUH MIMEET MECTO yKe Ha YPOBHE CHCTEMbI MOJIEKYIAPHO-T€HETHIECKUX
a¢daBuToOB).
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Kakmne maremaTnmiyeckme CeKpeThl T€HETHYECKO CHCTEMBI OTPAXKEHbI B ITUX MO3aUIHBIX
reHeTUYeCKNX MATPUIAX B3AMMHO CONPSAYKEHHBIX reHeTmdecknx asidpasutos?! Hambosnee Bak-
HBIM (DAKTOM OKA3bIBAETCA TO, UTO MO3AUYHBIN XapaKTep KayKJIOTO CTOJIONA B KaXKION M3 9TUX
JIBYX T€HOMATPHUI[ COOTBETCTBYET HEUETHOH MeaHApoBoit (pyHKInn. Takue HedeTHBIE MEAHIPO-
Bble (PYHKIIUU XOPOIIO M3BECTHHI B TEOPUU OOPAOOTKU CUTHAJIOB T0JT uMeHneM «pyHKImii Pa-
nemaxepay. @yuknun Pajiemaxepa coiepKaT TOJBKO 7eMeHThl «+1» m «—1». Kaxprit u3
CTOJIOIIOB B 9THX MeHOMATPHIAX TpecTaB/seT ogHy n3 dyHkKimit Pamemaxepa, ecim KayKIblit
YepHbIil (6esIblil) AyIJIeT 1 TPUILIET B HUX MHTEPIPETUPOBATH Kak dyeMeHT +1 (—1).

[Ipu sTOM TOTyYIaIOTCST COOTBETCTBYIONINE PAIEMAaXepPOBCKUe TpejicTaBaeHus Ry MaTpuiibi
aymreros [C T; A G|® u Rg marpumpr tpumteros [C T; A G|®). Puc. 3 nokasemsaer st
[PEeJICTABJIEHNS, & TAKZKe UX JIUAJI0-CABUTOBbIE JEKOMIIOZUINHI Ha YeThIpe (Cg, C1, Co, C3) M BOCEMb
(ro, 11, T, I3, Iy, T, Tg, I7) PASPEKEHHBIX MATPUIL COOTBETCTBEHHO. MaTpuIpl ¢o U To ABJISTIOTCSI
eTMHUIHBIMU.

ABTOpPOM OOHAPYIKEHO, UTO KarKIbIil U3 3TUX HAOOPOB W3 4 U 8 pa3perKeHHbIX MATPUIL 3a-
MKHYT OTHOCHUTETHHO YMHOXKeHUsl (Ipou3BejieHne JIFoObIX JIByX MaTpHI[ U3 Habopa Jaer Ma-
TPHILY U3 TOrO Ke Habopa ¢ TOYHOCTHIO JI0 3HAKA) U ONPEEIAeT CBOIO COOCTBEHHYIO Tab Iy
ymuoxkenust (Puc. 4).

Tabnuia ymuoxkenus na Puc. 4 cjieBa coBnaiaeT ¢ Tadaumeil yMHOXKeHI 4-MepHO#t aredpbr
criummr-kBarepanonos JIxk. Kokia (J. Cockle), orkperroit um B 1849 oy u uMmeroreii psij mpu-
noxkenuit B dusuke |http://en.wikipedia. org/wiki/Split-quaternion|. Hanpumep, oHa ucnosib3y-
ercs B auckoBoit mogenu I[lyankape reomerpun Jlobauesckoro. Takum obpaszom, reHoMaTpuIia
aymreros [C T; A G|® B ee pagemaxeponckoii dopme Ry (Puc. 3) mpeacrapaser coboit crmm-
kBaTepHnOH KoOK/a ¢ eImHMYHBIMU KoopamHatamu. PamemaxepoBckas ¢opma Rg cBsazana c
pajemaxepoBckoit hopmoit Ry gepes KpoHeKepoBCKoe YMHOMKEHWe TOCIe Hell Ha MaTPUIHYIO
dbopmy npencrasienust aBoitHoro Ynciaa (ducia JIopeHna) ¢ e MHIYHBIME KOOPAUHATAME (& —
CUMBOJI KDOHEKEPEBCKOTO YMHOKEHUS ):

R, ®[1 1;1 1] =R (1)

CoorBercTBeHHO 8-MepHasi ajarebpa ¢ TabauIel yMHOXKeHus Ha Puc. 4 cipaBa MOXKeT Ha3bl-
BaThcs anreGpoil Gucrmr-KBarepnnonos Kokma, a remomarpuna rpumieros [C T; A G|©®) s
ee pajieMaxepoBckoM npejcraBiernn Ry (Puc. 3) okasbiBaercs 6ucrumr-kBarepanonom Kokia
¢ eqmHWIHbIME KoopuHaTamu. [IpegcraBiennbie Ha Puc. 3 meKoMmosurmm paieMaxepoBCKIX
resomarpuii Ry n Rg conpsizkeHbl ¢ MOHATHAMU JUAJINYIECKAX CIBUTOB, JTUAJMIECKUX TPYIIIT
U MATPWIL JIMQMIeCKIX CABUTOB, UTPAIOIINX BAYKHYIO POJIb B KOMIIBIOTEPHBIX TEXHOJOTUSIX
[7], [8, §1.2.6]. DT HeKOMIIO3UIMH, TPOU3BOAUMBIE TI0 00pA3Y MATPHIL JUATHICCKAX CIBUTOB,
MBI HA3bIBAEM JMA/I0-C/IBUTOBBIMU, & COOTBETCTBYIOIINE MAaTPUYHBIE aareOpbl, 0OHADYKIBAE-
Mble TP TaKO# JeKOMITO3UIINU, — JUaI0-CABUTOBbIME ajiredOpamu nin JIC-anredpamu. Criut-
KBATEPHUOHBI 1 OUCILINT-KBATEPHUOHBI UMEIOT MHOTO MHTEPECHBIX MaTEMATHIECKUX CBOMCTB,
PsiJl 13 KOTOPBIX MOKET HCIIOIb30BAThCs JIJI MaTeMaTHIecKuX Mojiesieil B Guonornu [3].
Omnucannas Juao-CIBUTOBas JTEKOMIIO3UIINS UMEET MPSAMOE OTHOIIEHUE K IBOJIONUH JHa-
JIEKTOB T€HETUIECKOr0 Koja (moapobrocTn M. B pabore [3]). Peus mger o ToM, 9T0 COBpeMeHHO
HayKe U3BECTHO IeI0e MHOXKECTBO IIPUPOIHBIX BADUAHTOB COOTBETCTBUsA MEXKIy asdasuroMm 64
TPUILIETOB U aI(PAaBUTOM AMUHOKUCIOT U CTOIN-KOJOHOB. DTU HE CUJIHLHO OTJIMYAIONINECS JIPYT
OT JIpyTra BapUaHTHI 0OYCJIOBJIEHBI BOTIOIMOHHBIM M3MEHEHIEM KOJOBOTO 3HAYEHUST Y HEKOTO-
PBIX U3 TPUILUIETOB (<«3BOJIONUOHUPYIONMX TPUILIETOBy ). CyIiecTBOBaHUE JaHHBIX BAPHAHTOB
(nm UaeKToB) KOJa O3HAYAET, UTO, HAYMHASI C YPOBHS 9TOIO COOTBETCTBUS MEXKIY ITH-
MU F€HEeTHIeCKUMU ajipaBuTaMu, HAOIIOJAETCS ONpee/IeHHAsT IBOTIONUs TeHETHIECKOTO KO/IA.
AHamu3upys 9BOIOMUOHUPYIONIME TPHUILIETHI ¢ MO3UIUI UX MPUHAJJIEKHOCTH WX COOTBET-
CTBUsI T€M WU UHBIM OA3UCHBIM MaTPHUIAM T, I, .. ., It TEHETHIECKUX OUCILINT-KBATEPHUOHOB
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BHaKu «+» U «—» 0DO3HAYAIOT TeMeHTBl «+1» u «—1». Buusy:

).

(Puc. 2

)

3

(

JUAJ0-CIBUTOBAas JIEKOMIIO3UIINA KAaXKJIOT0 M3 3TUX PaJieMaxepoBcKuX npejcrasieHuit Ry u Rg B Buse

Puc. 3: Beepxy: pagemaxepoBckue npejcrasienus Ry u Rg renomarpur gymieros u tpumieros [C T
u [CT; A G
cyMM u3 4 u 8 pa3perKeHHBIX MaTPHUIl COOTBETCTBEHHO.

A G|®
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Puc. 4: Tabmmnpsl ymMaoxkenns g Habopa paspesKeHHBIX MaTpull, 13 gekommnosunmii Ha Puc. 3. Cie-
Ba: JYisl PaJIeMaxepoBCKOro npejcraBienns Ry renomarpunst gymieros [C T; A G](2). Cupasa: st
pajieMaxepoBCKOro mpejctaBienns Rg renomarpuisr tpumeros [C T A G](g).

(nm paccMaTpuBaeMbIX HIKe GuKBaTepHHOHOB [amuibrona) (em. Puc. 3-6), aBrop o6HApY KU
CYIIECTBOBAHKE CJIELYIONNX (DEHOMEHOJIOTUIECKUX TPABUJT SBOJIIONUY JIUAJIEKTOB I€HETHIECKO-
ro KoJa:

IIpaBuso Nel AGCOTIOTHBIM MPABIJIOM /IS MHOYKECTBA BCEX JBYIOJIBIX OPTAHU3MOB (Pa3MHO-
JKAIOIIUXCST TOJIOBBIM Iy TEeM) IBJISETCS TO, YTO Y HETO IBOJIOIMOHHbBIE H3MEHEHHsI B KOJJOBOM
COOTBETCTBUU TPUIJICTOB aMUHOKHUCIOTAM U CTOI-KOJOHAM PEAJIN3YIOTCH TOJBKO Y TeX TPHU-
IJIETOB, KOTOPBIE COMPSIZKEHBI C 0A3UCHBIMU MATPUIIAMHU T4, s, I'g, I'7 TEHETUIECKIX OUCILIAT-
KBATEPHUOHOB.

910 [Ipapuiao Nel moxker ObITH TIepedpopMyIupoBano B Buje [lpuHinna 3ampera, 0071a/1a10IIero
npeJicKa3aTebHol cutoit: "y JABYIONIBIX OPraHU3MOB 3alpeIieHbl SBOJIIOIUOHHBIC U3MEHEHUsT
TeX TPUILIETOB, KOTOPbIE COMPSI?KEHBI ¢ HA3BAHHBIMI OA3UCHBIMU MATPUIIAMU 8-MEPHBIX THUIIEp-
KOMILJIEKCHBIX 4ncesr'.

ITpaBusio Ne2 Bo Bcex nmanekTax TeHETHYECKOTO KO TOJIBKO TPUILIETHI, CONPSKEHHBIE C
0a3UCHBIMYI MATPUIIAMH T3, Tg, I'7 TEHETUIECKUX OUCIIINT-KBATEPHUOHOB, MOT'YT OBITH CTApPT-
komoraMu. (OTmeTnM, 9To 00a ITUX MpaBIJIA, BKIIOYAs YKA3AHHBIH MPUHIMMI 3aIpeTa, ¢
PaBHBIM OCHOBaHMEM MOTYT (POPMYJINPOBATHLCS TPUMEHUTETHHO K PACCMATPUBAEMBIM HIZKE
6a3MCHBIM MaTpullaM 6UKBaTepHHOHOB [amMmbTOHA).

3 T'enerudeckme maTpuibl Amamapa

TeHepb IIOKazKeM, 9TO CBOHCTBa I'eHETUYECKUX a.HCbaBI/ITOB CBA3bIBaIOT '€HETUYIECKYIO CUCTEMY
CO CIEennaJbHBIM IOACEMERCTBOM MaTpull Agamapa, KOTOpbIE SBJISIOTCS OJHUM U3 HamboJiee
M3BECTHBIX MHCTPYMEHTOB B TEXHUKE 00pabOTKU CUTHAJIOB.

4-6ykBenublit andasut azoructeix ocHoBanuit A, C, G, T /U umeer ciemyrorue aBe ocobeH-
HOCTH, CBsI3aHHBIE C YHUKAJBHBIM cTaTycoM TumuHa 1 (mam yparmia U):

1. kaxx0e u3 Tpex ocuoBanmit A, C, G nmeer dpyHKIMOHAIBHO BaxKHy0 amuHOrpymny NHs, a
gerBeproe ocHoBanme T /U He nmeer ee;

2. oykBa T — emuncrBennoe ocuoBanue B JIHK, koropoe 3amensercsa npu nepexoge k PHK na
npyroe ocHoBanue U.
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CCC | CcCT | CIC CTT TCC TCT | TIC I'TI
CCA | CCG | CTA CTG TCA | TCG | TTA TIG

ceclcertlTte | 1T CAC CAT CGC CGT | TAC TAT TGC TGT
CA|CG|TA | TG CAA | CAG CGA | CGG | TAA TAG TGA TGG
AC | AT GC | GT |’ ACC ACT | ATC ATT GCC GCT | GTIC GTT
AA | AG ) GA | GG ACA | ACG | ATA ATG GCA | GCG | GTA GTG

AAC AAT | AGC | AGT GAC GAT | GGC GGT
AAA | AAG | AGA | AGG GAA | GAG | GGA | GGG

HEl FEE BN R
1111 ]a]a]1]1

1 (1§11 -1 HEl FEEL e
11 1 111 1111
He=[1 | 1 10 Hs= [1]1]a a1
FEE BB 1 a)-1]1 1)1
al1ifaf1fa 1]-1

SEEN EEE ENE R

Puc. 5: Beepxy: cuMBoibHbIC Mo3amumble Marpuipl aymreros u rpumieros [C T; A G| u
[C T; A G|®), Mosanka KOTOPHIX TOIydeHa ¢ MOMOIIBIO mepBoro mara T /U-airopurMa m3 Mo3arn-
KU 9TuUX MaTpul Ha Puc. 2. Bausy: amzamaposnl npenacrasienus Hy u Hg 9TuX reHOMaTpuI 1ymieTos
u rpurzeros [C T; A G|® u [C T; A G|®), nonyaaemsre ¢ momormpio Broporo mara T /U-amropurua
(mosicHeHVE B TEKCTE).

C yderoMm sTOro yHmKasibHOro craryca Oykebl T/U mamm BbigBiaen ciemytommii «T/U-
AJICOPUTM», KOTOPBIH MOXKET HCIOJIb30BATHCS B KOMIIBIOTEPAX OPTraHU3MOB U KOTODPBIH TPaHC-
dbopvmpyer cuvBombabie (4 % 4)- 1 (8 * 8)-Marpuusr aymteros n tpumieros [C T; A G| u [C
T; A G|® B (4% 4)- n (8 % 8)-marpump Anamapa Hy u Hg (Puc. 5). Jdanmsii T /U-aaroparm
COCTOHT W3 JIBYX IIATOB:

1. Kaxk7plil U3 MyJIBTUILIETOB B 4epHO-0esibix (4%4)- u (8x8)-renomarpunax Ha Puc. 2 nusmenser
CBOII 1BeT BCsIKHUil pa3, Korjga 6yksa T cromt Ha HedeTHON mosumuu (HampuMep, CTOUT B
TPUILIETE Ha TIEPBOIl WM TPEThel MO3UINN );

2. 3aTeM 4YepHble U OeJIble JIyIUIeThl U TPUILIETHl B KarKJIOi M3 TaK IOJIyYeHHBIX MO3aMYHBIX
marpun [C T; A G]® u [C T; A G|® mrrepnpernpyiorcs Kak SMeMeHTHI «+1» m «—1»
COOTBETCTBEHHO.

ITo onpenenenuio maTpureii Aramapa mopsijika «n» HasbBaercs (n*n)-marpuna H(n) ¢ sme-
MenTamu «+1» u «—1», kKoropas yjosiersopsier yeaosuio H(n)xH(n)T = n* I, rme H(n)T —
TPAHCIIOHUPOBaHHAsA MaTpuia, a I, — eauHndHas Marpuia. CTPOKM WJIH CTOJOIBI MATPHIL
Atamapa 006pa3yoT MOJTHYIO OPTOTOHAJIBHYIO cucTeMmy dyHKImit Yomma. [Ipumokerusy ma-
Tpui, AjaMapa B TeXHHUKe 0O0PaOOTKN CHUTHAJIOB IOCBAIIEHBI JECATKH THICAY MyOJIHMKAIMil: Mo~
MEeXOyCTOHUnBOE KOIMpoBaHue, cxkarue nudopmaimn, u T.1. [9]. Hanpumep, nomexoycroiiansbie
KOJIbl HA& OCHOBE MaTpHI[ AJamMapa HCIOJIB30BAINCH Ha KOCMIYECKHX Kopabisix «Mapunep» n
«Bogikep», 9TO MO3BOIMIO MONTYYuTh KadecTBeHHbIe hororpadun Mapca, FOmmrepa, Cartyp-
Ha, Ypana u HenryHa, HeCMOTDsI Ha MCKAXKEHHOCTb U OCIAbJEHHOCTDh TPUXOJISIINX CHIHAJIOB.
Marpuier Aamapa UCIONB3YIOTCS IS CO3/IAHAs KBAHTOBBIX KOMIIBIOTEPOB, KOTOPbIE Oa3upy-
I0TCsI Ha «refitax Aamapas. B kauecTBe yHUTAPHBIX OIEPATOPOB OHU IPUMEHSAIOTCS B KBAHTO-
BOII MeXaHUKe.
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OcytecTBUM JTHA10-CIBUTOBBIE IEKOMIO3UIIY reHeTnvdeckux marpuil Anavapa Hy u Hg o
AHAJIOTUN C JEKOMIIO3UIMAMI pajieMaxepoBckux matpui] Ry n Rg. B pesynbrare Bosnumkaror
JIBa HOBBIX HabOpa u3 deThipex (o, q1, 2, 3) U BocbME paspezxkenHbIx MaTpuil (hg, hy, hy, hs,
hy, hs, hg, h7), nokasauusie Ha Puc. 6.

1000 |01 00 Joo -10 88(1)(1)
0100 ,|-1000 ,l00 01
He=dota+ata=9010% 0001 10 00F|o -100
0001 |0 0-10 |0—-1 00/ |-1 0 00
Hyg = ho + hy + hy + hs + hy + hs + hg + hy =
10000000 [0-100000 0 0 0100 000
01000000/ [10000O0O0O0 0 0010 000
00100000/ [000-10000| [-10000 000
00010000 (00100000 0 —1000 0 00
=loooo1000Tlooooo—-100|"]0o 0000 010"
00000100/ (00001000 0 0000 001
00000010/ [000000O0-1] [0 000-10 00
00000001 [0 0000010 0 0000 —100
000-10000|] 000 0 1000 (00 00010 0
0010 0000| 000 0 0 100 |00 00-100 0
0100 0000| (000 0 0 010/ (00 000 00—1
1000 0000| (000 0 0 001 |00 000010
T1oo00 0o000-1"1to00 0o 0 000 jo—1000000]|"
0000 001 0| 010 00 000 |10 000000
0000 0100| 0010 0 000 (00 010000
0000 —1000| 000 =10 000 (00 100000
0 0 0 00010 |000000O0O0 —1
0 0 0 00001 |0 00000T1 0
0 0 0 01000 |00000-10 0
0 0 0 00100 |0000100 0
1o 0 -1 00000 l0001000 0
0 0 0 -10000 |0 0-10000 0
10 0 00000/ |0100000 0
0 -1 0 00000 |-10 00000 0

Puc. 6: Juano-casurossle Jexkomnosunuu reomarpul, Anamapa Hy n Hg us Puc. 5.

Kazknprit m3 9Tux AByX HAOOPOB U3 4 1 8 pa3perKeHHbIX MaTPUI] HEOXKUIAHHO TaKXKe OKa-
3bIBAETCsI 3aMKHYTBIM OTHOCUTEIHLHO YMHOXKEHHSI U OIpPEIEesIsieT CBOIO TaOJIMILY YMHOXKEHUs,
noKa3aHHyIo Ha Puc. 7.

JleBast u3 TUX TAOJIUIL COBIAAeT ¢ TabJIUIEl YMHOXKEHHsI KBaT€PHUOHOB [aMuIbTOHA, a
npaBasi — C TaDJIUIENH YMHOXKEHHs 8-MepPHOil ajredpbl OMKBATEePHUOHOB ['aMU/IbTOHA, KOTOPBIE
B MaTeMaTUKe OOBIYHO OIpPEJeIAI0TC KaK KBATEPHUOHbI [aMUIbTOHA HAJI MOJIEM KOMILIEKC-
HBIX 4nces. B 91oii cBs3u renomarpuna Anamapa Hy okaspiBaeTcss KBaTepHHOHOM ['aMUIbTOHA
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hi | ho | hs | hy | hs | hs | h-

1 hy  hy | hs | hy | hs | hg | hy

hifhi | -1 | hs |-hy| hs |-hy| h- | -hg

1 |qu | q: | qs hQh: | hs | -1 | -hy|-hs|-h7| hy | hs
111 @i a2 @ hs{hs | -hy | -hy| 1 |-h-| he | hs | -hy
Qla -1 (g5 | -q2]; hy § hy s he [ hy | -1 |-h|-h;|-h;
Q20192 | 93 -1 q1 hsJhs | -hy | h- | -hs | -h; 1 -h; | hy
QG193 | 92 | Q1 -1 helhe h- |-hy|-hs| hy | h; | -1 |-l
h-Jh- | -hs | -hs| hy | h; |-h; | -h; | 1

Puc. 7: Tabnuner ymHOXKeHUsT j171s HAOOPOB U3 4 1 8 paspeKeHHbIX MaTpull Ha Puc. 6 (MaTpump! g u
hy — eaunmunbie) ays renomarpur Anamapa Hy u Hg.

C eJUHUYHBIMU KOOpAMHATaMU, a reHoMarpuiia Amgamapa Hg — OukparepHmonom laMuibTo-
Ha C €IMHUYHBIMUA KOoopAaumHaTamu. Mexkay srumu aIByMs reHoMarpunamu Amamapa Hy m Hg
nMeeTcs anredpandeckasi CBsI3b Yepe3 KPOHEKEPOBCKOe yMHOXKeHne MaTpuiibl Hy Ha MarpudaHoe
ITpeJICTaB/IeHne KOMIIJIEKCHOTO YHUCIa, ¢ €INHUIHBIMU KOOPINHATAMMU:

H,®[1 —1;1 1] =H;g (2)

Harme Tpexmepnoe dpusundeckoe mpocTpaHCTBO MOYEMY-TO YCTPOEHO TaK, ITO COOTBETCTBYET I10
CBOUM T'€OMETPUIECKUM OCOOEHHOCTSIM KBaTEepHUOHAM | aMuIbToHA. A Ternephb OKA3bIBAETCS, UTO
U CUCTEMa I'eHeTUYeCKOr0 KOJIUPOBAHUS TTOYEMY-TO YCTPOEHA B COOTBETCTBUH C KBATEPHUOHAMU
u bukBaTepaunonamu ['amuirbrona. KBarepunons! ['amMuibrona TecHO cBsi3aHbl ¢ MaTpuiiamu [la-
YJIH, Teopreii /ieKTpoMaruuTHOro mosist (MakcBesi Harmcal CBOU ypaBHEHUsT IMEHHO Ha S3bIKe
KBATEPHUOHOB ['aMIJIbTOHA), CHENUaIbHON Teopuell OTHOCUTEILHOCTH, TeOpueil CIIMHOB, KBAH-
TOBOMEXaHUIECKOI Teopueil XUMUIeCKoi BajJeHTHOCTH U p. KBarepHnoHnaMm B (pu3UKe TOJIBKO
B XX BeKe MOCBAIMIEHBI ThICAYIH PadoT |http://arziv.org/abs/math-ph/0511092]. Marpuanast re-
HETUKa MPUBe/a K OTKPBITUIO BayKHOTO MOCTa MEXKIy (DU3UKOil, bnonorueit u mHGOPMATHKOMN
JIIS UX B3aUMHOT'O OOOTAIIEHUS.

B mamux wccienoBaHusgxX mojydeH HOBBIM MpuMep HEMOCTHKUMON 3D eKTUBHOCTH MaTe-
MaTHUKN: a0CTPAKTHBIE MAaTeMATHIeCKIe CTPYKTYPbI, BbIBEJICHHBIE MATEMATUKAMI HA KOHIUKE
nepa 160 jieT Ha3a/1, OKa3bIBAIOTCS BOILIOMIEHHBIMY B MH(MPOPMAIIMOHHOM OCHOBE *KUBOI MaTepun
— cucTeMe TeHeTUIecKnX aagaBuToB. I To, 4TO MaTeMaTUKN OTKPBIBAIOT IyTEM MYYUTEIbHBIX
pasmymuii (momobuno lammibrony, morparusinemy 10 JieT HEMPEPBIBHBIX PA3LYMUil JIJIsT OTKPbI-
TUSI €r0 KBATEPHUOHOB), OKA3BIBAETCs YKe MPEJICTABJIEHHBIM B CHCTEME TeHeTUIECKOrO KO-
posanus. Hama remermdeckas cucreMa COOTBETCTBYET HaIleMy (PU3MYIECKOMY TPOCTPAHCTBY,
MTOCKOJIBKY — KaK M OHO — COOTBETCTBYeT KBaTepHmoHaM [aMuibTOoHA. DTO, B YACTHOCTH, 3a-
TparuBaeT JaBHO JUCKYTUPYEMBIH B HAYKE BOIIPOC O BPOXKJICHHOCTH MPEJICTABICHNN KUBOTHBIX
opranu3MoB o npocrpancrse [10, c. 77-80].

Ksarepunonbl ['amMuiabTroHa u  CIIUT-KBaTepHUOHbI Kokja oObeauHEHbl TeM, dYTO
Bech Habop amrebp Kmuddopaa mma asymeprnoro ciydas Clyj(R), Clyo(R), Clp2(R)
n3oMopdpeH  MMEHHO STUM JABYM 4-MepHbIM  ajredpaM  T'HIEPKOMILIEKCHBIX — YHCeT
(hitp://www.mi.ras.ru/noc/11_12/cllifalg04.12.11.pdf ). DTO UHTEPECHO I MeKJIyHa-
posiHOTO coodiecTBa  «KJAUMMOPAUCTOBY, CTPEMSIINXCA TpakToBarh anaredpsl Kmuddopma
KaK YHUBEPCAJIbHBIN S3BbIK T€OMETPUN U (DU3UKH.

Ksarepunonsl 'amMuibToHa N3BECTHBI KaK MHCTPYMEHT MaTeMmaTuku u ¢pusuku. Hamu obpa-
[aeTcd BHUMAaHUE Ha TO, YTO KBATEPHUOH ['aMUIBTOHA ¢ €IMHUYIHBIME KOOPJIUHATAME Yepe3
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a b|c |d a b -c|d a -bjc d
-b|la |-d ¢ -b|la |d ¢ b a -d ¢
<|d|a -b]s;le -d a [b];]¢c d a b
-d|-c|lb a -d|-c -b|a -d|-¢c | -b | a

Puc. 8: Tlpumepbl MaTpuyHbIX NpejcTaBaeHnil KBaTepHuoHOB ['amuibroHa a*x 1 +bxi+cxj+ d x k.
[Tpu epmHUYHBIX 3HaUYeHUAX KoopauHatT (a =b = c¢ =d = 1) Bce 3T MATPULBI SBJISIFOTCS MATPULIAMI
Anamapa. Pacnonoxenne koopausat a, b, ¢, d B KaxK10#f MATPHUIE COOTBETCTBYET MTPUHIIAITY CTPOEHS
MAaTPUIL INaJAUIeCKUX CIBUTOB, OIMCAHHBIX, HAIIpUMep, B [7].

ero MaTpHYHbIE MPEJICTABIECHNUs (& CYIIECTBYeT He OIHO TaKOe MPEeJICTABJIEHNE) OKA3bIBACTCS
IUIyOOKO CBSI3AHHBIM € WH(OPMATHUKON B CUJIY JIBYX ITPUYUH:

1. ero (4 % 4)-MaTpuUIHbIE IPEJCTABICHNS SBJSIOTCS MaTpuamMn Agamapa,

2. pasMeleHrne KBATePHHOHHBIX KOODJMHAT YETBIPEX BHUJIOB B JIIOOBIX €ro (4 * 4)-MaTpuaHbIX
IPEACTABIICHAAX BCETJa COOTBETCTBYET YIOMAHYTOMY HNPUHIAIY AUAAUYICCKUX CIBUTOB,
OCHOBAHHOMY Ha OJHOI M3 OCHOBHBIX OIlepalnil KOMIBIOTEPHBIX TEXHOJIOTHN — CJIOKCHUN
OMHAPHBIX YUCETT 110 MOJYJIIO 2.

Puc. 8 memoncTpupyeT 9TH CBOHCTBa HA KOHKDPETHBIX TpuMepax (4 % 4)-MaTpUYHBIX MpeIcTa-
BJIEHHUII KBATEPHUOHOB ['aMIIbTOHA.

[Touemy KBaTepHUOHBI U OMKBATEPHUOHBI ['aMUIBTOHA OKA3BIBAIOTCS CBSI3aHHBIMU C CHCTE-
MOl TeHeTH1IeCKOro KoaupoBauusi! BeposaTHO, TyIyOOKHil OTBET Ha 3TOT BOIPOC OyAeT MOy deH
IpU ydere He TOJBKO NeOMEeTPUIECKUX CBOWCTB KBATEPHHOHOB M OMKBATEPHUOHOB |aMmIbTO-
Ha (HampuMep, UX COOTBETCTBUs MOBOPOTAM Harero dpusndeckoro 3D-pocTpaHcTBa), HO U UX
nH(GOPMAIMOHHON CYIITHOCTU U MIPUTOIHOCTH [ 9P HeKTUBHON 00pabOTKH NH(MOPMAIINA B Ka-
yecTBe 0cOOOro BUIa MaTpull Agamapa co ClleluaJIbHBIMU CHCTeMaMy (DYHKIWA YoJIlna B HUX
u 1p.

VKaxKeM BO3MOXKHBbIE TTPUYUUHBI TOTO, MOYEMY MOJIEKYJIsIpHO-TeHeTHUIecKas crucreMa ajida-
BUTOB OKa3bIBAETCsI CBSI3AHHON € acCONMATHBHBIME ajJreOpamMu B OTJIUYNE OT CHCTEM Teope-
THYECKON (DU3UKN HEXKMBOI MaTepuu, riae OOJbIIOe BHUMAHNE VIEIsIeTCsl HeacCONUaTUBHBIM
ajrebpaM OKTOHHOHOB K»o/u u crmmT-oKTOHNOHOB. [Ipeamonraraemast mpuynHa 3aK/II0YAETCA B
TOM, 9TO aCCOIMATHBHOCTD SBJIAETCHA BayKHBIM YCJIOBHEM B MH(OPMaTHKE TOMEXOYCTONINBOIO
KOJIMPOBAHUSI, [JIe MUPOKO HCIOIB3YIOTC MHOTHE BUJIbI KOJOB (HAIPUMED, IUKJINIECKHE KO-
JIbI), KOTOpBIe GA3UPYIOTCs Ha KOHIEIIMU ajredpandeckux rpynn u noseit amya. [pu sTom
caMU OIpe/IeJIeHNs TOHSITHI TPYIIIBL 1 moJieit [asya comepzkar B cebe yCIOBUS acCONATUBHOCTI
UX 39JIEMEHTOB. TeM caMbIM, B 00JIACTH MTOMEXOYCTOWINBOIO KOJUPOBAHMS aCCOIMATUBHBIE Ma-
TPUYHBIE aJredpPhbl TUMEPKOMILIEKCHBIX YHCeT 00/1a1a10T (PYHIAMEHTAIbHBIM ITPEHMYIIIECTBOM
110 CPaBHEHMIO C HEACCONMATUBHBIME ajredbpaMu OKTOHUOHOB K9/1i 1 CILIMT-OKTOHMOHOB.

HazBannble KBaTepHUOH U OMKBATEepHUOH ['aMUIbTOHA ¢ €IMHUYIHBIMEA KOODJUMHATAMU, OY-
JIy9¥ HOPMHUPOBAHBI HA €JIMHUYHBIN JTEeTEPMUHAHT, 0OPa3yloT MPU BO3BEJIECHUN B CTEICHU I[U-
KJIMYeCKHe IPYIIbI ¢ nepuojgamu 6 u 24 coOTBETCTBEHHO:

(2—1 % H4)n — (2—1 % H4)n+6; (2—1.5 % Hg)n — (2—1.5 * Hg)n+24 (3)

CsoiicTBa 3THX IMUKJINYECKUX I'PYIIII TaKOBBI, YTO ITO3BOJIAIOT UCIIOJIB30BATh UX IJId MOJE/IUPO-
BaHUdA I'€EHETUYECKU HacCJIeyeMbIX CBOICTB KHUBBIX OpPraHu3MOB. HaHpHMep, IIOKazKeM COBIIa/le-
HUE CBOMCTB I'eHETUYECKU HacCJIeyeMOTI'0 UBETOBOCIIPUATUA C 6-41eHHOIT HHKHquCKOﬁ I‘pyHHOﬁ
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3EJEHBIN CHUHHUI

Q=

roJIVBOH

:Q4

Puc. 9: Ilserosoii kpyr Hbiorona n3 mcuxodu3UKH [BETOBOCIPUATHS W COOTBETCTBUE €My HJIe-
HOB IUKJIXIECKON IPYTIBI HOPMUPOBAHHOTO KBATEPHNOHA [aMUIBTOHA ¢ €MHUYHBIMA KOODIUHATAMU
Q" = (0.5 % Hy)™, mepuoj, koTopoii pasen 6.

kBaTepHuoHa Lamuabrona (271 x Hy)®. M306pasum Bce ujleHbl 9TOM MUKIMYECKONH TPyl Ha
KpyroBoM nudepbiiare (depHble sdeiiki MaTpul cojepxkar dncaa «+0,5», Genbie — «—0, 5»;
E — exquanunas marpura) (Puc. 9). Dra 6-wiennas rpyrmna KBaTepHHOHOB ['aMuIbTOHA HMeeT
CAeAyIONIe CBOCcTBA:

1. HpOTI/IBOJIe}KaHH/Ie Ha Kpyre KBaTE€pPHUOHBI IIPOTHBOIIOJIOXKHBI IIO 3HAKy W IIPpU CJIOZKEHHN
Aal0T HOJIb, a IIOTOMY fABJIAIOTCA B3aMMHO AOIIOJTHUTE/IbHBIMU;

2. Kaxkaplit KBATEPHUOH HA KPYyTe MPEeJCTaB/IgeT COOOI CYMMY JIBYX COCEIHMX KBATEPHUOHOB;

3. CymMmMa KBATEPHUOHOB B BEPIINHAX KAXKJIOIO M3 JBYX TPEYTOJBHUKOB «3Be3ibl JlaBumas
paBHA HYJIIO.

OTH CBOWCTBA IUKJINIECKON IPYIIILI PEIepHOro KBarepHuona ['aMuibToHa TOXKIECTBEHHBI (he-
HOMEHOJIOTUYECKUM CBONCTBAM HaC/IeIyeMoro IBeroBocipuaTus. [locienanee ocHoBano Ha Tpex
6a30BBIX IBeTaX (KPACHBIN, CHHUIL, 3€JI€HbI) I TPeX MOMOJHUTEJIbHBIX K HUM (rOyOoit, Kes-
TBIi, Iy PITYPHBIIL ), JIEZKAIIUX B BEPIIIHAX JBYX TPEYTOJIBHUKOB «3Be31bl [JaBnias Ha [BETOBOM
kpyre Hbiorona:

1. mporuBone)Kale Ha Kpyre I[BeTa B3aUMHO JIONOJHUATEIbHBI U IIPU HAJIOXKEHUU racdT JIpyr
Apyra;

2. KayKJIplif IBET HA KpyTre MPEeJICTaBIgeT cOOOM CyMMY JIBYX COCEIHUX IIBETOB;

3. Tpu 6a30BBIE IIBETA, KAaK U TPU JOTOJHUTEIbHBIE 1IBETa, TPU HAJOKEHUHU TACAT JIPYT JIpyTa.

Bajady O CMeIIeHnN IBETOB Temephb (OPMAJBHO MOXKHO PelraTbh Ha S3bIKE MUKITIeCKO
IpYIIBLI KBATEPHUOHA ['aMUIbTOHA, €CIu 3aKPENUTh 3a KarK/IBIM IIBETOM UJIEH STOW I'PYNIILI B
coorBercTBUU ¢ Puc. 9. Hanmpumep, Kakoii 1BeT MOJTYYHUTCs, €CIU CMEeNaTh 3 JA0JU KPACHOTO
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Puc. 10: 24-gacooii mudepbaar cyTok ¢ nx JeJeHHeM Ha JHEBHYIO U HOYHYIO 12-9acoBble MOJOBUHBL.

1BeTa, 2 JIOMH KeJToro u 5 joseit cuaero? OTBeT MOIyYaeTCs CJIOZKEHHEM COOTBETCTBYIOMINX
kBarepunonos: 3Q +2Q°% 4+ 5Q3 = 3Q?, t.e. 3 moau mypIypHOrO (37€Ch UCIIOIB30BAHO 0OO3HA-
gerne Q = 0.5 % Hy).

B ncuxodusuke n3BecTHO, YTO IIBET — 3TO He (PU3UUECKOE CBOWCTBO OObEKTa, & Hac/IeLye-
Masl peakIys deJoBeKa Ha MOCTyIamee oT 00beKTa CBETOBOE BO3/IEHCTBHE C YIETOM OOIIETro
cBeTOBOrO OKpy2KeHus. [louemy ke Hallle IIBETOBOE BOCIPHUATHE YCTPOEHO UMEHHO B COOTBET-
CTBUU C IIBETOBBIM KPYIOM U IIUK/JINYIECKO#l rpymmoit kBarepaunonos ['amunbrona? BosaMoxKHbIT
OTBET: TIOTOMY YTO OpTaHu3M oOpabaThIiBaeT CBETOBYIO MH(OPMAIINIO HA OCHOBE HACJIELyeMbIX
€JINHBIX AJTOPUTMOB 0OPabOTKU TeHETUYECKON 1 (hu3mdeckoit mH(pOPMAIUN ¢ yIacTUEeM TeHe-
TUYECKU HACTETYyeMON IUKJIMIECKON TPyl KBATEPHUOHOB ['aMUIbTOHA, ¢ KOTOPOW CBdA3aHA
caMa CUCTeMa T'eHeTUIeCKNX aipaBUTOB.

CaoiicTBa yKa3aHHON BbIie (3) MIUKIXIECKON IPYyIIbl ONKBaTEepHUOHA ['aMUIBTOHA ¢ Iepu-
0JIOM 24 TIO3BOJISIIOT HCIOJB30BaTh €€ JJIsi MaTeMaTUIecKOro MOJIEJTMPOBaHUSA B 00JIACTH IIPO-
OsieMaTuKn 24-9acOBBIX OMOPUTMOB CYTOK, TeM Oojiee, 9TO OMKBATEPHUOHBI B (DU3UKE HCIIOJIb-
3YIOTCs JIJIT MOJIEJIMPOBAHMS TPOCTPAHCTBEHHO-BPEMEHHBIX oTHoIIeHn#. Kak m3BecTHO, HAaII
OpTaHU3M IPeJICTaBIgeT OO0 OIPOMHBIN XOp T€HEeTUIEeCKH HACIEIyeMbIX PUTMUYECKUX IPO-
meccoB. J/laxke 6e/IK1 MUKJIMYECKN PACaIai0TCs Ha aMUHOKUCIOTHI U COOMPAIOTCA BHOBb. Da3bl
AKTUBHOCTHU U MACCUBHOCTH (PUBMOJOTMYECKUX CUCTEM COTJIACOBAHBI MEXKJy COOOI M IO IIpe]I-
CTaBJICHUSIM JIDEBHEH U COBPEMEHHOI MeUIMHBI 00YCIOBINBAIOT JIeJICHHE Y€/ IOBEKOM CYTOK Ha
24 gyaca. BuopurMudecKkas opraHus3aius HacIeyeMbIX ITPOIECCOB pacipeie/ieHa Mo BCeMy Te-
JIy OPTaHM3MOB CaMbIX PA3JIMYHBIX BUJIOB, B TOM YHCJIEe HE O0JAJIAIONINX HEPBHOW CHUCTEMOI.
Buopurmosorust BazKHa [Tl MEIUIMHBI, SPTOHOMUKHI U Tp. (CM., Hanpumep, [11]).

Puc. 10 nmokaseiBaeT 24-vacoBoii nudepdbat, B KOTOPOM YHUCIa COOTBETCTBYIOT TOKa3aTe-
JISIM CTelleHn 9TOro HopMHupoBaHHOro ouksarepunona (B = 2715 x Hg) ¢ euHuaHbIME KOODIH-
HaTaM#i. BUKBaTEpHUOHBI B CTENEHSX, MPOTHBOIEXKAINX Ha MudepoIaTe, OTIUIAIOTCS TOJIHKO
IIPOTUBOJIO?KHBIM 3HAKOM (B" = —B”“Q) 10 aHAJIOTUU C IPOTUBOIIOJOXKHOCTHIO JTHEBHBIX U
HOYHBIX YaCOB (HAIPUMED, B OOBIYHON KU3HU BMECTO «14 4acoB» 3a4acTyio TOBOPAT «2 da-
ca JIHs1», Ha3blBasi POTUBOJIEXKAIee Ha IToM Iudepbaare Yucio). DTa MUKINIecKas IPYyIIa
OUKBATEPHIOHOB MMeeT TaKyKe JIPYTHe HHTepeCHbIe CBOHCTBA, Hampumep: B" = B4 4+ BT
Bn — _(anS + Bn+8); Bn — 270_5 % (ani’) + Bn+3)'

Teopust 06pabOTKM CUTHAJIOB y/eJigeT 0co00e BHUMAaHMe IepecTaHOBKaM MHQOPMAITMOHHBIX
37eMeHTOB. B MaTpudHoOii reHeTrKe HAMU U3YYeHbI Bce 6 BO3MOYXKHBIX BAPUAHTOB OJIHOBPEMEH-
HOI TIlepecTaHOBKM Mo3uInii B Tpumerax: 1 —2—-3,2—-3—-1,3-1-2,3-2—-1,2—-1-3,
1—3—2. Takune mepecTaHOBKHU TPaHC(HOPMHUPYIOT OOJBITMHCTBO TPHUILJIETOB B sTdeifkax MCXOIHOIT
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marpumsl Tpumreros [C T; A G]®). Hampuvep, B cirydae MUKIIIECKoit TpaHchOPMAIIN TOPSI-
Ka mosunmii 1 — 2 — 3 B mopsiiok 2 — 3 — 1, rpumier CAG co cinabbim kopaem CA Tparcdopmm-
pyercst B rpumier AGC ¢ cunbabiM KopHeM AG. B pesyibrare BOZHHKAIOT HOBBIE MO3aUIHbBIE
MaTPHILl TPUILIETOB. [Ipn Takmx mepecTaHOBKax MCXOMHAs pajeMaxepoBcKas renomarpuia R
TpaHcOpPMUPYETCsT B 5 HOBBIX paJeMaXepOBCKIX MaTPHII, a UCXOIHas TeHoMaTpuia Amamapa
H tpanchopmupyercs B 5 HOBbIX reHomaTput Aamapa [3].

CooTBeTcTBYIOMIAS UAT0-CABUTOBAS JEKOMIIOBUIINA KarKI0# U3 MTATH HOBBIX pajieMaxepoB-
CKUX MATPHUIL TPUBOIUT K HOBOMY HAaOOPY U3 8 pasperkeHHBIX MaTPHI], KOTOPBII TaKKe OKa3bI-
BaeTCsI 3aMKHYTBIM OTHOCHUTEILHO YMHOXKEHUS M COOTBETCTBYET TOM 2Ke caMoii TabJIuIe yMHO-
Kenns ouctnt-kBarepanonos Kokia (Puc. 4). 910 ke crnpaBeyimBo Jjisi 1a10-CIBATOBOM
JIEKOMITOZUINH KazKJI0i U3 IMSITH HOBBIX T€HOMATPHI] AmamMapa, KOTOpas MPUBOJAUT K HOBOMY
Habopy m3 8 paspe:KeHHbIX MATPHUIl, 3aMKHYTOMY OTHOCHUTE/IHHO YMHOYKEHHS W COOTBETCTBY-
IOIeMy TOi »Ke camoii TabJmile YMHOXKeHUs OuKBarepHroHOB [ammibrona ma Puc. 7. Ana-
JIOTUYHAs ajaredbpandeckas WHBAPUAHTHOCTH MMeeT MeCTo jjist (4 % 4)-TeHOMaTpHI[ JIyIIeToB
[C T, A G](Q) P TIepECTAHOBKE TO3UINI B JyTLJIeTaX: Mepeiiisd OT MopsaKa mo3uimii 1 — 2 K
nopsiaKy 2 — 1, MBI TIOJIy9aeM HOBYIO MO Mo3auke (4 * 4)-reHOMAaTpHILy, pajeMaXepoBo U ajla-
MapoBO MPEJICTaBICHUS KOTOPOH SIBJASIOTCS HOBBIMA MATPUYIHBIMU ITPEJICTABICHUSIMU TEX Ke
ciuT-kBarepunona Kokia n kBarepunoHa ['aMuIbToHA ¢ € IUHUYIHBIME KOOpAuHATAMHA [3].

Bonpoc 06 mHBaprMaHTHOCTH MATPUIHBIX ajaredp MPHU pa3HbIX IepecTaHOBKAX JIEMEHTOB B
reHOMATPUIIAX MHTEPECEH ellle W B CBA3U ¢ MeTaMopdozamu opranuzmon. Hampumep, B Mme-
Tamopdoze 6HabOUKY, BKIOUAIOIINM YeThIpe CTaun (Ao — ryceHuna — KyKoJaka — 6abouka),
KYKOJIKa HUYeM He IUTAETCS U UMeeT (PUKCUPOBAHHBIN aTOMAPHBIM COCTaB, HO 38 CYET TeHeTHIe-
CKU JICTEpPMUHUPOBAHHOI ITePEeCTAaHOBKHU JIEMEHTOB KYKOJIKA Uy IeCHBIM 00pa30M IIpEeBpaIaeTCs
B HOBBII OPTAHU3M — 0abOUKY.

[ToguepkHeM, 9TO pedb B CTATbe UJAET TOJBKO O IMOAMHOXKECTBaX KBATEPHUOHOB M CILINAT-
KBATEePHUOHOB C €IMHUIHBIMU KOOPJAUHATAMU, & TaKKe 00 MX IEJbIX CTENeHsX, HO He 00 X
IIOJTHBIX ajredpax HaJl BCEeM II0JIEM BEIIECTBEHHBIX WM KOMILIEKCHBIX UHUCeN, K KOTOPBIM IIPH-
BBIKJIN (PU3UKU. ABTOP IOIATraeT, YTO B IMOJTHOM BHE 3TU aJreOpbl HAJ, MOJEM BeIleCTBEHHBIX
I KOMILTIEKCHBIX YHCeJl B OMOJIOTHH He peaau3yioTcd. [1o psaiy JaHHbIX MOXKHO JIyMaTh O TOM,
9TO JIJIsi OMoMaTeMaTHKH JIAHHbIE aJreOphl U UX MATPUUYHbIE PACHIUPEHHS MPUTOIHBI MTPU WX
ompeJeSIeHUN HaJ, ITOJIeM aJredOpanIecKuX ducell.

Ha ocHOBe BBISIBJIEHHBIX CBsA3€il CUCTEMbI TeHETHIECKIX a/I(DABUTOB C ONMMCAHHBIMI B CTATHE
TUIEPKOMILIEKCHBIMI INCTaMIA aBTOPOM YCTAHABINBAIOTCS HOBBIE KOJUYIECTBEHHBIE W CHMMe-
Tposiorndeckue npasuia opranusaiyn JymHEbIX JTHK cekBenumii Hykieorusios (B JomnoIHeH e
K U3BECTHOMY «BTOpoMmy mpasuiay Yapradas). OJHOBPEMEHHO MOJIyUIEHHBIE DE3YJIbTATHI Bbl-
BOJST Ha HOBBIE CPEJCTBA aHAJM3a MeHETHYECKU Hac/IedyeMbIX (DPU3MOTOrHIeCKUX ITPOIECCOB.
Peub umer 06 ucnosb30BaHnE HA3BAHHBIX T€HOMATPHUI] AmaMapa B CBSI3U C ILIOZOTBOPHOI ce-
KBeHTHOI Teopueii X. XapmyTa 06paboTku curaasos |8, 12-14]. Ona s¢dbdeKTuBHO HCIoNb3yeTcst
B TEJIEKOMMYHUKAIINSIX, paJapHOil TeXHUKe U 1p. [ eHeTH4IecKre MaTpuIlbl A tamapa ompe e is-
0T CIlelraIbHble BapUaHThl CEKBEHTHOI'O CIEKTPAJHLHOTO aHAJN3a, IMPOCTPAHCTBEHHON W Bpe-
MEHHOI (PUAbTpAId (PU3HOJTOTHIECKUX IIPOIECCOB U X KOPPEJIINOHHOTO aHaJm3a. /lanHnbe
pa3BUBAEMOIl «MATPUIHON T€HETUKIY ITO3BOJISIOT MOJIAraTh, 9TO 9TOT «F€HETHIECKHUil» CEKBEHT-
HBII aHAJIN3 MOXKET TOCTYKUTh KJIIYIOM K BaXKHBIM aclleKTaM OMOnH(MOPMAaTUKN.

[[Tupoxkoe ucnoap3oBanne MaTpull AgamMapa u uxX cucreM GYHKINNE YoJrra B udpoBoii nH-
dopmaTuKe ompeaeseTcs uX 0coObIMU cBoiicTBaMu. Bo-miepBbIX, cTyneHdaTbie MYHKIUNT YOII-
118 PeaIn3yI0TCs B 9JIEKTPOHHBIX YCTPOWCTBAX MHOT'O IIPOIIE, YeM TPUIOHOMETPUIECKHIEe U MHO-
rue japyrue pyHKImn. Bo-BTOPHIX, ncnoab3oBanue (pyHKINE YOJIIIIa M03BOJIsSIeT OCYIIEeCTBISATh
00paboTKy U(MPOBLIX CUT'HAJIOB IIOCPEJICTBOM OJIHUX TOJBKO ONEpaInil CJI0YKEHUs U BHIYUTaAHUS
6e3 MCHoNb30BaHUs YMHOXKEeHUs U jiesierust (cM., Hanpumep, [7, 15]). Tlockoibky B 9TOM CTy-
Jae omeparuil jgejeHusi He Tpedyercs, To B mudpoBoil mHGOPMATHKE MOTYT HCIIOI30BATHCS
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ayredpbl 0e3 JleleHns, K YNCIY KOTODPBIX OTHOCATCS DPACIINPeHHs ajaredp KBATEPHUOHOB M
CILJTUT-KBATEPHUOHOB Ha Cydan OoJjiee BBICOKUX 2"-MEpPHBIX ajredp. DTO JOMOTHUTETHHO OT-
JINYaeT KOMIbIOTEPHYIO NHPOPMATUKY OT TEOPETUIECKON (PU3UKU, IJIe ONepallud YMHOXKEHUS
U JIeJICHUsT CYIIECTBEHHBI U TJIe B 9TOW CBs3U BHUMaHUEe (PU3UKOB 0OpAIIEHO Ha aJredpbl ¢ fe-
JIEHUEM, TIpe¥KJie Bcero, Ha ajareOpbl okToHnoHoB Kamu. /g paccmarpuBaemoit namu obJractu
MOJIEKYJIIPHOIl TeHEeTHKH CYIIeCTBEHHO, UTO B Hell OIepalii CI0KEHWS W BBIYUTAHUS MOTYT
OBITH OPraHU30BAHBI MOCPEJICTBOM IMPOCTOTO COEIMHEHHS WA Pa3beInHEHUs MOJIEKYJIAPHBIX
9JIEMEHTOB, YTO, OYEBHUIHO, MHOT'O IPOIIEe OPraHU3AINN ONepail YMHOXKEHUs U JeIeHus Ha
Mostekyax. Cremayer oTMEeTUTh CYIIEeCTBOBAHUE HEKOTOPBIX PA0OT 1O MPUIOKEHUIO0 (DyHKITIT
Yonma ¢ uX MoJe3HbIMUA CBOMCTBAMU JIJIsI CIIEKTPAJIHLHOTO aHAIN3a NeHeTHYECKUX CEeKBEHIINN 1
CO3JIaHUST HOBBIX N€HETHIEeCKUX aJropuTMoB [16-22.

NsBecTHO, 9TO B 001aCTH MHOTOKAHAJIBHON HMU(POBOi CBI3U MHOTOMEpPHBIE UUCIOBBIE CHU-
CTEeMBbI UCIIOIb3YIOTCs /Tt obecIiedeHnsi pyHKIMOHAIbHBIX TpenMytecTs. Hampumep, 2-mepHbIie
KOMIIJIEKCHBIE YHCIIa MCTIOMB3YI0TCs 71 1nbpoBoii 06paboTKM 2-MepHBIX CHIHAJIOB |23, rit. §];
B 9TOM CJIydae BelleCTBEHHAS YaCTh KOMILJIEKCHBIX YHCE/ COOTBETCTBYET CUT'HAJIY MEPBOIO Ka-
HaJla, & MHUMAas YacTh KOMILIEKCHBIX YHCe/l — CHTHAJIy BTOporo kaxaja. Ho Ouosormveckne
OPTaHU3MbI IIPEICTABISIOT €000 MHOTOKaHaJIbHbIE MHMOPMAIIMOHHBIE cucTeMbl. Hampumep,
ceTdaTKa Iryasa 00/1a/1aeT BPOXKIEHHBIM HAOOPOM PEIenTOPOB, KOTOPBIN OCYIIECTBIISIET MHOTO-
KaHaJbHYIO TIEpeJlady B HEPBHYIO CUCTeMYy MH(MOPMAIMH O MPOEIUPYEMbIX Ha CETYATKY O0pa-
30B. Ho mtsa sdpdexTuBHONI paboThl THGPOPMAIMOHHBIX CUCTEM C OOJIBIIINM THCIOM ITapaslieib-
HBIX KaHAJIOB Iepe/ladu MOTOKOB HE3aBUCUMbBIX MCXOJHBIX CUTHAJIOB TPeOyeTC s KOOepaTUBHbII
MPUHIAI yIeTa 9TUX MOTOKOB. DTO MPHUHIIAI MOXKET OBITh peain30BaH B (opMme ajredpande-
CKOl CHCTEeMBI THIIEPKOMILIEKCHBIX dnces. MpbI rojiaraeM, 9To ONMCaHHbIE PTeHEeTUIeCKne TUIep-
KOMILJIEKCHBIE YHC/Ia HCIOJIB3YIOTCS B HACJAeIyeMbIX MHOTOKAHAJIbHBIX OMOMH(OPMAIIMOHHBIX
cucTeMax Jjisd MOJ00HBIX TeJIeil.

MoutekysipHasi TeHeTHKa pacioaraeT IpuMepaMu 0coboit (heHOMEeHOJIOrnIecKOl PO Ii-
cia 8. Hampumep, B kaeTkax sykapuoros HuTH JIHK HaBUTHI BOKPYT HYKJ/IEOCOM, KaKjad U3
KOTOPBIX TIPeJICTABIISIET COOOI OKTAMEPHBIN CTEePXKEHb, COCTOSIIII U3 THCTOHOBBIX OEJIKOB e-
teipex TunoB: H2A, H2B, H3 and H4. Tounee, omuHOYHAS HYK/IEOCOMA SIBJIETCS aHCAMOJIEM 13
8 TUCTOHOB, B KOTOPOM IPUCYTCTBYET Tapa MMCTOHOB KAXKOTO U3 9TUX YeThIPEX BUIOB (MEXKIY
STUMU I'UCTOHAMU UMEIOTCsI OTHOIIEHNS KOMILIEMEHTAPHOCTU, HATTOMUHAIOIINE OTHOIIEHIST KOM-
[JIEMEHTAPHOCTH MeK 1y napamu azoructbix ocHoBauuii B JIHK). Mosekyna JIHK naBura Ha
9TOT OKTAMEPHBII cTepykeHb. OKTaMepHasi CTPYKTYpa HyKJI€OCOM UT'PaeT IMeHTPAJbHYIO POJIb B
ynakoBke JIHK na Bcex ypoBHsix. B MO/IEKy/IssipHOIT reHETHKE CYIIECTBYET ITUPOKO U3BECTHA
KOHIIEIIINS TUCTOHOBOTO Kojia [24]. BosmozkHo, uTo Maremarudeckue hopMain3Mbl OMUCAHHBIX
FEHETUIECKUX TUIEePKOMILIEKCHBIX YUCEJI OKAXKYTCs TOJE3HBIMU JIJIsi MOJIETUPOBaHUs (DeHOMe-
HOJIOTMIECKUX (DAKTOB 9TOH (DyHIAMEHTATBHON KOHIEIIUN 1 JIJIsI €€ PA3BUTHUS.

MozkHO 106aBUTH, YTO B 00JIACTH MOJIEKYIAPHON TeHETUKN I 00ecrevueHns: TeX Ul WHBIX
busnosornUecKnxX MpoIeccoB JOMXKHBI COMJIACOBAHHO paboOTaTh IeJble ceMeiicTBa OeKoB (0T-
JIebHBIN, N30/ IMPOBAHHBIN O€JIOK He SIBJISIeTCs YKUBOI CHCTeMoﬁ). [Tpu sTOM aHHBIE ceMeiicTBa
JIOJIZKHBI COJIEPKaTh OIpeieIeHHbIe KOJIMYIeCcTBa OE/IKOB pa3HbIX BUI0B. [‘eHeTnvIecKas cucrema
YCIIEITHO PeIiaeT 3Ty YHUCIOBYIO 3aJlady T'€HEeTUIEeCKO# JIeTepMHUHAIINE KOJIMYECTB OEJIKOB Ka-
JKJIOTO TUTIA BHYTPH OT/AETbHBIX CEMEHCTB JI/Isi pa3HbIX OMOJTOTHYECKUX MpolieccoB. OmucanHble
B CTaThe TeHEeTUIEeCKHNe I'MIIEPKOMILIEKCHBIE YUCIa MOTYT ObITh JOMOJHUTEIBHO UCIOJIH30BAHbI
JIJISI MATEMATHIeCKOT0 MOIEJIMPOBAHNSA ITOJ00HBIX reHeTnIecKux (penomenoB. OOOOIIEHHO ITOBO-
psi, MOXKHO JyMaTh, 9TO B 00JIACTH MOJIEKYJISIPHON T'€HETUKU U HACIEIyeMbIX (PU3UOJIOTTIECKUX
CTPYKTYP 3TU I'€HETUYECCKHNE I'UIIEPKOMIIJIEKCHBIE CUCTEMbI MOI'YT CIY?KUTH €CTECTBECHHBIM I'eHe-
TUYIECKUM 0A3MCOM JIjIst 00eCTiedeHUs YNCIOBbIX 3aKOHOMEPHOCTEH B HACIEyeMbIX MHOXKECTBAX
nH(MOPMAIMOHHBIX 3JIEMEHTOB.
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4 Pemerknu IlenHera, KpoHEeKEepOBCKNE ITPOU3BEACHUS
n J1C-nekoMmo3umnum

CrpyKTypHBIE OCOOEHHOCTU Pa3JUIHBIX YPOBHEH T€HEeTUUIECKOH CHUCTEeMBl JOKHBI ObITH B3a-
UMHO CKOOPJIMHUPOBAHBI /I 0OOeCTIeYeHUs eIMHCTBA OpraHn3Ma U Hac/IeyeMoil nepeaadn pu-
3UOJIOTUYIECKUX TIOJICUCTEM TI0 TeNU TOKOoJIeHunit. B 9Toit ¢cBsa3u MeTOabl MATPUYIHON T€HeTUKN
MOT'YT OBITH IOJIE3HBI NP UX MPUJIOKEHUH K aHAJIN3Y U MOJECTHPOBAHIIO PA3/INIHBIX YPOBHEH
FeHEeTYECKON OpraHn3aIun B JKUBOM.

Jlo cux mop MbI roBoOpuan 00 ajdaBuUTax TeHEeTUIEeCKUX MYJIbBTHILIETOB U UX cyOasdaBu-
TaxX. DTOT Haparpad MOCBAIIEH HOBOMY KJACCy OObEKTOB MATPUYIHON MEHETHKHU, OTHOCSIIIX-
¢ K 0Oojtee BBICOKOMY OMOJIOTMYECKOM YPOBHIO, TJie HOBBIE TEPMUHBI (DUTYPUPYIOT B KadecTBe
HEHTPAJTBHBIX: <«AJIJIETN», «TaMeThl», «T€HOTHUIl», «3UroTay, n mp. Mbl OyaeM aHa/JM3upoOBaTh
KJIACCUYIeCKUe JIJIsi TeHeTUKN KBajparHbie pemerku [lennera. OHM TpeacTaBIsioT ajadaBUThI
FeHOTHUIIOB WJIU, TOUYHee, ai(aBUThl THOPUIOB B BO3MOXKHBIX KOMOMHAIUAX MYXKCKHUX U KEH-
CcKuX rameT (IOJIOBBIX KJIETOK) TIPU CKPEIMBAHUU OPTaHU3MOB B COOTBETCTBHE C 3aKOHAMMU
Memngens. Mbl mokazkeM BO3MOKHOCTDL MHTEpIIpeTanuu pemeTok llennera mig moaurudpumano-
IO CKpeIBaHus He KaK TabJInIl, a KaK KBaJpaTHBIX MaTpull (Oy1eM Ha3bIBATh X «MAaTPUIAMI
[Tenneras ), MOMyIaeMbIX B Pe3yJIbTaTe KPOHEKEPOBCKOTO yMHOXKeHUs (2 * 2) —marpur [Ternera
JJIE MOHOTHOpUIHOTO cKperuBaHusi. OCHOBBIBasiCh HA KPOHEKEPOBCKOM YMHOXKEHUU MATPUIL,
HCITOJTb30BAHHOM HaMU HA MUKPOYPOBHE MOJIEKYISIPHO-TEHETHIECKUX aaI(paBUTOB, ITOT MATPUY-
HBIl TTO/IXOJ OKA3BIBACTCS TMPUTOIHBIM J1j1si (DEHOMEHO/IOTHH OUO00OBEKTOB 3HAUYUTETHLHO OoJiee
BBICOKOT'O YPOBHS: OH JIa€T MPOCTOM aJredpamdecKuii crocod KOHCTpyUpoBaHus pernreTok [len-
HeTa /I MyJBTUTHOPUTHOTO CKPENIUBAaHUA OPraHu3MOB. JIOTOTHUTETbHBI MBI TIOKAXKeM, YUTO
muano-ciasurosble jiekommosunnu (JIC-gekommosurmn) s1ux «Mmarput [leHHeTa» BejayT B He-
KOTOPBIX BayKHBIX CAydasX K METOAY KaacCuUKAIUNA Pa3IUIHbIX MOJIMHOYKECTB KOMOUHAIINN
aJiesieil OT JKeHCKUX 1 MY2KCKHIX rameT. HeKoTopble n3 3TuX pe3yIbTaToB MATPUIHON MeHETHKI
Ha yPOBHE T'€HOTHUIIOB (hOPMAJIHLHO UJIEHTUYIHBI PE3y/IbTaTaM, OMMMCAHHBIM BBIIIE JJId OOJiee HI3-
KOI'0 YPOBHSI T€HETUIECKUX MYJIBTUILIETOB. DTU PE3yIbTaThl IEMOHCTPUPYIOT aaredpaniecKyto
OOIITHOCTD MeHETUYECKON OpraHM3allii Ha PA3JIUIHBIX YPOBHSIX.

Pemerku Ilennera gBISIOTCS MUPOKO M3BECTHBIM HWHCTPYMEHTOM B reHernke. OHM ObLIN
BBejienbl anrmiickum rererukoM [lennerom (R. C. Punnett) B 1905 romy st mpejckasanus
FeHEeTHIECKOI'0 HACIEJ0BAHUs MPU3HAKOB B MOTOMKaX. JTOT MeToj llenHera msyaraercs BO
MHOKeCTBe yIeOHHKOB I10 TeHeTuKe 1 Ha caiitax HTepHeTa.

HacnenoBanne 3akiouaeTcs B repejade MpU3HAKOB OT pojuTe el K moromkam. Ilepemrasa-
eMble NMPU3HAKN KOHTPOJIUPYIOTCA TeHaMu. Pasimaabie (hbOpMbI WM COCTOSTHUS TeHa JJIsi TOTO
WM WHOTO OINPEIEJICHHOrO TTPU3HAKA HA3BIBAIOTCs asuieasamu. JIs Kayk10ro npusHaka 0ObITHO
HMeeTcs J1Ba aJliens (UM IBa COCTOsTHUS TeHa). AJutesinm MOTyT ObITh JOMUHAHTHBIME WM Pe-
neccuBHbIMU. KaxK1as KjieTka B Opranu3Me COJAEPKUT JIBa aJLIeId I/ KayKJI0T0 U3 MPU3HAKOB.
OpuH ajienb Hac/IeIyeTcss OT MaTepPUHCKOrO OpraHu3Ma, a BTOPOIl — OT OTIOBCKOro. Permrer-
ka Ilennera maer mpocToit MeTo mpeicKaszaHuss KOMOMHAIIII 3TUX aJjiieieil Ipu CKperuBaHun
opranu3MoB. Perterka [lernnera mpejcraBisger Bce BO3MOXKHbBIE KOMOUHAIIMN MATEPUHCKUAX AJI-
Jlejiell ¢ OTIOBCKUM AJIJIeIIMU TIPU MOJTUTHOpUTHOM cKperuBanuu. B pemerkax [lennera jo-
MHWHAHTHBIE W PEIECCUBHbIE AJLIe/H MPUHATO 0003HaYaTh OYKBAMU: 3arjaBHbe OYKBbI 0003HA-
YaoT JOMUHAHTHBIE ajiien (Mbl GyJeM HCIOIb30BaTh JIJId JOMUHAHTHBIX aJuteseil Oykebl H,
B, C,...), a crpoutbie GyKBbI 0603HAYAIOT PEIECCUBHBIE /e (coorBeTcTBeHHO h, b, ¢,...).
Opranmsm Ha3BIBACTCSA TOMO3UTOTHBIM 0 JTAHHOMY MPU3HAKY (MJIH IPU3HAKAM ), €CJIH OH HMEET
OJINHAKOBBIE AJLIE/IN JIJIsT 9TOro npusHaka, Hanpumep, HH wm hh. Opranusm nasbiBaercs re-
TEPO3UTOTHBIM, €CJTU OH UMEeT He OJIMHAKOBBIE aJlIesn JIjId JJaHHOTO Mpu3Haka, Hampumep, Hh.
JL1s1 KazKJ10ro HACAElyeMOTo IpU3HaKa CYIIECTBYET TPH BOZMOXKHBIX KOMOUHAIIUN aJliesieii: ro-
mosurorHast gomunanTHas (HH), rereposurornast (Hh) u romosurornas peneccusnas (hh). Ipu
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MATeEPHHCKIE 'aMeThI

HbC Hbe HbC Hbe hbC hbe hbC hbe

HBC J HHBbCC | HHBbCe | HHBbCC | HHBbCc | HhBbCC | HhBbCe | HhBbCC | HhBbCe
HBc | HHBbCc | HHBbee | HHBbCc | HHBbee | HhBbCe | HhBbee | HhBbCe | HhBbec
HbC | HHbbCC | HHbbCe | HHbbCC | HHbbCe | HhbbCC | HhbbCe | HhbbCC | HhbbCe
Hbe HHbbCce | HHbbee | HHbbCe | HHbbee | HhbbCe | Hhbbee | HhbbCe | Hhbbee

HhBbCC | HhBbCe | HhBbCC | HhBbCec | hhBbCC | hhBbCc | hhBbCC | hhBbCe
hBe HhBbCc | HhBbee | HhBbCe | HhBbee | hhBbCe | hhBbee | hhBbCe | hhBbec
hbC HhbbCC | HhbbCc | HhbbCC | HhbbCc | hhbbCC | hhbbCe | hhbbCC | hhbbCe
hbe HhbbCe | Hhbbee HhbbCe | Hhbbee hhbbCc hhbbee hhbbCec hhbbee

OTHOBCKHE I'aMeThbl
@

Puc. 11: ITpumep pemerkn Ilennera Jyist TpUrHOPUIHOIO CKPEIINBAHUS IPU MATEPUHCKOM TE€HOTHUIIE
HhbbCc u orosekom rernorurie HhBbCe (u3 http: //www.changbioscience.com/genetics/punnett.html).

KJIACCUYECKOM KOHCTPYUPOBAHUU KBaIpaTHOi permerku [lenHera Ha o/iHOIT ee cTopoHe (06bIYHO
BepXHeil) BBIMICHIBAIOT aJIJIeJ MATEPHHCKIX IAMeT, a Ha JIPYToi cTOpOHE (1eBOil) BHIMUCHIBA-
0T aJIJIeJI OTIIOBCKUX raMeT; BapMaHThl TeHOTHIIOB BO3MOXKHOI'O MOTOMCTBA 3allUChIBAIOTCS B
sTUefiKY PEIeTKH MOCPEICTBOM B3sATHs OJIHOTO AJLIeNs CBepXY (OH SIBJISIETCsI CAMBOJIOM CTOJIONA
9TOI s9eiiKn) U OJJHOTO aJjuIejisi cieBa (OH SBJISIETCS CUMBOJIOM CTPOKH). [1o Tpagunuu 3arias-
Hble OYKBBI JOMUHAHTHOTO aJLIEJIs CTABATCA MEPe] CTPOIHBIMU OyKBAMU PEIECCUBHOIO aJIIe st
(manmpumep, Hh, o He hH).

Eciim npu cKpemmBaHuU paccMaTpUBaeTCs TOJIBKO OMH HACJIEyeMblii NPU3HAK, TO OHO
Ha3bIBAETCsl MOHOTMOPUIHBIM CKpeliuBanueM. Ecau ke paccMaTpuBaloTCs JBa WX TPU Ha-
cJIelyeMbIX TpHU3HaKa, TO CKPEIIUBAHUE HA3bIBAETCA COOTBETCTBEHHO IBYTMOPHUIHBIM KN
TpurnOpuaHbIM. Pucynok 11 mokasblaer npumep pemnierku llennera 1y OJHOTO U3 CIIy-
JaeB TPUTHOPHUIHOIO CKpelmBaHusa poaureneii ¢ marepuHckuM rexHorunoM HhbbCe un or-
nosckuM renoruniom HhBbCe (sror wactHblil npumep B3gr ¢ caiita o pemerkax Ilennera
http: / /www.changbioscience.com/genetics/punnett.html). B naHHOM mpuMepe KaxK bl HAGOP
POJAMTE/HCKUX TaMeT BKJIOYAeT 8 ramer, IIPpU 3TOM HabOp MATEPUHCKHUX TaMEeT OTIUIaeTCs OT
Habopa oTmoBckux ramer. Cieayer OTMETUThb, YTO KOHCTpyupoBanue pemerku [lemmera st
MYJIBTUTHOPUTHOIO CKPEIIUBAHUsT OPraHU3MOB HA3BAHHBIM TPAIUIHOHHBIM IIyTeM SIBJISIETCSI
JIOCTATOYHO TPYAOEMKON 3a1a4eil, ObICTPO YCIOKHAIOMIENH ST TPU BO3PACTAHUN YUC/IA YIUThI-
BaeMbIX IIPU3HAKOB B MYJILTUIMOPUIHOM CKPEIMBAHIH.

Hamwu obpammaercs BHuMaHme Ha TO, 4ro 3Ta (8 % 8)—marpuna [lenHera (3akiaodueHa B
JKUPHYIO PAMKY Ha pUCYHKe 11) ujeHTH4IHA pe3ysibTaTy KPOHEKEPOBCKOTO IPOU3BEIEHUsS TPEX
(2 % 2)—marpur [Tenrera j1j1s1 MOHOIMOPUIHOTO CKPEIUBAHUS 110 KAXKJOMY U3 9TUX TPEX MPU-
3HAKOB B OTJIEJILHOCTH. PrucyHoK 12 mokasbiBaeT Tpu pemerku [leHHera iy MOHOIHMOPHIHOIO
CKPeIUBAaHUs B PacCMaTpUBaeMOM ciaydae marepunckoro resorura HhbbCe u ormosekoro re-
noruna HhBbCe.

Cirydan MyJIBTUTHOPUIHOTO CKPEIUBAHKSA [IPU OJMHAKOBBIX MATEPUHCKOM U OTIIOBCKOM Ie-
HOTHIIAX ONUCHIBAIOTCS penieTkaMu [leHHeTa, KOTOpbIE B HEKOTOPBIX OTHOIIEHUAX CBSI3aHbBI C
JIa10-CABUTOBBIME JekoMmosumusivMu [3|. Hampumep, B crydae TpurubpuiHOr0 CKpenBaHmst
matepuHckoro resoruna HhBbCe u orosekoro reroruna HhBbCe (8 % 8) —marpura Ilennera ¢
nomotpio JIC-1eKOMIo3UuIN peIcTaBIsieTcss CyMMOIT BOChbMU paspekeHHbIX (8 * 8)—marpury
Po, P1, P2y - -, P7, KaKJask U3 KOTOPBIX MMEET 110 8 He HYJIEBBIX sideeK. Toria mepBasi U3 3THX
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MATEPIHHCKIIE TaMEThI ‘ _ MATEPIHHCKIIE TaMEThI MAaTEpPHHCKIIE TaMEThI
H h b b C C
H HH Hh B Bb Bb C cC Cc
h Hh hh b bb bb c Cc cc

Puc. 12: Tpu pemerku IlenHera MOHOIMOPHUIHOIO CKpeIUBaHUs JIJlsl IOCTPOeHUsl penierku Ilennera
TPUTHOPHIHOTO CKpeIuBanus (PUCYHOK 11) ¢ MOMOIIBIO MX KPOHEKEPOBCKOTO TPOU3BE/ICHUSI.

BOCBMU MATPWIL Pg UMeET 8 He HYJIEBBIX SUEEK, KOTOPhIE COIEPKAT BCE 8 TOMO3UTOTHBIX KOMOU-
nanmit ayutereit HHBBCC, HHBBcc, HHbbCC, HHbbce, hhBBCC, hhBBcc, hhbbCC, hhbbce.
Bropas u3 3Tux MaTpHIL p; COJIEPIKUT TOJIHKO BCe KOMOMHAIINY aJljiesiell, B KOTOPBIX TOJIbKO Tpe-
tuit Hacaeayembrit npusnak rereposuroren: HHBBCc, HHBBCc, HHbbCc, HHbbCc, hhBBCec,
hhBBCc, hhbbCc hhbbCec, u T.x. dpyrumu cirosamu, nocpencrsom JIC-mekoMo3utimit Mbl 0~
JIydaeM MeTOJ| KJIACCU(PUKAINN PA3JIUIHBIX MOJMHOXKECTB TOMO3UTOTHBIX W IeTePO3UTOTHBIX
MMOTOMKOB TIPU TAKOM MYJIBTUTHOPUIHOM CKPEIMBAHNN.

OmnucaHuble AHAJIOTUN MEXKJIy MATPUIIAME FeHETHIeCKUX aihaBuToB 1 MaTpuiiamu [lernrera
JITsl HACJIeIyeMbIX MTPU3HAKOB IMO3BOJISIOT ABTOPY BBIIIBUTATH PAOOUYIO TUIIOTEZY «AJI(DABUTHO-
MOJIEKYJISIPHOTO MeHe m3May. CoriacHo 9Toi TUunorese HaIXPOMOCOMHbIE (DEHOMEHbI HacJIe-
JIOBAHWS TTPU3HAKOB Yy IEJIOCTHBIX KUBBIX OPraHU3MOB, KOTOPBIe ObLIN BhIgBICHBI MeHmemem u
MO TINHSIOTCsT C(DOPMYTUPOBAHHBIM UM 3aKOHAM, BOSHUKJ/IM HE HA IIYCTOM MECTe, HO SBJISTIOTCSI
MIPOJIOJIZKEHUEM MOJIEKYJISIPHBIX (DEHOMEHOB, KOTOpbIE ONpesesieHbl Ooslee TTyOOKMMHI 3aKOHA-
MU MOJIEKYJISPHO-aI(aBUTHOTO yPOBHSA. IDTH Oojiee IiTyOOKHMe 3aKOHBI UMEIOT CYIIECTBEHHbIE
anajoruu ¢ 3akonamu Menzesns. MHoKecTBO HACTEIYEMbIX IPU3HAKOB B OMOJIOTUYIECKUX Opra-
HIU3MAX MOYKET pacCMaTPUBATBHCS KaK ocobas aihaBUTHAsI CHCTEMa BBICOKOIO YPOBH:, a caM
OpraHm3M — KaK HEKOTOPBII TeKCT, HaOpaHHBI B 3Toi aidaputHoil cucteme. C 3T0# TOUKU
3peHus, ONoorndecKast dBOTIONUS MPEICTaeT B OMPEIEIEHHON CTelleHn KaK SBOJIIOIIS MHOTO-
YPOBHEBOI CHUCTEMBI B3aMMHO CBA3AHHBIX OMOJIOTMYECKHX aJI(DaBUTOB, HAYMHA, 10 KpaiiHeit
Mepe, ¢ MOJIEKYJ/ISTPHO-TeHEeTHIECKOIO YPOBHsI. ABTOpP Mpenosaraer CyIiecTBOBAHUE YHUBEP-
CAJILHBIX OMO-aJITOPUTMOB BOJIIOINOHHOTO TTPOYIIMPOBAHUS B3aNMHO CBSI3aHHBIX aI(haBUTOB
BCe Oosiee 1 H60J1ee BBICOKOTO YPOBHSI OMOJIOrUYecKoil oprannsaiun. KpoHeKkepoBcKre Mpon3Be/ie-
HUs TEHETHYECKIX MATPUI], MATPUIHbIE (DOPMBI TPEJICTABIEHNS TeHETHIECKIX THIIEePKOMILTIEKC-
HBIX CHCTEM, aJI'OPUTMBbI JUAIMYECKUX C/IBUTOB U JPYTUe AJTOPUTMBbI, BBIABJISEMbIE B HAIUX
paborax Mo MATpPUYHON T'eHEeTHUKe, MOTYT UCIOIb30BATHCS I MOJCTUPOBAHUS STUX IBOJIIO-
[INOHHBIX TIPOIECCOB YCJIOXKHEHUs MHOTOYPOBHEBOI cucTeMbl Ouosiorndeckux ajidasutos. [Ipu
9TOM BHOBBb OOpasyemble aadaBUThl TAKXKE UMEIOT COMPszKEHNe C TN TMIECKUMI CIBUTAMU, UITO
YCIIOBHO MOYKeT OBITHh BBIPAXKEHO KPATKUM TE3MCOM, BBIIBUTAEMBIM aBTOPOM: «KUBBIE OPTAHU3-
MBI SBJISIOTCH UAJ0-CABUTOBBIMU CYIITHOCTSIMU ».

JlonmoTHUTe TbHBIMU CBUJIETETHCTBAME B ITOJIB3Y 9TOI0 TE3UCA SIBJISIOTCS CeYIoNe PaKkTh.
Marpuiipl IuaJnvecKux CIBUTOB KPECTOOOPA3HBI MO CBOEMY CTPOEHUIO U (hPAKTAJIONOI00HB:
KBaJIPAHTHI BJIOJb KaXKJIOH M3 JBYX MATPUIHBIX JIMArOHAJEl TOYKIECTBEHHBI 10 CBOEMY Y-
CJIOBOMY COJIEP’KAHUIO (TO YK€ CaMoe OTHOCUTCSI K CTPOEHHIO OTJEJbHBIX KBAJIPAHTOB, CyOKBa-
JIPAHTOB U T.JI., 9TO TOBOPHUT O (DPaKTagonogo6Hoil cTpyKType sTux Marpul). Ho remernyaecku
HACIeyeMoe YCTPONCTBO HAIIMX WH(MOPMAIIMOHHBIX CUCTEM TaKzKe KpecToodbpasHo. Tak, jieBoe
MOJTyIIIapue TOJIOBHOTO MO3Ta O0C/Iy’KHUBAaeT MPAaBYIO TOJOBUHY TeJa, a MpaBoe MOJyIIapue —
JeByto mosioBuny. KpecroobpasHbl Tak:ke 3pUTeIbHbIE HEPBHBIE TYTH U3 JBYX TJIa3: TU MyTH
nepeaT THMOPMAIINIO O TPABOil MTOJIOBUHE TIOJIS 3pEHNUS B JIEBOE TOTyIIapue Mo3ra, a WHpOp-
MAaIIIO O JIEBOII MOJIOBUHE TOJIS 3pEHUs] — B IIPABOe MOIyIIapre. JTO Ke BEPHO IS CIYXOBOI
CUCTEMBI.
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Hacrosiias craTbsd CBHAETENIBCTBYET, UTO THIEPKOMILJIEKCHBIE YUCIa OKA3BIBAIOTCA BayKHbI-
MU He TOJIBKO JJjIs TeOMeTpur U (pU3UKU, HO U i Ouosorun. JIomogHUTETbHO OTMETHM, YTO
CUCTEeMa TeHEeTHYECKUX aJI(PaBUTOB COIpsizKeHA ¢ CHMBOJIBHOI crucTeMoil a/i(paBUTOB IpeBHE-
kuTaiickoii «Kuuru Ilepemens, HammmcaHHOW HECKOJBKO ThICAY JieT Hazajd. Hampumep, B 3Toit
JIPEBHEKUTAIICKOH crcTemMe 06a30BOe 3HAUEHNE MMEIOT JYeThIpe JUTrpaMMbl, nMeHnyembie Crapbiit
Au, Crapag Wab, Momonoit fda u Monogas Wab. [lo anamornm ¢ reHerndecknM aadpaBATOM
U3 3TUX JUTPAMM MOYKHO CKOHCTPYMPOBATH KBAJIPATHYIO MATPHUILY, TPEThbsd KPOHEKEPOBCKAS
CTeleHb KOTOPOI MopoXKIaeT 3HaMeHuTyio Tabymiy 64 rekcarpamm nopsiaka Py-cum ux 9TOi
npesHekuTaiickoit kKuurn [2-4]. CymecTByeT MHOTO JPYTUX aHAJOTHIT MEXKy TeHETUIeCKOIl cu-
cremoit u cucreMoit «Kuurnu [lepemens. /IpeBHne KuTaiiiibl yTBEPKIAIN, UTO UX CUCTEMA SABJISA-
eTCsI BCEOOIMM MPUPOIHBIM apXeTUIIOM W YHUBEPCAIbHOHN KiaccuuKamumoHHOW cxemoit. OHu
HIYETO He 3HAJIM O NeHeTUIEeCKOM KOJIe, HO TeHeTUIeCKUil KOJ OKa3bIBAETCs CKOHCTPYHUPOBAH-
HBIM BO MHOI'OM B COOTBETCTBUU C 3TOi peBHeit cucremoii. [Ipu aTom Otarogapst paszpadboTkaM B
00JIacTi MATPUYIHON MeHETUKU caMa cucTeMa «KHUTH nepemMeny mpejcTaeT Kak ajaredpandecku
cojlepKaTe/ibHasg MHOTOYPOBHEBas CHUCTEMa B3AMMHO CBI3aHHBIX aJI(DABUTOB.

3akJro4eHne

MmuoromepHble BEKTOPHBIE TTPOCTPAHCTBA W COOTBETCTBYIOIINE UM THIIEPKOMILIEKCHBIE UNCTIO-
BbI€ CHCTEMbI HHTEPECHBI HE TOJIBKO JIJIsi TEOPETUIeCKO (hU3UKN HEXKUBOI MaTepuu, HO TaKxKe
JIJIsT KUBOI MaTepuu, rIyObOKO CBI3aHHON ¢ MH(MOPMATUKOM, KOTOpast JABHO UCIOIb3YeT THIIep-
KOMILJIEKCHBIE IHCIa B MI(POBOil TEXHUKE.

Kak momguepkuBaercs B craTbe «IIpobiemMa MpOMCXOXKIeHNsT KU3HI U MBIILIEHUS ¢ TOYKH
spennst coppemennoit husukn» /1.C. Heprabckoro («Yemexu dusnaeckux zvayks, 2000 r., Ne 2):
«B ¢usure nescusoti npupodv, amu nowamus /un@Gopmauu u yernot unpopmarun,/ npak-
MUYECKU HE UCTLOAL3YIOMCA, NOCKOALKY OHU MaM HE HYMHCHObL. B 6uos02uu, HANPOMUSE, NOHM-
mue <UHPGOPMAUUAS> U 0CODEHHO <UEHHAA UMPOPMAUUAS ABAAIOMCA OCHOGHLLMU, U OE3 HUT
HU NOHAMD, HU ONUCAMb ABAECHUA 6 JHCUBOT NPupode He603ModcHo. B amom cobemeenno u
3AKMOYAEMCA CNEUUPUKA <HCUBO205 >.

Nmenno Ha myTn paspaboTku MHQMOPMAIMOHHBIX MMOIXOI0B K KUBOW MaTEPUU C WCIIO/hb-
30BaHMEM aJredp TUITEPKOMILIEKCHBIX CHCTEM MOXKHO OXKHUJIATh MPOPHIBA B €€ TOHNMAaHUH,
BKJIIOUasi BO3MOXKHOE TIOSIBJIEHUE HOBBIX 3aKOHOB, O KOTOPbIX mmcan . IlIpemunrep |25, 3a-
KJIIOUnTe/IbHAs yiaBal: «/[as opearnusma caedyem oocudamv HOBVT 3a4KOHOG. . ..6CE U3BECM-
HOE HAM O CMPYKMYPE HCUBOT, MAMEPUL 3ACTMABAAEM, OHCUIAGMD, YMO JEAMENLHOCTNG HCUBO20
OP2AHUBMA HEAB3A CEECTNU K NOABAEHUN 00DIUHIT 3aK0H06 Pusuru. W ne nomomy, wmo ume-
emeA KaKaA-HUbYIb «HOBAA CUNAS UL YWMO-AUDO eule, YNPaBAAIOUEE NOBEICHUEM OMIEALHDIT
AMOMO8 BHYMPU HCUB020 OP2GHUIMA, G NOTMOMY, YIMO €20 CMPYKMYPa OMAUNAENCS OM 6Ce-
20 U3YUEHH020 HaMU 00 cuxr mop 6 gusuveckol sabopamopuu. .. Pazeepmuisanue cobvmut 6
AHCUSHEHHOM UYUKAE OP2GHUIMA 0OHAPYAHCUBLEM YOUBUMEALHYIO PE2YAAPHOCTIL U YNOPAIOUEH-
HOCTL, HE UMENUUT CEOE PABHBIL CPEIU 6CE20, € “eM Mbl BCMPEYAEMCA 6 HEOOYWEBACHHDIT
npedmemaz. . . Kopoue 2060ps, mvl 6udum, wmo cyuwecmsyowas /6 opeanudme, ynopadouet-
HOCND NPOABAAEM, CNOCOOHOCTL NOJJEPIHCUBAML camy cebs U NPou3sodumsd YnopadoveHHvie
A6AeHUA. . . Mvl 6npase npednosazamv, 4mo HCuBas Mamepus noOYUHACMCS HOBOMY MUNY Gu-
3UMECKO20 3AKOHA.

[TonydyeHHble B MATPUYHON INeHETHKE Pe3YJbTaThl 3aCTaBJISIOT aBTOpa He COIJIAIIAThCS C
U3BECTHBIM YTBEPKICHUEM: « IHUUKAONEIUA HU3HU HANUCAHA 4 OYKEaAMU». DTO YTBEPIKICHIE
CKPBIBAET KJIFOUEBYIO POJIb MHOTOYPOBHEBOI CHCTEMBI CONPSI)KEHHBIX TeHETHIECKNX aJI(DABUTOR.
Mmuoro 6oJiee BEpHBIM BBITVISIIUT CIEAYIOIIEe YTBEPXKIACHUE: « IHyuKrAonedus HKudnu nanucama
CNAEMEHUEM MHO2UT 83AUMOCEA3ZAHHVIT AAPABUMOE, UMEIOWUM AA2EOPAUUECKYIO OCHOBY .

BuonndopmaTnka B MIIPOKOM CMbBIC/IE NTPU3BaHA PENINTH MHOYKECTBO HAyIHBIX ITPOOJIEM O
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HacJIeJyEMbIX CBOMICTBaX OpraHnu3MOB, BKJIIOYad CJICAYIOIIUE:
® HOM6X0yCTOI‘/JI“II/IBOCTI/I IFreHeTU4IeCKOI'0 KOAUPOBaHMA,

® VIIpaBJ/ICHUAd M CUHXPOHU3AIIUKW OI'POMHOI'O MHOXKeCTBa HaCJI€AyEMbIX INMUKJ/JINYECKUX ITPOLEC-
COB, 3a49aCTYIO JUXOTOMMHNYIECKOI'O THUIIA;

® CXKaTHs HACaeIyeMoil Ouoornyueckoit madopmalum;

® CHCTEMHOI OPTaHU3AINK COTJIACOBAHHON COOPKM M paszsbOpKU OEJIKOB ¢ UX OCOOEHHOCTSIMU
IPOCTPAHCTBEHHOTO CTPOEHMUST;

® Hac/Ie/IoBaHUs MOP(OreHETUIECKIX KOHCTPYKIINI U TIPOIIECCOB, U TIP.

MoykHO mosaraTh, 9TO M3JIOXKEHHBIE OMOMaTeMaTHIecKnue Pe3yIbTaThl OyIyT TOJIE3HBI IPH
pelIeHn MHOI'MX U3 3TUX CJIOZKHBIX BOIIPOCOB.

B magase ctarbu OBLIO OTMEYEHO, YTO XKUBOI OPTaHU3M SBJISETCA aJrOPUTMIIECKON MAIIu-
HOIl MHOTOKAHAJILHOT'O TIOMEXOYCTONYNBOTO KOJIMPOBAHUS, KOTOpas peaansyeT 3akoubl Meness
HE3aBUCUMOT0 HACIEI0OBaHUS NMPU3HAKOB U 1. [IpeacraBisgercsd, 9To HAMU OTKPBITHI HEKOTO-
pble BayKHBIE aJreOpandecKnue OCHOBBI 9TOH aITOPUTMITYECKO TeHETUIECKOI MAaITHBI, KOTOPbIE
CBUJIETEJILCTBYIOT O TJIyDOKOI ajredpamveckoil Mpupojie reHeTudeckoil cucrembl. lannbre pe-
3YJIBTATHI BEJAYT K Pa3BUTHUIO ajredpamdeckoii 6uosorun. CucreMa reHEeTUIeCKuX aihaBUTOB
CBOMMU ajiredpaniecKuMu 0COOEHHOCTSIMU TO/ICKA3BIBAET HOBBII — aJiredpanvecKkuii — myTh K
IIO3HAHUIO JKUBOU MaTepuu.
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HYPERCOMPLEX NUMBERS AND THE ALGEBRAIC SYSTEM
OF GENETIC ALPHABETS.
ELEMENTS OF ALGEBRAIC BIOLOGY

S.V. Petoukhov
Mechanical Engineering Institute, RAS, Moscow, Russia
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This article presents some results of investigation of the multi-level system of molecular-
genetic alphabets by means of matrix methods from theory of noise-immunity coding.
These studies have revealed links of the system of alphabets with some systems of
hypercomplex numbers (Hamilton quaternions and Cockle split-quaternions and their
extensions), Kronecker families of matrices, orthogonal systems of Rademacher functions
and Walsh functions, Hadamard matrices etc. Structural parallels are shown between
molecular-genetic alphabets and a system of inheritance of traits in holistic organisms,
which obeys the Mendel laws and which is reflected in genetic Punnett squares. The
system of molecular-genetic alphabets, common to all living organisms, possesses algebraic
properties which lead to a new — algebraic — way of cognition of living matter. This
cognition is related with development of algebraic biology associated with hypercomplex
numbers. Living matter, providing the transmission of hereditary information in the chain
of generations, is presented as information entity deeply algebraic in its nature.

Key Words: genetic alphabets, hypercomplex numbers, Rademacher functions, Walsh
functions, Hadamard matrices, cyclic groups, Punnett squares, algebraic biology.
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LINE INTEGRATION AND SECOND ORDER PARTIAL
DIFFERENTIAL EQUATIONS OVER CAYLEY-DICKSON
ALGEBRAS
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Line integration of generalized functions is studied. Second order partial differential equa-
tions with piecewise continuous and generalized variable coefficients over Cayley-Dickson
algebras are investigated. Formulas for integrations of such equations are deduced. For
this purpose a non-commutative line integration is used. Examples of solutions of partial
differential equations are given.

Key Words: Cayley-Dickson algebra, partial differential equation, line integration, gen-
eralized function.

1 Introduction

It is well-known, that differential equations have many-sided applications in different sciences
including physics, mechanics, other natural sciences, techniques, economics, etc. The differen-
tial equations also are very important for mathematics |7, 13, 34, 15, 29, 37|. Predominantly
differential equations are considered over fields such as real, complex, or with non-archimedean
norms. Recently they are also begun to be studied over Clifford algebras |9, 10, 11].

Such algebras have a long history, because quaternions were first introduced by W.R. Hamil-
ton in 1843. He had planned to use them for problems of mechanics and mathematics [12, 33].
Their generalization known as the octonion algebra was introduced by J.T. Graves and A.
Cayley in 1843-45. Then Dickson had investigated more general algebras known now as the
Cayley-Dickson algebras [1, 2, 14].

The Cayley-Dickson algebras, particularly, octonions and quaternions are widely used in
physics, but mainly algebraically. Already Maxwell had utilized quaternions to derive his equa-
tions of electrodynamics, but then he had rewritten them in real coordinates.

In the 50-th of the 20-th century Yang and Mills had used them in quantum field theory,
but theory of functions over octonions and quaternions in their times was not sufficiently
developed to satisfy their needs. Discussing that situation they have formulated the problem
of developing analysis over octonions and quaternions [8]. This is natural, because quantum
fields are frequently non-abelian [35]. Dirac had used complexified quaternions to solve the
Klein-Gordon hyperbolic differential equation with constant coefficients.

This work continues previous articles of the author. In those articles (super)-differentiable
functions of Cayley-Dickson variables and their non-commutative line integrals were investi-
gated (22, 23, 21, 25, 26]. In the papers [24, 20] differential equations and their systems over
octonions and quaternions were studied.

The Cayley-Dickson algebras A, have the even generator iy = 1 and the purely imaginary
odd generators i, ...,79r_1, 2 < 7, 2% = —1 and igi = 1, and 1,5 = —iig for each 1 < k # .
For 3 < r the multiplication of these generators is generally non-associative, so they form not
a group, but a non-commutative quasi-group with the property of alternativity iz (ixi;) = (i3 )7
and (ijig)ix = 4,(:2) instead of associativity. Ordinary super-analysis operates with graded
algebras over Abelian groups. Therefore, super-analysis over the Cayley-Dickson algebras is
in some respect more complicated than usual super-analysis, for example, over the Grassman
algebras.
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The aim of this paper is in developing of Dirac’s approach on partial differential equations
with variable piecewise continuous or generalized coefficients.

The technique presented there is developed here below for solutions of partial differential
equations of the second order of arbitrary signatures and with variable coefficients which may
also be piecewise continuous or generalized functions. Moreover, signatures may change piece-
wise in a domain. Formulas for integrations of such equations are deduced. For this purpose
a non-commutative line integration of generalized functions is developed. Examples of partial
differential equations are given. Moreover the approach of §§2-25 over the Cayley-Dickson al-
gebras A, gives the fundamental solution of any first and second order linear partial differential
equation with variable z-differentiable A,-valued coefficients, z € U C A,, where U is a domain
in A, satisfying some mild convexity conditions described below. These results can be used
for solutions of concrete partial differential equations or their systems of different orders with
piecewise continuous or generalized coefficients, for example, of Helmholtz’ or Klein-Gordon’s
types, which are important in optics of composite materials or quantum field theory. Finally
solutions of some types of non-linear partial differential equations over Cayley-Dickson algebras
are studied.

Main results of this paper are obtained for the first time.

2 Partial differential equations of the second order.

1. Remarks and notations. For a subset U in either the quaternion skew field H = A, or in
the octonion algebra O = A3 or the Cayley-Dickson algebra A,, r > 4, we put 75,+(U) := {u :
zeUz=7) WV, U=ws+wpp} for each s # p € b, where t := Zveb\{s,p} wyv € Ao =
{ze A 2= pwyv, ws =w, =0, w, € RV € b}, where b := {ig,i1,...,79-_1} is the
family of standard generators of the algebra A, so that z? = —1, for each 7 > 1, i1 = —i41;
for each j # k > 1, ip = 1. Geometrically the domain 7 ,+(U) means the projection on the
complex plane G, of the intersection U with the plane s, 3 t, Csp := {as+bp: a,b € R},
since sp* € b:=b\ {1}. Recall that in §§2.5-7 [22] for each continuous function f : U — A, it
was defined the operator f by each variable z € A,. If a function f is z-differentiable by the
Cayley-Dickson variable z € U C A,, 2 < r, then f(z) = dg(z)/dz, where (dg(z)/dz).1 = f(z).

A Hausdorff topological space X is said to be n-connected for n > 0 if each continuous map
f: S* — X from the k-dimensional real unit sphere into X has a continuous extension over
RX*1 for each k < n (see also [36]). A 1-connected space is also said to be simply connected.

It is supposed further, that a domain U in A" has the property that

(D1) each projection p;(U) =: U; is (2" — 1)-connected;

(D2) msp+(U;) is simply connected in C for each k = 0,1,...,2" 1, s = dgg, p = dogy1,
te A, and u € G, for which there exists z =u+t € Uj,
where e; = (0, ...,0,1,0,...,0) € A™ is the vector with 1 on the j-th place, p;(z) = 7z for each
ze€ A", 2z = 27;1 izej, 72 € A, for each j = 1,...,m, m € N := {1,2,3,...}. Frequently
we take m = 1. Henceforward, we consider a domain U satisfying Conditions (D1, D2) if any
other is not outlined.

The family of all A, locally analytic functions f(z) on U with values in A, is denoted by
H(U, A,). It is supposed that a locally analytic function f(z) is written in the z-representation
v(z), also denoted by v = v/. The latter is equivalent to the super-differentiability of f (see
[23, 22, 24]). Each such f is supposed to be specified by its phrase v.

For each super-differentiable function f(z) its non-commutative line integral fw f(z)dz in

U is defined along a rectifiable path v in U. It is the integral of a differential form f (x).dz,
where

(11) f(z) = dg(x)/dz,
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(12) [dg(x)/dx)].1 = f(z) for each x € U.

A branch of the non-commutative line integral can be specified with the help of either the
left or right algorithm (see [23, 22, 24]). We take further for definiteness the left algorithm if
something another will not described. For f € H(U, A,) and a rectifiable path ~ : [a,b] — A,
the integral f,y f(z)dz depends only on an initial @ = 7(a) and final 5 = ~(b) points due to
the non-commutative analog of the homotopy theorem in U, where a < b € R. When initial
and final points or a path are not marked we denote the operation of the non-commutative line
integration in the domain U simply by [ f(z)dz analogously to the indefinite integral.

To rewrite a function from real variables z; in the z-representation the following identities
are used:

(1) 7 = (—2i; + 652 =)=z + T2 inlzi0)})/2
foreach j =1,2,...,2" — 1,

271

(2) z0=(z+ 2 =2) {2+ Y inl=ip)})/2,

where 2 < r € N, z is a Cayley-Dickson number decomposed as

(3) 2 = 2080 + ... + zor_1i2r_1 € A,, z; € R for each j, i} = ix = —iy, for each k > 0, 49 = 1,
since i (07)) = 90 = 1, x(251)) = —ix(i5i;) = —(ixt})i; = —i; for each kK > 1 and j > 1 with
k # j (shortly k # j > 1), ix(ixi}) = ix for each k > 0.

As usually C°(U, A,) denotes the R-linear space of all continuous A,-valued functions
f:U — A,. More generally C"(U, A,) denotes the R-linear space of all n times continuously
differentiable by real variables z, ..., z9v_1 functions f : U — A,, where n € N. Certainly,
C™(U, A,) can be supplied with the structure of left- and right-module over the Cayley-Dickson
algebra A, using point-wise multiplication of functions f(z) on Cayley-Dickson numbers from
the left and the right.

2. Factorization and integration of equations.

We consider the second order partial differential equation:

(1) Af = g, where

k k
A= Z a;;m0° /0T 0T, + Z a,0/07
=1

l,m=1

is a partial differential operator of the second order. Let us suppose that the quadratic form
a(T) := Z a,mTiTm
Im

is non-degenerate and is not always negative, because otherwise we can consider —A. Moreover,
let a matrix of coefficients be real and symmetric a;,,(7) = a, (1) € R, ay, 77 € R for each
I,m =1,....,k. Then we reduce this form a(7) by an invertible R linear operator C' = C(7) to
the sum of squares. This means, that

k k
(2) A= b0*/0si+ > _30/0s,
=1 =1

where 0s;/0m = C) (1), C = (C;;), with real-valued functions b; and g, for each . Here

blfsj,l = Z ap,meijmJ and

p?m

k
Bi = aym(0C,;/07m) + Y a,Cl;
v=1
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for all j,l = 1,...,k. In the case when coefficients of A are constant, using a multiplier of the
type exp(D_, €5;) it is possible to reduce this equation to the case so that if b; # 0, then 5, = 0
(see §3, Chapter 4 in [34]). Therefore, one can as usually simplify the operator with the help
of such change of coordinates and consider that only #; may be non-zero if by = 0.

Thus one can choose an invertible real matrix (¢pm)nm=1,. % corresponding to C' = C(1)
so that by < Oforp+1 <l <kand b, >0for 0 <!l <p, where 0 <p <k, q:=Fk—np.
When ¢ = 0 and §; = 0 for each [ the operator is elliptic, for ¢ = 0 and (; # 0 the operator
is parabolic, for 0 < p < k and §; = 0 for each [ the operator is hyperbolic. Sometimes the
matrix C' can be chosen constant on a domain, where the signature (p, ¢) of the quadratic form
a(7) is constant. We suppose that the sums Y7, b?(z) > 0 and Ef:pﬂ b?(z) > 0 are positive
A-almost everywhere on a domain U, where A is the measure induced by the Lebesgue measure
on the real shadow of the Cayley-Dickson algebra. Generally the natural number k — p = ¢(x)
may either be constant or change while crossing the surface {z € U : Y.F_ b?(z) = 0}, when
the domain U satisfies Conditions 1(D1, D2).

We consider elliptic and hyperbolic partial differential operators reduced to the sum of

squares
k

(3) A=Y bi@)o/0a7),
1=0
where by(z) € R for all x = zgig + ... + Tor_1i9r_; in the open domain U C A, satisfying
Conditions 1(D1, D2) in the Cayley-Dickson algebra A,, 1 < k < 2" —1,2 < r < 3. Prac-
tically the coefficient b; can depend only on =z, ...,z remaining z-differentiable in definite
z-representations due to Formulas 1(1 — 3) for each I.

More generally we can consider partial differential operators of the form
(4) A= 1By + ... + ¢ By, where ¢;B; f = c;(B; f), while each

m1+...+mj

4) B;j= > by, (2)0? 0z},

k:m1+...+mj_1+1

is an elliptic partial differential operator of the second order by variables
Ty totmy 415 Tmy+otmy; ¢ € A with Re(c;) > 0 for each 1 < j < [, Re(cj) < 0
for every j > I, with |¢;| =1 for each j = 1,...m, where 1 <7, 1 <[ <m, mg = 0.

We remind, that Dirac had used complexified bi-quaternions to solve Klein-Gordon’s hy-
perbolic partial differential equation with constant coefficients appearing in spin problems.
That is, he had decomposed d’Alembert’s operator 9%/0t> — V2 as the product i*cic over the
complexified bi-quaternion algebra He with the first order differential operator o.

If follow this approach one takes the complexified Cayley-Dickson algebra

(5) (A’r)c - Ar ©® Aria
where i is taken to be commuting with i; for each j = 0,...,2" — 1. Now the algebra (A,)c is
already not the division algebra even for 2 < r < 3, that is two non zero elements with zero
product occur in it. Then each element z = (z1,0) in (A,)c can be written in the 2 x 2 matrix

form (312?) and z = (0, 29) can be written in the form (0_2223), where entries zq, 20 € A, are
Cayley-Dickson numbers, i = (81 B)

Let each coefficient ¢; be written in the polar form

(6) c; = exp(in(;)
with 0 < |y <m j=1,...m, 1 <r 1<k(j) <k(j+1)for each j. Put p =p1 + ... + D,
where p; = 0 for either v; = 0 or k(j) = k(j — 1), while p; =1 for 7; # 0 and k(j) # k(j — 1).
Up to an isomorphism we take the Cayley-Dickson algebra A, with v > r satisfying inequalities
2071 < 2P(m + 1) < 2¥. Further we make the complexification (A,)c of the Cayley-Dickson
algebra A,,.
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Take two non-negative integer numbers 0 < r and v with »r < v € Z. We consider the
quotient algebra over the real field A,/ A, =: A,,. For r = v this algebra is isomorphic with

the real field R. For r < v the algebra A, , is isomorphic with @i:or_l Riyr;. The latter
algebra is produced by generators {ierg : § =27 —1; v = 0,1,...,v — r} and their finite
ordered products, that gives the generators set {iory : k =0,...,2""" — 1}, where generators
satisfying the numbering rule ¢jigs = %,49s for each 1 <'s, 7 = 0,1,...,2° — 1 can be taken
up to an isomorphism of the Cayley-Dickson algebra A,;;. Therefore, the algebra A, , is
isomorphic with the Cayley-Dickson algebra A,_,, since the doubling procedure can be started
from another suitable purely imaginary Cayley-Dickson numbers such as generators [1, 14].
But we consider in A, , its specific generators basis {ior;, : k=0,...,2°7" — 1}.

For each Cayley-Dickson numbers z,y € A, we define the real-valued scalar product

(RS) (z,y) = (z,y)r := Re(x7),
where Z = z* denotes the conjugated number, while Re(y) := (y + y*)/2 denotes the real part
of y.

The real scalar product (.,.), in A, we extend on the algebra A, , as

2v—"—1

(SP) <z >T,v: l‘g = Z xQ’I‘ij’I‘kZ‘Q’I‘ji;rk
J,k=0

foreach z,y € A, ,, v = Z?:OLI Torjlorj, Torj € R foreach j =0,...,2"7"—1. Particularly, one

gets < x,y >0,=< T,y >,. In the case of the complexified algebra (A, ,)c the scalar product

is:

(SPC) < (a,b),(c,d) >rp=< (a,b),(c,d) >= (< a,c>— < bd><a,d>+ <bc>),

for all (a,b) and (c,d) € (A..)c.

We recall the doubling procedure for the Cayley-Dickson algebra A,.; from A,.. Each
Cayley-Dickson number z € A, is written in the form z = £ + nl, where I> = -1, 1 ¢ A,,
&,n € A,.. The addition of such numbers is componentwise. The conjugate of any Cayley-
Dickson number z is given by the formula:

(M1) z* ==& —nl.

The multiplication in A, is defined by the following equation:

(M2) (€4 nl)(y + 1) = (§y — dn) + (6 + 7)1
foreach &, m, v, 0 € A, z:=&8+nle Ay, (i=7+0le A4,

Using Formula (M2) we get: (bigr)(iorid)* = (bigry)(b*i%) = b* = (bPigrg)ike, =
igrg(i2rkb?)* for each k > 1 and b € A,, since i = —i; for each j > 1. Another useful
identity is the following: (isizr;)i3y, = —(isiork)i3-; for each 0 < s < 2" — 1 and k # j with
k> 1and j > 1, since (isigrj)iark = (isi3ry,)izrj. Certainly also the equality (isio)d} + (isi;)ig = 0
holds for each j > 1 and 1 < s < 2" — 1, since i9 = 1. Therefore, Formulas (SP) and (4')
together with the latter identities imply:

2v=r 1

(6) < cBy,y>,= Z ¢ < Byarj, Yarj >rw
=0

for each ¢ € A, and a twice differentiable function y with values in A, ,.

Relative to the complex scalar product given by Equality (SPC) we decompose the operator
A (see (4,4") above) in the form

(7) A= (io)(io1) + Q = —o01 + Q,

where o, 07 and @) are partial differential operators of the first order, each complex number
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a € C is presented as a real 2 x 2 matrix. Particularly, i = (21 B), i* = (1 0) Each subalgebra

g, constructed from two generators i; # i, is associative, consequently, (wiy)(w*i}) = w? and
w((wig)ix) = —w? for each w = wy + wji; with wy, w; € R. Therefore, we can take
mi+...4+m;

(8) Z > ay,(2)(0f Dzari ) [w} iy, and

j=1 k=mi+...4+mj_1+1

mi+...+m;

9) o1f(z Z > ag(2)(Of 0zar ) [Withes]

J=1 k=mi+..4+m;_1+1

on the space of A,-valued (super-)differentiable functions f for r < 2 or real-valued functions
f for 3 < r of the A,, variable, since (iix)* = i*j; = (—1)> = 1 for each k > 1, where w} = ¢;
for all j and ai(x) = by(z) for each k and z, w; € A,, a(z) € R for all k and z, ixry € A,,,
Zork = Tg, 2 = Y Zorklork € Ay, 0f(z)/8z2rk = (df(z)/dz).igrg. For b = 0*f/9z%, and
1 = iy, and w € A, one has the identities: (b(wl))(w*1) = ((wb)l)(w*l) = —w(wb) = —w?b and
(B)w*)Hw = (((bw)))w = —(bw)w = —bw? in the considered here cases. The operator Q is
given by the equality:

m m1+...+mj1 m1+...+mj2

(10) Qf(2)= > > >

Ju.g2=1 ki=mi+...4+m; —1+1 ka=mi+...+mj,—1+1

A, (Z>{(8ak2 (Z)/a'z?rkl)(af/azTM) [wj2i;’"k2]}[w;1i;’"k1]v
since it = ixi in the complexified Cayley-Dickson algebra (A, )c for each k. The latter equality
(10) shows, that the differential operator @) is non-zero, when ay(z) are non-constant coeffi-
cients.

If use {9 = 1 and 9/0z also one can write out d’Alembert’s operator in our notation

(11) 82/82(2) - Z?:l 82/82]2 = (i*@/azo + 218/821 + i28/8zg + Zg@/@Zg)(ia/aZ() + 118/8,21 +
i28/8z2 + 138/823)

We recall, that the Cayley-Dickson algebra A, is power associative, that is zFz! = ¢+
for all natural numbers k& and [. But the complexified Cayley-Dickson algebra (A,)c is not
power associative for r > 3, since the Cayley-Dickson algebra A, is not associative for r > 3.
Therefore, we do not widely use the complexified Cayley-Dickson algebras, but we utilize the
Cayley-Dickson algebras A, over the real field R, when something other will not be specified.

With these decomposition of operators given by Equations (7—9, 11) the differential equation
(1) can be integrated with the help of the non-commutative line integration. We consider at
first the partial differential equation

(12) Tf=g
on an open domain U in A,, where

(13) Y = 3225010 02)[i535(2)],

f and g and ¢;(z ) are A,-valued functions on the domain U satisfying Conditions 1(D1, D2),
where g, 1; € C°(U, A,) for each j, particularly they may be A, (super-)differentiable func-
tions.

3. Line integration over Cayley-Dickson algebras. Take any phrase

(1) plz) = 22, {em, 2™ baem)
corresponding to the function f, where

{Cm7 Zm}Q(m) = {Clymlzml"'Ck,mkzmk}Q(m)’

q(m) is a vector indicating on an order of multiplications in the curled brackets, c;n, € A,
for each j, m = (mq,...,mi), k € N, 0 < m; € Z for each j, 2* = (...((22)2)...)2. We put
for convenience 2° = 1 in the considered phrases. Though the symbol 2° can be retained
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when necessary to specify a branch of the line integral over the Cayley-Dickson algebra A, (see
[22, 23, 24]). Using the shift z — (z —2z) we can consider such series with the center at a point
o0z instead of zero. Then the derivative of the phrase is:

(2) du(z)/dz =

Zm,l,j{clﬂmzml"'Cj—l’mj—lzmjilcj,mj((ij_l_l])zl)cj—i-l,mjﬂij“"'Ck,mkzmk }Q(m)’
where I denotes the unit operator, so that du/dz is the operator valued derivative function,
0<i<m;—1, j=1,.. k. From Equality (2) it follows that

(3) (du(ipz)/dx).1 = (du(z)/dz).i, = Ou(z)/0z, for z = i,z.

If v : [a,b] — A, is a function, then

Vv = supp [y(tj41) — (1))
is called the variation of v on the segment [a, b] C R, where the supremum is taken by all finite
partitions P of the segment [a,b], P = {t) = a < t; < ... <t, = b}, n € N. A continuous
function 7 : [a,b] — A, with the finite variation V’y < oo is called a rectifiable path. It is
convenient to take the unit segment [a,b] = [0, 1] using a suitable reparametrization.

We say that a function v on U is absolutely continuous on U if for each rectifiable path
v :[0,1] — A, for each ¢ > 0 and each 7 € [0,1] a positive number § > 0 exists so that

‘/Tmin(l,T—F(S)I/(,Y) < € and Vmax 07— 5) (7) < €.

We call a function v of bounded variation on U if for each rectifiable path v : [a,b] — U the
variation V2 v(y) < oo is finite. The family of all functions v : U — A, of bounded variation
will be denoted by V(U, A,).

The non-commutative line integral f7 f(2)dv(z) along a rectifiable path v : [0,1] — U C A4,
for a phrase p and a given function v of bounded variation is the limit by partitions P = {0 =
0 <71 < ... < T, = 1} with their diameter 6(P) = sup, |7;11 — 75| tending to zero of integral
sums

[, £(2)dv(z) = lmggpy 0 3, (d(2)/42) oy (1 (7300)) = V(7))
where (d/@(z)/dz).l = pu(z) for all z € U. The notation

f(2) = dg(z)/dz and j(z) = dr(z)/dz
is also used, where g(z) is a super-differentiable function to which the phrase k corresponds.

If f is a continuous function we fix for it a sequence f™(z) of super-differentiable functions
and their phrases p"(2) such that f™(z) converges to f(z) on each compact subset of the domain
U, where n € N. The non-commutative line integral has a continuous extension on the R-linear
space, left and right A, module, of continuous functions C°(U, A,) for a marked function v(z)
of bounded variation and a given rectifiable path ~:

f f(z _hm,Hoof f™(z)dv(z).

This means that the R homogeneous A, additive operator f (2) is defined for the continuous
function f in the sense of distributions:

(fiv7) = [, f(=
for each rectlflable path ’y in U and every function v(z) of bounded variation. Particularly,
v(z) =id(z) = z on U can also be taken.

If v and f are super-differentiable functions such that the derivative dv(z)/dz of v is the
invertible R homogeneous A, additive operator for each z € U, then a super-differentiable
solution of the differential equation

(dg(z)/dz).(dv(z)/dz) = dq((v(2))/d=
onU exists since dz/dv = (dv/dz)~'. Thatis, (dg(z)/dz).dv(z) = (dq(v(z))/dz).dz. Therefore,

f f(z = lims(p) —>OZ (dq(v)/dv)|v=vy(ry)) - [V (V(Tj41)) — v(¥(75))] = f p(y)dy,
where p(v ) ( q(v)/dv).1 (see also Theorems 2.11 and 2.13 in [27]).

A function v : U — A, is called piecewise continuous or differentiable or super-differentiable
on a domain U in the Cayley-Dickson algebra U, if a family of open or canonical closed subsets
U; of U exists so that each restriction v[y, is continuous or differentiable or super-differentiable
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respectively, where U = {J,; U; and U; N Uy, = 0U; N OU}, for each j # k, OU; = cl(U;) \ Int(U;),
cl(U;) denotes the closure of U; in A, and Int(U;) denotes the interior of U; in A,.

If f is a continuous function and v is a function of bounded variation for which the limits
lim, f* = f and v = lim,, v uniformly converge on each compact subset of U and phrases u"
of f™ and €” of V™ are specified, where f™ are super-differentiable functions and v™ are piecewise
super-differentiable functions on U so that lim, V' (v"(v) — v(y)) = 0 for each rectifiable path
v in U, then

[, F(2)dv(z) = lim, [, f(2)dv"(2) = lim, [, 9 W)y = [y p(9)dy,
where p(y) = limn p"(y). This means that under rather general conditions the line integral
of the type f f(2)dv(z) relative to the function v of bounded variation reduces to the usual
non-commutative hne integral f p(y)dy, where n = v(y).

Take the branch of the non-commutative line integral prescribed by the left algorithm (see
§2 in (23, 22|). The real algebra gy, formed from the generators i;, i; and i, is alternative.
Each rectifiable path can be presented as the limit of rectifiable paths consisting of joined
segments parallel to the straight lines ¢;R with respective j. We certainly have (i43,)i, = —i4
for each p > 1 and (i4i0)i9 = %, for each ¢ > 0.

For each j = 0,...,2" — 1 the R- linear projection operator m; : A, — Ri; exists due to
Formulas 1(1 — 3) so that 7;(2) = i;2; = 2;i;:

(P1) Wj(Zi (-%(Z@;) (2" =2) 2+ 3000 a(2i7)}) /2

for each j =

2"—1

(P2) mo(z) = (z+ (2" —2) =2+ > _in(zi;)})/2

where 2 <r € N.

4. Line anti-derivatives over Cayley-Dickson algebras.

Theorem. Let a first order partial differential operator T be given by Equation 2(13)
with real-valued continuous functions ¢¥;(z) € C°(U,A,) for each j such that v;(z) # 0 for
each z € U and each j = 0,...,n, where a domain U satisfies Conditions 1(D1,D2), oz is a
marked point inU, 1 <n<2 2<wv Then a line integral Iy : C°(U, A,) — C1U, A,),
Iy f(2) ==y f f(y)dy on C°(U, A,) exists so that

(1 )TIrf( ) = £(2)
for each z € U; this anti-derivative is R-linear (or H-left-linear when v = 2):

(2) Zrlaf(z) + bg(z)] = aZy f(z) + bIrg(2)
for any real constants a,b € R (or a,b € H for v = 2) and continuous functions f,g €
C°(U, A,). If there is a second anti-derivative Iy o f (2), then Iy f(2) — Iy 2 f(2) belongs to the
kernel ker() of the operator Y.

Proof. Using the multiplication on the marked doubling generator is» from the right we

have
k—

H
S
—_

1(09(2)/02)) ity (2) = 3 (09(2)/02) )iy sy (2),

ij

=0

where 4ji00 =: 4400 for each 0 < ;7 < 2 -1, 2 < . On the other hand,

Z?;& i;(0g(2)/0z)¥;(2) = [Zk 2 (0g(z )/0z;)*i59;(2)]*, since v;(2) is real for each j and 2.

Therefore, it is sufficient to con81der the first- order partial differential operator of the form:
(4) Yg(z) = > 7_,(09/0z;)is;(2)

on the R-linear space C1(U, A,) of all continuously differentiable functions g : U — A, by

real variables zj, ..., z9v_1, where 0 < n < 2¥ — 1. The space of super-differentiable functions is
everywhere dense in C°(U, A,) and the line integral has the continuous extension on C°(U, A,)

.

<.
Il
o
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along any continuous rectifiable path in U. Therefore, we take the space of super-differentiable
functions and then take the continuous extension of Zy on C°(U, A,) such that

liml I’rfl = Z’r hml fl = .,Z:Tf
for a sequence f! of super-differentiable functions uniformly converging to f on compact sub-
domains V' in U, where Zy f! is described below. Each function 9;(z) is continuous and each
function v; (z) is continuously differentiable on U (see also below), consequently, the integral
f fHy)dv;(y) is continuously differentiable by z = (1) (i.e. by each real variable z;) and
thelr sequence by [ uniformly converges on each compact sub-domain V' in U. Therefore, from
YZy f' = f! for each natural number [ € N we get

YZrf = YZy limy f' = limy YZy f* = lim; f! = f,
since the sequence {Zy f!(2)|y : 1} is fundamental in C*(V, A,) for each compact sub-domain
V in U and Iy f(2) € CY(U, A,).

Consider the left algorithm of a calculation of the line integral over the Cayley-Dickson
algebra A, (see §3 and references therein). We shall seek an anti-derivative in the form:

[ sy = Z( [ s,

and use the homotopy theorem in the domain U satisfying conditions 1(D1, D2) so that + is a
continuous rectifiable path joining points gz = v(0) and z = (1) (see [22, 23, 20]). Moreover,
a branch of the anti-derivative operator Zy f(z) can be chosen such that it can be expressed
with the help of a non-commutative line integral.

In view of Theorem 2.11 [27] and §3 we get

O fy)dvi(y))/0zi) = (f(2).[dv;(2)/dz])
(see also the chain rule over the Cayley-Dickson algebra in |22, 23, 20]).

Next we need some identities in the Cayley-Dickson algebra. Each Cayley-Dickson number
has the decomposition: z = 2zyig + ... + 29v_149v_1, Where zg, ..., 2001 € R, z € A,. To establish
the identity

(7) (ay)z" + (az)y” = a2Re(yz")
for any a,y,z € A, it is sufficient to prove it for any three basic generators of the Cayley-
Dickson algebra A, since the real field R is its center, while the multiplication in A, is
distributive (a 4+ y)z = az + yz and ((aa)(By))(vz*) = (afv)((ay)z*) for all a, 3,7 € R and
a,y,z € A,. If a =iy, then (7) is evident, since yz* + zy* = yz* + (yz*)* = 2Re(yz*). If either
y = 1ig, then (ay)z* + (az)y* = az* +az=a

2 Re (z)= a 2 Re (yz*). Analogously for z = ig. For three purely imaginary generators
ip, s, consider the minimal Cayley-Dickson algebra ® = algr(i,,is,ir) over the real field
generated by them. If it is associative, then it is isomorphic with either the complex field C or
the quaternion skew field H, so that (ay)z*+ (az)y* = a(yz*+zy*) = a2Re(yz*). If the algebra
® is isomorphic with the octonion algebra, then we use Formulas 2(M 1, M2) for either a,y € H
and z =1or a,z € H and y = 1. This gives (7) in all cases, since the algebra algg(i,,is) with
two basic generators ¢, and i, is always associative. Particularly, if y = i5 # z = 7, then the
result is zero.

Using (7) we get more generally, that

(8) ((ay)z")b" + ((az)y")b" = (a2Re(yz"))b" = (ab*)2Re(yz"),
consequently,

(9) ((ay)z")b" + ((az)y™)b" + ((by)z")a” + ((b2)y")a” = 4Re(ab") Re(yz")
for any Cayley-Dickson numbers a,b,y, z € A,,.

We shall take unknown functions v;(z) € A, as solutions of the system of linear partial

differential equations by real variables zj:
(10) Ov;(2)/0z; = 1/1(2z) for all 1 < j <n and z € U;
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(11) i (2)0vj(2)/ 0z = ¥;(2)0vk(2)/0z; for all 1 < j < k < n and z € U. Each function
vj(z) can be written as v;(z) = 212;81 v;1(2)i; with real-valued components v;,(z). Practically,
it is sufficient to consider non-zero v;;(z) for [ =1, ...,n. Thus using the generators i, ...., igv_1
the system can be written in the real form. This system has a non-trivial C* solution v;(z)
for each j (see §12.2 [29], particularly, in the class of super-differentiable functions for super-
differentiable ;(z) see also |7, 20]). In System (10, 11) functions 1); are real and coordinates
are real, consequently, a solution {v;(z): j} may be chosen real-valued.

From Identities 3(2,3) and (6,9 — 11) we infer that

12 3 [ / " F)duy(9))/02)i i (2) =

j#k>1

Y Al (2)-(005(2)/020))islizn(2) + [(F(2).(Ova(2)/02))ializs(2)} = 0 and

(13) 00 ) )/0)ili05() = nf (),

since Y7, 4545 = n and n is some fixed natural number for the domain U, f(2).x = f(2)z

for each real number x, (zi;)ij = z for each z € A,, where f is the operator corresponding
to dk(z)/dz, when f is in the z-representation p (see the notation in §3). Using Formulas
(4,5,12,13) we get Formula (1).

From the identity f7 apdz = a f7 pdz for a suitable branch of the line integral given by the
left algorithm and for each non-trivial phrase p and constants a,b € R for v > 3 or a,b € H
for v = 2 (see the rules in [22, 23, 7, 24|) we get Formula (2).

Since Y(Zy f(z) — Zr2f(z)) = 0, the difference (Zy f(z) — Zy 2f(2)) belongs to the kernel
ker(T) = Y1(0), where Y : C'(U, A,) — C°(U, A,).

4.1. Example. If ¢; depends only on z; for each j, there exists a C* differentiable change
of variables ( = ((z) so that 0¢(¢)/0¢; = (0g(z)/0z;);(z) for each differentiable function
g : U — A, by real variables z, ..., zo00o_1 on U, where

(1) (92k/0¢;) = djti(2)
for all j and k, ¢;; = 1, while §;, = 0 for each j # k. We take new functions ;g satisfying the
equation:

(2) j9(i52) = g(2) for each z € U and all j. We also put

(3) my(2) = i3
The multiplication of generators implies that i}(i;2) = 2 for all j = 0,...,2" — 1 and 2z € A,.
Therefore, from Equations (1,2) we deduce that

(4) (dg(2)/dz).i; = (d;g(n;)/dn;).[(dn;/dz).i;] = (d;g(n;)/dn;).1 = (drg () /dn)-[i%i5],
since (dn;/dz).i; = iji; = 1 for each j. Then we take the integral

) v [ swdy=n>" [ atmw)isdn )

since [ 59(n;(v))izdn;(y) = ([, 19(n;(y))dn; (y))i;-

Mention that generally Y(f(z)b) may be not equal to (T f(z))b for a constant b € A, \R and
a function f € CY(U, A,) with v > 2, since the Cayley-Dickson algebra is non-commutative.

This theorem can be generalized in the following manner encompassing wider class of partial
differential operators of the first order over Cayley-Dickson algebras.
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5. Theorem. Suppose that the first order partial differential operator Y is given by the
formula

(1) Tf =2 75-0(0f/02;)65(2),
where ¢j(z) # {0} for each z € U and ¢;(z) € C°(U, A,) for each j = 0,...,n such that
Re(¢;(2)¢5(2)) = 0 for each z € U and each 0 < j # k < n, where a domain U satisfies
Conditions 1(D1,D2), oz is a marked point in U, 1 <n < 2¥, 2 < wv. Suppose also that the
system {po(2), ..., on(2)} is for n = 2¥ — 1, or can be completed by Cayley-Dickson numbers
Ont1(2)s ooy Pav_1(2), such that (o) algr{®;(2), Px(2), d1(2)} is alternative for all 0 < j, k,1 <
2" — 1 and (B) algr{do(2), .. ,¢2v 1(2)} = A, for each z € U. Then a line integral Iy :
C'(U, A) = CH U, A, Ir f(2) = x [, f(y)dy on C°(U, A,) exists so that

(2) TZrf(2) = f(2)
for each z € U; this anti-derivative is R-linear (or H-left-linear when v = 2). If there is a
second anti-derivative Iy of(2), then Iy f(2) — Iy 2f(2) belongs to the kernel ker(Y) of the
operator 1.

Proof. We shall demonstrate that a branch of the anti-derivative operator Zy f(z) can be
chosen such that it can be expressed with the help of a non-commutative line integral from §3.
Using the technique of §4 we can consider the case of purely imaginary ¢,(z) for all z € U and
7 =0,...,n. We seek an anti-derivative operator in the form:

/f )dz = (n+1)~ Z/ 2)dv;(z

For finding unknown functions ¢ and v;, j = 0,...,n we impose the following conditions:

(4) (4(2).10vj(2)/0z;])¢;(2) = f(z) for each j =0,...,n and

(5) (4(2).[0v;(2)/02]) b1 (2) + (4(2).[0vi(2)/025])$5(2) = O for all 0 < j < k < n.

Asin §4 it is sufficient to consider the case of a locally analytic (super-differentiable) function
f using the limit transition. The function f is given on U and it defines the operator f on U,
i.e. its phrase [ is prescribed by the left algorithm for a given phrase p of f (see [22, 23, 7, 24]).
The operator ¢ means that a function g and a phrase k of g exist such that

4(z) =dg(2)/dz, §(z).1 =q(z) for each z € U.

In accordance with the conditions of this theorem the algebra algr(¢;(2), ¢r(2)) is alter-
native for all 0 < j <k <n and z € U. Therefore, due to Condition (5) Equations (4,5) take
the form:

(6) (dg(2)/dz).10v;(2)/02] = f(2)(1/¢j(2)) for each j =0, ...,n and

(7) ((dg(2)/dz).10v;(2)/02]) ¢ (2) + ((dg(2)/dz).[0vk(2)/02]) 95 (2) = O for all 0 < j < k <
n.

Solutions of this system exist (see [?, 20]). To be more concrete we impose additional
relations:

(8) Ovj(2)/0z; = ¢j(z) for all j =0,...,n and z € U,
consequently, the system of partial differential equations (6) becomes:

(9) (dg(2)/dz).9;(2) = f(2)(1/$](2)) for each j =0, ...,n
since  algr{®;(2), pr(2), ¢i(2)} is alternative for all 0 < 4 k! < 2 — 1 and
algr{po(2), ..., pav_1(2)} = A, for each z € U so that each Cayley-Dickson number £ € A, has
the decomposition £ = &ypo(2) + ... + Eav_1¢9v_1(2) with real coefficients &, ..., &1 € R.

Solving the latter system (9) one gets the function g(z) on U. Substituting the known
function g in System (6,7) one gets a C! solution vy(z2),...,v,(2) on U; or a super-differentiable
solution, when ¢;(z) for each j and f(z) are super-differentiable on U. Mention that the
function g depends R-linearly on f, since the system of equations which was considered above
is linear by f and g. Thus the operator ¢ depends R-linearly on f.
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Using Formulas (4,5) and 4(6,9) we deduce that

z

10) 3 10/ alwdy )05 =

i#k20 U0z

Z {[4(2).(9v;(2)/92)1¢1(2) + [4(2).(Ovi(2) /02;)195(2) } = 0 and

(1) Y000 [ al)dv))/025165(2) = D 1a(a)-00,(2)/03)165(2) = (n+ D (2),

since Re(¢;(2)¢;(2)) = 0 for each z € U and each 0 < j # k < n.

The rest of the proof is analogous to that of Theorem 4.

6. Corollary. Let suppositions of Theorem 5 be satisfied so that ¢;(z) = w(z;4;)¥;(2) for
each z € U, where w is an R-linear automorphism w : A, — A, mapping the standard base
of generators {i;} into a base of generators {w(z;i;) : j =0,...,2" — 1}, |w(z;4;)| = 1, where
Y;(2) satisfies conditions of theorem 4 for each j = 0,...,n. Then the first order differential
operator 5(1) has an anti-derivative Iy on C°(U,A,). Two anti-derivatives of Theorems 4 and
5 under these suppositions are related with the help of the automorphism w.

Proof. This follows immediately from Theorem 5. It remains to find a relation between
two anti-derivatives for two different partial differential operators:

(1) Tof = X0 o(0/02)63(2)
and T given by equation 2(13).

For each Cayley-Dickson number z = zgig+...4+ 29010901 € A, its image is w(y; z) = 20No+
21 N1+... 42201 Now_q, consequently, w(y; 2*) = [w(y; 2)|*, where z; € R, N; = N;(y) := w(y; i )
for each j. Particularly, Ny = i, since igi; = i; and w(y;i;) = w(y;iol;) = w(y;io)w(y; ;) for
each j and y. Therefore, w(y;z) = x for each real number x € R, since w(y;1) = 1 and
the mapping w(y;*) is R-linear by the second argument, 1 = 43. Therefore, applying the
automorphism w we deduce that

(2) Tuf(z) = w(z; Ts(2).
where w(z;s(z)) = f(z) for each z € U, that is s(2) = w;'(z; f(2)), wy'(2;%) denotes the
inverse automorphism by the second argument for z € U. Let us take the function f(z) =
1., fozg( )dy, where g(z) is a continuous function. Then Y, f(z) = g(z) for each z € U and
from (2) and 5(1,2) one gets

(3) wyl(z;9(2)) = Twy (21, f 9(y)dy) = TTf w5 (y; 9(y))dy, consequently, applying
T f and w(z; *) one also gets

v, [L9Wdy = w(zr [, wy (v 9(y)dy
for each continuous function g on U

6.1. Remark. If in Theorem 5 drop Conditions (a, 3), then partial differential equations
5(4,5) will be hard to resolve.

To specify the anti-derivative operator Zy in Theorems 4 and 5 more concretely it is possible
to choose a family of rectifiable continuous paths (or C! paths) {y* : 2 € U} such that
7%(0) = 9z and 7*(1) = 2z and lim, ., sup, o 1 [7*(7) — 7¥(7)| = 0.

Another more rigorous procedure is in providing a foliation of a domain U by locally rectifi-
able paths {v*: « € A}, where A is a set. We take for definiteness a canonical closed domain
U in A, satisfying Conditions 1(D1, D2).

A path v :< a,b >— U is called locally rectifiable, if it is rectifiable on each compact
segment [c,e] C< a,b >, where < a,b >= [a,b] :={t e R: a <t <b}or < a,b>=a,b) =
{teR: a<t<blor<ab>=(a,b]:={tceR: a<t<b}or<ab>=(a,b):={te
R: a<t<b}.
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A domain U is called foliated by rectifiable paths {y* : a € A} if v :< a4, by >— U for
each a and it satisfies the following three conditions:

(F1) Uper (< @q, b >) = U and

(F2) ¥*(< @a, b >) NP (< ag,bg >) = 0 for each a # 3 € A.
Moreover, if the boundary OU = ¢l(U) \ Int(U) of the domain U is non-void then

(£3) OU = (Uaea, 7*(@a)) U (Ugea, 77 (b9)).
where Ay = {a € A :< ay,bg >= [a0,b5 >}, Ao = {a € A :< a,,bg >=< a,,bs]}. For the
canonical closed subset U we have cl(U) = U = cl(Int(U)), where cl(U) denotes the closure
of U in A, and Int(U) denotes the interior of U in A,. For convenience one can choose C*
foliation, i.e. each v is of class C'. When U is with non-void boundary we choose a foliation
family such that |J,c, 7(@a) = OUi, where a set 9U; is open in the boundary OU and so that
wlgy, would be a sufficient initial condition to characterize a unique branch of an anti-derivative
w = ITf

When 0U # () a marked point gz can be chosen on the boundary QU and each point on the
boundary can be joined by a rectifiable path in U with ¢z. This foliation is justified by the
formula:

[, f(z)dv(z) = [ f(z)dv(z) + [ f(2)dv(z)
for each continuous function f on U and each function v of bounded variation on U, for any
rectifiable paths 4! : [ay,0,] — U and +? : [ag,bs] — U so that a = a; < by = ay < by = b
while 7 : [a,b] — U is given piecewise as y(t) = v!(¢) for each ¢ € [ay,b;] and y(t) = ¥2(t) for
each t € [ap, by]. Thus instead of [° f(2)dv(2), i.e. [ f(2)dv(z) with y(a) = ¢z and y(b) = 2,
we take fv“l[c : f(2)dv(z) for any [c,e] C< an,ba >. If lim, 4, e, fv“hc .
we denote it by fv“ f(2)dv(z) and take instead of the family {fval[c ! f(2)dv(z) : [e,e] C<
aa,bg >}. Therefore, a branch of the anti-derivation operator pfescribed by the family
{([a 225 a)dvi(y)) =« € Ay or {([a  22;9W)dv;(y)) = o € A; [e,e] C< aa,bg >} is
defined up to a function defined on the boundary 0U when it is non-void or by convergence to
a definite limit at infinity along paths, when U is unbounded in certain directions Rn in the
Cayley-Dickson algebra A,, n € A,.

f(2)dv(z) converges

Clearly, boundary conditions are necessary for specifying a concrete solution or a branch
of an anti-derivative, since in the definition of the line integral f7 f(2)dv(z) the operator f is

restricted to the condition f (2).1 = f(z) for each z € U so it is defined up to a function of
2V — 1 independent real variables (see also §3). In accordance with the formulas of §§4 and 5
the anti-derivation operators are defined up to functions of 2¥ — 1 real variables after a suitable
change of variables. For example, > 7 (0g(2)/0z;)i; = 0 for g(2) = nzo + 218} + ... + 24i5, or
> 0(0q(2)/02;)i5 = 0 on the plane 2 — 2, — ... — z, = 0 for q(2) = 25 + 2{i] + ... + 22i%. These
functions can be written in the z-representation due to Formulas 1(1 — 3).

For concrete domains some concrete boundary conditions can be chosen (see also below).
Mention, that a minimal necessary correct boundary conditions may be not on the entire
boundary, but on its part. Otherwise, they may be on some hyper-surface S in U of real
dimension 2 — 1 depending on the domain, for example, for an infinite cylinder C in both
directions along its axis with S being the intersection of C with a hyper-plane perpendicular to
its axis.

Mention that the homotopy theorem for domains satisfying Conditions 1(D1, D2) is accom-
plished for super-differentiable functions on U (see [23, 22|), but for a continuous function f
on U it may certainly be not true. This is caused by several reasons. If a family of locally
analytic functions f™ converges to f uniformly on a compact sub-domain V' in U a radius r
of local convergence of a power series of f™ in a neighborhood of a point x € V may tend to
zero with n tending to the infinity. Phrases p™ in the z-representation corresponding to f"
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may be inconsistent on the intersection V, NV, of open neighborhoods V, and V), of different
points z,y € V, when V, NV, # 0 . Functions f™ or their phrases u" may be with branching
points in the domain U. That is functions f" accomplishing the approximation of f may have
several branches on U and a slit of U by a 2 — 1 dimensional sub-manifold S™ over R may
be necessary to specify branches of f™. But the family S™ with different n may be inconsistent
and S™ may depend of n.

For super-differentiable functions f™ operator valued functions f" are also super-
differentiable. If f is only continuous non super-differentiable function on the domain U,
then the operator valued function f is defined only in the sense of distributions | f v v) =
f f(z ) for any rectifiable path v in U and each function v of bounded variation on U.
Moreover the homotopy theorem may be non true for generalized functions (see below).

7. Particular case. We consider a phrase v which can be presented as

(P3) v = p(u) with a right A,-linear (super)-differentiable phrase p and a projection op-
erator p being an R-linear combination of the projection operators 7;. Particularly, p may be
the identity operator or one of the ;.

For any z-differentiable phrase ¢ and constants a,b € A, we have f Y(2)b)dz =

f ¥(2)dz)b) and f a(2))bdz = f ¥(2)dz))b. Then in view of the homotopy theorem
[23 22] Equatlon 3(2) 1mphes for any such v= ( ) that

1) [ Tz = pl [ )/ de) {301 /d2) )55} =

v

Y

= p((za(8))) — p(u(za(@))) = v(za(B)) — v(za(cx)),
since each 1;(z) is the A,-valued function, where

(2) 24(a) = JZ a(t)dt + dule', ),

(3) a(z) := Zjvzgl ¥;(2),7(0) = a, v(1) = . In particular, if each function 1); is identically
constant, then

9) [, 3,12 /d2).i5 )05 (2)d2] = 46 — ta — 16, (),
where t = . 1.

For non right 4,-linear z-differentiable phrase p Formulas (1 —3) may already be not valid.
Certainly common line integrals of z-differentiable phrases (functions) can be calculated by the
general algorithms (see [23, 22, 24, 27]). A result of the line integration along a rectifiable path
v in the domain U we denote as the composition of two functions

S [ )i 2z = | av(e)/de).de

o[ (/1. 3505 (2)d=) = o [ )/ faz) )

= A(£(0)) = AE(@),

where A and & are two z-differentiable functions on their domains, v(0) = «, y(1) = . Fre-
quently one can use a Cayley-Dickson subalgebra G isomorphic with either the quaternion skew
field H or the octonion algebra O so that (1) — v(0) € G and use the homotopy theorem.
On the other hand, each rectifiable continuous path v in the domain U in the Cayley-Dickson
algebra A, can be presented as a uniform limit of rectifiable continuous paths ™ in U composed
of segments parallel to axes Rig, k =0, ...,2" — 1. Therefore,

/f dz = lim f(2)dz

n—o0
An
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for any continuous function on U (see |23, 22|). The functions A and £ depend on 1 so in more
details we denote them by A = Ay, and £ = &.
Thus the general integral of Equation 2(12) is:

(6)  Ay(Ey(x)) = —¢w(Im &y(x)) +/ 91(2)dz + g, (2'),

where I'm(z) := z — Re(z), Re(z) := (z + z*)/2. The term ¢ (Im(§)) takes into account the
non-commutativity for 2 < v and non-associativity for 3 < v of the Cayley-Dickson algebra A,
since its center is the real field R = Z(A,) for any v > 2. There is the bijective correspondence
between Ay (&) and f which will be specified below.

8. Transformation of the first order partial differential operator over the Cayley-
Dickson algebras.

To simplify the operator T and its particular variant ¢ one can use a change of variables.
We consider this operator in the form:

(1) Tf = 32751 (0F/0z;)m; (),
with either n;(2) = i51;(2) or n;(2) = ¢j(2) € A, for each j (see Theorems 4 and 5 above).
For it we seek the change of variables z = z(z) so that

(2) S5 O/ 02w (2) = i,
where t; € A, is a constant for each [, for n; not being identically zero, while w; is chosen
arbitrarily also z-differentiable so that the resulting matrix €2 will not be degenerate, i.e. its
rows are real-independent as vectors (see below). Certainly (0z;/0z;) € R are real partial
derivatives, since x; and z; are real coordinates. We suppose that the functions 7;(z) are
linearly independent over the real field for each z in the domain U. Using the standard basis
of generators {i; : j =0,...,2" — 1} of the Cayley-Dickson algebra A, and the decompositions
wj = >, wirly and t; = Y, t; i, with real elements w;j and t;; for all j and k we rewrite
System (2) in the matrix form:

(3) (011/02))15=0,..2012 =T,
where Q = (w;x)jk=0,..20-1, T = (tj)jk=o,. 20—1. Suppose that the functions w;(z) are arranged
into the family {w; : j = 0,...,2Y — 1} as above and are such that the matrix (z) is non-
degenerate for all z in the domain U. For example, this is always the case, when |w;(2)| > 0
and Relw;(z)wi(2)*] = 0 for each j # k for each z € U. Here particularly w;(z) = n;(z) can
also be taken for all 7 =0,...,2" — 1 and z € U. Therefore, Equality (3) becomes equivalent to

(4) (0xl/8zj)l,jzo,m72u_1 =TQ L
We take the real matrix T" of the same rank as the real matrix (wjx)jx—o,. 20—1. Thus (4) is
the linear system of partial differential equations of the first order over the real field. It can be
solved by the standard methods [29].

We remind how each linear partial differential equation (3) or (4) can be resolved. Write
it in the form:

(5) X1(x1, ooy Ty w)Ou/0z1 + ... + Xy (21, ooy Ty w)Ou )02y, = R(21, ..y Ty 10)
with u and xq, ..., x, here instead of z; and 2, ..., 2901 in (3) seeking simultaneously suitable
R corresponding to t;x. A function u = u(zy,...,x,) defined and continuous with its partial
derivatives Ou/0zy, ...,0u/0z, in some domain V of variables xy,...,x, in R™ making (5) the
identity is called a solution of this linear equation. If R = 0 identically, then the equation is
called homogeneous. A solution u = const of the homogeneous equation

(6) X1(z1, ..., xp, w)0u/0z1 + ... + Xy (21, ...y Ty, w)Ou /02, = 0
is called trivial. Then one composes the equations:

(7) dzq/ Xy (x) = dzo/ Xo(2) = ... = dx, /X, (),
where © = (x1,...,2,). This system is called the system of ordinary differential equations in
the symmetric form corresponding to the homogeneous linear equation in partial derivatives.



S.V. Ludkovsky Line integration and second order partial differential equations... 155

It is supposed that the coefficients X7, ..., X,, are defined and continuous together with their
first order partial derivatives by x1, ..., z, and that X, ..., X, are not simultaneously zero in a
neighborhood of some point z°. Such point 20 is called non singular. For example when the
function X, is non-zero System (7) can be written as:

(8) Cll'l/diEn :Xl/Xn,...,de‘n_l/dZBn = n—l/Xn-

This system satisfies conditions of the theorem about an existence of integrals of the normal
system. A system of n differential equations

9) dyx/dx = fr(z,y1, ..y Un), K =1,...,n,
is called normal of the n-th order. It is called linear if all functions f;, depend linearly on
Y1, -, Yn. Any family of functions y, ..., y, satisfying (9) in some interval (a,b) is called its so-
lution. A function g(x,yi, ..., y,) different from a constant identically and differentiable in a do-
main D and such that its partial derivatives dg/0yi,...,0/y, are not simultaneously zero in D is
called an integral of System (9) in D if the complete differential dg = (0g/0z)dz+(0g/0y1)dy: +
... +(99/0y,)dy, becomes identically zero, when the differentials dy; are substituted on their
values from (9), that is (0g(z,y)/0z) + (0g/0y1) f1(z,y) + ... + (Og(z,v)/0yn) fu(z,y) = 0 for
each (z,y) € D, where y = (y1, ..., yn). The equality g(z,y) = const is called the first integral
of System (9).

It is supposed that each function fi(z,y) is continuous on D and satisfies the Lipschitz
conditions by variables yi, ..., yn:

(L) |f/€(xvy) - fk(x’ Z)| < Ck|y - Z|
for all (z,y) and (z,2) € D, where C}, are constants. Then System (9) has exactly n indepen-
dent integrals in some neighborhood D° of a marked point (z° y°) in D, when the Jacobian
(g1, -, Gn) /01, ..., Yn) is not zero on DO (see Section 5.3.3 [29]).

In accordance with Theorem 12.1,2 [29] each integral of System (7) is a non-trivial solution
of Equation (6) and vice versa each non-trivial solution of Equation (6) is an integral of (7). If
91(x1, ey )y, Gn1(T1, ..., x,) are independent integrals of (7), then the function

(10) U= (I)(gla ---7gn—1)7
where ® is an arbitrary function continuously differentiable by gy, ..., g,_1, is the solution of
(6). Formula (10) is called the general solution of Equation (6).

To the non-homogeneous Equation (5) the system
is posed. System (11) gives n independent integrals g, ..., g, and the general solution

(12) ®(g1(z1y ooy Ty Uy ooy G (T1, ooy Ty ) = 0
of (5), where ® is any continuously differentiable function by gy, ..., g,. If the latter equation is
possible to resolve relative to u this gives the solution of (5) in the explicit form u = u(xy, ..., z,)
which generally depends on ® and gy, ..., g,. Therefore, Formula (12) for different R and u and
X corresponding to ¢, and x; and w;, respectively can be satisfied in (3) or (4), the variables
x; are used in (12) instead of z; in (3,4), where k =0,...,2" — 1.

Thus after the change of the variables the operator T takes the form:

(13) Tf = 32551 (f /0w )t;
with constants ¢; € A,. Undoubtedly, also the operator T with j =0,...,n, 27! <n <2"—1
instead of 2¥ — 1 can also be reduced to the form Yf = » 7 (0f/0x;)t;, when the rank is
rank(w;x) = n+ 1 in a basis of generators Ny, ..., N,,, where Np,...,Nov_; is a generator basis
of the Cayley-Dickson algebra A,. Particularly, if the rank is rank(w;;) = m < 2" and T has
the unit upper left m x m block and zeros outside it, then ¢; = N; for each 7 =0, ...,m — 1 can
be chosen.

One can mention that direct algorithms of Theorems 4 and 5 may be simpler for finding
the anti-derivative operator Zy, than this preliminary transformation of the partial differential
operator Y to the standard form (13).
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9. Definitions.

Let X and Y be two R linear normed spaces which are also left and right A, modules, where
1 <r. Let Y be complete relative to its norm. We put X®* := X ®g ... ®g X is the k times
ordered tensor product over R of X. By L, x(X®" Y) we denote a family of all continuous k
times R poly-linear and A, additive operators from X®* into Y. Then L,x(X®*Y) is also a
normed R linear and left and right 4, module complete relative to its norm. In particular,
L,1(X,Y) is denoted also by L,(X,Y).

We present X as the direct sum X = Xyig® ... Xor_1i9-_1, where Xj,...,Xor_1 are pairwise
isomorphic real normed spaces. If A € L, (X,Y) and A(zb) = (Az)b or A(bx) = b(Ax) for each
x € Xg and b € A,, then an operator A we call right or left A,-linear respectively.

An R linear space of left (or right) & times A, poly-linear operators is denoted by
Lip(X®5Y) (or L, (X®* Y) respectively).

As usually a support of a function g : S — A, on a topological space S is by the definition
supp(g) = cl{t € S: g(t) # 0}, where the closure is taken in S.

We consider a space of test function D := D(R",Y") consisting of all infinite differentiable
functions f : R — Y on R"™ with compact supports. A sequence of functions f, € D
tends to zero, if all f,, are zero outside some compact subset K in the Euclidean space R",
while on it for each k = 0,1,2, ... the sequence { f,S’“) : n € N} converges to zero uniformly.
Here as usually f*)(¢) denotes the k-th derivative of f, which is a k times R poly-linear
symmetric operator from (R")®* to Y, that is f®(¢).(hy, ..., hx) = fE(1).(ho(1), -+, o) €Y
for each hq,...,h;;, € R™ and every transposition o : {1,....,k} — {1,...,k}, o is an element
of the symmetric group S, t € R". For convenience one puts f© = f. In particular,
FE@).(e)ys - €5,) = OFf(t)/0t;,...0t;, for all 1 < jy, ..., 5 < n, where e; = (0, ...,0,1,0,...,0) €
R™ with 1 on the j-th place.

Such convergence in D defines closed subsets in this space D, their complements by the
definition are open, that gives the topology on D. The space D is R linear and right and left
A, module.

By a generalized function of class D' := [D(R",Y)] is called a continuous R-linear A,-
additive function g : D — A,. The set of all such functionals is denoted by D’. That is,
g is continuous, if for each sequence f, € D, converging to zero, a sequence of numbers
9(fn) =: 19, fu) € A, converges to zero for n tending to the infinity.

A generalized function g is zero on an open subset V in R" if [g, f) = 0 for each f € D
equal to zero outside V. By a support of a generalized function g is called the family, denoted
by supp(g), of all points ¢ € R™ such that in each neighborhood of each point t € supp(g) the
functional g is different from zero. The addition of generalized functions g, h is given by the
formula:

(1) lg+h, f) =19, f) + [ [).

The multiplication g € D’ on an infinite differentiable function w is given by the equality:

(2) [gw, f) = g, wf) either for w : R" — A, and each test function f € D with a real image
f(R") C R, where R is embedded into Y; or w: R*— R and f: R" —» Y.

A generalized function ¢’ prescribed by the equation:

(3) [¢',f) == —[g,[f") is called a derivative ¢’ of a generalized function g, where f' €
D(R",L,(R", Y)). ¢ € [D(R", L,(R",Y))]"

Another space B := B(R",Y’) of test functions consists of all infinite differentiable functions
f + R" — Y such that the limit limp o [t|™fY)(t) = 0 exists for each m = 0,1,2, ...,
j =0,1,2 ... A sequence f, € B is called converging to zero, if the sequence |t|™ féj)(t)
converges to zero uniformly on R\ B(R"™, 0, R) for each m,j = 0,1,2,... and each 0 < R < 400,
where B(Z,z,R) :={y € Z : p(y,z) < R} denotes a ball with center at z of radius R in a
metric space Z with a metric p. The family of all R-linear and .A,-additive functionals on B is
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denoted by B'.

In particular we can take X = A% Y = A% with 1 < a, 3 € Z. Analogously spaces D(U,Y),
(DU, Y)], B(U,Y) and [B(U,Y)| are defined for domains U in R™. For definiteness we write
B(UY)={flv: feBR"Y)}and D(U,Y) = {flv: f€DR"Y)}.

A function g : U — A, is called locally integrable, if it is absolutely integrable on each
bounded A measurable sub-domain V in U, i.e.

Ji19(2)[A(dz) < oo, where X denotes the Lebesgue measure on U.

A generalized function f is called regular if locally integrable functions ;. f*,,f*: U — A,
exist such that

[frw) = [ A3 ki (2w (2);£2(2) o AMd2),
for each test function w € B(U,Y) or w € D(U,Y) correspondingly, where w = (yw, ..., gw),
ww(z) € A, for each z € U and all k, ¢(3) is a vector indicating on an order of the multiplication
in the curled brackets and it may depend on the indices j,l =1,...,a, k=1,...,3.

We supply the space B(R",Y) with the countable family of semi-norms

(4) Pas(f) i= SUpyeqe [(1+ [2])40° ()
inducing its topology, where k = 0,1,2,...; & = (a1, ..., ), 0 < o; € Z. On this space we take
the space B/(R™,Y), of all Y valued continuous generalized functions (functionals) of the form

(5) f = foto+...4 fav_149v_1 and g = goio+...+gav_1i2v_1, where f; and g; € B'(R™,Y), with
restrictions on B(R™, R) being real- or C; = R @ iR~ valued generalized functions fy, ..., fov_1,
G0, -y gov—1 respectively. Let ¢ = ¢oio + ... + ¢ov_1020_1 With ¢y, ..., p2v_1 € B(R™,R), then

6) [f,0) = quj];lo[ fjs ®r)ikij. Let their convolution be defined in accordance with the
formula:

(7) [f % 9,0) = 35 o5 * grs 9)iy )i
for each ¢ € B(R™,Y'). Particularly,

8) (fxg)(z) = f(z —y)xg(y) = f(y) xg9(x — y)
for all ,y € R™ due to (7), since the latter equality is satisfied for each pair f; and g.

10. The decomposition theorem of partial differential operators over the Cayley-
Dickson algebras.

We consider a partial differential operator of order u:

(1) Af(z) =) an()0"f(x),
jol<u
where 9%f = 0l f(x)/0z(°...02%", = x¢ip + ...Tnin, ¥; € R for each j, 1 < n = 2" — 1,
a = (ag,...,an), |a| = ag+...+ay, 0 < a; € Z. By the definition this means that the principal
symbol
(2) Ag:= ) a(z)d”

laf=u

has a so that || = uw and a,(z) € A, is not identically zero on a domain U in A,. As
usually C*(U, A,) denotes the space of k times continuously differentiable functions by all real
variables xg,...,z, on U with values in A,, while the z-differentiability corresponds to the
super-differentiability by the Cayley-Dickson variable zx.

Speaking about locally constant or locally differentiable coefficients we shall undermine
that a domain U is the union of sub-domains U’ satisfying conditions 15(D1,i — vii) and
UiNU* = 0U’ NOU* for each j # k. All coefficients a, are either constant or differentiable of
the same class on each Int(U’) with the continuous extensions on U?. More generally it is up
to a C" or z-differentiable diffeomorphism of U respectively.

If an operator A is of the odd order u = 2s — 1, then an operator E of the even order
u+ 1 = 2s by variables (¢, ) exists so that
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(3) Eg(t,z)|t=0 = Ag(0,z) for any g € C**([c,d] x U, A,), where t € [c,d] CR, ¢ <0 < d,
for example, Fg(t,z) = 0(tAg(t,x))/0t.

Therefore, it remains the case of the operator A of the even order u = 2s. Take z =
20%0 + ... + 2p_1i0_1 € A,, z; € R. Operators depending on a less set z,, ..., 2, of variables
can be considered as restrictions of operators by all variables on spaces of functions constant
by variables z; with s & {l1,...,1,,}.

Theorem. Let A = A, be a partial differential operator of an even order u = 2s with
locally constant or variable (locally) C*' or x-differentiable on U coefficients a,(z) € A, such
that it has the form

(4) Af = cy1(Bunrf) + ... + cur(Burf), where each

(5) Bu,p = Bu,p,O + Qufl,p
is a partial differential operator by variables Tp,, 1. 4my, 1415 Tmy 1 +..4ma, aNd of the order
u, My =0, cyi(x) € A, for each k, its principal part

(6) Bupo = Z|a| s 8p20(2)0%
is elliptic with real coefficients a,oq(z) > 0, either 0 <r <3 and f € C*(U, A,), orr >4 and
f e C*"(U,R). Then three partial differential operators Y* and Y% and Q) of orders s and p with
p < u—1 with locally constant or variable (locally) C* or z-differentiable correspondingly on U
coefficients with values in A, exist and coefficients of the third operator Q may be generalized
functions, when coefficients of A are discontinuous locally constant or C* discontinuous on
the entire U or when s’ < s, r <w, such that

(7) Af = T(T3f) + Q.

Proof. Certainly we have ordQ,_1, < u—1, ord(A—Ay) < u—1. We choose the following
operators:

(8) Tf@) =) > (0 f (@)t} ] and

T |a|<s, ag=0Vg<(my,1+...+My,p—1+1) and g>(muy,1+...+mu,p)

k

(9) Tif(x) =) > (0% f () [wpty,al;

P=L ||<s, ag=0Yg<(mu1+-..+mup_1+1) AN g>(mu1+...4mup)

where w} = ¢, for all p and 92 (z) = —ay24(z) for each p and z, w, € A,, Ypa(z) € Ay
and ¢, ,(x) is purely imaginary for a,s,(z) > 0 for all @ and x, Re(wp,Im(¢,,)) = 0 for
all p and a, Im(z) = (z — 2*)/2, v > r. Here A,, = A,/ A, is the real quotient algebra.
The algebra A,, has the generators ¢or, j = 0,...,2°7" — 1. A natural number v so that
27T —1 > Zﬁzl > a0 (mpzq_l) is sufficient, where (7:;) = m!/(q!(m —q)!) denotes the binomial
coefficient, (m+qq_1) is the number of different solutions of the equation oy + ... + ,,, = ¢ in
non-negative integers a;. We have either 9*™°f € A, for 0 <r <3 or 9*f € R for r > 4.
Therefore, we can take 1, .(x) € iR, where ¢ = q(p,a) > 1, q(p',a') # q(p,a) when
(p,a) # (p', ).

Thus Decomposition (7) is valid due to the following. For b = 9°*# f(z) and 1 = iy, and
w € A, one has the identities:

(10) (b(wl))(w*1) = ((wb)1)(w*l) = —w(wb) = —w?b and

(11) (((BHw*)Nw = (((bw)))w = —(bw)w = —bw? in the considered here cases, since A,
is alternative for » < 3 while R is the center of the Cayley-Dickson algebra (see Formulas
2(M1, M2)).

This decomposition of the operator A, is generally up to a partial differential operator of
order not greater, than (2s — 1):

(12) Qf(z) = Zp ) CupQu-1,p+
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> alzspizs<acst ol Lzo. (57) (fj)](aa+ﬁ_7_€f($))
[(07na(2)) (003 (2)],
where operators T* and T{ are already written in accordance with the general form

(13) T f(z) = Zlalés(ﬁaf(x)>77a(x)§

(14) 11/ (@) = 30191, (07 f (@) ()

The coefficients of ) may be generalized functions, since they are calculated with the
participation of partial derivatives of the coefficients of the operator Y37, but the coefficients
of the operators Y* and Y% may be discontinuous locally constant or C*" discontinuous on the
entire U or s’ < s when for the initial operator A they are such.

When A in (3) is with constant coefficients, then the coefficients w, and 1, , for Y™ and
T can also be chosen constant and ) — Z’;Zl CupQu-1p = 0.

11. Corollary. Let suppositions of Theorem 10 be satisfied. Then a change of variables
locally affine or variable C' or z-differentiable on U correspondingly on U exists so that the
principal part Az of Ay becomes with constant coefficients, when ay 2, > 0 for each p, a and
x.

12. Corollary. If two operators E = Ass and A = Ags_y are related by Equation 10(3),
and As, is presented in accordance with Formulas 10(4,5), then three operators Y, Y571 and
Q of orders s, s — 1 and 2s — 2 exist so that

(1) Agg 1 =TT 4+ Q.

Proof. It remains to verify that ord(Q) < 2s — 2 in the case of Ay, 1, where @ =
{0(tAgs_1)/0t — T°Y5}|i—o. Indeed, the form A(E) corresponding to E is of degree 2s — 1
by z and each addendum of degree 2s in it is of degree not less than 1 by ¢, consequently, the
product of forms A(Y)A(Y5) corresponding to T* and Y¥ is also of degree 2s —1 by = and each
addendum of degree 2s in it is of degree not less than 1 by ¢. But the principal parts of A\(E)
and A(T5)A(T) coincide identically by variables (¢, x), hence ord({E — T*Y5}|;—0) < 25 — 2.
Let a(t,z) and h(t,z) be coefficients from Y% and Y*. Using the identities

a(t,x)0,0"tg(z) = a(t,x)0"g(z) and

h(t, 2)0°0a(t, 2)0"g(x)] = h(t, 2)0°[(Oeal(t, ©)) 0" g(x)]
for any functions g(z) € C*~! and a(t,z) € C*,

ord[(h(t,z)0"), (a(t,z)0")]|i=0 < 25 — 2,
where 0; = 0/0t, |8 < s—1, |v| < s, [A,B] := AB — BA denotes the commutator of two
operators, we reduce (Y*Y5 + Q1)|:=o from Formula 10(7) to the form prescribes by equation
(1).

13. We consider operators of the form:

(1) (Y + BL) f(2) = {20z (07 F (2)na(2)} + f(2)B(2),
with 1,(2) € Ay, @ = (g, ..., a2r—1), 0 < a; € N for each j, || = g + ... + aor_1, B f(2) ==
£(2)8.

0°f(2) = O f(2)/025°...0292 1", 2 < r < v < o0, B(2) € Ay, 20,2001 € R, 2 =
Z()i() + ...+ Zgr_lizr_l.

Proposition. The operator (T* + 3)*(T* + B) is elliptic on the space C**(R?", A,), where
(Y* + B)* denotes the adjoint operator (i.e. with adjoint coefficients).

Proof. In view of Formulas (1) and 4(8) the form corresponding to the principal symbol of
the operator (Y% + 3)*(T* + 3) is with real coefficients, of degree 2k and non-negative definite,
consequently, the operator (T* + 3)*(T* + 3) is elliptic.

14. Example. Let T* be the adjoint operator defined on differentiable A, valued functions
f given by the formula:

n

(1) (C+B)f =D _(0f(2)/02)8;(2)] + f(2)B(2)"

J=0
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Thus we can consider the operator

(2) Zp:= (Y +B)(T + B)".
From Proposition (13) we have that the operator Z5 is elliptic as classified by its principal

symbol with real coefficients. Put = = Zj. In the x coordinates from §8 it has the simpler
form:

(8) (Y+B)(C+8)f =D (0 f/ox))lts’

+2 > (9°f/0w;0ni) Reltiti) +2 3 (0F /0w;)Re(t;0) + {fI8" + D_[F(05"/0z;)]t5},

0<j<k<n

because the coefficients ¢; are already constant. After a change of variables reducing the
corresponding quadratic form to the sum of squares y ejs? we get the formula:

(4) TY°f = Y782 /052)e;.
where s; e R, e =1for1 <j<pande = —-1foreachp<j<m m<2,1<p<m
depending on the signature (p, m — p).

Generally (see Formula 5(1)) we have

(5) A= (Y +B)(YT1+B)f(2) = Bof(2) + Qf (2), where
(6) Bof(2) = 32;[(0£(2)/02;021)$;(2)"165(2) + [£(2) 8 (2)]B(2) and

(1) Qf(2) = 32,l0f(2)/02)(005(2)" 021)ldi(2) + 32;[(0f(2)/02)¢5(2)"18(2) +
>_klf(2)(08(2)/021)| 97 (2),

(8) (Y1 +8Y)f(2) = [22;(0f(2)/02;)¢;(2)] + f(2)B' ().

The latter equations show that coefficients of the operator  may be generalized functions,
when ¢;(z) for some j or §'(z) are locally C° or C° or locally C* functions, while ¢(z) for
each k and (3(z) are locally C° or C° functions on U. We consider this in more details in the
next section.

15. Partial differential operators with generalized coefficients.

Let an operator @) be given by Formula 14(7) on a domain U. Initially it is considered as
a domain in the Cayley-Dickson algebra A,. But in the case when ) and f depend on smaller
number of real coordinates zy, ..., z,_1 we can take the real shadow of U and its sub-domain V
of variables (z, ..., z,—1), where z; are marked for example being zero for all n < k < 2V — 1.
Thus we take a domain V which is a canonical closed subset in the Euclidean space R",
vl <n<2v—1,v>2,

A canonical closed subset P of the Euclidean space X = R" is called a quadrant if it can be
given by the condition P := {z € X : ¢;(z) > 0}, where (g; : j € Ap) are linearly independent
elements of the topologically adjoint space X*. Here Ap C N (with card(Ap) =k < n) and k
is called the index of P. If x € P and exactly j of the ¢;’s satisfy ¢;(x) = 0 then x is called a
corner of index j.

That is P is affine diffeomorphic with P* = [[’_,[aj, b;], where —oco < a; < b; < oo,
[aj,b;] := {x € R: a; <z < b;} denotes the segment in R. This means that there exists
a vector p € R" and a linear invertible mapping C' on R™ so that C'(P) —p = P™. We put
= (B ey by ey b o 5 = @5), 92 = (t1, .oy by ooy by 0 t; = bj). Consider t = (t1,...,t,) € P™.

This permits to define a manifold M with corners. It is a metric separable space modelled
on X = R" and is supposed to be of class C*, 1 < s. Charts on M are denoted (U, u;, P)),
that is, u, : Uy — w(U;) C B is a C*-diffeomorphism for each I, U; is open in M, u; o u; ™" is of
C* class of smoothness from the domain u;(U; N U;) # 0 onto w(U; N Uj), that is, u; ou; * and
U © uj_l are bijective, |J; U; = M.

A point € M is called a corner of index j if there exists a chart (U, u, P) of M with x € U
and u(z) is of index indy(x) = j in w(U) C P. A set of all corners of index j > 1 is called a
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border OM of M, z is called an inner point of M if indy(z) = 0, so OM = Uj>1 07 M , where
M :={x € M :indy(x) = j} (see also [30]). We consider that B

(D1) V is a canonical closed subset in the Euclidean space R", that is V' = cl(Int(V)),
where Int(V') denotes the interior of V' and cl(V') denotes the closure of V.

Particularly, the entire space R™ may also be taken.

Let a manifold W be satisfying the following conditions (i — v).

(). The manifold W is continuous and piecewise C*, where C! denotes the family of [ times
continuously differentiable functions. This means by the definition that W as the manifold is
of class C° N Cp,.. That is W is of class C* on open subsets Wy ; in W and W\ (U, Wy ;) has
a codimension not less than one in W.

(17). W = U;n:o W;, where Wy = U, Wor, W; N Wy, = 0 for each k # j, m = dimgW,
dimRWj =m-—7, Wj+l C 8W]

(#7i). Each W; with j = 0,...,m — 1 is an oriented C*-manifold, W} is open in J;_; Wi. An
orientation of Wj, is consistent with that of OW; for each j = 0,1,...,m — 2. For 5 > 0 the
set W; is allowed to be void or non-void.

(iv). A sequence W of C* orientable manifolds embedded into R", o > 1, exists such that
W* uniformly converges to W on each compact subset in R™ relative to the metric dist.

For two subsets B and E in a metric space X with a metric p we put

(1) dist(B, E) := max{supyc g dist({b}, E), sup..p dist(B, {e})}, where

dist({b}, E) := infecg p(b, e), dist(B,{e}) := infycp p(b,e), b€ B, e € E.

Generally, dimgW = m < n. Let (e¥(x),...,e* (z)) be a basis in the tangent space T, W*
at x € W* consistent with the orientation of W*, k € N.

We suppose that the sequence of orientation frames (e¥(zy), ..., e (zx)) of W* at x; con-
verges to (e1(z), ..., ey () for each = € Wy, where limy, 2, = © € Wy, while e;(z),...,en(x) are
linearly independent vectors in R™.

(v). Let a sequence of Riemann volume elements A, on W* (see §XII1.2 [38]) induce a limit
volume element A\ on W, that is, A(B N W) = limy_,o.(B N W¥) for each compact canonical
closed subset B in R", consequently, A(W \ W) = 0. We shall consider surface integrals of
the second kind, i.e. by the oriented surface W (see (iv)), where each W;, j = 0,...,m — 1 is
oriented (see also §XIII.2.5 [38]).

Suppose that a boundary OU of U satisfies Conditions (i — v) and

(vii) let the orientations of OU* and U* be consistent for each k € N (see Proposition 2
and Definition 3 [38]).

Particularly, the Riemann volume element )\ on OU* is consistent with the Lebesgue mea-
sure on U* induced from R" for each k. This induces the measure A on OU as in (v). This
consideration certainly encompasses the case of a domain U with a C'* boundary 0U as well.

Suppose that Uy,...,U; are domains in R" satisfying conditions (D1, — vii) and such that
U;NU, = 0U; N OUy, for each j # k, U = Ué‘:1 U,. Consider a function g : U — A, such
that each its restriction g|y, is of class C*, but g on the entire domain U may be discontinuous
or not C* where 0 < k < s, 1 < s. If x € 9U; N AU}, for some j # k, z € Int(U),
such that z is of index m > 1 in U (and in Uy also). Then there exists canonical C* local
coordinates (yi, ..., y,) in a neighborhood V, of z in U such that S :=V, No"U; ={y: y €
Ve; y1 =0, ...,y = 0}. Using locally finite coverings of the locally compact topological space
oU; N 90Uy, without loss of generality we suppose that C* functions Py(z), ..., Pn(z) on R™
exist with S = {z: 2z € R"; Pi(2) = 0,...,,P,(2) = 0}. Therefore, on the surface S the
delta-function §( Py, ..., B,,) exists, for m = 1 denoting them P = P; and §(P) respectively (see
§III.1 [6]). It is possible to choose y; = P; for j = 1,...,m. Using generalized functions with
definite supports, for example compact supports, it is possible without loss of generality consider
that yi,...,y, € R are real variables. Let 0(P;) be the characteristic function of the domain
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P; :={z: Pj(z) > 0}, (P;) := 1 for P; > 0 and 6(P;) = 0 for P; < 0. Then the generalized
function 6(Pi, ..., P,,) := 0(Py)...0(P,,) can be considered as the direct product of generalized
functions 0(y1),....,0(Ym), 1(Yms1,---, Yn) = 1, since variables y, ..., y, are independent. Then in
the class of generalized functions the following formulas are valid:

(2) 00(P;)/0z, = 0(P;)(0P;/0z) for each k = 1,...,n, consequently,

(3) gradid(Py, . Pu)] = 51 [0(P1)-..0(P,-1)5(Py) (grad(P;))0(Py 1) (P,
where , grad g(z) := (09(2)/0z,...,09(2)/0z,) (see Formulas II1.1.3(1,7,7',9) and II1.1.9(6)
61):

Let for the domain U in the Euclidean space R™ the set of internal surfaces cly[Intg~(U) N
U;2.(0U;NAUy)] in U on which a function g : U — A, or its derivatives may be discontinuous
is presented as the disjoint union of surfaces I';, where each surface IV is the boundary of the
sub-domain

(4) PP :={P;1(2) > 0,..., Pjm,(2) > 0}, 7 = 9P7 = | J2, 0FP7,

m; € N for each j, clx (V') denotes the closure of a subset V' in a topological space X, Intx (V)
denotes the interior of V' in X. By its construction {P? : j} is the covering of U which is the
refinement of the covering {U, : k}, i.e. for each P/ a number k exists so that P/ C Uy and
OP? C Uy and J; P? = U, Uy = U. We put

(5) hj(2(x)) = h(z)|oers =

limy, 1 10,...9;,,00 9(2(2 +¥)) — limy, 40, y, .00 9(2(z — y))
in accordance with the supposition made above that g can have only discontinuous of the first
kind, i.e. the latter two limits exist on each I'V, where x and y are written in coordinates in P7,
z = z(z) denotes the same point in the global coordinates z of the Euclidean space R". We
take new continuous function

(6) 9(2) = (=) — 32, hi(2)0(Psa(2), s Pimy (2)).

Let the partial derivatives and the gradient of the function g' be calculated piecewise one each
Uy. Since ¢! is the continuous function, it is the regular generalized function by the definition,
consequently, its partial derivatives exist as the generalized functions. If gl|Uj e CY(U;, A,),
then dg'(z)/0z, is the continuous function on Uj, i.e. in this case dg'(2z)xu,(2)/0%; is the
regular generalized function on U; for each k, where x¢(z) denotes the characteristic function
of a subset G in A,, xg(z) = 1 for each z € G, while x(z) = 0 for z € A, \ G. Therefore,
gt(z) = Zj gl(z)XUj\Uk<j v, (2), where Uy =0, j, k € N.

On the other hand, the function g(z) is locally continuous on U, consequently, it defines
the regular generalized function on the space D(U, A,) of test functions as

9,0) = [, g(=)w(:)A(dz),
where A is the Lebesgue measure on U induced by the Lebesgue measure on the real shadow
R?* of the Cayley-Dickson algebra A,, w € D(U,A,). Thus partial derivatives of g exist as
generalized functions.

In accordance with Formulas (2, 3,6) we infer that the gradient of the function g(z) on the
domain U is the following:

(7) grad g(2) = grad g'(z) +3_, hj(2)grad (P;1, ..., Pjm,).

Thus Formulas (3,7) permit calculations of coefficients of the partial differential operator
Q) given by Formula 14(7).

16. Line generalized functions.

Let U be a domain satisfying Conditions 1(D1, D2) and 15(D1,i — vii). We embed the
Euclidean space R™ into the Cayley-Dickson algebra A,, 2v71 < n < 2¥ — 1, as the R affine
sub-space putting R™ 3 = = (z1,...,x,) — 185, + ... + xpni;, + 2° € A, where j, # j; for
each k # [, 2° is a marked Cayley-Dickson number, for example, j, = k for each k, 2° = 0.
Moreover, each z; can be written in the z-representation in accordance with Formulas 1(1—3).

We denote by P = P(U) the family of all rectifiable paths 7 : [a,,b,] — U supplied with
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the metric

(1) p(y,w) = v(a) — wlaw)| +infs V2 (v(t)) — w(o(t))
where the infimum is taken by all diffeomorphisms ¢ : [a,,b,] — [a,,b,] so that ¢(a,) = ay,
a=a, <b, =0 (see §3).

Let us introduce a continuous mapping g : B(U, A,) x P(U) x V(U, A,) — Y such that its
values are denoted by [g;w,~;v], where Y is a module over the Cayley-Dickson algebra A,,
we BWUA,), vyeP(U), V(U,A,) denotes the family of all functions on U with values in the
Cayley-Dickson algebra of bounded variation (see §3), v € V(U, A,). For the identity mapping
v(z) = id(z) = z values of this functional will be denoted shortly by [g;w,~]. Suppose that
this mapping g satisfies the following properties (G1 — G5):

(G1) [g;w,v; V] is bi- R homogeneous and .4, additive by a test function w and by a function
of bounded variation v;

(G2) [g;w,v;v] = [g;w, v V] + [g; w, 72 v] for each v,~4! and v* € P(U) such that (t) =
Y(t) for all ¢ € [ay1,b,1] and y(t) = ¥*(t) for any ¢ € [a,z2,b2] and a1 = a, and a2 = b, and
by = b,

(G3) If a rectifiable curve y does not intersect a support of a test function w or a function of
bounded variation v, y([a, b] N (supp(w) N supp(v)) = 0, then [g;w,v;v] = 0, where supp(w) :=
cd{zeU: w(z)# 0}.

Further we put

(G4) [0™lg(2)/02"..02 2 5w, 9] v= (=1)™/[g; 0w (2) /02™...023. % 1, 7]
for each m = (myg,...,mov_1), m; is a non-negative integer 0 < m; € Z for each j, |m| :=
mgo + ... + mov_1. In the case of a super-differentiable function w and a generalized function g
we also put

(G5) [(d*g(2)/dz").(hy, ..., i) w, 7] = (=1)*[g; (d*w(2)/d2¥).(ha, ..., hi), 7]
for any natural number k£ € N and Cayley-Dickson numbers hq, .., hy € A,.

Then g is called the Y valued line generalized function on B(U, A,) x P(U) x V(U, A,).
Analogously it can be defined on D(U, A,) x P(U) x V(U, A,) (see also §9). If Y = A, we call
it simply the line generalized function, while for Y = L, (A", AL) we call it the line generalized
operator valued function, k,! > 1, omitting "on B(U,A,) x P(U) x V(U, A,)" or "line" for
short, when it is specified. Their spaces we denote by L,(B(U, A,) x P(U) x V(U, A,);Y).
Thus if g is a generalized function, then Formula (G5) defines the operator valued generalized
function d*g(z)/dz* with k € N and [ = 1.

Ifgisa Continuous function on U (see §3), then the formula

(G6) [g;w,v;v] = [, 9y v(y)

defines the generahzed functlon. If f (2) is a continuous L,(A,, A,) valued function on U, then
it defines the generalized operator valued function with ¥ = L (A,, A,) such that

(G7) [fsw, v v) = [{f(2)w(2)}dv(2).
Particularly, for v = zd we certalnly have dv(z) = dz.

We consider on L,(B(U, A,) x P(U) x V(U, A,);Y) the strong topology:

(G8) lim; f' = f means that for each marked test function w € B(U, A,) and rectifiable
path v € P(U) and function of bounded variation v € V(U, A,) the limit relative to the norm
in Y exists

limy [ w, 75 v] = [f;w,7;v].

17. Line integration of generalized functions.

Let C(V,A,) denote the R linear space and right and left A, module of all functions
v :V — A, such that y(z) and each its derivative 0*lg(2)/02]"...02" for 1 < |k| < m
is absolutely continuous on V (see §§3 and 16). This definition means that C™"(V, A,) C
cn(V, A,), where C™(V, A,) denotes the family of all m times continuously differentiable
functions on a domain V' either open or canonical closed in R", which may be a a real shadow
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of U as well.

17.1. Lemma. Lety € C%([a,b],A,) NP(U) and w € B(U, A,) and v € C%(U, A,) for
m =0 orv=1id form > 1, where 0 < m € Z, then a line generalized function [g;w,Y|(aq); V]
is continuous for m = 0 or of class C™ by the parameter x € [a,b] for m > 1.

Proof. For absolutely continuous functions (¢) and v (i.e. when m = 0) the conti-
nuity by the parameter = follows from the definition of the line generalized function, since
limaz—0 p(yl[a,z}afy‘[a,z-l-A:c]) =0 and

1imAm—>0 P(V © 7|[a,m]7 vo P)/|[a,ac+Az]> = 0.

Consider now the case m > 1 and v = id. In view of properties 16(G1, G2) for any Az # 0
so that z € (a,b] :={t € R: a <t <b}and z+ Az € (a,b) :={t € R: a <t < b} the
difference quotient satisfies the equalities:

(1) {[ga W, 7|[a,w+Ax]] - [g; w, ’7|[a,x]]}/A$ = [g; CU/A.’E, v ¢|[a,:c]] - [g; W/Ax77’[a,x]]7
where ¢ : [a,x] — [a,z + Az] is a diffeomorphism of [a,z] onto [a,x + Az| with ¢(a) = a.
Therefore, Aw = w(z + Az) —w(z) for z = v(t) and z + Az = v(¢(t)), t € [a,x] in the
considered case. Using Conditions (G1,G3) one can mention that if w = w! on an open
neighborhood V' of v in U, then

(2) [g;w,7] = lg;@",71,
since w —w! =0 on V and v N supp(w — w?) = 0.

From Conditions 16(G1,G4) and Formula (2) we deduce that

(3) limas—o{[g; @, Yae+aa] = [9:0,am]}/ Az

=300 95 (0w (2)/02;), (d; (1) /dt) Y| fa,e],
where z;’ = dv;(t)/dt for z=~(t), t € [a,b], since each partial derivative of the test function
w is again the test function. From the first part of the proof we get that [g;w, ¥|(aq] is of class
C' by the parameter z, since the product (dv;(t)/dt)y(t) of absolutely continuous functions
(dv;(t)/dt) and ~y(¢) is absolutely continuous for each j. Repeating this proof by induction for
k =1,...,m one gets the statement of this lemma for v € C"([a,b], A,) NP(U).

17.2. Lemma. If vy is a rectifiable path, then a line generalized function [g;w,Y|jaq] s of
bounded variation by the parameter x € [a, b].

Proof. Let v € P(U) be a rectifiable path in U, v : [a,b] — U. We can present 7 in the
form

(1) (1) = 25 ()i,
where each function +;(t) is real-valued. Therefore, v;(t) is continuous and of bounded variation
for each j, since v is such. Thus the function w(y(t)) is of bounded variation V’w(vy)) < oo,
since w is infinite differentiable and ~y([a, b]) is compact.

On the other hand, each function f : [a,b] — R of bounded variation can be written as
the difference f = f! — f2 of two monotone non-decreasing functions f! and f? of bounded
variations: f1(t) := VIf and f2(t) = f1(t) — f(t) for each t € [a,b] (see |5, 16]). This means
that f* = g¥ + h* where a function ¢* is continuous monotone and of bounded variation, while
h¥ is a monotone step function, where k¥ = 1,2. When the function f is continuous one gets
f = g¢' — ¢* For a monotone non-decreasing function p one has V'p = p(t) — p(a).

In view of Property 17(G1) we infer that

(2) [g; W 7‘[a,x}] - Z?vzgl[gja W, 7‘[a,x}]ij7
where the function [g;;w, ¥|jaq] by @ is real-valued for any w € B(U, A,) and v € P(U) for all
j=0,..,2" 1.

The metric space P(U) is complete, where U = cl(U). Indeed, let g" be a sequence of
rectifiable paths in U fundamental relative to the metric p given by Formula 16(1). Using
diffeomorphism preserving orientations of segments we can consider without loss of generality
that each path g™ is defined on the unit segment [0,1], a = 0, b = 1. It is lightly to mention
that
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(3) l9(a) = f(a)| + V(g = f) = supyeay |9(t) — f(2)] )
for any two functions of bounded variation, f, g : [a,b] — U. For each ¢ > 0 a natural
number ng = ng(€) exists so that p(g", ¢g™) < €/2 for all n,m > ny. That is ¢™ : [0,1] — [0, 1]
diffeomorphisms exist such that

19" (a) — g™(a))| + V2(g" 0 ¢ — g™ 0 ¢™) < € for all n,m > ng, since ¢™ o (¢™)~1 is also
the diffeomorphism preserving the orientation of the segment. Using induction by € = 1/l with
[ € N one chooses a sequence of diffeomorphisms ¢™ such that for each [ € N a natural number
no = no(l) exists such that

g™ (a) — g™(a))| + VE(g" 0 ¢™ — g™ o ¢™) < 1/1 for all n,m > ny(l), consequently,

SUPsefq gy 197 (0" (1)) — g™ (¢™(1))] < 1/ for all n,m = no(l).
Thus the sequence g" o ¢" is fundamental in C°([a,b],U). The latter metric space is complete
relative to the metric

A(f,9) = by |£(1) — 9],
since from the completeness of the Cayley-Dickson algebra A, considered as the normed space
over the real field the completeness of the closed subset U follows (see also Chapter 8 in [3]).
Therefore, the sequence g™ o ¢" converges to a continuous function f : [a,b] — U. On the other
hand, lim,, ;o p(g™ 0 @™, g™ 0 ¢™) = p(g™ o @™, f) < 1/1 for each n > ny(l), I € N. The function
g"o¢" is of bounded variation, consequently, the function f is also of bounded variation. That
is f € P(U). Thus P(U) is complete.

Take any sequence 7" of C%([a,b],.A,) paths in U converging to 7 relative to the metric

p on P(U) and the latter metric space is complete as it was demonstrated above. In view of

Formula 17.1(3) and Property 16(G3) the sequence [g;w, ¥"|[a)] is fundamental in P(U). On

the other hand, the generalized function g is continuous on B(U, A,) x P(U), consequently, the

sequence [g; w,Y"|a,0]] converges in B(U, A,) x P(U) to [g;w, ¥"|{a,q] for each a <z < b, hence
(95w, V|[a,2)]) = limy[g; w, 7" |a,)] in P(U). By the conditions of this lemma [g; w, V|4,q] € P(U),
since ¥([a,b]) C U. Thus the function [g;w,[(e,2)] by = € [a, 8] is of bounded variation:

Volgs w, Vljaa] < o0

18. Definition. Let f and 7 be two line generalized functions on B(U, A,) x P(U) x
V(U, A,). We define a line functional with values denoted by

[, fdn,w' @ w) = [f;wh, 35 05w, K]l leey = [f3 0", 55 [0, #]](7),
where v € P(U) is a rectifiable path in U, w,w! € B(U, A,) are any test functions. The
functional [ fdn is called the non-commutative line integral over the Cayley-Dickson algebra
A, of line generalized functions f by 7. Quite analogously such integral is defined for line
generalized functions f and n on D(U, A,) x P(U) x V(U, A,).

19. Theorem. Let F and = be two generalized functions on U, F, = € B'(U,A,) or
F, 2e€D'(U, A,), then the the non-commutative line integral over the Cayley-Dickson algebra
A, of line generalized functions f by & exists, where f is induced by F' and £ by Z.

Proof. At first it easy to mention that Definition 18 is justified by Definition 16 and Lemma
17.2, since the function [n; w, k|[ 4] is of bounded variation by the variable x for each rectifiable
path £ € P(U) and any test function w (see Properties 16(G1 — G3)), while the operator f
always exists in the class of generalized line operators, f = dg/dz, (dg(z)/dz).1 = f(z) (see
Property 16(G5)).

Each generalized function f € B(U, A,) can be written in the form:

(1) [f,w) = Z?‘fk;lo[fj,kawk)ija
where each f; is a real valued generalized function, f;, € B'(U,R),w = >, wiix, wr € B(U,R)
is a real valued test function, [f;x,wi) = [fj, wkix), [f,w) = Zj[fj,w)ij, [fj,w) € R for each
j=0,..,2"=1and w € B(U, A,), ig, ..., 1201 is the standard base of generators of the Cayley-
Dickson algebra A,. It is well-known that in the space B'(U,R) of generalized functions the
space B(U,R) of test functions is everywhere dense (see [6] and §9 above). In view of the
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decomposition given by Formula (1) we get that B(U, .A,) is everywhere dense in B'(U, A,).
Thus sequences of test functions F! and Z! exist converging to F' and = correspondingly.

Without loss of generality we can embed U into A, taking its e-enlargement (open neigh-
borhood) in case of necessity. So it is sufficient to treat the case of a domain U in A4,. In view
of the analog of the Stone-Weierstrass theorem (see [22, 23|) in C%(Q, A,) for each compact
canonical closed subset in A, the family of all super-differentiable on ) functions is dense,
consequently, the space H (U, A,) of all super-differentiable functions on U is everywhere dense
in D(U, A,). For each rectifiable path v in the domain U a compact canonical closed domain
Q exists Q C U so that v([a,b]) C Q. Therefore, it is sufficient to consider test functions with
compact supports in ). Thus we take super-differentiable functions F™ and =".

Let 7' be a sequence of rectifiable paths continuously differentiable, 4 € C'([a,b], A,),
converging to 7 in P(U) relative to the metric p.

Then for any super-differentiable functions p and ¢ we have

(2) [, p(2)da(2) = [} (d¢(2)/dz).[(dg(2) /d2)-dr' (1)) |
= [} Er5 N 0C(2)/02) [, (9an(2) /02 dnfh (1)),

since each super-differentiable function is Fréchet differentiable, dvi(t) = ’y;./(t)dt, where
(d¢(z)/dz).1 = p(z) and for the corresponding phrases of them for each z € U. On the
other hand, the functional

(3) [ Sr N 0¢(2) /02) 3255 (an(2) /0z;)drk(t)] s continuous on B(U, A,)* x P(U), ie.
for (,p € B(U, A,) and v € P(U) as well.

For a rectifiable path v in U it is possible to take a sequence of open e neighborhoods
e = Uze,y([%b})é(Av,z,e.), e = ¢(l) = 1/1, Wherg B(A,, z,€) == {y : y € Ays |y — z\' < €}.
Therefore, for each function v of bounded variation on U and each rectifiable path v in U a
sequence of test functions @' with supports contained in I''/! exists such that

limy [,;[(d¢(2)/dz).0"(2)]\(dz) = fvp(z)du(z)
for each super-differentiable test functions p,( € H(U,A,) with (d((z)/dz).1 = p(z) on U,
where A denotes the Lebesgue measure on U induced by the Lebesgue measure on the real
shadow R? of the Cayley-Dickson algebra A,, where H (U, A,) denotes the family of all super-
differentiable functions on the domain U with values in the Cayley-Dickson algebra A,.

Using the latter property and in accordance with Formulas (1 — 3) and 16(G6, G7) we put:

(4) [Gw,9] o= limy[=h w, 9] = limy [ Z(y)w(y)dy and

(5) [fs 0!,y 9] = limy [dG' /dz; W', y; v] = limy [ {(dG'(2)/d2) w' (2) }dv(2)
for any v € V(U, A,), where (dG'/dz).1 = F'(z) on U.

Therefore Z converges to £ and dG!/dz converges to f, where [¢; w, | (K| [a,0]) = (& W, K] [a,01]
for each k € P(U), a < x < b (see Lemma 17.2). Therefore, from Formulas (2—5) and Lemmas
17.1 and 17.2 we infer that

(6) [f7 fdn,w! ® w) = lim[dG' /dz; w*, *; [Zh w, ] (1)

= limy fvl [dG! /dz; wh, *; d[Zh w, *(2)],
where z =~ (t), a < t <b.

19.1. Corollary. If F: U — A, is a continuous function on U and = is a generalized
function on U, then the non-commutative line integral over the Cayley-Dickson algebra A, of
line generalized functions f by &

(1) [, fde, o' © w)
exists, where f is induced by F' and & by =.

Proof. This follows from Theorem 19 and the fact that each continuous function F on U
gives the corresponding regular line operator valued generalized function on the space of test
functions w' in B(U, A,) or D(U, A,):

[Fiut] = [, (F ()} (2)dz.
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In this case one can take the marked function w! = xy-, where V is a compact canonical closed
sub-domain in U, since v([a, b]) is compact for each rectifiable path « in U so that y([a,b]) C V'
for the corresponding compact sub-domain V. This gives F Xv(z) = F(z) for each z € V and
F.xy(z)=0foreach z € U\ V.

19.2. Corollary. If F € B'(U, A,) or F € D'(U, A,) is a generalized function on U and
= is a function of bounded variation on U, then the non-commutative line integral over the
Cayley-Dickson algebra A, of line generalized functions f by &

(1) [f7 fdé, v @ w)
exists, where f is induced by F and & by =.

Proof. In this case we put

&0, 8] = [, w(2)d=(2)
for each test function w and each rectifiable path « in U. It is sufficient to take marked test
function w(z) = 1 for each z € U that gives d[{;1,*] = d=. Thus this corollary follows from
Theorem 19.

19.3. Corollary. If F is a continuous function on U and = is a function of bounded
variation on U, then the non-commutative line integral over the Cayley-Dickson algebra A, of
line generalized functions f by &

(1) [f, fit, ' @)
exists, where f is induced by F and & by =. Moreover, this integral coincides with the non-
commutative line integral from §3 for the unit test functions w(z) = w'(2) =1 for each z € U:

(2) [[, fde, 1 ®1) = [ fde.

Proof. This follows from the combination of two preceding corollaries, since for a rectifiable
path v its image in U is contained in a compact sub-domain V in U, i.e. y([a,b]) C V.

19.4. Convolution formula for solutions of partial differential equations.

Using convolutions of generalized functions a solution of the equation

(C1) (Y*+38)f =g in B(R",Y) or in the space B'(R",Y), is:

(02) f = E’I‘SJrﬂ * g,
where Evs, g denotes a fundamental solution of the equation

(C3) (T° + B)Exs5 =,

(0,9) = ¢(0) (see §9). The fundamental solution of the equation

(C4) AgV = 4§ with Ay = (T* + B)(TT* + (1)

can be written as the convolution
(C5) V =:Va, =Ersyp*Exsyg,.

In view of Formulas 4(7 —9) each generalized function Evsg can also be found from the elliptic
partial differential equation

(C6) Z5¥rs45 = 0 by the formula:

(07) STS'HB = [(Ts + ﬁ)*]\IITS-i-,Ba where

(C8) Zp = (T° + B)(T° + )"
(see §33 [28]).

20. Poly-functionals. Let a; : B(U, A,)* — A, or a, : D(U, A,)* — A, be a continuous
mapping satisfying the following three conditions:

(P1) [ap,w! ® ... ® w*) is R homogeneous

[ap,w! ® .. ® (W) ®...0wr) =[ag,w!' @ .. W ® .. @ W)t = [ayt,w! ® ... @ W)
for each t € R and A, additive

[ap,w!' ®.. QW +r)®...0wk) = [ag,w!' ®.. 8w ®... Wk + [a,w! ®.. K @ ... ® W)
by any A, valued test functions w' and &', when other are marked, [ = 1,...,k, i.e. it is k R
linear and k A, additive, where [a;,,w! ® ... @ w*) denotes a value of a; on given test A, valued

functions w?, ..., w*;
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(P2) [ap,w!' ®...® (WB) ®@...0wk) = ([ap,w!' ®...0w ®...0wk)a)p = [(ara)f,w! ®@...®
W' ® ... ® wk) for all real-valued test functions and a, 8 € A,;

(P3) [ag,w’ M @ ... ® w®) = [a, w! @ ... ® wF) for all real-valued test functions and each
transposition o, i.e. bijective surjective mapping o : {1,....,k} — {1,...,k}.

Then a; will be called the symmetric k£ R linear k£ A, additive continuous functional, 1 <
k € Z. The family of all such symmetric functionals is denoted by B’y (U, A,) or D'y <(U, A,)
correspondingly. A functional satisfying Conditions (P1, P2) is called a continuous k-functional
over A, and their family is denoted by B’ (U, A,) or D'y (U, A,). When a situation is outlined
we may omit for short "continuous" or "k R linear k A, additive".

The sum of two k-functionals over the Cayley-Dickson algebra A, is prescribed by the
equality:

(P4) [ag + b, w! @ ... @ WF) = [ag, w! @ ... @ WF) + [bp,w! @ ... @ W)
for each test functions. Using Formula (P4) each k-functional can be written as

(1) [ag,w! ® ... ® WF) = [agpip, w! @ ... @ WF) + ... + [Ap2r _1ior_ 1, w! @ ... ® WF),
where [ay, ;,w! ® ... ® W*) € R is real for all real-valued test functions w',...,w* and each j;
10,-..,09r_1 denote the standard generators of the Cayley-Dickson algebra A,.

The direct product a; ® b, of two functionals a; and b, for the same space of test functions
is a k + p-functional over A, given by the following three conditions:

(P5) [ag @ by, w! @ ... ® WHP) = [ag, w! @ ... ® WF)[b,, W ® ... @ WFTP)
for any real-valued test functions w!, ..., w**?;

(P6) if [by, "™ ® ... ® WFTP) € R is real for any real-valued test functions, then

[(axN1) ® (b,No),w! ® ... ® Ww*P) = (Jay @ by, w! @ ... ® WFP)N; )N,
for any real-valued test functions w?, ...,w*™ and Cayley-Dickson numbers Ni, Ny € A, ;

(P7) if [ag,w' @ ... ® w*) € R and [b,,w* ! ® ... ® W*P) € R are real for any real-valued
test functions, then

[a; ®@b,,w!' ® .0 (WN)) ® ... W) = [a; @ b,,w! ® ... @ VPN,
for any real-valued test functions w!,...,w**? and each Cayley-Dickson number N; € A, for
eachl=1,...k+p.

Therefore, we can now consider a partial differential operator of order u acting on a gen-
eralized function f € B'(U, A.) or f € D'(U, A,) and with generalized coefficients either
aq € B, (U, A,) or all a, € D'jy(U, A,) correspondingly:

(1) Af(x) =Y (9°f(x)) @ [(aa(2)) @ 121D,

laf<u

where 6°‘f = Ol f(2)/0x5°...0x% | & = woip + . :Unin, x; € R for each j, 1 < n = 2" —1,
a=(ag,...,an), la| =ag+...+a,, 0< a; € Z, [Lw) == [;w( ), A denotes the Lebesgue
measure on U for convenience 1%° means the multlphcatlon on the umt 1 € R. The partial
differential equation

(2) Af = g in terms of generalized functions has a solution f means by the definition that

(3) [Af,w®(“+1)) — [g’w®(u+1))
for each real-valued test function w on U, where w® = w ® ... ® w denotes the k times direct
product of a test functions w.

21. Theorem. Let A = A, be a partial differential operator with generalized over the
Cayley-Dickson algebra A, coefficients of an even order uw = 2s on U such that each a, is
symmetric for |a| = u and A has the form

(4) Af = (Burf)cua + .. + (Buf)cur, where each

(5) Buyp = Bupo + Qufl,p
is a partial differential operator by variables T, 1. 4myp 141 Tmyit..tma, aNd of the order
u, My =0, cyp(x) € A, for each k, its principal part
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(6) Bu,p,Of = Z|a|:s(a2af) ® aP:QQ('x>
is elliptic, i.e. Z\a|:s y**[ay 20, w®**) > 0 for all Yk(1)s-+ - Yh(ma,p) 1 R with k(1) = my1 + ... +

Bitma ;
Mup 1+ Losk(Muyp) = Myt + oo + My, ¥° = yfé“ll)yk?;upg) and [ay 24, w%*) > 0 for each

real test function w, either 0 < r < 3 and f is with values in A, or v > 4 and f is real-valued
on real-valued test functions. Then three partial differential operators Y° and Yi and Q of
orders s and p with p < u — 1 with generalized on U coefficients with values in A, exist such
that

(7) [Af, w®@H)) = [T3(T5f) + Qf, w®® ) for each real-valued test function w on U.

Proof. If ay, is a symmetric functional and [c,,w®®) = [ag,, w®?*)1/2 for each real-valued
test function w, then by Formulas 20(P1, P2) this functional cs has an extension up to a
continuous s-functional over the Cayley-Dickson algebra 4,.. This is sufficient for Formula (7),
where only real-valued test functions w are taken.

Consider a continuous p-functional ¢, over A, p € N. Supply the domain U with the metric
induced from the corresponding Euclidean space or the Cayley-Dickson algebra in which U is
embedded. It is possible to take a sequence of non-negative test functions ;w on U with a
support supp(;w) contained in the ball B(U, z,1/l) with center z and radius 1/l and ;w positive
on some open neighborhood of a marked point z in U so that [, w(z)A(dz) = 1 for each I € N.
If the p-functional ¢, is regular and realized by a continuous A, valued function g on U?, then
limy[c,, w®P) = g(z, ..., 2). Thus the partial differential equation 20(2) for regular functionals
and their derivatives implies the classical partial differential equation 2(1).

Therefore, the statement of this theorem follows from Theorem 10, and §§14, 15 and 20,
since the spaces of test functions are dense in the spaces of generalized functions (see §19).

22. Corollary. If Af = 37, (0°f(2)/02:02;) ® a;ji(z) + 32;(0f(2)/0z5) @ bj(2) @ 1 +
f(z) ®n(z) ® 1 is a second order partial differential operator with generalized coefficients in
B' (U, A,) or D'(U, A,), where each ajy is symmetric, f and A, are as in §20, then three partial
differential operators T+ (3, T1+ (51 and Q of the first order with generalized coefficients with
values in A, for suitable v > r of the same class exist such that

(1) [Af,w®) = [(T+B)(T1+61)f +Qf),w®) for each real-valued test function w on U.

Proof. This follows from Theorem 21 and Corollary 12 and §§2 and 8.

23. Anti-derivatives of first order partial differential operators with generalized
coefficients.

Theorem. Let Y be a first order partial differential operator given by the formula

(1) Tf =3 5-0(0F/02)) ® [i545(2)] or

(2) Tf = S (01 /02) @ 63(2),
where supp(j(z)) = U or supp(¢;(z)) = U for each j respectively, f and 1;(z) or v;(z) are
A,-valued generalized functions in B' (U, A,) or D'(U, A.) on the domain U satisfying Condi-
tions 1(D1,D2), algr{[¢j,w), [dr,w), ¢, w)} is alternative for all 0 < j, k,1 < 2 —1 and
algr{[po,w), ..., [p2v_1,w)} C A, for each real-valued test function w on U. Then its anti-
derwative operator Iy emists such that YIyf = f for each continuous generalized function
f:U— A, and it has an expression through line integrals of generalized functions.

Proof. When an operator with generalized coefficients is given by Formula (1), we shall
take unknown generalized functions v;(z) € A, as solutions of the system of partial differential
equations by real variables zj:

(3) [(Ov(2)/0z;) @ ;(2),w®?) = [1,w®?) for all 1 < j < m;

(4) [r(2) ® (Ov;(2)/02k), w?) = [j(2) @ (Ovk(2)/0z;),w®?) for all 1 < j < k < n and and
real-valued test functions w on U.

If the operator is given by Formula (2) we consider the system of partial differential equa-
tions:
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(5) [((dg(2)/dz).10v;(2)/0z]) @ ¢5(2) + ((dg(2)/dz).[0vi(2)/0z;]) ® ¢5(2),w™?) = 0 for all
0<ji<k<mn

(6) Ov(2)/0z; = ¢;(z) for all j =0,....,n;

(7) [((dg(2)/dz).¢;(2)) ® ¢}(2),w®?) = [f(2) ® 1,w®?) for each j = 0,...,n and every real-
valued test function w.

Certainly the system of differential equations given by Formulas (3,4) or (5 — 7) have
solutions in the spaces of test functions B(U, A,) or D(U, A,), when all functions v¢; or ¢; are
in the same space respectively. Applying §§4 or 5 we find generalized functions v; resolving
these system of partial differential equations correspondingly, when all functions v; or ¢; are
generalized functions, since the spaces of test functions are dense in the spaces of generalized
functions (see §19). Substituting line integrals f q(y)dv;(y) from §§4 and 5 on line integrals
f q(y)dv;(y),w! ® w) from §19 one gets the statement of this theorem, since test functions w?
and w in the hne integrals of generalized functions can also be taken real-valued and the real
field is the center of the Cayley-Dickson algebra A,. Therefore, we infer that

(8) 0L, F W)y (y) 0 @ )/ 02 = [F(2) oy (2) ], © )
for each real-valued test function w and z € U, where 4*(t,) = z, t, €< an,by >, @ € A.
Equality (8), Theorem 19 and Corollaries 19.1-19.3 and Conditions 20(P1— P7) give the formula
for an anti-derivative operator:

) [Trfiw®w) = /f Jdz,w ® w) = (n+ 1) Z{/ 1)y (4), 0 © )

Y lfaa.¢]

for each real-valued test-function w, where o € A, an <t < b,, t = t,, z = y(t), consequently,

(10) [T1 [ f(y)dy, ™) = [f @18 1,0%).

23.1. Note. Certainly, the case of the partial differential operator

(1) Tf = >5-0(0f/02r(s)) © b0 (2),
where 0 < k(0) < k(1) < ... < k(n) < 2Y —1 reduces to the considered in §23 case by a suitable
change of variables z — y so that z;) = y;.

24. Example. We consider a consequence of Formulas 15(2 — 6). If ¢(t) is a differentiable
function on the real field R having simple zeros ¢(t;) = 0 (i.e. zeros of the first order), then

(1) 8(a(t) = ¥, 70t — 1),
where the sum is accomplished by all zeros ¢; of the equation ¢(t) = 0 (see Formula I1.2.6(IV)
[6]). Therefore, if y(7) is a C* path in U intersecting the surface U, N AU, at the marked point
z of index | =I5 ,(x), v(10) =z, 0 < 79 < 1, such that y(7) € U; for each 7 < 19 and (1) € U,
for each 7 > 7y then

(2) dg(r(r))/dr = dg*((r))/dr + b X', 8(P,)dP;(+(r)) /dr.
where 6(t) =0 for t < 0 and 6(t) = 1 for ¢ > 0, ¢*(v(7)) = g(v(7)) — hO(T — 10),

(2'1) h = limmm 9(7(7_)) - limTTTo 9(7( )),

(2.2) dPj(y(7))/dT = >"1_1(0P;(2)/02k)(0vk(T)/dT)| .=y (r) (see Example 1.2.2.2 [6]). Par-
ticularly, if a point z is of index 1, then Formula (2) snnphfles

(3) dg(~y(7))/dT = dg*(v(T ))/dT—{—h(S( )[dP(v(T))/dr|. Particularly, these formulas can be
applied to dv;.

Let a partial differential differential operator @ be given by Formula 14(7) and functions
vy, are found (see Theorems 5 and 21 above). We put in accordance with Formula 15(6)

(4) 11(2) = () = S Prso(D0(Papt(2)s - Prginy (2))
where

(5) Pt (2(2)) = hi(@) o 1=

iy, 10, e b0 Vi(2(2 4 9)) = limy, 1o, 0 Ve(2(2 — 1)),
where the sum is by s and p with U, N oU,, # 0.
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Let a domain W be a canonical closed compact set in the Euclidean space R™*! embedded
into A, and contained in a canonical closed compact domain U so that W ={z € U : z; =
0Vn <j<2"—1}. Thus T from test and generalized functions on W is extended on test and
generalized functions on U. We can put v; =0 for n < j <2Y —1, when n < 2¥ — 1. Then for
the rectifiable path v (see above) we get

n

© -+ / adni) @' )
Va1

k=0

— ) / 4()dvi(y), o' x w)

Hgwh %5 1Y his (2 25 ) D (0P;(2)/020) (99m () /d7) |3 w0, ¥} (1) ],

m=1

where v € {y* : a € A} is taken from the foliation C! family of paths (see §6.1 above and also
Theorem 2.13 [27]), z = Y(t.), t. € [Gasba), [a,t] = [aa,t.], | = l5,(2) denotes an index of a
point z in the intersection of boundaries I's* := 0U; N U, # (), w' and w are real-valued test

functions. Since w' is real-valued, we get f(z).w! = f(2)w'(z) and

(7) 1350 % [ Ptssp(2) 2251 () 301 (0P (2)/02) (99 (7) /A7) | sy w0, ¥} ()

= 2 pla(2)0! (2); [0(7 = Tap) hkssp(2), ) |21 (r);
where 7, ,, corresponds to the intersection point y(7s,) of v with I'*? # (). Here the expression
[q, w)| 22 () := lim;[goK?,wok?) denotes the restriction of the generalized function from U onto
v([a,b]), ! € D(U,.A,) is a sequence of test functions and &?(¢([a,b])) C U for each j € N,
¢ € D([a,b], Ay), N2, supp(’) = ¢([a,b]), lim; &7 0 ¢ =~ in P(U). Therefore, the derivative
of the operator [(n + 1)7* ZZ:O[fvl[a . (y)dvg(y),w! x w) by the parameter 7 € [a,b] for the

real test functions w! and w is the following:

(8) ( 1)_1 ZZ:O[fvl[a,t] q(y)dl/k(y),wl X w)/0T =

[(n + D730 {1 ® ¢'(2)(drp(v(r ))/dT) + Yep (M (2)-hsp(2) + G (2)-hasp(2) +
hgp(2). (de( (T))/d7)|z=1(r) ® (T = 7o), W' B w),
Where dg(z)/dz = ¢(z) on U in the class of generalized operator L,(A,, A,) valued functions,
dg(z)/dz).1 = q(z) on U, hg:p(z) = h(z) is given by Formula (2.1) for the derivative operator
dg(z)/dz = ¢ instead of g on each TP # (), ¢' is given by Formula 15(6) for the function
¢(z) with values in L,(A,, A,) instead of g(z). The terms like ¢'(z).(dv}(y(7))/d7) correspond
to the action of the operator valued generalized function ¢'(z) on the generalized function
(dvi(y(7))/dr) which gives a generalized function.
Using Formulas (6 — 8) for n constant on U and ;(z) or ¢;(z) respectively non-zero for
each z € U and all j =0, ...,n we infer that for a continuous or generalized function f

(9) YZv f(2) = f(z), where

A

(10) /f (n+1)" i/ q(z)dy}(z), a €A a, <t<b,},

]70 ,ya |[aa ,t]

where ¢ = (dg/dz).1 and g is given by the Equation 5(9), since f! = f and hg:p = 0 in the class
of generalized functions f and in the class of continuous functions f, also Ay, = 0 for v, = v/}
on U.

Formulas (9,10) show what sort of boundary conditions is sufficient to specify a unique
solution for a given domain U with sub-domains U,. If U is C! diffeomorphic to the half-space
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H, ={z¢€ A, z2po+...+22v_1p2v_1 > 0}, where p = ppio+...+pov_1iov_1 is a marked Cayley-
Dickson number, pg, ..., p2v_1 € R, and sub-domains Uy are not prescribed, then it is sufficient
to give the boundary condition F|sy = G when a solution is in the class of continuous or
generalized functions with the corresponding f and %; or ¢;. Indeed, if the functions v, along v*
are defined up to constants py, the differentials are the same d(vg + ) (2)|2210(r) = AVk|s=yo(7)
in the anti-derivative operator, when dji|,—ye(r) = 0 for each a € A and 7 € [aq, bal.

The operator Zy may be applied also piecewise on each U,. If a solution F' is locally
continuous on U and continuous on each sub-domain Uy, then boundary conditions F|sy, = G*
for all s =1,...,m may be necessary to specify a solution F'. Without boundary conditions the
anti-derivative operator applied to f gives the general solution Zy f of the differential equation
TF=f.

If each v is continuously differentiable, which is possible, when each function 1, or ¢y is
continuous, and f is continuous on U, then a solution F = {y [ fly)dy : a €A, a, <

Y*laa,r
T < by} is continuously differentiable by each 2y, z € U, z = ’ya(tz[). |

One can also mention that the sequence ,,w(zo,...,2,) = (2rm) ™+D/2Zexp{—(22 +
.+ 22)/(2m)} converges to the delta-function on R"™"! embedded into A,, m € N.
Then the sequence ,,0(z) = [ (2rm)~"/?exp{—t?/(2m)}dt converges to the 6 func-
tion, while each function ,,0(zy) is analytic by 25, since m € N, exp{—t*/(2m)} is
the analytic function with the infinite radius of convergence of its power series, while
limy, 400 [~ (2rm) =2 exp{—t?/(2m)}dt = 0. Then each ,,w(zo, ..., z,) and [[}—¢ m0(2;) can
be written in the z-representation over A, as the analytic function with the help of For-
mulas 1(1 — 3), where n < 2V — 1, z; € R for each j, z = zyig + ... + 29v_1920_1. Thus
im0 mw (20, 0y 20) = 0(20, -5 20) and iy, o0 [[jogmf(25) = [ 0(2), db(z0)/d20 =
(5(20)

25. Boundary conditions.

If U is a domain as in §15, we put B(OU,Y) = {flov : f € B(U,Y)} and D(0U,Y) =
{flov : f € D(U,Y)} when a boundary U is non-void so that the topologically adjoint linear
over R spaces, left and right A, modules, of generalized functions are B'(0U,Y") and D'(0U,Y).

Let us consider a generalized function f € B'(0U,Y) or D'(OU,Y) and a test function
h € B(OU,Y) or D(0U,Y) respectively. One can take g € B(U,Y') or D(U,Y) and a sequence
q™ € B(U,Y) or D(U,Y) with supports non intersecting with the boundary supp(¢™)NoU = ()
such that (¢ — ¢™) tends to zero in B(V,Y) or D(V,Y) for each compact subset V' in the
interior Int(U), when m tends to the infinity, while lim,,(g — ¢™) = h in B(0U,Y") or D(0U,Y)
respectively. Here as usually the interior Int(U) is taken in the corresponding topological space
R” or A,. Each generalized function is a limit of test functions, consequently, a generalized
function £ € B'(U,Y) or D'(U,Y) exists so that
Vise versa if £ € B'(U,Y) or D'(U,Y) is a generalized function on U, then Formula (B1) defines
a generalized function f € B'(0U,Y) or D'(0U,Y), which we consider as the restriction of £
on B(OU,Y) or D(OU,Y") correspondingly. In view of the definition of convergence of test and
generalized functions Formula (B1) defines the unique restriction f for the given generalized
function &.

A subsequent use of decomposition of operators into compositions of first order partial
differential operators and their anti-derivation operators permits to integrate partial differential
equations with locally continuous or generalized coefficients.

The results and definitions of previous sections show that for the differential equation

(1) Af =g,
where a partial differential operator is written in accordance with Formulas 10(1,2). When
OU is a C'-manifold without corner points of index greater than one, the following boundary
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conditions may be used:

(2) f(O)]ov = fo(t)), (DM f(t)/0sF...08%")|ov = fiq(t') for |q] < a—1, where s = (s1, ..., $,,) €
R™ (¢) = (¢1;-+qn), |al = @1 + ... + qn, 0 < g € Z for each k, t € OU is denoted by t', fo, fig
are given functions. Generally these conditions may be excessive, so one uses some of them or
their linear combinations (see (4) below). Frequently, the boundary conditions

(3) fF)|ov = fo(t'), (B f(t)/0vY)|ov = fi(t') for 1 <1 < a—1 are also used, where v denotes
a real variable along a unit external normal to the boundary U at a point ¢ € 0Uy. Using
partial differentiation in local coordinates on OU and (3) one can calculate in principle all other
boundary conditions in (2) almost everywhere on oU.

It is possible to describe as an example a particular class of domains and boundary condi-
tions. Suppose that a domain U; and its boundary 0U; satisfy Conditions (D1,7 — vii) and
91 = gxu, is a regular or generalized function on R™ with its support in U;. Then any function
g on R™ gives the function gxy, =: g2 on R", where Uy = R™ \ U;. Take now new domain U
satisfying Conditions (D1,i — vii) and (D2 — D5):

(D2) U DU, and oU C 8U1;

(D3) if a straight line ¢ containing a point w; (see 15(vi)) intersects OU; at two points y;
and ys, then only one point either y; or y, belongs to OU, where w; € Uy, U — w;, and Uy — w;
are convex; if £ intersects QU; only at one point, then it intersects QU at the same point;

(D4) any straight line & through the point w; either does not intersect OU or intersects the
boundary OU only at one point.

Take now g with supp(g) C U, then supp(gxv,) C Uy. Therefore, any problem (1) on U; can
be considered as the restriction of the problem (1) defined on U, satistying (D1 — D4,i — vii).
Any solution f of (1) on U with the boundary conditions on U gives the solution as the
restriction f|y, on U; with the boundary conditions on 9U.

Henceforward, we suppose that the domain U satisfies Conditions (D1, D4,i — vii), which
are rather mild and natural.

Thus the sufficient boundary conditions are:

(4) (971 f(t19) /O, ..0T) ovy,, = .0 ()
for [8] = [q, where m = |h(1j)], 7] < o, [(I)| = 1, a; # 0, g = 0 for ljx = 0, my+qr+hi = ji,
hi = sign(lgjr), 0 < qp < jr — 1 for k > n — k; Qﬁg’(l)(fl(l)) are known functions on 9Uy,
t0 e OU(yy. In the half-space t,, > 0 only the partial derivatives by ¢,

(5) 07f(t) /0t ~o
are necessary for = |g| < a and ¢ as above.

Depending on coefficients of the operator A and the domain U some boundary conditions
may be dropped, when the corresponding terms vanish.

Conditions in (5) are given on disjoint for different (7) sub-manifolds 0U;) in OU and partial
derivatives are along orthogonal to them coordinates in R", so they are correctly posed.

We recall, that a characteristic surface of a partial differential operator given by Formula
10(1) is a surface defined as a zero of C* differentiable function ¢(z1, ..., z,) = 0 in the Euclidean
space or in the Cayley-Dickson algebra such that at each point z of it the condition is satisfied

(CS) a2, (H(2)(00/ 021 (06 /0, = 0
and at least one of the partial derivatives (0¢/0zr) # 0 is non-zero. Generally a domain U
is worthwhile to choose with its interior Int(U) non-intersecting with a characteristic surface
é(z1, ..., xy) = 0 (see also [32, 37]).

26. Solutions of second order partial differential equations with the help of the
line integration over the Cayley-Dickson algebras.

Mention that the operator (Y + ()(zo, ..., z,) acting on a function depending on variables
20, -+, 2 Only can be written as

(1) (20, s Zn41) (f(2)2n11) |20 =1 = T(20, s 20) £ (2) + f(2)B(2)
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n+1 *

= IO (2)2n1) [9)65 ()] oy,
where ¢ (2) = (%), each function ¢;(z) and f(z) may depend on z, ..., z, only, omitting for
short the direct product ® in the case of generalized coefficients in Formula (1) and henceforth.
The operator ¥(zg, ..., 2n+1)(f(2)2n+1) may be reduced to the form satisfying conditions of
Theorems 5 or 23 using a suitable change of variables. This procedure gives an anti-derivative
operator

(1.1) Zy4p = Zy|,,,,=1 such that

(1.2) (¥ + B)Txsnf =
for a continuous function or a generalized function f. Therefore, we shall consider operators of
the form T and their compositions and sums.

We take the partial differential equation with piecewise continuous or generalized coeffi-
cients

(2) A=T7Tf(2) + YTaf(2) =g,
where

(3) Tuf(2) = [X27_0(0f(2)/02;)5(2)"]
for k = 1,2 or without this index k, ¢%(z) = i;95(2) (see §§4, 5 and 23). For solving it we
write the system:

(4) Tif =g1, Tgr =g —Taf.

In accordance with Equation (2) we have:

(5) Tg1 + Tao(T1'01) = g,
where the inverse operator Y ' is the anti-derivation operator Zy, described above in Theorems
4,5 and 23. If T9 # 0 we suppose that either (i) g; or [g;,w) is real-valued or the algebra
algr{g1(2), 9j(2), ¢¥(2)} or algr{[g1,w), [¢],w), [, w)} for all j,k = 0,...,n is associative for
each z € U in the case of functions or for every real-valued test function w in the case of
generalized functions correspondingly. Calculating the expression

(6) Tg1 + To(Tr,91) = (T + g1 = g
we get a new operator (Y + %) = ¥ in accordance with Formulas 4(5,6), 5(6 —8) and 23(3—7)
omitting ® and ®w and [*,w®?) for short in the case of generalized coefficients, where

B2 =3 heo(0v /02)(47)",
when a solution {v;(z) : j} is chosen real, i.e. each function v; is real-valued or a real-valued
generalized function on real-valued test functions (see System 4(10,11) and §23).

Generally without supposition (i) we deduce that

(6.1) Y10+ Yo(Zr,910) = (T + 57) g1 = 7 g’
for each [ =0, ...,n, where 3} = z;‘[zykzo(zj(8V;/6zk))(¢i)*],

(62) Tp oo =g,

(6.3) >0 91001 = g1,
each g1(2) or [g1,,w) is real-valued for each z € U or every real-valued test function w respec-
tively. Solving the system (6.1 — 3) with the help of known anti-derivative operators Zy, one
finds g1, where ¥; =71 + ﬁl?’. Thus an anti-derivative operator J := jT+T2IT1 exists so that

(64) (T + TQITl)jTJrTzITlg =g
In the particular case (i) the equality Jyyr,z,, = Zy is satisfied.

Therefore, in the case of either continuous coefficients of operators and g or generalized
coefficients and g the general solution is:

(7) f =Iy,01 = Ir, T g, where

(8) g1 =Ty

If T5 = 0 the formula simplifies to

9) f=Tx,Iyry.

Examples of boundary conditions and domains permitting to specify a unique solution are
given in §25 above.
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27. Example. Let us consider a function and its phrase satisfying Condition 7(P3).
Therefore, we get

(1) X3 (91) 0 (@) = ~6p (Tm(za (@) + [ 01(2)dz + ¢y, ()
in accordance with Formula 7(6), Where x’' and Im(za (z)) are written in the z and z-
representations respectively using Identities 1(1 — 3). In particular, for T! = o; we have the
coefficients ¢} (2) = i/(ax(2)w;i}-,) for each I = 27k with k € {mi+...4+m;_1+1, ..., mi+...4+m;},
while ¥ (z) = 0 for all others [ for each z. A function a' is given by Formula 7(3) for ¢! instead
of ¥. Let the first order operator ) be written in its standard form:

mi+...4+mj,

(2) Qf= Z >, sk(2)(0f [0zari) (ujiark),

J=1 k=mi+..4mj _1+1

since dgrpw; = wigry, for each w; € A, and k > 1, when 7 > 1, where w; € A, and u; = u;(2) €
A, for each j, sp(z) is the real-valued (super-)differentiable function for each k. If € = z,(y),
then (d¢/dy).[(dy/d§).h] = h for each Cayley-Dickson number h € A,. This implies that these
two R-linear A,-additive operators are related by the equality (dy/d¢).h = (d¢/dy)~'.h. On the
other hand, (dz,(y)/dy).1 = a(y) € A, and y € U C A, in the considered case. The function
2,(y) is defined up to the addendum z,(«), where o € H,, N U, H,, := {2z € A, : Re(z) =
Re(ap)}. We can choose ¢,(y') so that (dz/dy).(1/a) = 1 for each y for which a = a(y) # 0
and inevitably we get (dy/dx).1 =1/a(y).

In the particular case of o, o7 and ) accomplishing the differentiation with the help of the
latter identities we infer that:

mi+...+mj;

B Qi@ =Y Y (dep)/de)ir

J=1 k=mi+...+my; —1+1

H91(y) + (dog, (v)/dy) }.[(dzar () /dy) ™ izes] (s(y) s (y)iork),
where g1 = d(i(y)/dy for a (super-)differentiable function (; such that (d¢i(y)/dy).1 = ¢:1(v'),
’Lﬁ}(z) = zl(ak(z)wﬂ;rk) for each | = 2"k with k£ € {m1 + ...+ m;_1 + 17 ., My =+ ...+ m]'},
while ¢/ (z) = 0 for all others [ for each z. Also i(z) = ii(ar(2)w}is,) for each | = 2"k with
Ee{mi+..+mj_1+1,...,my+...+m;}, while ¢;(z) = 0 for all others [ and for each z. We
introduce the notation:

(4) 0(y) = ul[(dza(y)/dy) iork] (sk(y)u;(y)izry) for I = 27k and k € {mq + ... + mj,_1 +
L,...,mi+...+my}, 6i(y) = 0 for all others [ and for each y;

m1+...+m]-

=— ij Z ai(x) = o(x) and

k:m1+...+mj,1+1

(6) rmi(x) = usp(x)u;(z)igrg] for { =27k with k € {m1 + ... +mj,_1 + 1,...,m1 + ... + m;, },
ki(xz) = 0 for every other | and for each x.
In the general case

2v—1

(1) To(Yi'g)(x) = — Z[(dasf'(x’)/dx)-ij
+H{91(y) + (dog, (v) /dy) }.[(dzar () /dy) ~ i) (355(2)),

where g1 = d¢i(y)/dy for a (super-)differentiable function (; such that (d(;(y)/dy).1 = ¢1(v').
We shall use the notation:
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(8) 6;(y) = i;[(dzaly) /dy) "] (6545 (y)) and for each y and each j;

(9) a(z)="7"(z) and

T

(12)  ((z) = =g, (Im(za(2))) — ¢g,(Im(26(2))) + 5 (I (24(x))) +/ 9(2)dz.

e

For z = « we certainly have z,(a) = zg(a). Suppose that a(z) # 6(z) identically. The
dimension of the Cayley-Dickson algebra A, over the real field is not less, than four. Therefore,
we can choose a path v so that v is orthogonal to § and x at each point on 7, that is v/(¢) L
&' (~(t)) and v/(t) L &'(y(t)) relative to the real-valued scalar product (RS) for each t € [0, 1],
where /() := dvy(t)/dt. Then g1(z9(z)) = g1(v) and ¢p(Im(2.(x))) = ¢p(a’) for each z =
v(t). Therefore, along such path v one has

(13)  91(za()) + g1(a) = ((2) = =&y, (Im(2a(2)) = &g, (@) + Dy () + /x 9(2)dz

for each z = (t). Expressing g;(z) from Equation (11), substituting into 26(4) and integrating

one gets:
x

(14)  f(za(2)) = —s(Im(zar (2))) + / g1(2)dz.

«

Particularly, if the operator A is with constant coefficients, then si(z) = 0 identically for each
k, consequently, # = 0 and xk = 0 identically and g;(2.(x)) = g1() = ¢g, (Im(z,(z))) for each
z, when f has a right linear derivative by z. Arbitrary integration terms in (11,14) can be
specified from the boundary conditions.

Finally, the restriction from the domain in 4, onto the initial domain of real variables in
the real shadow and the extraction of ¥ o f € A, with the help of Formulas 1(1 — 3) gives the
reduction of a solution from A, to A,, where 7} : A, — A, is the R-linear projection operator
defined as the sum of projection operators my + ... +mor_; given by Formulas 3(P1, P2) on Ri;
for j =0,...,2" — 1.

28. Laplace’s operator. When

(1) Ap = A, = Z?:1 0%/023,
is Laplace’s operator, then

(2) TF(2) = S0 (9F(2)/02)i5, 5o that

(3) A, =TT*=-_TT, T = T,
where 2 <n <2"—1, 21, ..., z, € R, in accordance with §2. Consider the fundamental solution
U of the following equation

(4) E¥(21, ..., 2n) = 0(21, ..., 2,) With Z = A,, satisfies the identity:

(5) ¥ = —(TW) % (YW¥) (see the convolution of generalized functions and this formula in
§89, 19.4).

We seek the real fundamental solution ¥ = W, since the Laplace operator is real. The Fourier
transform with the generator i (see §33 [28]) by real variables z1, ..., 2, gives

(6) F(Tn)(x) = —[F(YV,)(2)]? = =[], 2;4) F (V) (2)]?, since

F(YV,)(z) = Z?:1 F(0V,/0z; ij = _i(ijl le;)F(\I/n)(LU),
where x = (21, ..., 2,), 1, ..., 2, € R (see also §2) Thus we get the identity

(7) F(W,)(@) = —(1, ) [F(2,) (@) o

(8) F(¥,)(x) = —(1/(X])_, #3)) for n > 3 is the regular generalized function (functional),
while
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(9) F(¥o)(x) = —P(1/(3]_, 23)) for n = 2.
We recall that the generalized function P(1/(>27 i-173)) on ¢ € D(R? R) is defined as the
regularization:

2

(PAL/(Y_23).¢) = /|<1[¢($) — ¢(0)]|=|*dw + ¢(z)|z|*dz,

j=1 |z|>1
N _ 2 _ 2 .2 R
where x = (z1,23), |z|* = 27 + 23, z1,22 € R.

The inverse Fourier transform (F~'g)(x) = (2m) "(Fg)(—=) of the functions 1/(3°7_, 27)

for n > 3 and P(1/ (25:1 27)) for n = 2 in the class of the generalized functions is known (see
[6] and §89.7 and 11.8 [37]) and gives

(10) (21, 20) = Cu(doi_y 25)' "2 for 3 < n, where C,, = —1/[(n — 2)0,], 0, =
472 JT((n/2) — 1) denotes the surface of the unit sphere in R™, I'(x) denotes Euler’s gamma-
function, while

(11) Wo(21,22) = Cs ln(zj , 23) for n = 2, where Cy = 1/(4).

Thus the technique of convolutions over the Cayley—chkson algebra has permitted to get the
solution of the Laplace operator.

Another method is with the line integration over the Cayley-Dickson algebras. In accordance
with Formula 26(9) we get

\I’n<21, cevy Zn) = —ITITCS.

Laplace’s operator and the delta-function are invariant under any orthogonal transform 7' €
O0,(R) of R"™. Therefore, a fundamental solution ¥,, also is invariant relative to the orthogonal
group O,(R). That is ¥,, depends on |z| and is independent of spherical angles in spherical
system of coordinates. Thus we choose the corresponding branches of the anti-derivative ZyZyd.
The volume element in the Euclidean space R™ can be written as A(dz) = 2" 'dzds, where
x = |z| and ds is the surface element (measure) on the unit sphere S"~!. For each orthogonal
transform its Jacobian is unit.

One can take the family of test functions n. = (271')+/26" exp{—(2% + ... + 22)/(2¢®)} tending
to the delta-function, when ¢ > 0 tends to zero. These functions can be written in the z-
representation due to Formulas 1(1 — 3). On the other hand, for each z-analytic function 7
with real expansion coefficients into a power series each line integral over the Cayley-Dickson
algebra A, restricted on any complex plane R@® MR coincides with the usual complex integral,
where M is a purely imaginary Cayley-Dickson number. Therefore,

LY n(2)d2)y*dy = k+1 [HEFT — 22 (2)dz for k # —1 and

LY n(z)de]dy = [ (n(t) = In(z))n(=)d=.

For the characterlstlc function xpmn04) of the ball B(R",0,z) of radius > 0 with the
center at zero in the Euclidean space R™ embedded into the Cayley-Dickson algebra A, one can
take a sequence of test functions ;w' converging to the regular generalized function x gmn04),
when [ tends to the infinity, consequently, limy [g, w'(2)A(dz) = on2". Integrating twice
with the anti-derivative operator these test functions 7. in accordance with Example 4.1 and
Theorems 19 and 23 and taking the limit with € tending to zero from the right one gets Formulas
(10, 11).

This can also be deduced with the help of the Fourier transform with the generator i:

(12) F(¥,)(z) = F(=IxIxd) = (3, 25) ' F(0) = (7, #5) 7"
Applying the inverse Fourier transform to both sides of Equation (12) we again get Formulas
(10,11).

29. The hyperbolic operators with constant coefficients.

Consider now the hyperbolic operator
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(1) Ag = Lpg = ?:1 82/8332' -2 J=p+1 82/82
where p+qg=mn,1<pand1<gq, (p, q) is the signature of this operator, z1, ..., z, € R. Take
two operators T and Y; with constant A, coefficients so that

(2) T(2) = 52 (0F(2)/02)ity + Xy a(0F(2)/02)[i3i3,] and

(3) T1f(2) = S0, (DF(2)/02)i% + S 1 (OF(2)/02)lirisy ), so that

(4) Lpg =TTy,
where 2 <n <2¥7"—1, r =1 < v, in accordance with Formulas 2(7—9). Then the fundamental
solution W of the partial differential equation

EU(21, ..y 2n) = 0(21, ..., 2,) With = = L, , satisfies the identity:

(5) U = (T*¥) % (T10).

We seek the real fundamental solution ¥ = W, .. since the hyperbolic operator L, , is real.
Using the Fourier transform with the generator i by real variables 2, ..., z,, we infer that

(6) F(Wy0)(x) = [F(T"Wy0) (@)][F(T1W, ) ()]
= [0 %223 +2 7 p %Z2JZ1)F(\I’p,q)($)][_i(Z;):l Tjing+) i TiiafiT) F(Vp) ()], since

F(T0,,)(@) = S0, F(0Wy0/02)in, + D iepir F(0q/07))injiy
= —1(Z§:1 Tjtog + 25 p i1 Titaji) F(Ppg)(2)
and analogously for 1%, where z = (ml, ey )y T1, ..., Ty, € R (see also §2). For the function

(7) P(z) =370, m?—zy p+1 T3 with p > 1 and g > 1 the generalized functions (P(z)+i0)*
and (P(x) —i0)* are defined for any complex number A € C = R @ iR (see Chapter 3 in [6]).
The function P has the cone surface P(zy, ..., 2,) = 0 of zeros, so that for the correct definition
of generalized functions corresponding to P» the generalized functions

(8) (P(x) + ci0)* = limgeeeco(P(z)? + e)M2 exp(iX arg(P(z) + ice))
with either ¢ = —1 or ¢ = 1 were introduced. Therefore, the identity

(9) F(¥pq)(x) = —( 5 1I3 - Z?:p—i—l x?)[F(‘ij,q)(x)]Q or

(10) F(¥) = —1/(P(x) + ci0) follows, where ¢ = —1 or ¢ = 1.

The inverse Fourier transform in the class of the generalized functions is:

(11) F~Y((P(x) + ci0)M) (21, ..., 2n) = exp(—mcqi/2)2P2 2277 2T (X + 1 /2)(Q(21, .., 20) —
€i0) /2 /[T(~ )| D] 2]
for each A € C and n > 3 (see §IV.2.6 [6]), where D = det(g; ) denotes a discriminant of the
quadratic form P(z) = Z?,k=1 9j.xT;xk, while Q(y) = szzl g7*z;z;, is the dual quadratic form
so that Y, ¢"*gr, = (5{ for all j,; 5{ =1 for j =1 and 5{ = 0 for j # [. In the particular
case of n = 2 the inverse Fourier transform is given by the formula:

(12) F7Y((P(z) + ci0) 1) (21, 20) = —47Y|D|7Y2 exp(—meqi/2) In(Q(21, ..., 2,) — ci0).

Making the inverse Fourier transform F~! of the function —1/(P(z) +i0) in this particular
case of A = —1 we get two complex conjugated fundamental solutions

(13) U, 4(21, oy 2n) = —exp(meqi/2)T((n)2) — 1) (P(21, ..., 2) + ci0)1=(/2) /(477/2) for 3 < n
and 1 < pand 1 < g with n = p+ ¢, while

(14) Wy1(21,20) = 47 exp(meqi/2) In(P(z1, 22) + ¢i0) for n = 2, where either ¢ = 1 or
c=—1.

Another approach consists in using the anti-derivative operators. The hyperbolic operator
L,, and the delta-function are invariant under the Lie group O, ,(R) or all linear transforms
of the Euclidean space R™, n = p + ¢, preserving the scalar product (z,y),, = Z§:1 Ty; —

§’+g+1 z;y; invariant. Thus U, , can be written as a composition &(P(x)) of some function &(y)
and of P(z) given by Formula (7). Therefore, we take the corresponding branch of the anti-
derivative in the form ZyZy, § = £(P(z)). Applying the Fourier transform with the generator
i we infer that

(15) F(¥,,)(z) = F(IxZy,d) = (P(z) + ci0) ' F(§) = (P(z) + ¢i0) ™!

Applying the inverse Fourier transform to both sides of Equation (15) one gets Formulas
(13,14).



S.V. Ludkovsky Line integration and second order partial differential equations... 179

Thus the results of §§2-25 over the Cayley-Dickson algebra A, lead to the fundamental
solution of the hyperbolic operator L,,. This means that the approach of §§2-25 over the
Cayley-Dickson algebras leads to the effective solution of any hyperbolic partial differential
equation with constant coefficients. Thus Formulas of §§2, 8 with the known function ¥ = ¥,
from Formulas 28(10,11) and (13, 14) of this section give the fundamental solution of any first
and second order linear partial differential equation with variable z-differentiable A,-valued
coefficients, z € U C A,,.

30. Example. The heat kernel. Each function of the type f(z) = P,(2) exp(—t|z|*) with
a marked positive parameter can be written in the z-representation due to Formulas 1(1 — 3),
where P,(z) denotes the polynomial by z of degree n. Therefore, f(z) in the z-representation
is z-differentiable, consequently, infinite z-differentiable (see [23, 22]) and

lim ™ (2).(h1, ooy ) (1 + [2]F) =
|z| =00
for each 0 < m, k € Z and Cayley-Dickson numbers hq, ..., h,, € A,. Therefore, the space E of
infinite z-differentiable tending to zero at infinity functions together with their derivatives mul-
tiplied on the weight factor (1 + |z|¥) is infinite-dimensional. Thus it is worthwhile to consider
the topologically adjoint space E'; of R-linear A,-additive continuous A,-valued functionals
on E. Elements of E'; are also called the generalized functions. A function or a generalized
function is called finite if its support is a bounded set.
The heat partial differential equation reads as
(1) Ov(2)/020 = a*Av(z) + f(z),
where z = 2080 + ... + Zmlim, 20, s 2m € R, 1 <m < 2Y — 1, 2 < v, where a > 0, f(2) is a real-
valued generalized finite function so that f(z) is zero for zp < 0 (see §16 [37]). We shall seek
the generalized solution &£ of this equation using the technique given above. The generalized
function v = & * f is the solution of (1), where

(2) 0E(2)/020 — a*AE(2) = 6(2),

3) (€+f)z //m T — 2)f(2) Az dim.

As usually ¢ denotes the § generalized function so that

(4) (6 f)(z) = /OIO /m5(x —2)f(2)dz....dz,m = f(2)

for each continuous bounded function f. If f is (super-)differentiable and bounded in each
domain {z:0 < zg < T} for 0 < T < o0, f(z) =0 for zg < 0, then the solution v is also (super-
)differentiable in the domain zy > 0 as it will be seen from the formulas given below. Let us
seek the generalized solution € in the form £(2) = w(z)e*®), where w and u are unknown real-
valued functions to be determined. Calculating derivatives of £ and substituting into Equation
(2) one gets:

(5) " {w'(20) +w(20)0u(2)/ 020} — a”e"Pw(z0) 311, [(Ou(2)/02;)* + 0*u(2)/027] = 8(2),
consequently,

6) (Hw(z)w'(20) = —0u(2)/0z + a*37[(0u(2)/0%) + 0%u(2)/0z] +
e (1/w(2))d(2).
Take now any sequence of continuous non-negative functions 7, with compact supports U,
such that U,1 C U, for each n, with (), U, = {0},

(7) / Nn(2)dzo...dzm = 1
Rm+1
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for all n, tending to ¢ on the space of continuous functions p(z) on Rig & ... ® Ri, with the
converging integral [g,..1 [P(2)[*dzo...dzy, < 00

(8) limy, 00 me+1 p(2)nn(2)dzg...dzm = p(0).

Therefore, we get that on Rig @ ... ® Ri,, \ {0} for zp > 0 the following equation

9) (1 w(zo))w'(20) = —0u(z)/0z + a* Z[(@u(z)/azj)2 + 8%(2)/82?]

j=1

need to be satisfied. The left side of (9) is independent of z — zj, hence the right side is also
independent of z — zy. The partial differential operator

{0u(2) /020 4 a® 377", [(Ou/02;)? + 0%u(2)/027]} acting on u is of the second order. For
each Cayley-Dickson number z € A, the identity 2? = 2z Re(z) — |2|? is satisfied, particularly,
M? = —|M|? for each purely imaginary number M € A,. Therefore, a function u may be only
a polynomial by real variables zq, ..., z,,, of degree not higher than two. On the other hand, the
Laplace operator A and the ¢ function are invariant relative to all elements C' of the orthogonal
group O,,(R) acting on variables z1, ..., z,,. Each O,,(R) invariant real polynomial P of the
second order has the form a(z?+ ...+ 22) + 3, where a and 3 are two constants independent of
21, ey Zm. Thus u as the polynomial of 21, ..., z,, may depend on |z — zy|? = 2% + ... + 22 only.
The latter sum of squares can be written in the z-representation with the help of Formulas
1(1 — 3). This means that £ has the form:

(10) £(2) = w(zo) exp{a(z0)(2? + ... + 22) + B(20)} and Equation (9) simplifies:

(11) (1/w(z0))w'(20) = —[da(z0)/d2o] (21 + ... + 23,) — [dB(20)/do]

+aa(z0){2m + a(z) Z 423}

j=1

We can denote w(z)e®*) by w(z;) again and take without loss of generality that 3 = 0. The
left side of (11) is independent of 21, ..., 2, hence terms with |z — 2|? in (11) are canceling:
a~2(z9)[da(z0)/dz] = 4a®. The latter differential equation gives a(zg) = —1/(co + 4a®z),
where c¢g is the real constant. Substituting this a into (11) one gets:

(12) (1/w(z0))w'(20) = a®a(zp)2m.

Together with Condition (2) this gives Cy = 0 and the heat kernel &:

(13) £(2) = (z0)[2a(r20) 2] ™ exp{—|2 — zo[?/[4a%]}
and the solution

(14) v = € * f,
where 60(zy) = 1 for zy > 0 and 6(z) = 0 for 2y < 0.

If use anti-derivation operators the solution has the form 26(6 —8) supposing that a solution
£ is real-valued on real-valued test functions w, [£,w) € R, where T; =T, YT = —a?A,, (see
§) and Yo = 0/0z. Therefore,

(14) (125 = —ITIT(85/6Z0 - (S)

Making the Fourier transform F' = F,, . by the variables zi,..., 2, with the generator i of
both sides of Equation (14) one gets for suitable branches of the anti-derivatives

(15) a?F(E)(20, %1, ooy ) = [a® D70 2371 (OF (€) /020 — 0(20))-

Solving the latter ordinary differential equation one finds F'(€)(zo, 21, ..., T,,) and making the
inverse Fourier transform by the variables z1, ..., x,, € R one gets Formula (13).

31. Example. Wave operator. In this section the fundamental solution & = &, of the

wave operator is considered:

(1) TIE(t, z) = 6(t, ), where
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(2) [1f = 8%f/0t> — Af denotes the wave (d’Alambert) operator with
(8) Af=) 0°f/0x],
=1

where t > 0, 1, ..., z, € R. We make the change of variables putting t = 2y, x; = 2242 for each
J=1,...,n, 2= 20+ 20s+...+290_2iw_o € Ay, 20, ..., 200_1 € R, 7 = 1. We consider the case
n =3 and v = 4 so that A; 4 is isomorphic with the octonion algebra A; = O. Let us seek &
in the class of the generalized functions in the form £(z) = 6(z2) f(2), where 6 and f are some
generalized functions to be calculated, f may depend only on 2o, 24, ..., 29,42. D’Alambert’s
operator H is invariant relative to any R-linear transformations A from the Lie group Oy ,(R).
Elements of the group O, ,(R) are characterized by the condition A’'GA = G, where G denotes
the square (n + 1) x (n 4+ 1) diagonal matrix G = diag(1, —1, ..., —1), the transposed matrix A
is denoted by A!. This means that the wave operator H is invariant under change of variables
€ = (22,24, .., 2ons2)A for any A € 0y,(R). Making the differentiation of £ one gets the
differential equation: o

(4) [I€ = (0%60/023) f + 2(00/022)(0f | 029) + O] I f = d(2).

The é-function () is also invariant relative to all transformations of the Lie group Oy ,(R),
since dg = g(0) for each continuous function g with [g,.,1 |9(2)[?d22...dz2n 42 < 00. On the other
hand, Equation (4) implies that o

(5) 020/025 = —[2(00/022)(0f /0z2) + O11f — 6(2)]/ £ (2)
for each z € A,,, when f(z) # 0. The left side of Equation (5) may depend only on zj,
consequently, the right side of (5) is independent of zg, ..., 295,42. In view of Formulas 29(2, 3)
with p = 1 and ¢ = n we get the operators 0 = T and o7 = T with ) = 0 up to the enumeration
of the variables. Therefore, one gets the functions ¥, (see Formulas 29(13,14)) over the
Cayley-Dickson algebra A,. But due to the Oy ,(R) invariance of the generalized function £
we infer that it is necessary to take the Oy ,(R) invariant polynomial P(y) = (y3 —>_7_; ¥3;2)-
Thus we put € = 0(2)f(2) with f(z) = u(23 — >0, 23;,,), Where u is some generalized
function. Substituting u instead of f into (5) one gets the simplified differential equation. If
suppose that 90/0z5 = 0 for 2, > 0, then 9?6/923 = 0 and Equation (5) leads to the differential
equation

(7) 4u®).(1,1)(n)n — 40 1(n) = 6(2) /<,
where n = n(2) = 22 — 22 — 22 — 2%, 0(22) = ¢ = const for 25 > 0. Choose any sequence of
z-differentiable functions g,(z) with compact supports converging to the d-function as in §§24
and 30, when n tends to the infinity. Each function g¢,(z)/n(z) has poles of the first order at
points 2y = [22 4 22 + 2212 and 2y = —[22 + 22 + 22]'/2. Making the substitution p = «’.1 in (7)
and Formula 3(10) [20] with the right side Q(2) = gn(2)/n(2) and b(z) = —1/n(z) we obtain
the integral expression for the solution p,, of the differential equation

(8) P'n-1(n) = pa(n)/n = gn(2)/(4cn).
To evaluate the appearing integrals it is possible to use Jordan’s Lemma (see §2 in [24]) over
the octonion algebra isomorphic with A; 4. The evaluation of the integrals (see §3 also) with the
given functions can be reduced to the complex case, when a and x belong to the same complex
plane C,;. Applying Jordan’s lemma one deduces the expression for p, and the limit function
p(n) =& (n)/(2me) + K, where K is a constant, since n € R. Therefore, u(n) = [ p(n)dn. Thus
one infers the fundamental solution

(9) &(2) = 0(1)8(E — |af?)/(27)
and the generalized solution &3 * s of the wave equation

[1f = s, where s = s(z) is a generalized function or particularly a z-differentiable function.
The delta generalized function §(P) of the quadratic form P(z) = 2+ ...+ 22—l —...— a2,

is described in details in §IV.2 [6].
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32. Helmholtz’ operator.

When 3 # 0 with Re(t;3) = 0 for each j (see §8), for example, 8 = By + iz with real 3,
and ; and k > n, then

(1) Ap = A, + |B* is Helmholtz’ operator. The corresponding operator T is given by
Formula 28(2).

For an arbitrary real non-degenerate quadratic form P(z) generalized functions (c? + P +
bi0) with ¢ > 0,b=1o0r b= —1, A € C = R® Ri, are defined as:

(2) (02 + P+ biO))\ = lim0<€_>0(c2 + P+ bEiPl)A,
where P; is a positive definite quadratic form.

Some special functions are useful for such equations. Bessel’s functions are solutions of the
differential equation

(S1) 22d*u/d2* + zdu/dz + (2% — N\?)u = 0,
where A and z are complex. Bessel’s function of the first kind is given by the series:

(S2) Ji(z) = i ™(2/2)*™ ) ImIT(A + m + 1)],

m=0

where z and A € C;. Then

(S3) I\(z) = exp(—7mAi/2)Jy\(iz)
is called Bessel’s function of the imaginary argument. Other needed functions for non-integer
A are:
(54) Nx(2) = [J1(2) cos(mA) — Jx(2)]/ sin(r2),
(85) HY(2) = Jx(2) + A(Z)
(56) HO(2) = Jy(2) — iV (2),

(S7) Kx(2) = m[I_x(2) — A( )]/[2sin(m\)] = 7 exp(ir(X + 1)/2)H{" (iz) /2
with the complex variable z and non-integer complex parameter A. For integer A values of
these functions (S4 — 7) are defined as limits by A € C; \ Z. The functions H® and H® are
also solutions of Bessel’s differential equation (S1) and they are called Hankel’s functions of the

first and the second kind respectively, K)(z) is known as Mcdonald’s function. The functions
I(z) and K,(z) are linearly independent solutions of the differential equation:

(98) 22d*u/dz* + zdu/dz — (2* + N*)u =0
(see about special functions in [18, 31]).

Analogously to §28 using Formulas 19.4(C4 — C7) and 14(3,4) or Theorem 23 for a funda-
mental solution ¥,, of the equation

(3) AO\I/n - (5,
where A is Helmholtz’ operator, we get the identity

(4) F(¥n)(2) = [ = 3Gy 2)][F (¥n)(2)]* or

(5) F(¥n)(x) = 1/[c* — (325, #7) + bi0],
where ¢ > 0, ¢ = |8|. The Fourier transform of the generalized function (¢ + P(z) + bi0)* by
the real variables © = (21, ..., ;) with the generator i is:

(6) Fl(c® + P(x) + bi0)*|(y) =
M (2m) P IK ) [e(Q(y) — bi0)]/[D(=A)DY2(Q(y) — bi0) Y/2+7/9)],
where D = det(g;x) denotes a discriminant of the quadratic form P(z) = > 7 | g;x%;s,
Q(y) = szzl g7Fx;zy, is the dual quadratic form so that >, g™ gy, = 5{, 5{ =1forj=1
and §] = 0 for j # [ (see §IV.8.2 [6]). Mention that D2 = |D|*/? exp(—qri/2) if the canonical
representation of the quadratic form P has g negative terms.
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Another formula is:

(7) Fl(c* + P(x) + bi0)*|(y) =

221 (2m)"/2 exp(—bgmi/2) M A Ky ) [e(Q () 2]/ [T (=N [ DIV2(Qu ()M #+74]

+(bmi/2) HA), o) [e(Q- ()24 [D(=N)[D]Y2(Q () >+ /43,
where j(1) =1, j(—1) =2,

(P}, ) = fP>O Prpdz,...dz,,

(P ¢) = fP<0 P pdx,...dx,.

The functions (P + bi0)* and P} and P» by the complex variable A are regularized as it is
described in [6] with the help of their Laurent series in neighborhoods of singular isolated
points A such that after the regularization only the regular part of the Laurent series remains.
The functions (P + bi0)* with b= 1 or b = —1 have only simple poles at the points A = —n/2,
-(n/2)-1,...,—(n/2) — k,..., where k = 1,2,... is a natural number. Using formula (6) with
A= —1and P(z) = —(2? + ... + 22) one gets the fundamental solution ¥,,, where (F~'g)(z) =
(27)"(Fg)(—z). Particularly, U3(z) = — exp(bei|z|)/(47|z|), Ua(z) = —iH" (c|z])/4 or its
complex conjugate iHé2) (c|z|)/4, where H(gj ) denotes Hankel’s function, j = 1, 2.

33. Klein-Gordon’s operator.

Consider 8 and ¢; as in §8 with Re(t}3) = 0 for each j, ¢ = |3 > 0. Take the operator

(1) Ao = Lypq+ ¢,
where L, , is the hyperbolic operator as in §29. For p = 1 and ¢ = 3 the operator Ay is called
Klein-Gordon’s operator. From Formulas 32(C4 — C7) and 14(3,4) or Theorem 23 we infer
that

(2) F(Wn)(2) = [¢® = (XF_y 25 — X001 )| [F (W) (2)]? or

(3) F(0) (@) = 1/[6* — (S22 — Yooy 22) + biO]

Then Formulas 19.4(6) or 32(7) with A = —1 and P(z) = —2f — ... — 2 + 22 + ... + 23,
n = p + ¢, give the fundamental solution ¥, , of the equation

(4) (Lpg + ) Tpq =9,
where (F'g)(z) = (2m)"(Fg)(—z). There are two R-linearly independent fundamental solu-
tions, so their R-linear combination with real coefficients a; and as such that a; + as = 1 is
also a fundamental solution.

34. Remark. Certainly, more general partial differential equations as 30(1), but with
0w /0z,, 1 > 2, instead of Ov/dzy can be considered. It is worth to mention, that alternative
deductions using Formulas 7(1) and 27(11, 14) can be used instead of 8(1) and 19.4(C1—C7) in
§§30 and 31 providing also u(z) = a(2{+...4-22,)+0 and f(2) = u(23—>_"_, 23;,,) with the help
of the symmetry Lie groups O,,(R) and O;,(R). Indeed, Functions P(z)* satisfy Condition
7(P3) for any real A, where P(z) = 22 + ... + zﬁ — z§+1 — =22 1<p<n< 21,1 <,
since (dP(z2)*/dz).h = P(2)*"1A\2Re(n(2)h), where z € A,, n(z) = 2141 + ... + 2,i, for p = n,
while 7(2) = 2192 + ... + 2piop + 2p113lo(pt1) + .. + Zniiia, for p < n. The function 7(z) can be
written in the z-representation due to Formulas 1(1 — 3).

Formally the case of the hyperbolic operators L, , 4+ ¢* and their fundamental solutions is
obtained from the elliptic operators A,, +c* with ¢ > 0 by the change of variables (zy, ..., z,) —
(@1, <oy Tpy Tpiad, ..y Tpigl), where n = p+ ¢, z; € R and z;i € C = R @ Ri for each j, since
the quadratic forms P may be with complex coefficients and their Fourier transforms can be
considered as in [6]. At the same operators o or Y for these particular operators L, , + ¢?
and A, + ¢® can be written over the complexified algebra (A, )¢ instead of the Cayley-Dickson
algebra A,, 2 <r < v (see §2 above). For this we take in Formula 2(8) i instead of wj so that

(1) of(z) =251 (0f(2)/0z)i; + >0, 1(0f(2)/02;)ii}, consequently,

(2) (c+o)c—0o)f =(Lyy+*)f and

(3) (c+o)(ct o) f=(cta)(cto)f =(Antc)f.
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Let

(4) Ecpg = Lpg+* wherec € R, L,p=A,, 1 <p<n,g=n—p, and let ¥.,, be a
fundamental solution of the equation

(5) Eepq¥epg =0
Then due to Identities (2,3) a fundamental solution £ = £, of the equation

(6) (o + B)E = § can be written in the form:

(7) €810 = (0 + B)*Wepo, where 8 € A,, |B] = ¢, Re(t;3) = 0 for each j, t; = i} for
1 <j <p,t; =1 for p < j < n. Moreover,

(8) Eero = (c—0)¥epy

Therefore, we infer a solution of the equation

(9) (c+B8)f =g in D(R™, A,) or in the space D(R™, A,);:

(10) f = €346 * g. From (2,3) we deduce a fundamental solution V of the equation

(10) AV = (0 + B)(01 + £1)V = § in the convolution form:

(1) V = &Erip * Eoyvps
since

(12) AgV = (0 + B)(01 + B1)(((0 + B) Wemo) * (01 + 51) Peno)

= (((O’ + ﬁ)(a + ﬁl)*‘yc,n,o) * (((0'1 + ﬁl)(O'l + ﬁl)*\I’C,mo)) =d*0=9. Particularly,

Uepg=—Ccro*E cio = ((c—0) Vo) *((c+0)¥.no), that can be lightly verified after the
Fourier transform by real variables with the generator i, since by Formulas (1, 2) the operator o
and its anti-derivative operator Z, correspond to the signature (p, q) and F(oco*g) = —|z|*F(g)
for any g € D(R", A,)}.

Knowing a fundamental solution it is possible to consider then a boundary problem (see
also [13, 37]).

35. Partial differential equations of order higher than two.

The fundamental solution Wym, 3 of the equation

(1) Eam,g¥rmip =0,
where

(2) Boms = (T7 + B)(T™ + 3"
can be obtained using decompositions with the help of operators of the first order Y, + G by
induction, if such decomposition exists (see §§10-14 above). Suppose that this decomposition
is constructed

(3) (Y™ +8) f(2) = (Yo +Bm)[---[(To+B2) [(Tim+LBm) f(2)]]-..], then the fundamental solution
can be written as the iterated convolution

(4) Upmig = [ [[(Tom 4 Bn)*Em] * (Y1 + Br1) Ema]] * -] % [(T1 + 1) &1l
where £; denotes the fundamental solution of the elliptic second order partial differential equa-
tion

(5) A;&; =4, with

(6) Aj = (Y5 + 8;)(T; +6;)"
The fundamental solutions &; were written above in §§2 and 28. Indeed, using Equalities
4(7 —9) by induction we have

(7) 226 (@ b, Ot ) B2 ) )0 ) 01,11 ) 02,05 ) - ) B 1,
= Re(ay, ;. amy,,)---Re(aly a1y,),
where ) denotes the sum by all pairwise transpositions (ki1,0),...,(km,lm), ajr € A,. There-
fore,

(8) Eom,g¥rmip =
[H(Tm"{'ﬂm)(Tm +ﬂm)*‘€m] * [(Tm—l +ﬂm—1)(Tm—l +6m—1)*gm—1]] * ] * [(Tl +ﬂ1)(T1 +ﬁ1)*51]
=[..[0*%d]x..]xd=04.

Vice versa if the fundamental solution Wym,sz is known, then we get the fundamental
solution &5 of the equation

9) (Y™ +B)EF =6 as
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(10) &5 = (Y™ + B)*Wym 5 in accordance with (2,7). Moreover, the equation

(11) Apyif = g with Apyy, = (YT + 61)(T5 + 5a)
in D(R™, A,) or in the space D(R", A,);, where n is a number of real variables, 2 < n < 2%,
has the fundamental solution V,, x:

(12) Visr = Expp * Exkyp,, Where

(13) Expip = (Y1 + B1) " Wrpois
denotes the fundamental solution of the equation

(14) (YT + B1)Exmip, = 0, consequently,

(15) f = Vim+k * g is the solution of Equation (11).

For example, the fourth order partial differential operator

Auf(2) = Y0, 04 () )08 — S0 04 (2) /02!
can be decomposed as the composition of two operators of the second order T? and Y? formally
as o and oy in 2(8,9) with the substitution of 9 f /0zor; on 0% f /023, ; so that in accordance with
Theorem 10 this operator A4 can be presented in the form given by Formulas (2,3, 11).

On the other hand, fundamental solutions of A¥ and L% ~and A} for certain other second
order partial differential operators are known. So combining them with operators of the form
T .Y7™ permits to consider fundamental solutions of many partial differential operators of
order higher than two as well.

Thus knowing fundamental solutions of the corresponding first or second order operators
permits to write fundamental solutions of higher order partial differential operators considered
above with the help of the iterated convolutions in a definite order prescribed by the induction
process.

36. Non-linear partial differential equations.

We consider the differential equation

(1) (Y™ + 68+ f(y)V)y =g,
where Y™+ 3 is a partial differential operator as in Formula 10(13) of order m, f(y) is a A, dif-
ferentiable function, y = y(z) is an unknown function, f(y)Yy := Z?:O[f(y).(ay(z)/azj)]qb;f(z).
Suppose that a fundamental solution Eym, s of Equation 35(9) for the operator (Y™ + () is
known. Find at first a fundamental solution y =V of (1) with g = §. Then

(2) (X" + BV =5 —p.
where 1i(2) = f(y(2))Yy(z). The anti-derivative gives

(3) w(y(2)) =+ [(fW)Yy)dz = [ f(y(z))dy(z) = [ f(y)dy = v [ u(2)dz,
then

@)y =0 [y, pla)do),
where w™! denotes the inverse function. On the other hand,

(5) y=Ermip* (6 — p) = Zymyg(d — ), when Y™ is either of the first order for m =1 or
is expressed as a composition of operators of the first order,

(5.1) Y™+ 3= (Y1 + 6")..(Tp + ™) so that

(52) I’rerg = Z’rm+/3m...z-f1+51,
consequently, (4,5) imply the equation:

(6) Exmis + (6 — ) = Temi(d — 1) = w(x [,

(1) w(Erogs (0= ) =1 [, pla)d
We have the identity

(O(E ) /02,),6) = — (€ + V), 00/02,) — (€  (99/0,)), 6)
with a generalized function W.

Therefore, differentiating (6) by zo,...,z,, we infer that:

(3) {550l 5 * (O0a(2)/02)]5 () }+
(n+ 1)1 0, _o[(dw () /d€).(B(2).(v; () [920)))63 () = YTErmis or

p(x)dzx) or

O‘I[a,,tz]
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(n+1)7 320 o l(dw™(€)/dE).(0(2)-(0v;(2) /02))I¢5(2) = Y (T 1),
where

(9.1) [((dg(2)/d2).6;(2)) ® ¢7(2), w??) = [u(2) ® 1,w"?)
for each real-valued test function w and each j, 6(z) = dg(z)/dz, € = ¢ f7 o x)dx (see
also §84, 5, 17, 23 and 26). If T and § are independent of z;, i.e. ¢;(z) =0 is zero 1dentlcally
on U, then O(Zymypp)/0z; = Tym i (0p/0z;) (see also Note 23.1). Otherwise the derivative
O(Zympp)/0z; is given by Formulas 4(6) and 23(8) and 26(1). The function w is known
from (3) after the line integration by the variable y, so Equation (8) is linear by (Ou(z)/0%;),
j=0,...,n. It can be solved as in [20]. Calculating p from (8) or (9) we get the fundamental
solution:

(10) V = Exmyg* (6 — p)
and the (particular) solution of (1) is:

(11) y =V xg.

When [Exmg,w) is real for each real-valued test function w or Yf = (9f/0z0)¢o(z) with
a real-valued function ¢g(z) and the inverse relative to the convolution generalized function is
known Exm 5 such that

(12) Exm g% Exmip =,
then Equation (8) simplifies: )

(13) Tu(z) + (0 + 17 30 o Ermap * [[(dw™(§)/dE).(0(2).(0vi(2)/021))]¢i(2)] =
Z?ZO[EELW * (0&xm 13/02;)|#5(2), consequently,

(14) Tu(z) + v(p) = b(z), )
where v(p) = (n+1)7 3200 Exmg * [[(dw™'(€)/dE).(0(2)-(Ov;(2)/021))] 9k (2)] and b(z) =
Sfﬁurﬁ % <T5Tm+g).

If equation (1) iSAsolved, then it provides a solution of more general equation:

(15) (X + 5+ (0 €) (0 = g
finding ¢ from the equation (Y)*~¢ = y, where (T)* denotes the k-th power of the operator
T.

If ¢;(2) = i;9;(z) for each j, then functions {v;(z) : j} can be chosen real-valued or real-
valued generalized functions on real valued test functions (see System 4(10,11) and §23). In

such case the equality R

> kol (dw™ () /dE).(0(2).(0v;(2)/0z)) | 65(2)

S ol (€) /). (u(2) (B (2),/020)i itabu )]
is satisfied. For YTf = (90f/0z0)po(z) with a real-valued function ¢y(z) these equations
simplify, since 0.h = p(z)h for each h € R and z € U and (n + 1)} > k=0 Sgrlnw *
([(dw="(€)/d€).(0(2).(0w;(2)/021)) |6} (2)] = Exm g * [(dw (&) /dE).pu(2)].

Thus the results of this paper over the Cayley-Dickson algebras enrich the technique of
integration of partial differential equations in comparison with the complex field.

It is planned to present in the next paper solutions of some types of non-linear partial dif-
ferential equations with the help of non-linear mappings and non-commutative line integration
over the Cayley-Dickson algebras.
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