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O V MEKJIVHAPOJ/JIHO IIIKOJIE - CEMIHAPE
«OCHOBEI ®MTHCJIEPOBOII TEOMETPUN U EE
IMTPNJIO2KEHNA B ®U3UKE»

MexktyHapoublii (poHJI PasBUTHA HCCAEIOBAHUN 1O QuHC/IepoBoil reoMmerpun u Haydno-
UCCTIEIOBATEIbCKUIT WHCTUTYT TUIIEPKOMILIEKCHBIX CHCTEM B TeoMeTpuu u (hu3uke npu pu-
HaHCOBOI mojiep:kKe MuHucrepcra obpaszoBanus u Haykun Poccuiickoit @enepanun u mnpu
coneticrBuu Mockosckoro l'ocynapcrsennoro Texuuueckoro Yuusepcurera um. H.9. Baymana
nposesin 1 —7 nosaopga 2010 1. 7y1s cTapiiek/IacCHUKOB, CTYJ/IEHTOB U MOJIOJIBIX yUeHbIX V Mex-
JIYHAPOIHYIO MIKOJTy-ceMuHuap «OCHOBBI (DUHCIIEPOBOIT F€OMETPUH U €€ TIPUJIOXKEHNUsT B (DU3UKE».
SaHATHs MTKOJIBI POXOANIN B Y 4ebHo-1abopaTopHoM Kopiryce MI'TY, a Tak:ke B >KUBOIMUCHOM
Mmecrte [logmockoBbst Ha Tepputopun YdueoHoro Illentpa r. Koposer «Jlecnoe ozepos. Ilkoma
IpoxXoIMIa mapasaeabHo u copmecTHo ¢ VI Mesxkaynapoanoit koudepennueii «PUHCIEPOBHI
obobmmennst Teopun ornocuresnbHocTny (FERT-2010), B koTopoil npuasiim yaactue 6omee 50
ydaenbIX n3 10 cTpaH.

Heckonbko cioB o dunciepopoit reomerpun. OuHcIepoBa reOMeTprsi — 3TO €CTECTBEHHOE
NpoJOJIKeHNe psijia: reomerpusd EBKinaa, reomerpuss MUHKOBCKOrO, TeOMeTpHUsi ODIIEl Teo-
pun orHOcuTebHOCTH. OCHOBHOE OT/INYMe (DUHCIEPOBOI Ne€OMETPHUH OT MEPEUNCIEHHBIX BBIIIIE
B TOM, 4TO aHaJioru teopeMbl [Incdaropa B Heil MOryT CBA3BIBATH MEXKJIy COOOW HE TOIBKO
KBaJIPATHI TUTIOTEHY3 U KATETOB, HO U 0OJIee BBICOKUE UX CTEIEHU, B YACTHOCTHU, TPETHU WU de-
TBepThIe. KcTh ocHOBaHUS MpeIoaraTh, 9To 9Ta TeOMeTPUsl MOXKET OKa3aTbCs (DYyHIaMEHTOM
OyayIIeil e uHO# TeOPHUN I0JIA, KOTOPas CO BpeMeHeM CTaHeT TeOPEeTUIeCKOil OCHOBOI co3maHus
NPUHITUIINAIBHO HOBBIX MPUKJIAIHBIX YCTPOHCTB B 00JACTH SHEPTETUKHU, CBA3U U TPAHCIOPTA.

CymrecTByeT 1esblil psifi acTpodu3ntdecknx HaOJIIOICHUN CBUAETEIbCTBYIONINX, UTO HAIla
Bceenennasi anmzorpornna #He TOAbKO 10 nHTepBasioB B 100200 MIlapcek, HO 1 MHOTrO J1ajIb-
1€, BO3MOKHO, BILIOTH JIO CBOMX BUJMMBIX T'panuil. [1ogo0HbIe (haKThl jIe1al0T aKTyaJ bHBIMA
MTOUCKHU YJIOBJIETBOPUTETIHLHOIO 0000I1eHNnsT MeTPUKN MUHKOBCKOrO Ha OHY U3 (PUHCIEPOBBIX
MeTpuk. UToObI OKa3aThCsi pabOTOCIIOCOOHBIM, TaKOe 0000IIeHNe, ¢ OTHOM CTOPOHBI, HOXKHO He
IPOTUBOPEYUTH COBPEMEHHBIM IICEBIOPUMAHOBBIM IPEJICTABIEHUAM O TMPOCTPAHCTBE-BPEMEHH,
a ¢ JPYToil, — JlaBaTh UMEHHO TaKue CJIEJICTBHSA, KOTOPBIE COTJIACYIOTC ¢ HAOJIIOJICHUSAMU aHW-
zorpornuu. Cpean Takux HAOJIIOIEHN, CBUIETEIHLCTBYIONINX O TJI00ATBHOM aHU30TPOINN HAITEi
Bceenennoit, MOYXKHO yIIOMSHYTh:

— AQHU30TPOIHIO PEJIMKTOBOrO (hOHA, HA CErojHsd Hambojee MOJTHO UCCIEOBAHHYIO B PaMKAX
nporpaMmM WMAP u Plank;

— aHU30TPONUIO COOCTBEHHBIX JIBUXKEHUI KBa3apoB, BbIsABIeHHYIO B pabotax MacMillan;

— aHU3O0TPOIMIO pacHpeeseHnii Mo HeDOCBOAY mapamMeTpa XadbJia, BBISBJICHHYIO B padoTe
McClure u Dyer Brtors 10 paccrosuuii B 300 MITapcek.

OanuM u3 Hambosiee MEPCHEKTUBHBIX KAHJ/MIATOB HA 3aMeHy ICeBJIOPUMAHOBONW METPUKH
MIPOCTPAHCTBA-BPEMEHNU sIBJII€TCS YeThIpeXMepHOe (DUHCIEPOBO MPOCTPAHCTBO C METPHUKOI
Bepsanbiaa-Moopa. Tecroe poicTBO 9TUX ABYX TPOCTPAHCTB OCOOEHHO SPKO MPOABJISIETCS B TaK
Ha3BIBAEMOM M30TPOITHOM 0asmnce, BCe JeThIpe BEKTOPa KOTOPOTO JIeyKaT Ha CBETOBOM KOHYCE.
Oprorounasibublii 6a3uc
[IpocTpancrBo — Bpemenu MUHKOBCKOTO:

S2 = 2 gy P (1)
[IpocrpancrBo — Bpemenn beppasbaa-Moopa:

St=ct + 2t oyt + 2t =2 (2 + P + 2P) — 2(2%yP + 272 4+ ¢P2P) + Sctayz (2)
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NzorponHbiii 6a3uc

[IpocTpancrBo — Bpemenu MUHKOBCKOTO:
S? = hihy + hihs + hihg + hahs + hohg + hahy
[Ipocrpancrso — Bpemenu Bepasbiaa-Moopa:

S4 = h1h2h3h4

IIpousBosbHBIIT OGa3uc

[IpocTpancrBo — Bpemenu MUHKOBCKOTO:
dS? = g;j(z)dz'dx’
[Ipocrpancrso — Bpemenu Beppasbiaa-Moopa:
dst = gijkl(z)dxidxjda:kdxl

Cpegm CBOfICTB, JeJIaloIInX 9T IIPOCTPaHCTBa BECbMa CXOXKMMMN MO2KHO Ha3BaTb:

(6)

ITPOCTPAHCTBEHHYIO OJIHOPOTHOCTH, M3 KOTOPON CJIEIYIOT 3aKOHBI COXPAHEHUd SHEPIrHH-
AMITYJIbCA;

paBHOIIpaBUE BPEMEHUIIO00HBIX HAIPABJICHU, U3 KOTOPOTO CAEAYIOT 3aKOHBI COXPAHEHUA
TIOJIOYKEHUS TEHTPa MacC M PeIITUBUCTCKAS MHBAPUAHTHOCTS;

Hasimaue rpynnsl cummverpuit SO (3), mpasja, ee MHBAPUAHTOM SIBJISIIOTCS HE TPEX- WJIN
YeTbIpeXMEPHbIE UHTEPBAJIbI, a 00/1ee CJI0YKHbIE METPUYECKIE BEUINHDI;

MIOCTOSTHCTBO CKOPOCTH CBETA, KOTOpas, KaK U B IpocTpaHcTBe MUHKOBCKOTO He 3aBUCUT, HU
OT CKOPOCTHU HAOJ/IO/aTENsl, HI OT HAIPABJIEHIT;

HAJINYIUE CBETOBOTO KOHYCA, JEJSAIIET0 BCE YeThIPEXMEPHOEe MPOCTPAHCTBO HA KOHYC MPO-
IILJIOTO, KOHYC Oy/Iy1iero u 00/1acTb abCOMIOTHO Y/IaJ€HHBIX COOBITHIA;

YIIopAJ09€HHOCTD COOBITHI 1O BpeMeHHOfI KOoopAuHaTe, 9TO IIO3BOJIAET I'OBOPUTHL O COBME-
CTUMOCTH C IPUHIUIIOM PUIUHHOCTH.

O,L[HELKO €CThb U CyHleCTBE€HHbIC OTJINYIMNA:

rpyIna JBUKEHHil (M30MeTpUYecKnxX Mpeobpa3oBaHmii) paccMaTpuBaeMoro (QUHCIEPOBa
NIPOCTPAHCTBa 7-mapameTpudeckas BMecTo 10-mapamerpudeckoit rpynmnbl [lyankape;

rpyImmna KOH(MOPMHBIX Mpeodpa3oBaHuil — OeCKOHEYHOMEPHAs, BMECTO 15-TlapaMeTpuydecKoil
KOH(MOPMHOI TPyl MpocTpancTBa MUHKOBCKOTO;

UMEIOTCsl JIOTIOTHUTEIbHbIE OECKOHETHOMEPHbBIE I'PYTIILI HEIPEPBIBHBIX CUMMETPHil, aHAJIO-
OB KOTOPBIM HET B TPOCTPAHCTBe MUHKOBCKOTO;

B apPUHHOM MPEICTABICHUN CBETOBOI KOHYC PACCMATPUBAEMOTO TTPOCTPAHCTBA MMEET BUJ
JIBYX Y€TBIPEXTIPAHHBIX MUPaMIJ, & He (pOpMy KPYIJIOTO KOHYCA, KaK B IMpocTpancTBe MuH-
KOBCKOT'0;

TpPeXMepHOe MTPOCTPAHCTBO OTHOCUTEILHO OJIHOBPEMEHHBIX COOBITHIl IMpEeJICTaB/IsAeT CODOM
HEJIMHEHHYIO TUIIEPIIOBEPXHOCTH, BMECTO TUIEPILJIOCKOCTU TTPOCTPAHCTBA MUHKOBCKOTO.
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Cx0/IcTBO IBYX MPOCTPAHCTB OCOOEHHO CUTLHO MPOSBIISETCS TIPU MAJIBIX CKOPOCTSX T10 OTHOIIIE-
HUIO K CKOPOCTH CBeTa, KOrJa 06a OHI TPUOJIMZKEHHO MOT'YT OMUCHIBATHCA reomeTpueil [anues.
[Ipu GobIUX CKOPOCTSAX MpOoOJIeMa COOTBETCTBHS MOKA HE PeIllleHa, OJHAKO U TYT BIIOJHE MO-
JKeT HafiTuCh mapamMeTp Jis IpeJIe/IbHOrO mepexojia. He3aBrucumo oT 3TOro yMecTHO MOCTABUTH
BOIIPOC: MMEIOTCS JIN KaKue-Tnb0 IKCIepuMeHTaIbHbIe WM HAOJ0IaTe/IbHbIe CBUJIETE/IHCTBA,
KOTOpBIE TOBOPUJIN OBI B TIOJIB3Y JIYUIIEro OMICaHUs peaJbHoro Mupa IMeHHO ¢ MO3uIuil puH-
CJIEPOBOII TeOMEeTPUN, a He IICEeBI0PUMAHOBOM !

CymrecTByeT Bepcusi, UTO €CJIM MOJ0OHBIE MOBEPOYHbIE SIBIECHUS €CTh, TO UCKATH UX CJIe-
JIyeT Ha KOCMOJIOTUYeCKUX MHTepBasiaX. V3 pas/mdHbIX BApUAHTOB COOTBETCTBYIOIIEH MTPOBEp-
KN OCOOBINT MHTEPEC MPeJICTAB/IAET CUTYyalllsd ¢ aHU30TPONUEHl PEJMKTOBOIO MU3JIYUEHUT. ITO
sIBJIEHUE CBSA3aHO C COOBITUSIMU, UMEBIINMH MECTO MUJLIMAP/IBI JIET HA3aJ U YIAJEHHBIMUA OT
HAC Ha PACCTOSIHUS B MUJLIMAP/bI CBETOBBIX JieT. 10 eCcTh, KAK pa3 TaM, IJie M0 BbIIBUTAEMbIM
MIPEJIOIOKEHUSIM Hanbosiee pebehHO JIOMKHBI TPOSBIIATHCA CenuUIecKre aHn30TPOIHbIE
dunciepockue 3hdekThl. KpoMe TOro, u3BeCTHHI JBe sIBHbIE aHOMAJIMHM CBA3aHHbIE UMEHHO
C PEIUKTOBBIM M3JIydeHneM. BaxkubIil XxapakTep nepBoit u3 Hux ormetus Pomxep [lenpoys —
9TO CJIUIIKOM HHU3Kas aMILIATY/Ia KBaIPYIIONIsA, KOTOpas B CEMb Pa3 MeHbIIIe MTPe/ICKa3bIBAEMOTO
CTAHJAPTHON MOJIEIbIO 3HaUYeHNsA. BTopas aHOMaJns CBA3aHA C IMOJIO3PUTEIHLHON TapaJsiie/b-
HOCTBIO OCell TpexX MepBbIX cepUuuecKnx rapMOHUK: JUIOJs, KBaJIPYIoasd u oKTymnoss. Ecan
¢ nozuruit (hbUHCIEPOBON NeOMETPUHU TPEJIOKUTH TPABIONOI00HBIE O0bICHEHUS TUM JIBYM
AHOMAJIMSM, & TaKyKe CYMeThb IPeJICKa3aTh U MPOBECTU MPOBEPKY HEKOTOPBIX JOMOTHUTETBHBIX
SIBJIEHUIT — HOBas (PUHCIEPOBA T€OMETPUsI TOIYUIIa Obl BECKIE apryMEHTHI B CBOIO IOJIB3Y.

[Tepsoie Tpu mus Illkona npoxoauna B 3aje 3aceganuit Y 4eOHO-TadOPATOPHOTO KOPITyCa
Mocxkosckoro Tocymapcrsennoro Texaumueckoro Yuupepcurera (MI'TY) mv. H.D. Baywmana,
octajbHble THU — B YuebHOM [lentpe «Jlecnoe o3epo», HaXoAAIIEMCA B BEJICHUN MYHUITUTIAJIH-
teta ropoja Koposepa. Ha teppuropun entpa, pacnonoxkenaoro B 30 km ot Mocksbr, Qom/1
Pa3BUTUs UCCIEIOBAHMI TI0 (DUHCIEPOBOIT T€OMETPUN HECKOIBKO JIeT Ha3a,1 OCTPOUT KOMMOp-
Tabe/IbHOE 3/IaHue, PeIHA3HATMEHHOE JIJIs IPOBEJCHIS 3ar0OPOIHBIX CEMUHAPOB, KOTOPBIE Pery-
JapHo npoBoasaTcsa TaM ¢ 2002 rosma. B HacTosiIee BpeMsi 3/1aHNe SBJISETCsT 3aTOPOJIHOI 0a30it
Hayuno-ncenemoBateibckoro MHCTUTYTa «[ MIIEPKOMITIEKCHBIX CUCTEM B T€OMETPHUH U (pU3NKes
U B HEM PEryJIssPHO MPOBOJATCA HAYIHBIE CEMUHAPDI, MIKOJIbI 1 KoHdepermnun. CKa309IHbIN Jiec,
KPACHUBOE 03epP0, YNCTBINA BO3/IYX U TUIIUHA — CO3JIAIOT BCE YCJIOBUS JJIs ILIOJOTBOPHON yueObl
U pabOThl HAJL HAYIHBIMU 3aJaUaMHI.

[Tocnennasa [lkona gBuiach yxKe maToil u3 Tex, uro oprann3obiBaauch HUNM ['unepkom-
IJIEKCHBIX CUCTEM B TreoMeTpun u ¢pusuke. B ux pamkax nporrin odydenue 6osee 100 cayrmare-
Jieit (CTapIIeKJIacCHUKN, CTYJICHTDI, ACIUPAHTEI, Tpernoaasarean BY30B, KaHIMIATH U JOKTO-
pa HayK). MeKayHapOIHBIM KOJJIEKTHBOM IIPOG)eCCOPOB TPOYNUTAHO B 00IIEH CJIOKHOCTH OoJtee
TBHICSYN YaCOB JIEKIUIT TI0 TeOpeTUIecKoil (pusmke, acTpodusnke, GpUHCIEPOBOII TEOMETPHUH, AJI-
rebpe u o0I1ell TeEOPUU OTHOCUTETHbHOCTH.

B pabore V MexaynapomHoii mkosbi-ceMuaapa «OcHoBbl OUHCIEPOBOI TeOMETPUN U ee
NpUIOXKEHUs B (DU3UKe» B KadeCcTBE CIyIIaTe/eil TPUHSIN YIACTHe CIeIYIONIne CTapIIeK/Iacc-
HUKW, CTYJICHTBI, ACIIIPAHTHI U KAHIUIATH HAyK (Bcero b6 desosek): Baponun Anekceit Muxaii-
nosrd (MI'TY um. Baymana), Bouaposa Emena Uropesna (MI'TY nm. Baymana), Bpexoscknx
Bragnvup Basnepresna (MI'TY um. Baymana), Bacuawes Hukomaii Cepreesuu (ILIII® npun
MLV um. Baymana), Becenos Anekcanaposuu Ilerposud (MI'TY um. Baymana), Bunorpa-
noB Koncrantun Cepreesunu («Jlorocs r. flpocrasis), Bunrtaiikun Vsan Bopucosma (MI'TY
nm. Baymana), Bucios Asexcanap [lerposua (MI'TY um. Baymana), Fapanun Asexkcanap
Auekceepna (MI'TY um. Baymana), lnaakux Asekceit Bukroposua (MI'TY um. Baymana) [o-
punenko FOpuit FOpbesuu (Jlumeit 1580) Tanunosa Auna Augpeesna (MI'TY um. Baywmana)
Hionnna Anacracust Muxaiiiosna (JTuueii 1580), Eroperko Auron Cepreepud (MI'TY um. Bay-
mana), Edpemon Apocias Braguvmuposua (MI'TY um. Baymana), 2Kypasses Cepreii Biau-
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muposrnd (MI'TY um. Baymana), 3asumees Aprem Cepreesua (MI'TY um. Baymana), Sumun
Muxaunn Muxaitiopud (MIITY um. Jlenuna), sanos Bukrop Anexkcanaposud (r. Kpacrnosipek,
Cubupckuit denepasbublii yuusepcurer), Vznonbkos Astekceit Anexcagposud (MI'TY um. Bay-
mana), Kukrenko Esrennit Omerosma (MI'TY nm. Baymana), Knemes Anekceit Bopucoua
(MIIT'Y um. Jlennna), Kosun Anekcannp Bacuibesna («JIorocs r. fApocrasns), Komapuia Ok-
cana Bamenrunosna (MI'TY um. Baymana), Kpeutosa Huna [eopruesna Benapycs (Berapyc-
ckuii [ocynapersennstii Yuusepcurer, r. Munck), Kyapssiues Makcum Augpeesuda (MITY wm.
Baymana), Kysuenos Muxann FOpbesna (AU PAH), Kymukos Unbsa Bragnmuposua (MI'-
TV um. Baymana), Kypoukua Auron Baguvosuu (MI'TY um. Baymana), Jlanmwms Anexcarp
Banepresnd (1. [lepsoypasbcek), Jlursunosa Auna Oserosra (MI'TY nm. Baymana), Muamaxa-
HoBa Autena ennagpesna (MI'TY um. Baymana), Mypunnckuii Baaguciaas Cepreesua (I'VY),
Hecrepos Banepuit Anekceepua (MI'TY um. Baymana), Hukymun Ivurpuii FOpbesua (JIuneit
1580), Huxymuua Muxann FOpbesuu (JTuneit 1580), Iasnos Biamumup Asekceesna (MI'TY
nm. Baymana), [Tasnos Biagucias Iyvurpuesuna (MI'TY um. Baymana), [leperoxkun Asekcei
Bragnvmposma (MI'TY um. Baymana), [opxkexunckas Enena FOpbesra (MI'TY nm. Baywma-
Ha), PacankoB Makcum JImurpuesud (Apl'Y um. demunosa), Peopos Crenan Baagnmuposma
(PTY, mexwmar, Teopust yHKIWHA 1 DYHKIMOHATIBHOrO aHasm3a), Poxkkosa JI1o6ob Muxaii-
aosaa (MI'TY um. Baymana), Ckubun Imurpuit Asnexkcangposnu (JInueit 1580), CmossikoB
Anexcanap Banepresnu («JIorocs r. fpociasnn), Cybirasmua Anna Esremnsesna (MI'TY mw.
Baywmana), Crenansin lBan Bukroposud, Cyryna Vpuna Uropesna (MI'TY nm. Baymana), To-
mayk Asekcanap Amexcanaposud (MI'TY nm. Baymana), Tormnos Ierp Hukonaesua (MITY),
®enoros Usan Muxaitmosna (MI'TY nm. Baymana), @omun Urops Bragumuposua (MI'TY
nm. Baymana), Yepunakosa Mapuna Cepreesua (Ilenrp rpasuranun u GyHIaMEHTATHHON Me-
trposiorun BHUMMC), leronskos Anekceit Anekcanaposud (MI'TY um. Baymana), fIkoBenko
Nsan Cepreesua (MI'TY um. Baymana).
B V IIIkose 6bL1u TpounTaHbl JIEKIIUN 10 CJIEIYIONINM HAITPABICHUSIM:

1. Banan Buagmvup (Ilomurexanveckuit yausepcuret, r. Byxapect, Pymbiaust) «DunciepoBbt
MIPOCTPAHCTBA — OCHOBHBIE T€OMETPUYIECKNE OOBEKTHI U TTPUIOXKEHUS .

2. Dnagprmes Bragmvup Ogerosia (HUU I'CT'®, nupexrop; MI'TY um. H. D. Baymana, mpo-
deccop) «Onrndeckne SKCIEPUMEHTBI 10 MOUCKY aHU30TPOIUU TPOCTPAHCTBAY.

3. Bpunseit Hukonerra (Yuusepcurer Tpancuibsanusi, r. Bpamos, Pymbrans) «Pusndeckue
HHTepIpeTanu GYHKINNA OT KOMILIEKCHBIX IHUCET».

4. Borocnosekuit Teopruit FOpwesua (HUU simepuoit dusuku um. . B. Crobenbimaa MITY
um. M. B. Jlomonocosa, r. Mocksa, Poccust) «@uncneposst pacumpenust OTO».

5. Kokapes Cepreii Cepreesuu (ObpazoBare/bhbiil ieHTp «Jlorocs, r. dpociasib; HUU «'u-
MEePKOMILIEKCHBIE CHCTeMbI B reoMeTpunt u dusukes, . Opssuno, Poccust) «CoBpemenHbie
PUBUKO-reOMeTPUIECKIE KOHIIEIIIII>.

6. Jlebenen Cepreit Buransesua (MI'TY um. H. 9. Baymana, r. Mocksa, Poccust) «@uncieposa
reometpud 1o [1.K. Pamesckomy».

7. Hasmos JImurpuii lennanuesna (HUU I'unepKOMILIEKCHBIX CHCTEM B T€OMETPUH U (DU3UKE,
r. @pssuno, Poccust) «/IBoiinbie uncia u dpusndeckue uaTepnperanuu GyHKIHA OT HAX>.

8. IManvemtora Bukrop Anaronsesnu (HUUW T'umepkomiiekcHbIX cucreM B reomerpun u bu-
suke, 1. Opsasuno; MHcTuryT Teopermdeckoit n sxcnepuMmeHTaabHoOil 6nodusukn PAH, r.
[Tymuno, Poccnst) «@pakraibl Ha KOMIIEKCHBIX U JIBORHBIX YHCIAX>.

9. Cumapos Cepreit Bukroposuu ([ocymapcrBenublii YHUBEpCUTET TIDayKJIAHCKON aBHAINH,
npodeccop, 1. Cankr-Ilerepoypr, Poccust) «Cospementbie mpobaembr OTO».
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10. Yepuos Bragnvup Muxaitiopna (Camapckuii aspokocMudeckuii yauBepcurer; HeTUTyT
cucrem obpaborku uzobpaxkenuit PAH, r. Camapa, Poccust) «Anre6pbis.

11. Dumosma Anekcanyap Asnekcanaposud (Uucruryr Cucremubix Ncenenosanuit PAH, r. Mock-
Ba, Poccust) «Meromosorust u npobieMarnka COBpeMeHHOi (DU3nKm».

B kauectBe monosuuTesbHON nporpaMMbl caymaTeasymu [IIkoabr 6b11n mpocIyiansl ciieryio-
e pokaaael VI Mexaynapoanoit Kondepenrun «PuHCIepoBbl 0000IIEHNST TEOPUU OTHOCH-
renrpHocT» (FERT-2010):

1. Kokapes C.C. (HUU runepkomIuieKcHbIX cucreM B reomerpun u ¢usuke, Opszuno, Poc-
cus), [asnos 1. I (HU runepromiuieKCHBIX cucTeM B reoMerpun u ¢dusnke, Opssuno,
Poccust) « Anrebpandeckast euHasi TeOpHsi IPOCTPAHCTBA-BPEMEHH 1 MATEPHU HA IIJIOCKOCTH
JBOMHON TIEPEMEHHOMN».

2. Massos /1. I. (HUU runepkoMInIeKCHBIX cucTeM B reoMerpun u dbusuke, Opssuno, Poccns)
«['unepbomaecknii aHAJIOT JIEKTPOMATHUTHOTO TIOJIS. »

3. Kucunw B. (Yuusepcurer Jluaca, Jlunc, Berukobpuranus) « CuMmmerpun, rumepyIncsia m He-
nuddepeHIaibHbie TEOMETPUNS.

4. ITnakca C. (Mucturyt maremarnkn HAH Vkpawnubr, Kues, Ykpanna) «Kommyrarnsabie
aJIredpbl, aCCOIUUPYEMbIe C YPABHEHUSIMH MATEeMATUIeCKON (DU3UKU>.

5. Borocioeekuit I'. FO. (HIU runepkoMIuieKCHBIX cucTeM B reoMerpru u usnke, Opsi3uHoO;
NucturyT gaaepuoit pusuku um Ckobenbimaa MI'Y um. M. B. Jlomonocosa, Mocksa, Poc-
cust) «O HEKOTOPBIX ACHEKTAX TEOPHUH JIOKAJIBHO aHIM30TPOITHOTO IIPOCTPAHCTBA-BPEMEHN ».

6. Jlebemes C. B. (HII runepromiiekcHbIX cucteM B reomerpun u pusuke, Opssuno; MI'TY
mm. H. 9. Baymana, Mocksa, Poccus), Tapaceko I'I. (HUU runepKOMIUIEKCHBIX cHCTEM
B reoMerpun u ¢usuke, Opazuno; I'VII Beepoccuiickuit 3/1€KTpOTeXHUYIECKUIT HTHCTUTYT,
Mocksa, Poccust), [asnos JI.I. (HUU rumepKOMILIEKCHBIX CHCTEM B reoMeTpun i (busu-
ke, Opsasuno, Poccus), [Tangemora B.A. (HU runepKoMILIEKCHBIX CHCTEM B T€OMETPUU U
dusuke, Opssuno; UacTuTyT TEOpEeTHIECKOi 1 3KciepuMenTabHON Obnodusukn PAH, ITy-
muHo, Poccust) «Jlecrauanoe (0606IIEHHO-9KCIIOHEHITMAIBHOE) IPEJICTABICHHE TOTMIUCET,
paccmorpennoe Ha npuMepe H3 u H4.».

7. Cumapos C. B. (HUU runepkoMiuieKcHbIX crcTeM B reomerprn u dpusnke, Opssuno, [ocy-
JIapCTBEHHBIN YHUBEPCUTET I'PaykIaHCKOi aBuarmn, Kademapa dusnuku, C.-Ilerepoypr, Poc-
cust)

8. Yepnos B. M. (Uucruryr cucrem obpadborku m3obpakennit PAH, Camapa, Poccust) «Ilep-
CIEeKTHUBBI KoMIbioTepa Bepsasbaa-Moopas.

9. Jose G. Vargas (Acconnanuu Paszosoro IIpocrpancrsa Bpemenn, Koxymoust, CIIIA) «Ieo-
Metpus Punciepa-Kanyna-Kieitna, mpeanodruresibubie cucTeMBI OTcUeTa U MeTpuka Jlo-
peHIIas.

10. JIesun C. @. (MockoBcKuii MHCTUTYT SKCIepTU3bI 1 ucnbitanuii, Mocksa, Poccus) «nenru-
duKaImsa aHU30TPOINN KPACHOI'O CMEIIEeHNsT Ha OCHOBE TOYHOI'O pelleHus ypapHeHus Mart-
TUTa».

11. Bpounukos K. A., Menbuukos B. H. (Ilerrp I'paBuranuum u dyHmamMeHTATBHON METPO-
noru BHUUMIMC, Uucruryt rpasutanun u kocmonoruu, PY/IH, Mocksa, Poccust) «Ba-
puamy GyHIAMEHTATbHBIX (DU3NYECKNX KOHCTAHT KaK TEeCT BO3MOXKHON aHU30TPOINN
npocTpancTBa-BpeMenu u Hopasg CU»

12. ZKorukos B. I'. (Mockoscknit dusnko-rexandeckuii uncrutyr (Hanmonanbusiit ncciemnosa-
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26.

resibeKkuil yauBepcurer), Jlonronpyansiii, Mockosekas obsiactsb, Poccust) «O CHHDYISIPHBIX
Merpukax OuHCcIepa JII000ro Kaacca CHHIYISPHOCTHS.

Boiiky Hukoserra (Tpancunbanckuii Yuausepcurer, Bparios, Pymbians) «O6 ypaBHeHusix
9JIEKTpOMarHeTnu3Ma B MpocTpaHcTBax ¢ OUHCIEPOBOil reoMeTpueiis.

Fjelstad Paul (Komnemxk C. Onada, Hoprduan, Munnecora, CIITA) «Tpexnnr KoHumemnmii
KaK CJIeICTBUE 00OOIICHUS.

Pandey Triyugi (Pakysiaprer MareMaTuKy U CTaTUCTUKE, YHuBepcuTer [opakiypa, 'opak-
nyp, Uuaust) «Or Eskinnosoit k QuHCIEPOBOIT TeOMETPHI».

Cunaragze 3ypab (UucruryT simeproit dusuku um. I U. Byakepa, Hosocubupcek, Poccus)
«O QuncnepoBom 06061eHNN MeTpukn [IBapmmuibias.

lnazynos H. M. (Hammonanbablii aBuanimonssiii yausepcurer, Kues, Ykpaunna) «O duncie-
POBBIX TE€OMETPUIX C CUMMETPUIECKUMU METPUIECKUMU (DYHKITASIMI».

Neagu Mircea, Atanasiu Gheorghe (®axysibrer Maremaruku u uHGOpMaTHKM, TpaHCHIb-
BaHCKU YHuBepcurer, bpamos, Pymbiaus) «JIokanphas Pumanoso-®unciaepoBa reome-
TpUA CTPYIl JJI TPEXMEPHOTO BPEMEHM ».

Kaccangpos B. B. (ucruryr rpaBuTaiinu ¥ KOCMOJOIMH POCCHICKOrO yHUBEpCUTETA
npyxKObl HaponoB, Mocksa, Poccust) «O cBsasu jmHeiiHOil u duHCIEpOBOi TeomeTpuit
MIPOCTPAHCTBa-BPEMEHN, UHYIIUPYEMBIX CTPYKTYPOil KOMILIEKCHBIX KBaATEPHUOHOBY.

Lnagprimes B. O. (HUU runepkoMmiuiekcHbIX cucreM B reomerpun u dusnke, Opszuno; MI'-
TV um. H. 9. Baymana, Mocksa, Poccnst) «IIpobiema moncka aHU30TPOIMI TPOCTPAHCTBA-
BPEMEHI .

Dmmosua A. A. (HUU runepkoMILIeKCHbIX cucrteM B reomerpun u (usuke, @psisuno, PY/IH,
Mocksa, Poccust). «O momuropmax, aBroMopdusMax U TeOpHsi MOJIs».

®unbaenkos M. JI. (UuacturyT rpaBurammn 1 Kocmosornu. Poccuiickuit yHuBepeureT 1pyx-
6er Haponos, Mocksa, Poccns), Jlanres FOpuit I1. (MI'TY um. H. D. Baymana, Mocksa,
Poccust) «K Bompocy 06 aHH30TPOIHBIX PUMAHOBBIX M (DUHCTIEPOBBIX METPUKAX»

Topenuk B. C. (®usmueckuit uacruryt M. 1. H. Jlebenesa PAH, Mocksa, Poccust) «Mu-
KPOCTPYKTYPa KBa3UKPUCTAJINIECKOr0 (PU3MIECKOI0 BaKyyMa U BO3MOXKHOCTb MeHepallun
CKaJISIPHBIX OO30HOB»

Kpsuiosa I'. B., Kpeutosa H. I. (Benopycckuit ['ocynapcrsennstit Yuausepcurer, Munck, Be-
nopycenst) «DddekTsl DUHCIEPOBOiT reoMeTpun B (hU3UKE MOBEPXHOCTHBIX sIBICHUIT: CITy-
qail MOHOCJIOMHBIX CHUCTEM»

Jammma A. B. (Vpasabckuit rocynaperBennbiii yausepcurer mm. A. M. T'opekoro, Poccns)
«K Bompocy o gBoiiCcTBEHHOCTH MKy ajaredbpaMu JIBOWHBIX U KOMILIEKCHBIX UHCE»

Makupos III. P. (Mucturyr Teopernueckoit u dxcnepumenTtanbuoit @usuku, Mocksa, Poc-
cusi) «CBoiicTBa 0ObeMa, OrPAHUIEHHOTO aIredpanIecKoii TOBEPXHOCTHIO>

Oruersl o [IIkonax 2008 — 2010 ronos MoxKHO HaliTH Ha caiire:

http://hypercomplex.xpsweb.com /articles/452 /ru/pdf/otchet.pdf
http:/ /hypercomplex.xpsweb.com /articles /522 /ru/pdf/otchet-3.pdf

Jlns monydenus oOIIUX TPEJCTABICHUN O TOM, YTO U3 cedA TNPEJCTABIAIOT (DUHCIEPOBBI
MIPOCTPAHCTBA M CBI3aHHBIE ¢ HUMU THIIEPKOMILIEKCHBIE YHC/Ia, WHTEPECYIOMIMC MOKHO pe-
KOMEHIOBATH ITOCMOTPETh HayIHO-IIOMYJIApHbIe DUIbMBI «I'eoMeTpust BCceJeHHOM ¢ pa3InIHbIX
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TOYEK 3PeHust» U « AHM30TPONHBII MUP», CCHUIKNA Ha KOTOPBIE PA3MEIICHBbI Ha, CTPAHUILE:
http://www.polynumbers.ru/section.php? lang=ru&genre=75
TaM ke mpeICTaBIeHbI BUICOBEPCUN HEKOTOPBIX JIOKJIAI0B, IPO3BydYaBIuX Bo BpeMsa V Kokl
u VI Kondepenun FERT-2010.
st Tex, KTo Xo4eT mompoboBaTh CaMOCTOATEILHO Pa3odpaTbes B OCHOBAHUAX (DUHCIEPO-
BOIi reOMeTPUU ¥ HEKOTOPBIX FUIIEPKOMILIEKCHBIX aaredp, MOXKHO PEKOMEHI0BATH MOHOTpaduIo
I'. I'apacbko «Hagasa dunciepoBoit reoMeTpun st PUIUKOB»
http:/ /hypercomplex. xpsweb. com/page. php? lang=ru&id—=487

. I'. Ilasaos
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AJITEBPANNYECKAY EANHAS TEOPUS
ITPOCTPAHCTBA-BPEMEHU 11 MATEPUU HA IIJIOCKOCTU
JIBOVHON ITEPEMEHHOI

I.T. TTasnosl, C.C. Kokapes!?

U HUH Tuneprxomnaexcrox cucmem 6 zeomempuu u dusure, Ppasuno, Poccus
2 Poccudickuti mayumo-obpaszosamenvnuid yenmp “Jozoc”, Hpociaean, Poccus

geom2004@mail.ru, logos-center@mail.ru

Ha ocHoBe aJireOpbl MBOMHBIX dYHCEJ PA3BUBAETCd aJiredpanvecKas BepCHs TEOpUU
OTHOCHUTEILHOCTH, 3aHUMAIONIAs MTPOMEXKYTOUYHOE I[OJOXKEHUE MEeXKJy CIeNuagbHoil u
obiielt TeOpUSAMU OTHOCUTEJIbLHOCTH. B objiacTu mpocTpaHCTBa-BPEMEHU, CBOOOITHON OT
MaTepuy, OCHOBHOM OOBLEKT pasBHBAEMOIl TEOPUM — TUIEPOOINYecKnii moTeHnman F —
siByisiercsi h-rosiomopdHOM (pyHKIMEH NBOWHON MEPEMEHHON U ONMMCHIBAET PACIIelIeHne
IIPOCTPAHCTBA-BPEMEHH Ha BPEMEHHOE U MPOCTPAHCTBEHHbIE HAIIPABJIEHUS B KOH(MOPMHO-
J1e(bOPMHUPOBAHHOM  ILIOCKOM —TpocTpaHcTBe-Bpemenn Muwunkosckoro. [lokazano, 4to
3 dexT KOHPOPMHOI JeopMaINi ABJISETCS TPUHITNITNAILHO HAOIIOAAEMBIM C TIOMOIIIHIO
9KCMEPUMEHTOB, BKJIIOYAIOMINX CPAaBHEHUE TeMIIa X0/Ia JACOB, IBUKYIINXCS 10 PA3INIHBIM
MUpOBBIM JiHESAM. OOJIACTh MPOCTPAHCTBA-BPEMEHU, 3aHATAS BEIIECTBOM, OIIPEIeJIsIeTCsI
yeaosueM Fj # 0. Jlunamnka runepOoJIMMecKoro MOTEHIHANa ONMUCHIBACTCA JeHCTBHEM
CIIENMAIBHOIO BUJIA, B KOTOPOM MOTEHIMAJIbHBIN IJIeH dABJsdeTcd (yHKIuel rumepboin-
1eCKoro Mogyss Heronomopduocru Fp. Ilokazano, 1m0 ypaBHeHUS HONS NPEJCTABIAIOT
coboit coTIpsi?KeHHbIE HEJIMHEITHBIE BOJTHOBBIE ypaBHEHHUE ¢ camoieiicTBuem. OcoOEHHOCTSIMU
[OJIyIE€HHBIX YPAaBHEHUI SABJIAIOTCA: a) Ge3ycioBHOe Haiawmdne l-mHTerpasa; 6) ycioBue
COBMECTHOCTU (MHTErPUPYEMOCTH), KOTOPOE OIpeJesisieT KJacC JOMYCTUMBIX —MOJIeit
G(Hz). Tocnennee ycioBue, KOTOpoe MOXKHO PacCMaTpUBaTh Kak O0OOILIEHWE yCIOBUSI
h-TomoMopdHOCTHU, SBJISIETCS PEIIAONINM JJIsi MTOCTPOEHUs COTJIACOBAHHON W CojepiKa-
TEJIbHON eJIuHON (PU3UIECKON MOJIEJM IMPOCTPAHCTBA-BPEMEHN W MAaTEPUU B 2-MEPHOM
ciydae. PaccMoTpeH J0CTATOYHO OOIMUNT TPUMED CTATUYECKOH 2-MEepHOH BCEJIeHHOI.
Ob6cy:xmaercst coorHomenne paspuBaemoro mnoxxoma ¢ CTO u OTO. @opmynupyercs
MPUHIATT CYyTEPIKCTPEMYMa, TMO3BOJISIONIUN BBIUYUCIATD (DYHIAMEHTAJIbHBIE KOHCTAHTHI
TEOPUM U HAYAJHHO-KPAEBbIE YC/IOBHUSI.

KurodueBsbie ciioBa: runepbosmtdeckoe 1mojie, h-rofoMop@pHOCTh, HEroJoMOP(PHOCTh, KOH-
¢dopMHBIE TPEOOPA30BAHNS, CYIEPIKCTPEMYM.

1 Bsexenune

B pab6orax [1]-[2] 6butn caemanbr Habpockn Teopun rooMopdHBIX (DYHKIW ABOWHOI mepemMeH-
Hoii. B kadecTBe puzmdaecknx MpuaoKeHuilt TeOpUu ObLIN OTMEYEHBI 2-MePHBIE KPaeBble 3a/1atH,
MPUBOJIAIINAE K BOJTHOBOMY yYPaBHEHUIO, ajredpamdeckas (hOPMYIUPOBKA CIENUATBHON TeOPUH
OTHOCHUTETLHOCTU W JTUHAMUYIECKAsT TEOPHs HEKOTOPBIX (DYHIAMEHTAIBHBIX CKAJISPHBIX MOJIEH.

NHuTepecHast BOSMOXKHOCTh, KOTOPYIO MPEJIOCTABIAIOT h-rojoMopdHble (DYHKIUU JTBOHHOMN
[epEeMEHOI U KOTOpasi OCTasach 3a pamMkamu crareit [1]-[2], cBsasana ¢ mnTepnperanmeil Kom-
dOpMHBIX MpeodpaszoBaHuil, OompeaensieMbiX h-ToIoMoOpdHBIME (DYHKIUAMHI, KaK I[IePEeX0JI0B
MEK Ty HEMHEPIUATBHBIMUA CUCTEMAMU OTCYETa B IJIOCKOM JIBYMEPHOM ITPOCTPAHCTBE-BPEMEHH.
Brutouenue B paccMoTpeHue KOH(MOPMHBIX JiehopMartiiii TpoCcTPaHCTBa-BPEMEHN €CTeCTBEHHBIM
0bpa30M pacIupsieT paMKH JBYMEPHOI CIIEIUAIBHON TEOPUH OTHOCUTEBHOCTH, B KUHEMATHKE
KOTOPOI 3a/1efiCTBYIOTCSI JIMIITb U30METPUUIECKUE TTPpeodpa30BaHms, TPAKTYEMbIe KaK ITEPEXOIbI
MEXKJIy MHEPIHUATHLHBIME CUCTEMAMU OTCYETa. XOPOIIO U3BECTHO, UTO MOIO00HAST BO3MOYKHOCTD
B IIPUHIATIE OTCYTCTBYET B TPEX- U YE€TBIPEXMEPHBIX MICEBI0EBKIMIOBBIX IPOCTPAHCTBAX (U3-3a
OTCYTCTBHUSI COOTBETCTBYIOIIEH GECKOHETHOMEPHO# KOHMOPMHON Ipymibl cuMmMerpuii). Menee
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MU3BECTHO, YTO TaKasi BO3MOXKHOCTb UMEETC B JIBYMEPHUHU, U COBCEM MaJji0O U3BECTHO O HAJUYINN
OEeCKOHETHOMEPHBIX KOH(MOPMHBIX T'PYII B IEI0 CepUu IJIOCKUX I'eOMeTpuii (puHCIepoBa TH-
ma, — MPOCTPAHCTBax ¢ MeTpukoil BepBasbaa-Moopa (4acTHBIM CIydaeM KOTOPBIX, KCTAaTH,
SIBJISIETCSL U IPOCTPAHCTBO JBOMHBIX wnces |5, 6]).

[Toaxom, KOTOPBI MBI pa3sBUBaeM B HACTOSIIEH cTaTbe, HaBesH aHAJIOIMel CBOMCTB IBO-
HBIX 9uce U (PYHKINE OT HUX CO CBOMCTBAMM KOMILIEKCHBIX 9Hces U (PYHKIUH OT HIX. XOPO-
10 U3BECTHO, 9TO CPEIH MPUIOKEHNNH KOMIIJIEKCHOIO aHAIN3a 0C0D0e MECTO 3aHUMAEeT TeOPUs
KOMIIJIEKCHOTO TIOTEHInaIa, KOTopas 3(P@MEeKTUBHO PabOTAeT MPU PEIIeHNN JITUITUIeCKUX 2-
MEPHBIX 33JIa4 MaTeMaTu4iecKoil (pu3nkn. KoMIIOHEHTHI JTI000# aHAJIMTUYEeCKON (DYHKIIUNI KOM-
IJIEKCHOM TTePEeMEHHON sIBJIIOTCS COTPSZKEHHBIMU TAaPMOHUIECKUMI (DYHKIMAME U PEITaloT He-
KOTOPYIO CTATHYECKYIO (HAPUMED, B CJIydae 3JeKTPOCTATUKM) WJIM CTAIMOHAPHYIO (B CIydae
CTAIOHAPHBIX TE€YEHUI B MHIPOJNHAMEKE MIEATHHON KUIKOCTH) 33/1a1y B IPOCTPAHCTBE BHE
HUCTOYHUKOB C COOTBETCTBYIOMIMME I'PAHUYHBIMU yestoBusiMu. [lmockocTs 1BOiHOI TTepeMeHHoil,
B OTJINYME OT KOMILIEKCHOH TIJIOCKOCTH, 00JIaJaeT €CTECTBEHHOMN TCEeBIOEBKJIMIOBON CTPYKTY-
POl M MO3TOMY TEOpHs T'HIIEPOOJTUIECKOTO TMOTEHIINAIA PEIIaeT HEKOTOPhIE UIIepOOTNIeCcKre
3aJ1a91 MaTeMaTHIecKoil (pu3nKn B 2-MEepHOM MpocTpaHcTBe-BpeMeHn. OTTaIKuBasCh OT 9TOM
AHAJIOTMHU, Mbl UJEM B CBOUX IMOCTPOCHHUSX Jajbllle U JaeM (PU3NKO-TeOMETPUIYECKYI0 HHTEp-
[IpeTaIo TUIepPOOIMIECKOMY MTOTEHIMAIY KaK YHUBEPCAJIHLHOMY IIOJIIO, OTBEYAIOMIEMY KaK 3a
reoMeTpUIecKre CBOMCTBA MPOCTPAHCTBA-BPEMEHM, TaK U 3a (pU3WIecKne CBOMCTBa ero mare-
PUATBHOTO HATIOTHEHMS.

Crarhsi COCTOUT M3 YeThIpeX dacTell U 3ak/odeHus. B meppoit 4acTu Mbl MPUBOJINM CBe-
JIEHUSI U3 TEOPUN JABOMHBIX uncesa n (PYHKINWH OT HUX, HEOOXOAUMBIE s JaJbHEHIero m3-
JozkeHust. Bo-BTopoil acTu MBI paccMaTpuBaeM KHHEMATHIECKUE U T€OMETPUIECKUE acTeKThI
MO/IXO/Ia W BBIBOAUM (DOPMYJIY JIIsi OTHOCUTE/IBHONW KOH(OPMHON mgedopmaliun Xoja 9Iacos,
KOTOPYIO MOXKHO HCIIOJIb30BATh B KadeCTBE OCHOBBI JIJIsi SKCIEPUMEHTAJIbHBIX TECTOB TEOPUN
WIN I CpaBHEHHs ee TpejckasaHuil ¢ coorBercTBytommMu npeackaszanusasvMu CTO u OTO.
Tperbst YacTh MOCBsIEHA TPUHIIATIAM IUHAMUYECKON TEOPUU TUIEePOOTUIECKOrO MOTEHITHAIA.
B s1oit wactTu MbI paccmarpuBaeMm HeroJioMopdHBbIE TUIIEPOOTMIecKre MOoTeHIHAbl. Mbl 1o~
CTYJIUPYEM, YTO UMEHHO HEroJJOMOP(PHOCTH TUIEPOOTUIECKOTO TOTEHITUAIA OTINYIAET 00JIaCTU
IPOCTPAHCTBA-BPEMEHH, 3aII0THEHHBIE MaTepHeil, OT BaKyyMHBIX o0J1acTeil. BaxkHoe cooTHOIIIE-
uue (70), BO3HUKAOIIEe KaK YCJIOBHEe MHTEIPUPYEMOCTH YDABHEHUIl JBUKEHUs, 0OecrednBaer
COTJIACOBAHHOCTD M COAEPKATENTHHOCTh (PU3UIECKON MHTEPIPETAIIMN PACCMATPUBAEMOTO 101~
xoma. [lpumensisi ctaHIapTHBIE TEOPETUKO-TIOJIEBbIE PACCYKIEHUsI, MbI TOJyYaeM SBHBII BUT
KOMIIOHEHT TEH30pa SHEPTUH-MMITYJIbCa THIEPOOINIECKOTO TOJA-BEIIeCTBa (B IyCTOTE, TJe MO~
TeHIaJ roToMOp(eH, 9T KOMITIOHEHTHI BCera OOPaIaioTcst B HYJIb UIN OMUCHIBAIOT SHEPTUIO
dbusmueckoro Bakyyma U(0)) 1 BBIBOAUM BbIparKeHUsl, CB3bIBAIOIINE THIEPOOINIECKUIT MO
TEHIUAJ C JIOKAJbHBIMU TIJIOTHOCTBIO SHEPIUU U JaBjieHueM. s miumocTpanun moaxoa Mbl
paccMaTpuBaeM 3ajady O HAXOXKJIEHUU MUIEePOOIMIeCKOro MOTEHITNAIA, YITPABJIAIONIEr0 CTaTH-
YECKOIl BCEJIEHHO# ¢ MCTOYHUKOM B BHUJE OJTHOMEPHOIO MOKOSIIETrOCs YIIPYTrorO CTePKHS.

B paznene 5 Mbl popMyIupyeM BarKHYIO U Ha HAII B3I MIEPCIIEKTUBHYIO C TOYKU 3PEHUS
MPUJIOKEHUH KOHIIEIIINIO CYNEPEapuatuorio20 npuHuuna, KOTOPbIil TO3BOJISIET BBITUCIATD CY-
[eCTBEeHHbIE (DYHIAMEHTaIbHbIe KOHCTAHTBI TEOPUN U JlaKe BUJI ee JIarpaHKUaHa, He BBIXOJIsd
3a paMKH Teopuu. Psi paccMOTPEHHBIX MPUMEPOB MPUMEHEHUS CYNepBapPUAIIMOHHOIO MTPUH-
una oOHAPYKUBAET €ro HeTPUBUAJIBHOCTH U COJEPKATETHHOCTh KAK B PAMKAX CTAH/IAPTHBIX
dpusmyeckux TEeopuil, TaK W B paMKaX H3JIaraeMoro HaMu moaxoja. s Teopun h-mosiss MbI
BBIUHC/IAEM CYIEPIKCTPEMAJIBHBIN MOTEHIINA ¢ TOYHOCTHIO JI0 Maphl MOCTOSHHBIX.

B zakmouennn Mbl pe3foMUPyeM OCHOBHBIE MOJIOKEHUS Pa3BUBAEMOIO MOIXOIA.

OcHOBHBIE CBeJleHHUS 10 ajredpe JIBOMHBIX HHCET W TEOPUHN OTHOCHUTEIBHOCTHU ITPEJIITo/Ia-
raloTCsd M3BECTHBIMU. UUTaTeIb MOXKET MO3HAKOMHUTLCA ¢ HUMU IO PYKOBOJICTBAM U CTATHAM

1,3, 5, 7.



JL.T Ilasmos, C.C. KokapeB Ajrebpandeckasi eJuHast T€OPHsI MPOCTPAHCTBA-BPEMEHH. .. 13

2 HekoToppble npeBapuTeJbHbIE CBEJIeHUA
2.1 CTO Ha njockocTu ABOIHOI MepeMeHHOI

OcranoBuMCs BKpaTIie HA HEKOTOPBIX KJIIOYEBLIX mojoxkenuax 2-mepuoit CTO, dopmynupys
UX B TepMHHAX aJreOpbl JBOWHBIX YHCEN. ByaeM OTOXKIECTBISTH 3JIEMEHTHl Ho ¢ TOIKAMU-
COOBITUSIMU 2-MEepHOTO mpocTpancTBa-pemern MunkoBckoro M. Takum 0bpa3oM, ¢ KarKIbIM
seMeHToM h € Ho MBI accoluupyeM 2-MepHbIil pajinyc-BeKTop-cobbite h = t + jz (52 = +1).
Brona 6asuc 1-bopm {dh, dh}, paccMOTPEM BelecTBEHHYIO KBaJAPaTHIHYIO0 (hOpMY:

n = Re(dh ® dh) = dt ® dt — dr ® dx. (1)

®opmyna (1) mwuroctpupyer riybOKyO CBsi3b aarebpbl JBOMHBIX YUCEN U TCEBI0EBKIINIOBOI
reoMeTpuH, a ee IMOJIMYNCIOBble BePCUU B BBICHINX U3MEPEHUAX IPUBOJAT K METPUYECKUM IIPO-
cTpaHcTBaM beppasbia-Moopa, KOTOPBIX MBI 371eCh HE KacaeMcs.

[Io anajornm ¢ KOMIJIEKCHBIMU YUCTAMHU JIJI BCSIKOTO JIBOMTHOTO YHCJIa MOYKHO OIPEJIE/TUTD
€ro 9KCIOHEHINAJIHHOE U TUMEPOOTNIECKA-TPUTOHOMETPUIECKOE TTPEJICTABICHUS:

h = epe’ = ep(cosh ) + jsinh 1)),

re g Kaxkaoro 3 kinabes I, I1 111, IV, npeacraBieHHbIx Ha puc. 1, UMEIOT MECTO CJIe/IyIOIIHe
OTIpe IeJIeHN s BETMINH:

I: e=1, 0=+Vt2—2x% = Arth(x/t);

II: e=j, o=+Vax?—1t2, = Arth(t/z); 2)
OI: e=—-1, o=+vt*?—2a% 1= Arth(x/t);
IV: e=—j, o=+vz2—1t2, ¢ = Arcth(t/z).

Besmuausbl g u 1), onpe/iesieHHbIe B KaXKJI0M U3 KIuHbeB (hopMyaamu (2), HA3bIBAIOTCA MOOYAEM
" apeymenmom aBoitHOTO ducia h.

OTrmeTnM, YTO MHOYKECTBO JIBOWHBIX YUCEJI C HYJIEBBIM MOJIYJIEM O HE ONMUCHIBAETCS HU OJTHOI
U3 KOOP/IMHATHBIX KapT BBEJEHHOI BbINle THIEPOOTMYECKON MOJIPHON CUCTEMbl KOODINHAT.
MHO02KeCcTBO JIBOMHBIX YMCEJT BHIA

ho + hi(1 £ 5), (3)

(ho, h1 — pOU3BOJILHBIE JIBOIHBIE YHCsIa) Oy/IeM Ha3blBATH KOHYCOM “ucAa hyg n 06O3HAYATH
Con(hg). Pusnuecku muoKecTBO Con(hg) — 9T0 MHOKECTBO COOBITHIL, CBS3aHHBIX C hy CBETO-
BBIMHU curHasjamu. Asrebpandeckn BeKTOPBI nosoxkenuit h — hgy, tiae h € Con(hg), aBagoTcs
JIeJIUTeNIIME HYJisd B anredpe Ho.

Imh
II 1I

111

—00 400 I

Reh

“+00 —00 1

111
v v

Puc. 1: O6nacrs RU —R U R U —R wsMeHenus yria ¢ Ha miockoctu H. OpueHTanus cOrjiacoBaHa
B MIPOTUBOIOJIOXKHBIX KJIMHBSIX U TPOTUBOIOIOXKHA B coceHUX. JIs pa3audeHns: yrjioB B Pa3JInIHbIX
KJIMHbsIX MOYKHO HYyMepoBaThb yros ¢ uHiekcoM k: vy, (k=1,2,3,4).
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Uszomerpun merpuku (1) obpasytor rpynmny Ilyankape P(1,1). Ee omsopomnast gacts (1-
napamerpudeckas rpymmna Jlopermna Lor) peasnsyercss yMHOKEHUSIME Ha JIEMEHTHI AJTeOpBI
eIMHITIHOTO MOy s Bua ee/¥. ITpn aToM uncia ¢ € = 1 onmchbIBAIOT IPHYUHHBIE TTPeobpa3oBa-
HUA ﬂopeHua, HE MeHAIne OpueHTallul BPEMEHN, a OCTaJIbHbIE€ BapUaHTBI OIIMCHIBaIOT .HI/I6O
CBEPXCBETOBBIe ITpeoOpasopanus Jlopeniia, b0 mpeodpaszoBanus JIopeHia ¢ obpalieHrnemM Bpe-
menn. [lepexost K mapaMerpy CKOpPOCTH:

v = tanh v, (4)

NpUXO MM K (hopMyJie JIJId aKTUBHBIX peobpasoBanuii Jlopenna:

t+ vz ny x + vt
V1—1? j\/l—UQ.

OTMmeruM, 9TO ONMCAaHUE MACCUBHBIX IpeoOpaszoBanuii JIopeHiia, COOTBETCTBYIOMINUX CMEHEe CH-
CTEMBI OTCUETA, PEATH3YeTCs SIeMEeHTaMI Koaareoper Hi [2].

Uszomerpun merpuku (1) coXpaHSIIOT KJIacC MHEPIUAJBHBIX CHCTEM OTCYeTa, KOTODBIE Ha
IJIOCKOCTH Ho M300parkaroTcs ceMeiicTBAMU MapasliebHbIX MPSMBIX C HAIPABJISIONIMMEI BeK-
TOpPAMH HOJIOYKUTEIBHOIO KBaJpaTa HOpMbI hh. IIpoM3BoIbLHOE NBUYKEHIE TOYEUHOI YaCTUIIBI
OTMCBHIBAETCS KPUBOJIMHENHON MUPOBOI JIMHMEH, Ha KOTOPOIl Oompe/iesieHO BEKTOPHOE ToJie 2-
CKOPOCTH

Wo=eh=|(1-v)"2 4 jo(l —o®) 2| (t + ja) =

(5)

dh
U= —-, (6>
ds
rjae § — mapamerp IICeBIOeBKIMI0BOM muHbl. [Ipu stom |u| = 1, a dusnueckasi ckopocThb v
OTIpeIesISIeTCsT OTHOIIEHUEM:
Imu
v = , (7)
Rew

60 skBUBajeHTHO hopmytamu (4)-(5). Pusndyecku BeKTOp 4-CKOPOCTU 3aJIa€T HAIIPABJICHUE
JIMHUH COOCTBEHHOTO BPEMEHH MPOOHOIO Teja WM CUCTEMbBI OTCUeTa (Heoba3aTebHO NHEPIIU-
aJIbHOI) B mpocTpaHcTBe-BpeMeHH. [Ipu 5ToM (bakT ero eImHUIHOCTH, KOTODBIi CIejyer He-
[OCPEICTBEHHO U3 ONPE/IETICHUsI, BBIPAXKAET NOCMYAAM 0 2A00GALHOM NOCTNOAHCNGE L00a4, COO-
CMBEHH020 BPEMEHU A0OBIT HACO8 80 6CET cucmemar omcyema. pyroit ¢popmoil BeIparKeHust
9TOT'O MOCTYJIATA SABJIAETCI CO8Nadenue coOCmeenHo20 8PEMEHY Yaco8 ¢ OAUHOT COOMBEMCMEY-
rowetd wacmu uxr Muposoti suruy. MarteMaTndecKn 3T OCTY/IaThl BHIPAYKAIOTCS CJIETYIOIIMEI
orpeieIeHUAMI COOCTBEHHOTO BPEMEHH T

T:/mﬁz/ﬁ. (8)

B nambmeiineM Mbl, UCIOMB3Ys TMPUBEJICHHBIE COOTHOIIEHUS B pPaMKaxX h-TroIOMOPQHON KOH-
dopMHOIT TeOpUM OTHOCUTEJIHLHOCTH, NPHUIEeM K Oojee 00IIeil KapTHHE IOBEIeHHUs YacoB, B
KOTOPO# CKOPOCTh X0JIa COOCTBEHHOTO BpPEMeHH CTAHOBUTCS (DYHKIMEH TOYKH MPOCTPAHCTBA-
BPEMEHH.

2.2  h-rosiomopdubie PYyHKIUN JIBOHOI NepeMeHHO

[IpousBombHOE TIaIKoe oTobpazkenue f: R? — R? MOYKHO IIPeCTABIATE AP0l BEIeCTBEHHBIX
KOMIIOHEHT, JIuHO Mapoii KOMIIOHEHT, 3aBUCAIINX OT CONMPSI?KEHHBIX JIBONHBIX MepeMeHHbIX {h, h}:

(h,h) — (W, R): K = F(hh); K = Fy(h,h). 9)

s unTeprnperanuu R? Kak IJIOCKOCTH TBOMHOMN MepeMeHHON Hy eCTeCTBEHHO OrPaHMYUTLC
OTOOPaYKEHUSIME, COXPAHAIONIUMA TUIEPOOJINIECKYI0 KOMILJIEKCHYIO CTPYKTYPY ILIOCKOCTH, T.
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e. orobpazkenuamu Ho — Hy Bugma: h — F(h). Tuddepentupyembie! bynkuuu R? — R?,
YJIOBJIETBOPSIOIINE YCIOBHIO
Fr=0, (10)

Oy1eM Ha3bIBATD h-2040MOpPHLLMU DYHKIIUIMI IBOITHOM mepemenHoit h. OyHKINN, yI0BIETBO-
PSIOIIIIE YCTOBUIO
Fj =0, (11)

OysieM Ha3bIBaTH h-anmuzoiomopdrvimu GYHKIUAME JTBOWHON MTEPEMEHHOM.

[To anmamorum ¢ rosomopdHBIME (DYHKIUAME KOMILUIEKCHON IepeMEeHHON rosioMopdHbIe
dyHKIIUN JTBOWHON MepeMeHHOH MOYKHO ONPEIeIsTh (hOPMATBLHBIMU CTEIIEHHBIMU PSIIAMU, CXO-
JINMOCTb KOTOPBIX 9aCTO BBITEKAET U3 CXOAMMOCTH COOTBETCTBYIOIINX BEIIECTBEHHBIX PsiJIOB.

Nnmeer MecTo ceyiolee yTBEPXKIEHUE: 6CAKaAA h-2040MopPras ury h-anmuzoromoppras
Pynryua 0601H0T nepemennoti omobpascaem JeAUMENU HYAA 6 eAUMENU, HYAA ITH, BbIDayKa-
SICh TEOMETPUYECKUM S3BIKOM, OCMABAAEM UHBAPUGHMHbIM KoHYC 4100010 moyuku. PopMabHO
9TO CBONCTBO BBIPAXKAETCS PABEHCTBOM:

F(Con(h)) = Con(F(h)),

JUIsE BeKOi Toukn h u3 obsacru rojomopdHoctr dbyukimu F (gokaszarenserso M. B [1]). Ilpn
9TOM T0JI0MOPhHAsT (DYHKIUsI COXPAHSIET KOMIIOHEHTBI KOHYCA, & aHTUIOJIOMOPQHAST IEPEBOJAT
koMmoueHThl A(1 & j) apyr B apyra.

C y9eroM MOKOMIIOHEHTHOTO OMPEEICHUsT OIepaTopoB aud GepeHnnpoBaHs:

0 1 6+,8 o 1[0 .0 (12)
oh 2\t Yoz) on 2\ot oz
yeaosue (10) B mekapToBbIX KoopauHaTax st h-romomopduoii dbyskmun F = U + jV npunn-
MaeT BUJI:

. 1 . . . 1 .
Fr=U+jV)5= 5[(U +iV)e = U +jV)a] = §[U,t ~ Ve +i(Vy—U,) =0,
OTKy,Ha CJIe,ZLyIOT yC/LOGU.ﬂ 2unep60/zu%ecnoii araaumutrHocmu KOWU—P’LLMCLHG.’
U,t = Vx; U,x = V,t- (13)

Jlerko mpoBepuThb, uTo u3 ycaosuit (13) ciemyer runepbomueckasi TApMOHUYHOCTD BeIlle-
CTBEHHOI 1 MHUMO#I dacTeil aHaIuTHIeCcKOl (pyHKIUU F, KOTOpasi BbIpaxKaeTcs YPaBHEHUSIMU:

OU = 0V =0, (14)

rie
0 = 40,8;, = 0?7 — & (15)

— 2-MepHBIii BOJIHOBO# omepaTop — gajiamdepruan ("runepbommaeckuii tamiacuan").
[Ipu orobparkennn

Hy 55 Ho, (16)

lonarue npoussomuoit dbyukiuu F(h, h) M0 apryMeHTaM BBOINTCS AHAJOIMYHO OIPEICICHHIO BEIeCTBEH-
Horo amasuza. Vmenno, Mbr onpenenseM muddepentmpyemocts dynkmun F B Touke (h,h) Kax ciemyromee
cBoiictBo ee mpupamenus: AF = A(h,h) Ah + B(h,h) Ah + o(|Ah||%), toe |Ah|y = [|At2 — Az?|]M/? —
TICEBIOEBKIINIOBA HOPMa TIPUPAIeHusl iepeMeHHol. Ilepexons K pasaumaabiM npegenam npu ||Ahk|ly — 0, no-
JlydaeM OIIPE/IIeHNs YaCTHBIX NMPOM3BOMHBIX WM "TPOM3BOAHBIX 1m0 HampaBieHusaM". IIpobmema mpu Takom
OTIpe/Ie/IeHNN BOZHUKACT TOTBKO B CTydae MPOU3BOJHBIX BJIOIb KOMIOHEHT KOHyca: Ocon = Ox(14j)- Mbl He
OCTAHABJIMBAEMCsI TIOIPOOHO HA STOM BOIPOCE B HACTOSAIIEH CTATHE.
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rie F' — romomopduas dyHKIMs, MeTpUKa 1) mpeobpasyercst (B 0OpATHYIO CTOPOHY ) MO 3aKOHY:
ne = |F'(h)n, (17)

rae F'(h)/dh. @opmyna (17) ozmadaer, uro byskius F(h) B obmactu cBoeil romoMopdHo-
cru u B Toukax, ie |EF'(h)[*> # 0 ocymectrager kondopMHOEe 0TOGpasKeHue JIBOHHOI T10C-
KOCTH Ha cebsl, T.e. COXpaHsieT TUIEPOOMIECKHE YIJIbl. DTO 0OCTOATENIHCTBO TECHO CBA3AHO C
YCTAHOBJIEHHBIM BBIIIe (DAKTOM MHBAPUAHTHOCTH KOHYCcOB Con OTHOCHTENBHO h-TOJIOMOP(MDHBIX
orobpaxennit. Ormernm, uro |F'|? = |VU|* = |[VV|*> = Ap, tme V — omneparop rpajiuenTa B
[ICEBJIOEBKIINJIOBOI MeTpuKe, a Ap — sikobraH orobpazkenns F, paccMaTpruBaeMoro Kak 0Toopa-
xerne R? — R?. Kak 310 ciemyer u3 yeosuit (13) wmu coobpakennii KoHOPMHOCTH, JTUHUI
U = const u jsuann V' = const mis Besikoit roomopduoit dyukmun F(h) obpasyor Ha mI0c-
KOCTH Hg OPTOrOHATBHYIO (B THIEPOOTMIECKOM CMBIC/IE) KPHBOIMHEHYIO CHCTEMY KOOD/IMHAT,
IIOCKOJIBKY B KasKJIOM TOUKE BBIIOJIHACTCH PABEHCTBO:

T](VU, VV) = U,t‘/,t — U,mV:x = U’tU@ - U’xU,t =0. (18)

[To amajornm ¢ KOMILIEKCHBIM CJIyYaeM 3TO IPOsICHSAET I€OMETPUIECKMII CMBIC OTHOIIEHMUsT
2unepboauveckots conpasncernocmuy mapbl GyHKIMi U u V| KoTopble SBISIOTCS BEleCTBEHHOI
U MHUMO#T 9acThI0 HeKOTOPOit h-rosomopduoit dbyukuun F(h): conpascenmnvie gyrryuu umerom
630UMHO-0PMOZOHAALHBIE AUHUL YPOSHS U PABHBLE HOPMBL 2PAJUEHO0E 8 KaHCAOT MovKe.

OTMmeTnM, 9TO MHOXKECTBO KOH(DOPMHBIX ITpeoOpa30BaHmil IICEBI0EBKINI0BOI METPUKT, KaK
1 B eBKJIMJIOBOM CJIydae, He ncdepnbiBaeTcs h-romomMopdabiME ByHKIIAMI. OTMETHM TaKKe,
9TO B OTJINYNE OT 0OIIEro KOHMOPMHOI0 Ipeobpa30BaHMs IICEBI0EBKINIOBOI METPUKHI, KOTOPOE
MOKET WHIyIIUPOBATh KPUBU3HY, h-rojoMopdHbIe Tpeodpa3oBaHms, pacCMaTpUBaeMble 371eCh,
OCTaBJIAIOT TPOCTPAHCTBO-BPEMSsI IJIOCKUM. BBUIY 9TOI0 MOXKHO CKa3aTh, UTO U3JIaracMas HUZKe
Teopus MPEJCTaBIIeT COOOI MPOMEXKYTOIHOE 3BEHO MEXKJIy CIeIUaJIbHON 1 00IIeil TeopusiMu
OTHOCHTEILHOCTH B 2-MEPHOM CJIydae.

3 TeOpI/IH PI/IHep6OJII/I‘{eCKOFO ImoreHnuaJia B IIyCTOTE
3.1 IlpuHnunbl KOHPOPMHOII TEOPUU OTHOCUTEILHOCTU

Pacmmpum teneps rpymnmy Ilyankape, jeiicTBYIONIyIO Ha JABYMEPHOM MPOCTPAHCTBE-BPEMEHU
My, 10 TpymIIbl MPOU3BOJBHBIX h-TOJOMOP(MHBIX Mpeodpas3oBaHmil, KOTOpPbIE JIEHCTBYIOT HA
TOYKH-COOBITHS MTPOCTPAHCTBA-BPEMEHN KaK Ha 3JIeMEHTHI aJreOpul Hs. BBumay nenuneiHocTH
npeobpasoBanug F, rimobaibhHas adunHas cTrpykTypa Mo B 00IIeM ciaydae He COXPaHSAeTCsd U
HEOOXOIMMO TIePeXOIUTh K JIOKAJIbHOI Bepcun oTobpaxkenus — ero guddepennuany. Ha are-
opamyeckoM si3bike Jnddepentuan orobpazkenus F' ocyiiecTBisieT oToOpakeHrne KacaTe/IbHbIX
MPOCTPAHCTB 1O (pOpMYy.Ie:

& = Xr(n) = F'ép. (19)

rae &, € ThMa, xrn) € TrnyMa, h =t + jx. Vcnomssys sKCIOHEHIHAIBHOE IPeICTaBICHIe
JUIA mpousBoaHoit F: .
F'(h) = e F'|(t, z)e’* ), (20)

MIPUXO/INM K 3aKTI0UEHNIO O TOM, 9TO JIOKAJIHHO h-To/TOMOPMQHbBIE MPeodPa30BaHUs OCYIIECTBIIS-
TOT:

1. mpeobpasoBanus Jloperia, 3aBucdiume OT TOYKH (MOBOPOT HA TUIEPOOTMYECKUN yTOT
P(t, z));
2. oTpazKeHUsi OCell BpeMEeH! U MPOCTPAHCTBEHHON KOOPMHATHI (apaMeTp €);

3. pacTsizKeHue JIJIMH BeKTOPOB (CKasspHbLil MHOKUTEND |F|(T, x)).
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[TepBoble aBa THIA MPEOOPA30BAHNUIA, IO CYIIECTBY, PACCMATPUBAIOTCSA U B CTAHIAPTHON BEPCUN
CTO. Paznuna npeodpazosanuii JIopenta B koudopmuoit CTO u obsranoit CTO zakmodaercs
B TOM, 4TO TepBble JeHCTBYIOT JIOKAJbHO, T.€. TTapaMeTp 1 3aBUCUT OT TOYKH, B TO BpeMs KaK
B crapgaptHoii CTO MbI ncmosgb3yem ryiodbabHbIe IpeobpasoBaHus JIopeHia, coXpaHAOIIe
abPUHHYIO CTPYKTYPY IPOCTPAHCTBA-BPEMEHH>.

Taxum 06pa3oM, B JTOKAJIBLHON Bepcun IpeodpasoBaHuil IPOCTPAHCTBA-BPEMEHN € IMHCTBEH-
HBIMH HOBBIME SJIEMEHTAMHU SBJISIOTCSI PACTSIZKEHUsI TICeBIOEBKIMIOBBIX JIJINH (MHTEPBAJIOB),
ONKCBIBAEMOe MOJLyJIeM TpousBojHoil |F’|. B ciaydae cranmaprabix mpeobpasosanuii Jloperia
|F’| = 1 n koudopmMHas crerneHb ¢BOOOIBI UCUE3ALT.

[lepeitinem K dpusndeckoit uHTEpIpeTanun h-romoMopdHbIX oTobpazkenuit. [Ipu sTom B Kade-
CTBE 9BPUCTUYECKOI0 PYKOBOJIMAIIETO IIPUHIAIIA MbI OyIeM IPUIAEPKUBATHCA NPUHUUNG AHANO-
2uy ¢ Komnaexchol naockocmouio. LomomopdHast pyHKINS Ha KOMILIEKCHON TIJIOCKOCTH MOYKET
OBITH KaK IMHAMUYECKUM (3JIEKTPOCTATHKA ), TAK M KHHEMATHIECKNM (THAPOANHAMUKA) MOTEH-
[IAAJIOM. DTH JIBe TOYKU 3PEHNs MOTYT OBITH B ONMpPEIEJIeHHOM CMBIC/IE SKBUBATEHTHBIMI JIPYT
JIPYTY, aHAJOTMIHO TOMY KaK CHJIOBOH M TeOMeTPUYECKHil CIHOCOOBI ONMUCAHUST T'PABUTAIMN B
HEKOTOPBIX CUTYAIUSIX IKBUBAJIEHTHBI APYT apyry B pamkax OTO.

Bynem pacemarpusarh dyuakimio F' = U+ jV Kak KOMILIEKCHBIH TOTEHIINA OTIOPHOTO BEK-
TOPHOT'O TIOJISI 2-CKOPOCTHU WA 0NOPHO20 NoAA cobcmeennozo epemenu. CaMo 1oje 2-CKOPOCTH
u OyIeT onpenersaThbes (hopMyIoii:

4P U aU

U*%*E‘iﬂax, (21)

B KOTOPOIl MCIO/Ib30BaHbI onpejernennue (12) omeparopa KOMILIEKCHOTO b depeHIMpOBaHUsT 1
runepbonmaeckue ycnopust Komm-Pumana (13). Ksagapar moaysst 2-ckopoctn

[ul* = (VU)* = (VV)* = |F"". (22)

[Tepsoiit 3HaK paBercTBa B hopMyJie (8) ocTaeTcs B CUJIE U ONPEIE/ISeT Terepb HeTPUBUATHLHOE
"mosie ckopocteit" cobCTBEHHOrO BpeMeHU, KOTOPOe Ha BCAKON MHTErpabHO#l KpuBoit I' aToro
TIOJTS 33/TA€TCSI COOTHOIIEHNEM:

dr ,

— = |F.

ds
Tenepsb B paccmarpuBaeMoil HaMu h-roJioMOPQHOI TEOPUU OTHOCUTEILHOCTH HHTEPBAJIBI IICEB-
JIOEBKJIMIOBOM JITMHBI M XPOHOMHTEPBAJIBI OKA3BIBAIOTCSA PA3INIHBIMU U CBI3b MEXKIy HUMU B

(23)

KazKJION TOYKE YIPaB/ISAeTCS TUIIEPKOMILIEKCHBIM MTOTEHIHATIOM F.
CocraBuM ypaBHEHHs] HWHTETPAJbHBIX KPUBBIX OMOPHOTO MOJsi COBCTBEHHOIO BpeMeHu (-
HUIl BDEMEHU WJIN JIMHUI TOKa BPEMEHH ):

dt oU dx oU
Do Do (24)

[ToTeHIMaJIBLHOCTD TIOJIsT COOCTBEHHOI'O BPEMEHH NMPUBOJAUT K TOMY, 9TO HapaMeTp A OKa3bIBa-
€TCsl IPONTOPINOHAJIBHBIM HATYPAJIbHOMY ITapaMeTpy s Ha MHTerpaJbHOM KpuBoil. /i mokaza-
TeJbCTBA 3TOr0 (haKTa BHIYUCIUM CMeNIaHHble TpousBojnbe 02U /Otdx u3 mepBoro u BTOpOro
ypasHeHus B (24) mezaBucumo. Vmeem mjist mepBoro ypaBHeHHst

U _ 0dt _ &t (de\™
Oxdt Oz d\  d\2 \ d\ '

2QTMeTHM, UTO HOMBITKA HCIIOIL30BATE JOKATH30BAHHEIE IIpeobpa3oBanns JIOpPEHIa ITOCPeCTBOM YMHOMKe-
Hisl Ha a1eMenTs! Buga e/ ¥(H%) BLiBoanT 3a paMKm h-romoMopdHBIX TpeoGpa3oBaAHMIA.
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Anasiorngno IJIsl BTOPOT'O YpaBHEHUA

otdr  otdhx  dX2 \ d\

U  9dv  da (dt\

[IpupaBHuBas MOTyUYeHHbIE BBIPAXKEHUS MTOJIyUIAEM IOCIe MPOCTHIX MPeo0pa30BAHMIA

d dt \ 2 dz\ 2

- ) — = = 2

d\ dA\ d\ 0 (25)
OTKY/Ia CJIeJIyeT

dt\® (dz’

— _— — pr— = 2

) o C' = const, (26)

9TO U TpebOBAJIOCH J0Ka3aTh. B manbHeiimem Mol Be3ae nmomaraem C = 1.

WNurerpaibabie Kpupble 1o VYV — 3T0 MPOCTpaHCTBEHHBbIE CeUEHNs 2-MEPHOIO IPOCTPaH-
CTBa-BpPEMEHHU, OPTOrOHAIbHBIE B KazKI0i TOUKe JTUHUAM BpeMeHn. J1ist BEIYUC/IeHsT ITPOCTPAH-
CTBEHHBIX JIJTUH BJIOJIb ITPOCTPAHCTBEHHBIX CEUEHUN MPOU3BOIHLHON KOH(MOPMHON KaauOPOBKU
MOXKHO BOCITOJIb30BATbCsT (POPMYJIOi

= / || ds, (27)

rje mapaMerp § — HaTypaJbHBII MapamMeTp MHTErpajbHON KpuBoil mosss VYV, omnpeensemoi
[1apoil ypaBHEHUIA:
d¢ oV dx OV
ds Ot ds Ox
Takum 0OpaszoM, MACHITAOHBIN MHOXKHUTEIb "yrpas/iser" Kak XOJ0M COOCTBEHHOTO BPEMEHW,
TaK U MPOCTPAHCTBEHHBIMHU PACCTOSTHUSIMU. DTO CTAHOBUTCS COBCEM OYEBUIHBIM, €C/ii 00pa-
TUTH BHUMAaHUE Ha MOJHOE PABHOMPABHUE BPEMEHUIIOIOOHBIX U MTPOCTPAHCTBEHHO-TIOIO0HBIX Ha-
MIPaBJIEHUH U YCJIOBHOCTH WX WHTEPIIPETAINN KaK TAKOBBIX B pamkax 2-mepuoit CTO.
[t TPOUBBOILHBIX JABUKEHUIT TPOOHBIX YACTULL ITPOMEYKYTKI BPEMEHU U JIJIMHBI BITHC/Is-
FOTCsI:

(28)

dr dl
% - ’)’](VU,UJ), E - T](V‘/,UJ), (29>

rJie W — CTAHJAPTHBII BEKTOP 2-cKopocTu mpobHoit dacturpl (|w| = 1).

3.2 KoHdopMHBI CABUT YaCTOThI

[Ipoananusupyem ¢ mo3uinii u3aaraeMoii KOH(MOPMHON TeOpUu OTHOCUTEIbHOCTU IPOIEIYPY
CpaBHEHHUsI XOja TPOCTPAHCTBEHHO pa3ieeHHbIXx dacoB. [lycrs I'y m 'y — muposble uHUN
JIBYX YaCOB, KOTOPbIE PACCMATPHUBAIOTCS B 2-MEPHOM IIPOCTPAHCTBE BPEMEHU B HEKOTOPOH KOH-
dbopmuoit kanmbpoBke, 3amaBaemoii h-rosomopdubiM notenimagiom F = U + jV (puc. 2).
PacemorpuM mapy 6mM3KnX TOYEK Ha HHTErpaibHON KpuBoil ['y: Touky p = (£(s2),z(s2)) u
Touky p' = (t(s2 + Ass), z(se2 + Asy)), riie sa — HaTypaJbHbIl mapamerp Ha Kpuboil ['y. Ilepe-
XOJIsI K JINHEAPU30BAHHBIM BBIPAYKEHUSAM, TIOJTyTaeM:

t' = t(sy + Asy) = t(sy) + tAsy + 0o(Asy); (30)

' = x(sy + Asy) = x + £Asy + 0(Asy), (31)

r7e ToYKa O3HadaeT anddepenupoBaHue Mo mapamerpy So. C yderom Toro, 9ro BekTOp t0; +
£0, 4-CKOPOCTH YacoB 2 SABJISETCS eIUHUIHBIM B MeTpuke MUHKOBCKOrO 7), XpOHOMHTEpBAJI,
NPUXOIAIINANCS Ha pacCMaTpUBaeMbIil 0Tpe30K Asy MUPOBOi juHUU ['5, MOXKHO BBIYHC/IATD,
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Puc. 2: K npouenype cpasHenus xojga 4acoB B h-rojoMopdHOIl TeOpUH OTHOCUTEIHLHOCTU

CIIPOEKTUPOBAB ero Ha HampasjeHue VU B TOUKe p (x — CKaJsIpHOE [IPOU3BEJIEHNE B 2-MEpPHOii
MeTprke MUHKOBCKOTO 7)):

dT2 =vU % (t@t + Zl’ax)ASQ = (Uyti — U7mj:)A82. (32)

Jlummn xonycos npomrtoro Con(p) n Con(p’) Bbicekaror na Muposoil jumun I'y mapy Totdek
P=(T,X)u P = (T',X') coorBercTBeHHO. YCJIOBHE NPHHAJICKHOCTH Tapbl ToYek {p, P}
OJIHON KOMITOHEHTe KOHYCa HPUBOAUT K COOTHOIIEHUIO

T(s1) — X(s1) = t(s2) — x(s2), (33)

OIIPE/IEIISIONIEMY CBSA3b MTApAMETPOB §1 (HATYpaJsbHBIH mapaMeTp Ha MUPOBOi juHun 1'1) 1 Sg,

Ipu KOTOPBIX YaCbhbl OKa3bIBalOTCiA CBA3aHbl CBETOBBIM CHUTI'HAJIOM. ,ZLHH JacoB 1 mMeeM aHaJIo-
rugHo opmyIie (32):

dry = VU % (T0; + X0,)Asy = (U;T — U X)|conp)As1.- (34)

Huddepennnpyst coorHomnenue (33), TPUXOIUM K CBsI3U JIJIUH OTPE3KOB MUPOBBIX JINHUI YaCOB:
dSl = *dSQ. (35)

Tenepsb u3 (32) u (34) ¢ yaerom (35) noyqaem:

dT1 Ay
S(Plp) = — = =2 36
( |p) dTQ Ap? ( )
rie
Usd— Ui UT—U,X
t—2x T-X

Con(p)

Dopmyiiet (36)-(37) onuchBAIOT TPUHIMIHAIBHO HabonaeMblii 3 dexT kordopMHOit gedop-
MaIi COOCTBEHHOI'O BPeMeHM, M3MepsIeMbIil ITyTeM 0OMeHa CBETOBBIME CUTHAJIAMU MEKLy JIBY-
MsT IIPOCTPAHCTBEHHO pas3/ie/eHHbIMI dacamit. Besananua 6 ( P|p) mokassiBaeT CKOPOCTh X0/a da-
coB B TOUKe P B eIMHUIIAX COOCTBEHHOTO BPEMEHU YaCOB B TOUKE P, PACIIOJIOKEHHOM HA KOHYCe
oyaymero Touku P, B Kondopmuoii kaauoposke F' = U + jV.

B kadecTBe nmpumMepa paccmoTpuM 3pdekT KoHpOpMHOT AedopMaliui BpeMeHn, HHLYITHPO-
BaHHOIT ¢1ab0it KOHMOPMHOIT BOJHOM BUIA:

F(h) = h+esinwh, we < 1. (38)
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[Monaras € = €1 + jea, w = wy + jws, momydaem jusg F'(h) = U(t,z) + jV(¢,x) B KoMIOHEHTAX:
U(t,x) =t + &1 sin @1 cos Dy + € sin Py cos Py; (39)

V(t,x) = x + €1 sin Py cos P + &5 sin Py cos Py, (40)

rae ®; = wit + wax, Py = wot + wrz.

PaccMoTpuM napy HOKOAIINXCA Ha paccTosHum L Apyr oT apyra dacos®. Takue dachl omu-
CBIBAIOTCST KOMIOHeHTaMH 4-ckopocrit: ¢ = T = 1, & = X = 0. ®opmyJisl (36)-(37) mpuBomaT
K [IPOCTOMY BbIpazkeHHo 3dekra KoHbDOPMHOIT nedopmarin Bpemern (KoopauHaTh! (t, ) —
POU3BOJIbHBIE TEKYIIIHE KOOPIMHATHI OMIOPHBIX YACOB):

U,t(t — L,$ - L)
U,t<t7x)

o((t = Lx — L)[(t,2)) = (41)

SﬂeMeHTaprIe BBIYMCJIECHU A HpI/IBOﬂHT K Bpra)KeHHIO:
U.(t,x) = 14e1(wy cos Py cos Py —ws sin @y sin $y)+e5(wq cos Py cos Py —wy sin Py sin @y ); (42)

Uit —Lyx— L) =Uqs(t,x)|o,—0,-5 (43)

rae 0 = (wy + wa)L. Toncrasnas (42)-(43) B dopmyny (41) u ucmonb3ys ycioBHe MaOCTH
KOH(bOPMHOIT j1ecbopMaliu, mocsie SIeMEeHTapHBIX TPUTOHOMETPHYECKUX MPeoOpa3oBaHuil Mo-
JIydaeM CJIe/lyIoliee BhIpazkeHue Jis OTHOCHTEIBHOIO X0/a JacoB:

S((t—L,x— L)|(t,x)) = 1+ (61 + €2) (w1 + wo) sin[(wy + we) L] sin[(w; + ws)(t + = — L)]. (44)

Dopmysa (44) moKasbIBaeT, UTO 6 h-20.40MOPPHHOT MEOPUL OMHOCUMEALHOCTNU OMHOCUMEND-
HAA CKOPOCTND X000 4ACO8 UCTBIMBIBAEM, NPOCMPAHCMEEHH0-BPEMEHHYI0 MOJYAAUUINO, KOTOPAS B
NPUHITUITNATLHOM OTHOIIIEHUH JIOCTYITHA U3MEPEHUIO MTOCPEICTBOM SKCIEpUMeHTa. B peagbHOM
9KCIEPUMEHTE yI00Hee U3MePATh He CKOPOCTh XOJ/a 9acoB, a CABHUI YaCTOTHI ABYX TOUYEUHBIX
9JEKTPOMArHUTHBIX u3jydareseit. Popmysia 118 OTHOCUTETHHOTO CABUTA YACTOTHI B 9TOM CJIY-
Jae:

i—: = —(e1 + &2)(w1 + wy) sinf(wy + wa) L] sin[(wy + wa)(t + 2 — L)] (45)

HOJTyYaeTCsl OUeBHIHBIM 06pa3oM u3 dhopMmyIibl (44).

Jnga opranuzanuy moI0OHOTO SKCIIEPUMEHTa HEOOXOJMMO 3HATh, KAKUM PaCIpe/Ie/IeHIeM
HCTOYHUKOB MOPOKIaeTcst KoudopMuas gedopmanus suga (38). Onupasich Ha MPUHIIUI aHA-
JIOTUH C KOMILJIEKCHOI IJIOCKOCTBIO, CCOOPMYIUPYEM HEKOTOPbIE ODIIHe MUIOTETUYECKUe T0JI0-
JKeHMsl (aKCHOMBI KOH(DOPMHOW TEOPUU OTHOCUTEJILHOCTH), MO3BOJISIONINE OTBETUTH HA JTOT
BOITPOC.

1. Ucrounnkom KoH(MOPMHOI JTehopMaIiy 2-MePHOTO MMPOCTPAHCTBA-BPEMEHH SIBJISETCS 2unep-
boauneckut 3apsa0, CBSI3aHHbBI HEKOTOPBIM (IIOKA HEU3BECTHBIM) 0OPAa30M € XapaKTepUCTU-
KaMi MaTepui (IJIOTHOCTHIO SHEPIUH, JIABJICHUEM,. . . ).

2. B BakyyMme (T.e. B I[yCTOM IIPOCTPAHCTBE-BPEMEHU BHE JUCKPETHBIX UJIH PACIIPE/IEIEHHBIX UC-
TOYHUKOB) 110J1€ KOHGOPMHOI JehOpMAIiN OMUCHIBACTCST HEKOTOPOIt h-rosoMopdHOi hyHK-
mmeit F'=U + jV.

3. Ha rpanurne ncrounukos (jaunnu) V = const (dusmaecku 570 03HAYAET, 9TO MUPOBasl JIN-
HUS MaTepUuaJbHON 4acTUIBl IPAHUILI 00JIACTH MCTOYHUKA oOpasyeT OJHy M3 JIUHHN TOKa,
BPEMEHN ).

3Taree MBI Be3le OTOXKIECTBIIAEM L ¢ Pa3sHOCTLIO KOODAUHAT & IIOJOXKEHHII UacoB, IIOCKOIBKY y9UeT KOH-
dopmuoit nedbopmaryu JUMH ¢ TOMOIIBIO (hopMysibl (27) IpUBEAET K MONPABKAM BBICIIErO MOPAIKA MAJIOCTH.



JL.T Ilasmos, C.C. KokapeB Ajrebpandeckasi eJuHast T€OPHsI MPOCTPAHCTBA-BPEMEHH. .. 21

?
?

NG
:-\/\/\/\/-\
TN SN
N NN
M—/\—N:'\/\/\—’\A

i

o
rrerrrrrrrr X o LI S B B S B S S N S R |

_4Q -

Puc. 3: CewmeiicrBo nuuuii-rpanut (46) HOTEHIIMATBHBIX HCTOYHIKOB OISt KOHGOPMHBIX J1ebOpMAaIiiii
(38) st e9 = 0, we =0, 61 = 0.1, w; = 1. B obuacru 63K ocu abeuuce (OCH BpEMEHHU) yCIOBUE
MAaJIOCTH, KOTOPO€e ObLIO MCIOIb30BAHO Jisl BBIBOJA IPUOINKEHHOro pernernst (47) Hapyaercs.

CdopmymupoBaHHbIe TPUHITUIIBI OCTAB/ISIOT HEBBISICHEHHBIM BOIIPOC 00 OTIPEJIe/IEHUN OISt
KoHMoOpMHOIT HedopMarun B 00/1aCTH BHYTPU UCTOYHUKOB — B OOIIEM cjydae OHO He OyJer
TaM h-roIoMOpGHBIM. Mbl TOCBATHM 9TOMY BOIPOCY CJIEIYIOMNN pa3jesr. 3aMeTUM 37eCh O/I-
HAKO, 9TO JJsi OOJILIMMHCTBA SKCIIEPUMEHTOB C TPOOHBIMU M3JIyYaTEIAMI U YacaMU 9TOT BOIIPOC
HECYIIECTBEHEH, IMMOCKOJIbKY TaKNe SKCIEPUMEHTHI TPOBOIATCS BHE MCTOYHUKOB.

Onpenenum TpUOINYKEHHbBI 3aKOH JBUKEHUS TPAHUI] UCTOYHIUKOB B PACCMOTPEHHOM HAMU
npumepe. C yaerom (40) yenaosue V = C' = const nmpuHAMAaeT BUI;

T + &1 sin @y cos P; + 5 sin P cos Py = C. (46)

— HEeSIBHOT'O YpaBHEHUsI, ONPEIEISIIOIIEro 3aKOH JBMKeHus rpanutibl. [lxsa C' > € MOXKHO JIeTKO
HaifiTy NMpUOIMZKEHHOE PellleHre B ABHOM BHU/IE:

x ~ C — (1 8in Py cos Dy + &5 8in P; cos Do) |,—c
WIN B SIBHOM BHJIE:
z ~ C — gy sin(wat + w1 C) cos(wit + woC) + g sin(wit + woC) cos(wat + w1 C).  (47)

Buyt sinanit u3 cemeiicra (46) mpu HEKOTOPBIX YaCTHBIX 3HAUEHUSAX wj, &; U C' IpeJCTaB/IeH Ha
pucyHke 3.

CretaeM HECKOJIBKO 3aMEUYAHMIT 10 TTOBOJIy PACCMATPUBAEMO CUTYAIIUN U MOJTYyIEHHBIX Pe-
3yJIBTATOB.

1. PaccmarpuBaemast HaM#u CHUTyallusi c1aboit BOJTHBI KOH(MOpPMHON gedopMaliii B 3HAUU-
TEeJLHOI CTeleHn aHAJOIMYHA IO Caaboil II0CKO# TrpaBuTaroOHHON BoHBI. OmIHAKO,
KaK y»Ke OTMedaJioCh BbIllle, KOH(MOpMHasA JgedopMaliusi, OIMUChbIBaeMas MOCPeICTBOM h-
roJIOMOP(HBIX (DYHKIH, He MEHSET JIOCKOCTHOCTU 2-MEPHOI'O MPOCTPAHCTBA BPEMEHU, B
TO BpeMs Kak rpapurtarmonnas BosHa B OTO xapakTepusyercst HEHYJIEBBIM TEH30POM KOH-
dopMHOIT KPUBU3HBI U HEyCTpaHUMa HU IIPEoOPa30BaHUSIMU KOOPAWHAT, HU OOIIMM KOH-
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dopMHBIM ITpeobpazoBaHneM MeTpuKu. Kpome Toro, BoaHa KOHGOPMHOIT gedopMalun coo-
CTBEHHOT'O BpeMeHH 3(P(PEeKTHUBHO OMUCHIBAETCs CKAJISIPOM, B TO BPEMS KaK IPaBUTAIIMOHHAS
BOJIHA CYIIECTBEHHO TEH30pHAsI U MOIEePeIHAs.

2. Tem mHe Menee, 3¢pdekT KOHGOPMHOI TedopMaIii BOZMOXKHO CIeIyeT pacCMaTrpuBaTh Kak
3ddeKT, BKIIOUAIOMNI CTaH apTHBIE 3JIEKTPOMArHeTU3M, I'PABATAIIMIO0 U BO3MOYKHO IOJISI
HOBOIi ellle Hem3BeCTHOI Tpupobl (H-asi CuiIa), OMUCHIBAEMbIHl HAME B PaMKaX HEKOTOPO-
ro ajbrepHaTuBHOrO dopmaansma. Hanbosee mosHO 3TOT POpMAIU3M JOJKEH peasin30-
BBIBATHCSI B PaMKaX MPOCTPAHCTB H, (N-MEpHBIX METPUYECKUX MPOCTPAHCTB bepmasbia-
Moopa, TecHO CBSI3aHHBIX € aJreOpOil MOJIUINCET). DTUM BOIMPOCAM MbI [IPEIIIOJIATAeM CIIe-
IUAJTBHO TTOCBATHTD HECKOJIBKO OYIIYIIUX ITYOTNKAIIHIA.

3. OrmernM, 9TO HAIlle PACCMOTPEHHUE IO CYIIECTBY Mpeanosaraer popMaJbHbI OUMETPU3M.
Opna n3 meTpuk — Merpuka MHUHKOBCKOTO 1), KOTOpas He MojBepraeTcs KOHMOPMHOIL Jie-
dopmanun u gBisiercs onopHoit. /Ipyrast merpuka — nedopmupoBanHas MeTpuka MuHKOB-
ckoro |F'|?n, KOTOpyo MBI HEe HCIOIb30BAIN KaK TaKOBYIO. [l cpaBHEHHS Pa3BUBAEMOIO
Hamu nogaxojga ¢ noaxogom OTO yrnobHee BeTaTh HA MPOTHBOMONIOXKHYIO TOUYKY 3PEHUS U
HCIIO/Ib30BATh B PACCYZKIeHUAX UMEHHO JedbopMupoBanuyio MeTpuky |F'[*n. Mul eme Bep-
HEMCsI K 9TOMY BOIIPOCY B 3aKJIIOYCHUN.

4. Pacuer morenmmasia F' mompasymMeBaeT BBeJeHHE HEKOTOPOTO JIMHAMUYIECKOTO ITPWHIHIIA,
BKJIIOYAIOIIET0 yPaBHEHUsI TIOJIsi U 3aKOHBI €ro B3auMoJeiicTeus ¢ marepueii. Oauna us3 mpo-
CTEHINX BAPUAHTOB, B KOTOPOM XapaKTEePUCTUKU MaTEPUHU CBI3BIBAIOTCS ¢ HETOJIOMOP(HO-
CTBIO caMoro moJjisi F, Mbl 00CYyIUM B CJIEIYIONIEM pas3Jelie.

4 ,Z[I/IHaMI/I“IeCKaH Teopusda I'mIIepKOMIIJIEKCHOI'O IIOTEHIIAAJIA

Henbio HACTOAIIETO pa3iesa ABIgeTcsS (POPMYIMPOBKA U MCCAeJ0BAHNE TMHAMIYIECKOTO TTPUH-
1A, U3 KOTOPOTo Obl BEITEKAIM 3aKOHBI (YPaBHEHNUs ), YIPaBJsoine JuHaMuKoii nosst F. Bre
HUCTOYHUKOB 3TO MOJIE JOJZKHO CTAHOBUTBHCS TOJIeM KOH(MOPMHOI j1echopMaIiui, ONMuChIBAeMbIM
HEKOTOPOIt h-rosoMopdHoil dbyHKIMEl, cO BceMu cBoiicTBaMu U (hU3MIECKON MHTEPIIpeTAInei,
paccMOTpeHHBIME BbIte. V3 o0mux coobparkeHuit 09eBUIHO, YTO B 00JIACTH, 3aHATON NCTOYHM-
KaMu, 1ojie F, BooOIIe roBops, yzKe He OyJeT ABIIThCA roJoMOpPGHON (DyHKIIMEH mepeMeHHOil
h. JIpyrumu cioBaMu, 00J1acTh HCTOUYHUKOB HOJIA XapakKTepusyercs HepaseHcTBoM F'j, # 0, BbI-
paxkaromum dakT HerosomopdHocTr GyHKIUU F, Tak 9TO B 3TOI 00J1aCTH T0JIeBasd (PYyHKIIN
F 3aBucur, BooGIe ropopsi, KaK OT TIepeMeHHOil h, Tak 1 OT epeMenHoil h. ByjneM B 1ajbHel-
eM HasblBaTh Beauduny Fj, mnezonomopdrocmuvio 2unepkomnaercnozo nomenyuana F. Ecin
MBI TIOCTYJIUPYEM, YTO JTUHUU BPEMEHU BHYTPU UCTOYHUKOB KaK U MPEXKJIe COBIAJIAIOT C UHTE-
IpajIbHBIMEI KPUBBIMHI BEKTOPHOIO 107t F', (KOTOpOe, oTMeTnM, Terepb yKe B ODIIeM ciydae
He SIBJISIETCS TPAJMEHTOM), TO Tojie F' CTAaHOBUTCS yHUBEPCAJIbHOI (DbyHKIHE, coieprKaiieii
B cebe Bcio nHMOpPMAIUIO 000 BCeM MPOCTPAHCTBE-BPEMEHU BMECTE C €ro MaTepHaJbHBIM Ha-
HOTHEeHHeM: IIpou3BoAHbIe [) oTBedaloT 3a JOKaJbHble KUHEMATUKY NCTOYHUKOB U FeOMeTPUIO
IPOCTPAHCTBA-BPEMEHH, a IPOu3BojHbIe Fj, (HEronoMopdHOCTE) OTBEYAIOT 3a BHYTPEHHHE JIO-
KaJIbHbIE XapaKTEPUCTUKN UCTOTHUKOB.

4.1 BapwanuoHHbI OPUHINI U YPABHEHUS MOJIS

[Iepeitnem K TeopeTnKo-moeBbIM (hopmyupoBKaM. [locTymupyem jelicTrBue st rurepOoimde-
CKOT'O TIOTEHITNAJIA B CAEYIONIEM BHUJIE:

SIFF)=a [{IFa (| Faf")} db A (48)
Ha
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re IepBOe caraeMoe IO MHTErPAJIOM SIBJISIETCS TUIEePOOInIecKUM "KIMHEeTHIeCKUM 9aeHoM"
U OTBEYAET 3a JIMHAMUKY TUIIepOOINIeCKOro MOTEHIAIa B IIYCTOTE, & BTOPOE CaraeMoe MpeJi-
cTaBjsgeT coboit runepboanydecknii "MoTeHIANbHbIN daeH" W OoTBedYaeT 3a CBOWCTBA U BKJIAL
HUCTOYHUKOB. B €cOOTBETCTBUM C U3/I0KEHHBIMU BBIIIE COOOPAYKEHUSIME, ITO MOC/IE/IHEE CIarae-
MO€ 3AaBUCHUT TOJIBKO OT THIEPOOTUICCKOTO MOy BEJIMIMHBI HETOJTOMOPGMHOCTA U B 00/1aCTH
BHE UCTOYHUKOB, I'JIe HETOJOMOPMHOCTHL oOpalaeTcs B HYJIb, OHO OMPEJEsieT B JeHCTBUN He-
KOTOPYIO TIOJIHYIO JTUBEPreHIINI0, He JAIONLYI0 BK/Iajla B ypaBHeHUS JABMKeHUA. OTMETHM, UTO
JIeiCTBHE B IIEJIOM BEIIECTBEHHO, XOTsI MbI U 3aIlCaJIU €ro B ABOTHOM mpejacTapiaeHun. Koncran-
Ta (v B HAIIIEM PACCMOTPEHUN HEOOXO/IMMA JIUIIb JIJIsi COOJTIOIEHUST TPABUIBHON pa3sMepHOCTH 1
ee KOHKpeTHOe 3HadeHne He OyIeT UIPaTh B JaabHeiieM HUKaKo# posn?.

N3 obmux coobpazkeHnit MOXKHO OBLIO OBbI Cpa3y HUCKIIYATb U3 PAcCMOTPEHUs Caydan
U(X) = AX + B. [eiictBurenbHo, 100aBieHne K JarpaHKUaHy KOHCTAHTHI M3MEHsIeT ero Ha
MOJTHYTO JINBEPIEeHIINIO U He MeHseT ypaBHeHuil moss. Craraemoe ke Buga A |F 3 ’2 € TOYHOCTHIO
JI0 HOJIHOM JuBepreniun pasao A |F h]2 1 ero j00aBJIeHNE TI0 CYIIECTBY CBOJIUTCS K TIePeorpe-
JIeJIEHII0 KOHCTAHTBI v B (48). B masbHeiieM, ecim 310 He OrOBOPEHO 0c000, MbI Beeryia Oy iem
ojIpasyMeBaTh, 9TO MOTeHIna bHasd (PYHKIUS OTJIUYIHA OT JUHEHHON U Oy/ieM UIHOPUPOBATH
JINHelHbIe 100aBKH K Heil. B pazmene 5 Mbl KocHEMCsS BOIPOCa O BO3MOYKHBIX ITPEISITCTBHUSX
UTHOPUPOBAHUS TPAHUIHBIX TJIEHOB B (DYHIAMEHTAJIBHBIX TEOPUSIX.

CranmapTHas TIpoTelypa BapbUpOBaHuA JeicTua (48) mo momeBbiM TepeMenHbM F, F
NPUBOJIUT K YPaBHEHHUSM TI0JIsI, KOTOPbIE MOXKHO NPUBECTH K BUJLY:

1
JOF = U'Fy), (49)

— HEOJHOPOJIHOTO BOJTHOBOI'O YPaBHEHMS C MCTOYHUKOM B MPaBOI YaCTHU, 3aBUCAIIAM JIUIIH OT
uerosomopduocru F. lrpux B (49) obosnauaer muddepennuposanune dyHKImu U 1m0 ee ap-
ryMeHTy (T. e. TO KBaJpaTry MOomy/s HeroaomopdHoctn). Bropoe ypasHeHme mosydaercs u3
ypaBHenusi (49) ero rumepbOIMIeCKUM KOMIUIEKCHBIM CONpsizKeHneM. Kak u cjie1oBaao 0xKu-
JlaTh, YPaBHEHHS IO/ TOJYUYUINCHh HEJUHEWHBIMU, MMOCKOJIbKY moje F, Kak 3To cjiemayer u3
IPUHITAIIOB Pa3BUBaeMOil TEOPUM, OIUCHIBAET U CBOM UCTOYHHUKH 3a cdeT 3(PPEKTUBHOIO CaMO-
neficrBus. B 3TOM OTHOIIIEHUN pa3BUBaeMas TeOpHUsl MPUMbIKAET K BapHaHTaM €IUHON Teopuu

nosist Mu [8].

4.2 IlepBblii MHTErPAJI U €TI0 CJAEACTBUSA

BamedaTesbHOT 0COOEHHOCTHIO ypaBHeHuil (49) sBJisieTcsi HATIMYNE Y HUX MEePBOIO WHTErpada,
HE3aBUCHMO OT KOHKDETHOI'O BHJa MOTeHIna bHOU dyHKIun U. /lelicTBUTENBHO, 3aNUChIBAs
BOJIHOBOII omeparop B KOMILIEKCHOM (opme (15), ypasuenue (49) MOKHO MPEJICTABUTL B BUJIE
paBeHCTBa HYJII0 HEKOTOPOIt TPOU3BO/IHOI:

(Fr(l=U"))n =0, (50)

OTKY/la CIeJyeT
Fr(l1=U') = p(h) (51)

— mepBblii nHTErpas ypasHenus (49), comepammuit mponsBoibHyio GyHKunio ¢(h).
Unrerpan (51) B obuiem ciydae mpejcraBisier coboii crucreMy ABYX HeTWHEHHbIX Tudde-
PEHINAIBHBIX YPABHEHUI B YaCTHBIX MPOU3BOIHBIX IIEPBOrO MOPSIKA. PaccMoTpuM ero BaxKHoe

49r1a KoncranTa GyaeT UrpaTh POJIb JIUIIL IPH UCCIEIOBAHUE B3aUMOACHCTBIA HoIs F ¢ IpyruMu mossmy,
KOTOpPBIE HE ONMUCHIBAIOTCA TTosieM F. DTy 3amady MBI B HACTOSIIEH CTAThe HE PacCMaTPUBAEM.
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CJIeICTBHE, KOTOPOE BBIIIOJHSACTCA B OOIIEM CJIydae He3aBUCHMO OT BUA IMOTEHINAJLHON (DyHK-
umn U. Jomnoxas obe yactu ypapuenus (51) ma I, u obosnauas |F il = X € R, npuxoaum
K COOTHOIICHHIO:

R>X(1-U(X))=¢(h)Fp, (52)

OTKY/Ia CJIeyeT, UYTO

Im @(h)F = 0. (53)

PacnuceiBast 310 cooTHOIIIEHNE B KOMIIOHEHTaX, MIPUXOAUM K YPaBHEHUIO:

01U — Vi) + 02Uy — V) =0, (54)

)

CBA3BIBAIOIIEMY @ = @1+ Jpo u F'= U+ 3V u ne copepxamemy dbyukiun 4. duddepernupys
coorrorrerne (54) o ¢t u no x, TpuxoaAUM K mape auddepeHuaabHbIX CIeICTBII:

014Uz = Vi) +01(Upt — Vir) + 2:(Us — Vi) + 02(Usy — Viur) = 0; (55)

QOI,I(U,:E - Vt) + §01<U,w,z - V:t,:v) + 902,I(U,t - V::D) + §02<U,t,w - Vz,a:) = 0. (56)

Bsumy Toro, 4to 1 m (9 ABAAIOTCI KOMIOHEHTAMU aHTHUTOJIOMOPMHON (DYHKINU (o, OHU CBH-
3aHbI TUMepOOIMIecKUMU yeaoBusaMu Tuna Komu-Pumana:

O1t = —P20; Pra = —Po (57)
Bripazkast IPOU3BOAHBIE @1 ¢ U (o B ypasHeHun (55) depes (57), IPUXOANM K ypaBHEHHUIO:
022Uz = Vi) +01(Uat = Vig) = 012Ut = Vo) +02(Usy — Viar) = 0. (58)

Paccmarpusas reneps ypasuenns (56) u (58) Kak cucreMy JIHHEHHBIX yPABHEHUI OTHOCHTETHHO
01 U P14, HAXOIUM:

o1 = Aps + Boay, (59)
rie
Ny N N32),./2 N2 — N?
A — 17t 2 + ( 12)7 / , B — 1 22 , (60)
NiNs, + (N3) /2 NiNa, + (N3) /2
a
M=U;—Vy No=U,—Vy (61)

— BeJIMYMHBI, obpalammecs B Hysib s h-rojoMopduoro norernuana F(h) (T.e. no cymie-
crBy KOMIOHeHThI Herosomopduocru F'). Tloacrasisig teneps perierne (59) B (54), npuxomum
K nuddepeHnnaabHOMy YPaBHEHHUIO TEPBOTO MOPSIKA OTHOCUTEIHHO (P9, KOTOPOE MOXKHO TIpe-

oOpa3oBaTh K BUJLY:
A M
Inps), =——— —=, 62
(npa)a =~ — b (62)
rae A u B onpenensiorcs dbopmyaamu (60)-(61).
Bripazkast Terepb aHaJIOMMIHBIM 00Pa30M IPOU3BOAHBIE Q1 , U o, B ypasHeHuu (56) depes
(57), mpUXOAUM K ypaBHEHHUIO:

_SDQ,t(U,w - ‘/,t) + Spl(U,ct,z‘ - V:t,ac) - Sol,t(U,t - V:x) + SOQ(U,t,x - ‘/,x,:c) =0. (63)

Cuosa paccmarpuBas ypasrenus (55) u (63) Kaxk cucreMy JTUHEHHBIX ypABHEHU{T OTHOCHTEILHO
Y1 U 1 ¢, HAXOIUM:
¢1 = Apa + Bpay, (64)
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rie

_Nl,xNQ_‘_(NlZ),t/Q' B N2 — N
NiNoy + (N3) /2 NiNyy + (N3) /2

[Moxcrasnsst pemenue (64) B (54), cuoBa npuxoanm K jauddepeHnuaabHOMy yPABHEHWIO T1ep-
BOT'O TIOPSAIKA OTHOCUTETBHO (P2, KOTOPOE MOXKHO IIPUBECTU K BUJLY:

A:

(65)

A Ny

ln == ——=, 66
Mnge =5 — 1 (66

re A u B onpenensores dopmymamu (65) u (61).

[TpupasuuBas Bepazkenubie u3 (62) u (66) Bropble cMemannble Tpon3BogHbe: (In ps) ., =
(In¢2) ;. +, IPEXOANM K YCJIOBUSAM HHTETPHPYEMOCTH HCXOAHOTO ypaBHeHus (53), KOTOpbIE yIKe
He cojep:kar QYHKIWH ©1, Po:

A N A N
=+ =|=+—= 67
(B NQB> p B N,B (67)

T

WJIN TI0CJIe HEKOTOPBIX MTpeobpa3oBanuii u ynporenuii ¢ yaerom dopmy. (60), (61), (65):

(N22N1,t - N12N2,:c + NiNy(Nyp — N2,t)) _ <N22N1,g; — N{Ny; + Ny No(Nyy — Nz,gg))
NQ(N%_Ng) ¢ N2(N12_N22) :1:'

) El

(68)
Beojg HoByto byukuuio: Q = N; /Ny 10c/Ie HeCTIOXKHBIX MAHUITYJIAIII ¢ TPOU3BOHBIMU YPaB-
Henre (68) mpUBOAUTCS K OYEHBb ITPOCTOMY BHILY:

DArthQ — 0, (69)
obumit MATErpa; KOTOPOrO UMEET BUL:
U=V,

Q=1 —tanh(¢y(t + ) + ¢o(t — ), (70)
U,x - ‘/,t

rJe ¢ U ¢o — IPOU3BOIbHBIE DYHKINK CBOMX apryMeHToB. urerpas (70) ymoBierBopsiercs
TOYXKJIECTBEHHO U B IIyCTOTE, T/Ie 0OpAIaeTcd B HYJIb HEFOJIOMOP(PHOCTE. TakuM obpa3oMm, 6 pac-
cmampusaemoti namu meopuu coomuowenue (70) umeem 6ud obuie2o YHuBEPCANLHO20 COOM-
HOULEHUA, KOMOPOE, ¢ 00HOTE CMOPOHDL, ABAAECCA CACOCTMBUEM BAPUAUUOHH020 QUHAMULECKO20
npunyuna (48), ¢ dpyeoti oepanuvusaem 6ud F-nois ynusepcasvnovim 06pasom, HE3a6UCUMO O
€20 MAMEPUANLHHLT UcmowHukos. C MaTeMaTHIeCKOH TOUKN 3peHns cooTHomeHre (70) MOKHO
paccMaTpuBaTh KaK HEKOTOpoe 00obIIeHue runepoonnydeckux yeiaopuit Komm-Pumana, omnpee-
Jsgrolee HeKOTOpbIii Kinace G(Ho) dyukiwmii ¢ npasuaom auddepeHupoBaHus:

O = J(U V) (tanh(6, + 62) — ). (1)
Bonee neranmboe o0OCyKeHIe MaTeMaTHIECKIX CBOMICTB 9TOTO KJtacca (PYHKINI 1 ero pusnde-
CKYIO MHTEPIPETAIINIO Mbl OCTaBJIsgeM i ciaeaytonux myosmkaruii. Ceiiuac Mbl OCTAHOBUMCSI
JINIIIb Ha OJIHOM BaKHOM HAOJIIOJEHNN MaTeMaTHIeCKOr0 XapakKTepa, IPUHINIHAILHO BaskKHOM
JUTsl U3J1araeMoro noaxona. yenposue Fj = 0, paccMaTpuBaeMoe Ha rpaHuie 00J1acT, 3aHATOMN
MaTepueii, 1aeT nBa ypaBHeHHs Ha JBe (YHKIHMH oT mepeMeHHbXx (t,x) : N = 0, No = 0,
KOTOpBIE B ODOIIEM CIydae He3aBUCHMBI. JTO O3HAYA IO ObI, YTO B HAIllell TeOpUN MaTepuaTbHbIE
pacupejiesieHnsi OrpaHuINBAIOTCA TOUEIHBIMU HCTOTYHUKAMM, 38 UCKJIIOUEHUEM, OBITH MOYKET, He-
KOTOPBIX CIyYaiiHbIX BBIPOKIeHHBIX cuTyaruit. CoorHomenue (70), KOTOpoe MOKHO MOHUMATH
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KaK JIMTHEHHYIO CBS3b KOMIIOHEHT HErOJJOHOMHOCTH, BBIJIC/IFAECT B HAIIel TEOpHH KJacc (pu3mde-
CKHUX PHIIEPKOMIUIEKCHBIX NOoTeHIuanoB G(Hs), y KazKaoro mpejcraBuTesisi KOTOPOro OOHYJIe-
HIE OJIHOI M3 KOMIIOHEHT HEeroJoMOp(HOCTHU BjIeveT 3a coDOM 0OHyIeHue JIPYroil KOMIIOHEHTHI.
Uubivu cioBaMu, dunamuveckuti npunyun meopuu 6 gopme (48) asmomamunecku npusodum x
NPOMANCEHHDIM MAMEPUGALHBIM PACIPEIEAEHUAM, ¢ 2panuyet, 3adasaemoti ypasHeHuem 6uda
f(t,z) = 0, xax 5mo u dosdtcro Gums 8 pearucmuunots 2-meproti Meopul, OMHOCUMENLHOCTIU.

4.3 TeH30p 3HEPruM-UMILYJIBCA U XapPAKTEPUCTUKN MCTOYHUKOB

[ockonbky narpamknan £ = |Fp|> — U B geiicteun (48) He 3aBUCHT OT KOODJMHAT, TeOpeMa
Herep rapantupyer BbIIOIHEHNE CIa00I0 3aKOHA COXPAHEHNS:

ﬁo,toz = 07 (72)
rue: or
Fu= oo Py — 650 (73)

— KAHOHUYECKUil TeH30p sHeprun-uMiysbca noas F. 3necs a, 3 = h,h, {F*} = F, F. Hemno-
CpeJicTBeHHOE Bhruncienue mo (opmyste (73) IPUBOIUT K CJICYIONIEMY BHUJY KOMIIOHEHT TEH-
30opa 7 B KOMILIEKCHOM baszwuce:

T =T =UX)-UX)X =5 TP =T = FFp(l-U) =0 (74)

JLnst mepecyeTa 3TUX KOMIIOHEHT B 0oJiee TPUBBIYHOM BEIIECTBEHHOM 0as3nce 3aMeTHUM, 9TO Ma-
puisl dxobu J u J1, onpegensaioniyuecs BIIOM Ipeobpa3oBaHuii KOOPAUHAT:

h+h h—h g :
t_T’ m—z—j, h=t+jr; h=t-—jz, (75)

() ()

C moMOIIBIO U3BECTHOIO 3aKOHA TPe0Opa30BaHusl TEH30POB IMOCPEICTBOM MaTpull flkobu Jjierko
HAXOJNM KOMIIOHEHTBI TEeH30pa SHEPTUH-MMILYJIbCa B JIEKAPTOBBIX KOOpAUHATAX (t,T):

MMEIOT BH:

To=pu+Reo; T'=p—Reo; Ty =-T'=Imo (77)

U3 npencrasiaenus (77) 0YeBUIHO, UTO IBAXKIbl KOBADUAHTHBIN TEH30p T MOJTHOCTHIO CHMMe-
TpUYIEH U UMeeT BUJI:

i+ Reo —Imo ) (78)

—Imo Reo—pu

(Tag) = (

ILJIH BbIZACHEHU A BOIIPOCa O CBA3M IIOTEHIHAJIA F' ¢ miorHOCTBIO QHEpPrum m JaBJIEHHEM CO-
CTaBHUM 3aJ1a4y Ha COOCTBEHHDIE 3HAYEHNSI OTHOCUTEIHLHO METPpHUKHU MUHKOBCKOTO n:

T(u)=An(,u). (79)
CekysipHOE ypaBHEHUE NMeeT BUJI:

1w+ Reo— A —Imo

—Imo Reo —pu+ A =0 (80)

njin

(n—N)? — (Reo)® + (Imo)* = 0. (81)
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Ero xopun:
M=ec=p+Voa, l=p=p—+oo. (82)
[IpuBesiemM Tak:ke BBIpAXKEHWs I € U P B IBHOM BUJIE:
e=U-UX+1-UWXY; p=U-UX-(1-U)VXY, (83)

_ 2
rae Y = |[Fyl°.
13 dbopmyn (83) ciemyer, 4To BeIMYMHBI € U P B OOLIEM Cilydae He CBS3aHBI HUKAKUM
ypaBHEHHEM coCTosiHus Buia p = f(£), MocKoabKY (byHKINOHAIBHBIN OIpe/Ie/TuTe b

D(e,p) _|ex ey |_U(-UNX+U-UX)1-U —2U"X)
DIX.Y) | px by | (84)
D(X7 Y) Px Dy \/ﬁ

B 00IIeM cIydae OTIUYEH OT HyJId.

4.4 Ilpumep: cTaTuvyeckoe NPOCTPAHCTBO-BpeMsi, AedOPMHUPOBAHHOE YyHOPYTUM
cTep>KHEM

PaccmoTpuM 33721y 0 HAXOXKIEHUH THIIEPOOJINYIECKOTO MOTEHINA 8 BHYTPH U BHE 1-MepHOTro
YIPYTOro OJHOPOJHOTO TIOKOSIIErocst CTepKHst (eM. puc. 4).

DEFORMED ' VACUUM
=1L

70077

z=0 t

DEFORMED VACUUM
Puc. 4:

Hama nesqb — mokasarb, 9T0 pasBUBaeMasi TEOPHsi MOXKET OINUCHIBATH (DU3MYECKU TIPABJIOIO-
JIOOHBIE CUTYAIIIH.

[TockonbKy 3ajiaua craTudeckas, OyjeM HCKAThL MOTeHIHaJ F' BHYTpH CTEpXKHS B BHUJIE:
F =U(x) + jV(x). Torna neronomopdnocts Fj 1 ee MOLy/Ib HMEIOT COOTBETCTBEHHO B/

1 2

Eﬁ = §U,a:(tanh(¢1 + ¢2) - j)a |F',71|2 =X = _4COSh2(g,ZZC1 + ¢2)7 (85>
KOTODBIi mosty4aercs ¢ yaerom obiero ypasaenus (70). [Tockonbky U u V' y Hac He 3aBuCAT
OT t, He JIOJIPKEH 3aBHCETH OT ¢ M apryMeHT HIepOoIndecKoro Tanrenca ¢t + ) + ¢a(t — x).
HetpyaHo mokazaTh, YTO 9TO BO3MOYKHO TOJTBKO B CIydae JUHEHHBIX (DYHKINNE ¢y U ¢g, TAK ITO
B pesyJibTare nouydnM: ¢1+¢s = Az+ B, A, B € R. Kpome toro, npaBas yacth ypasHenus (51)
JIOJKHA 3aBUCETh TOJBKO oT x, osToMy @(h) = S + jSs = consty,. [oacrasnaa (85) B (51),
MOJTyYUM OJIHO THIIEPKOMIIJIEKCHOE YpaBHEHUE, CBOJIAINEECs K Nape BEIIeCTBEHHBIX ypaBHEHUIl
Ha enuHCTBeHHYIO DYHKIWO U(x). YpaBHeHUs 9T0ii mapbl OyIyT TOXKIECTBEHHO IEPEXOINTH B
JpyT apyra (T.e. cucteMa GyIeT COBMECTHOI), JIUIIh MPU YCIOBUSIX:

A=0, Sy =atanhB, S;=—a, a€R. (86)
[Ipu 5TOM egMHCTBEHHOE He3aBucHMOe ypasHenue Ha U(x) OKa3bIBAETCA CJIEyIONHM:
1
“UL(1-U) = a. (87)

2 )
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Pacemorpum dyukimio U Buja:

2P
Lf::?;x3—.PLx{ (88)

riae P — Hexkoropast KoHcTanTa, nojexkainas onpegesennto. Cormacto (85)-(86), momyanm cie-
JIYIOIIUE BBIPAYKEHUs! /IS KOMIIOHEHTBI V' IIOTeHIasa 1 KBajpara MO HeroJoMophHOCTH:
2P

P22 _L2
ve (%20 pra)tamp x— L@ L7

89
3 cosh’® B (89)

MbI BUIUM, YTO PelIeHre TAKOTO BUJIA YAOBJIETBOPSET OCHOBHOI TUIIOTE3€ TEOPHUN: Ha I'PAHUILE
crepxkust (r = 0 u x = L) obe KOMIIOHEHTHI HerosioMopdHocTH (U Kak CIeJCTBUe KBaJpaT ee
Moy s X ) obpamiaroTcs B Hy b, & BHYTPU CTEPXKHS OHU OTJIMIHBI OT HYJIA.

[Tockonbky MbI BbIOpain dusndeckoe peinerune "pykamu', TO MOTEHIUAT CaMOEHCTBUS
BMeCTe C paclpe/ie/IeHneM IJI0OTHOCTH SHEPTUN U JIABJIEHUsI JOJIXKEH OMPeJIe/INThCS Tereph ITHM
perrerneM mocpeictBoM ypasaenus (87). C yderom (89) 310 ypaBHeHHE MOXKHO 3allUCaTh B
BU/IE:

x

2
rae z = U, f(X) =U'(X). Ypasuenne (90) Jerko paspemaercs OTHOCHTEIBHO HEeU3BECTHOM
dyukmuu f a 3arem m orHocuTeabHo U. Perienne ¢ TOYHOCTHIO J0 aJIATUBHON TOCTOSTHHOMN
UMeeT BUJT:

(1 — f(—2*/cosh’® B)) = a, (90)

wmzx+5§§ﬁ3i (91)

[To dopmynam (83) ¢ yuerom paserctsa X = Y, copaBejinBoro jjis CTATUKU, HETPYHO TIPO-
BEPUTH, YTO TAKOH MOTEHIINAJ OIPEIEIsieT YPaBHEHNE COCTOSIHUSI BEIECTBA CTEPXKHS B BHJIE:

V2a
_ =" 2
P cosh B Ve, (92)

A BbIpazK€HUA IJId JaBJIEHWA U IIJIOTHOCTHU SHEPIUM BHYTPU CTEP2KHA MO2KHO IIPDUBECTU K BUY:

= 2a JoX — 2aPx(L — x) 2P2w2($2— L)Q.
cosh” B

cosh B cosh’B '’ ©

(93)

Kaxk 5710 BujHo u3 coornomenuii (93), 6e3pasMepubiii napamerp B oTBedaer 3a BLIOOD CUCTE-
MBI eIMHUIL CUJIBIY B 2-MEPHOIl BCEJIEHHOH U ero MOKHO 0€3 OrpaHnYeHHs OOIMIHOCTH MOJIOKATH
paBHBIM Hys0. Ilapamerp P oTBedaer 3a MOJHYIO MacCy cTepKHs M, KOTOpas IIOIydYaeTcs
HHTErpUpOBaHueM () Mo JJINHe CTEeP:KHsI, a TapaMerp ¢ — 3a CpeJHee JaBJeHe P BHYTDH
CTEep2KH#, BO3HUKAIOIIEE 3a CUET ero caMojeiicTsus. Pe3yibrar BBIMUCIEHHN ONpeae/ser Ce-
JIYIOIIYIO CBSA3D:
15M 3p

s YT P

MHTepecHo, 9To KOHCTAHTA @, UIPAIOIas POIb KOHCTAHTHI CAMOJICHCTBI CTEPKHA, ITOABUIIACD
KakK KOHCTaHTa uHTerpupoBanus B unrerpase (51). IIpodusb mI0THOCTH SHEPIUN IPU HEKOTO-
PBIX 3HAYEHUAX KOHCTAHT IpeJicTaBjieH Ha puc. 4.4.

Cremyrompii mar peleHns 3aK/II04YaeTcsd B CHIMBKE MOJIYYeHHOTO BHYTPEHHETO pEIleHMUsI
IIJISE CTEPYKHS ¢ BHEITHUM, KOTOPOE ONUCBIBACTCA HEKOTOPBIMU h-TOJOMOPQMHBIME (DYHKIAAMEA
Fi(h) =Ur + jV7 (npu < 0) u Frp(h) = U + jVi (upu > L). KomnonenTsr HeromomMopd-
HOCTHU Ha IPAHUIIE CTEPIKHS OKA3LIBAIOTCH CIINTHLIMU ABTOMATHYECKH, IIOCKOILKY HEroJ10Mopd-
HocTh pyHKIuU F' 7151 BHYTPEHHEro penieHust oopaiaercss Ha FPAHUIe B HyJIb 10 IOCTPOEHHIO,

P=

SHamoMHHUM, 9TO B 2-MEPHOM IIPOCTPAHCTBE-BPEMEHH PAa3MEPHOCTH JABJICHHUS, CHJIBI U IIJIOTHOCTU SHEPIUH
COBITAIAIOT.
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0,5

0,4+

0,3

0,2

0,14

Puc. 5: Dmoper mnoTHOCTH SHEprum (HIZKHSAS KpUBas) W JaBJeHus (BepXHsisd KpHUBasi) B HEKOTOPBIX
ycnoBHBIX enuannax. lmuna crepxkuga L =1, P=1,a=1, B=0.

a dyuknuit Fr u Fy; — B cily uX I100aJIbHOM TOIOMOPMDHOCTHA. DT YCIOBUS ABJISIOTCA MO-
muduKamyeii CTaHIAPTHBIX YCJIOBHI CIINBKY TIPOM3BOAHBIX (B HAIIEM CJIydae HelpPepbIBHBI He
caMU [IPOU3BOJIHBIE, & HErOJTIOMOP(hHOCTH, T.€. CIeNuaIbHble KOMOMHAIMN TPOU3BOAHBIX ). [latee
noTpedyeM 9ToObl h-TioTeHIna ObLT HEMPEPBIBHBIM Ha T'PAHUIIE:

Fl(tvo) = F(0)7 FH<t7L) = F(L)7 (94>

rjae KoMmioHeHTHl dyHKImn F 3amatorca dopmynamu (88-89). Hammmem Ur B Buge obimero
peleHnsi BOJTHOBOTO YpaBHEHUS:

U =0, +_, (95)
e epBoe CIAraeMoe 3aBUCHT TOILKO OT KOMOMHAIMN £+, & BTOPOE — TOJIBLKO OT KOMOMHAIINH
(t — x). Yenosue HenmpepblBHOCTH Ha rpanuie © = 0 ¢ yderoMm (88) mpuBOIUT K yPaBHEHUIO:
U (t) +W_(t) =0, (96)
OTKyJa
() = . (€) = V(). (97)
3 yenosnit Komm-Pumana HaXoauM BbhIpazKeHHe [ THIepOOIMYecKN CONPAKEHHO hyHKINI

Vi

Vi=V(t+z)+¥(t—x). (98)
Yenosue HenpepbiBHocTH V; Ha rpanuie £ = 0 ¢ yuerom (88) NpuBOAUT K ypaBHEHUIO:
W(t) =0, (99)

OTKy/1a 3aKao49aeM, aro npu x < 0 F; = 0. AxasornaapiM 00pa3soM HaXOIUM, 9TO pu = > L
h-TioTeHIA ONMUCHIBAETCsT TTOCTOSTHHON (DyHKIIEIH:

Frp =U(L) +jV (L), (100)
e 3 3
U(L) = —%; V(L) = —P:f tanh B.

Bun norenmnuaia BHYTpPU CTep:KHS MPEJICTaB/IeH Ha puc. 6.
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-0,14

-0,21

-0,3

Puc. 6: Pacupenenenne komnonenT h-norennmana BHyTpu crepkud npu L = 1, P = 1,tanh B = 0.
CHapyzKu CTepzKHsI IOCTOAHHBIE IOTEHITNAJIBI TJIAIKO CIINBAIOTCS C MX BHY TPEHHUMU 3HAYECHUSIME CIEBa,
U CIIpaBa.

5 CynepBapualiluOHHBII TPUHONT 1JIsT DyHIAMEHTAJIbHBIX TE€OPUii

[TpakTudecku Jrodast pusmaecKast TEOPUs COMEPIKUT HEOPeIeIsieMble U3 CaMOil TEOPUH Mapa-
MeTPbl — SMIUPUIECKIE KOHCTAHTBI MOJE/N WIN (DyHIaMEeHTAJbHbIe (DU3MIECKNe KOHCTAHTHI.
Tak, Kaaccuaeckas JEKTPOIMHAMUKA COMEPXKUT JBe (QyHIaMEHTaIbHble KOHCTAHTHI: € W C,
KBaHTOBAas 3JIEKTPOINHAMIKA COJEPKUT TPU KOHCTAHTHI: €, i, ¢, a eJInHasi TeOpHsl SJIEKTPOCIa-
6oro BlammojieiicTBust — 0kKosio 20 KoHCTaHT. HBIOTOHOBCKasi T€OpUsi TPABUTAIMN COJIEPIKUT
omany Kouctanty G, a sinmreitnockas OTO — nse koucrantel G u c. Mexanuka Hpiorona ne
coAepKUT pyHIaMeHTaIbHBIX KoHcTanT®. Clieryer OTMeTHTD, YTO B BHIYUCICHUSAX KOHCTAHTBI
MOJIEJT MOTYT TPYIITUPOBATHCS B ONpEe/IEHHbIE TUITHIHBIE [ JAHHONH TEOPUU KOMOWHAIIIH,
KOTOPBIE U OIPEIE/IAIOT IKCIEPUMEHTATBHO HabII0aeMble BeIUINHbBI. TaKUMI KOMOUHAIUSIMIT,
K TIpUMepY, sBJISAIOTCS TMOCTOsIHHAS TOHKON CTPYKTYpbl @ = e%/fic B KBaHTOBOH 3/IeKTpOjInHA-
MUKe U 3fiHIITeiiHOBCKast TpaBuTaliuontas noctosunaga 8wG /¢t 5 OTO.

Kak nmpaBuio, KOHCTAHTBI MOJEIN OIPEJETAITCI U3 SKCIIEPUMEHTAJIbHBIX JAaHHBIX. TaKoii
TI0/IX0J, OJJHAKO, CBUJIETEHCTBYET O MPUHIINMINAJIBHON HEMOJTHOTE PacCMaTPUBAEMON TEOpUH.
Bb110 6BI COBEpIIEHHO €CTECTBEHHO OXKUIATh, 9TO IMOJIHAS (DyHIaMeHTaJ bHas "Teopust Bcero"
(ecim ona BoOOOIIE cymiecTByeT!) IO/KHA JIaBATh CPEJICTBA JJisi BBIYUC/IEHHUs] BCEX CBOUX CY-
IECTBEHHBIX TTAPAMETPOB, T. €. TeX, KOTOPBIE OMPEJIE/IAI0T SKCIEPUMEHTATHLHO HAOTIOIaeMble
BeJIMYUHBL. Bosiee Toro, dpyHIaMeHTaIbHAA TEOPUS MPUPOILI HE JIOJIZKHA COIAEPXKATH ITPOM3-
BOJIa B BBIOOpPE HEKOTOPBIX (DYyHIAMEHTAIBHBIX 3aBUCUMOCTEH, ONMpPeIesdioNnux JNHAMIIeCKIe
ypaBHEHUA TEOPUU, HAIIPUMED, BUJ MOTEHIINAIBHON (PYHKIINU WU JazKe BUJI JIaIPaHKUaHa.

Bce Boimieckazannoe OTHOCUTCSA U K pacCMATPUBAEMOMY HAMU MOJAXOLY h-rurepOoimaecKoit
Teopun nosisg. B HacTositeM naparpade Mbl 00CYTIM OJINH U3 BO3MOXKHBIX ITOJIXO0JIOB K PEIIEHUIO
IpobJIEMBbI YCTPpaHEHNsT OTMEUYEHHOI'O IIPOU3BOJIA.

6Yro ymmuuit pas moATBEPKIAET TE3UC O TOM, UTO 3aKOHBI MeXaHuKi HbIOTOHA Ha caMOM Jiefie ABJIAIOTCS
npuHIpnamn [13].
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5.1 CynepBapuanMOHHBbIA TPUHONN IJIsI PYyHAAMEHTAJIbHBIX KOHCTAHT

Pacemorpum feiictue Bugia S, [¢] 171 HEKOTOPOIt (byHIAMEHTATBHO TEOPUH, TJIe ¢ — KOJIJIeK-
TUBHBII CUMBOJI JIJIsl HAOOpA TMHAMIYECKHUX TIePEMEHHbIX (OTHOCSIIMXCS K YACTUIAM, TOJISIM 1
T.J.), & @ — KOJUIEKTUBHBIH cuMBOJI Jijist Habopa (ByHIaMeHTaIbHbIX KOHCTAHT Teopur. IlycTh
¢p() — pemenue ypasrenuii Diinepa-J/larpamxa:

6¢Sll [¢] - O‘)

C HEKOTOPBIMHU HAYAJIbHO-KPAEBBIMU YCIOBUAMU, (DUKCUPOBAHHBIMU ITOCPEJICTBOM HAOOPa Mmapa-
merpos (3. [logcraBisis 910 perenne 06paTHO B JeiicTBre (M PEry/IspU3ys PE3yJIbTAT, €CIH 9TO
HEeOOXO/IMMO), Mbl IOJTydaeM (DYHKIMI0 MHOTUX TEPEMEHHBIX BUJIA:

(I)((l/,ﬂ) = Sreg a[¢,8(a’>]- (101)

KnroueBas nmes nzmaraeMoro HaM# CyIepBapUallMOHHOTO TPUHITUIA 3aKII09aeTCsl B MUHUMMU-
samuu gyskiun (101) mo oTHOIIEHNI0 K HAOOPY MEPEMEHHBIX (, JIJIT TOIO YTOOBI MOJIYIHUTh
BBIpasKeHUs J/Isi Habopa MapaMeTpoB v UJIU €r0 YaCTH:

a = ag(f), (102)

CBSI3BIBAOIINE 3HAYEHNS (PYHIAMEHTAIbHBIX KOHCTAHT C MapaMeTpaMu TPAHUIHBIX yCIOBUI.

Bostee kapaunabhblii mar 3akimodaercs B MuauMusaruu (101) mo oTHOIEHHIO K MOJTHOMY
HAOOPY TEPEMEHHBIX (v, (3), YTO B IPUHIIUIIE OTIPEJIETISAET KaK CyNeCTBeHHbIE (hyHIAMEHTATbLHBIE
[IOCTOSTHHBIE, TAK U TPAaHUYHBbIE yCI0BUs '3 Hudero'.

5.2 Ilpumep: rapMOHUYECKU OCITUIISITOP

B kauecTse HpOCTefIIHeFO IIpuMepa paCcCMOTPpUM FaprIOHI/I‘{eCKI/Iﬁ OCIIUJIJIATODP C ,HeﬁCTBI/Iel\/I

Slz(t)] = / {”%’32 . %“"2] dt. (103)

Ob1riee perienne ypaBHeHuil aBuzkeHnst, BbiTekaomux u3 (103) xoporo u3BecTHO:
zo(t) = Asin(wt + ), w=+/k/m, (104)

rjie M — Macca OCIUIIATOpa, k — mapaMeTrp ero kecrkoctu, A — aMminTyia, ¢ — HadaaIbHAs
daza. [lepsbie gBa mapameTpa OTHOCATCA K ducay "dyHIaMeHTAIbHBIX TOCTOAHHBIX" MOIEJH,
BTOpBIE JIBA — K IHCITy HA9aJbHO-KpaeBbix ycropuil. [logcrasmss (104) B (103), nomyaaem st

dbyukunn s(a) (8 ={A,¢, T}, a={m,k}) s (101):

T
Bery(hm) = [ Liao®), o) dt = (105)
0
kA?
—— [sin 2(wT + @) — sin 2¢p| .
1 S 2T + ) — sin 2]
3/ech nmosiBUIICH erre oJuH mapamerp 1 — "Bpems cymectBoBanus" ocrusasgropa. OueBuiHo,

YTO IKCTPEMYMBI 110 k U 0 A TpUBHMAJBHBI U JAIOT HYJIEBOE JIEHCTBUE. YCIOBUs SKCTpEMyMa
JJIs TTapaMeTpoOB w U @ NMPUHAMAIOT BUJ CUCTEMBl YPaBHEHUIA:

(X —2p)cosp —sinx +sin2¢p = 0; cosx = cos 2y, (106)
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rae X = 2(wT + ¢). Ob1uee penierne Broporo ypaBHeHUs! IMEET BUJIL:
Xk = £2¢ + 27k, k€ Z. (107)

Bersb ¢ marocoM IPUBOJUT K HE3aBUCUMBIM CIIEKTPY YaCTOT U CIIEKTPY cba3:

wk T
wp=—; @ =02l+1)—, kleZ. (108)
T 4
BeTrBb ¢ MEHYCOM NPUBOIUT K CIEKTPY YacTOT U CIIEKTPY (pa3 Ha JBYMEPHOH IeJI0YNCIeHHOM
pelieTKe:

Xkl

— k
Xkt — TE. pu=mk—"" kl€L (109)

T )

IJIe Xk — OJIMH U3 KOpHe 0e3pa3MepHOro TPAHCIEHIEHTHOI'O yPaBHEHUs:

Wkl =

tany = x — 7k. (110)

Pazymeercs, /11t 0OOBIYHOTO OCIIUJLIATOPA B BUJE IPy3UKa Ha HUTU WJIU Ha NMPY2KUHKE y HAC
HeT HUKAKUX OCHOBAHMUIT IPUMEHSITD CyIIePBAPUALMOHHBII IIPUHIKIL, TIOCKOJIBKY TAKOTO POJIa OC-
[UJUIATOPBI UCKYCCTBEHHBI M UX TApaMEeTPhl B OMPEJIEJEHHOM CMbIcie caydaitbl. OHaKo s
" byHIaMeHTATbHBIX OCII/UIATOPOB" B BHJIE YACTHI[ MM KBa3HYACTHUI, PACCMOTDEHHAsI HAMU
cyrepBapHUaluoHHas IPoIe/lypa JaeT B NPUHIUIUAILHOM (HO, KOHEYHO, He KOJTMIeCTBeHHOM!)
IIJIaHe HpaB,ZLOHO,ZLO6HbIe pPE3YJIbTAThI: dJICMEHTapHbIE BO36y>K,ZLeHI/IH CBA3aHDbI C FJ_[O63.,HBH]:>H\/H/I
dyHIaAMEHTATbHBIMI XapaKTePUCTUKAMU CUCTEMBI. bojiee TOro, cekTp KoeOaHuil TAKOTO OC-
suigropa corsacHo (108)-(109) okasbiBaeTcst KBaHTOBAHHBIM, mpudeM B ¢dopmyiie (108) om,
KaK ¥ B KBAHTOBOI MeXaHUKe, SKBUIUCTAHTeH, a B dhopmysie (109) npu Bospactanun abeommor-
HOIi BeJINUNHBI | OH 0Y€Hb OBICTPO CTAHOBUTCH TAKOBBIM:

as 1
Wl ~ Wy (l—k—§) s (111)

rie wo = /7.

5.3 CynepBapualnoHHAasi ITPOIe/ypa AJasd MOTEHINAIA

PaccmoTpennble BobIlie ujen, Kacaromnmecs (pyHIaMeHTATbHBIX TapaMeTPOB TEOPUHU, HETPYTHO
pPacIpoCTPaHUTh TaKzKe U Ha (PyHIaAMEHTAJIbHbIE 3aBUCUMOCTH TEOPUU, TUIA 3aBUCUMOCTE ee
MIOTEHIIAJIA OT IIOJICBBIX IIEPEMEHHBIX.

[Iycts neiicTBue HEKOTOPOIT MOIEBOIT TEOPUN MMEET BUJL:

slo) = [ £(6.00) dvol, (12)
rie narpanxuan L = (0¢)? — U(¢p,d¢). Ilycrs creacteuem ypasHenuit Ditnepa-Jlarparska
ABJIAETCA MHTEerpaJl (I/UII/I cucreMa HHTeraﬂOB) BHJIa:

F(,06) = 0. (113)

Eciu unrerpan (113) 910 m03BOJISIET ClieiaTh, TO UCKJIIOUUM € TOMOIIBIO HEIO KUHETHYECKi
yien B jarpamxkuade L. ObosHavas COBOKYIIHOCTD NMEPEMEHHBIX, OT KOTOPBIX 3aBUCUT IIOTEH-
mast U depes y, a OCTaJIbHYIO COBOKYIHOCTD depes ', npuseneM jeficteue (112) x Buy:

S[é]|r = /£|F dvol/ﬁ'(m',y, U(y),0U(y))J (2", y) dvol, A dvol, = S'[U(y)] (114)



JL.I. Ilasaos, C.C. KokapeB Ajrebpandeckasi eJuHasi TEOPHsI IIPOCTPAHCTBA-BPEMEHH. .. 33

— dyukimonana ornocurenbao Gyukiwn U(y). Hosoe neiicrue (114) momydaercs orpanntieHn-
eM ucxonuoro geiicreus (112) na unrerpas (113) u mepexozoM 0T KOOPIAMHATHBIX TEPEMEHHBIX
(x) x HOBOIT cucreme "mosesbix KoopauHar" (2',y) (J B (114) — saxobuan nepexoja). [Ipu sTom
COBOKYITHOCTD TI€PEMEHHBIX &' MPEeICTABIISET COOOI COBOKYIHOCTD TAPAMETPOB, 10 KOTOPBIM B
nocyeHeM 3Hake paseHcTBa B (114) mpomsseseHo ycpenHenue (MHTErPUPOBAHUE C PErYJIsIPU-
sanueii, ecim ona Tpebyercst). Takum o6pasom, pacemarpubag tenepb dyaxumonan S'[U(y)],
[PUXOIUM K YPABHEHUSAM IKCTPEMYMa:

50 S [U(y)] = 0, (115)

OIIPEIEIAIONINM IIOTEHIIHAJ C TOYHOCTHIO 10 KOHCTAHT.

5.4 Ilpumep 1: ogHOMEpHBIE 33/Ia4M KJIACCUYECKON MeXaHUKU

[Tonpobyem ompesenTh MOTEHIMA JIJId OJHOMEPHBIX KOHCEPBATUBHBIX CUCTEM KJIACCHYECKOM
MexaHuKH (1-MepHasi Teopust 10JIst), KOTOPbIe ONUCHIBAIOTCS JIEHCTBUEM BH/IA:

Sz(t)] = / m;2—U(x) dt. (116)

XOpOIHO HN3BECTHO, 9TO TaKad CHCTEMa JOIIyCKaceT MHTErPpaJl S9HEPTUN:

ma?

2

+ U = E = const. (117)

Briparkast u3 Hero KMHETHIECKYIO SHEPIUIO U OJfHOMEPHBIH "skobuan mepexoma:

dx
J = i 2(E —U)/m,

IpuxoauM K HOBOMY (byHKI_H/IOHaJIyI

\/7/ \/#dx (118)

[TockoabKy 3TOT (GYyHKIMOHAI HE 3aBUCUT OT HPOU3BOAHLIX U’, €ro sKCTpeMyM MOXKET JOCTH-
raThcd JIMIIbL Ha HEKOTOpoil moctosuuoit’ U = const. [Tpocroit pacuer gaer: U = 5F /6. Tlox-
CTAHOBKA B HcxojHoe jeficrue (116) IPUBOIUT K BLIPAKEHHIO:

2
Sy=—3ET. (119)

B cuny mepasencts E > 0, T > 0 MOXKHO 3aKJII0UUTh, 94TO HcxogHoe neiictue (116) He mmeer
cymepakcpemymal

5.5 Ilpumep 2: cynepakcTpeMyM B Teopuu h-moJist

Ceiiuac MBI YCTAHOBHUM €IIle OJTHO HHTEPECHOE CBOWCTBO JlarpaH:kuana B (48): on obecrieanBaet
CyHIIeCTBOBAHUE BIIOJIHE OINPEIEJIEHHOIO CYIEPIKCTPEMYyMa, KOTOPBIIT MbI Haii/leM ¢ TOYHOCTBIO

7TpaﬂI/IHHOHHaH TOYKa 3PEHUsA 3aK/JTI0YaeTCd B UT'HOPHUPOBAHHUU IIOJIHBIX ITPOU3BOAHBIX B JlarDarKHaHaX, K
KOTOPBIM OTHOCATCA U IIOCTOAHHBIC ,HO6&BKI/I K HUM. B CynepBapualliOHHBIX 3a/a9aX UTI'HOPUPOBAaHUE ITOJTHBIX
OPOU3BOJHBIX, BOO6HI€ TOBODHA, HEIOITYCTUMO, IIOCKOJ/ILKY OHU BJIUAIOT HA 'PAHUYIHBIC YCIIOBUA, KOTOPbIE TENIePb
TaK2Ke IIoAyIezKaT OIIPEOCJICHUIO.
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JI0 apbl GyHIaAMEHTAIbHBIX KOHCTAHT. 13 mHTerpasa (51) MOXKHO BBIBECTH CIIEJYIOIIee BbIPa-
JKeHne JIJIsi KBajipaTa MOJLYJIsi HeroJIoMOp(MHOCTH:

o]

X:m.

(120)

[MoncraBnss ero® B geiicteue (48) u mepexoysi OT mepeMeHHbIX (R, h) K HOBBIM MEPEeMEHHBIM
(X, X'), npuxogum K HOBOMY JIefiCTBUIO BHJIA:

8 9

STUX)] = / (1|_L|:{,)2 _ Ul ax aax,

Bapbupys ero o U u uckmouas |¢|> nocpeacrsom (120), MbI IPUXOIUM K yPABHEHUIO CyTIEp-
9KCTPEMYMa TEOPHHL:

d X B 1
ax \1-u') 2
EI‘O pemeHnne nMeeT BUI:
X
1

rne U, U; — mapa "dyumamentaabibix kKoHCcTaHT" Teopun. Vx (oTHOIIEHHE) MOYXKHO HANTH
NIpUMEHSS CylepBapUallMOHHbIi puHIUI B hopme pazzena H.1. MccnenoBanue 2-mepHOit Bce-
JIEHHOH ¢ moTeHnmaIoM Bua (121) MBI MpoBeIeM OTAETBHO B OMHOM U3 OYyIIUX MyOTHKAILIIA.

6 3akJirouyenue
HpI/IBe,HeNI KpaTKOG peBIOMe paBBI/IBael\lOFO II01X0Ja.

1. Hamr nozgxo/; 3aHMMAaeT MPOMEXKYTOYHOE MECTO MEXKJIy CIEIUALHOW U O0IIeil TeopusiMu
otHocuTeibHOCTH. C OMHON CTOPOHBI, MBI CTPOUM TEOPUIO TOJIsS B ILJIOCKOM JIBYMEPHOM
IPOCTPAHCTBE-BPEMEHH, C JIPYTO#l — pacIInmpsieM MHOYKECTBO U30METPUIECKHUX ITPeodpa3oBa-
HUI, OCTABJISIFOIINX METPUKY (DOPMUHBAPHAHTHOI, /10 MHOYKECTBA KOH(MOPMHBIX (UM JlazKe
0BIIUX KOOPMHATHBIX) MPeoOpazoBaHuii, KOTOpble 00pasyioT G6ECKOHETHOMEPHYIO TDYIIILY.
[Ipu sToM buszuko-reomerputeckue 3hdEKTH, TOPOKAaeMble TUIEPOOJITIECKUM MOJIEM, MO-
I'yT OBITH KCTOJIKOBAHBI Ha sI3bIKe 3(h(DEKTUBHON METPUKHU TPOCTPAHCTBA-BPEMEHH (TI0/TY YeH-
HOIT tecbopmarimeii I0cKoit MeTpuki MIUHKOBCKOIO B JIEKAPTOBBIX KOOpAuHATAX). MbI, 01
HAKO, CTAHOBUMCS HA aKTUBHYIO TOUKY 3pEHNs Ha KOOPJIMHATHBIE Pe0OPA30BAHIS, COTIACHO
KOTOPOIT 1ebOpPMHUPYETCsT caMO IIPOCTPAHCTBO-BPEMSI, B TO BPEMsI KAK IICEBIOEBKJINJIOBA Me-
TpHuKa cunTaercs negedopmupyemoii (orcuernoit). Harmsano medopmanust mpocTpancTBa-
BpeMeHI B HaIlleM IIOAXOoje IpejcTapiaeHa Ha puc. 7. OOiiee obCyXKaeHne KIaCCUIeCKO
TEOPUH TOJIs C TMO3UIINN TeOPUN YIIPYTOCTU MHOTOMEPHBIX CILIONIHBIX CPEeJl MOYKHO HANTH B

(9, 10].

2. B mycTom npocrpancTBe-BpeMeHn h-1ojie onmuchkiBaeTcs h-romoMopdHoit hyHKIMed TBOTHOM
nepeMenHoii. Yeaosus runepbosmdeckoii anagutuanoctn (13) aBroMmarndeckn obecrednBa-
10T BOJIHOBOII Xapakrep h-monisi F' B 9TOM cjIydae, paBHO KaK U KOH(MOPMHYIO MHBAPUAHT-
HOCTBH BMeECTE CO CHereﬂHTI/IBHCTCKOﬁ MHBapUaHTHOCTBIO.

8IIpu 9TOM MBI, KaK OOBIYHO MTHOPHPYEM T'PAHUYHbLIC UJICHBI, Jejas ONpeIe]eHHbIe TPEIIOI0KEHNA O TI0Be-
JIEHUN pelleHuil Ha OeCKOHEeYHOCTH. [JIs1 caMOCOTrIacOBAHHOCTH CYIIEPIKCTPEMYMA CJI€I0BAJIO OBl IPOBEPUTH 3TU
MIPE/IITOJIOXKEHUS] I PEIIeHN, BEITEKAIONINX U3 MOJETIHN C CYNEePIKCTPEMAJIBHBIM ITOTeHInaIoM. MbI mpoBegeM

9TO PACCMOTPEHUE B OHON U3 CAEAYIOMINX ITyOTUKAIIIIA.
D(X,X’)
D(h,k)

coboit mostesnoe ynpaxkuenue ¢ 1-dpopmamu!

gTaKI/INI, 4q9TO = const. ,ZLOKaSaTeJIbCTBO CymeCTBOBaHUA TAKON CHUCTEMBbI KOOpJAUHAT HIpeacTaBjideT
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Puc. 7: Jedopmamusa upocrpancrBa-spemern B OTO (cBepxy) m B h-aHAJUTHIECKOM IIOJXO-
ne (camzy). B OTO gedopmaruu npocTpaHcTBa-BpeMeHH B OOIIEM CIydae CBs3aHbl C W3IH-
OaHMeM MTPOCTPAHCTBEHHO-BPEMEHHOI MeMOpaHbl, NPUBOAAIIMMU K KpPHBH3HE, B TO BpeMs Kak
B h-aHaJnTHYeCKOM monxoae aedopMalus IIPOCTPAHCTBEHHO-BPEMEHHOI MeMOpaHbl CBOAMTCH K
PaCTAXKEHUAM-C2KATUAM, OCTABJIATOIINM BHyTpeHHIOIO KpI/IBI/IBHy HyHeBOﬁ.

3. B mycTom npocTpancTBe-BpeMenu h-1osie mposBiisgeT ceds B 3 derTax KoHDOPMHOI gedop-
MaIii XPOHOMHTEPBAJIOB U MPOCTPAHCTBEHHBIX JJINH, MPUHIMIINAIBHO JOCTYITHBIX IKCIIe-
puMeHTabHOMY HabsoaeHno. C MO3UIII KJIACCHIECKUX CIIeNNaIbHON 1 00IIeil Teopuii
OTHOCHUTEJILHOCTU 3T IPPEKTh 00bACHAIOTCI HA M€OMETPUIECKOM SI3BbIKE, BKJIIOYAIONIEM
crienpessaTuBUCTCKIE 3DdeKThl 1 KpuBu3Hy. B wacraoctn, popmysist (36)-(37) o Beeit Bu-
JIMMOCTH TIPEJICTABJIAIOT COOOM a/IbTEPHATUBHOE BhIPAXKEeHMe KJIaCCUIeCKOro 3ddekra rpa-
BUTAIMOHHOTO KPACHOTO CMEIIEeHUs, TPAIUIINOHHO OMMCHIBAEMOT0 B paMKaX reoMeTphde-
CKUX TEOPHUil TPaBUTAIMKM C MOMOIIbIO0 HEOJHOPOIHON METPUKH BPEMEHHBIX MPOMEXKYTKOB
[7]. Boripoc 0 TOYHOM COOTHOIIEHUN TEOPUU OTHOCUTEIHLHOCTH C PA3BUBAEMBIM B HACTOSIIIEH
cTaThe MOJIXOI0M MBI OCTaBJsieM st Oyayiux ncciaenopanuii. [To Beeit BuauMocTn mpeia-
raeMblii ozxo sBigercs agbrepHaTuBHEIM K OTO (B ee 1ByMepHO#l Bepcun) u HU OJTHA 13
TEOPUil He SBJISIETCS YaCTHBIM WJIM MTPEJEIbHBIM CJIyIaeM JIPYTOi.

4. ObaacT MPOCTPAHCTBA-BPEMEHN, 3aIl0JTHEHHBIE MaTepueil, XapaKTepu3yTCs OTIUIHBIM OT
HyJIs KBaJIpaToM Moys Herojomopduoctn X = |Fy |2 Tlpu 3ToM Bee ocHOBHBIE CBOICTBa
MaTepuu (IJIOTHOCTD SHEPIHHU, JIABJIEHNUE U UX CBsI3b) ONPEIEISIOTCS BUJIOM TTIOTEHIIUAIbHOI
dbyukumm U(X). Beibop aeficrBus B Buje (48) aBroMaTndeckn 06eCHEINBACT KaK COIVIACO-
BaHHOCTDL C MpPEeAbIAYHIUM IIYHKTOM, TaK U BO3SMOXKHOCTLb OIIMCaHUA ITPOTAZKEHHBIX KOH(l)I/I—
rypamuii Mmarepun (coornomrenne (70) n obcyzkaenue B Konie paszgena 4.2). Ormernm He-
KOTOPYIO YCJIOBHOCTD PasJiesieHus JarpanKuata B (48) Ha KHHETHYECKOe U TOTeHIINATIbHOE
claraeMblie: epBoe (KMHETUYIeCKOe) CIaraeMoe, pacCMaTpuBaeMoe 10l 3HAKOM HHTerpaja B
neiictBun (48) Mozker 6bITH TPeoOPa30BaHO B BhIpazkeHune X ¢ IOMOIIBIO IBYKPATHOTO Mepe-
KPECTHOTO MPUMEHEHUsi (DOPMYJIbI UHTETPUPOBAHUS IO JACTIM. DTO 0OCTOSITETHCTBO TECHO
CBSA3aHO C POJIBIO JIMHEHHBIX 110 X WIeHOB B U, KoTopas obcyxKaamach B pazzene 4.1. Ta-
KM 00pa30M, MOXKHO CINTATh, 9TO M3JIaraeMblil HAMU MOIXOJ HE COAEPKUT KHHETUIECKOTO
qeHa B JeCTBUU ¥ ONMCHIBAET CTATHYIECKOE MPOCTPAHCTBEHHO-BPEMEHHOE paBHOBECHE 2-
MepHOiT BeesieHHOM. Takast TOUKa 3peHus B HECKOJIbKO NHOM ACIEKTe BbICKA3BIBAJIACH PAHee
B pabote [11].

5. Bosmokna curyarug, korma BeqmamHa X = (0, B TO BpeMd KakK camMa HEroJoMopdHOCTD
Fj, # 0. Takag nerosoMop@HOCTb J0JZKHA COOTBETCTBOBATEL "'Marepun" , KOTOpas B HEKO-
TOPOM CMBICJIe OJTU3KA TI0 CBOUM CBOMCTBAM K ITIYCTOMY ITPOCTPAHCTBY-BpeMeHU. BhickazkeM
3JIeCh TUTIOTE3Y, COIJIACHO KOTOPOH HEroJIoMOpHOCTH C HYJIEBBIM MOJIyJIEM OIHCHIBAET Oe3-
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MaccoBble dusnmIecKne Mo (MPABUTAIMIO U (MJIH) SJEKTPOMATHETH3M). DTa FHIOTe3a Ya-
CTUYHO TOJKPEIIeTCs ceytonmM Habtogenuen: dopmysst (83) npu X = 0 naor ypas-
HEHUE COCTOsTHUS MATePUH BUJIA P = £, KOTOPOE B CJIydae 2-MepHOrO IPOCTPAHCTBA-BPEMEHH
OIIMCBIBAaECT I'a3 YJIbTPapeJIATUBUCTCKUX qaCTI/IHIO.

6. PaccmoTpeHHBIIT HaMU MIPUMepP CTATUYECKON BCEJIEHHON MIJLTIOCTpUpYeT (PU3UUECKYIO ajie-
KBATHOCTH T0/IXO/a: IIPU HEKOTOPOM BBIOOPE MOTEeHIINa I8 MOYKHO IIOCTPOUTD PeIlleHne, Olu-
ChIBAIOIee paclpe/ie/ieHre JaBJIeHns U IIOTHOCTH SHEPIUi BHYTPU MCTOYHUKA (yIIPYroro
CTepPIKHsI ), OOpalaoIuecs B HyJIb HA TPAHUIEe UCTOYHUKA. [Ipu 9TOM BHerHee h-11071e 110-
CTOSHHO W CTpeJia BPEMEHHU CHAPYKU UCTOYHUKA OTCYTCTBYET. BHYTpM MCTOYHUKA JIMHUN
BpPEMEHU, OlpeesigeMble IPAJIueHTOM MOTEHIUAIA, OPUEHTUPOBAHBI BIOJbL CTEPXKHHA, YTO
COOTBETCTBYET MPOYTEHUIO MPOCTPAHCTBEHHO-BPEMEHHOI AuarpaMMbl Ha puc. 4 He ciieBa
HaIlpaBO, & CBEpPXYy BHU3: KOHEYHBIA IIPOLECC, BHE3AIIHO HAYMHAIOIIUNICA U BHE3AIIHO 3a-
KaHIUBAIOMIUICSA, UHIAYIUPYET JIOKAJIBHYIO CTPEJy BPEMEHH, NMPHU STOM (PU3NIECKOe Bpe-
MsI IIPOIIECCa TPOMOPIMOHANIBLHO cKaduKy morentmana U(L) — U(0). Cremayer noOMHUTD, 9TO
PacCCMOTPEHHDIN IIpUMeED (I/ISOJH/IpOBaHHbIﬁ CTEpKEHDb B 2-MepHOIt BceﬂeHHoﬁ) SABJIAETCA UC-
KyccTBeHHBIM. OTMETHM Tak»Ke, 9TO OOIIe BOIPOCHI CYIIECTBOBAHUS U €INHCTBEHHOCTH
pellleHnst B MOJIEJISIX ¢ JieficTBueM Bua (48) ocTarorcst OTKPBITHIML.

7. HoBble nHTepecHBbIe U MEePCIEKTUBHBIE BO3MOYKHOCTU M3/IaraeMOTO MOJIX0Ja OTKPBIBAeT M3-
JIOZKEeHHasi HaMU B OOIIMX YepTax B pasjese 5 cynepBapuanuonnas mporeaypa. C omgHoit
CTOPOHBI, 9Ta MPOIEAypa MpUMEeHNMa K J000it dbyHmameHTaabHOll Teopun noss. OHa ja-
€T TPUHIUIHAJIHHYIO BO3MOXKHOCTb PACCUUTATh KaK (DyHIaMEHTAJbHbIE ITapaMeTphbl TeOo-
pun, Tak u ee (yHIAMEHTAJbHBIE 3aBUCHMOCTHU, HE BBIXOIS 3a paMKu camoit teopun. C
JIPYTOil CTOPOHBI, KaK 9TO IOKAa3bIBaeT NPUMeD pazfesa H.4, He /IS BCAKON Teopuu IMoJIsd
CyTlepBapUAIlOHHBIN IPUHIINAI JIaeT COo/lepKaTeIbHbIe Pe3yIbTaThl. B pasmese 5.5 Mbl ycra-
HOBUJIM, 9TO Teopuu h-rooMopdHbIX nojseil ¢ meficrBueM Buja (48) mMmeror cymepIkcTpe-
myM Buza (121), KoTopslit u mpejcraBiser coboit Ty eIMHCTBEHHYIO YHUKAJIBHYIO MOJE/Th
MIPOCTPAHCTBa-BpEMEHNU-MATEPUN, KOTOPasd W MOJJIEXKUT JAETATbHOMY M3YYEHUIO B paMKax
JAaHHOU TEOPHN.

Bosee peamuictianbie n 6orarbie 0 GU3NIECKOMY COIEPKAHUIO CHUTYallN BOSHUKAIOT DU
000OIIEHNH PA3BUTOTO MOIX0/a Ha CIydail mosmtuces H,, Bbiciinx n3Mepennii. IIpu sToM ocHOB-
HbIe IOJIOKEHNST U MHTEPIIPETAINS TEOPUH, OCTABasACh B CBOMX OOIINX UepTax HEM3MEHHDLIMI,
TpebyIOT HEKOTOPOi JOPabOoTKU. MBI IUTaHUpYeM MOCBATUTH TAKUM 00OOIIEHIUAM DsiT Oy Iy X
nybukarmii. OTMeTHM, YTO HEeKOTOpbIe Gosee paHHUEe (GOPMYJIUPOBKHU MOJIAIUCIOBON TEOPHN
nosist (Hanpumep [12]) ommpasnch Ha WHBIE TOCTYJIATHI U WHYIO HHTEPIPETAIUIO MOJEBbIX 16
PEMEHHBIX, B PAMKaX KOTOPBIX COOTHOIIECHHE TEOPHU C IKCIEPUMEHTATbBHBIMI HAOIONCHUAME
OCTAaeTCs B 3HAYUTEIILHO CTEICHN HEBbISCHEHHBIM.
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ALGEBRAIC UNIFIED THEORY OF SPACE-TIME AND
MATTER ON THE DOUBLE VARIABLE PLANE

D.G. Pavlov}, S.S. Kokarev!?
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2 RSEC Logos, Yaroslavl, Russia

geom2004@mail.ru, logos-center@mail.ru

Using double numbers algebra we develop algebraic version of 2D relativity theory,
which takes intermediate place between special and general relativity. In space-time free
of matter the main object of the theory — hyperbolic potential F' - is h-holomorphic
function of double variable. Physically it is responsible for local splitting of space-time
onto time and space directions in conformally deformed flat Minkowski space. It is
shown that the effect of conformal deformation is in principle observable with the help of
experiments concerning measurements with spatially separated clocks. Space-time with
matter is described by relation F;, # 0. The dynamics of hyperbolic field is described
by special action, depending only on hyperbolic square of non-holomorphicity. It is
shown, that field equation are non-linear h-conjugated wave equations with self-action.
Specific properties of these equations are: 1) presence of the first integral; 2) compatibility
(integrability) condition, defining class of admissible fields G(#2). The latter condition
can be viewed as generalization of hyperbolic Cauchy-Riemannian condition and it is
crucial for construction of consistent and reliable physical theory of space-time and matter
in 2D. As an example we consider static 2D universe with 1D deformed bar. Some aspects
of relations of SR and GR to the approach are discussed. We formulate super-extremum
principle, allowing one to calculate fundamental constants and boundary conditions of the
theory.

Key Words: hyperbolic field, h-holomorphicity, non-holomorphicity, conformal
transformations, super-extremum.
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OB N-APHBIX IIOJATPVYIIIIAX CIIEIIMAJIBHON N-APHOWM
I'PVIIIIEI

A M. Tanbmax’, I.H. Bopo6nés!, B./I. Bajaan?

L Mozunescruiti zocydapcmeennmidi yrueepcumem npodososvcmeus, Mozunée, Beaapycn
2 [Toaumeznuveckuti ynusepcumemem, Byrapecm, Pymoviius

mgup@mogilev.by, vbalan@mathem.pub.ro

Jist moboro n > 3 Ha gexaprosoit crermenn A" ! rpymmsr A, obmajatommeit oarpymmoi B
Takoii, uro daxroprpynna A/B nukanyueckas OpsKa, Jemero n — 1, onpejessiercs
n-apuag rpynma < A" [ ], ,—1 > ¢ n-apHoit onepanueit | |n,—1, AHATOTIHO N-apHOit
onepanun, Koropyio . ITocT onpemenu A n-apHLIX NOJACTAHOBOK. V3y4aeTcs cTpoeHne
n-aproit rpynmnet < A" L[ ], ,—1 >. B wacrHoCTH, IOKa3aHO, 4TO OHA O6/IA/AET TIOTYHH-
BAPUAHTHLIMU, HO HEMHBAPUAHTHLIME N-apPHBIMU [IOAIDYIIIIAMH.

KitroueBble ciioBa: oreparius, I'pyIiia, n-apHas TpYyINa, NOJyHHBAPUAHTHAS N-apHas
MOArPYIIIA.

1 Bsexenue

Ecmn A — rpymmonz, k > 2, 1 > 2, To ma k-Toil nexkaprosoii cremenu AF MoxkHO ompemennTsb
[1, 2| BHAYAIE GHHADHYTO OTIEPAIITIO

xoy = (z1,%2,...,Tk) © (Y1,Y2, - - -, Yk) = (T1Y2, T2Y3, - - -, Th_1Yk, TkY1),
a 3aTeM [-apHYIO OIepaInio
[X1X2 ... X1k =%X10 (X0 (... (X—20 (X1 0X7)) -..)).
Ecim A — monyrpynna, k =n — 1, [ = n, To BBy Jemmbr 2.3.1 [3],
[X1X2 e Xn]n,n—l = (Z/l, Y2, 7ynfl)a

riue
Yj = T15%2(j41) - - - Tn—j)(n—1)T(n—j+ 1)1 - - - L(n—-1)(j=1)Tnjy J = L,...,m — 1.

Kpowme Toro, BBupy jlemmbl 2.3.2 u 3amedanus 2.3.3 (3],
Y; = leXQOé(j) .. -X(n—l)a"*Q(j)an, j = 1, e, — 1, o = (12 oo = 1) S Sn—1~

Jst momyrpynnst A yauBepcanbhas anarebpa < A,_1,[ |nn—1 > cormacuo Teopeme 2.3.4 (3]
siBJIsieTcsi n-apHoii monyrpynnoii. Ecim ke A — rpynna, To coriacHo Teopeme 2.9.3 [3],
< An_1,[ |an-1 > — n-apuaz rpymma.

Onpenennue n-apHOil TOMYTPYIIBI, N-apHOW IPYIIBI U JPYTUX BCTPEYAIONINXCS B JTAHHOIM

pabote monsdTHii ecTh B [3,4]. 316Ch Ke HAIOMHIM, 9TO N-apHyTo HoArpymny < B, [ | > n-apHoii
rpynnsl < A, [ ] > HaspBAOT HHBAPMAHTHOI B Heil, ecin
[zB...B]|=[BxB...B]=...=[B...BxB]|=[B...B1z]
“1 ~2 Z2 “1

s goboro x € A. Ecin ke
[xB...B]=|B...Bz]
—— ——
n—1 n—1
Jutst sioboro ¢ € A, 1o < B, [ ] > HasbBaIOT NOJynHBapuaHTHO B < A, [ | >.
lanee cauraem n > 3.
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2 OcHOBHOI1 pe3yJabTaT

[Monsarmo, uro ecu B — noarpynma rpymnet A, 1o < By,_1,[ |nn—1 > — n-apHas DOArpyna n-
apHON Tpynnbl < An,l, [ ]nm,l >. HOKaH(eM, 4TO JeKapTOBa CTEIEHb Hn ! noaMHoxkecTBa, H
rpymimbl A, He ABJISIONIErOCs ee TOATPYIIOoi, MOKeT OBITh 3aMKHYTON OTHOCHTE/IBHO N-apHO
onepaiyu | | n,—1 1, 601ee Toro, 6uITH N-apHOit moarpynnoit B < A,_1,[ |an-1 >.

Teopema 1. Ilycts A — rpynmna, B — ee cobOcTBeHHas HOpMAaJbHAs MOATPYIA, (PakToOp-
rpynna A/B sBisiercsi NUKJINIeCKOl 1 uMeeT mopsijiok, gendmuii n — 1. Torma s so6oro
cMezkHoro Kiacca H cdaxroprpynnsl A/B nekaprosa crenenb H™ ! 3aMKHyTa 0THOCHTEIHLHO
n-apHOil onepanun | |, ,_1, a yHEBepcanbHaga aarebpa < H" 1 [ ], ,_1 > sABIsgeTCsa MOTynHBA-
PHAHTHOI!, HO HEMHBAPUAHTHO N-apHOIl MOArpyNHoil n-apHoit rpynusl < A,_1, | |nn-1 >.

Loxaszameavcmeo. [lycrs dakroprpynmna A/B mopoxK1aeTcst CMEKHBIM KJIacCOM a3, To
€CTh

A/B ={B,aB,...,a" B},

rne k menutr n — 1. Byaem jig ompeaenennocTu cautarb, uro H = a®B mj1d HeKoToporo
s=0,1,...,k—1.

Tak kak (aB)* = a*B = B, 1o a* € B, orkyna u u3 yciosus k genur n — 1, BeITeKaeT, 4TO
a" ! € B. Ecmu Tenepn

s s .
h’i = (h,z, Ce ,hi(nfl)) = ((I bil: NN bi(nfl)), 1 = 1, 2, o,
I Hr 1 BB A G
POU3BOJILHBIE 9JICMCEHTBLI U3 , TO, BBUJy HOPMaJIbHOCTU B A, OyAeM UMETH

[hl cee hn]n,n—l - (yly oo 72/71—1)7

rie
Yj = a’b1jaby(j1) - - - @b (n-1) @ b(n—j+ 1)1 - - - @ b(n-1)(j-1)@"bpj = @™,

st Hekoroporo b; € B. Ho rorma, Beugy a™ ' € B,

y; = asnbj _ as(anfl)sbj _ asb;

OJId HEKOTOPOI'O b; € B. CJIG,ZLOBaTeJII)HO, Y; S H, OTKYyOa
[hl B hn]n,n—l € Hn_la

9TO O3HAMAET 3aMKHYTOCTh MHOKecTBa H" ™! oTHOCHTEILHO N-apHoit onepamu | |, ,—1. Takum
obpaszom, < H"™' [ |,,_1 > — n-apHag nomyrpymnmna.
Pacemorpum Teneps B < AL [ ],,,_1 > ypaBnenue

[th R hn—l]n,n—l =g (1)

rie
g=(91,---,9n-1) = (@°cy1,...,a°ch_1) € H" Y (¢1,y...,cn1) € B.

Dnementsl hy, . . ., h,_; 6bLIN onpe/eeHbl BLIIIE U TaKzKe IpUHaIeskaT Maoxkectsy H™ 1. Tax
kak < A" 1| |,n_1 > — n-apHag rpynma, To ypasaerue (1) nmeer pernerne

x = (ay,...,a,_1) € A" .

[TpupaBHUBas j-ble KOMIOHEHTHI B JIEBOI U mpaBoii qactax (1), moayaum

ajasbg(jH) .. .asb(n_j)(n_l)asb(n_j+1)1 .. .asb(n_l)(j_l)asbnj = aSCj.
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Beuay nopmansaoctn B B A u yenosus a™~ ! € B, feBas 9acTh MOCIEIHEr0 PaBeHCTBa, IPHHI-
MaeT BT aja(”_l)sd = a;b nna nekoTopeix d,b € B, a caMO0 3TO PaBeHCTBO NEPENChIBACTCA B
suze a;b = a®c;. Ho Torma a; = a’c;b™!, rne ¢;, b~ € B. Crenosarensho, a; € a*B = H,

X = (ay,...,a,_1) € H" ",

1o ozmauaer, uro ypasuenne (1) paspenmno 8 < H" L[ ] 1 >.
Anajiorndno JlokaspiaeTcst paspemumoctb 8 < H" 1 [ ],,_1 > ypaBuenus

[hl . hn_ly] =g

st mo6bix hy .. hy,_y,g € H"' . Torga, cormacuo xpureputo Hocra [5], < H™ [ |n1 > —
n-apHasi TPYIIIA.

[Tyctb X = (21, T2, . .., Tp_1) — NPOU3BOMBLHBIH 3eMenT 13 A" 1. cnonbsys HOPMATbHOCTD
B B A u yciosue " ! € B, nomydum

[XI{n_1 Ce Hn_l]nm_l = {[Xhz c. hn]n,n—1|h2a . ,hn € Hn_l} =

—_—
n—1
= {[(ml, A ,In_l)(asbgl, . ,asbg(n_l)) R (asbnl, Ceey asbn(n_l))]mn_l | bij € B} =
= {(x1a5b22 e asb(n_l)(n_l)asbnl, e ,I’n_lasbgl .. asb(n_l)(n_g)asbn(n_l)) | bij S B} =

= {(l‘lbl,. .. ,I’n_lbn_l) | bl,. .. ;bn—l c B} = Bx...X In_lB,

TO €CThb
xH"'. .. H" Y, 1 =x.BXx...xz, B, (2)
n—1
AHaJIOrmIHO JTOKA3BIBACTCS PABEHCTBO
n—1 n—1
[H ...H X]n,n—l =Bxr; x...Xx BCEn_l. (3)
n—1
U3 nopmasnbHOCTH B B A BBITEKAaeT PaBEHCTBO TPABBIX YacTeii paBeHCTB (2) u (3), a 3HAUUT U
PABEHCTBO JIEBLIX YaCTell 3TUX paBeHCTB. Takum 00pasoM,
n—1 n—1 n—1 n—1
[XH ... H ]n,n—l = [H ... H X]n,n—la
n—1 n—1
9TO O3HAYAET NosynHBapuantHocts < H™ 1 [ ], 1 > B < A" 1 [ |1 >.
Tak kak B # A, 1o HaiigyTcs takue u,v € A, aro uB # vB. [Tomoxkum

w = (a™!)*v(a )", (4)
u BoiGepeM B A" snement x = (z1, ..., %, 1) TaK, 4TO
T1 = U, Ty = w. (5)

Ec/mn Tenephb npeanonokuth naBapuantaocts < H* 1 [ ], 01 > B < A" [ |1 >, TO

[X anl Ce anl]n’nil = [H"ﬂx anl Ce anl]n’nil
n—1 n—2
JJ1d Bb16paHHOI‘O X. HpI/IMGHI/IM (2) K JIEBOW YaCTHu IIOJIYIEHHOT'O paBEHCTBa, a B HpaBOfI qJacCTu,
HUCIIOJIb3Yyd HOPMaJIbHOCTH B s A, npoBeaeM BBIYMC/ICHNA, aHaJOTMYIHbIEe TeM, KOTOPbLIE OLLII

crenanel pu mostydennn (2). B pesysnbrare 6ymem mvernb

(1B, 2B, ..., x,_1B) = (a*x,a" 2B, ... a’z,_1a""P*B, a*z1a"""Y*B).
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Crenosarensno, 118 = a*r,a™2*B, orxkyna, seuay (4) u (5), BeITekaer uB = vB, 4T0 TpO-
TuBopeunT BoIGopy uB # vB. Takum obpasom, < H" ! [ |,,_1 > He ABIsIe€TCA MHBAPUAHTHOMN
B < A" 1 [ |un-1 >. Teopema moxasana.

CornacHo teopeme 1, Beskuii cMmexHbiil kiacc H dakroprpynnst A/B u3 s1oit Teope-
MBI OIpeJIesIsleT TOJYUHBAPHAHTHYIO n-apHyio moarpymny < H™ ' [ ],.,1 > n-apHoil rpyn-
et < A" [ ]n1 > Tostomy cymectByer n-apuag dakroprpymma < A"/ H* [ ], 4 >,
Bosaukaer Bompoc: Kak CBsi3aHbI MEXK]Iy CO00i n-apHbIe (haKTOPIPYIIIbI, OIpeIeseMble Pas3-
JIMIHBIMU CMEYKHBIMHU Kjraccamu (akroprpynisl A /B?

Tak Kak, coriacHO mpejyioxkennto 7.4 6], Beskas mosynHBapUAHTHAsT M-apHas MOATPYII-
na < V)| | > n-apnoii rpymner < U,[ | > onpenessier Ha Heil KOHIDYSHIUIO Py, KJIACCHI KO-
TOPOii COBNAIAIOT CO CMEXKHBIMU KjaccamMu n-aphoit dakroprpynnet < U/V,[ ] >, To npes-
CTABJIAET MHTEPEC eIle OJMH BOIPOC: KaK CBA3aHbI MKy CO0OI KOHTPYSHIUH 7-apHON IPYyII-
el < A" [ ]n-1 >, KOTODBIE ONPEeeTsIOTCs Oy HHBAPUAHTHBIMHE 1-aPHBIMU TTOPY IITAMHE,
MOCTPOEHHBIME C TIOMOIIBIO PA3JIMIHBIX CMEXKHBIX KIaccoB (dakToprpymnbl A/B u3 TeopeMbr

1?7
OtBernl Ha chHOPMYIUPOBAHHBIE BOIIPOCHI COAEPIKATCS B CJIEAYIONIEH TeopeMe.

Teopewma 2. [Iycre H — mpou3Bo/IbHBIN CMEXKHBIN KJtacc 3 TeopeMbl 1. Torma:
) < A/ HY U Jpnor > =< A" YB" U] a1 > =< (A/B)" ] a1 >
2) prn—1 = ppn-1.

oxasameavcmeo. 1) llonaras B (2) H = B, nony<um

[X .Bni1 . anl]n,nil = J]lB X ... X $n,1B, (6)
—_—
n—1
rie ¢ = (71,...,T, 1) € A", orkyna u u3 (2) BbITEKaeT
[X Hn_l e Hn_l]n n—1= [X Bn_1 . Bn_l]n n—1
—/_/ ’ —,_/ )
n—1 n—1

st moGoro snementa . € AF. Tlostomy n-apubie dakroprpymmner < A" 1/H" 1 [ |, 1 >n
< A" Y/B"U ] ]uao1 > coBmagaior.

Cosnasienne n-apubix dbakroprpymn < A" /B 1 [ ], 1 >u< (A/B)" Y[ Jan_1 > Bbl-
tekaeT u3 (6).

2) Tak Kak 1o npejioxkenuio 7.4 |6]

< A panr, [ s >=< APB L[ s >,
< A gl s =< AH >,
TO U3 1) BBITEKAET
< A" ppn-i, [ Jame1 >=< A" pgn-1, [ Jam-1 >,

DTO 03HaYAeT COBIaJEeHNe KOHIPYIHINA ppn—1 U pyn—1. TeopeMa moKa3aHa.
Teopemy 2 moxkHO chopMyIMpOBaThH HHAYE, DOJee KOHKPETHO.

Teopewma 3. [Iycts A — rpynma, B — ee cobcTBeHHAs HOpMAaJIbHAS TIOAIPYIIa, (hakTOprpy-
na A/B sBisiercsi IUKJINIECKOil, TOPOKIACTCS SJIeMeHTOM aB 1 mMeeT TOpsaoK k, et
n—1. A/B ={B,aB,...,a* 1 B}. Torna:

1) cnpaBe MBI CJIe/IyOIINe PABEHCTBA JIJI N-aPHBIX IPYIII:

< An_l/Bn_17 [ ]n,n—l >=< An_l/(aB)n_17 [ ]n,n—l >=...
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L=< AT (@B Jnn-1 >=< (A/B)"4 [ Jnn1 >

2) crpaBeJIUBbI CJIE/IYIOIIe PABEHCTBA JIjisi KOHIPYIHIIUIT

PBn-1 = P(aB)n~-1 = ... = p(akle)nﬂ

3 CraeacrBusi U MpuUMepbI

[Tonaras B Teopeme 1 H = B, nony4unm

Caenctsue 1. [lycts A — rpynma, B — ee cobcTBeHHas HOpMaJbHAsI MOATPYIIIa, PakTop-
rpymna A/B sBsercs IUKITYeCKOH, MOPOXKIATCsI CMEKHBIM KJIaCCOM aB 1 UMeeT TOpsJIOK,
nensumit n — 1. Torpa yausepcasnbaas anrebpa < (aB)" [ |,,_1 > fABIgeTca NOTynHBApU-
AHTHOI1, HO HEMHBAPUAHTHOI M-apHOil MOArPYIIION n-apHoit rpymmsl < A" L [ ]n,n—l >.

HamomumM, uro cormacuo 9. Ilocry [5] (em. Takke [7]), rpynna A nassiBaeTcss 06epThIBa-
Iomelt Jtd n-apHoit rpynnbl < H,7n >, eciu oHa MOPOXKIaeTcss MHOXKecTBOM H, a OunapHas
orepanust B rpymnme A u n-apHasi OIepalus 1) CBI3aHbl yCIOBHEM

n(x1xse ... x,) = 122 . .. Ty
JTsd JIIOOBIX T1, X3, ..., %, € H. Muoxectso
B = {al...an,l‘al,...,an,l € H}

SIBJIsIeTCsl HOpMAaJIbHOI moarpymmoii B A, daxkroprpymnma A/B 110 KOTOPOil — IHKJINYeCcKast, HMe-
I0IIast TOPSJIOK, Aessmmii n — 1. I'pymmy B Ha3BIBAIOT COOTBETCTBYIONIEH /7T N-apHOI I'PYIIIIbI
< H,n>.

CaencrBue 2. Ilycrs < H,n > — n-aprag rpymnna, A u B — ee obepThIBaioias U COOT-
BETCTBYIOIAsi TPYTIbI, aB — cMexkHbIi Kiiace, mopoxnaomuii dakroprpynny A/B, H; = a°B
(s=0,1,...,]A/B|—1). Torna < H* [ |un_1 > — HOJyHHBApHAHTHAs, HO HEMHBAPHAHTHAS
n-apHas MOArPYINa n-apHoi rpymmsl < A" [ ], 1 >.

Cornacuo obpatroit Teopeme [locta o emexubIX Kinaccax |5, 7|, ecmn dakroprpynmna A/B
rpymnmsl A 10 ee HOpMaJILHON MOATpyIe B ABIgeTcs MUKINIECKON ¢ 00pasyoyM 3JeMeHTOM
aB un numeer nopsiiok, gendmmit n — 1, To < aB,n > — n-apHasd rpyIna ¢ n-apHoil oneparuei

n(aras ...a,) = a1as . . . ay,.

Ob6eproiBaromieil rpynmoit aist < aB,n > sBiaserca A, a cooTBeTCTBYIOIIEH Tpynnoit — B.
Ecnu pacnpocrpanuTh neficTBue omeparuu 1) Ha BCIO Ipymmny A:

(9192 9n) = G192 - - - Gns G1,92,-- -+ 9n € A,

T0 < H,7n > CTaHOBUTCS M-apHON MOArPYIIOH M-apHOW Tpymmbl < A,7 >, NPOU3BOIHONW OT
rpymimbl A. JIerko mposepsieTcst CpaBeInBOCTh CJIELYIONIEro, bojiee 00IIero yIBep K IeHNs.

IIpennoxxenne 1. Eciun dakroprpynna A/B sBisieTcs TUKINYIECKONR € 0Opa3yONIM
snemMeHToM aB u uMmeer mopsimok k, aensumit n — 1, To masg sgoboro s = 0,1,...,k — 1
< Hy, = a°B,n > — nHBapuaHTHasi n-apHas MOJArPYIIa N-apHoil rpynnsl < A, n >.

Ecmu < A,n > — n-apnag rpynma, To Ha JeKapToBoii crenenu A" MoxHO onpenenuts |3
N-apHYIO OLEPAINIO 7] AHAJOTUIHO N-aPHON OMEPAIUN | |pp_1:

ﬁ((an, s aal(n—l))(a217 e 7a'2(n—1)) e (anb e 7a'n(n—1))) =

= (M(a11a22 - . . G(—1)(n-1)0n1), N(A12 - - - An—2)(n—1)10(n-1)10n2); - - - , N(A1(n—-1)A21 - - - Cn(n—1)))-
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ITo Teopeme 5.4.1 [3] < A1 7] > — n-apnaa rpynmna.

Sameuanue 1. [lonsarHo, aro mis 000l rpynnbl A U ee TTPOU3BOIHON N-apHON IPYIIIIEI
< A,n > n-apHble onepanuy | |,,—1 U 7] COBIQJAIOT. DTO MO3BOJIAET IOIYyIUTh YTBEPKICHHE
Teopembl 1 0 Tom, aro < H" ' [ ], ,_1 > — n-apHas rpynmna, KaK cJIeJICTBUE NPEJIOKEHnst 1 u
reopembl 5.4.1 [3].

Sameuanue 2. n-apHag rpymnmna < A, n > u3 npepioxkenusd 1 aBIgeTCS 00beIMHEHTEM CBO-
UX HEMEePEeCeKAIONNX sl MHBAPUAHTHBIX N-apHbIX noarpynn < Hg,n >, s =0,1,... kK —1:

A=Ho| JH .. \JHior, Hi(Hj = 2(i # j).

B T0 ke Bpewms, n-aphast rpymma < A"' [ ],, 1> u3 Teopembl 1 mim, 9TO TO JKe camoe,
n-apHag rpymmna < A" 7 > He aBidercs o0beIUHEHIEM CBOMX HeNepeceKaloInXcs N-apHbIX
noarpynn < H*™1 [ ], ,_1 >. Hanpumep, oobequaenne

- JE - U EE

He cozepxkut snement (ho, by, ..., hg_1) € A" tne h; € H; ans mo6Goro j =0,1,...,k— 1.

IIpumep 1. Ilycts Z,_1 — KOJIBIO KJIACCOB BBIYETOB 1O Moaymo n — 1 (n > 3),
H;=s+(n—1)Z — ero smementsr (s = 0,1,...,n — 2). Tak xkak Z/H, — aggurTuBHas mu-
KJIMIecKas IPyIa Mopsgaka n — 1, mopoxkigaemas KaaccoM BbeToB Hip, TO mo Teopeme 1
< H' [ |pan-1 > — NoTynHBApHAHTHAs, HO HEMHBADMAHTHAs N-apHasl IOAPYIIA N-apHOM
rpymmel < Z"1 [ ],,-1 >. B 9acTHOCTH, 9TOMY YTBEDIKIEHUIO IPU § = 1 YIOBJIETBOPSET KIIACC
BelueToB H;.

Ecim n = 2, To B TeprapHroii rpynmne < Z2 [ |32 > MMeOTCA MOJTYyMHBAPUAHTHDIC, HO He-
MHBAapUAHTHBIE TepHAPHBIe ToArpynnbl < (22)%[ |32 > JekapToBa KBajpaTa 9eTHBIX THCET U
< (142Z)%[ ]32 > neKaproBa KBaJpaTa HEYETHBIX TUCEI.

BameTuM, 4To ecau < Z,7 > — TepHapHas TpyIa, TPOU3BOAHAS OT AJIUTHBHON I'PYIIIbI
7 1eJbIX 4Hcesl, TO TepHapHble moarpynmsl < (2Z)% n > u < (1+ 2Z)?,n > uHBapuaHTHbLI B
< Z%n>.

[Tonaras B Teopeme 1 n = 3, nosyaum

Cunencrsue 3. Ecim A — rpynna, B — ee noarpynna uagekca 2, a ¢ B, 1o < B[ |32 > u
< (B)?,| |32 > momynHBapuMaHTHbBIE, HO HEMHBAPUAHTHbIE TEPHAPHBIE TOATPYIIIBI TEPHAPHOM
rpynmet < A% [ ]32 >.

IIpumep 2. [lonaras B ciegcrsun 3, A = S, — cuMMerpudecKasi TpyIa crernenu n, B = A,
— 3HaKoNepeMeHHast rpynna, S,\A, — MHOKEeCTBO BCEX HEUYETHBIX MOJICTAHOBOK U3 S, BUINM,
9TO B TepHapHOl rpynme < S2) [ |32 > UMEIOTCS MOTyNHBAPUAHTHBIE, HO HEMHBAPUAHTHBIE Tep-
napubie noarpynnbl < A2 [ |30 > u < (S,\A,)?%, [ |32 >.

Eciu 1 — repHapHas onepaiys, MPOU3BOJAHALA OT ONEpaluu B rpymnmie S,, TO B TepHAPHOIl
rpynne < S2.n > repuapubie noarpynmnst < A% n > u < (S,\A,)? 7 > uHBApHAHTHAL.

IIpumep 3. Ecm E(2) — MHOXKeCTBO Beex JBIzKeHuii miockocrn, Fy(2), Eoy(2) — mHOXKe-
CTBA BCEX JBIXKEHUIl MJIOCKOCTU MEPBOIO M BTOPOIO POJIa COOTBETCTBEHHO, TO MO CJIEJCTBUIO
3 B Tepuapnoii rpynmne < E?(2),[ |32 > WMeOTCs TONyMHBADHAHTHBIE, HO HEMHBAPUAHTHLIE
Tepuapuble Tpymnbl < E7(2),[ |s2 > n < E3(2),[ Js2 >.

Anasornanoe yTBepK/ICHIE CIPaBeInBO [t rpymisl F(3) Beex JBHKEHUIT IPOCTPAHCTBA.

ITpumep 4. Ecnu D,, — nuaapanbHas rpynna, C, nu B, — ee TOATPYIIIBI IOBOPOTOB U OTPa-
JKEHUIl COOTBETCTBEHHO, TO MO CJIEJCTBHUIO 3 B TepHapHOil rpynmne < D2 [ ]3o > numetorcs mo-
JIyMHBApUAHTHbIE, HO HEMHBAPUAHTHBIE TepHApHBbIe HoArpymmbl < C2. [ |30 > u < B2 [ |32 >.
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4 m-apHble MATPUIIbI

Yuopsnouennbiit Habop (Aj, As, ..., Ay 1) MATPHIL OJHOIO W TOIO Ke MOPsJKA N HaJl MOJIeM
koMItekcHbIX gucesn C' 9. IMocr massas 5| m-apuoit uim nosmagaudeckoit marpuneit vag C.
Ha mHO>X)ecTBe Bcex m-apHBIX MaTPHUIL, Y KOTOPBIX OMPEJIE/IUTE]N BCEX KOMIIOHEHT OTJIMYHBI OT
Hys, 9. [locT onpenennia m-apHyO OMEPAIITIO

[Ar . A] = (A1 Aren) - (A Amn)] = (Y, -, Vi), (7)

rae
Y, = Ale2(j+1) - -A(n—j)(n—l)A(n—j-i-l)l .- -A(n—l)(j—l)Anja J=1...,m—1

. TlocT jgoKa3ad, 9TO yKazaHHOE MHOXKECTBO BMeCTe ¢ n-apHOil omneparmeii (7) sBJseTcst m-
apHOi IPYIIIOA, KOTOPYIO OH Ha3BaJl M-apHOU JIMHEHHOU I'PYIIION.

Mpgr1 6y1eM paccMaTpUBATh yIOPsAAOUEHHbIe HADOPBI MATPHIL OJIHOTO U TOTO 2Ke HOPSI/IKA HaT
IPOU3BOIBHBIM TTosTeM. MHOXKeCTBO BeeX yHOpsI0deHHbIX HabopoB A = (A, ..., A1) MaTpur
OJIHOTO ¥ TOTO K€ TOpsIKa 1 HaJl moseM F'| y KOTODBIX ONpeIe/IUTe b KazK/I0ii KOMIIOHEHTHI
A; orimmden or Hyss, obosHaduM depes GL(n,m — 1, F'). DIeMeHTBI 9TOr0 MHOXKECTBA, CIIeLys
9. Ilocty, Oyem Ha3BIBATH M-apHBIMIA MaTpUIaMu Haj F.

fcuo, uro muozkectBo GL(n,m — 1, F') coBnagaer ¢ (m — 1)-0ii JeKapTOBOI CTENEHBIO MOJI-
Hoit ymmeitnoit rpynuet GL(n, F) : GL(n,m — 1, F) = (GL(n, F))™ !, a onepauus (7), onpe-
nenennast Ha GL(n,m — 1, F), coBnagaer ¢ oneparmeii [ |, m—1 Ha (GL(n, F))™ ! Tosromy,
nosaras B Teopeme 2.9.3 [3|, A = GL(n, F'), nomyanm

IIpensoxkenne 2. Muoxkecrso GL(n,m — 1, F) 3aMKHYTO OTHOCHTEJLHO M-apHOii OIre-
panud | |mm-1, & yHEBepcambHas anrebpa < GL(n,m — 1, F),[ |um-1 > sABIsieTcs m-apHOii
I'PYUIION.

Tak xak GL(n,m —1,C) = (GL(n,C))™ !, a onepanus (7), Kak yz?e OTMEYaI0Ch, COBIIA~
Jaer ¢ omepanueil | |y m—1, TO U3 IPEIIOKEHNs 2 BBITEKAET OTMEUEHHBIIl BBIIIE PE3YJIbTaT
9. ocra.

Cuaexncrsue 4. [5] Muoxectso GL(n,m — 1, (') 3aMKHYTO OTHOCHTEIHHO M-apHOIi omepa-
AN | |mm—1, & yHusepcanbias amrebpa < GL(n,m —1,C),[ |mm—1 > gBIgeTCS m-apHOil
I'PYUIION.

Bo muo)kecrBe GL(n,m — 1, F) Beigennm nogaMuokecTBo SL(n,m — 1, F) Bcex m-apHbIX
MaTPHIl, ¥ KOTOPBIX ONPEIETUTeNb KayKI0i KOMIIOHEHTHI paBeH eaunuie nons F. Tak kax
SL(n,m —1,F) = (SL(n, F))™ !, to, cnosa npumensg teopemy 2.9.3 [3], momyanm

IIpensioxkenne 3. MuoxkecrBo SL(n,m — 1, F') 3aMKHYTO OTHOCHTEIHHO M-apHOIi OIIe-
pauun | |pm-1, @ yauBepcasibHasg anrebpa < SL(n,m — 1, F),[ |mm-1 > dBiIseTcs m-apHOii
noArpymmoit m-apuoit rpynnst < GL(n,m — 1, F),[ |mm-1 >.

m-Apnyio rpynny < SL(n,m — 1, F),[ |um-1 > 10 anajorun ¢ GHHAPHBIM CJIy9IaeM ecTe-
CTBEHHO Ha3bIBATL M-apHOI CIIeNUaJIbHON JIUHEHHON I'PYIIION.

[TousiTHO, UTO TIPH M = 2 M-apHBIE MATPHUIILI — 3TO OOBIYHBIE MATPUIIBI, & M-APHBIE TPYIIITHI
GL(n,1,F) u SL(n,1, F) coBnagaioT COOTBETCTBEHHO C MOJIHOM JmHeiiHol rpymmoit GL(n, F)
U ClienuabHoil JuHeitnoit rpynmnoit SL(n, F).

Hamee GygeM HCIOIb30BaTh crangaprHble oboznadenus: F, wmn GF(q) — mone Iamya, To
eCcTh KOHEYHOE I0JIe C YUCJIOM 3JIeMeHTOB ¢ = p* | p — npocroe; GL(n,q) — nonHas juHeiiHas
rpynna Haj nosem GF(q), To ecTb rpymma Bcex obparuMbix MaTpuil nopsaka n #ax GF(q);
SL(n,q) — cnenmanbHasg JuHeliHas rpymna crernedu n Hag noieM GF(q), To ecrb moarpymna
Beex marput u3 GL(n, q) ¢ onpeienureneM, paabiM equnuie noias GF(q).
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Tak xax dakroprpymma G L(n,q)/SL(n,q) nsomopdHa My TTHIIIKATABHO TpyTme Fy 110-
nd Iy, KoTopas gaBideTcs MUKJINIEeCKOil 1 nMeeT NMopAJI0K ¢ — 1, To nosiarasd B 00paTHO# Teopeme
[Tocta 0 cMeKHBIX Kiaccax u B npenyioxennn 1 = GL(n,q), B = SL(n,q), nonydum

IIpensoxkenune 4. Ilycrs < GL(n,q),n > — g-apHasi TpyIIa, MTPOU3BOAHASA OT IPYIIIbI
GL(n,q). Torga moboii emexkubiii kiuace H daxkroprpynnst GL(n,q)/SL(n,q) 3aMKHYT OTHO-
CHTEJIBHO ¢-apHOIi ollepaluu 1), a yHUBepcasbHad anrebpa < H,7n > gBisercda MHBapUaHTHOI
g-apsoit moarpymmoit B < GL(n,q),n >. Ecin mopoxnaer GL(n,q)/SL(n,q), To 0bepThiBato-
et ¥ COOTBETCTBYIOIIEH TPyHIaMu JIjid ¢-apHoil rpynnbl < H, 7 > gBIAI0TCS COOTBETCTBEHHO
rpynnsl GL(n,q) u SL(n,q).

Teopewma 4. [Iycts n > 2, ¢ > 3. Torga:

1) < GL(n,q— 1, F,),| lgq-1 >u<SL(n,q—1,F,),[ |sq-1 > — HemoxyabeeBble g-apHbIE
IPYIIBI ¢ MYCTHIM HEHTPOM, & 3HAYUT 1 6e3 €UHUIL;

2) soboii emexubiit kiace H dakroprpymnnst GL(n,q)/SL(n,q) 3aMKHYT OTHOCHTEJILHO
g-apHoii onepatuu | ], .1, & yEUBepcaabHast aarebpa < H9 1 [ |, ,-1 > ABIgercs noaynnsa-
PHAHTHOII, HO HEMHBAPUAHTHOMN ¢-apHoii noarpynnoii 8 < GL(n,q — 1, F,),[ |4q-1 >; B 9acTHO-
cru < SL(n,q —1,F,),[ |qq-1 > DOIyHHBapHaHTHAs, HO HEMHBAPUAHTHAS ¢-apHAs MOAIPYIIIA
B < GL(n,q—1,F),[ lgg1>;

3) nonymHBapuaHTHBIe g-apHble noarpymmsl < HT U [ ], 1> um < SL(n,q—1,F),
[ Jgq—1 > m3 2) ompenensiior nHa < GL(n,q —1,F,),[ ]4q-1 > OAHy U Ty Ke KOHIDYSHIIMIO:
PHI-1 = PsL(n,g—1,F,)-

4) ana soboro cmexHoro kmacca H rpymmer GL(n,q)/SL(n,q) g-apabie dakrop-
rpynnel < GL(n,q— 1, F,)/H" [ |,4-1>, <GL(n,q—1,F,)/SL(n,q—1,F,),[ lsq-1> 1
< (GL(n,q)/SL(n, )", [ ]4q-1 > coBnagaior.

oxaszameavcmeo. s cokpamienns 3anuceit monoxum A = GL(n,q), B = SL(n,q).

1) TTo Teopeme 2.9.3 [3] < ATL [ ],,-1>nu < B[ |,,1 > — g-apuble rpynmbr. VX He-
nosryabesieBocThb ciietyer u3 Heabenesoctu rpynn A u B u npeoxkenns 2.8.2 [3|, a orcyrcreue
9JIEMEHTOB B IIEHTPaX YKA3aHHBIX ¢-apPHBIX TPYMI rapantupyer npejmoxenue 2.9.6 [3]. Ocra-
JIOCh 3aMEeTUTD, YTO

GL(n,q—1,F,) = A" SL(n,q—1,F,)=B"".

2) dakroprpynna A/B sBisgeTcs MUKINIecKoil n nMeeT mopsaok g — 1. lasee mpumvensiercst
TeopeMma 1.

3) Ucnombsyercs yTBEpK/ICHIE 2) TeOPEMBI 2.

4) Ucnonnzyercst yrepxKaenne 1) teopembl 2. Teopema JoKa3aHa.
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ON N-ARY SUBGROUPS OF A SPECIAL N-ARY GROUP

A.M. Gal’mak!, G.N. Vorob’ev!, V.D. Balan?

L Mogilev State University of Food Technology, Belarus
2 Polytechnical University of Bucharest, Romania

mgup@mogilev.by, vbalan@mathem.pub.ro

We consider the Cartesian power A"~! (n > 3) of the group A, which admits a subgroup
B such that the factor group A/B is cyclic and with its order dividing n — 1. On A™1
we construct an n—ary group structure < A""L [ |nn—1 > with its operation similar to
the one defined by E. Post for n—ary permutations. This structure is shown to admit
semi-invariant - but generally not invariant, n—ary subgroups.

Key Words: operation, group, n-ary group, semiinvariant subgroup.
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The aim of this paper is to develop on the 1-jet space the Finsler-like geometry (in the
sense of distinguished (d-) connection, d-torsions and d-curvatures) for a 1-parameter de-
formation of the Berwald-Mod6r metric of order three. Some field-like geometrical theories
(gravitational-like and electromagnetic-like) produced by our 1-parameter deformation of
the Berwald-Modr metric are also exposed.

Key Words: 1-parameter deformation of the Berwald-Modér metric of order three, nonlin-
ear connection, Cartan canonical linear connection, d-torsions and d-curvatures, Einstein-
like geometrical equations.

MSC(2000): 53C60, 53C80, 83C22.

1 Introduction

It is a well known fact that, in order to create the Relativity Theory, Einstein used Riemannian
geometry instead of classical Euclidean geometry, the first one representing a natural mathema-
tical model for local isotropic space-time. Although the use of Riemannian geometry was indeed
a genial idea, there are recent studies of physicists that suggest a non-isotropic perspective of
space-time. For example, in Pavlov’s opinion [15], the concept of inertial body mass emphasizes
the necessity to study the local non-isotropic spaces. Obviously, for the study of non-isotropic
physical phenomena, the Finsler geometry is very useful as a mathematical framework.

The studies of Russian scholars (Asanov [1], Garas’ko [4] and Pavlov [5, 14, 15]) emphasize
the importance of Finsler geometry which is characterized by the total equality in rights of all
non-isotropic directions. For such a reason, Asanov, Pavlov and their co-workers underline the
important role played in theory of space-time structure and gravitation (as well as in unified
gauge field theories) by Berwald-Modr metric (whose certain Finsler geometrical properties are
studied by Matsumoto and Shimada in the works [6, 7, 16])

F:TM »R, F(y) = (y'v*.v")"".

Because any of such directions can be related to the proper time of an inertial reference frame,
Pavlov considers that it is appropriate as such spaces to be generically called "multi-dimensional
times" [15]. In the framework of 3- and 4-dimensional linear space with Berwald-Modr metric
(i.e. the three- and four-dimensional time), Pavlov and his co-workers [5, 14, 15| offer some
new physical approaches and geometrical interpretations such as:

1. physical events = points in multi-dimensional time;

2. straight lines = shortest curves;

3. intervals = distances between the points along of a straight line;

4. simultaneous surfaces = the surfaces of simultaneous physical events.

According to Olver’s opinion [13|, we consider that the 1-jet fibre bundle is a basic object in
the study of classical and quantum field theories. For such geometrical and physical reasons,
this paper is devoted to the development on the 1-jet space J'(R, M?) of a Finsler-like geometry

'Faculty of Mathematics and Informatics Department of Algebra, Geometry and Differential Equations,
B-dul Tuliu Maniu, No. 50, BV 500091, Brasov, Romania
http://www.unitbv.ro/mi/Catedre/ AGED /membriaged.aspx
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(together with some gravitational-like and electromagnetic-like geometrical models) for the t-
deformation of the Berwald-Moor metric given by

Fol @MY R Flty) = VAT - {viviel,

2

where hy;(t) is a Riemannian metric on R and (¢, z', 22, 2%, y{, y?, y?) are the coordinates of the

1-jet space J'(R, M3).
Remark 1.1. If we take the particular local Riemannian metric
hu(t) = e 27 >0,

it follows that F becomes a t-conformal deformation of the jet Berwald-Moor metric of

order three
BM3(y) = v/ yivivi-

The differential geometry (in the sense of Cartan linear connections, d-torsions, d-
curvatures, gravitational-like and electromagnetic-like geometrical models) produced by an
arbitrary jet Lagrangian function

L:J'R,M") =R

is now completely done in the second author’s paper [12]. We point out that the geomet-
rical ideas from [12| are similar (but however distinct ones) to those exposed by Miron and
Anastasiei in the classical Lagrangian geometry on tangent bundle [8]. More accurately, the
geometrical ideas from [12] (which we called the jet geometrical theory of relativistic rheonomic
(t-dependent) Lagrange spaces) were initially stated by Asanov in [2| and developed further in
the book [11] by the second author of this paper.

In the sequel, we apply the general geometrical results from [12] to the particular rheonomic
(t-deformed) Berwald-Moor metric F, in order to obtain what we called the jet local Riemann-
Finsler geometry for three-dimensional time.

2 Preliminary notations and formulas

Let (R, hq1(t)) be a Riemannian manifold, where R is the set of real numbers. The Christoffel
symbol of the Riemannian metric hqq(t) is

. h%dhy

M1 =

1
—_— Rl = _— >0.
2 dt’ hi1
Let also M? be a manifold of dimension three, whose local coordinates are (z!, 22, z3). Let us

consider the 1-jet space J'(R, M?), whose local coordinates are
(t,2", 2%, 2%, y1, u1, ).

These transform by the rules (the Einstein convention of summation is used throughout this
work):
-~ oz? dt —
t=1(t P = 2P (21 W=———= 1y =1,3 2.1
()7 T &L (:E )7 yl axq dt 3/1; b,q ) ( )
where dt/dt # 0 and rank (077 /0z9) = 3. We consider that the manifold M? is endowed with
a tensor of rank (0,3), given by local components G, (z). This is totally symmetric in the

indices p, ¢ and r. Suppose that the d-tensor

Gij1 = 6Gijpyy,
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is non-degenerate, that is there exists the d-tensor G'*! on J*(R, M?) such that G;;; G'* = F.
In this geometrical context, if we use the notation G111 = Gperyyiy], we can consider the
third-root Finsler-like function [16], [3| (this is 1-positive homogenous in the variable y):

F(t,x,y) = {/Gpgr()ylyiys - /B(E) = 3/ Grua(z,y) - VAH(2), (2.2)

where the Finsler function F' has as domain of definition all values (¢, x,y) which verify the
condition Gi11(x,y) # 0 (i.e. the domain where we can y-differentiate the function F(t,z,y)).

If we denote Gi11 = 3Gipytyl, then the 3-positive homogeneity of the "y-function" Gii;
(this is in fact a d-tensor on the 1-jet space J'(R, M?)) leads to equalities:

8Cllll

Gill = T 7
oy

Gimy; = 3G, Gijly{ = 2G;n,

aGill o 62G111 8G’L]1
Oy 0yidy]’ Oy*

The fundamental metrical d-tensor produced by F' is given by formula

Gij1 = Gijlyiy{ = 6G111, = 6Giji.

hii(t) O?F*
2 oyioy]

Gij (ta xZ, y) =
By direct computations, the fundamental metrical d-tensor takes the form

G? 1
1§1 {Giﬂ — @GillGﬂl] . (2.3)

gij(x7y) =

Moreover, taking into account that the d-tensor Gj;; is non-degenerate, we deduce that the
matrix g = (g;;) admits the inverse g=* = (¢/%). The entries of the inverse matrix g~! are given

by

g* =363 |GIM 4 ; (2.4)

GiGY
(Glll - glll) ’
where G{ = GjpleH and 39111 = qulequn.

3 t-Deformation of the Berwald-Moé6r metric
Starting from this Section, we will focus only on the t-deformation of the Berwald-Moor metric

of order three which is the Finsler-like metric (2.2) for particular case

1
G 3 {p,q,r} - distinct indices
par = :

0, otherwise.

Consequently, the t-deformation of the Berwald-Modér metric of order three is given by

P(t,y) = VB(t) - {/ulyiys. (3.1)

Moreover, using preceding notations and formulas, we obtain the following relations:

G
G111:y%y%y%’ G = v
1
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Glll

——— (no sum by i or j),

Gin = (1= 0y) —;
Ny

where 9;; is the Kronecker symbol. Because we have

det (Giﬂ) =13 - 2G111 7A 07

i,J
we find 5k
(1= 2%
GIM = %y{y{“ (no sum by j or k).
It follows that we have Gi11 = (1/2)G11; and G = (1/2)y].
If we replace the preceding computed entities into formulas (2.3) and (2.4), we get
2 — 30,;) Gins o
gij = ( 5 ) in; (no sum by i or j) (3.2)
iy
and ' ' '
¢ = (2 = 36" G Pylyk (no sum by j or k). (3.3)

Using a general formula from paper [12|, we find the following geometrical result:

Proposition 3.1. For the t-deformed Berwald-Modr metric (3.1), the energy action functional

b b
E(t, z(t)) :/ F2(tay)vh11dt:/ VA{vtyiudy - /bt

produces on the 1-jet space J*(R, M?3) the canonical nonlinear connection

I'= (M((& = =41, N((Sj = 0) : (3.4)

Proof. The Euler-Lagrange equations of the energy action functional [ are equivalent with the

d’z’ 0 (4 ok ok O () ko k p_ dat
Tz +2H), (t, 2", yy) + 2G 1y, (t, 2", yy) =0, vi= (3.5)
where the local geometrical components

equations

i) def 1 i
H() = __%%1(75)91

(N1 9
and . . .
G(l) def hllgik 82F2 j 6F2 4 82F2
mr 4 | 0zioyk N gk otoyr
aﬁﬂ 1 11,1 l
+8—yk%ll(t) + 2h 211 9kY1 | T 0
1

represent a semispray on the 1-jet space J'(R, M?). This semispray produces the canonical

nonlinear connection (for more details, see the papers [10], [12])

| MD —og® _ i @ _ _
41
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Generally speaking, a nonlinear connection I' = (M 81, N, ((33') on the 1-jet space J*(R, M?)
is used for construction of distinguished vector fields (which have a classical tensorial behaviour)

50 4 0 50 o0
=== M — _ 9 _ N0 2 .
ot ot (1)1 ay{ ! ot ot (1) ay{ (3 6)

It is important to note that, in our present Finsler-like geometrization, there are a lot of ge-
ometrical local components (such as the components of Cartan linear connection, d-torsions,
d-curvatures etc.) whose geometrical construction involves the M-horizontal covariant deriva-

tives 6/6z". In the case when the nonlinear connection I' has the components N((ligj equal to

zero (see (3.4), for instance), it follows that the M-horizontal covariant derivatives 6 /dz" reduce
to the classical partial derivatives 9/9z'. Consequently, the above discussed geometrical local
components (e.g., which are dependent only by ¢ and y) vanish in this case. For these reasons,
we will use on the 1-jet space J'(R, M?), by an "a priori" definition, the following non-trivial
local nonlinear connection:

= 7 7 7 % )
= (M(<1§1 = —shyyh, NG, = 50 ) (3.7)

Beside the non-triviality of the components N((gj, we have choosen the nonlinear connection
(3.7) such that its attached harmonic curves be straight lines (this is because the Euler-
Lagrange equations (3.5) also have as solutions only pieces of straight lines). In order to
be more clear, we recall that the equations of the harmonic curves of the nonlinear connection

(3.7) are given by [10]

d?x7 da® dz*\ dz™
o+ MQ) ( ‘), ) +N9, <t,xk(t), E) —=0. (3.8)

It follows that the equations (3.8) are equivalent to

d?z’ 1 dhyy da?
v §__Ul (3.9)
dt2  4dhyy dt dt

Obviously, the equations (3.9) have the general solution

T (t) = aj/ (h1)** (0)do + V7,

to

where @/, € R. In other words, the equations (3.9) have as solutions only pieces of the

straight lines
-0t 220 -0

al a? a3
Remark 3.2. We point out that the above terminology of harmonic curves (autoparallel
curves in Miron’s terminology [8]) comes from the particular form of equations (3.8) for the
particular global nonlinear connection

I'= (Mg))l = syl N = meyin) : (3.10)
where 1, (t) and +}.(x) represent the Christoffel symbols of the Riemannian manifolds

(R, h11(t)) and (M3, @ij(x)). It is obvious that, for the particular nonlinear connection (3.10),
the equations (3.8) become the equations of harmonic maps (curves)

d?xt 1 dz’ dz? dxk
W_%()dt+%’“()dt a Ve (3.11)
Bl d?xt dx’ dz? dxF B '

1
- t
A ()dt + k(@ )dt dt
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Remark 3.3. Note that the components N((ligj of the nonlinear connection (3.7), which are
giwen in the local chart U by the functions

1
o G Mg
N= (Nu)j = _7@.) :

have not a global character on the 1-jet space J'(R, M?), but have only a local character. In
conclusion, taking into account the general transformation rules (see [10])
~(k) () dt 891;’ 8’3?’“ 8:UZ 8’3]’1“

Now =Ny =57 927 ~ 93 0’

(3.12)

it follows that N has in the local chart U the following components:
i = =20+ S G+
4 The Cartan I-linear connection. d-Torsions and d-curvatures
We use the nonlinear connection (3.7) for construction of dual adapted bases of d-vector fields
(o= o+ i s = e+ B o < X(E) (@)

and d-covector fields

1
{dt, dz', 6yl = dy} — s yidt — %daz’} C X*(E), (4.2)

where £ = J*(R, M?). Note that, under a change of coordinates (2.1), the elements of adapted
bases (4.1) and (4.2) must transform as classical tensors. Consequently, all subsequent geomet-
rical objects on the 1-jet space J'(R, M?3) (such as the Cartan canonical [-linear connection,
torsion, curvature etc.) will be described in local adapted components.

Using a general result from [12], by direct computations, we can give the following important
geometrical result:

Proposition 4.1. The Cartan canonical D-linear connection, produced by the t-deformed
Berwald-Modr metric (3.1), has the following adapted components:

1
S 1 ko i _ 21 ~i(l) AL
where, if we use the notation
B 35; + 305 4+ 30, — 95§5jk -2
Jk 9

(no sum by i, j ork)

we have

C’;E,lg)) = Aé-k . gjhk (no sum by i, j ork).
Y1y

Proof. Via the t-deformed Berwald-Modr derivative operators (4.1), we use the general formulas
which give the adapted components of the Cartan canonical connection, namely [12]

ak — gk_m(SQmj i 9™ (89jm . OGkm _ 09k
]1 2 5t Y Jk? 2 51:k 5:L_j 5l_m 9
i) — g (89jm + Om agjk) 9" g

W oyl eyl oy) 2 oy
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Remark 4.2. The Cartan canonical connection CT' has the metrical properties:

haj =Bt =0, hap = Wt =0, h11|<” - hﬂIEB —0,

where 77, 77 and ”\% 7 are the R-horizontal, M-horizontal and vertical covariant

derivatives produced by the Cartan I-linear connection CT. For more details upon the local
expressions of the above covariant derivatives applied to the components of d-tensors, see pa-
per [12]. Consequently, in our jet Finsler-like geometrization, the Cartan canonical connection
plays a similar role to that of Levi-Civita connection in Riemannian spaces.

Remark 4.3. The below properties of the vertical d-tensor C’;E,lc)) are true (summation by m):

i(1) _ (1) i(1)  m __ m(l)
Ciy = Crigyr Cimyn” =0, Clny =0 (4.3)

For similar properties, see also the papers [3], [7], [9] or [16].
Remark 4.4. The coefficients Aéj have the following values:

(2 . .
—g 1FIFLA
1
Al = g i=iFlori=lFjorj=1l#i (4.4)
2
\—5,12‘]’:[

Proposition 4.5. The Cartan canonical connection cT of the t-deformation of the Berwald-
Modor metric (given by (3.1)) has three effective adapted local torsion d-tensors:

B (1) k() 1) k()
Py =—5 G By’ =G

dol
k
R( ) = 3 { dtu — %%1%%1] 5?'

Proof. A general h-normal TI'-linear connection on the 1-jet space J'(R, M?) is characterized
by eight effective d-tensors of torsion (for more details, see [12]). For our Cartan canonical
connection CT' these reduce to the following three (the other five cancel):

(k) (k) (k)
wo_ N o opw _Man Ny sy
W) = g~ B By = Ty 50 0 L =Cio) -

]

Proposition 4.6. The Cartan canonical connection cT of the t-deformation of the Berwald-
Modr metric (given by (5.1)) has three effective adapted local curvature d-tensors:

1 1 1
_ Zut gl L) _ 2 gl
R =—1Siw: Ly = 5 Sinw:
I(1) I(1)
wm _ 9% %) | mm i) om0

00 = Tggk T gy i) Ym) T Y)Y



54 Hypercomplex Numbers in Geometry and Physics, 2 (14), Vol 7, 2010

Proof. A general h-normal I'-linear connection on the 1-jet space J*(R, M3) is characterized
by five effective d-tensors of curvature (for more details, see [12]). For our Cartan canonical
connection CT these reduce to the following three (the other two cancel):

_ 0Ly _ oL,

R + L, — Lmrt

CL P P my»
oLt
co _ 9L i) pm) (1)
Fijoy = gyt Citays + Citm P00
80{(}) 80{(1)
gow _ %6 9% | om) i) em i)
i(7) (k) oyt oyl i(7) T m(k) i(k) —m(j)
where
0 _9Cw ) (1) 1)
iy _ 7Y m(l) r1 m _ ~1) rm
Citkyi = g5 T Gty Lmi = Gy L5 = Cimy -

51(1)(1) n 51(1

(R)(5

Remark 4.7. The vertical curvature d-tensor SE Y has the properties:
1) _
) 0

i(5)(k

Sf((;))((l) 0 (no sum by j).

Proposition 4.8. The expressions of the vertical curvature d-tensor 5118))((3 are given by:

1
558))(%) = ——L (i £k #1#1i and no sum by i);
9 (91) Yt

1 l
2. 5118))((11)) =5 (y;;lz ¥ (i #£7#1#1 and no sum by i);
1) %

3. 5! —O(i#j#k#iandnosumbyi);

)(1)
i(7) (k)

1
4. ngll))(%) = it (i #k #1%#1i and no sum by l);
1Y%1

l(Jl.)(ll) = _9yi - (i #J # 1 # 1 and no sum by l);
191

1
6. 58))(%) = m (i # 1 and no sum by i orl);
1

IR ,
00 = g i) (i # 1 and no sum by i orl);

8. S((l))((kl)) =0 (k#1 and no sum by l);
9. S((Jl))ll) =0 (j #1 and no sum by l).

Proof. For j # k, the expression of the vertical curvature tensor S )(k) takes the form (no
sum by 7, 7, k or [, but with sum by m)

ALSL AL,

JSIeNCEN B A
yiyl vyl

iG)k)

ALdi _ A§j5ikyl1
WD yr (W)’

l
+[ARAL, — ARAL T !

7

Jok’
1Y1Y1
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where the coefficients A}; are given by relations (4.4). O

5 t-Deformed field-like geometrical models constructed on 1-jet three-
dimensional time

5.1 Gravitational-like geometrical model

From a geometrical point of view, on the 1-jet three-dimensional time, the t-deformed Berwald-
Moér metric (3.1) produces the adapted metrical d-tensor

G = hyydt ® dt + gy;dz' @ da? 4+ hM g0y @ Sy, (5.1)

where g;; is given by (3.2) and dy! is given by (4.2). This may be regarded as a “non-isotropic
gravitational potential” (see Miron and Anastasiei [8]). In such a "physical" terminology, the
nonlinear connection I (used in the construction of distinguished 1-forms dy!) prescribes, prob-
ably, a kind of “interaction” between (t)-, (z)- and (y)-fields (cf. Tkeda, Miron and Anastasiei).

We postulate that the non-isotropic gravitational potential G is governed by the Einstein
geometrical equations

Ric (cf) - wG KT, (5.2)

where Ric (CF) is the Ricci d-tensor associated to the Cartan canonical connection CT (in

Riemannian sense and described in adapted bases), Sc (C’F) is the scalar curvature, K is the

FEinstein constant and T is the intrinsic stress-energy d-tensor of matter.

Thus, working with adapted basis of vector fields (4.1), we find the local Einstein geometrical
equations for the t-deformed Berwald-Moér metric (3.1). Firstly, by direct computations, we
find:

Lemma 5.1. The Ricci d-tensor of the Cartan canonical connection cT of the t-deformation
of the Berwald-Modr metric (given by (3.1)) has the following effective adapted local Ricci
d-tensors:

11 )
m 21711 (D)) 1N _ 1) pm (1) @ 1)(1)
Hij = Hijm = 4 S(i)(j)’ Pi(j) - P(i)j - Pij(m) ~ 9 S(z-)(j);
MA) gm0 —1 1 (5.3)
Sz Sz'm'mzl—'_(nOSUTbeyZOTj)
G — M) (m) 9 ylyl
Remark 5.2. The vertical Ricci d-tensor S ) has the following expression:
1 1
KN LF
g _
(1)(4) 92 1 '
9 (iV2’ =J
(y1)

Remark 5.3. Using the last equality of (5.3) and the relation (3.3), we deduce that the following
equality is true (sum by r):

. _ 1—-30" y*
Smll def mrs(l G1121/3 X Tl . % (no sum byz or m) (54)

1

Moreover, by a direct calculation, we obtain the equalities

3
osmt 2 1

Smllcﬂ"(l) 2 =—.—.@G 2/3‘ 5.5
Z i( Z oy 3 gy M (5:5)

m,r=1 m=1
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Lemma 5.4. The scalar curvature of the Cartan canonical connection cr of the t-deformed
Berwald-Modr metric (3.1) is given by

1.1
4h11 + 11711

Se (Cf) . 5 LGP,

Proof. The general formula for the scalar curvature of a Cartan connection is (for more details,
see [12])

Sc (Cf) = P Ryq + huug"SY.

O

Describing the global Einstein geometrical equations (5.2) in adapted basis of vector fields
(4.1), we find the following important geometrical result (for more details, see [12]):

Proposition 5.5. The adapted local Einstein geometrical equations, that govern the non-
isotropic gravitational potential (5.1), are given by:

¢

5 ' G1_121/3 . hll = 7‘11

X %141—,?1& +én-Gl gy =Ty (5.6)
| S+ - G = Y

0="Ti, 0="Ta, ozT(SE,

=T, Sh) -7, Sy -78) o

where
Ahyy + se1y 52y
fn=———+"—"—.
4K
Remark 5.6. The FEinstein geometrical equations (5.6) and (5.7) impose the stress-energy

d-tensor of matter T to be symmetric. In other words, the stress-enerqy d-tensor of matter T
must verify the local symmetry conditions

(5.8)

Tap=Toa, VABE {1, i, g;}}.
By direct computations, the adapted local Einstein geometrical equations (5.6) and (5.7)
imply the following identities of the distinguished stress-energy tensor (summation by ):

€

de _ d
T piy =6y -G, T e =0,

m) de mr de
T < hugm T =0, T WU =0,

1
de y 4 % -
7" - g™ T = ZICH S+ & - 1121/3 - 0"
m € h €
(m) def p mrT(SZ 121”511 SmiL, 7—( ) def hHT W —q,
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(m)(1) def mr () _ P11
7’1)(1') = hug QIS

—=Smil 4 &)y 1121/ - 6™ where the distinguished tensor S/
is given by (5.4) and &;; is given by (5.8).

Proposition 5.7. The stress-energy d-tensor of matter T must verify the following conser-
vation geometrical laws (summation by m):

LT _ (W) dhyy | PRy 3 (dhn
(m) 16K dt dt2 hyp \ dt

¢

—-2/3
’ Glll/

11/1 +

1|m

1 m (m) (1) _
T+ Tim + Tayi Ly =0

m

m)(1)(1) _
T on + T + Tl =0,

where (summation by m and r)

def 5’T 6T
7—11/1 = —- + Ty — Tioegy = 5—;,
def 0T ST
m — ’er —
7;|m Srm + 71 rm zm’
(m) (m)
T(m)’(l) def 8721) + T(T) o™ _ 3T1)
(DH1lm) — oy (D1r(m) — oy’
des 6T; _6TH
7;}1 st Jo — TG = (5_ + T;tse
def 0T sy, OT;™
mo— rym. o _gJmjpr — =2
7:|m Som i “rm 7; im 9 3%”’
8T( m) 87’(”{)
T(W)|(1) def (1) +7—(T)C«m(1) T(m 7’(1) (1)i 7
(1)i 1(m) oy m o Gy
Tl(.l)
11 def 07 ) T
Ton = —5  +t2T @,
57"’"(1) 1 07""1(1)
(1) def W 2T
(m)(1) (m)(1)
T(m)(l)’(l) def 67zl)(i) + T(T)(l)cm(l) _ T(m)(l)CT(l) _ a7?1)(1‘)
ME  H(m) oy (D@ ~r(m) (D(r) ~i(m) oy

Proof. The above conservation geometrical laws are provided by direct computations, using
the relations (4.3) and (5.5). O
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5.2 Electromagnetic-like geometrical model

In the paper [12], using only a given Lagrangian function L(¢,z,y) on the 1-jet space
JYR, M™), an electromagnetic-like geometrical model was also created. In the background
of our electromagnetic-like geometrical formalism from [12], we work with an electromagnetic
distinguished 2-form (the Latin letters run from 1 to n)

F= F 5y1 A dz?,

where
hll

_ M arm
i = 5 [gij )
The electromagnetic components F(Z)i are characterized by the following Maxwell geometrical

equations [12]:

0 = Gim NG + (gir L — 9Ly yI”] :

™ d g

m 1 Fott) (1)
Fogn = §A{id} {D(i)l\j_D M1

(im~j1

- |:O§')((r1n))R Gfm} hllgpqy‘f} ,

(m) (m)
3 F Z 0Ny, NG, v
& o = aylaylayl ok o |7V
i,5,k}
W) _
Z Folo =
[k}

where Ay; ;3 means an alternate sum, (i,j,5y means a cyclic sum and we have

—@ _ "' ogim o M _ 1 ®)
D() = 2 5t Y1 D(Z)J:h glp[ N() +L]my1:|a

Ay =1 g+ ouCriihur]

S L)l - 5Ch ik ok
Dy = 52 — D1 Lij, Gﬂb S + G Ly — G Lij,
1)
(1) 5F(i)j (1) Gm 1) m
(®)i/1 St i)j il @m it
(1)
o OF ) _p® pm g g
@il = 5k (m)j ik (iym™jk>

0 _ OF) o) m @) i)
Foily = 5 = FomiCity. ~ FomCicsy

Example 5.8. The Lagrangian function that governs the movement law of a particle of mass
m # 0 and electric charge e, which is displaced concomitantly into an environment endowed
both with a gravitational field and an electromagnetic one, is given by

L(t, 2%, y¥) = meh (1) @i(a*) yiv] + = AR (¢, 2%) i + F(t,a"), (5.9)
m

where the semi-Riemannian metric p;;(x) represents the gravitational potential of the space
of events M, Ag)) (t,z) are the components of a d-tensor on the 1-jet space J'(R, M) repre-
senting the electromagnetic potential and F(t,x) is a smooth potential function on the
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product manifold R x M. It is important to note that the jet Lagrangian function (5.9) is a
natural extension of the Lagrangian (defined on the tangent bundle) used in electrodynamics
by Miron and Anastasiei [8]. In our jet Lagrangian formalism applied to (5.9), the electro-
magnetic components are given by (see [12])

0 0
s _ e (9dy 904G
(@) 2m \ Ox7 ozt |’

and the second set of Maxwell geometrical equations reduce to the classical ones [12]:

o
> Fayu =0,

{i.5,k}

where "
oF)

1 _ (4)7 1) m 1) _m

F(i)jlk T ok F(m)j%’k - F(i)m%'k-

This fact suggests, in our opinion, some kind of naturalness attached to our electromagnetic-like
geometrical theory.

On our particular 1-jet space J* (R, M?), the t-deformed Berwald-Modr metric (3.1) and the
nonlinear connection (3.7) produce the electromagnetic 2-form

]F:zﬂo?zo.

In conclusion, our t-deformed Berwald-Modr electromagnetic-like geometrical model on the
1-jet three-dimensional time is trivial. In other words, in our jet geometrical approach, the
t-deformed Berwald-Moor electromagnetism (produced by (3.1) and (3.7)) leads us to null
electromagnetic geometrical components and to tautological Maxwell-like equations. In our
opinion, this fact suggests that the t-deformed Berwald-Mooér geometrical structure of the
1-jet three-dimensional time contains rather gravitational connotations than electromagnetic
ones. In such a perspective, it seems that we need to consider a similar geometrical study for
z-dependent conformal deformations of the Berwald-Modr structure, agreeing thus with the
recent geometric-physical ideas proposed by Garas’ko in [4].
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By using variational calculus and exterior derivative formalism, we proposed in [1] a new
geometric approach to electromagnetism in spaces with metrics obtained as small defor-
mations of flat Finsler metrics. The ideas were extended to general Finsler spaces in [11].

In the present paper, we provide more details regarding generalized currents, the
domain of integration and gauge invariance. Also, for flat Finsler spaces, we define the
generalized energy-momentum tensor as the symmetrized Noether current corresponding
to the invariance of the field Lagrangian with respect to spacetime translations.

Key Words: Finsler space, tangent bundle, electromagnetic tensor, electromagnetic po-
tential, stress-energy-momentum tensor.

MSC(2010): 53B40, 53C60, 78A25, 78M30.

1 Introduction

In Finsler spaces, the metric tensor depends on the directional variables. Since Maxwell equa-
tions involve the metric tensor, their solutions basically also depend on these. Hence, the
electromagnetic tensor (and the corresponding 4-potential) depend both on positional and on
directional variables, meaning that they are no longer defined on the spacetime manifold M,
but on its tangent bundle T'"M. The dependence of the 4-potential on the directional variables
leads to new terms in the equations of motion of charged particles and in the expression of
currents. In the picture on the whole T'M, together with the usual Maxwell equations there
appear new equations and a vertical counterpart of the usual 4-current (which provides the
horizontal part of a vector field J on TM). By applying the classical procedure based on
Noether’s theorem, we also obtain a generalization of the notion of stress-energy tensor of the
electromagnetic field. The obtained tensor consists of two blocks, one of which is similar to the
usual energy-momentum tensor.

Our approach is based on variational calculus and classical methods in theoretical physics
(adapted to the tangent bundle). Also, we used the language of differential forms, which is
naturally related to variational calculus and offers the possibility of a concise and elegant
writing of equations.

2 A brief overview of the Riemannian case

Let us consider as spacetime manifold, a pseudo-Riemannian manifold (M, g) of dimension 4
and denote local coordinates on M by z = (2'),_g3 . The first coordinate is regarded as the
time coordinate and (z%),_t3, as spatial coordinates. The metric g = g(z) is supposed to have
Lorentz signature (—, +, 4+, +). Here are some other notations and conventions we will use in
the following:

- Latin indices i, j, k, ... take values from 0 to 3; Greek indices «, 3,7, ... take values from 1
to 3;

-  — partial derivative with respect to W;

x

- & — Levi-Civita covariant derivative with respect to ok Y, = V'(z) - Christoffel

symbols of g;
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- g = det(g;;); usually, it will be clear from the context whether we refer to g as the metric
tensor or to the determinant of the corresponding matrix;

-b:TM — T*M, t : T*M — TM - musical isomorphisms (lowering indices of vector
fields/raising indices of 1-forms);

- d - exterior derivative of differential forms;

- d*r = dx® Adxt Adx? Adx?, dPz = dat Adx® A dad;

-dQ = +/|g|d*z, dV = —‘|g|d3x — the invariant Riemannian volume element on spacetime
9o

and on the spatial manifold respectively.

2.1 Distances, volumes, divergence, codifferential

The (squared) arclength element ds? = g;;dz’dz? on the spacetime manifold M gives rise to a
spatial arclength element, [3], defined as

A2 = Yopda®da’®,  Yas = —gap+ P00 0,3 =13,
oo

The determinant of the spacetime metric g is

g = —3go007;

we only consider reference frames for which ~ := det(v;;) > 0 and goo > 0.

1 ,
The divergence div(V') = (VZ\/ ] g]) ~of a vector field is written in terms of covariant

Vgl

derivatives as

div(V) = V'

li-
The generalization of divergence, for differential forms, is the notion of codifferential.
1 ‘ )
The coditferential of a p-form { = H§i1i2mipdm“ A ... Ndzx'™ is the (p — 1)—form given by
(n,0¢) = (dn, &), where { , ) denotes the inner product of p-forms'. For a 2-form, we have

(65)1 = gij\j'

2.2 4-potential and electromagnetic tensor

The 4-potential is described in classical general relativity as a 1-form on M :
A = Ai(r)dx". (1)

The electromagnetic tensor (or Faraday 2-form) is described as the 2-form

F=dA. (2)
In local coordinates, this is
1 )
F = 3 wdz? A da”, (3)
where
Fijp = Agjj — Ajii- (4)

'The inner product of two p-forms 6 = Z%Hil,,,ipeil A...Ae and ¢ = ﬁwjlmjpejl A ... A eJr is given by
< 0,9 >= % fgiljl...ginPHilw-pwjl,“jde, where the integral is taken on the whole manifold (assuming that
the integrands have compact support).
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In terms of differential forms, the homogeneous Mazwell equations
Fijik + Frijj + Fjrii = 0. (5)
become
dF = 0. (6)

If we consider as a fundamental object the electromagnetic tensor F, then the homogeneous
Maxwell equation dF' = 0, implies (on a topologically "nice enough" manifold) the existence of
a 1-form A, such that F' = dA. Conversely, if one considers the potential 1-form A as a priori
given and define F' as its exterior differential, then homogeneous Maxwell equation is obtained
as an identity. Actually, for a Lagrangian theory of electromagnetism, it is essential to have
both a 1-form A and a 2-form F| related by (6).

An important property of the electromagnetic field is gauge invariance. Namely, the field
strength tensor F' is invariant to transformations

A A+ dy,

where 1 : M — R is a differentiable function.

2.3 Lagrangian, equations of motion and inhomogeneous Maxwell equations

The total action attached to the field and to a system of particles is

ch/ds—z /Ak Ydaz* — Tome F;FdQ, (7)
e

Sznt Sf

where m denotes the mass of a particle, g, its charge, ¢, the speed of light in vacuum and the
sums are taken over the particles in the system. The volume integral is taken over a bounded
interval of time and over the whole spatial manifold, under the assumption that far away from
sources, the field vanishes. Thus, we can actually think the integral as taken over a "large
enough" compact domain in M.

Inhomogeneous Maxwell equations are obtained by varying the electromagnetic potential
A in the action S (actually, in S;,; + S, since S, does not depend on A). To this aim, one
writes Sin: + Sy as a single volume integral, by means of the notion of charge density p.

The integral of p over a certain spatial volume provides the total charge situated inside that
region:

q= / pdV, (8)

By using relation (8), Sy, is written as
1 )
Sint — ——/AiJZdQ,
c

where ,
pc dx’

J' = Ton dad (9)

define the 4-current vector field J. Thus, the sum Sy := S, + S5 becomes

Sy = — /(Af i %PﬁMm#
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The inhomogeneous Maxwell equations are obtained as

F”U = —?Jl, (10)
which is, actually,
47
(6F) = ——1I. (11)
c

The 4-current J identically satisfies the continuity equation:
div(J) = 0. (12)

From a physical point of view, the continuity equation is equivalent to the charge conservation
law.

The trajectory of a particle subject to a (fixed) electromagnetic field is determined by
varying the action S with respect to the trajectory. That is, we actually have to vary the
action Sy := S, + Sine (written for a single particle). Since the integral S does not depend on
the choice of the parameter on the path of integration, we can choose this parameter according
to our wish. Choosing the arclength s as a parameter, we have

Sy = — /(mc\/gijjvidcj + Aix'i)ds. (13)

The Euler-Lagrange equations for the above Lagrangian are

Dit g . .. .
ds :EFljwj’ !

I
o
w

(14)

Dzt di

where ++ j w49 *. The right hand sides of the above equations provide the expression

ds
of the Lorentz force.

2.4 Energy-momentum tensor

In the Minkowski space (R*n) (77 = diag(—1,+1,+1, —1—1)) of special relativity, it makes sense
to speak about spacetime translations

r+—x+a (a-constant 4-vector).

Lagrangians in (7) are all invariant with respect to these translations. According to Noether’s
theorem, the invariance of an action

1 dqq)
2o

(for a closed system) to translations implies that the quantities 7% = g,

OA

9qa) k
conserved (divT = 0). They define a tensor of rank two (the Noether current attached to
the Lagrangian). The Noether current is generally not symmetric. It can be symmetrized by
adding a certain divergence term?.

The energy-momentum tensor of the electromagnetic field in flat space is defined, (3|, as
the symmetrized Noether current 7' given by the invariance of the action Sy to spacetime

translations.

— 6FA are

2We assume, as usually, that on the boundary of the integration domain, the involved functions vanish,
hence adding divergence terms does not affect the action
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For electromagnetism, we have g = Ag) and A = — F;;F'. One gets the energy-

167

momentum tensor:

1 1 .
T = o (-FlkF,-k + ZagijFﬂk> : (15)
™

In vacuum (where J = 0), the divergence of T vanishes. In the presence of charged matter, by
using Maxwell equations, it is proven that the energy-momentum tensor satisfies the identities:

. 1 .
Tji’j — —Eﬂjjj, (16)
ie.: 1
div(T) = —=i,F. (17)
C

1
The quantity —i;F is called the density of Lorentz force and the above relation expresses the

conservation of the total energy and momentum of the system.
Conclusion. In a geometric language, the above fundamental equations of electromagnetic
field theory can be written briefly as:

o F'=dA.
4dm .

e dF =0, (0F)* = ——J — Maxwell equations;
c

e div(J) = 0 — continuity equation;

1
e div(T) = ——i;F — energy-momentum conservation.
c

3 Finsler spaces with weak metrics

Let, now, M = R* be regarded as spacetime manifold. We denote by (7, yi)i:@ the coordinates
in a local chart on the tangent bundle T'M; the base coordinates z* play the role of positional
variables and the fiber ones ¥, the role of directional variables. We preserve the notations in
the previous section, with the only difference that instead of Levi-Civita covariant derivatives,
we will use another covariant derivation law. Also, we denote partial derivation with respect
to y* by a dot: ;.

Let us suppose that on M we have a Finslerian fundamental function® F : TM — R and
the corresponding metric tensor:

_1 62./,:'2
C20yi0y

9ii(z,y)

In the following, we suppose that:

- the metric tensor g;; has (—, +, +, +) signature. Actually, it would be rigorous to call the
space in this case, a pseudo-Finslerian one. Still, since a lot of authors already use the term
"Finsler" for spaces whose metric is not necessarily positive definite, we will adopt this simpler
terminology.

- the metric tensor is obtained by a small perturbation of a locally Minkowski metric n;; =
M (y):

9i; = i (y) + €i(2,y),

(where quadratic terms in ¢;; and its derivatives vanish);

3We use the notation F in calligraphic fonts in order to avoid confusion with the electromagnetic 2-form F.
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- coordinate changes () — (z%) are such that in any of the considered coordinate systems,
1;; do not depend on z (for instance, if n;; = diag(—1, 1,1, 1) is the Minkowski metric of classical
special relativity, Lorentz transformations have this property). Thus, in the traditional Finsler-
Lagrange geometry approach, we can choose as nonlinear connection the trivial one N ij =0.
dx

dt
tensor is defined similarly to the pseudo-Riemannian case: v, = —gos+ 0agop ,a,0€{1,2,3}
Joo

V1l

and its determinant is det(y,5) = ~—=.
9oo

The natural basis on TM is | 0; :=

The element of arc length along a curve ¢t — z(t) is ds = F (x, )dt. The spatial metric

%, Oy = 8%/7 and its dual basis is (dz?,dy"). In
the following, whenever needed to make a clear distinction, we will denote by 1, j, k, ... indices
corresponding to base coordinates z* and by 7, 7, k, ... indices corresponding to fiber ones ™. By
capital letters A, B, C, ... we denote indices which run over all values: A, B,C, ... € {i, j, k, ..., ,
g, k.. }

In order to speak about volumes, divergence and codifferential for objects defined on T'M,
we need a metric structure on the total space of T'M. Hence, we complete g up to metric (an

hv-metric, |4]) on TM :
Gap(z,y) = gis(2,y)de' © dr? + vsdy’ @ dy’. (18)

where v is the Euclidean metric®. Thus, (T'M, G) becomes a pseudo-Riemannian space and we
can speak about the Riemannian (invariant) volume element on T'M :

dQ = +/|G|d*z A d*y.

where G = det(Gap). We have, obviously: G = g - v, where g = det(g;;), v = det(v;).
The volume element d2 defines a volume element d2); on M by:

dQy = o(z)d"x, o(z) = /\/ |G|d*z A d'y,
D,

where D, = {y € T, M | vﬁyfyj < r?} and r = {/2/7? is chosen such that the 3-sphere of radius
r in the 4-dimensional Euclidean space has the volume equal to 1, [13]. This volume element
generalizes the idea of Holmes-Thompson volume in [9]%. Integration over y intuitively means
"scanning" all the directions which fill a certain neighborhood (a Euclidean sphere) around a
point z of spacetime. For a function f = f(z) on M, its integral on a domain A C M is

/f(m)dQM = /f(x) (/\/@d4y) d'r = /f(x)dﬂ.

We assume that far away from sources, the field is negligible and the considered time interval
is a bounded one; thus, we can consider integrals of a "large enough" compact domain in 7M.

48till, since vectors y € T, M can be regarded both as tangent vectors y ~ dx to the base manifold and as
elements of the fiber, depending on the context, we will use both notations y* and %° for their coordinates.

5For instance, the manifold topology of Minkowski spacetime is the Euclidean one, hence, in this case, the
metric v describes the topological properties of spacetime.

5The classical idea of Holmes-Thompson volume involves integration with respect to y on the indicatrix
I, = {y € T, M| gi;y'y’ = 1}. If the Finsler metric g is not positive definite, as in our case, the indicatrix I,
is generally non-compact, hence this classical idea cannot be applied as such. Choosing as vertical part v a
positive definite one and integrating on balls given by the metric v solves this problem.
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It is convenient to express the results in terms of the following covariant derivation law D:

Da,ﬁj = ’)/ijkai, Daka

J

— 0, Dy0; =0, Dy.d =0. (19)

. 1 .
where 7', = §g’h(ghj,k + gnk; — gjkn) are the Christoffel symbols of g = g(z,y). For the

components of a vector field X = X*0; + X'0; on T M, we will have:

0X’ Xj 0X’
oy ’ \ oyt
(where i denotes covariant derivation by 0; and ; means covariant derivation by 0;). This
linear connection is h-metrical, i.e., gix = 0, v = 0. Another important notion for a Finsler

space is the Cartan tensor C given by

X9, =X 440X X = =X, X =

Y

i 1,
C jk — 59 hghj-E'

ox
of a vector field V = V9, + V0, on TM can be written as:

div(V) = ﬁ [(vm) (v ia) } = Vi + V5 + ViCh, (20)

The codifferential 6¢ of a 2-form §¢ = w;da® + w;dy® is locally given by

o) , 9] .
There hold the relations: —(ln V/ ]g]): 7', and F(ln v/ ]g|): C";;; hence the divergence
1 yl

() =€), + €7+ €90, (06) = €7, + €7 +€7C" ;.
\ J

lj»

4 Faraday 2-form, homogeneous Maxwell equations

As shown in [1], since the inhomogeneous Maxwell equations involve the metric tensor g, in the
case when g¢;; = g;;(z,y), their solutions would generally depend on y. Thus, we will consider
the following 1-form on T'M :

A= Az, y)dx". (21)

The only restriction we will impose to A is that

Az(w7)‘y) = Az('ruy)y

i.e., we will allow A to depend on the direction of ¥, but not on its magnitude”.
In [1], we defined the generalized Faraday 2-form (the electromagnetic tensor) as:

F = dA, (22)
in local coordinates, this is
1 ) . ) -
F .= EFijdmz N dx? + Fgdx' A dy’ (23)
where
Fij = Aj|i - Ai|j> Fz‘j = —Ai-j- (24>

"In [1] and [11], we imposed a supplementary restriction, namely, that A;y® = 0. Here, this condition will
be treated as a "gauge" and not as a part of the definition.
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1
In particular, if A = A(z) does not depend on the directional variables, we get F' = §(Aj|i —

The electromagnetic tensor F' remains invariant under transformations
Az, y) = Alz,y) + dA(z), (25)

where A\ : M — R is a scalar function, since d(A + d)\) = dA + d(d)\) = dA.
If F' is defined as above, then dFF = ddA = 0. In other words, we get as an identity the
generalized homogeneous Maxwell equation:

dF =0. (26)
In local coordinates, equation (26) is read as:

Fijik + Frijj + Figi = 05 Fjje + Frajj + Fika =0, Fraj + Fjra = 0.

The first set in the above is the analogue of the usual homogeneous Maxwell equations. The
two other sets appear due to the y-dependence of A.

In the above, we have started from A as an a priori given object and defined F as its
exterior derivative. Conversely, if we suppose that F is a 2-form as in (23), satisfying dF' = 0,
then there exists, [11], a horizontal form A = A;(z, y)dz® such that F = dA.

5 Inhomogeneous Maxwell equations

The second term of the total action becomes

Sint = — Z % /Ai(m,:t)dxi.

Since A; are functions on T'M, it is natural to transform this integral into an integral on a
domain in T'"M. This can be achieved by writing total charge as an integral:

p(z) 3 4
q= / P VG A dy.
v/ oo
With the notation i
. pc dx*
J' = —_—, 27
/900 dz° 27)
the integral [ Apdx® is written as a volume integral, in a similar way to the Riemannian case
(just, here, the integral is on a domain in T'M):

1 ,
4 / Apda® = —= / A, JidQ (28)

c Cc

By varying with respect to the potential A the action

1 , 1
=—— [ (AT + ——FapF48)dQ. 2
51 c/( J+167r AB ) (29)
we obtained, [1, 11]:
. - - 4 .
7, % 7 h )
F]U—l—FJ,j—FFJChj:—?J. (30)

Notes: 1) In the integral above, in order to make sure that the expression has physical
sense, we might need to adjust measurement units so as to have [F;;] = [Fj;|. This can be done
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by considering the fiber coordinates 3* as having the same measurement units as the base ones
(eventually, by multiplying them by a constant, [11]). )

2) We notice a certain resemblance between the term F* ;TF i C’hhj =(F i/ g|).3 and the
idea of bound current in a material medium.

Equations (30) gave the idea to formally generalize the inhomogeneous Mazwell equation
as

4
(6F) = — =", (31)
c
In local coordinates, this is:

.. - - 4 .
1] 1] el _ 7
Flj—l—F.j—l—FJC’l; = —7J,
7] ar .

We notice, in comparison to the equations in [1], the appearance of an extra set of equations
and of the quantities J* which are "coupled" on T'M to the usual components of the 4-current
J*. Thus, we obtained a vector field

J=J0+J0,

on T'M, whose horizontal component J'9; is the usual 4-current (plus the correction due to
anisotropy). In the following, we will see that the new component J'0; plays an important role
in the continuity equation and in the Finslerian analogue of energy-momentum conservation
law.

Remark. In particular, if A; = A;(x), then J* = 0.

6 Continuity equation and gauge invariance

Above, we have seen that

—47% _F. (33)
It immediately follows: —%(Hb = §6F = 0%, which is, div(J) = 0. In other words:
Proposition 1. There identically holds the generalized continuity equation:

div(J) = 0. (34)

The invariance of the electromagnetic tensor F' to transformations A(z,y) — A(z,y) =
A(z,y) + d\(x) of the 4-potential implies the invariance of the first term S, and the third one
S; in the general action (7). The continuity equation (34) insures that S, = — [ A;JidQ
equals S, plus a boundary term. Hence, these transformations do not affect the action (7).

7 Equations of motion of charged particles

Equations of motion of charged particles are obtained by varying the trajectory z = z(t) in the

first two terms of (7):
Sy = —/ <mc\/gij(x,j:)§cia'c7 + gAk(a;, x)a:k> dt. (35)
c

8We have used the identity déw = 0.
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The condition A(z, \y) = A(x,y) insures that the action Sy is invariant under eventual changes
of parameter ¢t — t' of the curve, hence we are free to choose this parameter.

A further restriction can be imposed on the y-dependence of A in order to make the approach
more elegant and provide a simple expression for the equations of motion of charged particles®.

In isotropic (pseudo-Riemannian) spaces, if we assume that A = A(z), then there exists
only one potential providing a given interaction Lagrangian L;,; = A;(x)y’. But in anisotropic
spaces, where A; = A;(z,y), a given Lagrangian L;,, = A;(z,y)y" can be given by infinitely
many functions A; = A;(z,y). Thus, to a Lagrangian L;,, it corresponds a whole equivalence
class of potentials A. It appears as convenient to choose from each class the representative for
which

Apy® = 0. (36)
We will call this condition upon A, the gradient gauge. The gradient gauge is equivalent to
A k
the condition: A; = M
oy’

Under the above assumption, the Euler-Lagrange equations attached to Sy (interpreted as
equations of motion of charged particles in Finsler spaces) are:

Dyt ¢ dy? - dat
= LRt F’ b= 37
s ¢ Y * igs’ Y ds’ (87)
Dy'  dy o
where dy = dy + vy
s s
The first term in the right hand side of (37) is similar to the usual one in pseudo-Riemannian

;dy’

spaces, while the second one Fi= gF appears due to the dependence of A (and actually,
C

of the tensor g;;) on the variable y. Both the "traditional" Lorentz force term and the correction
F9; are orthogonal to the velocity 4-vector y = i :

gi;F'y’ =0, g;F'y’ = 0. (38)

8 Generalized stress-energy-momentum tensor

Let us suppose that g;; = 7;;(y). Spacetime translations z' = 2% + &', i = 0,3 induce the
following transformation on T'M :

=g+, g =y (39)

We will call generalized energy-momentum tensor on T'M, the symmetrized Noether current
given by the invariance to transformations (39) of the action Sp.
By Noether’s theorem, we get a tensor consisting of two blocks:

T =T, Az’ ®dx]+T -z ®dm]

where:
1
. = 47T( F'BEp + 5’FBCFBC) (40)
; 1
T, = ——F"%Fy. (41)
41

The horizontal component Tj;dx’ ® dz’ is the the usual energy-momentum tensor (plus some
correction due to anisotropy) while the mixed one Tj;dz’ ® dy’ is new.

9In [1], this restriction was taken as part of the definition of the potential.
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By using Maxwell equations, we get:

ﬁ[% (T@Mﬁ% (Ti.\/@)]_ —%(FijJuFijﬂ). (42)

9 Conclusion

For 4-dimensional pseudo-Finsler spaces (M, F) with metrics obtained as small deformations
of locally Minkowskian metrics, we have extended several usual notions of electromagnetic field
theory.

The 4-potential is defined as a horizontal 1-form A = A;(z,y)dx" on the tangent bundle
T M, having its components A; homogeneous of degree 0 in y. The generalized electromagnetic
tensor is the 2-form F' = dA. Maxwell equations on T'M are then written as:

4
dF =0, (0F)f = —%J.

The TM-current J = J'0; + J*0; is a vector field on T'M, satisfying identically div J = 0.
Its horizontal component J*9; provides the usual 4-current (plus a correction term due to the
y-dependence of A), while the vertical one J'0; is new.

Further, the generalized energy-momentum tensor in flat Finsler spaces is defined as the
symmetrized Noether current corresponding to invariance to spacetime translations of the field
Lagrangian. We obtained

T = Tyde' ®de’ + Tzda' @ dy, (43)
1 1

Tia = —|—F,8Fp+ -64FpcF?° 44

A 47r< A B+4 Alf'BC ) (44)

(where ¢” is the Kronecker delta and 5% = 0). This tensor satisfies the identities:

dio(T) = —~ (B’ + Fy7).

C

This approach offers an alternative to the existing one by R. Miron and collaborators, [5, 6, 4].
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YPABHEHUY 9JIEKTPOMAT'HETU3MA B HEKOTOPBIX
AHN3O0TPOIIHBIX ITPOCTPAHCTBAX CIIEIIMAJIBHOI'O BHU/JIA.
YACTD 2

Hukosnerta Boiiky

Tparcusvearckul yrusepcumem, bpawos, Pymvinus
nico.brinzei@unitbv.ro

Ucnonb3yst dopMaan3M BapUAIMOHHOIO HWCYUCIEHUsT W BHEIIHe#l TPOU3BOIHON, MBI
IpeIOKIIIN B [1] HOBBI reoMeTprYecKuii OIX0/1 K 9JIeKTPOMArHEeTH3MY B IIPOCTPAHCTBAX
C METPUKOH, IOJyYeHHOIW B pe3y/jbTaTe MaJbIX AedopMalnii IJIOCKON (HUHCIEPOBOI
METPUKH. DTH WJen ObLIN PacupoCTpaHEHbl Ha (PUHCIEPOBBI MPOCTPAHCTBA ODIIErO BHUIA
B [11].

B macrosmeit pabore MbI paccMarTpuBaeM 0oJiee JIETAJTBHO BOIIPOCHI CBSI3aHHBIE C
O0DODOIIEHHBIMI TOKAMM, 00JIACTHIO MHTETPUPOBAHNS W KAJINOPOBOYHON MHBAPUAHTHOCTHIO.
Takxxke Jisi TIOCKUX (PUHCTEPOBBIX MPOCTPAHCTB MbI ONpeJieseM OOODIIEeHHBI TEeH30D
SHEPIUU-UMITY/IbCA KaK CHMMETPU30BAHHBI TOK COOTBETCTBYIOIINN WHBAPUAHTHOCTHU
JIarpaHKUaHa MOJISA 110 OTHOIIEHNIO K TPAHCIAIMAM IPOCTPAHCTBA-BPEMEHH.

KirouyeBblie cioBa: q)I/IHCJIepOBO OPOCTPAHCTBO, KacCaT€/JIbHOE pPaCC/JIO€HUuE, 3JIEKTPO-
MAarHUTHBINA TEeH30p, SHGKTpOMaFHI/ITHI)Ifl nmoreHnuaJl, TEH30p IHEPTUU-UMITYJIbCA.
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IAJINJIEEBO HUJIBIIOTEHTHOE ITPOCTPAHCTBO
PASMEPHOCTU 3 C 2-MEPHBIM BPEMEHEM.
I'EOMETPUYECKUE CBOMICTBA.

A.N. Honrapes, N.A. JloarapeB

Hensencxuti Tocydapecmeennoiti Yrnusepcumem, Ilensa, Poccus

delivar@yandex.ru

WccemoBanbl Kpusble u moBepxHocTU. OmpeaeieHa KpUBU3Ha KPUBOM, KpyIeHNEeM KPUBBIE
He obsiagaior. JlokazaHa oIlpeneaseMoCTh KPUBOI (PYHKIMEN ee KPUBU3HBLI. PaccMOTpEHbI
BpeMeHHbIE U IIPOCTPAHCTBEHHO-BPEMEHHbBIE IOBEPXHOCTH, ONpeIesieHbl X IepBasi U BTO-
pas KBaJpaTudHble (pOPMBI, MOJIHAsI KPUBU3HA. /loKazaHa OIpene/IseMoCTh TOBEPXHOCTH
KO>PPUIMEHTAMI UX KBAIPATHIHBIX POPM.

KirroueBsblie cjioBa: HUJIBIIOTEHTHOE FAJIUIIEEBO IPOCTPAHCTBO, 2-MEPHOE BpEeMsi, KDUBU3HA
KPHUBOIi, OIIpe/ieIsieMOCTh KPUBOIi, BpeMeHHas ITOBEPXHOCTh, IPOCTPAHCTBEHHO-BpEMeHHasd
MMOBEPXHOCTD, KBaIpATUIHbIE (POPMBI TTIOBEPXHOCTH, MTOTHAA KPUBU3HA TTOBEPXHOCTH, OIIPe-
JeJIIeMOCTb ITOBEPXHOCTH.

Koag VK: 514.

[anmieeBo HUJIBIIOTEHTHOE TPOCTPAHCTBO PA3MEPHOCTH 3 ¢ 2-MePHBIM BPEMEHEM OIPEJIESIEHO B
[1], ryie 06CyzKIeHbI HEKOTOPBIE MPUHIUIIHAIBHbBIE BOIPOChl. Hacrosmast pabora sBsgeTcs He-
MOCPEJICTBEHHBIM MPOJIOJIZKEeHNeM |1], paccMaTpuBaeT reoMeTPHIO 3TOTO IPOCTPAHCTBA, KOTOPast
SABJISIETCH HEKOMMYTATUBHOMN.

CroiicTBa rajuaeeBa MPOCTPAHCTBA-BPEMEHN MOXKHO m3ydaTh B cxeme . Beitnsg. Bo muo-
IOM 3THU CBOMCTBa 3aBHUCAT OT CBOMCTB ajareOpamveckoil CTPYKTYPBI, MOJOKEHHOW B OCHOBY
npocrpancTBa. PaccMarpuBaeTcss oToOpakeHue map TOYEK ITPOCTPAHCTBA B TaJINIEEBO BEK-
TOpHOE MPOCTPAHCTBO, & TakKyKe B Oosiee 0OOILyIO CTPYKTYpy — omyib Jlu, |2, 3|. Beimess-
eTcsl TPOCTpaHCTBO-BpeMs [ammieda ¢ 1-MepHBIM BpeMeHeM, paccMaTpuBaeMoe KaK IpSMasd
CyMMa OCH BpPEMEHH U eBKJIMJIOBa MpocTpaHcTBa, [4, c.11-14]; Bce ocTaibHBIE MPOCTpPAH-
CTBa C TAJMJIEEBBIM PACCTOSHHEM MeXK/Iy TOYKAMU Ha3bIBalOTCA TajuiaeeBbiMu. Ciofa OTHO-
CATCS W MPOCTPAHCTBA C HEKOMMYTATHUBHOII IeOMeTpHeil, BbI3bIBAIOIINE BCe OOJbINNN WHTe-
pec. 3HaveHUe TAJIMIEeBONl T'€OMETPUU COCTOUT B TOM, UTO OHA HM3y4aeT JIOKAJbHbLIE CBOIi-
CTBa OKPYZKAIOIIEro HAC ITPOCTPAHCTBA, HEPA3PBIBHO CBA3aHHOTO CO BpeMeHeM. Bpemsa MHO-
TOMEpPHO, HO eIlle He SCHBI TOJAXOJbl K M3yUEeHWIO0 MPOCTPAHCTB C MHOTOMEPHBIM BpeMe-
HeM. Hekoropble BO3MOXKHOCTH [TAalOT HEKOMMYTATHUBHBIE CTPYKTYDPBI, B KOTOPBIX B3amMO-
CBsI3aHbl BPEMEHHBbIE U IIPOCTPAHCTBEHHBIE KOMIOHEHTHI. B [5,6] u3ydyaercss HeKOMMYyTATHB-
Hag raJjujaeeBa I'eOMeTPUs 3-MEPHOT'O IMPOCTPAHCTBA-BPEMEHHU C PacTPaHOM, B KOTOPOM BpeMs
2-mepuo. Hizke paccMOTpeHbl reoMeTpruiecKne CBOMCTBA TaTUIeeBa HIILIIOTEHTHOTO ITPOCTPAH-
CTBa Pa3sMepHOCTH 3 ¢ 2-MepHBIM BPEMEeHeM, OIpejieJIeHHOro B |1]: BBejeHa KpUBH3HA JIMHMWIA,
JIOKa3aHa OCHOBHAs TeopeMa Teopud KpUBBIX. 3ydaiorcda BpeMeHHBIE W TPOCTPAHCTBEHHO-
BPEMEHHBIE MMOBEPXHOCTHU, ONpPee/IeHbl NX KBaJIpaTudHble (hOPMBI, MMOTHAs KPUBU3HA MTOBEPX-
HOCTH, JJOKa3aHa OCHOBHAas TeopeMa TEeOPUHU MOBEPXHOCTEI.

[IpocTpancTBO ¢ MHOTOMEPHBIM BpeMeHeM W 1-MepHO#l MpPOCTPAHCTBEHHON KOMIIOHEHTOM
€CTh NIPOCTPAHCTBO TYHHEeJEll BO BpeMeHN.

1 TajaujgeeBo MPOCTPAHCTBO C CUOCOHOM C 2-MEPHBIM BpeMeHeM
1.1 Cubcon

Cubcon pasmepHocTH 3 ompesenen B [3] ma Muoroo6pasun R* Tpoek JeiCTBHTEIBHBIX dHCes
CJIeYIOIIUMU OTIEPAIIAAMU:
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(z,y,2) + (a,b,¢) = (x + a,y + b,z + c + ay); (1)

t— 1)t
t(fL’,y,Z) = xt,yt, zt + xy% s teR. (2)

Omepanust cJI0’KeHUsI HEKOMMYTaTHUBHA, HyJeBoil siBisercs: Tpoitka ¥ = (0,0,0), nporusomo-
JIOZKHOW JIJIt TPOWKKN 0 = (x,¥, 2) saBiasercs Tpoiika —o = —(z,y,2) = (—z, -y, —2z + zY).
MHo)KecTBO (Rg, +) C omepanmeit CIoKeHnus (1) ABJIAETCd Tpymnoit JIu, rpymnmna HUJIbIOTEeHTHA
crymern 2. Onepanus (2) yMHOXKeHUsI wr(+) JI€EMEHTOB IPYIIIIbI (R3, +) Ha neficTBUTEIHHbIE
qUCIa CBA3aHa C Ollepaluell CJIOXKEHNs CBOMCTBAMU

(t+s)o =to+so, s(to)=(st)o, 0oc=19, lo=o,

(-1)o=—0, t(—p+o+p) =—-p+to+p.

Crpykrypa X% = (R?, +,wg(+)) ¢ onepammsamu (1) u (2) sBisercs AeficTBUTETBHBIM OJLyIeM
JIn — omynem JIu vHa 1 mosem R. HumbmoTeHTHBIN Oy /1h HA3bIBAETCA CUOCOHOM, 9JIEMEHTHI CUOCO-
Ha HasbiBafoTca cuocavu. Omyan Ha st KosbiioM K Ha Mpon3BOIBLHOI aJIredpanieckoil CTpyKType
¢ BHyTpeHHeil OuHapHoii oneparueii onpeenens: JI.B. Cabununbiv B 7], ogynu Jlu pacemorpe-
HBI B [3].

B ¥? obosnauum: o = (1,0,0), 3 = (0,1,0), v = (0,0,1). Ins npoussoabHOro cubca
CIPABEJIJINBO OJTHOZHAYHOE PA3JIOYKEHUE

o= (2,9,2) =z +yf + 2. (3)

nosToMy MHOKecTBO B = (v, 3,7) ecTb Gazuc cubcona X2 u cubcon L2 apisgercs 3-MepHbIM.
Nmeem kommyTatop: [3,a] = =3 —a+ B+ a = . Y cubcona X3 1Ba MOpOXKIAIONIUX 3TEMEHTa
a u (3. BeimonmHsieTcst paBeHCTBO:

(#,9,0) + (a,6,0) = (z + a,y + b, ay), (4)

TPEThsl KOMIIOHEHTA CHOCOB TIOPOZKIAETCS TEPBBIMU JIBYMsI, CHOCHI (v 1 3 TIOPOKIAIOT TTOACHOCOH
< a, 8 >, COBIAAIOMNIT CO BCeM CHOCOHOM X°.

1.2 TaamiaeeBa HOpMa HA CUOCOHE

s cubeos B |3, ¢. 119-121] onpemeseHo rajmieeBo cKasipHOE TPOU3BE/ICHIE U TaHIeeBa HOp-
Ma cubcoB, B [1| ykazano mea Buga HopMm cubcos. IlpuBenem 37ech HOpMY CHOCOB, COTJIACHO
KOTOpPOIii Moydaercss cubeon Y3 ¢ 2-MepHbIM BpemeneM; 1o 1| ksaapar ||o|| nopmbl cuGea
o = (z,y, z) paBeH

2

lol|3 = zy, ecm x # 0w y #0;  ||o||2 = 2%, ecu z =y = 0.

[TepBbie /1Be KOMIIOHEHTHI CHOCOB CIUTAIOTCST BDEMEHHBIMU, TPEThsl KOMIIOHEHTA CIUTAETCST TTPO-
crpancreennoit. Cubcnr Buna (z,y, 2), xy # 0, Ha3bBaroTCa raguiteeBbiMu, cubest Buga (0,0, 2)
HA3BIBAIOTCS €BKJIMIOBBIME. Beskuil rasmmiees crOC epeHInKyJIsipeH BCIKOMY €BKJIHI0BY CHO-
cy. EBKIMIOBBI CHOCHI COCTABIISIOT 1-MepHOE €BKJIMI0BO IPOCTPAHCTBO V': rajmieeBsl cuoChl
COCTABJISAIOT BpeMeHHoe MHOrooGpasne T2, oHO He 3aMKHYTO OTHOCHTEIHHO OIepaIii Ha CHO-
cone X3, T.e. He sIB/seTcs anrebpandeckoil ctpyKrypoii, cm. (4). Kak ormeueno B [1], 3-mepHbiit
cubCoH X3 ¢ 2-MepHBIM BPEMEHeM sIB/IAeTCs HepasJle/MMoil ajrebpandeckoil CTpyKTypoil Bpe-
MEHH U ITPOCTPAHCTBA, IIPUYIEM BPEMEHHbIE KOMIIOHEHTBI TTOPOYKIAIOT TTPOCTPAHCTBEHHYIO KOM-
nouenTy, (4).
Hopwma cubca o ecTb KOpeHb KBaJIpATHBIN U3 KBaJIpaTa HOPMBI:

loll = vay,z #0Vy #0; o] = |2,z =y =0. (5)
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D10 duHCIEPOBA HOPMa Ha CHOCOHE.
Begkmuit cubc gBiisgeTcs CyMMOI JIBYX COCTABJSIONINX — BPEMEHHON U IPOCTPAHCTBEHHOI.
Ecmm gyig 0 = (z,y, z) 06o3HauuTh, cornacto (3):

TO MMeeTCsl OJHO3HAYHOE Pa3/IoXKeHne
- 2 - 1
c=1+7r,TeT* 7eV", (6)

ssech 7 = (0,0, 2) ecTb 1-MepHBIii €BKJINIOB BEKTOD; IPUMEHEHEe BEKTOPHOI CUMBOJINKU OTIPAB-
JAHO.

1.3 duddepennupoBanmne cuOCOHHBIX (DYyHKIIUA

Orobpaxkenne nnTepsasa I, mpuHaaiexkamero R, B cubcon Y3 HasbiBaercd cHOCOHHON (yHK-
nueit; obo3HavueHne CHOCOHHBIX (DYHKITNIA:

J<t) = (x(t),y(t),z(t)), tel

[Tokommnonentubie dbynkunn z(t), y(t), z(t), saBusommecs neHCTBUTEIBHBIMI (DYHKIUAME
JIefiCTBUTE/ILHOTO apryMeHTa, cantaeM ux auddepenimpyembivu. B 3, ¢. 123 - 125] naiizena
MIPOU3BOHAs CUOCOHHON (DYHKIIUU OJIHOTO MapameTpa. B BBIMHUC/IEHUAX UCIOIB30BAHO CIETY-
IoITiee TOJIOYKEHue: MpeJies cubCOHHOM (DYHKIMU B TOYKE €CTh KOPTEXK IMPEJIE/IOB B 9TON TOUKE
koMmnoneHT dyukuun. Vcnonapsosans! onepanuu (1) u (2) nag cubcamu. Hopma cubeos He huk-
cupyetcs. CaemoBarenbHo, dhopMmyabl auddepeHnupoBanns U npapuia auddepeHInpoBaHus
CHOCOHHBIX (DYHKIINN COXPAHSIIOT CBOW BUJI IIPU PA3IUIHBIX HOpMax Ha cubcone. Dopmyiia aud-
dbepennmposanus dyuxiwn o(t) cormacho (3, c. 124| rakosa:

o'(t) = (w’(t), y'(t),2'(t) (5?/@) - y(t)> ) : (7)

B uacrroctn, ecu dbysximn x(t), y(t) HOCTOSHHBI, TO

(Cry(t), 2(1))" = (0,4 (1), 2'(1)); (2(1), C, 2(1))" = (2'(2),0,2'(t) — C'(t)). (8)

B (7) InepBad U BTOPpasd KOMIIOHEHTDBI ABJIAIOTCA ITPOU3BOJHBIMU COOTBETCTBYIOMNX KOMIIOHEHT
muddepentupyemoit byHKIwN o (t); TpeTbsi KOMIIOHEHTA 3aBHCUT OT MPOU3BOIHBIX BCEX TPEX
KoMIoHeHT ucxouoil dbyukmun o(t). Kak pesynasrar muddepenuupoanns cubCOHHON BHyHK-

o1 B TpeTbefI KOMIIOHEHTE, KOTOprfI 00603HAYACTCA dZ, nMeeM paBEHCTBO:

2=4(1) <§y’(t) - y@)) : (9)

Bekroprasi (mpocTpaHCTBEHHAs1) COCTABIISIONIAsA CHOCA MTPOU3BOAHOI o'(t), B COOTBETCTBUU C
(6), 3aBHCAT OT BPEMEHHBIX COCTABJISIOMINX U, CONIAcHO (9), TakoBa:

4= (0,0, 2) = <0,0,z'(t) (%y’(t) - y(t)>>. (10)

Oro6Gpazkenne obmactu D, comeprxameiicst B R?, B cubeon X2, ectb cubconHast GyHKIMS IBYX
mapaMeTrpoB
U(t7 1)) = (,I(t, ’U), y(ta 'U)a Z(t7 U))v (ta ’U) c€D.

[TokommonenTHble yuKunu x(t,v),y(t,v), z(t,v) canraem muddepernupyembivu. JacTHble
NpoU3BOJIHbIE CUOCOHHON dbyHKIMHU o (t, v) orbicKuBatoTCst 110 npasuiy (7). CMeanHble mpou3-
BOJHBIC BTOPOI'O TOPSIKA 3aBUCAT OT MOPAAKa 1uMD(MEPEHINPOBAHUS: Tpy 7 Ty
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1.4 3aBucumMocThb MexXK/1y KOMIIOHEHTaMHn cubca

B 3-mepHOM cubcone X2 mmeeTcs TPU He3aBUCUMBIX HAIPABICHNS, KOTOPLIE OIMPeIe/ISIOTCs CHO-
camu «, 3,7, 1. 1.1. Begkuit cubc 0 0JHO3HATHO PA3JIaraeTcst 10 STUM HAMPBJIEHUAM, cM. (3); B
pasJIOXKEeHUN OTIPeJIeJIsIeTCsi KOMIIOHeHTa cubca B KaxKI0M Hampas/ennu. Kak mokaseisaer (4),
MeZKJ1y KOMIIOHEHTAMU Pa3JIOZKEHHs €CTh 3aBUCHUMOCTDH, HO HAIlpaBJIeHus «, (3,7 He3aBUCHUMBI.
CpaBHIM Da3JIOKeHHue CHOCOB C PA3/IOXKEHIEM BEKTOPOB U3 €BKJIMJIOBA IMPOCTPAHCTBA V° 10
basucy B — (;, 7, E) (U= (2,y,2) = 27 + yj + zk. Hanpas/enus:, onpesesisieMble BeKTOPAMM
Hasuca, HE3ABUCUMBI, & KOMIIOHEHTBI I, ¥, Z BEKTOPa U MOI'YT OBITH CBA3AHBI HEKOTOPBIMU COOT-
sourenusivi. Hanpunvep, BosMozkuo: ¥ = (z,0,22) = 1 4 07 + 22k. TIpuBe/IeHHOE PasIOZKeH e
VKA3BIBAET HA TO, YTO BEKTODP U HE MMeET KOMIIOHEHTBI B HAIIPABJIECHHH BEKTOPA j, & IepBast
U TpeThbs KOMIIOHEHTBI BEKTOPa CBA3aHBI COOTHOIIeHHeM z = x2. TouHO Takske W B cHOCOHE
Y3 3aBHCUMOCTH Me¥KJly BDEMEHHBIME HAIDABJICHUSME (@ U 3 HE CYIIECTBYET, HO MEXKJy Bpe-
MEHHBIMI KOMIIOHeHTaMu t,t? B paznoxkennn o = t'a + 23 + 27y 3aBECEMOCTD MOMKET OBITD,
nanpumep, t2 = f(t!), a Moxer u He 6biTh. [ cobbitua (¢!, 1,x) B Hanpasnenuu (3 Bpems
3apMKCHPOBAHO 3HAYEHHEM 1, a B HAIIpaBIeHNH o BpeMst TedeT pasHomepno. Cube (kt!, mt? x)
[PH TIOCTOAHHBIX k % M yKa3blBaeT, YTO CKOPOCTH TeYeHHs BPEMEHU B HalpaBjeHusAX o u
pasaMyYHbl 1 MOCTOSHHBI. CKOPOCTH M3MEHEHUsT BPEMEHN MOI'YT ObITh W3MEHSIONIMMUCH, HAIIPH-
Mep, B cobbrrnn o (%) = (u(t, t%), v(t', %), z(¢*, %)) u npocTpaHcTBEHHAST KOMIIOHEHTA 3aBH-
CHT OT BPeMeHHBIX MapaMeTpoB. B samanun cobbirua (1,2 x(t!,1?)) ykaseisaercs, uTo Bpems
B KaKJOi M3 BPEMEHHBIX KOMIIOHEHT TedeT PABHOMEPHO M OJMHAKOBO, a IPOCTPAHCTBEHHASI
KOMIIOHEHTa, (DYHKIMOHAILHO 3aBUCUT OT OOEUX BPEMEHHBIX KOMIIOHEHT.

Cormacuo (5), mymrenprocTh cobbitust (0,2, ) paBHA HYJIO, JJIATEJBHOCTH COOBITHI
(1,1, ), (%,2,20) paBHa eJUHHuIe, JIUTeNbHOCTL cobbitus (! t%, x) pasHa V112 u Bospacra-
eT ¢ I3MEHEHHEeM BPEMEHH, a BpeMsl Teder Brepes — B Oymymiee; cobprrue (0,0,2) qaurenbHOCTH
He UMeeT, IPOTSAKEHHOCTh ero paBHa, 2.

1.5 IIpocrpaHcTBa ¢ CMOCOHOM

[Tycte W HemmycToe MHOKECTBO, €r0 3/IEMEHThI Ha3bIBAIOTCS TOUYKaMu u obozHadaorces A, B, ...
Bamap orobpaxenne W x W — 33 B xoropoMm Kaxoil nape (A, B) cOOTBETCTBYeT eJiH-
CTBEHHBII CcHOC 0, 9TO 3alUChIBAaeTCs B Buje 0 = AB, u yjoBeTBopsitorcst akcnombl 1. Beits,
[2]:

1° n1y1s1 Besikoit TOUKM A 1 BCAKOTO cubca o CyIecTBYeT eIMHCTBeHHast To9Ka B, ato AB = o;

2° s mobbix Tpex Touek A, B,C, ecoiut AB = 0, BC' =71, 0 AC = 0 + T}

HoJIydaeM OJLyJIsIpHOe MPOCTPAHCTBO ¢ cubconoM, HasbiBaemoe JIC-ipocrpancrBoM, [3]. s
tpex Touek A, B,C umeem: AB + BC + AC,BA=—AB,AA =19.

[TpocTpaHCcTBO ¢ CHOCOHOM SIBJISIETCS HUIBIIOTEHTHBIM, €r0 PeOMEeTpPHUsl HEKOMMYTaTHBHA, [3].
PasmeprocTh cubcona ecthb pasmeprocts JIC-npocrpancrsa. Eciu B = (O, «, 3, ) penep JIC-
npocrpanctBa, O € W — Hauaso orciera, u o = (z,y,2) B basuce B = (a, 3,7) cubcona, o
koopauHaThl cubca OM = o B 6asuce b HaspiBaroTcs Koopanaaramu Todku M B pemepe B.

Beosga B cubcone Y3 rammieeBy HOpMY CHOCOB, MOJTydaeM HUIBIOTEHTHOE OLyJISPHOE IasIi-
JIEeBO TIPOCTPAHCTBO-BPEMsT ¢ HEKOMMYTATUBHOM reomerpreii. Ecim Hopma cubeos ects (5), T.e.
3 = 33, To JIC-npocrpancreo npeepamaercs B @C-mpoctpancTso, [1], nanee oboznadaem ero
S®. Toukn TPOCTPAHCTBA-BpeMeHN S° HA3BIBAIOTCS eIie COOLITUSAMH, T.€. S° eCTh IPOCTPAHCTBO
COOBITHI ¢ 2-MEPHBIM BPEMEHEM.

[Tpsivoit sinnmeit B JIC-ipoctpancTse, cM. [3], onpeessieMoit Toukoit A 1 HeHYJIEBBIM CUOCOM
0, Ha3bIBAETCsI MHOYKECTBO TOYEK

< A,0 >={M|AM =vo,v € R}.
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[Trockoctrio B JIC-pocTpancTBe, OnpeaensaeMoil TOUKOH TOIKOM A M He3aBUCHUMBIMU CHOCAMEI
0, T, HA3bIBAETCS MHOXKECTBO TOYEK

< A o,7 >={M|AM = vo + ur, (v,u) € R*},

npu 3ToM Tpebyerca < o,T ># 33; cubcbl 0 U T He3aBUCUMBL, ecin T ¢< o > . He Beakue
JIBa, HE3aBUCUMBIX cubca onpeesaior B JIC-mpocTpancTBe MI0CKOCTh, HAIpUMED, CubChl o 1 3
penepa B minockoctu He onpenendior, T.XK. < a, 3 >= X3, Ecm 0 = AB,7 = AC, To m1oc-
KOCTh < A, 0,7 > omnpenensiercss TpeMs HEKOJUIHHeaApHbIMU Toukami: < A, 0,7 >= (A, B,C).
He depes Besikme Tpu HekoymmHeapHbie TOUKEN B JIC-TIpocTpaHcTBe TPOXOAUT MIOCKOCTD. [Ipsi-
Mble u mtockocTu JIC-pocTpancTBa ABIAIOTCI COOTBETCTBEHHO MPAMBIMU 1 TL10CKOCTsMEI DC-
MIPOCTPAHCTBA.

Koopmunatabre ocu < O, > u < O, f > ABIAAIOTCHI BDEMEHHBIME, 9TO H30TPOIHDIE TPAMBIE;
KoopJmHaTHasA ocb < O,y > — mpocTpaHCTBeHHasA. depe3 Beakyio Touky A @C-mpocTpancTsa
MIPOXOJINT €JIMHCTBEHHAS MPOCTPAHCTBEHHAS MpsMasi, T.€. MpsMasi ¢ eBKJINIOBBIMU PACCTOSHI-
MU MeXKIy Toukamu, cM. (5). Bedxas Bpemennas npsivasg < A,0 >, 0 = va + uf + wy,v #
0,u # 0, HemsorponHa, T.K. || o ||= /vu # 0.

He cymectByer KoopamHaTHON TIoCKOocTH ¢ cubcamu «, 3. KoopawHaTHBIE ILIOCKOCTH
< O,a,v>u < 0,3,y > obragaoT NIPOCTPAHCTBEHHBIMU HEN3OTPOIHBIMU MPSMBIME, OCTAIb-
HbIe psiMble B30TPONHBL. P C-IPOCTPAHCTBO He COAEPIKUT eBKJIHIOBIX IIJIOCKOCTEl, T.K. CHOCOH
Y3 comepKuT TOMBKO 1-MepHOe eBK/INI0BO MOMIpPOCTpancTBo VI =< v >, 1, 1.2. CyuiecTsyior
wiockoct < A, 0,y >, rne 0 = (v,v,w),v # 0. JeiicrBurensuo, Beakuii cube u3 060I09KH
(s—1)s

2
[BIBAIOT CUOCOH, WX MEpPBBIe JIBeé KOMIIOHEHTHI OJUHAKOBBI. [lmockocTn < A, 0,y > rajujieeBbl
u o+ =+ o Hopma cubca o pasna || o ||= |v|. B penepe (A4, 0,v) miockoctn Touka M

< 0,7 > uMeeT BUL SO + gv = | vs,vs,ws + v? + g |, cubchbl 3TOrO BUJA HE MCUEp-

IJIOCKOCTH UMeeT KoopauHatsl M = | s, ws + 1)2% +g . IIpus#0:|| OM ||= |sv|, npu

s =0:|| OM ||= |g|. Paccrosiame or Hauama orcyera BEIYUCISETCS TaK YKe, KAK B KJIACCHIECKON
nyiockocru Lamues. CymiectBytor u apyrue rajauieessl miockocru @C-npocrpaHcTBa.
Jlna npoussonbHbIX Touek A(al,a?,a) u B(b', % b) umeem cube

AB = (b' —a',v* —a*,b—a— (b' — a')a?),

eM. [1] u [3]; kommonenTor cubca AB BhraucsAores 1o (1) ¢ nernoap30BaHneM IPOTHBONOIOXKHOTO
cubca, m.1.1; AB = —0OA + OB. Ecmu b' # a' b* # a?, 10, 10 (4), nymrensuocts || AB ||
cobwiTust AB paBHa

d=[| AB ||= v/(b' — a")(b* — a?)

U CYIIECTBYET, T.€. JIeCTBUTE/IbHAsA, NN He CYIIECTBYET, T.e. MHUMAas, B 3aBUCUMOCTHU OT 3HAKA
npousseenus (b — al)(b? — a?); paccrosuue Mexkty cobbITHsME A 1 B, WM MPOTAXKEHHOCTh
cobuiTust AB, paBHa

d=| AB ||=[b - al,

2 3TO pacCTOAHNE MEKILy COOBITHAMMI, OJHOBPEMEHHBIMI

ona cymectsyer ipu b' = al n b? = a
B KaXKJI0OIl BpEMEHHOII KOMIIOHEHTE.

Ecmu A(at;a?,a),0 = (r!, 72, r), To npamas < A, > onucbiBaercs cubCOHHOM dyHKIIElH

v
o) = [ rlv+a', 7?0 + a? tv + rir? +ra*v+a|,v€R;

(v—1)
2



78 I'mnepkominiekcHble dncia B reomMerpun u ¢usuke, 2 (14), rom 7, 2010

IJIOCKOCTDh < A, 0,7 > OnuchBaeTcsi CMOCOHHOM (DyHKIMEeH

(v—1)

v
o(v,u) = | rv+a,r?v+a® tv +rir 5 +rta®v+utal, (v,u)€R?%

cM. [3, ¢.166,167|. Ipu rlr? # 0 npamas < A,0 > onuceiBaerTcd creneHHol QyHKImeil
2-ro mopsKa. DTo rajauieeB UK. OyHKIUA 1-10 TOPs/IKa OMUCHIBAET MU30TPOIHYIO MPAMYIO
OC-npocTpaHCTBA.

2 KpwuBbie PC-mtpocTpaHCcTBa
2.1 EcrecTBeHHas nmapaMeTpu3aliusag KpUBOi

Kpusyio ®C-mpocrpancrsa S* omnpemensien kak orobpaxenne I — S* 1 C R; ommceiBaercs
KpuBas CUOCOHHOM (pyHKITHEH

o(t) = (z(t),y(t),2(t)), t € L

Cunraem, aro dyskunn x(t),y(t), z(t) He MeHee nByX pa3 nuddepeHnInpyemsl, T.e. CyIeCTBYOT
npoussoubie o’ (t),0”(t), Takum obpazom, o(t) ectb dbynkuua knacca C2. CuurtaeM emie, 9To
o'(t) # ¥ u cubc He U30TPOIHBIIA.

Kpusag o(t) siBisercsa peryaspHoii kiacca C? Bece ee TOUKH OOBIKHOBEHHDIE.

JIj1s1 KPUBBIX MPOCTPAHCTBA ¢ cUOCOHOM X5 ¢ 1-MepHbIM BpemeneM B [3, c. 123] ycranosie-
HO, YTO TIOJIOXKEHUE KacaTeIbHOIW K KPUBOW He 3aBUCHT OT ee mapamMeTpusaimu. [IponssoaHast
cMOCOHHOMN (DYHKIIMK HE 3aBHCUT OT HOPMBI CHOCOB, KAK OTMEYEHO BBIIIe, B 1. 1.3, MOITOMY U
HOJIOZKeHne KacareabHoi K KpuBoit @C-ipocTpaHcTBa He 3aBUCUT OT ee IapaMeTpU3aliii.

KpuBble IpUHATO U3y4YaTh B €CTECTBEHHON TapaMeTpU3aIlid; 3TO TaKasl TapaMeTpU3allis, B
KOTOPOIi 0/1yJiIp (B 9ACTHOCTH BEKTOD) KACATEIBbHOIN MMeeT eANHIIHYTO, T.€. TIOCTOSHHYIO HOD-
My, & €ro IPOU3BOJHASA €My IMepHeHIUKYyIgpHa. KpuBusHa KpUBOil ompeessercs Kak HOpMa
OJLyJISIpa TJIABHOI HOPMaJIM KPUBOii, OJIyYeHHON B pe3ysbrare juddepeHInpoBaHust OLyIspa
Kacare/JbHOM. [I/1sT KpUBBIX rajiijieeBbiX IPOCTPAHCTB BaXKHO, YTOOBI OJLyJIsIP TJIABHOW HOPMAJIN
OBbLT eBKJIUJIOBBIM, TAK KaK KPUBU3HA KPUBOI SIBJISIETCsI TPOCTPAHCTBEHHBIM & HE BPEMEHHBIM
noHsiTueM. B cooTBeTcTBUN € yKa3aHHBIME cOOOpazkeHusME, KpuByto B @C-pocTpaHcTBe pac-
cMaTpUBaeM B MapaMeTPHU3AINU, YIOBJIETBOPSIOMIEH CIeIyIOIINM YCIOBUSIM.

1°. Cubc¢ o(t), onucwiBaronuii KpuByio, auddepeHimpyem He MeHee JIBYX pas.

2°. Cubc mponsBoHOIT IepBoro mopsijka ¢ (t) obiagaer MOCTOSHHON HOPMOI U HEHYJIEBOIL.

3°. Cubc mpou3BOHOI BTOPOTO TOpsaKa ¢’ (t) siBJIsieTcsi eBKINIOBBIM U [OITOMY IEepIIeH-
JIIKYJISIPEH CHOCY MPOU3BOIHOM TEPBOTO MOPSIKA.

[TepeunciieHHbIM YCIOBUSAM YIOBJIETBOPSIIOT KPUBBIE B lTapaMeTPU3AIUN

o(t)= (pt+a, gt +b,z(t)), tcICR; pg#0, p, q, a, b= const. (11)

Takast mapamerpusalrusi KpUBO#l Has3biBaeTcs ecTecTBeHHON. [IpomsBoanbie o0b603HATaEM:
0,T,0,T.

2.2 KpuBusHa KpuUBOil

Cornacuo dopmyste (7) nuddepenuupoBannst cubGCOHHBIX (DYHKIHN, UMeeM CHOC KacaTeabHOM

K KpuBoit (11):

o(t) = | p,q,&(t) +pg %—t : (12)
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Cubc ¢ ompenesnisier HaIpaBjeHHe KacaTeJbHON K KPHUBOMW, depe3 BCAKYI0 TOYKY BO BCSIKOM
nanpasaennn B PC-mpocTpancTBe MPOXOIUT KPUBas B eCTeCTBeHHON napaMerpusanuu. Hopma
cubca mepBoil MPOU3BOAHON MOCTOSHHA U OTJIUYHA OT HYJIS:

o]l = /pq.

Hopma gaBasercs meiicrBurenpHOl mim MHUMOM. CubOC ¢ ompejiesieH B KaxKIOW TOYKE pery-
nsgpHOit KpuBoit (11), TeM caMbIM BJI0JIb KPUBOI OCYIIECTBIIAETCS KacaTeJbHOe 0TOOpasKeHne B
cubcon 3.

Huddepernupyem (12) no dpopmye (7). Cube Bropoit IpOU3BOAHON SIBIISIETCS €BKJINIOBBIM:

CorynacHo 1. 1.2, €BKJIN 0B cube neprneHauKyJ/Idped BCAKOMY TaJIuJIJIEBY CI/I6cy, T.e.
§(t) L o(t)

u cube G(t) eBKINIOB, T.e. 9TO BEKTOpP HOpMasu Kpupoii (11); Apyrux HOpMaseil Kpubas He
nmMeer. EIMHIYIHBIM BEKTOPOM HOpMaJn Kpusoii (11) sBiistercst

i =~=1(0,0,1). (14)

I[To (9), (13) u (12) mMeeM TPOCTPAHCTBEHHBIE COCTABIIAIONIE CHOCOB MTPOU3BOIHBIX

. 1 .
o = i(t) + pg (5 - t) —pb, Mz =i(t) - pg. (15)
A ecim dyukuums (11) npeacrasiena B Buje pasioxenus (6) — T.e. B BUje CyMMbl BPDEMEHHOM
U TTPOCTPAHCTBEHHON COCTAB/ISIIOIINX:

o(t) =7(t) + (1), (16)

TO UMeEM BEKTOPbI

1
A — (0, 0,2(t) + pg (5 - t) —pb>, “r = (0,0,% — pq). (17)

B pesynbraTe HOpMa cubca BTOPOil TPOM3BOMHON 3AIMCHIBACTCA B BHUJE MOJYJsS CKAJSPHOTO
ITPOU3BEJIEHNST BEKTOPOB
o]l = o7 = |2 — pql. (18)

Bemnunna
|6]l = 1% —pg| >0 (19)

Ha3biBaeTcs kpususnol, kpusoil (11). Bekrop &(t) ectb eexmop kpususnv. Kpusoit (11). Yera-
HOBJICHA
Jlemma. Kpususna kpueoti (11) pasha mo0yso ckaiaprozo npouséedenus 6eKmopa Kpu-
BUBHDL KPUBOT, U eOUNUYHOZ0 BEKMOPG €€ HOPMAAU. F
QyHKIUSA
Wy = & — pq = k(1) (20)

HasbIBaeTcst pynruued kpususns, Kpusoit (11). U cubconnast dyukmus (13) Toxke Ha3bIBAETCS
dbyukuneit kpusnsnsl kpusoii (11). Coruacuo (14),

(t) = (& — pg)ii = (& — pq)y = k(t)y. (21)
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Bremonusercs ciempyroriee

CsoiicTBO. Modyav eexmopa kpusudnv, §(t) asaiemcs pasnocmuvio Gynkyun 6mopot npo-
u3600n01 npocmparcmeennoti cocmasasrouets kpusot (11) u keadpama nopmuv cubca o(t) Ka-
cameavnoti kpueoti (11) 6 ecmecmeenhoti napamempusayuu.

# Cwm. (18).4#

[IpocTpaHCTBEHHBIE COCTABISAIONINE CHOCOB TPOM3BOAHBIX (15) 1 BrOpas npoussogHas (17)
BEKTODHOII cocrapiisitoreii KpuBoil (11) MO3BOJISIIOT MCMOTIB30BATH CKAJISIPHOE MPOM3BEICHIE
(21) eBKIMIOBBIX BEKTOPOB M3 CHUOCOHA Y3. DTUM MbI BOCHOIB3YeMCs HUZKE TPU M3yYeHUH
HOBEPXHOCTEMN.

Kpyuenune KpuBoil B TajmjeeBbIX NOPOCTpaHCTBaX, cM.|[3|, BBomuTcst mnpu auddepenim-
pOBaHUU BEKTOpa KPUBU3HBI, B pe3y/abTare AuddOepeHInpoBaHns MOIyIaeTcss BEKTOP OMHOP-
MaJIi, MepleHInKy/IsapHbIl BeKTOpy IiaBHoit HopMasu. B cubcone @C-npocrpancrsa Y5 Bek-
TOpHasI coCTaBJIAOmMAast 1-MepHa, 1. 1.2, mostomy Kpusbie @C-mpocTpaHcTBa He 00.4a0a10m Kpy-
YEHUEM.

g mpumepa Haiigem kpuBnzny upsamoit @C-mpocrpancTsa. [lapamerpudeckoe 3aaHne
npsIMOit yKazaHo B 1. 1.5. DTo 3amaHne JUHUK B €CTECTBEHHON MapaMeTpu3allnd, MPOCTPaH-
CTBEHHAsI COCTABJIAIONIAA TAaKOBA:

(v—1)

v
z(v) = tv +r'r? 5 +rta*v + a,

31eck p = 1!, ¢ = r?, napamerp o6osznaven yepes v. lmeem coracuo (9):

d 2 2 2 2

1 1
$:T+T1TU—§T1T2+T1a2+t1 57’ —rv—a |=mr

TaKUM 00pasoM,

o(v) = (r',r%,1),5 = (0,0,0) =¥, [|5]| = k = 0.

1 KpUBU3HA NPAMOIl JTUHUN PaBHA HYJIIO.

2.3 HarypanbHoe ypaBHEeHUE KPUBOI

[To dyukmum (16) kpusnsHbl kpusoit (11) Moxer ObITH HosydeHa cubcoHHAst dyHKIWs (11),
onuchiBamoas Kpusyo. QyHkiumst 2(t) mIpoCcTpaHCTBEHHON COCTABIISIONIEH CHOCOHHOM (DY HKIIN
(11) aBmsiercs perreHreM 0OBIKHOBEHHOTO JnhepeHnnaaIbHOr0 ypaBHeH!sT BTOPOTO OPsiIKa

& = k(t) + pq,

nostydeHHoro 1o (20) mpu ycioBun, 9To GYHKINSA KPUBU3HBL k() 3a/1aHa U 3a/1aHO HAITPABJICHHE
(pa, gB3,0) BpemenHoii cocrasistomeii suaun (11).

Pacemorpum ciyuaait, xorga k(t) = 0, uncia p u ¢ 3agasbl. 3xech & = pg; & = pgt + C,
z = 3pqt* 4+ Cyt + Co. Jlunms, onpesesnsieMas PaccMaTPHBACMBIMI YCJIOBHAMI, ONUCBIBACTCS B
eCTeCTBEHHOI napaMeTpusanuy QpyHKIuel Bua

1
oft) = (' (1), (), 2(t) = [ pt+a,qt +b, Spgt® + Cat + G

Crenyrorue HadaIbHBIE YCIOBUS

t0:0,té:pt0+a,t(2):qt0+b,m0:c,7§(1):a,igzb,m'ozr
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Bo MHOXKecTBe byt o(t, Cq, Cy) BBLIEAAIOT QyHKINIO co 3HadeHusmu Cy = ¢, Cp = r:

1)t

t —
o(t) = pt+a,qt+b,rt+pq(T+pbt+c

HeiicTBuresbHo, 110 hopMysie Tpou3BoAHOI (7) U 0 TPOCTPAHCTBEHHON COCTABJISAIONIEH TePBOii
npou3BoHON (9) nMeem t! = p, 2 = ¢, & = r. Cubc KacaTeJbHOH K JIMHUN o(t) ectb o(tg) =
(p,q,7). PacemarpuBaemast maus sBiistercst npsivoit < P, & (tg) >, toe P = P(ty) = (a, b, ¢).

Mpsr oy awmu, ato Besikast unust @C-npocTpancTBa, KPUBU3HA KOTOPOI paBHA HYJIIO, €CTh
npgaMasi JIMHUS.

CupaBeiyinBa cte Iy roImast

Teopema 1. Badanmnvie nenyresvie wucaa p,q u Pynrkyua xpususnos k = k(t) odnosnauno
onpedeasrom e @C-npocmparcmee Kpusyo

o(t) = (pt +a,qt + b, 2(t)),

NPOCMPAHCMEEHHAA COCMABAAOULAA KOMOopoT T(t) Asasemcs peweruem 00uKHOBEHH020 Jud-
PeperuuasvHo20 YpasHeHUs

& = k(t) + pq, (22)

HAYANOHBLE YCAOBUA
PN R 2 _ I B N
to=0,t, =pto +a,tg =qto +b,z0 =s,t5 =a,tg =b,20 =7

8vLdenAI0OM €OUHCTNEENHYIO KPUBYI0, nporodawyyto wepes mouky o(ty) = (pto + a,qty + b,s) 6
nanpasaenu cubca kacameavnot o(ty) = (p,q, ).

# Kak yxKe oTmMedeHO B HadaJle HACTOAIIETO M. 2.3, 0ObIKHOBeHHOE JIuddepeHIna bHoe
ypaBrenue (22) mosydeno mo dbyukunn Kpusnsubl (20), ero pemienne ectb GyHkius z(t) —
POCTPAHCTBEHHAsI COCTABJISOMIAst KpUBOH 0 (t). Bpemennbie cocrapistommue cubcos o(t) u o(t)
3a/1aHbl HadaabHbIMU yeaoBuaMu. Oyukiwst x(t) OTBICKUBAETCs B pe3yJibTaTe IByKPATHOIO MH-
TerpupoBanus Beipakenus k(t) + pg. Ero smadenuwe mpu t = ¢y ecTb 3aJaHHAs BEJUYUHA S.
Kpusas o(t) mpoxomut depes 3aiannyo Touky. Haxoss 3Hadenue Bbipazkenus k(t) 4+ pg mocie
€ro OJIHOKpaTHOTO jud depeHmpoBatus nMpu ¢t = ty UMeeM 3HAYEHHE T U OIPeIesdeTcs Cuoc
KacaTeJbHOl. #

[To nokazanuoi Teopeme, (hyHKIUA KpuBU3HbI k = k(t) OIHOZHAYHO ONpejesieT KPUBYIO
®C-npocrpancrBa ¢ TOUHOCTBIO 10 ojoxkenust B @C-pocrpancree. [losromy k = k(t) ssis-
ercst Hamypasvhoim ypasreruem Kpupoit @C-npocTpancTsa. Teopema 06 onpee/sseMoOCTH KpH-
BoIi ee (DyHKIIMENH KPUBU3HDI SABJISETCA OCHOBHOW TEOPEMOIl TeOPUU KPUBBIX.

3 Tosepxmoctn ®C-mpocrpancrsa S°
3.1 Bwuasr noBepxHOCTEI

[ToBepxHOCTDH ONUCHIBAETCsT CUOCOHHOI pyHKIMEl 1ByX mapamerpoB. B @C-npocTpancTse nme-
ercs JiBe BO3MOxKHOCTH: (a) oba mapamerpa (QyHKIUHM BpeMeHHbIe, (6) OJMH U3 IapaMeTpoB
BpPeMEeHHOi, npyroii mpocrpaHcTBeHHBIH. [loBepXHOCTH MEpBOTO BUIa Ha3bIBAEM 6peMeHHOl,
MMOBEPXHOCTb BTOPOTO BUJA HA3BIBAEM NPOCMPAHCMEEHHO-BPEMEHHOT.

Cayuaii (a). Bpemennvie noseprrocmu. Bpemertsie mapamerpsl obosHadaeM t, v. [ToBepx-
HOCTB 3aJiaeTcs pyHKImei

o(t,v) = (t,v,z(t,v)), (t,v) € D C R% (23)
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Koopmunatayto ceTb Ha MOBEPXHOCTH 00pa3yIOT t-JTUHUKM U U-JTUHUU:

o(t,v) = (t,v0,x(t,v0)), o(to,v) = (to,v,x(ty,v)).

OjiHa n3 BpeMEHHBIX KOMIIOHEHT MOXKET ObITh (hYHKIMEH APyroi, 00e 5T BO3MOKHOCTH TTPUH-
[UIIaIbHO He pazimyatorcs. [Iycrs v = v(t). Vmeercs imHNS HA TOBEPXHOCTH

o(t) = o(t,v(t)) = (t,v(t), z(t, v(t))).
[TpocTpancTBeHHY 0 KOMIOHEHTY Z(t,v) cauTaeM He MeHee IBYX pa3 auddepentupyemoit. Mbr

paccMaTrpuBaeM JIMHUM B €CTECTBEHHON mapamerpusanuu, nosromy v(t) = gt + b, em. (11) B 1.

2.1. Takum 06paszoM, Yepe3 BCAKYIO TOUKY MOBEPXHOCTH (23) BO BCAKOM HANIPABICHUU ¢ = dv

dt
Ha IIOBEPXHOCTU IIPOXOAUT JIMHUA

o(t) = o(t,v(t) = (t,0(t), z(t,v(t))), v(t) = qt +b. (24)

B,ILOJII) pacCMaTpruBa€MbIX JUHANA Ha IIOBEPXHOCTHU (23) OCYHIECTBJIACTCA KaCaTeJIbHOE 0T06pa—
2KeHHe, ollpeaesidroliee cubcol IIPOU3BOJHDbIX:

o = (1,0,z4(t,v) —v), o, =(0,1,2,(t,0)), (25)

cM. (8). CubCehl 9acTHBIX MPOM3BOJHBIX 0, 0, He KoJtunHeapHbl. [loBepxHocTh (23) peryispHa,
BCsIKasl ee TOUKa sIBJIsieTcs OObIKHOBeHHOIT. Obo0uka < 0y, 0, > COHAEPKUT Bce Da3UCHbIe CHOCHI
a, 3,7 cubcona X3 u copnajaer ¢ X5, DTo 03HAYAET, YTO BO BCAKOM CBOEH OOBIKHOBEHHOMN TOUKE
peryJisipHasi IOBEPXHOCTh He 00J1a/iaeT KacaTeJbHON ILIOCKOCTBIO.

Brosb smann (24) nosepxaocTH (23) cube KacaTesbHOl, BRITHCIsIeMbIil cormacHo (7), TaKOB:

) dv dv 1ldv

Cayuait (6). IIpocmpancmeenno-epemernvie noseprrocmu. BpemenHoil mapamerp 0603HA-
JaeM t, MPOCTPAHCTBEHHBIN — u. lIMeeM MOBepXHOCTD

o(t,u) = (t,v(t),z(t,u)), (t,u) € D C R?. (27)

Berme, B m. 1.1, oTMedeHo, 9TO TPOCTPAHCTBEHHASA COCTABJISIONIAS CUOCOB 3aBUCHUT OT BpEMe-
HE, cM. (4); BpeMs OT IPOCTPAHCTBEHHON cocrapisioneil ve 3asucut. [losromy B (27) BrOpas
KOMITOHEHTa eCThb TOJbKO (DYHKIIMS BPEeMEHH.

[To coobpazkeHnsiM, pACCMOTPEHHBIM BbIIIE B HacTosmieM 1. 3.1, B (27):

v(t) = qt + 0.
Ha nosepxHocTu uMeercd ceThb t-JIMHUN U U-JIMHUIA:

o(t,ug) = (t,v(t), z(t,up)), o(to,u) = (to,v(to),z(to,u)).
du

B manpasiennn q = 7 Ha TTOBEPXHOCTH MPOXOJIUT JIMHUS
o(t) = o(t,u(t)) = (t,qt + b, z(t,u)). (28)

CubChl 9aCTHBIX MPOM3BOAHBIX, coracHo (7) u (8), TAKOBBI:

1
Ot = (17 q, Tt + q (5 - t) _b) y Oy = (07 Oa xu) = Ty- (29)

Onn HezaBuCcHMBL. B KaxK70il TOYKe NOBEDXHOCTH CYIIECTBYET KacaTesbHasl IIJIOCKOCThb
< 04,7 > . Cube KacarenbHoil K (28) ecrb

o(t) = (1,%,xu%+q<% —t)): <l,q,xucj+q<% —t)). (30)
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3.2 IlepBas kBajpaTrudHasag popMa MOBEPXHOCTHU

DTa KBaJpaTudHasd (popMa OIPeIeIsieT HOPMY CHOCOB KacaTeTbHbIX K JIUMHUSM TTOBEPXHOCTH.

Bpemennvie noseprrocmu. BpemenHble KOMIOHEHTBI U3MEHSAIOTCs, TIO9TOMY BJIOJb BCEX JIM-
HUI Ha TOBEPXHOCTHU KacaTeJbHble CUOCHI SIBJISIOTCS TaJMJIEeBBIMU U TepBas KBaJIpaTHdIHas
dopMa TOBEPXHOCTH €CTh

tds? = qdt?. (31)

Bepxuwuii JieBbIil HHJEKC ¢ 0O3HAYAELT, YTO PABEHCTBO OTHOCUTCSI K BPEMEHHBIM [TOBEPXHOCTSIM.

IIpocmpancmeenno-epemennvie noseprrnocmu. Cube o, eBKINI0B, (29), T.e. BEKTOP; CY/Isd TI0
(29) u (30), 9TO €IMHCTBEHHBIH BEKTOD, T.€. €BKJINIOB CHOC KACATEIbHOI K JIMHUASM Ha OBEPX-
HOCTHU B KasKJI0I ee TOUKe; OcTaJbHble CHOCHI KaCaTeIbHBIX IaJNIeeBbl. IlepBas KBajapaTudHas
dopma MOBEPXHOCTU €CTh

Yds? = qdt® V" ds® = x2du’. (32)

[lepBoe paBeHCTBO TpPUMEHSIETCS B Caydae, eClId BpeMsl U3MeHsIeTCsl, BTOpOe — B Caydae
[TOCTOSTHHOT'O BpeMeHU. BepxHwuil JIeBbII WHIEKC U O3HAYAeT, UTO PaBEHCTBO OTHOCUTCS K
IPOCTPaHCTBEHHO-BPEMEHHBIM ToBepxHOCTAM. [lo aHasmornun ¢ KoadpHuimeHToM mepBoii KBa-
JpaTuaHoil (bOPMBI TOBEPXHOCTH TIpocTpancTBa-Bpemenu Lammtes I3 (3, c. 73|, o6oznauaem

2 =E. (33)

3.3 Bropaa kBagparudHasi dpopMma noBepxHoctu. KpuBnu3Ha nmoBepxHOCTH

KpuBusHy MOBEPXHOCTH, KaK NPUHATO, HAXOJAUM Ha OCHOBE KPUBHU3HBI JIMHUI Ha ITOBEPXHO-
cru. KpuBusHa JimHuil gBJIg€TCA U HOPMAJIbHOM KPUBU3HON JTMHUN Ha ITOBEPXHOCTH, TaK KAk
HOpMaJIbio moBepxHocreii (23) u (28) sBisercst mpocTpancTBerHast psMas OC-pocrpaHcTBa,
eIMHUIHBINA BEKTOP HOPMAJIU ecTh 7 = 7y. Vcmobp3yem MeTo/ibl rasmieeBoii reomerpun [3].

Ha mosepxnoctu dukcupyem touky P(tg,vo) mimn P(tg,up) u paccmarpubaem juaun (24),
COOTBETCTBEHHO (28), MPOXOJISIIe HA TTOBEPXHOCTH BO BCEBO3MOYKHBIX HAIPABJIEHUAX (, COOT-
BETCTBEHHO (.

Bpemennasn noseprrocms. Beraucanm Kpususay jgunun (24) nosepxuoctu (23), OCHOBBIBa-
sch Ha 1. 2.2. HaxoauMm BTOPYIO MPOU3BOIHYIO &, UCIONB3Ys IEPBYIO MPOM3BOAHYIO (26):

2

. 0.0 N dv n dv n dv n d*v
0 = U, T Tty 37 Tty —, Lov | =7 Ty =5 — )
R A dt a2 1
. dv
WM B APYToif (popMe 3alic, YIUTBIBas, 9TO ¢ = a:
2
. 0.0 L9 1\ dv N dv N d*v
o= T T — = | — + Tpo | — Ty——
P o at dt dt2

ITo JieMMe, II. 22, KPUBU3HY JIMHUU MO2KHO IIOJIYIUTDH, BbIYUC/INB CKaJIAPHOE IIPOU3BEACHUE BEK-

TOPOB & U 1 = 7:
2

2
do i) A (34)

6ﬁ:xtt+2 xtv_§ %‘I'l'vv % a2

B momy4yenHOM BBIpayKE€HNN BBIJIEINM COCTABJISIONLYIO, TO3BOJISONLYIO MOTYYUTh KBaJIpaTUd-
uyio dopmy. B dpukcupoBannoit Touke MOBEPXHOCTH, Ye€pe3 KOTOPYIO MPOXOIAT BCEBO3ZMOXKHbBIE
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muann (24), Koo OUIHeHTH CKATSPHOrO MPOU3BEIeHNsT BEKTOPOB G171 TIOCTOSHHDI, H3MEHAETC s

dv

HaAIpaBJICHUE q = 7 quann. HopMaabnyio KpuBu3Hy JUHUN HA MOBEPXHOCTU CUYUTAEM PAaBHOI

2

1\ dv dv

t — _— — — —
kn—xtt+2<xtv 2) dt +$vv<dt) )

BBOJMM 0003HaUeHNs KOIDdumenTos (1o aHajorun ¢ obo3HadeHusiMu B [3)):

1
Lyy = Aawt’u - 5 - Baxtt - Ca (35>

(311€CH TIPOCTPAHCTBEHHAST KOMIIOHEHTA BEKTOpa 7y = 71 paBHa 1 n mosToMy A = 'y, - 1 = 2y 1
T.J1.) BO BBEJIEHHBIX O0O3HAYEHUAX HOPMaJibHAsi KDUBU3HA JIMHUIT Ha OBepXHOCTH (23) paBHA

d
'k, = A¢® +2Bq+C, q= d—:, (36)

KaK B TaJIMJIeeBbIX MpPOCTpaHcTBax, oM. dbopmyry (12.12) B [3, c¢. 74| u manee. Jleras wacThb
PABEHCTBA JIJIsi KPUBU3HBI MOXKET ObITh 3aIlCaHa B BUJIE

Adv? + 2Bdvdt + Cdt?
dt? ’

YUCIATEDb 9TOI ApoOK IPUHIMAEM 38 6MopYI0 K8adpamuwHyo Gopmy BPpeMEeHHOI TOBEPXHOCTH
(23):
‘[T = Adv? + 2Bdvdt + Cdt? (37)

¢ koabdurmentamu (35).

st moBepxHOCTH TpocTpaHcTBa-BpeMenn Lammes B |3, ¢. 81| momydeno, uro ee mosHas
KPUBHU3HA paBHA OMPEIEIUTEI0 BTOPOil KBajpaTudHoi (popmbl. [lo anamoruu ¢ 3ruM cauraem,
gro B @C-mpocTpaHcTBe ToIHAST KPUBU3HA MOBEPXHOCTH (23) paBHA

'K = AC — B. (38)

J171s1 mpocTpaHCTBEHHO-BpeMeHHOI moBepxHocTH (28) nmeem v(t) = gt u

d 1
0y = <17Q7$t+$ud_q_;+§q_qt>a Oy = (0,0,$u) = Tq-

du
B nmanpassiennn § = — NIPOXOIUT JIMHUS

dt
o(t) = o(t,u(t)) = (¢, qt, x(t,u(t)).

Cubc KacaTeJIbHOI K 9TOI JIMHUU €CTh

=1 L [
= x Ly - — .
o y 4, Tt dt q )

2
. du du du d*u
0 = 07 07 Lyt + Ttu =, + Lut—, + Tou | 5, +xu_ —q],

Torna

dt dt
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6n =1xy —q+ thu% + Tuu % +xu%. (39)
BBoauM HOpMAJIbHYIO KPUBU3HY:
2
Yk =y —q+ th“fi_q: + Ty ccii_qz +xu% (40)
Ob6oznagnm K03 GUITHEHTH:
Tyw = A, T4y = B2y —q = C; (41)
B 9THX 00O3HAYEHUAX HOpMaJIbHasi KDUBU3HA TAKOBA!
'k, = A2 +2Bq + C.
Bmopas xsadpamuvnas gopma nosepxaoctu (28) ectb
'IT = Adu® 4 2Bdudt + Cdt?
¢ koabdunmentamu (41). [ornas kpususua nosepxuocTH (28) paBHA
“K = AC — B> (42)

[Tnockocts < A,0,v > u3 1. 1.5 gBjsieTcst NPOCTPAHCTBEHHO-BPEMEHHOIN MMOBEPXHOCTHIO.
Haxomum: A = 0,B = 0,C = r?(r! — 1);*K = 0. [lonmnas xpususua nosepxuoctu OC-
POCTPAHCTBA paBHA HYJIIO.

3.4 OcHoBHBIE TeOpeMbl TEOPUM MOBEPXHOCTEI

Benrom Teopun moBepxHOCTE €BKJINIOBA MPOCTPAHCTBA siBJIsteTcsi Teopema [lerepcona-bBomne
00 ompese/IIeMOCTH TTOBEPXHOCTU KO3 MUIMEeHTaAME TePBOil 1 BTOPOil KBapPATHIHBIX (HOpM,
JIOKA3aTeIhCTBO KOTOPOil CI0KHO 1 ApamaTudHo, |8, 9]. OcHoBHas TeopeMa TEOPHUH MOBEPX-
Hocrell mpocrpancTBa-Bpemenu Lajmes [ jgokazana B [10], 1/1st HUJIBIOTEHTHOrO rajiuieeBa
npocrpancTBa-BpeMenn — B [11]. Huxke Mbl ycTaHOBMM OCHOBHBIE T€OPEMBI JIJIsI OBEPXHOCTEl
OC-mpocrpancta. CHaYaIa PACCMOTPUM BPEMEHHBIE TOBEPXHOCTH.

[lepBast kBajparmuaHas dopma BpeMeHHON mosepxuoctu (23) o(t,v) = (t,v,z(t,v)) ecrb
(31), ee KO3 GUIMEHT €CTh ¢ — MOCTOsTHHAST BEJIMUNHA: BTOPasi KBaJpaTudHast (hopMa MOBepX-
HocTH ecTh (36) ¢ koapdummentamu (35). CumraeMm, uTo KOohDMUIMEHTHI IEPBOH U BTOPOIi
KBaJIpATHYHBIX (DOPM MOBEpXHOCTH (23) 3a/IaHBbI:

q, A(t,v), B(t,v), C(t,v). (43)

[To dopmyam (34) cocrapisiem cucremy auddepeHIaIbHbIX YPaBHEHU T ¢ 9aCTHBIMA [TPOU3-
BOJTHBIMUI

Ty = A(t,v),
Tyt = B(t7 U)? (44>
Tt = O(t7 U);

YacTHble TPOU3BOIHBIE BTOPOTO mopsijika GyHKIuK & (t, v) MOAIUHSIOTCS CIIEIYIONINM YCIOBU-
sim. TIpoussoptbie (z,); u (), BMecTe ¢ coorBeTcTByOmUME auddepeHnnataMn apryMeHToB
COCTABJISIIOT MOJHBIN muddepeniman GyHKuuu T, (¢, v), nosromy hbyHKIUs T, (t,v) aBasgercs
pemenneM audQepeHnaIbLHOro ypaBHeHus ¢ HOIHBIM Aud dpepeHnuaaoMm

A(t,u)dv + B(t,v)dt = 0. (45)
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Taxxke dynkuns x,(t, v) sapiasercs perterneM quddepeHInaIbHOT0 YPaBHEHHsI € MOJTHBIM -

depeHnmaIOM
B(t,v)dv + C(t,v)dt = 0. (46)

HOSTOI\/Iy BBIIIOJIHAIOTCA paBeHCTBaZ
Ay(t,u) = By(t,v), Bi(t,v) = Cy(t,0). (47)

Pemmenne cucrembr auddepenimanbabix  ypasaeruil (44) ecrb cemeiicTBO (DyHKIHI
z(t,v,C;), 3aBucsIee Tak¥Ke M OT MOCTOSHHBIX nHTerpupoBanus C;. BeilGpaTh eInHCTBEHHOE
pelenne MOKHO 33/aB Hada/IbHbIE YCJIOBUSA, OIPEIESIONINE TOBEPXHOCTD, MTPOXO/ILAILYIO depes
3aganny0 104Ky P(tg,vp), U UMEOIYI0 3aJaHHbIe HE3aBUCHMbIE KacaTebHble cubehl (25) B
Touke P.

Teopema 2. Pewenue cucmemvt ouPheperuuasvhoi Yypasnenuti ¢ 4acmHumu npou3eoo-
HOMU (44), Y008.AEMBOPAIOULEE HAMANDHHM YCAOBUAM

t = to, vo = qto, To = x(to, Vo), T10 = Z¢(to, Vo), Two = T4 (Lo, o). (48)

onpedeasem 6 DC-npocmpancmee  eduncmeennyio epemennylo noseprrocmy  o(t,v) =
(t,v,2(t,v)), npoxodawyro wepez moury P(ty,vo) u obaadarowyro, coenacno (25), wacamen-
HoLmu cubcamu 6 mouke P:

ow = (1,0,240 — o), 0wo = (0,1, Zy0)

# Cncrema ypasuennii (44) csogurcs K aByM ypasuenusM (45) u (46), pemenust (z,); u
(%), KOTOPBIX MO3BOJISIOT IOJIYyIUTH ypaBHEHHe ¢ HOIHBIM anddepeHimaIom

xdt + x,dv = 0,

a ero pelreHne Jaer ceMeficTBO MOBEPXHOCTel, NMEIINX KB IpaTudHble GOPMbI ¢ 3a/IaHHbI-
mu koapdurmentamu (41). Havganbuble ycroBus (48) BBIIENSIOT €IUHCTBEHHYIO BPEMEHHYIO
nosepxHocth PC-pocTpancTBa, TPOXOJIAILYIO Yepe3 JaHuyo TouKy P(o,vy) 1 MMeoILyo 3a-
JIAHHBIE HE3aBHCHMbIE KacaTeJbHble CubChL. #

[TpocrpancTBeHno-BpeMennas noBepxuocts (27) o(t,u) = (t,v(t), z(t,u)) nmeer KBaIpa-
tuamnele Gopmel (32) u (36), nx KoabduUIIEHTH!

q, E(t,u), A(t,u), B(t,u), C(t,u). (49)

[TpocTpancTBenHas cocrapsiomas x(t, u) ABAgeTCs perenneM cucreMbl quddepeHaIbHbIX
YPaBHEHUI ¢ YACTHBIMU TTPOU3BOIHBIMUI

z2 = E(t,u),
Toyu = A(ta U’)7
Tyt = B(t7 U), (5())
Tt — C(t, U),

coctaByienHOit 1o dhopmyram (33) u (41). Kosddurmentsr BTopoii KBaapaTuaHoit hopMbl yiI0-
BJIETBODSAIOT yeoBusAM (47), HecMoTpst Ha pasimaue (opmyna st Kodhdurmenros C(t,v) u

C(t,u), u nobaBsgeTCst YCIOBHE

Eu
A== (51)

cM. (33) u (41). Beimonmusercs
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Teopema 3. Pewenue cucmemvr 0updeperyuasvnol ypasneruti ¢ Yacmmumu npouseoo-
Homu (50), ydosaemsopsawee HauaIbHbM YCAOBUAM

t = to, up = qto, o = (to,uo), Tro = Tt(to, Uo), Tuo = Tu(to, Uo). (52)

onpedeasiem 6 DPC-npocmparcmee EOUHCMGEHHYIO NPOCTNPAHCMEENHO-GDEMEHHYIO TNOGEPI-
nocmo o(t,u) = (t,v(t), z(t,u)), npoxodawyro wepes mouxy P(to,up) u obaadamrowyyto 6 mowke
P, coenacno (29), xacamesvhvimu cubcamu

ow=1|1,q,70+q 5—150 y Oud = Tuo-

Oyuknua ., ompenenserca nmo dopmyiae x2 = E. orciona momyuaem (51) - 3HauUeHmE
u )
ko3 durmenta A; QYHKIU Xy sIBISETCS PEIIeHNeM YpaBHEHMSI

B(t,u)du+ (C(t,u) — q)dt =0,
3areM noiaydaeM x(t,u) Kak pelieHre ypaBHEHUs ¢ TOJHBIM JuddepeHnnagiom
Todu + x:dt = 0.

Hauanbubie yemoBus (52) BBIAEISIOT €JINHCTBEHHYIO MTPOCTPAHCTBEHHO-BPEMEHHYIO MMOBEPX-
HOCTD (27) ¢ 3amanabiMu Ko duimentamu (49). #

4 3akJrodeHue

PaccMmoTpennbie BbIIe METOIbI OKAXKYTCsl TOJIE3HBIMU B HCCJIEIOBAHUNA CBOMCTB HUJIBIOTEHT-
HOTO OJyJISIPHOTO TaJinjieeBa MPOCTPAHCTBA ¢ MHOTOMEPHBIM BpeMeHeM W MHOTOMEPHOM Mpo-
CTPAHCTBEHHON COCTABJISIONIEH, IIPU YCIOBUU, 9YTO B IIPOCTPAHCTBE 3a/laHa HOpMa CUOCOB, aHa-
JIOTUYIHAS PaccCMOTpeHHOil BbIie. Ho HeT yBepeHHOCTH, YTO MCIOJIB30BAHHBIX METOJIOB OyJIeT
JIOCTATOYHO B MCCJIEJIOBAHUU BCEX T'€OMETPUYIECKUX CBOMCTB MpocTpaHcTBa-Bpemenu. Haymaue
TOJTBKO JIBYX BpeMeHHBIX m3Mmepennit B @C-mpocTpaHCTBe TMO3BOIIIO TPAUIIHOHHO BOCIIOb-
30BaTbCd KBaJpaTUIHBIMU (popMamMu moBepxHocTeil. Ho n B ciaydae 3-MepHOro BpemMeHU Ipu
COOTBETCTBYIOIIEH HOpME CHOCOB BO3MOXKHO UCIIOJIH30BAaHIE KBAIPATHIHBIX (DOPM.
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tions of the inversion transformation, of the Euler gamma function and of the Riemann
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1 Introduction

The theory of holomorphic functions f(z) = u + iv of a complex variable z = z + iy has
been developed on the basis of the classical Laplace equation in the plane R? = {(z,)}

oh?  Oh?

Ah:divgradh:@-ka—gﬁ_

0 (1)

where solutions h = h(z,y) have been called harmonic potential functions.
The Cauchy-Riemann system is the following first order system of equations

oo _
oxr Oy
o o 2)
oy Oz
oh oh : : :
where u(z,y) = e v(z,y) = 3 (see, e.g. [1]). The main goal of Clifford analysis [2] and

of the related hypercomplex methods is an in-depth research of the multidimensional Laplace
equation and multidimensional harmonic functions. In the physical formulation, problems for
isotropic media in the case of constant density in space are considered, in particular.

Leutwiler [3] in 1992 started an in-depth research of a remarkable hyperbolic version of the
Laplace equation in R"™ = {(zg, 21, ..., Tn) }

2 2 2
anh—(n—l)aa—h:O (A 0 + 0 + ...+ 0 >, (3)

Ty, 0xo?2 0112 0x,>

where C3-solutions h = h(zg, z1, ..., x,) were called hyperbolically harmonic functions.

Remark 1.1. As is easily seen, if x, #0, then

h
xpAh — (n — 1)887 = 2"div (z. "grad h) = 0.
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The first advances in modified Clifford analysis [3] were connected with the transition from
the multidimensional Laplace equation for the multidimensional Laplace-Beltrami equations.
These equations describe physical problems in isotropic media in the case of variable density
in space, in particular. There have been established entirely new properties of many functions
of the quaternionic variable. Leutwiler |3, 4] has constructed an important class of functions
of the quaternionic variable associated with classical holomorphic functions.

The system of (n+1) real twice continuously differentiable (C?-) functions

Uy = ’LLo(l'(),JZl, v wxn)? Uy = ul(waxl) ) .17”), cee sy Up = un(x()axla e xn>7
oh oh . . - . .
where uy = —, u; = ——, ..., u, = ———, in this case satisfies the following asymmetric
(9.’E0 0y Oxy,
system of equations (H,1)
Oug  Ouy ou,
—_——— .= — —Du, =0
" (8960 0xq 8xn> +n Ju
. . (m=1,..,n)
oy O,
—= — I,m=1
[ Oz, ox; (t;m )

Leutwiler investigated various classes of solutions (4) connected with the (universal) Clifford
algebra Cl,,, especially connected with the associative quaternionic algebra H = Cls.

Remark 1.2. The associative Clifford algebra Cls (without division) and the alternative oc-
tonionic algebra O (with division) are not equivalent.

Leutwiler focused his attention in R? [4, 5, 6, 7| and introduced new terms, the reduced
quaternionic variables f =u+ i + jw and z = x + iy + jt. The Laplace-Beltrami equation

in R? = {(z,y,t)}
2 2 2
tAh—%zO (A:8_+8_+8_) (5)

has been applied as a basis to investigate solutions in the reduced quaternionic form of an
asymmetric system of equations (H)

ou _61} ou ow Ov Ow

oy 9z’ ot oz at Oy’
oh oh oh

where u=—, Vv=——, W=

ox’ oy’ ot
Then the Laplace-Beltrami equation in R* = {(z,y,t,s)}

oh 0? 0? 0? 0?
SAh—QE—O (A_@—i_a_y?—i_@—i_@) (7)
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has been applied [8] to investigate solutions of an asymmetric system of equations (Hy)
(
<8u v Ow 8r>
S|l 55— — 5 | t2r =

ou ov Ou ow Ou or (8)

oy 0z’ ot 9z’ Os Oz
ov ow Ov or Ow or

L 0t Oy’ 0s Oy’ 0s Ot

in the form, in particular, of nontrivial quaternionic polynomials with quaternionic coefficients,
where the quaternionic variables have been denoted f = u+iv+jw+kr and z = x+iy+jt+ks
(see also [9]).

Interesting papers on octonion analysis [11, 10] and on functions of the octonionic variable
[12] have appeared. However generalizations of the Cauchy-Riemann system having solutions
in the form of functions of the octonionic variable have not been obtained there.

The question naturally arises — can we apply the methods of modified Clifford analysis, to
move to the octonionic variable? Clifford algebras do not imply such development of theory.

It is well known that axially symmetric models are widely used for solving spatial problems,
in particular in the framework of function theory of a complex variable [1|. But it is unex-
pectedly that an axially symmetric generalization of the 2-dimensional Laplace equation in R®
can be a good basis to construct the octonionic generalizations of many classical holomorphic
functions.

The physical meaning of functions of the octonionic variable is unclear. Research of the
physical meaning and properties of the octonionic Laplace transform is interesting for real-
valued originals in the first place. The Laplace transform in this case automatically entails
the determination of classical special functions in various octonionic areas. Refinements of the
properties of the Euler gamma function and of the Riemann zeta-function may naturally lead
to reform of methods of analytic number theory (see, e.g. [1, 13]).

The first electronic version of this paper was presented in 2003 [14].

2 On axial symmetry and on solutions associated with holomorphic
functions in R"!
Leutwiler |3, 4] has introduced an important class of solutions of the system (H,1) associated

with classical holomorphic functions (in particular z*, where & € N, e, Inz) and has given
the special axially symmetric conditions

Ty, = Ty, (Lm=1,...n), 9)

characterizing this class, at least locally.
Let us consider a second order elliptic equation in R"* = {(zg, 1, ..., x,)}

oh oh
Definition 2.1. C®-solutions h = h(xg, 1, ..., z,) of the equation (10) are called ¢-harmonic
functions in R,

Remark 2.2. If (z3+...+22) #0, then

h h ntl 1-n
(m§+...+mi)Ah—(n—1)<m18—+...+mna—>:(m§+...+mi) 2 div|(zi+...+22) 2

A oz, grad h] =0.
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The system of (n+1) real twice continuously differentiable (C?-) functions

ug = Ug(To, T1y o, Tp), UL = UL (TOy 1y oo o 3 Tp)y v vy Up = Up (T, X1, ., Ty)
oh oh oh
where uy = —, U1 = ——, ..., U, = — , in this case satisfies the following axially
Oxo 0, oz,
symmetric system of equations (A1)
(
Oug  Ouy Ouy,
Oug Uy, (11)
— = =1,..
0% 0z (m ™)
8Ul 8um
— = — Im=1,..,
\ Oz,, Ox; (1;m n)

Singular hyperplanes play an essential role in modified Clifford analysis [3].

Definition 2.3. The subspace R™ = {(x¢,21,....,2,_1)} of the Euclidean space R" =
{(zo, 1, ..., xn)} is called a singular hyperplane ([x, = 0]).

Theorem 2.4. (On solutions associated with classical holomorphic functions in R"™). In any
point in R"™\ [x, = 0] every system of (n+1) C*-functions (ug,uy,...,u,) with conditions
(9) is a solution of the system of equations (H,.1) if and only if the system of functions
(o, U1, ...y uy) i @ solution of the system of equations (Api1).

Proof. Let z, # 0.
If a solution (ug,uy, ..., u,) of the system of equations (4) satisfies conditions (9), then

Oug  Ouy ou,, B
- ou ou ou _
Z 2 o_Y"m1  _ YUn _ E 21—
(m:l xm) o (83&0 8$1 3%) +(n l)un (m:l mm)
- ou ou ou _
E: 2 0 . 1 . i n . 2 : _
(mZI xm) x’n (amo axl 3mn> +(n 1)$n (m:1 xmﬂxm) O

and we obtain the first equation of the system (11).
If a solution (ug,uq, ..., u,) of the system of equations (11) satisfies conditions (9), then

8%0 8:c1 T G_xn

x2><8uo o 8u">+<n— D+ o+ ) =

Oug Ouy B ou,
Ooxy Oxry Oz,

>+(n — D (z1uy + ... + Tpun) T, =

Oug  Ouy B ouy,

2 2 GU _ Our
Tp(z] + ... +27) (0:170 or. " om.

>+(n —Dup (i + ...+ 22) =0

and we obtain the first equation of the system (4). O
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Corollary 2.5. All solutions associated with classical holomorphic functions in singular hy-
perplane [x, = 0] have the special azially symmetric condition

ou ou OUyy—
(224 ... +22_) (8—;; - a_xi — = 8%1) +(n—2) (2 + oo + Tp_qtp_y) =0,  (12)

except lower singular hyperplane [x, 1] = R" L.

Proof. 1In according with the previous theorem solutions associated with classical holomorphic
functions on [x, = 0] = R™ (except the subspace R"™ = {(z9, %1, ..., Tn_2)}) satisfy the system
(A,). Then the first equation of the system (A,) coincides with (12). O

Remark 2.6. All solutions associated with classical holomorphic functions in the singular
hyperplane [x, = 0] have u, = 0.

Remark 2.7. All solutions associated with classical holomorphic functions for every plane
R? = {(z0,7n)} (m=1,...n) in R*\ R have the special condition

Oug  Ouy ou,, B

Remark 2.8. The second order elliptic equation (10) (see, e.g. [15]) and as a consequence
the first order system of equations (An+1) in this case are linear.

We see that the system of equations (A,;1) can be interpreted as a natural axially sym-
metric generalization of the Cauchy-Riemann system having class of solutions associated with
classical holomorphic functions in R"™! \ R.

3 On Real-Valued Originals and on the Octonionic Generalization of
the Laplace Transform

Recall the octonionic algebra O is alternative, non-associative normed division algebra over R

with eg = 1; the imaginary units of octonions are ey, es, €3, €4, €5, €5, €7 (€2 = ... =e2= —1),
where e;e; = —eje;, 1,5 =1,...,7 (i # j) and e3 = ejes, e5 = ejeq, €5 = ezeq, €7 = e3€4 (See,
e.g. [16]). Thus

7
T =T+ E Tmem = To + 161 + Toey + x3es3 + (x4 + x5€1 + g€ + T7€3)E4.

m=1

If z ¢ R then we can use the polar form
7
r=20+ Y Tnem = |7](cosp + I(2) sing) = |a]e/@, (14)
m=1

Iri1€e1 + To€o + T3€3 + T4€q + T5€5 + TeCe + T7€7

where  I(z) = (I(z)? = —-1),
Vai+ai4 a2+ a2 + a2+ a4 a2
( = arccos o (0 < p<m).
2 2 2 2 2 2 2
Vi 4z +ad+ad+ 2+ a2k +a2
For any z ¢ R

Inz=Inz|+ I(z)p (principal value) (15)
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and for any n € N

z" = |z|"(cosng + I(z) sinnyp). (16)
Similarly [3], formula
e!@P = cos p + I(x) sin p,
where p € R,
p=+/x}+a}+ad+a3+a? + 2l + 2t
and

I(x)p = z1€1 + T2€9 + T3€3 + T4€4 + T5E5 + TEs + TrE7,

has as a consequence the beautiful formula
e? = el @P = % (cos p 4 I(x) sin p). (17)

The octonionic inversion is described by the simple relation

7

= xTo — Z Tm€m
v = = e~ lallcos g — T(w)sing) = fafe "% (18)
Then
" — \a:]*"(cos ne — I(x) sin ncp) — ‘x’fnefl(x)n% (19)

Remark 3.1. As is easily seen, for example, elementary functions =", Inx, e*, ™" of the
octonionic variable x satisfy the special conditions wx, =uyz; (Lm=1,...,7), and for
everym =1, ... ,7 the condition x,, =0 implies u,, = 0.

It is not difficult to verify that functions ™, Inz, e*, =™ generate solutions of the sys-

tem (Ag). In addition the system (Ag) is linear, therefore, all linear combinations with real
coefficients of these elementary functions generate solutions as well.

Definition 3.2. A real-valued function i = 7(7) with a real argument T is called an real-valued
original, if

1. 7(1) complies with the Holder’s condition for every T except some points T = T%,Tg, .

(there exists a finite quantity or zero of such points for every finite interval), where the
function 7(7) has gaps of the first kind,

2. 7(1) =0 for all T <0,
3. there exist constants By > 0,05 > 0: for all 7 |7(7)] < Bze®".

The Hélder’s condition for the function n = 7(7) has the form: for every T, there exist
constants Az >0, 0 < X\; <1, 87 >0 so that |f(1+8) —7(7)| < Az|8* for every 6, 18] < 5.

Remark 3.3. It is important that the Laplace transform exists in complex areas for every
original 1 = 7(7), if Re z = x > oy (see, e.g. [1, 17]). It is not difficult to verify that similar
property is important in octonionic areas as well.

Definition 3.4. For every real-valued original 7 = 7(7) a function of the octonionic variable

Clil(z) = / e i) dr (20)

is called the octonionic generalization of the Laplace transform (the octonionic image or the
octonionic Laplace transform for n = n(1) ).
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Remark 3.5. It is clear that L[7](x) =

“+oc0
e (T)dr = f e~ n(r)dr.

Proposition 3.6. The octonionic Laplace transform L[7|(z) for every real-valued original
1 =n(7) defines a solution associated with a classical holomorphic function.

7
Proof. Let L[f|(z) =uo+ Y. Umem.

m=1
The octonionic exponential function defines a solution (ug,uy, ..., u7) of the system (Ag) asso-

ciated with the classical exponential function.

Besides,
%/ —1:7- :/ dr (m:0,17,7)
0 0
Thus we obtain (Ag)
( Ouy  Ouy Ouy
— — ...— — |+6 =0
(23 + ... + 23) (83:0 o, 8:1:7) +6(71uy + ... + T7UT)
Oy O, (21>
. P, (m=1,..,7)
oy Oy,
— = —= (Im=1,..17).
\ aZEm 817[ ( ,m JERRY )
O
. . 1, 7>20
Example 1. The real-valued original 1 = 1(T 0, 7<0

implies the octonionic image L[7)(z) = x~

Example 2. The real-valued original 1 = n(T 0. 7<0

{ coswt, T > 0

implies the octonionic image L[7|(z) = z(x? + w?

741 2>0
Example 3. The real-valued original 1 = n(T { 0. 7<0
for every a >0 implies the octonionic image L[7](x) =T(a+ 1)x=* Y

where I'(a 4+ 1) denotes the Euler gamma function with a real argument [1].

Remark 3.7. Ezxamples are not correct in terms of the associative Clifford algebra Cls
where imaginary units ey, ...,e; (€2 = ... = e2 = —1) satisfy to conditions €iej = —€;€;, 1,J =

T(F#7) 3, 9]

However we can consider the octonionic generalization of the two-sided (or bilateral) Laplace
transform, if a real-valued original 7 = 7(7) not identically equal to 0 for 7 < 0 (see, e.g.

[18]).

Definition 3.8. For every real-valued original 7 = (1) a function of the octonionic variable

LI2[A](x) = /_O; e n(T)dr = 706"”77(7')617'—1- /Oe”ﬁ(T)dT (22)

is called the octonionic generalization of the two-sided Laplace transform (the octonionic image
or the octonionic two-sided Laplace transform for = 7(r) ).
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Natural octonionic generalizations of many classical functions (see, e.g. [1, 13, 19, 20]) can
be characterized in this way.

Example 4. The octonionic generalization of the Euler gamma function.
7
Let z=x0+ > Tmem, o> 0.
m=1

—eT

The original 1 =n(T) =e~¢ implies the octonionic image

+00 o]
“+oofx _ —xT _—e’ _ —x—1_—71 T _ T
LT2[0)(x) = /e e “dr = /7’1 e "'dry, where 7y =€, dr, = €’dr.
—00 0

We can introduce the appropriate definition

o] +oo
[(z) = /Tlxleﬁdﬁ = / e"Te ¢ dr = LT[A](—x). (23)
0 —00

Example 5. The octonionic generalization of the Riemann zeta-function.
7
Let z=x0+ > Tmem, o> 1.
m=1
(1) = (e — 1)~ implies the octonionic image

The original 1

+00 o0
i) = [ ee ~ytar= [noie -1y an
oo 0
= /71 w1 (Z e”n>d7'1 = Z " e " dn
0 n=1 n=1 0
= Z(nz/n_”“’_le_”)dﬁ = (Z 'I’Lw)/TQ_w_IG_TQdTQ
n=1 0 n=1 0
- (X e
n=1

where 71 = €7, dm = e7dT; T = nm.
We can introduce the appropriate definition

o0

((z) = n "= LEZ[M(~z) T (x). (24)

n=1

4 On Boundary Value Problems and on Functions of the Octonionic
Variable

Second order elliptic equations in divergence form have various interesting applications in math-
ematical physics (see, e.g. [15]). For a stationary temperature field h the function f=grad h
can be interpreted, in particular, as the temperature gradient in R"*!. If y is the coefficient
of thermal conductivity, then the heat equation has the form div(x grad h) = 0.

The equation in the case of axially symmetric distribution of the coefficient x(x) = (2% +

1—

div|(z? + ...+ 22) 7 grad h|=0 (25)
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is equivalent to the system (A,1), at least in simply connected domains A C (A C R},
i+ ...+ 22 #£0).

Example 6. The function of the octonionic variable, conjugated to the octonionic inversion
f(z) =21 = grad h, z # 0, describes the inversion transformation in R® (see, e.g. [21]). We
can interprete it, in particular, as the axially symmetric generalization of the plane potential
field of single source in the case of variable coefficient of thermal conductivity x.

Remark 4.1. This example of application in mathematical physics is not realized in modified
Clifford analysis using Clg [3, 9].

Theorem 4.2 (On the uniqueness of solutions of the Dirichlet problem for the system (A;,41)).
Assume that a simply connected domain A C R™™ (ANR =0) has a C*-smooth boundary
OAN. Let P = (P, Py,...,P,), |P| =1, is outer unit normal to OA. Assume that there exist
two functions f = f(x) = Qo + e1ly + ... + enlt, and f = f(a:) = Uy + ety + ... + epty,
determining C?-solutions in A of the first boundary value problem for the system (A,i1)

u0|6A - ¢07 '11,1|3A = _¢17 cey un|6A = _wna ¢ = (¢07¢17 7¢n) € 00(6A>
If there does not exist a point 2° € ON, where (P, ¥) = Y. Putb,, =0, then f: f.
m=0
Proof. The first boundary value problem

ugloa = Yo, Uiloa = =1, ...y Unloa = —p

for the system (11) is equivalent to the third boundary value problem

oh oh oh
a_ :’wO; a_ :1[}17 ey :¢n
0xo 0, oz,
A A AA
for the equation (25). Let us have
L_oh ok o
Uy = 81’07 U = 81‘1’ ceey Up = 8xn7
0 — 81’0, 1 — axla ] n — 8xn'
Then for the function h = h — h we obtain
a—a—%a—a——@ Uy — U ——8h
0 7 Oy’ Ty " O,
and
Ohl g, Ol g Py
81’0 (9.’131 8:rn
A A A

If there does not exist a point z° € A, where (P, ¥) = 0, then the homogeneous boundary
value problem

Oh

Oz

on
81‘1

Oh

=0 ey
) ) ) 8:1:n

oA

=0 =0
aA aA

for the equation (25) can only have a constant solution (see, e.g. [22]). Hence h = const and
ao—'l,vl,():o, ﬁl—fble, ceey ﬁn—an:O D
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Remark 4.3. We can see that functions of the octonionic variable associated with classi-
cal holomorphic functions can define (under suitable conditions in simply connected domains
ACR® (ANR =0) with a C?*-smooth boundary OA) solutions h = h(zg,x1,...,T7) of the
third boundary value problem for the following elliptic equation in divergence form

div [(w? + x5 + 73 + 75 + 22 + 78 + 22) Pgrad h] =0 (26)
to within arbitrary constant.

We can consider ¢-harmonic functions h = h(zo, z1,...,x,) as new potential functions in
R

5 Conclusions

It is shown how effectively the application of second order elliptic equations as the basis for
multidimensional generalizations of the Cauchy-Riemann system.

The axially symmetric system (A,+1) takes up an intermediate place between the Stein-
Weiss conjugate harmonic system in Clifford analysis [2] and the Leutwiler asymmetric system
(H,+1) in modified Clifford analysis [3] .

The results, obtained in this paper, demonstrate the following specifics

e the axially symmetric generalization of the Cauchy-Riemann system closely connected with
an important class of the octonionic generalization of classical holomorphic functions,

there exist transitions between lower and higher spatial dimensions for the octonionic gen-
eralization of classical holomorphic functions,

the generalization of the Laplace transform is not realized in modified Clifford analysis
using Cls, at least for every real-valued original, but generates generalizations of classical
holomorphic functions in various octonionic areas,

the octonionic generalizations of classical objects of analytic number theory, such as the
Euler gamma function and the Riemann zeta-function, are easily built in the framework of
the octonionic generalization of the Laplace transform

the first physical applications are naturally constructed, the classical boundary problems
in some inhomogeneous isotropic media are correct for the related spatial potential fields.
The axially symmetric potential fields in R? are of particular interest, since they are not
described by the well-known hypercomplex methods.

How many various generalizations of the Cauchy-Riemann system in R® having solutions
in the form of functions of the octonionic variable exist? This is an open question (see also the
remarkable paper [23]).
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K TEOPUUN OUSNYECKOI'O BEKTOPHOI'O IIOJIfA B
COBCTBEHHOM IIPOCTPAHCTBE /IJId '’EOMETPUN COBBITUI
BEPBAJIb/IA-MOOPA

P.I'. 3apurmos

Vupeorcdenue Poccutickoti axademuu nayx Hncmumym Mmexanury U MAUUHOCMPOEHUS
Kasancxozo naywrozo uenmpa PAH, Kaszano, Poccus

zaripov@mail.knc.ru

PaccmarpuBaercss Mozenb (PU3MIECKOTO BEKTOPHOTO IMOJIsi C IJIOTHOCTSIMH CKAJISIPHOTO
U BEKTOPHOTO WCTOYHUKOB B COOCTBEHHOM TPEXMEPHOM INPOCTPAHCTBE I TeOMETPUN
cobertuit Beppasbga-Moopa. OmnpenesieHbl TJIOTHOCTH SHEPrUM U €€ MOTOK, KOTOPBIE
3aBHUCAT OT BTOPBLIX TPOU3BOJHBIX KOMIIOHEHT BEKTOpa HAIPAKEHHOCTH. BBIBOIUTCS
BBIpayKeHUe JIJIst CUJIBI, JIEHCTBYIOIIEN Ha UCTOYHUK IOJIsi U PEJICTABICHBl YPABHEHUS JIBU-
JKeHus 3apsizkKeHHon yacTuiibl. OOCy 2K 1aeTcst BOIIPOC BOJIH MOJIs «dedopMaliuii> B BAaKyyMe.

KuaroueBsbie ciioBa: nmpocTpaHCcTBO-BpeMs beppasbma-Moopa, pusndeckoe BEKTOPHOE TI0-
Jie, SHEPI'Usl, CUJIa, YPaBHEHUsI IBUYKEHHS, IJIOCKAE BOJIHBI.

1 Bsenenune

B pa6ore [1] mpeacraiena Mozesb GU3NIECKOro BEKTOPHOTO MOJIs € TJIOTHOCTSIMHU CKATITPHOTO
1 BEKTOPHOI'O MCTOYHUKOB B CO6CTB€HHOI\J TPpEeXMEPHOM IIPOCTPaHCTBE OJjid I'eOMEeTpHUu CO6BI—
it BepBabaa-Moopa. Merpudeckast (pyHKINS JTOKAJIBHOTO YETHIPEXMEPHOI'O MTPOCTPAHCTBA-
BpeMenn Bepsaibga-Moopa B CKaIsipHO-BEKTOPHOI (opme umeer cieayonmit sus 2]
4 1/4
. . 1/4 1/4
F =ds = (gijmda’da’da*da") "™ = H (cdt + €™ dx) = (*dT* — dp*) " (1.1)
m
3/1eChb 37IeMEeHT TTPOCTPAHCTBEHHOTO PACCTOSTHUS
" 1/4

dp = H (e™dx) = [{alxalx}2 - (dxdx)ﬂ

m

A (1.2)

OIIpeJesIdAeTCA KaK MHOXKECTBO OJHOBPEMEHHDBIX CO6bITHﬂ 110 JIEMEHTY (bI/IBI/ILIGCKOFO BpeMeHn
dT = [dt* — 2dt%dx>/c* + Adt (dx {dxdx}) /3c*]"* (1.3)

¢ dT = 0. UsBecTHble 3HaueHns KOMIOHEHTOB BekTopos et = (1,1, 1), €2 = (=1, 1,—1),
g3 = (1, =1, —1), e* = (=1,—1, 1) BBIIEJCHHBIX HANPABJICHUI B TPEXMEPHOM MPOCTPAHCTBE
YJIOBJIETBOPSIIOT paBeHCTBaM |3

4 4 4
doem =0, i Y EneR = dap, }12 EMERET = Eapy,

1—|—(sm)2:4, 1+ (eme") =0 (m#r),

rie a5 — cumBon Kpomekepa, (dxdx) =dx*=d,pdr*dz”® — ckansgpHoe mnpoussenenue
s dx={dzr,dy,dz}, {dxdx}, =c.p,dz’dz? aBASIOTCA KOMIOHEHTAMH HOBOIO BEKTOPHOTO
npomsBeneHust [3] M €4y €CTb TPEXMEPHBIl  abCONIOTHO —CHMMETPUYHBIH  CHMBOJ
CO CBOWCTBOM E43,=1 mpum «#0P#7y, a ocrajbHble 3HAYEHHS SBJISIOTCS —HYJIEBBIMI,
m — HOMep BEKTOpa, a «, (3 u «y mpoberaior 3HadeHus 1, 2, 3.
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Merpudeckas dynkuus (1.1) B ©3BeCTHOM BHJIE 3alUIIETCs TaK
F=ds= [c4dt4 +dx* + dy* + d2t—

1/4
=2 (dt*dx® + Adt*dy? + Adt*dz? + dz’dy* + dy*dz* + dz?dx?) + 8 cdt dx dy dz} =

1/4
= [(cdt +dx + dy + dz) (edt — dx + dy — dz) (cdt + dx — dy — dz) (edt — dx — dy + dz)] =
o 1 o 1/4
= (E1234HZ-1HJ?H,g’Hfdx’dxjdxkdxl)1/4 = <Zgabcd HfoH,jHlddx’dx]da:kd:El) ,

(1.5)
/1€ CUMBOJT €gpeg €CTH aOCOTIOTHO CUMMETPUYIHBIH CHMBOJI CO CBOHCTBOM Egpeg = 1 €ciint a # b #
¢ # d, ocranbuble 3HAaUeHus HyJesble, dr' = (cdt,dx), H® ecTb HOpMAaIM30BaHHAS MATPUILA
Aamapa mopsijika geThipe

1 1 1 1
. 1 -1 1 -1 . Hg HQ . H1 Hl _ T _
H4— 1 1 _1 _1 —<H2 _H2>7H2_(H1 _Hl),Hl—]., HH —4:[’
1 -1 -1 1

(1.6)
co ceoiicreom HHI = 455 1 YeThIpeXMEePHBIM CUMBOJIOM KpoHekepa 55 , I — equnuunasa yeTol-
pexMepHast Marpunia. urepsasn ds mHTepIpeTupyeTcd Kak MOJIYHOPMAa YeThIPEXMEPHOTO BEK-
Topa dz’.

B wurore u3 (1.5) BeITeKaeT BbIpaKeHue JJIsi METPUIECKOTO TEH30Da

1
aryrbrrcryd
Gijkl = EgadeHi HijHl . (17)
B paccmarpuBaemoii Mozenn pu3nTIecKoro BEKTOPHOIO MOJIsk IMEET MECTO CHCTeMa YPaBHEHHI
Tperbero nopsjka [1]

—0O(VR) + % {VVIR) - {V{VV}}R) =vp, (1.8)

C%tDR + % (V{VV})R - O{VR} + C%t {YVIR} - {(V{VVIR} =23, (19)

3aMCaHHasi B OMEPATOPHOM BHUJE C TJIOTHOCTBIO MCTOYHUKA P U BEKTOPOM ILIOTHOCTH TOKA
ucrounnka J = pv. B ypapnenuax mveem [ = (9%/c20t* — A) — oneparop Tamunbrona, v —
MOCTOSIHHBI KO3 PUIMeHT, Vv — CKOpocTh uctounuka, V = (0/0x, 0/0y, 0/0z) — rpajueHr.
Dusndeckoe 10JIe ONUChIBaeTCss BEKTOPoM R, KOTOpBIii AB/IgeTcst CyMMOil BEKTOPOB HAIIpPsi-
JKEHHOCTEH IBYX IIOJIeH
0A
R=G+Q, GZE—I—V% Q={VA} (1.10)
BekTop G ColepKUT IPaJIMEHT CKAJSPHOrO MOTEHIMAIA ©, a KOMIIOHEHTHI BeKTopa Q BbIpa-

LENH)

JKAIOTCe Uepe3 KOMIOHEHTHI TeH30pa “nedopmanuii” eg, 1 BEKTOPHOTO IOTeHIHata A
0A 04, 0A 0A, O0A 0A
VA = z Y : T z 7 Yy T ,
{Va} (8y+82 8z+8z 8x+8y)

1 (04, 0A
{VA}, =2¢apye0y, €0r=5 (@ + 87;) :

B pasBuTue npeioxKeHHoit Mojaen (hU3nIeCKOro BEKTOPHOTO TOJIst IPEICTABIACTCA HEOOXO M-
MBIM PaAcCMOTPETH BOIPOC O paboTe W Cuje, a TaKKe O IJIOTHOCTU W MOTOKE SHEPIUu IO U
JpyTrue TPUIOYKEHUS.

(1.11)
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2 Pabora u cuia

B pab6ore [1| ypaBHeHnusi Gpusndeckoro BEKTOPHOTO IOJIsi BBIBOJATCS MOCTIEI0BATEIHHO. Bo-
IIePBBIX, PACCMATPUBAETCS KOMIIO3HIINsT TMIEPKOMILIEKCHOTO Iud hepeHInaabHOro oreparopa
¢ KBaJIPAINCIOM TOTEHIIUAIOB B CKAJISIPHO-BEKTOPHON (hopme

0
_ A)=(0.R 2.1
(Cat,v>o<go, )=(O.R), (21)
YTO B UTOI'€ IIPU BLIIIOJIHEHUN KaJII/I6pOBKI/I JJId IIOTEHIINAJIOB

dp

— A) = 2.2
ey +(VA)=0 (2.2)

¢ (VA) = divA, sapnsrommeiicss CKaagpHON KOMIIOHEHTO! B (2.1), IPUBOIUT K BBIPAXKEHUIO BEK-
Topa HanpsizkerHoctu (1.10).
B-BTOpBIX UCIIOMB3YETCsT COMPSIZKEHHBIN K MCXOTHOMY THIIEPKOMILIEKCHBIH omepaTop

0 0 0
(@’“) ° (@’W) ° (ﬁ’“) -

= (% (C%; - A) + % (V{VV}), - (02%2152 - A) v+ % {VV} - {V{VV}}) 23)

C BEKTOPHBIMHU OIlepATOPaMU

0 0
Va = <_8x’ "oy a_>

1 IpUPpaBHUBACTCA €10 KOMIIO3UIYA C KBa/JIPadUuC/JIOM HaIlIPA2KEHHOCTU (21)

0 0? 1 0?
(c_c')t <c28t2 - A) +§ (V{VV}),— <026t2 — A) vV +

+%{vv} - {V{VV}}) o(0,R) =v(p,J/c),

(2.5)

KBa/IPAdIC/Ly IUIOTHOCTU HCTOYHNKOB II0JIst. Pesyibrar B urore paer cucreMy ypasaenuii (1.8)
u (1.9).

KoMmmosuuusi runepKOMIIJIEKCHOTO OIEePATOPa ¢ €ro CONPSIZKeHHBIM OLePATOPOM SIBJISETCSE
CKAJISIPHBIM OIIEPATOPOM

0 0 0 0
Hi= (E’V) ° (7&’“) ° (7&7“) ° (c—at’V?’) -

_ O 5 T AL A0 gl AL - (VY TV =

= dor Peget T 3o * )=
B 34 N 84 N 84 +a_4_ 84 N 84 N 84 N 84 N (26)
Aot Ozt Oyt 024 c20t?0x?  2ot?0y?  2ot?0z2  0x20y?

N 0! 0! 110
+8y28z2 - 8z28m2) * SCﬁtﬁxayﬁz - 1;[ L_c?t e V)]’
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rae A = (VV) ectp oneparop Jlamnaca. [Tosromy npu mogcranoske Kommosumu (2.1) B KoMIo-
3unuio (2.5) MOy YUM CJIe/yIolee BOIHOBbIE YPABHEHHs YeTBEPTOrO MOPSIKA [l TOTEHIINAJIOB

Hap = vp,

2.7
C4A = 4. (27)

U3 ypasuennii (1.8) u (1.9) nim u3 (2.7) BeITEKaeT ypaBHEHUE HEMIPEPBIBHOCTHU JJIsl TIOTHOCTH
UCTOYHUKA

dp
— +(VJ)=0. 2.8
% 1 (1) 25)
asiee paccMOTPUM KOMITO3HUIIHIO
(0,R) o (p,I/c) = (JR)/c, pR+ {JR}/c). (2.9)
Crangprag dacthb B (2.9) npeacrasisger coboit paboTy GpU3MIECKOro moJs HaJl HCTOTHUKOM
A= (JR)/c, (2.10)
a BEKTOpHAsI YaCTh €CTh CUJIA
F = pR + {JR}/c, (2.11)

JeficTByoNas Ha UCTOYHUK T10JIs]
Tora ¢ yueToM BBIpasKeHNs UMITYJIbCa (3]

4

p = moeN (v/c) E Zem%] __ v (2.12)

m
rae (pyHKINKI

4

1/4 4 1/4
N(V/c):{H[l—l—(smv)/c]} ,N(v—l/c):{H[H(emv—l)/c]} : (2.13)

m m

CIIpaBEAJ/INBO YPpaBHEHUE NBUZKEHUA JaCTUIbI C 3apAJ0M B d)I/ISI/ILIeCKONI BEKTOPHOM II0JI€

dp

i (pPR+ {JR}/c)dV. (2.14)
1

31ech v ecTh 0OpaTHBIN 97IeMeHT K CKOPOCTH V B TPYIIE TPEXMEPHBIX KOOPIUHATHBIX CKO-
pocreii 1 UMeeT ciejyoliee 3HaUeHNe B pas3HbIX dhopMmax |3, 4]

= (i rrr] [ e -

' 1+ (emv)/c m 1+ (emv
- e

vl =)/l —{vv}/e + {v{vv}}/c
1—(vv)/c2— (v{vv})/3c? '

- (2.15)

s rouednoro 3apsiyia ¢ Jenbra-gyHKimeid st mwiotHoctu cuia B (2.14) umeer Bug (2.11),
rJie BMECTO IUIOTHOCTH UCIIOIL3YeTCsd IUCKPETHOe 3HAYCHHUE 3apsa NCTOYHUKA.
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3 IlmoTtHOCTH 3HEPrUU M €€ MOTOK

BossparuMmcest K MCXOAHON KOMITO3UIIAN

() o (5 9e) o (59 ) 0 0. = (03/0) (31)

KOMITOHEHTBI KOTOPOii TAI0T CHCTeMy ypaBHeHuil moss. YuurbBas (2.9)-(2.11), nomyanm

(0,R) o < gt v ) 0 (C%,vg) 0 <C%t,v3) o (0,R) = v (A, F). (3.2)
VCHOMb3y6M BCIOMOTATSIBEOS COOTHOMCHRE IUTs KOMIOIHIHI
(0,R) o ( gt v1> 0 (%,vz) 0 (%,v?,) o (0,R) =
_ % (i v ) [(0 R) o ( gt v2> 0 (%,vg) 0 (O,R)] - -
e () o (o] "
)i () (o]

rJie KBaJPaTHBIMU CKOOKaMHU OTPAaHHYEHO JefiCTBHE T'MIEePKOMILIEKCHBIX nnuddepennaabHbIX
oneparopos. Torma (3.2) sanumercs Tak

L () [ome () () o]
_i ( gt v ) o K%,W) o (O,R)} o K%’Vl) o (O,R)} + (3.4)
+% (%,%) o [(O,R) o <%,V2) o (%,%) o (O,R)} = (A, F).

JLnst HaxOoXKJIeHusi padOThl U, COOTBETCTBEHHO, MJIOTHOCTH SHEPTUU C €€ TTOTOKOM HEeOOXOIIMO
BBIUUC/IUTD CKATAPHYIO 9acTh KoMosurmii (3.4). IpyruM mOIXoIoM sIBISETCs UCIIOTb30BAHIe
ypasHenusi (1.9) py yMHOXKEHHU €ro CKaJIsIPHO HA BEKTOP HalpsizKeHHocTH R, 910 mpuBoauT
K PaBEHCTBY

[<ch§th) (v 2 (VR)) - (RGAR) + (R (TTIRY )| +

3 ROVEVIDR) - RATRY - RUT TV RY)| = L 0R).

1
2

B,ZLGCI) KBaJpaTHBIMI CKOOKaMUI BbIAEJIEHDBI Cllara€MbI€ C IIPOM3BOJHBIMMA IIO BPDEMEHU U IIPOU3-
BOAHBIMU I10 KOOpAHWHATaM. B pacCMaTpuBaeMOM CJjiy4dae HCIIOJIb3yeTCd Clie/yroniee BCIIOMOTI'a-
TeJbHOE COOTHOIIIeHUre IJIsd IMTPOU3BOAHBIX TPETHEI'O ITOPAIKA

PR 170 ’R 9] O’R 0 (OROR
R owdboe ~ 2 {% <R8b8c> T <R808a> ~ % (ac da ﬂ (3:6)
I3 pasemcrBa (3.5) caemyer cOOTHONICHHE
ow
— +(VS) = (JR) (3.7)

ot
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JJId IIJIOTHOCTHU SHEPrum (bI/ISI/I‘{eCKOFO BEKTOPHOT'O ITOJIA

Wl [2 (RZE) - (22 (2 o) - ({52 - mam) + <R{{W}R}>]

(3.8)
¥ TJIOTHOCTH MOTOKA SHEPIUM B BUJIE BEKTOPA ¢ KOMIOHEHTAMHE
s < R32R OR,OR, 0?R,, _OR, (OR, OR. N
Y 2ot cot Ox “cotdxr Ot \ Oy 0z
0*R, 0°R, O?R,, OR, 0
oR, 2 e _ rRAR) - Zle 2
R, <08t8y + c@t@z) + 2R, By0> {RAR}, 5 {VR}  + R“ax {VR} + 59
LoR O’R, N O’R, _9R O*R, N O*R, 5 OR. OR, N OR, OR, N '
Y\ oy? 072 “\ oy? 022 oxr Oy oxr 0z
OR,OR, OR,OR O’R 0’R 0’R 0’R
9 T y T z ) 9 T z )\ 9 y z
* ( or 0z | ox Dy ) (RZ dzdy R 83:82) (Rx 970z | Ry 0:1:83/)} ’
c R OR, OR, 0*R, OR, (OR, OR,
s, == |-{r Ot Ot _ pp Ol _ LA
2v c20t? , cot Oy cOtdy  cot \ Ox 0z
0’R 0’R 0’R OR, 0
T z 2 _a _ A _ (0% .
hy (c@t@x - c@t@z) 2R 020x {RAR}, dy {VR}, + Fa Jy {VR}.+ (3.10)
LoR 2R, N O’R.\ R O’R, N O*R, o (OF: OR, N OR, OR, '
T\ Ozx2 0z “\ Ox2 072 Jy Ox Jdy 0z
OR OR, OR O*R 0*R 0’R O*R
9 Y OR, Y z -9 Y Y _9 z T
+ ( oy 92 + oy Oz > (Rx 020y £ 8y8x) <Ry8x8y + ch‘?y(?z)] ’
g | O’R OR, ORa 0?R,, _OR, (OR, N OR,
Y o2 | cot 0z “cotdz  cOt \ Ox oy
0’R 0’R 0’R OR 0
R, Y a 2R,—2> —{RAR} — —2{VR R,— {VR
i <08t8y N catax) - 0x0y { g 0z {VR}. + 0z {VR}, +
0?R, O’R 0’R, O°R OR,0R, OR,OR
2R, | —= ) —2R, B Y 2 i Z__ =
- y(8x2+8y2) (8x2+8y2> <62 or | oz 8y>
OR,0R, OR,OR 0’R 0’R 0’R 0’R
2 . Y ) —2(R "+R,——)—-2(R—2+R,—2)|,
( 0z Oy " o ) ( Y920z 8y82) < Oyox - 8zay>}
(3.11)

re 10 o NPOU3BOAUTCA CYMMUPOBAHHUE.
[InoTHOCTD HEPIUN U €€ TOTOK 3aBUCAT OT BTOPBIX IMPOU3BOJIHBIX U UX CMENIAHHBIX 3HAYe-
HUIT IO BpEMEHH U KOOpJIMHATaM OT 3HAYeHWil KOMIIOHEHT BEKTOpa Hampsizkennoctu. [Ipu unre-
IPUPOBAHNN COOTHOIMIEHUs (3.7) MO BeeMy MPOCTPAHCTBY OCTAETCS CJI€BA WIEH C TPOU3BOIHOMN
[0 BPEMEHN OT dHeprun (GU3MIECKOr0 BEKTOPHOTO TOJIS W, CJIEIOBATETHHO, IMEEM PAaBEHCTBO

% ( / de) =A. (3.12)

4 Bouanabl dusmdeckoro mnoisa ‘medopmarimii’

J71s1 PAbOThI

Paccmorpum ypasaenne nosst 6e3 ucrounnkos ¢ p = 0 u J = 0. Torma, cormacuo (2.3) u (2.5),
nMeeM KOMITO3UIUU I'HIIEPKOMILJIEKCHBIX OIIepaTOPOB

0 o) 0
<c_8t’v1) o (;%,V2> o <c_8t’v3) o(0,R)=0. (4.1)
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Kommnosurwm (4.1) ¢ HCXOAHBIM MHIIEPKOMILTIEKCHBIM OTIEPATOPOM
0 0 0 0
@) o]

c_at’v ° c_at’vl c_ﬁt’vz c_(%’v?’ o(0,R)=0 (4.2)

ecTb CKaJIsIpHBI oneparop (2.6), 9T0 TPUBOIUT K yPABHEHUSIM MOJIsT
LR =0. (4.3)

SamuiieM UX B BUJIE
4

11 [% + (z—:mV)} R =0. (4.4)

m

Pemerne BostHoBoro ypasrenus (4.3) wian (4.4) nmeer Buj
f=hlt+ (V) e+ fa[t+ (V2 [c] + f3 [t + (VP) Je] + fa[t + (V) [e]  (4.5)

¢ MPOUBBOJIbHBIMU (DyHKIUAMU f1, fo, f3 U fy U mpeacTaBiasgeT coOOi MPAMYIO U TPU OOPATHBIX
IJIOCKUX BOJIH. DTO CJIEI0BAJIO OXKHUIATH U3 ONMPEIETeHHOCTA OJIHOBPEMEHHOCTH PAa3HOMECTHBIX
cobbITHIT B mpocTpaHcTBe-BpeMenn bepsasbiaa-Moopa [3]. Korkpernbie dusndeckue 3a1aun

297

JIJIs1 BOJTH “nedopMariuii’” mpeicTaBsioT OTAeNbHbI WHTEpEeC.

3akJro4eHue

Teopust pu3nIecKOro BEKTOPHOTO TOJIsI, paccMaTpuBaeMast B Ipeablyiei [1| u nacrosiieit pa-
60Te7 HOCHUT INPUHIOUIINAJIBHO WHOM’ XapaKTep, 9eM HU3BECTHLIE I10JId, ITOCKOJ/IbKY OCHOBBIBAETCA
HA CHMMETPUIHOM TeH30pe «jaedopMaliuii» 1y BEeKTOPHOTro noTeHmaia. Hanmpumep, B Teopun
Makcsesia BBOIUTCH aHTUCUMMETPUYHBII TEH30D BEKTOPHOIO MoTeHnnasa. Takoe paziandune
Teopuil cjaejyeT U3 Pa3Iudud HCIOAb3yeMbIX anredp. B paccmarpuBaeMoM cirydae MCHOTB3Y-
ercd anrebpa KBaJjpaduces, a B Teopun Makcseia — ajredpa 6ukBaTrepHuoHoB. B pabore
NPUHATA 3aIllUCh YPABHEHUN U BBIPAXKEHUH )T TIOTOKA SHEPTUU B CKAJIAPHO-BEKTOPHOI (hopMme
JIUTsl PelIeHns KOHKPETHBIX 3a/1a1, Pe3yJIbTAThl KOTOPBIX U OY/IyT COMOCTABIATHCH ¢ HAOJIIOIe-
HUSIMU. DTO TPEJICTABJSET OTIEIbHBIN HHTEPeC /g JabHelllneil pa3padboTku Teopun. B KoBa-
PUAHTHOM BHJI€ KOMIIOHEHTHI BBEJIEHHOTO BEKTOPA HAIPSIKEHHOCTU SBJISIOTCA KOMIIOHEHTAMUI
4-x NMHIEKCOBOT'O TE€H30Pa HaIIPA2KCHHOCTH, a 3HAYCHHUE SHEPTUU U €€ ITOTOKa ABJIAI0OTCA KOMIIO-
HEHTaMN 4-x NMHJEKCOBOI'O TEH30pa 9HEPTIUU-UMILYJIbCA. B (SN (S71474:102018%0.¢ pa60TaX BC€ BbIUHUCJIEHUA
Oy/IyT Tpe/CTABIEHbI B KOBAPDHAHTHOM BHJIE C STUMU TEH30paMU. Pa3jMdHble TEOPUN IMOJIsd B
npocrpancTBe Beppasbaa-Moopa pacemarpuBarorces, Hanpumep, B paborax [5-7|, B KOTOPbIX
BBO/ISITCS AaHTUCUMMETPUYIHBIE TEH30PBhI BEKTOPHBIX T0JIeHl, TO €CTh BBOJIATCS aHAJIOTH COOTBET-
CTBYIOIIIUX TEH30POB TE€OPpUU MaKCBe.H.Ha. Tel\l CaMbIM HMEIOT MEeCTO IIOAXOAbI, OT/JIMYHbIE OT
paccmaTpuBaeMoro. g ucnoib3yeMoit Mojiesn HaliIeHbl TIJIOTHOCTHU TIOJI U €€ TIOTOK, 3aBUCS-
I[FIe OT BTOPBIX MTPOU3BOIHBIX U UX CMEIIAHHBIX 3HAYEHUIT OT BpDEMEHHU U KOODINHAT KOMIIOHEHT
BeKTOpa HanpszkeHHocTu. Ciryvail cuiibl, JeficTBYIONIell Ha NCTOYHUK W 3aBUCHIIENH TOJIHKO OT
MIPOM3BOJIHBIX BEKTOpPa HAIPSKEHHOCTH, He ucciaeaoBascs. OTHAKO ero JIErKo peaan30BaTh 110
UCIIO/TBb3yeMOil MeToinKe. /laloTcs ypaBHeHUs JIBUKEHUS 3apaKEHHOM YacTHIIbI, HaXOdIeiics
B puznmyueckoM BeKTOpHOM moJie. [Tokazano, 9To BOIHBI (PU3MIECKOTO OIS COCTOAT U3 MPAMOIA
1 TpeX OOPATHBIX IJIOCKUX BOJIH.
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TO THE THEORY OF A PHYSICAL VECTOR FIELD IN
NATURAL THREE-DIMENSIONAL SPACE FOR GEOMETRY
OF EVENTS BERWALD-MOOR

R.G. Zaripov

Institute of Mechanics and Engineering, Kazan Science Center, Russian Academy of Sciences,
Kazan, Russia

zaripov@mail . knc.ru

The model of a physical vector field with density of scalar and vector sources in natural
three-dimensional space for geometry of events Berwald-Moor are is considered. The
density of an energy and its stream which depend on second derivative of components of
a vector of strength are defined. Expression for the force working on a source of a field is
deduced and the equations of motion of the charged particle are submitted. The question
of waves of a field of "deformations"in vacuum is discussed.

Key Words: space-time Berwald-Moor, a physical vector field, energy, force, equations
of motion, flat waves.
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BIANCHI TYPE IDENTITIES IN GENERALIZED
FINSLER SPACE!

Milan Lj. Zlatanovié, Svetislav M. Mincié
University of Nis, Faculty of Science and Mathematics, Nis, Serbia

zlatmilan@yahoo.com, svetislavmincic@yahoo.com

In the work [4, 14] we have studied a generalized Finsler space (GFy) (with non-symmetric
basic tensor) and have obtained four curvature tensors by using four kinds derivatives in
the sense of Rund’s §-differentiation.

In the present work we study Bianchi type identities, related to mentioned curvature
tensors in GF , generalizing the known Bianchi identity from the usual Finsler space.

Key Words: generalized Finsler spaces, non-symmetric connection, Bianchi type identi-
ties.
AMS Subj. Class.: 53A45, 53B05, 53B40.

1 Introduction

The Finsler space and it’s generalizations were investigated by many authors, for example:
I. Comi¢ [1], L. Xin and C. Zhe [3], A. Moér [5, 6], S. I. Vacaru [9], M. I. Wanas [10], 1.
Yoshihoro, L. II-Yong, and P. Hong-Suh [12] N. L. Youssef and Amr M. Sid- Ahmed [13] and
many others. Some of them found very appropriate applications of this theory in physics. A
lot of investigations are concerned with spaces which are not torsion free.

The generalized Finsler space (GFy) is a differentiable manifold with non-symmetric basic
tensor

N .1 -N)

Gl ) = gy, ),

where
gij(7, %) # gji(z, %), (9= det(gy;) #0, & = dx/dt). (1.1)

Based on (1.1), one can defined the symmetric and anti-symmetric part of g;;

1 1
9ij = §(Qz‘j+9ﬁ), 9ij = 5(91‘]‘ — gji), (1.2)
where are 801 (2,4
. 10*F?(x,1) Yij \T, T
a) gij (z,2) = 3 0iioi b) ok 0. (1.3)

The function F(z, ) is a metric function in GFy, having the properties known from the theory
of usual Finsler space (Fy) (see e.g. [8]), the following conditions are valid:
1. F(z,) is continuously differentiable at least four times in its 2N arguments.

2. F(z,z) > 0 providing all dz* are not 0.

3. F(z,z) is positively homogeneous of the 1°* degree in &, i.e. F(z, k&) =kF(z,z), k> 0.

!The authors gratefully acknowledge for support from the research projects 144032 of the Serbian Ministry
of Science.
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O?F*(z,z)
0zt 0z

The lowering and the raising of indices one defines by the tensors g;; and h¥ respectively,

4. £'¢9 > 0 for any given Z, and > (£9)? > 0, £ € R.

where h¥ is defined as following

gy W =6f, (g = det(gy) #0). (1.4)
We can define generalized Cristoffel symbols of the 15t and the 2"? kind:
1
Vijk = §(gji,k — Gikit+Gikj) F Vikjs (1.5)
i L i
k= PPy = §hp(gjp,k — GjkptIpkj) F Vi (1.6)
where, e.g., gjir = 0g;;/0z".
Then we have
VirGip = Vs kP Gip = V5,107 = Vijk- (1.7)

Introducing a tensor Cjj; as in Fy, we have

1 1
— 2
(13b) 2 o Jig

U

. ef 1
Cijk<x?x) = 591’3’,1 (1-8)

4 ¢ igighs

2

where ” o signifies "equal based on (1.3b)". We see that Cj), is symmetric in relation to
1.3b

each pair of indices. Also, we have

=l Lo =, P Cipk = HCly. (1.9)
With help of coefficients
ik = Vie — Cipvad™ # Py (1.10)
one obtains coefficients of non-symmetric affine connections in the Rund’s sense (see [8]):
ik = Yiw — W(CiapPLy+ Crap Pl — CitpPpe) ™ 7& i (1.11)
Pi*.(jk = ;Zgil = Yijk — (CZJPPks+Czkp C]kp ) £ Pz*k] (1.12)

In GFy we denote anti-symmetric and symmetric part for connection P* respectively:

1 *7 *7
5 ( ik ij) =

7 5k = Ykj)s D) Pjy, = 5( et i) (1.13)

@) Ty, #) = Pji = ;

where T} is the double torsion tensor.
It is p0881ble to define four kinds of covariant derivative of a tensor in the space GFy. For
example, for a tensor a}(z, ) we have

ajll (x,2) = Opa —I—P;:n f P]*:; ;, a@m(a: t) = dpa’ —I—P:fp f— P:f; ;), (1.14)
ag‘ m (2, &) = Omal+ Py a? — Prlal, aﬂm(x &) = bmal+ Py a; — Pibay, (1.15)
where .
o 0iP 0

G =

8xm+8xm 90 (1.15")
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Remark 1.1 Let GFy be an N-dimensional differentiable manifold, with non-symmetric con-
nection Pf given by (1.11). Because of the non-symmetry of the connection Pj, another

connection can be defined by }~7J*k‘ = P

In the work [4] we obtained 10 Ricci type identities in general case for a tensor a7/ (z, &)
and got fourth curvature tensors in GFy:

K’]mn =0, — 0P+ P Pyt — PP (1.16)

Ky = 0uByt = 0Pt Py P = PP (1.17)

I?’(’Jmn = 0, P, — 6 P4 P Pl — PV P+ PYP Py (1.18)

K’Jmn =0,P; — 6 Pri+ P P — PP + P P[pj] (1.19)

The magnitudes K ”Jmn, t = 1,2,3,4 are tensors and we call them curvature tensors of the

first, the second, the third kind and the fourth kind, respectively. Some properties for the
mentioned tensors (the antisymmetry with respect of two indices, the cyclic symmetry, the
symmetry with respect of pairs of indices) are given in the work [14].

Applying four kinds of covariant derivatives (1.14, 1.15) we get

@5 (,€) = Omas+ Povall — Pihal
1

pm Jm®p
= 0@+ (Pp+ )@y — (P +T50)a, (1.20)

= T*Za —TPal e

pm J ]m P’

aj~|m(a:,x') = a§;m+( DNTH a2 —TPal), #=1,2, and also

) pm .7 jm=p
aj|m(:13, T) =+ (— 1%~ l(TpmaJ — Tm’;ap), 6 =3,4.

6
Remark 1.2 By (;) we denoted covariant derivative with respect to the symmetric connection
P = 4P+ ).
Here we demonstrated how the tensor l;( , given by equation (1.16) can be presented:

K —5P*‘+5P*Z—(5 P —(5mP?‘£

1 Jmn jn,m

+ P*p P*z _|_ P*p P*z + P*p P*'L + P*p P*z

jm= pn ]m pn jm pn ]m pn
(1.22)
* *7 * *7 * *7 * *1
\%
where K]’mn is curvature tensor given by
K’Jmn =0n P*l -9 P*’—I—P]*,ZP;; - P;fP;jn (1.23)
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In this way, following this procedure, we obtain:

2 Bianchi identities in GFy

In [13] the authors consider some Bianchi type for different kinds of covariant derivatives. We
are extending these results and continuing investigations from [4, 14].

In the space Fy of symmetric connection (and in Ry) the following Bianchi identity [8]

G K’ — K¢

mny MY jmn;v

+KL 4K =0 (2.1)

Jjnu;m juvm;n

is valid, where & denotes a cyclic permutation of the indices m,n,v. In the GFy one can
mnv

consider 16 cases for

6 K’ 0e{l,...,4}, we{l,..., 4}. (2.2)

imn | v
mnv 0 7 LL

Here we obtained 16 new Bianchi type identities in GFy, so we can state the following

Theorem 2.1. In a space GFy of non-symmetric connection Pf,ﬁ, and torsion tensor T’;Zk for
i

the curvature tensor K, are valid next identities
1

S Kooy =2 S T 29
& Ky = 2,8 (T4 T Gy T KT, (2.4)
m@f’%m| =26 ([ K, +ThEKY,), (2.5)
& Ko =28 (T K0, + T, (2.6)

Proof. By applying (1.21), (1.22) and using cyclic permutation of indices m,n,v we get

S Ko =6 (Kot TRR? ~TPK —To K. —TPK )
1 1 1 1 1

mnw 1 jmnlv mnw jmn;v jmn pmn ipn jmp

=6 (Kt T =T AT T TP TP T

mn jm;nv jnymu jmsv—pn jm= pnv jnu—-pm

~TPT ATHK?, TR T3 K —TPK. ).
1 1 1

Jjn = pm;iv jmn pmn ipn nv sy jmp
Let us consider the following difference

T3 o= T = K T — K7, T —KP T

jm;nv jm;un jnv mnuv

Using the non-symmetry of the tensors T*

mn’

I? ijmn with respect to indices m,n, symmetry
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%

properties for K%, and appropriate Ricci identities we obtain

170 1 *p D *i 1D * | 10 *p oD *i 1D i
mGnv[fjmnlv _Kpm)ij anvam Kmanjp+vamTjn Kjvapn Km)mij
170 *p TP *i 1P *5 *i [ TP *p  kp
+Kpmnij ijnTpv Kvmnij_‘_Tpn([l{jvm_‘_ijm;v CT’jv;m)
*p (77 *i i *i (17D *p *D
+T‘jm(fl(pvn+Tpn;v_Tpv;n)+Tpm(l1(jnv+T’jv;n_T’jn;v)

+T;5([1(i +T =T )+T;5(II(P +T5P TP )

pmou pU;m pm;v jmn jn;m jmn

pnm pm;n pn;m Jjpn jpm Jpv

T30 (B s+ T Ty + 2T G T T8 )

Using (2.1) and(1.22) we get

8 Kty =K T = K T K T = K T K T = K T,
AT (K A TR T, = T35 T+ T (K, + T T~ T T3
AT (K AT T E =TT D)+ T (K + T T = T )
AT (K A T3, T8 =T T8 )+ T (K, + T T =T T
+2ATE K A T K A T )
zzmc?v:r;m:(ijpv = (2.3).

Using (1.21) for second kind of covariant derivative and (1.22), we obtain

170 _ 170 0 7 I, o L0 B e _kp I6 rkp Lo
mGnvajmngv _mcgv(ll{jmn;v—i_Tval{jmn ij Il(pmn Tvmll(jpn Tvnll{jmp)
o i *0 *0 *p *7 *P % *p *7
_mGnv(ijn;v +T’jm;nv _T1jn;mv +T‘jm;van +irjmTpn;v _T1jn;vam

TP ATHKY TP ~TR K —TPK ).
1 1 1

jn *pm;v jmn pmn Jipn n <y jmp

By help of (1.22) and Ricci identity in symmetric case and the non-symmetry of the tensors

., Il( "mn With respect to indices m,n we get
71 _ 7t *p 7P *i 7 *p P ®i | 77 *p _ Iop *i
me?wll(jmnw _Kpanjm_KjvnTmp+vamTjn_ijanp+Kpmnij_anmTvp
2

+T;21(I?p LT P )—i—T?,f(I? Ry R )

jun juin Jn;v pvm pu;m pm;v

2T K+ T Kyt T )

jpn Jjmp Jop
It is easy to prove that

pnu pn- sv pv - sn
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and the previous equation becomes

& Ky =2(T 0 K+ T K TR,

mnw 1 jmngu pnv pvm pmn
¥ TP *i TP *i TP
+2(Tmpll(jm)+Tnpll(jvm+TUp11{jmn)

2T, By T8 K, + T8 K )

Jvp amp vm=y jnp
=2 6 (Tj7 K, + T K +T;;’pf1(” ) = (2.4).

mnuv Jup Jjnv

Applying to I? the 3" kind of covariant derivative, we get

mn 1 mnw jmn;v jmn pmn Jipn vn Syt gmp

6K =6 (K.,  +THK? _TPKI TR TR
]mnl)v 1 pvy) vj 7 vm<y
:mgnv(Kijmn;v +iz?7iz;nv - T'j*'ri;mv +1}*:;,ng; +:F]*rzr’LT;;L,v - ﬂ*:,vT;&
ST A TR TR~ TR~ T,

jmn pmn jpn vn sy jmp

Using the non-symmetry of the tensors T* I:( ¢ with respect to indices m,n, symmetry

mn) jmn

properties for K ijn and appropriate Ricci identities we obtain

mnv 1 pnv pn;v pu;n

3

jun jns pum pvm pu;m pm;v
*i ( ToD 1D *p *D *p [ Tod e *i *i
+Tpv (anm + [l(jmn +7—}n,m - T}m;n) _'_Tj'l) (Kpmn + Il(pmn +Tpm;n - Tpn;m)

2T K A T K A T K ).

Jjpn ipm mn7y Jpv
According to (2.7) the previous equation becomes

S I}z —2& T* f{-z +T*Z (I}P +I’€P _TT*s TP ‘I’T*s T*P )
]mn\3v mn*y pn\-) 1 jm* sv jvT sm

mnv 1 mnuv Jvp Jum Jmu

T QR =T A TR T )+ T (K 4 S~ T3 T84T,
TR =TT A T Do) AT (Kt S =T T, 15, T0)

jmn jnm

AT 2K =T T+ T i)

pmn
=28 (T2 K+ T ) = (25).

Analogously to previous case, by applying (1.22) and fourth kind of covariant derivative, we
have

mnv 1 mnuv Jnu Jpv

S K"jmny =26 (T;;ifpfl(p +T;;’7’111(" ) = (2.6).

O

Theorem 2.2. For the curvature tensor I?Jmn given by (1.17) and (1.24) the next four Bianchi
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type identities:

S Ko =28 (T K+ T T 50, (2:8)
B =28 0K 2
& Ko =28 (T K0+ T K, (2.10)
& Ko =28 (LK + T (2.11)
are valid.
Proof. The proof is analogous to previous one. ]

Theorem 2.3. For the curvature tensor I? giwen by (1.18) and (1.25) the next Bianchi

jmn

type identities:

S Knjo =28 [T+ Ty b+ Lo (B A T )+ T (B s+ Do) (2.12)
AT (K =Ty = T T+ TH T3],
8 Knjo = 2.8 [T+ Ty it + oy (B = K5, = T35,) (2.13)
AT (B = K= Ty A Tt (B = T, = T T A T T ),
S Klinnpy = 2,8 [T+ Ty Tt Ty (5 + T37) (2.14)
AL (B = I = T ) A T (20, = K = T A T, T T3],
8 Kjnj =28 [T+ Ty Tt Lo (K T )+ T (K T (2.15)
ATh (2K, = K, =T, = T3 T = T3]
are valid.
Proof. Firstly, we verify identities
6 TRTITy = 6 TRTIT, = & T TrT, (2.16)
STITAT = 6 TIToTr = 6 T T (2.17)
6 THTNT,, = 6 TRTHRT = & TRTHT, = & THT T (2.18)
By virtue of equations (1.21, 1.25) we get
é&gmn = QIN(J’:mn—I?janrﬂ?‘fnm—QT;;T;’; (2.19)

and based on the third kind of covariant derivative and (2.1), (2.3), (2.18) we have

mgnvl?’(ljmnlv = 2m6nv(KjZmn +iz?7§1;n - T;;TTT’LZ;L) \11) - mczvll(zjmnlv = (212) :
To prove (2.13), we have
mGnvIS(ljmniv = 2m67w [1—7;7;;711) +1—:’;pT:;£L;U +T:r<zlp (Iggrw - Kfnv - ,‘Tj'r]zo;v)

pnv pnv pnsv Jop Juip Jp~— sv Jv=— sp

—}—T]*:;(I;{'z _I’%i _ )—I—T:ﬁz(lgl i )—|—ng T s T*i]7



116 Hypercomplex Numbers in Geometry and Physics, 2 (14), Vol 7, 2010

and using (2.16), (2.17), the previous equation becomes

S K =26 +T T —i—T:fp([;(p —KP T

mnv 3 jmn|v Jjm;nv Jp mn;v jnv jnv jv;n)
2

(2.20)
i B s = E = Tni) 4 Tl (B o= Ty = Ty T A U], = (2.13).

pnv pnv Jop Juvip Jp —sv Jv = sp

By virtue of (2.19) and based on (2.1), (2.5), (2.18) we have

i.e. equation (2.14) is valid.
In the same manner we have (2.15). O
Taking into account (1.25, 1.26) we get
R = B HATTE,
based on which we shall investigate
S K 0€{1,...,4}.
mnv 4 0

Following procedure in the previous case for I;( , we can formulate the next theorem:

Theorem 2.4. For the curvature tensor .{:(ijmn, given by (1.19) and (1.26), the next Bianchi

type identities are valid:

mezvfggmnlv = zmezv[ﬂgfgmﬁngT;aw+3T,§;nT;jT;5+3Tgn7;.sUT;;}'+T;;'n(f;(§m+T;;.jn) (2.21)
AT b (B s+ Do)+ Tt (B 05 2T Tt T TR T8, T T T,

8 Knjo =28 [T+ Ty Tt Ty (= K = T )+ T (B = K= T
AT (K= Ty = 2T+ 315,10 =315, T +ATY T )], (2.22)

8 Knjo = 2.8 [T+ Ty Tty Lo (K4 T )+ T (K = K+ 1) (228)
ATt (2K, — K, A T, =250 = T3, T = T3, T,

& Koo = 2.8 [Tt Ty Tt Ty (B = K+ T )+ T (K4 T) - (2:24)

Jjup Jup Juip Jju— sp Jp~sv
Proof. Knowing that

S THTTr = S THTTy = & THTHT = & THT T

mny PiTmsTmu mnp P37 msTun mny P37 sv T mn y SITmnTpuo
equation (2.18) becomes

S K :2m6m[:r.*z‘ LT TP —|—T;7f%([3(? —T® )+T;f;(f§;m—T*i) (2.25)

mnv A jmn|v jm;nv pj - mn;v jnv juin pvin
1

At (K, = 2T =T, =3T3, T+ 3T, T +-AT3, T,

Jjup Jpsv Jjuip Jjp~ sv Jju=sp pv= sj
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3 Concluding remarks
1. For g;;(z, &) = g;i(z, &) we obtain usual Finsler space Fy. All Bianchi type identities given
in this work reduce to one in the symmetric case

Kt 4Kl LK — 0.

jmn;v wwm;n Jjnv;m

2. If g;j(z) # gji(xr) one obtains a generalized Riemannian space GRy (see [2]). For
gij(z) = g;i(x) GRy reduces to the Riemannian space Ry.

In this paper we proved some Bianchi type identities for the tensors [;( , 0 =1,4. In the

future work we will employ some properties for the tensors I;f , 0 = 1,4 (the antisymmetry

with respect of two indices, the cyclic symmetry, the symmetry with respect of pairs of indices)
given in the work [14] and also proved Bianchi type identities.

In this way, we complement the properties of the four curvature tensors in GFy. All these
tensors are interesting in constructions of new mathematical and physical structures.
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MULTIDIMENSIONAL LAPLACE TRANSFORMS OVER
CAYLEY-DICKSON ALGEBRAS AND THEIR APPLICATIONS

S.V. Ludkovsky

Moscow State Technical University MIREA, Moscow, Russia
sludkowski@mail.ru

Multidimensional noncommutative Laplace transforms over octonions are studied. Theo-
rems about direct and inverse transforms and other properties of the Laplace transforms
over the Cayley-Dickson algebras are proved. Applications to partial differential equations
including that of elliptic, parabolic and hyperbolic type are investigated. Moreover, partial
differential equations of higher order with real and complex coefficients and with variable
coefficients with or without boundary conditions are considered.

Key Words: multidimensional noncommutative Laplace transform, Cayley-Dickson al-
gebras, partial differential equations, boundary conditions

1 Introduction.

The Laplace transform over the complex field is already classical and plays very important
role in mathematics including complex analysis and differential equations [29, 12, 23|. The
classical Laplace transform is used frequently for ordinary differential equations and also for
partial differential equations sufficiently simple to be resolved, for example, of two variables.
But it meets substantial difficulties or does not work for general partial differential equations
even with constant coefficients especially for that of hyperbolic type.

To overcome these drawbacks of the classical Laplace transform in the present paper more
general noncommutative multiparameter transforms over Cayley-Dickson algebras are inves-
tigated. In the preceding paper a noncommutative analog of the classical Laplace transform
over the Cayley-Dickson algebras was defined and investigated [18]. This paper is devoted to
its generalizations for several real parameters and also variables in the Cayley-Dickson alge-
bras. For this the preceding results of the author on holomorphic, that is (super)differentiable
functions, and meromorphic functions of the Cayley-Dickson numbers are used [17, 16]. The
super-differentiability of functions of Cayley-Dickson variables is stronger than the Fréchet’s
differentiability. In those works also a noncommutative line integration was investigated.

We remind that quaternions and operations over them had been first defined and investi-
gated by W.R. Hamilton in 1843 [8]. Several years later on Cayley and Dickson had introduced
generalizations of quaternions known now as the Cayley-Dickson algebras |2, 9, 11, 25]. These
algebras, especially quaternions and octonions, have found applications in physics. They were
used by Maxwell, Yang and Mills while derivation of their equations, which they then have
rewritten in the real form because of the insufficient development of mathematical analysis over
such algebras in their time [4, 7, 13]. This is important, because noncommutative gauge fields
are widely used in theoretical physics [27].

Each Cayley-Dickson algebra A, over the real field R has 2" generators {ig, i1, ..., 2r 1}
such that ig = 1, z? = —1for each j =1,2,...,2"—1, 1ji) = —iyt; for every 1 < k # j <2"—1,
where r > 1. The algebra A, is formed from the preceding algebra A, with the help of the
so-called doubling procedure by generator iy-. In particular, A; = C coincides with the field of
complex numbers, A, = H is the skew field of quaternions, A3 is the algebra of octonions, A4
is the algebra of sedenions. This means that a sequence of embeddings ... — A, — A1 — ...
exists.

Generators of the Cayley-Dickson algebras have a natural physical meaning as generating
operators of fermions. The skew field of quaternions is associative, and the algebra of octonions
is alternative. The Cayley-Dickson algebra A, is power associative, that is, z"™™ = z"z™
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for each n,m € N and z € A,. It is non-associative and non-alternative for each » > 4. A
conjugation z* = Z of Cayley-Dickson numbers z € A, is associated with the norm |z|? = 22* =
z*z. The octonion algebra has the multiplicative norm and is the division algebra. Cayley-
Dickson algebras A, with » > 4 are not division algebras and have not multiplicative norms.
The conjugate of any Cayley-Dickson number z is given by the formula:

(M1) z* == ¢&* —nl.
The multiplication in A, is defined by the following equation:

(M2) (§+m)(y +01) = (&y — on) + (66 + 7)1
foreach &, m, 7,0 € A, 2=+l e Ay, (i =7+l e A4

At the beginning of this article a multiparameter noncommutative transform is defined.
Then new types of the direct and inverse noncommutative multiparameter transforms over
the general Cayley-Dickson algebras are investigated, particularly, also over the quater-
nion skew field and the algebra of octonions. The transforms are considered in A, spher-
ical and A, Cartesian coordinates. At the same time specific features of the noncommu-
tative multiparameter transforms are elucidated, for example, related with the fact that
in the Cayley-Dickson algebra A, there are 2"—1 imaginary generators {iq,...,i9r_1} apart
from one in the field of complex numbers such that the imaginary space in A, has the di-
mension 2"—1. Theorems about properties of images and originals in conjunction with the
operations of linear combinations, differentiation, integration, shift and homothety are proved.
An extension of the noncommutative multiparameter transforms for generalized functions is
given. Formulas for noncommutative transforms of products and convolutions of functions are
deduced.

Thus this solves the problem of non-commutative mathematical analysis to develop the
multiparameter Laplace transform over the Cayley-Dickson algebras. Moreover, an application
of the noncommutative integral transforms for solutions of partial differential equations is
described. It can serve as an effective means (tool) to solve partial differential equations with
real or complex coefficients with or without boundary conditions and their systems of different
types. An algorithm is described which permits to write fundamental solutions and functions of
Green’s type. A moving boundary problem and partial differential equations with discontinuous
coefficients are also studied with the use of the noncommutative transform.

Moreover, a decomposition theorem of linear partial differential operators over the Cayley-
Dickson algebras is proved. A relation between fundamental solutions of an initial and compo-
nent operators is demonstrated. In conjunction with a line integration over the Cayley-Dickson
algebras and the decomposition theorem of partial differential operators it permits to solve par-
tial differential equations linear with constant and variable coefficients and non-linear as well
as boundary problems (see also [19]). Certainly, this approach effectively encompasses systems
of partial differential equations, because each function f with values in the Cayley-Dickson
algebra is the sum of functions f;i;, where each function f; is real-valued.

All results of this paper are obtained for the first time.

2 Multidimensional noncommutative integral transforms.

1. Definitions. Transforms in A, Cartesian coordinates.

Denote by A, the Cayley-Dickson algebra, 0 < r, which may be, in particular, H = A, the
quaternion skew field or O = A3 the octonion algebra. For unification of the notation we put
Ao =R, A, = C. A function f: R" — A, we call a function-original, where 2 < r, n € N, if
it fulfills the following conditions (1 — 5).

(1). The function f(t) is almost everywhere continuous on R" relative to the Lebesgue
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measure A, on R™.

(2). On each finite interval in R each function g;(¢;) = f(t1,...,t,) by t; with marked all
other variables may have only a finite number of points of discontinuity of the first kind, where
t = (t1,...,tn) € R", t; € R, j = 1,...,n. Recall that a point vy € R is called a point of
discontinuity of the first type, if there exist finite left and right limits limy, u, u<u, 9(u) =:
g(ug — 0) € A, and limy, g usu, 9(u) =: g(ug +0) € A,.

(3). Every partial function g¢;(t;)=f(t1, ..., t,) satisfies the Holder condition: |g;(t; + h;) —
gi(t;)] < Aj|hj|* for each |h;| < &, where 0 < o; <1, A; = const > 0, §;>0 are constants for a
givent = (ty,...,t,) € R", j = 1,...,n, everywhere on R™ may be besides points of discontinuity
of the first type.

(4). The function f(t) increases not faster, than the exponential function, that is there
exist constants C, = const > 0, v = (v1,...,0,), a_1,a1 € R, where v; € {—1,1} for every
7 =1,...,n, such that

lf(t)] < C,exp((qu,t)) for each t € R™ with tju; > 0 for each j = 1,...,n, ¢ =
(V1Gyy s ..., Unay, ); Where

(5) (z,y) := >_i_, z;y; denotes the standard scalar product in R™.

Certainly for a bounded original f it is possible to take a _; = a; = 0.

Each Cayley-Dickson number p € A, we write in the form

(6) p= Z?;_Olpjij, where {ig, i1, ..., i9r_1} is the standard basis of generators of A, so that
10 = 1, 232 = —1 and ig?; = i; = 1;i0 for each j > 0, i;4,, = —i)2; for each j > 0 and k > 0 with
k # j, p; € R for each j.

If there exists an integral

(1) F*(p) = F*(5;0) = fyn ()P0 <,
then F™(p) is called the noncommutative multiparameter (Laplace) transform at a point p € A,
of the function-original f(t), where ( — (o = (141 + ... + (or—192r—1 € A, is the parameter of an
initial phase, (; € R for each j =0,1,...,2" =1, ( € A,, n =2" — 1, dt = \,(dt),

(8) < p,t) =po(ts + ... +tor1)+ Z?;_ll p;t;i;, we also put

(8.1) u(p,t;¢) =< p,t) + (.
For vectors v, w € R™ we shall consider a partial ordering

(9) v < w if and only if v; < w; for each j = 1,...,n and a k exists so that vy < wy,
1<k <n.

2. Transforms in A, spherical coordinates.
Now we consider also the non-linear function u = u(p, ¢; ) taking into account non commuta-
tivity of the Cayley-Dickson algebra A,.. Put

(1) u(p,t) = u(p,t; ) := posy + M(p,t) + (o, where

(2) M(p,t) = M(p,t;¢) = (p1s1 + 1) [il cos(pasy + (2) + dgsin(pasa + (o) cos(psss + C3) + ...
+ igr_g SiIl(pQSQ + CQ)...Sin(pQT_QSQT_Q + Cgr_g) COS(p2r_182r_1 + Cgr_l) + igr_l sin(p282 + CQ)
Sin(p2r_282r_2 -+ C2r_2) Sin(pgr_182r_1 + <2T_1)]
for the general Cayley-Dickson algebra with 2 < r < oo,

(2.1) s;:=sj(n;t) :=t;j+..+t, foreach j =1,....,n,n=2"—1,s0 that s =t1 +... + t,,
Sp, = t,. More generally, let

(3) u(p,t) = u(p,t;¢) = pos1 + w(p,t) + (o, where w(p,t) is a locally analytic function,
Re(w(p,t))=0 for each p € A, and t € R* 7!, Re(2) := (2+2)/2, Z = z* denotes the conjugated
number for z € A,. Then the more general non-commutative multiparameter transform over
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A, is defined by the formula:
(4) F(p; ) := [qn (1) exp(—u(p, t; ())dt

for each Cayley—chkson numbers p € A, whenever this integral exists as the principal value
of either Riemann or Lebesgue integral, n = 2" — 1. This non-commutative multiparameter
transform is in 4, spherical coordinates, when u(p, t; ) is given by Formulas (1, 2).

At the same time the components p; of the number p and ; for ¢ in u(p,t; () we write in
the p- and (-representations respectively such that

(5) h; = (—hz'j 4 (2 —2)7! {—h + S22 (hay) }) /2 for each j = 1,2,..,2" — 1,

(6) ho = (h+(27”—2) { h+ S22 i (i) }) /2
where 2 < r € N, h = hoig + ... + hor 1391 € A,, h; € R for each j, i} = i = —iy, for each
k>0,iy=1, h € A.. Denote F"(p;() in more details by F(f,u;p; ().

Henceforth, the functions wu(p,t;¢) given by 1(8,8.1) or (1,2,2.1) are used, if an-
other form (3) is not specified. If for wu(p,t;¢) concrete formulas are not mentioned,
it will be undermined, that the function wu(p,t;¢) is given in A, spherical coordinates
by Expressions (1,2,2.1). If in Formulas 1(7) or (4) the integral is not by all, but
only by tay,....,tjx variables, where 1 < k < n, 1 < j(1) < ... < jk) < n,
then we denote a noncommutative transform by Fk’tj(l)’ i) (p; ¢) or Frtiw i) (£, u;p; ¢). If
j(1) = 1,...,5(k) = k, then we denote it shortly by F¥(p;() or F*(f,u;p;¢). Henceforth, we
take ¢, = 0 and ¢, = 0 and p,,, = 0 for each 1 < m ¢ {j(1),...,5(k)} if something other is not
specified.

3. Remark. The spherical A, coordinates appear naturally from the following consideration
of iterated exponents:

(1) exp(ir(prs1 + C1) exp(—iz(p2s2 + G2) exp(—i1(psss + (3))))
= exp (71 (p151 + (1) exp(—(p232 + (2) (i3 cos(psss + (3) — 12 sin(psss + Cs))))
= exp(i1(p1s1 + ¢1)(cos(pasa + (o) — sin(pasa + (o) (i3 cos(psss + (3) — i2sin(pssz + (3))))
= eXp (p181 +C1)<21 COS(p282+C2)+i2 Sin(p282+<2) COS(p383+C3)+i3 Sin(p282+C2) SiIl(pgSg—i‘Cg))) .

Consider i9r the generator of the doubling procedure of the Cayley-Dickson algebra A, from
the Cayley-Dickson algebra A,, such that i;iy, = i9r; for each j =0, ...,2"—1. We denote now
the function M(p,t; () from Definition 2 over A, in more details by .M.

Then by induction we write:

(2) exp( r1M (p, t; C)): exp{ rM((i1p1 +. A dgr_1por—1), (L1 ooy tar—g, (tar—1 4 527));

(i1C1 + .. + 99r—1Cor—1) €xp(—ior41(parSar + Cor) exp(— M ((t1p2r41 + ... + Gor_1por+1-1),
(tors1, ooy borer—1); (81Cor g1 + oo+ Gar—1Care1-1))) |,

where t = (t1,...,tn), n =n(r +1) = 2" — 1, s; = s;(n(r + 1);t) for each j = 1,...,n(r + 1),
since sy, (n(r+1);t) = tm + ... +tyr1) = Sm(n(r);t) + sor(n(r+1);t) for each m = 1, w28 —1.

An image function can be written in the form

n 21

(3) F (p7 C) . Z] =0 ZJF ( C)a
where a function f is decomposed in the form

(3.1) f(t) = er 01 ijfi(t), f; : R" = R for each j = 0,1,...,2" — 1, F?(p; () denotes the
image of the function-original f;.

If an automorphism of the Cayley-Dickson algebra A, is taken and instead of the standard
generators {ig, ..., ior_1} new generators { Ny, ..., Nor_1 } are used, this provides also M (p,t;() =
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My (p,t; () relative to new basic generators, where 2 < r € N. In this more general case
we denote by NF"(p;{) an image for an original f(¢), or in more details we denote it by
NF"(f,u; 5 Q).

Formulas 1(7) and 2(4) define the right multiparameter transform. Symmetrically is defined
a left multiparameter transform. They are related by conjugation and up to a sign of basic
generators. For real valued originals they certainly coincide. Henceforward, only the right
multiparameter transform is investigated.

Particularly, if p = (po,p1,0,...,0) and ¢ = (¢1,0,...,0), then the multiparameter non-
commutative Laplace transforms 1(7) and 2(4) reduce to the complex case, with parameters
ay, a_1. Thus, the given above definitions over quaternions, octonions and general Cayley-
Dickson algebras are justified.

4. Theorem. If an original f(t) satisfies Conditions 1(1 — 4) and a1<a_y, then its image
Fr(f,u;p; Q) is A.-holomorphic (that is locally analytic) by p in the domain {z € A, : a3 <
Re(z) < a_1}, as well as by ¢ € A,, where 1<reN, 2"1<n<2" — 1, the function u(p,t;() is
given by 1(8,8.1) or 2(1,2, 2.1).

Proof. At first consider the characteristic functions xy, (t), where xy () = 1 for each ¢t € U,
while xy(t) =0 for every t € R*\ U, U, ;== {t € R" : v;t; > 0Vj = 1,...,n} is the domain in
the Euclidean space R" for any v from §1. Therefore,

(1) F2(050) = X jour,oom)onsimei—1,1y] Ju, £(t) exp(— (p’t'C))dt
since A, (U, N U,) = 0 for each v # w. Each integral [;, f(t)exp(—u(p,t;())dt is absolutely

convergent for each p € A, with the real part a; < Re(p ) < a_1, since it is majorized by the
converging integral

‘fU exp (p,t; C))dt‘ S f()oo"'fooo Cv eXp{_v1<w_av1)y1_~-~_Un(w_avn)yn_<0}

dys...dyn = Cpe™ [T} vi(w — ay,) 7",
where w = Re(p), since |e*| = exp(Re(z)) for each z € A, in view of Corollary 3.3 [16]. While
an integral, produced from the integral (1) differentiating by p converges also uniformly:

3)|Jy, £(8) (P exp(—u(p,t:0))/0p) b
S R e Cv‘(ho(vlyl + ootV Yn), P (V1Y + o VYR, ey P 1 (Vn—1Yn—1 + V), hnvnyn){
exp{—v1(w — ay, )y1 — ... — V(W — ay, )yn — Co}dys...dy,
< hICye S T, (10— a,) 2
for each h € A,, since each z € A, can be written in the form z = |z|exp(M), where |2]* =
22 €[0,00) CR, M € A,, Re(M) := (M + M)/2 =0 in accordance with Proposition 3.2 [16].
In view of Equations 2(5,6):

0 (Jgn F(t) exp(—u(p, t;¢))dt) /0p = 0 and
(fRn t) exp(—u(p, t; C))dt) /0C = 0, while

‘fU ) [0 exp(—u(p, t; c))/ag].hdt) < JR] [ [ Cyexp{—v1 (w—ay, )y — .. — v (w—
avn Yn — CO}dyl dyn |h|C’veic0 H;'lzl 'Uj (w - avj)il
for each h € A,. In view of convergence of integrals given above (1—6) the multiparameter non-
commutative transform F(p; ) is (super)differentiable by p and ¢, moreover, 9F;(p; () /0p = 0
and OF(p;¢)/0¢ = 0 in the considered (p,()-representation. In accordance with [17, 16] a
function g(p) is locally analytic by p in an open domain U in the Cayley-Dickson algebra A,,
2 < r, if and only if it is (super)differentiable by p, in another words A,-holomorphic. Thus,
FM(p; ) is A,-holomorphic by p € A, with a; < Re(p) < a_; and ¢ € A, due to Theorem 2.6
[18].
4.1. Corollary. Let suppositions of Theorem /J be satisfied. Then the image F™(f,u;p;()
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with u = u(p, t;C) given by 2(1,2) has the following periodicity properties:

(1) F*(f,u;p; ¢ + Bi;) = F*(f,w;p; Q) for each j=1,...,n and B € 2rZ;

(2) F*(f,u;p'5 ¢t = (1) F(f,u;p* C?) for each j = 1,...,n — 1 so that ¢§ = (¢ and
le = — ]2, j1+1 =7+ ]2+1, ¢l = (2 for each s # j and s # j + 1, while eitherpjl- = —p? and
pi = p? for each | # j with k = 2 or p' = p® and f(t) is an even function with k = 2 by the
s; = (t; + ... + t,) variable or an odd function by s; = (t; + ... + t,) with k = 1;

(3) F"(f,u;p; ¢ + min) = —F"(f, u; p; ).

Proof. In accordance with Theorem 4 the image F"(f,u;p;() exists for each p € Wy :=
{z €A, : a1 < Re(z) < a_1} and ( € A,, where 1<r. Then from the 27 periodicity of sine
and cosine functions the first statement follows. From sin(—¢) = —sin(¢), cos(¢) = cos(—¢),
sin(m+¢) = —sin(¢), cos(¢ + m) = —cos(¢) we get that cos(p;s; + () = cos(—p;s; + (),
sin(p;s; + ¢j) cos(pjs18j41 + Gjry) = (—sin(—p;s; + (7)) (— cos(pjr18;41 + (y)) and sin(p;s; +
¢j)sin(pjr18i41 + G y) = (—sin(—=pjs; + ) (—sin(pjr15541 + (7)) for each t € R™. On the
other hand, either p} = —p? and p; = pi for each | # j > 1 with k = 2 or p! = p? and
f(t1, oy Sjm1 + 85, =85 — Sjt1,tjs1s s tn) = (=1)*f(t1, ..., 8j-1 — 8,8 — Sj+1,tj+1,-.., L) IS an
even with k = 2 or odd with x = 1 function by the s; = (¢; + ... +t,) variable for each
t=(t1,....,tn,) € R", where t; = s; — sj1q for j =1,...,n, sp41 = Sp1(n;t) = 0. From this and
Formulas 2(1,2,4) the second and the third statements of this corollary follow.

5. Remark. For a subset U in A, we put 75, +(U) :={u: 2z € U,z =) o, WV, U= ws+wpp}
for each s # p € b, where t := Zveb\{s’p} wyV € A sp={2E€A 2= pwV, ws =w, =0,
w, € RYv € b}, where b := {ig, 41, ...,92-_1 } is the family of standard generators of the Cayley-
Dickson algebra A,. That is, geometrically m,+(U) means the projection on the complex
plane Cs, of the intersection U with the plane 7spr 3 t, Csp := {as + bp : a,b € R}, since
sp* € b := b\ {1}. Recall that in §§2.5-7 [16] for each continuous function f : U — A,
it was defined the operator f by each variable z € A,.. For the non-commutative integral
transformations consider, for example, the left algorithm of calculations of integrals.

A Hausdorff topological space X is said to be n-connected for n > 0 if each continuous map
f : S* — X from the k-dimensional real unit sphere into X has a continuous extension over
R**1 for each k < n (see also [28]). A 1-connected space is also said to be simply connected.

It is supposed further, that a domain U in A, has the property that U is (2" — 1)-connected;
Tsp+(U) is simply connected in C for each k = 0,1,...,2"7 s = d9s, p = dogy1, t € A,5p and
u € Csp, for which there exists z =u+te U.

6. Theorem. If a function f(t) is an original (see Definition 1), such that NE"(p;() is its
image multiparameter non-commutative transform, where the functions f and F' are written
in the forms given by 3(3, 3.1), f(R™) C A, over the Cayley-Dickson algebra A,, where
1<reN, 2 1<n<or—1.

Then at each point t, where f(t) satisfies the Hélder condition the equality is accomplished:

M fw= { [mNn)* / Zj ( ( [(%Nl)‘l [

exp{u(a + p, t; C)}> ) dp}zr (F) N NEHa+p; Q) u, t;C),

~F(a+p; ()

where cither u(p,t;¢) =< p,t) + ¢ or u(p,:¢) = pos1 + Mu(p,£;C) + o (see §§1 and 2), the
integrals are taken along the straight lines p(1;) = N;7; € A,, 7, € R for each j = 1,...,n;
a; < Re(p) = a < a_y and this integral is understood in the sense of the principal value,



S.V. Ludkovsky Multidimensional Laplace transforms over Cayley-Dickson algebras... 125

Proof. In Integral (1) an integrand n(p)dp certainly corresponds to the iterated integral as
(...(n(p)d[p1N1))...)d[pn Ny|, where p = p1 N1 + ... + pu Ny, 1, ..., pn € R. Using Decomposition
3(3.1) of a function f it is sufficient to consider the inverse transformation of the real valued
function f;, which we denote for simplicity by f. We put

NEy (€)== - fi(t) exp(—u(p,t; ¢))dt.

If n is a holomorphic function of the Cayley-Dickson variable, then locally in a simply connected
domain U in each ball B(A,, zo, R) with the center at zy of radius R > 0 contained in the interior
Int(U) of the domain U there is accomplished the equality

(8 [f;o n(a + C)dC} /8z) 1=mnla+2),

where the integral depends only on an initial zy and a final z points of a rectifiable path in
B(A,,z,R), a € R (see also Theorem 2.14 [18]). Therefore, along the straight line N;R the

restriction of the antiderivative has the form [, 06; n(a + N;7;)dr;, since

(2) J2 N nla+Q)dC = [y ila+ Nym).Nydr;,
where dn(a + 2)/00 = (On(a + 2)/0z).N; for the (super)differentiable by z € U function 7(z),
when z=0Nj, 6 € R. For the chosen branch of the line integral specified by the left algorithm
this antiderivative is unique up to a constant from A, with the given z-representation v of
the function n [16, 17, 18]. On the other hand, for analytic functions with real expansion
coefficients in their power series non-commutative integrals specified by left or right algorithms
along straight lines coincide with usual Riemann integrals by the corresponding variables. The
functions sin(z), cos(z) and e* participating in the multiparameter non-commutative transform
are analytic with real expansion coefficients in their series by powers of z € A,.

Using Formula 4(1) we reduce the consideration to xy, () f(t) instead of f(t). By symmetry
properties of such domains and integrals and utilizing change of variables it is sufficient to
consider U, with v = (1,...,1). In this case [, for the direct multiparameter non-commutative
transform 1(7) and 2(4) reduces to [;* ... [;~. Therefore, we consider in this proof below the
domain U ; only. Using Formulas 3(3,3.1) and 2(1,2,2.1) we mention that any real algebra
with generators Ny = 1, Ny and N; with 1 < k # j is isomorphic with the quaternion skew field
H, since Re(N;Ni) = 0 and |N;| =1, |[N;y| =1 and |N;Ni| = 1. Then exp(a + MS)exp(y +
Mw) = exp((a + ) + M(8 + w)) for each real numbers «, 3,7, and a purely imaginary
Cayley-Dickson number M.

The octonion algebra O is alternative, while the real field R is the center of the Cayley-
Dickson algebra A,. We consider the integral

(3) (t) = [N 50| (- ([@rN) SN0 v (a4pi Q) expfulatp, O} ) ) dp
for each positive value of the parameter 0 < b < oo. With the help of generators of the Cayley-

Dickson algebra A, and the Fubini Theorem for real valued components of the function the
integral can be written in the form:

o o[t [ ([t o )

f(r) exp{—un(a+p,t;{)} exp{un(a+p,T; C)}> ) dp,

since the integral [, f(7)exp{—un(a +p,7;¢)}dr for any marked 0 < § < (a_; —a1)/3 is

.....

uniformly converging relative to p in the domain a; +§ < Re(p) < a_; — ¢ in A, (see also
Proposition 2.18 [18]).
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If take marked ¢, for each k # j and S = N; for some j > 1 in Lemma 2.17 18| considering
the variable ¢;, then with a suitable (R-linear) automorphism v of the Cayley-Dickson algebra
A, an expression for v(M(p,t; ()) simplifies like in the complex case with Cx := RGRK for a
purely imaginary Cayley-Dickson number K, |[K| = 1, instead of C := R®Ri;, where v(z) = z
for each real number x € R. But each equality a = § in A, is equivalent to v(a) = v(0).
Then

(5) Re[(N;jNg)(N;N;)*| = Re(NyN}) = 64, for each ¢, .

If 89 = > o<i<nizj AN, Ni = > o<i<niz; BN with j > 1 and real numbers oy, 5 € R for
each [, then

(6) Re [(N;S7)(N;NY)*] = Re [S/(N7)*] = 37, cufB.
The latter identity can be applied to either S*=Mp,1(pry1Ne1 + ... +
PnlNn, (tr1s s tn); Gt Nir + o+ GuNy) and N* 0 = My (peyaNep + 0 +

PN, (Tet1, - T0); Cert Nigt + -+ 6N, or 8% = (prgatirs + CGer1) Nosr + o + (Patn + )N,
and N* = (pp17rr1 + Cor1) Nigr + oo + (PuTn + Co) Ny, where

(7) Miy1(Prr1Nis1 + oo+ Doy (brg1s - ) Gt Vi1 + oo + GNR) = (Prs151541 +
Cht1) [Nit1 €08(Prt25a 1 + Cerz) + oo + Nosin(pri2sa st + Goa)-o SI(PosSn—k ki1 + Ca)l,

(8) Sjkt1 = Sjpr1(n;t) = tpyj + ...+t = Spy(nst) for each j = 1,..,n — 15 Sp_ppr1 =
Snfk,kJrl(n; t) =tn.

We take the limit of g,(t) when b tends to the infinity. Evidently, six(n;7) — s;(n;7) =
sk(j —1;7) =7+ ... + 7j_1 for each 1 < k < j < n. By our convention si(n;7) = s1(n; 1) for
k < 1, while sg(n;7) =0 for k > n. Put

(9) un,j(Po+piN; + ... + PuNn, (T4, o, Tn); Co + GNj 4 . + G Nn) = Co + posi,; + M;(p;N; +
.. +pnNn; (Tj, ...,Tn); CO —+ Cij + ...+ CnNn)
for uy given by 2(1,2,2.1), where M; is prescribed by (7), sk ; = sk ;(n;7);

(10) Un,j(po —i—ijj—i-...—l—pnNn, (Tj, ...,Tn); Co—i-Cij—i-...—FCnNn) = C() +p031’j+zzzj(pk7'k+
G ) Ni
for u = uy given by 1(8,8.1). For j > 1 the parameter (, for u = uy given by 1(8,8.1) or
2(1,2,2.1) can be taken equal to zero.

When ti,...,¢;_1,tj41,...,t, and pi,...,Dj—1,Dj+1, ..., Pn variables are marked, we take the
parameter

¢ = PiNj+ oo + PaNoy (Tiy ooy Tn); Co + GNG + oo + 6N i= (Co + GN; + oo + 6N +
(@4 po)sj+1 + pj+18j+1Nj41 + ... + ppsp Ny, for u(p, 7; ¢) given by Formulas 2(1,2,2.1) or

= (piNj+ oo+ 0N, (T ooy ™) Co + GNj + oo+ GulNL) = (G 4+ GNj + oo + G N) +
(@+po)sjt1+Pj+1Tji41 Njr1 + ... + pu7 N, for u(p, 7; () described in 1(8,8.1). Then the integral
operator
limy o0 [(27N;) 7 [0 dT; f ..(dp;jN;) (see also Formula (4) above) applied to the func-
tlon fta, o tjm1, Ty ey Tn) exp{ un,j(a + po + piNj + ... + puNp, (t], e tn);Co + GN; + .+

n)}exp{uN’](a +po+piN; + ... + DNy, (T4, s T0); (0 + GNj + ... + (. N,) b with the pa-
rameter ¢’ instead of ¢ treated by Theorems 2.19 and 3.15 [18| gives the inversion formula
corresponding to the real variable t; for f(¢) and to the Cayley-Dickson variable poNo + p;N;
restricted on the complex plane Cy,; = R @ RN}, since d(7; + ¢) = d7; for each (real) constant
c. After integrations with j = 1, ..., k with the help of Formulas (6 — 10) and 3(1,2) we get the

following;:
Ny oo Nk+1oo
(2w N,) / d’Tn/ (2rNgs1)~ / di+1/
Npoo NkJrlm

F(E1, ooy by Tt 15 oo T) €Xp{ =t 1 ((@ + po + Prep1 Nis1 + oo + PaNR), (B, s )

(11) hm gb( ) = Re
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(Co 4 Cor1Nks1 + - + GuNo)) fexp{un ps1((@ + po + Prr1Nis1 + o + PuNy),

(Tk-i-l» ceey Tn); (Co + Ck+1Nl~c+1 + ...+ gnNn))}> > dp

Moreover, Re(f,) = f, for each ¢ and in (11) the function f = f, stands for some marked ¢ in
accordance with Decompositions 3(3,3.1) and the beginning of this proof.

Mention, that the algebra algr(N;, Ni, N;) over the real field with three generators N;, Ny
and N is alternative. The product NN, of two generators is also the corresponding generator
(—1)¢®D N, with the definite number m = m(k,1) and the sign multiplier (—1)5*  where
¢(k,1) € {0,1}. On the other hand, Ny, [N;(N;( N, Ni))] = Ni, (Ni, N;). We use decompositions
(7—10) and take ks = [ due to Formula (11), where Re stands on the right side of the equality,
since Re(N,N;) = 0 and Re[N;(N;(NN;))] = 0 for each k # 1. Thus the repeated application
of this procedure by j = 1,2, ...,n leads to Formula (1) of this theorem.

6.1. Corollary. If the conditions of Theorem 6 are satisfied, then

1) £(t) = (2m)" / Fr(a +p;¢) explua + p, ) }dp..dpn

n

= (F") 7 ~ENa+p;C),u,t5C).

Proof. Each algebra algr(N;, Ni, N;) is alternative. Therefore, in accordance with §6 and
Formulas 1(8,8.1) and 2(1 — 4) for each non-commutative integral given by the left algorithm
we get

(2) Nt /_leb[f(T) exp{—un(a+ p, t;{)} exp{un(a + p,7; {) }d(p; N;)
2 N; [Nj (/_N]b [Nufi(7) exp{—un(a + p,t;¢)}exp{un(a + p, T; C)}dpj>]

=/ [f(7) exp{—un(a + p,t; {)}exp{un(a + p,7; {) }dp;

—b
for each j = 1,...,n, since the real field is the center of the Cayley-Dickson algebra A,, while
the functions sin and cos are analytic with real expansion coefficients. Thus

(3) gu(t) = 2m) " fy™ dr [, ] (o ([ S5 dr S| £ exp{-un(a+ b, 1:Q))
exp{uy(a + p,T; C)}) ) dp;...dp,,

hence taking the limit with b tending to the infinity implies, that the non-commutative iterated
(multiple) integral in Formula 6(1) reduces to the principal value of the usual integral by real
variables (71, ...,7,) and (p1, ..., pn) 6.1(1).

7. Theorem. An original f(t) with f(R™) C A, over the Cayley-Dickson algebra A, with
1 <r € N is completely defined by its image NE(p;C) up to values at points of discontinuity,
where the function u(p,t; () is given by 1(8,8.1) or 2(1,2, 2.1).

Proof. Due to Corollary 6.1 the value f(t) at each point ¢ of continuity of f(¢) has
the expression throughout nF!(p;() prescribed by Formula 6.1(1). Moreover, values of the
original at points of discontinuity do not influence on the image NF(p;(), since on each
bounded interval in R by each variable ¢; a number of points of discontinuity is finite and by
our supposition above the original function f(t) is A,-almost everywhere on R™ continuous.

8. Theorem. Suppose that a function yNF!'(p;() is analytic by the variable p € A, in a domain
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W:={pe€A :a; <Relp) <a_i}, where2 <reN, 21 <n<2"—1, f(R") C A,, either
u(p,t;¢) =< p,t) + ¢ or u(p,t;¢) := pos1 + M(p,t;C) + (o (see §§1 and 2). Let NE(p;() be
written in the form NFE™(p;¢) = yF™(p;¢)+ ~E™(p;(), where nF™(p;() is holomorphic
by p in the domain a; < Re(p). Let also nE™ (p;¢) be holomorphic by p in the domain
Re(p) < a_1. Moreover, for each a > a; and b < a_; there exist constants C, > 0, C, > 0 and
€, > 0 and €, > 0 such that

(1) | NF20(; Q)| Caexp(—culp]) for cach p € A, with Re(p) = a,

(2) ’ NE™(p; g)‘g Cyexp(—ep|p|) for each p € A, with Re(p) < b, the integral

(3) _N]’\}:OOO ivz\l;ooo NEME(w + p; O dp converges absolutely for k = 0 and k = 1 and each
ap<w<a_i.

Then NE™w + p;() is the image of the function

(4) N N
en W [ ](...([(2@—1N1/N

ft) =
= (F") N NF} (w + p;€), u, ;).

Proof. For the function xF™!(p;() we consider the substitution of the variable p = —g,
—a_; < Re(g). Thus the proof reduces to the consideration of NF™(w + p;().

An integration by dp in the iterated integral (4) is treated as in §6. Take marked values
of variables p1,...,pj—1,Pj+1, ..., Pn and t1, ..., t;_1,tj41, ..., t,, Where s = sg(n;7) for each k =
1,...,n (see §6 also). For a given parameter ¢/ := ({o + (;N; + ... + (V) + (w + po)sji1 +
Pj+18j41Nj41+ ..+ Pusn Ny, for u(p, 7; ) prescribed by Formulas 2(1,2,2.1) or ¢/ := ({o+¢;N;+
e+ GN) + (W4 po)sjr + Pi+1Tis1 Niw1 + . + puT N, for u(p, t; ¢) given by 1(8,8.1) instead
of ¢ and any non-zero Cayley-Dickson number 3 € A, we have lim, _,.[37;+ (7] /[B7; 4+ (] = 1.

For any locally z-analytic function g(z) in a domain U satisfying conditions of §5 the
homotopy theorem for a non-commutative line integral over A,, 2 < r, is satisfied (see |17, 16]).
In particular if U contains the straight line w + RN; and the path v;(t;) := ¢/ + ;N;, then
fivsz:ooog(z)dz = f%_ g(w + z)dz, when g(z) — 0 while |z| tends to the infinity, since |¢/] is a
finite number (see Lemma 2.23 in [18]). We apply this to the integrand in Formula (4), since

NEF! (w4 p; €) is locally analytic by p in accordance with Theorem 4 and Conditions (1,2) are
satisfied.

Then the integral operator |:<27TN]')_1

~NF(w + p; ¢) exp{u(w + p, t; C)}> ) dp

- ]Qjoo] on the j-th step with the help of Theorems

2.22 and 3.16 [18] gives the inversion formula corresponding to the real parameter t; for f(¢)
and to the Cayley-Dickson variable pyNy + p;N; which is restricted on the complex plane
Cy, = R®RN; (see also Formulas 6(4, 11) above). Therefore, an application of this procedure
by j =1,2,...,n as in §6 implies Formula (4) of this theorem.

Thus there exist originals f* and f! for functions yF™%(p;¢) and N F™ (p;¢) with a choice
of w € R in the common domain a; < Re(p) < a_y. Then f = f° + f! is the original for
NEM(p; () due to the distributivity of the multiplication in the Cayley-Dickson algebra A,
leading to the additivity of the considered integral operator in Formula (4).

8.1. Corollary. Let the conditions of Theorem 8 be satisfied, then

n

1) £(t) = (2m)" / NE™(w + p; ¢) explu(w + p, ;) }dpr...dp,

= (F") N NF}(w+ p; ), u, t5C).
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Proof. In accordance with §§6 and 6.1 each non-commutative integral given by the left
algorithm reduces to the principal value of the usual integral by the corresponding real variable:

(2) (2m) ' N, /_J\:OO NEy (w + p; Q) exp{u(w + p, t; () }(p; N;)

=)t [ NEw -+ pi¢) exp{utw + 5.6},
for each j = 1,...,n. Thus Formula 8(4) with the non-commutative iterated (multiple) integral
reduces to Formula 8.1(1) with the principal value of the usual integral by real variables

(p17 7pn)
9. Note. In Theorem 8 Conditions (1,2) can be replaced on
(1) titt oo SB[ E (B = 0,

where Crny == {z € A, : |2] = R(n),a1 < Re(z) < a_,} is a sequence of intersections of
spheres with a domain W, where R(n) < R(n + 1) for each n, lim,_,., R(n) = co. Indeed, this
condition leads to the accomplishment of the A, analog of the Jordan Lemma for each r > 2
(see also Lemma 2.23 and Remark 2.24 [18]).

Subsequent properties of quaternion, octonion and general A, multiparameter non-
commutative analogs of the Laplace transform are considered below. We denote by

2) Wr={pe A : ai(f) < Re(p) < a_1(f)} a domain of NF(p;() by the p variable,

where a; = a1(f) and a_; = a_1(f) are as in §1. For an original

3) f)xv,, ., (t) we put Wy ={p e A : ai(f) < Re(p)},
that is a_; = oo. Cases may be, when either the left hyperplane Re(p) = a; or the right
hyperplane Re(p) = a_; is (or both are) included in Wy. It may also happen that a domain
reduces to the hyperplane Wy = {p: Re(p) = a1 = a_1}.

10. Proposition. If images nF!(p;¢) and NG (p;C) of functions-originals f(t) and g(t)
ezist in domains Wy and W, with values in A,, where the function u(p,t; () is given by 1(8,8.1)
or 2(1,2,2.1), then for each o, € A, in the case Ay = H; as well as f and g with values in
R and each o, 3 € A, or f and g with values in A, and each o, 3 € R in the case of A, with
r > 3; the function a yF,(p;C) + 8 vGu(p; C) is the image of the function af(t) + Bg(t) in a
domain Wy N W,.

Proof. Since the transforms nF(p;() and yGI(p;() exist, then the integral

[ (@s(0)+ gty exp(-ulp,ts )it = [ af(®)exp(-u(p.t: )i

n

+ . Bg(t) exp(—u(p,t; C))dt

converges in the domain

WenW, ={p € A : max(ai(f),ai(g)) < Re(p) < min(a_1(f),a_1(g))}.
We have t € R", 271 < n < 2" — 1, while R is the center of the Cayley-Dickson algebra A, .
The quaternion skew field H is associative. Thus, under the imposed conditions the constants
a, # can be carried out outside integrals.

11. Theorem. Let a = const > 0, let also F"(p; () be an image of an original function f(t)
with either u =< p,t) + ¢ or u given by Formulas 2(1,2) over the Cayley-Dickson algebra A,
with2 <r < 00, 2" <n < 2"—1. Then an image F™(p/c;()/a™ of the function f(at) exists.
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Proof. Since pjs;+(; = pj(s';/a)+(; = (pj/a)s’;+(j for each j = 1,...,n, where s;a = §';,
s; = sj(n;t), s'; = sj(n;7), 7, = at; for each j = 1,...,n. Then changing of these variables
implies:

Jan flat)e®H9dt = [o, f(r)e " ®T/aVdr /o™ = F"(p/a; () Ja”
due to the fact that the real filed R is the center Z(A,) of the Cayley-Dickson algebra A,.

12. Theorem. Let f(t) be a function-original on the domain Uy ;1 such that Of(t)/0ty also
for k = 5 —1 and k = j satisfies Conditions 1(1 — 4). Suppose that u(p,t;() is given by
2(1,2,2.1) or 1(8,8.1) over the Cayley-Dickson algebra A, with2 <r < oo, 21 <n <2"—1.
Then

W PO/t x5 C)= —F 7 (f(Exwn, . (), ulp, 5 s i€)

..........

TPot Zpksek] F" (f(t)Xm ..... (1), us p; C)
k=1

in the A, spherical coordinates or

(L) F@FO/0t)xw, (0, uipi¢) = —F 7 (FHxw,

(), ulp, ¥50); p; C)

,,,,,

,,,,,

in the A, Cartesian coordinates in a domain W = {p € A, : max(ai(f),a1(0f/0t;)) < Re(p)},
where t7 := (t1,...,t5,....,tn : t; =0), S, = —0/9¢, for each k > 1.
Proof. Certainly,

(2) Of (t(s)) /0s1 = Of(t)/0t; and
(2.1) Of (1)/0t; = 25, (9f (t(s))/Ds1) (Bsi/Ot;) = D21, D (t(s)) /s

for each j = 2,...,n, since t; = s; — 541, t1 = $1 — sp, where s; = s;(n;t), s,y = 0 for each
[ > 1. From Formulas 30(6,7) [18] we have the equality in the A, spherical coordinates:

(3) dexp(—u(p,t;())/0s; = —podu; exp(—u(p, t;C)) — p;Se, exp(—u(p,t; (),
since
exp(—u(p,t; () = exp{—pos1 — Go} exp(—M(p, t; (),
dexp(—pos1 — Co)/0s; = —podyj exp(—pos1 — (o),
Olcos(p;s;j+¢;) —sin(p;s;+(;)i;]/0s; = Oexp(—(pjs;+(;)i;)/0s; = —pjij exp(—(p;s;+¢;)i;)
= —pjexp(—(p;s; + ¢; — m/2)i;) = —pj[cos(p;s; + ( — m/2) — sin(p;s; + ¢ — 7/2)i;]
= —p;Se;[cos(p;s; + () — sin(p;s; + )],
since s; and s are real independent variables for each k # j, where §;, = 0 for j # k, while

5]7] - ]_’

(3.1) Se,[cos(pjs; + ¢;) — sin(pss; + ¢)is] =

—0[cos(p;s; + ;) — sin(p;s; + ¢;)i;]/0¢;

= [cos(p;sj + (j — m/2) — sin(pjs; + ¢ — 7/2)1;].

In the A, Cartesian coordinates we take ¢; instead of s; in (3.1). If ¢(2) is a differentiable
function by z; for each j, ¢ : A, = A,, 2; = p;t; + (j, then

(3.2) Dexp(—¢(2))/0(qt;) = —qldexp(£)/dE]|e=—4-(09(2)/0z;)p;

= —ap;[o0, Yoo ((€(2))4 (99 (2 )/3%))( £(2))" 1 F nl]le——

= —qpj(—9 exp(—¢(2))/0C;)= — p;Sqe, exp(—(2)),
where either ¢ = 1 or ¢ = —1, since 0z;/0(;=1.
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That is
(3.3) S¢, exp(—tk(¢x + (k) = 0 for each j # k > 1 and any positive number z > 0,
(3.4) SZ, exp(—1;(¢; + (;)) = exp(—1;(¢; + (; — am/2)) and
ST, exp(—ij(¢; + (;)) = exp(—i;(¢; + § + 27m/2))
for each non-negative real number x > 0, ¢ and ¢ € R, where S.; = S.,((;), the zero power

Se, = I is the unit operator;

(3.5) Sge,e P10 = emPos1=Go

T |io6j,1 cos(prsy + 1) + (1 — 6;1)ij-1sin(prsy + C1)... cos(p;s; + ) + {Zi;f ixsin(pys; +

C1)-.. coS(Prt15k41 + Ck+1)}+i2r—1 sin(p1s1 + ¢1)... sin(par—152r—1 + Cor—1)

in the A, spherical coordinates, where either ¢ = 1 or ¢ = —1 and

(3.6) T7E() = €(¢; — am/2)
for any function £(¢;) and any real number € R, where j > 1. Then in accordance with
Formula (3.2) we have:

(3.7) Sqej exp(—u(p,t;()) =

= | T (@) @l
for u(p, t; ¢) given by Formulas 1(8,8.1) in the A, Cartesian coordinates, where either ¢ = 1 or
qg=—1.

The integration by parts theorem (Theorem 2 in §I1.2.6 on p. 228 [10]) states: if a < b
and two functions f and g are Riemann integrable on the segment [a,b], F(z) = A+ [ f(t)dt
and G(z) = B + [’ g(t)dt, where A and B are two real constants, then fab F(z)g(z)dx =
F(2)G(@)|— [? f(2)G(z)da.

Therefore, the integration by parts gives

() / " (0F (1)/0t,) exp(—ulp, t: O))dt, = F(£) exp(—u(p, £:))

0

tj=00

t;=0

- /ooo [f()(9 exp(—u(p, t; ¢))/0t;)] dt,.

Using the change of variables ¢t — s with the unit Jacobian 0(t, ..., t,)/9(s1, ..., $) and applying
the Fubini’s theorem componentwise to f;i; we infer:

(0f(t)/0t;) exp(—u(p, t;())dt = / (0f(t)/0t;) exp(—u(p, t;¢))ds

812>2822>...25p,20

:/OOO.../OOO [/:I@f(t)/atj)exp(_u(p,t;o)dsj] »

[T [ s epi-atp i ar

m+ zpksek] | [ soesp-ut a0

in the A, spherical coordinates, or

(5.1) / (8F(1)/0t;) exp(—ulp, t; C))dt

,,,,,

+
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[T [ s et o

[P0+ psSe,] / C / " () exp(—ulp, £:0))dt

in the A, Cartesian coordinates, since 0 exp(—(pos1 +¢o))/0t; = —po exp(—(pos1+ (o)) for each
1 < j <n. This gives Formula (1), where

6 FEE)xwule V Oipi ()= /w /OOOf<tf>exp<—u<p,tf;c>>dtj

.....

= [t [t [t [t 50 exp(-ulp.#50)

is the non-commutative transform by t/ = (t1,...,t;-1,0, %41, ..., tn)-

12.1. Remark. Shift operators of the form &(z + ¢) = exp(¢pd/dx){(x) in real variables
are also frequently used in the class of infinite differentiable functions with converging Taylor
series expansion in the corresponding domain.

It is possible to use also the following convention. One can put cos(¢; + (1) =
cos(¢p1 + (1) cos(vh2)... cos(ar_1),...,sin(¢py + (1)...cos(¢pp + () = sin(¢r + (1)... cos(dr +
Ci) cos(Yr41)-.. cos(Por_1), where 1p; = 0 for each j > 1, 2 < k < 2" — 1, so that
T}cos(qﬁ + () = 0 for each j > 1 and [ > 1, T;sin(Qﬁl + (1)...cos(dx + () = 0 for each
j>kandl > 1, where T}f = T;‘l(Tjﬁ) is the iterated composition for [ > 1, [ € N. Then
Tje 5% gives with such convention the same result as SL e™*®#% 50 one can use the sym-
bolic notation T;e_“(p’t?o = e uPHC-4m/2) Byt to avoid misunderstanding we shall use Se; and
Tj in the sense of Formulas 12(3.1 — 3.7).

It is worth to mention that instead of 12(3.7) also the formulas

(1) exp(priy + ... + puin) = cos(¢) + Msin(¢) with ¢ := ¢(p) := [p} + ... + p}
M = (pyiy + ... 4+ pnin)/¢ for ¢ #0, € = 1;

(2) Oexp(pris + .. + pain)/Op; = [—sin(¢) + M cos(¢)]p;/¢ + (¢i; — Mp;)¢~?sin(¢) and
O(p;t; + ¢;)/0¢; =1 can be used.

13. Theorem. Let f(t) be a function-original. Suppose that u(p,t;() is given by 2(1,2,2.1)
or 1(8,8.1) over the Cayley-Dickson algebra A, with 2 <r < oo. Then a (super)derivative of
an image is given by the following formula:

(1) (OF™(f(t),u;p;¢)/Op).h = —=F™(f(t)s1,u; p; () ho
—Se, F(f(t)s1,u;p; ) ha — oo — Se, F™ (£ () Sy ;93 C)

in the A, spherical coordinates, or

(1.1) (OF™(f(t),u;p;€)/Op).h = —F"(f(t)s1,u; p;¢)ho
—Se, I (f(t)t1, u;p; ) by — oo = S, F™(F () tn, w5 95 C) b
in the A, Cartesian coordinates for each h = hgyig + ... + hypi, € A,., where hg,....,h, € R,
2l <n<2r—1,peW;.

Proof. The inequalities a;(f) < Re(p) < a_i(f) are equivalent to the inequalities
ar(f(t)[t]) < Re(p) < a—1(f(t)[t]), since limy ;o exp(—b[t])|t| = O for each b > 0. An image
F™(f(t),u;p; ¢) is a holomorphic function by p for a;(f) < Re(p) < a_1(f) by Theorem 4, also
| fooo e~ t"dt| < oo for each ¢ > 0 and n = 0,1,2,.... Thus it is possible to differentiate under
the sign of the integral:

) (o[ semt-utsonar) fop) -

]1/2 and
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> (3( . f(@) exp(—U(p,t;C))xU,,dt) /8p) h=

ve{-1,1}n

| FO@exp(—u(p,t;0))/0p) bt

Due to Formulas 12(3,3.2) we get:

(3) (Oexp(—u(p,t;())/9p).-h = —exp(—u(p,t;())siho — Se, exp(—u(p,t;())sthy — ... —
Se,, exp(—u(p, t;C))snhn
in the A, spherical coordinates, or

(4) (Oexp(—u(p,t;())/0p).h = —exp(—u(p,t;())siho — Se, exp(—ulp,t; )t — ... —
Se,, exp(—u(p, t; ())tnhn
in the A, Cartesian coordinates.
Thus from Formulas (2,3) we deduce Formula (1).

14. Theorem. If f(t) is a function-original, then

(1) Fr(f(t = 7),usp; Q) = F(f(t), usp; 4+ < p, 7)) for either
(Z) (pat C) Pos1 + M(p7 ta C) + CO or
(
1

i1) u(p,t;¢) =< p,t) + ¢ over A, with 2 < r < oo in a domain p € Wy, where T € R",
2 <n<2r -1,
(2) < p,T] = pos1 + P15161 + ... + PuSnin with s; = s;(n;T) for each j in the first (i) and
< p, 7| =< p,T) in the second (ii) case (see also Formulas 1(8), 2(1,2,2.1)).

Proof. For p in the domain Re(p) > a; the identities are satisfied:

(3) Fr((fxuvr.. )t —7),u;05€ / / f(t —T)e Pt g

_ /U F(He S+ ge = Fr((fxo, () wipiCH < p,7]),s

,,,,,

due to Formulas 1(7,8) and 2(1,2,2.1,4), since pgsi(n;t) + o = posi(n; &) + (o + posi(n;7)
and p;t; + ¢ = p;i&; + (¢ + pj7y) and p;sj(n;t) + (G = pjs;j(n; &) + (¢ + p;sj(n; 7)) for each
j=1,...,2" — 1, where t = { + 7. Symmetrically we get (2) for U, instead of U; ;. Naturally,
that the multiparameter non-commutative Laplace integral for an original f can be considered
as the sum of 2" integrals by the sub-domains U,,:

(4) [ jWep(-upao) - / F(t) exp(—u(p, £ ) xun ()t

ve{-1,1}"

The summation by all possible v € {—1,1}" gives Formula (1).

15. Note. In view of the definition of the non-commutative transform F" and u(p,t;¢) and
Theorem 14 the term (141 + ... + (or_172-_1 has the natural interpretation as the initial phase
of a retardation.

16. Theorem. If f(t) is a function-original with values in A, for 2 <r < oo, 21 < n <
2 —1,beR, then

(1) Fr(ett £ (t),u; s ()= F*(f(t),us p — b;C)

for each a_y +b > Re(p) > a1 + b, where u is given by 1(8,8.1) or 2(1,2).
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Proof. In accordance with Expressions 1(8,8.1) and 2(1,2,2.1) one has u(p, t;¢) — b(t1 +
ot ty) =ulp—>,t;¢). If a_y +b > Re(p) > a; + b, then the integral

@ PO @)= [ el u(p, )

=/, ft) exp(=u(p = b,t; ())dt = F*(f(t)xv, (t), u; p = b;C)

converges. Applying Decomposition 14(4) we deduce Formula (1).
17. Theorem. Let a function f(t) be a real valued original,
F(p; () = F*(f(t);u;p; (), where the function u(p,t; ) is given by 1(8,8.1) or 2(1,2,2.1). Let
also G(p; ¢) and q(p) be locally analytic functions such that
(1) F(g(t,7);u; p; ) = G(p; ) exp(—u(q(p), 75¢))
foru=<p,t)+( oru=py(t; + ... +t,) + M(p,t;¢) + (o, then
(2) F*(Jgn 9t 7) f(7)dT3 0503 C) = G(p; O F (q(p); €)
for each p € W, and q(p) € Wy, where 2 <r < o0, 21 <n <27 —1.
Proof. If p € W, and ¢(p) € Wy, then in view of the Fubini’s theorem and the theorem
conditions a change of an integration order gives the equalities:

| ( / ng(t,f)f(T)dT> exp(—u(p, 1))t
- ( [ att.m)ep(-uip.t C))dt) frdr

_ / G ¢ exp(—ulg(p), 7:O)) (T)dr

=G(p; Q) - f(7) exp(—u(q(p), 7;¢))dr = G(p; O)F(q(p); ),

since t,7 € R™ and the center of the algebra A, is R.

18. Theorem. If a function f(t)xv, , is original together with its derivative
,,,,, (t)/0s1...05,, or O™ f(t)xv,...
of f(t)xu, .., over the Cayley-Dickson algebra A, with 2 < r € N, 2" <n < 2" —1, for
u=pos1 + M(p,t; () + (o given by 2(1,2,2.1), then

n—1
(1) plggo{[po + P1Se, [P2Ses - PnSe, Fy (0;C) + Z:O(—l)
Z [Pod1j, + pj Se;, 1Pj, Sej, - Pin-—mOe;, .

1<51 < <Jn—m<n; 1< <..<Im<n; la#jg Vo,

Fﬁ’m(p(l); ¢) }: (— 1)n+1f(0)67u(0,0;§),

or

(11) pliglo{[po + p1561][p0 +p25e2][p0 +pnsen]Fq?(pa C) + (_1)m
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Z [Po + PjiSe; 1[Po + Pj5Sej, |-+ [P0 + Pj 1 Se; ]

1<j1 <o inem <n; 1<h <ol <y la#p Va8

F:Z_m(p(l); g)}: (_1)n+1f(0)6—u(0,0;0

-----

1<j1<..<ijm<nmn, then

n—1
(2) }g%{[ﬁo + plSel]pZSezanean(pa C-) + (_1)m
m=0
Z [pOél,]& + pjlsejl ]pjz S€j2 "'pjnfmsejn,m
1<1 < <Jn—-m<n; 1< <...<Im<n; la#jg Yo,
Frmp®i )}
n—1
. _1\m —u(0,0,¢)
o ( 1) Z (t”th_o ..... tjm =05t =00VkE{j1,.., gm}e
m=0 1<j1 <. <jm<n
in the A, spherical coordinates or
n—1
(2.1) tim [po + p1Se,)[po + PaSea - [po + PuSe [ FE (w3 C) + D (<1)"
p—0 f—
Z [po + pjlsejl][po + pj2S€j2]"'[p0 t Pjn—m 6jn_m]
1<51<<Jn—m<n; 1< <. <Im<n; la#jg Vo8

Frm(p50)}

3

G VD W (] N e~ u(0.0.0)

LN ) L S\ =0, ijO;tk:OOVk¢{j1 ..... ]m}
m=0 1<ji<.<m<n

in the A, Cartesian coordinates, where p — 0 inside the same angle.
Proof. In accordance with Theorem 12 the equality follows:

(3) fn((af(t)/asj)XUl ..... 1(t)7 u; p, C) = [pO(SLj +pjse]-]~7:n(f(t)XU1 ..... 1 (t)7 u(p, t§ <)7p§ C)

,,,,,

for u = u(p,t;¢) = pos1 + M(p,t; () + (o in the A, spherical coordinates, or

(3.1)  FU0f()/0t;)xu, 1 (), u;p;C) = [po + p;iSe, | F" (f (t)xun,. (), u(p, ;€),p; )

.....

in the A, Cartesian coordinates, since

(32) 0 (1())/0s; = —0(1)/hy 1 + DF(6)/t; for each j > 2, 0 (t(s))/0s, = DF (1)t
where p = po + p1i1 + ... + par_1i2r—1 € Ay, Do, -, P2r—1 € R, {ig, ..., 79r_1} are the generators
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of the Cayley-Dickson algebra A,, s, = 0 for each [ > 1, the zero power ng = I is the unit
operator. For short we write f instead of fxy, ,. Thus the limit exists:

.....

(4) Fr (f(#)ulp, #5.Q); pi ) =
th—{& dtl / dt;_ 1/ dtjiy.. / (dt,) f(t) exp(—u(p,t;Q)).
Mention, that (.. ((tl) ) ) = 50,y ety 1 t; = 0) for every 1 < j < n, since ty = $p—Sg41

foreach 1 < k <n. We apply these Formulas (3, 4) by induction j =1,...,n, 2" 1 <n < 2" -1,
to 0" f(t)/0s1...05p,...,0" I f(t)/0s;...08p, ...,0f(t)/0s, instead of 0f(t)/83j.
From Note 8 [18] it follows, that in the A, spherical coordinates

lim F((0"f(t)/0s1..0sn)xu: w305 C) = 0,

p—oo,|Arg(p)|<m/2—5

also in the A, Cartesian coordinates

lim Fr(9"f(t)/0t1..0tw) X0y 4> usp;C) =0,

p—oo,|Arg(p)|<m/2—4

which gives the first statement of this theorem, since u(p,0,¢) = u(0,¢;¢) = u(0,0,¢) and
FO(p(t-D): ¢) = £(0)e=009)  while F7(p;() is defined for each Re(p) > 0.
If the limit f(¢<7) exists, where t<9> := (t1,...,t;, .., t, : t; = 00), then

(5) lim / .. /0 Tt /0 . /O " (dt) £(8) exp(—u(p, £:O))

tj—00 0

= S (F(E97), ulp t750) s )
Certainly, (...((t<17)<27)...)9 = (t1, .oy ty 1 t1 = 00, ..., t; = 00) for each 1 < j < n. Therefore,
the limit exists:

p—>0,|Ar};1(I;)l|<n/2—5/Ul 1(0 f(t)/0s1...08,) exp(—pos1 — (o — M (p,t;())

,,,,,

,,,,,

= (_l)m Z f(t)|tj1=0 ----- i =0itpg=00 Vk&{j1,....jm}

m=0 1<j1 <. <jm<n
- li { Se,|P2Se, - PnSe, F™
 po0 lArglp)<n/2-5 [Po + P1Se,]P2Ses -+ PnSe, B (3 €)
n—1
2
m=0
Z (P01, + D5y Se;, 1Pi2Se;, P Se;, .

1< <o <Jn—m <n; 1<h <. <Im<n; la?'éjﬂ Vo,

im0+ (1) f(0)e 009,

from which the second statement of this theorem follows in the A, spherical coordinates and
analogously in the A, Cartesian coordinates using Formula (3.1).

19. Definitions. Let X and Y be two R linear normed spaces which are also left and right A,
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modules, where 1 < r. Let Y be complete relative to its norm. We put X®* := X ®g ... ®r X
is the k times ordered tensor product over R of X. By L,x(X®" V) we denote a family
of all continuous k times R poly-linear and A, additive operators from X®* into Y. Then
L,x(X®*Y) is also a normed R linear and left and right A, module complete relative to its
norm. In particular, L,;(X,Y’) is denoted also by L,(X,Y).

We present X as the direct sum X = Xgig®... H Xor_1i9r_1, where Xj,...,Xor_1 are pairwise
isomorphic real normed spaces. If A € L,(X,Y) and A(zb) = (Az)b or A(bx) = b(Ax) for each
x € Xo and b € A,, then an operator A we call right or left A,-linear respectively.

An R linear space of left (or right) k& times A, poly-linear operators is denoted by
Lix(X®5Y) (or Ly, (X®*Y) respectively).

We consider a space of test function D := D(R"™,Y) consisting of all infinite differentiable
functions f : R™ — Y on R"™ with compact supports. A sequence of functions f, € D
tends to zero, if all f,, are zero outside some compact subset K in the Euclidean space R",
while on it for each k = 0,1,2, ... the sequence { fék) : n € N} converges to zero uniformly.
Here as usually f*)(t) denotes the k-th derivative of f, which is a k times R poly-linear
symmetric operator from (R")®* to Y, that is f®(¢).(h1, ..., hx) = fE(t).(ho(1), - Por) €Y
for each hq,...,h;, € R™ and every transposition o : {1,....,k} — {1,...,k}, o is an element
of the symmetric group S, t € R® For convenience one puts f® = f. In particular,
FE@).(e)ys - €5,) = OFf(t)/0t,...0t, for all 1 < jy, ..., 5 < n, where e; = (0, ...,0,1,0,...,0) €
R™ with 1 on the j-th place.

Such convergence in D defines closed subsets in this space D, their complements by the
definition are open, that gives the topology on D. The space D is R linear and right and left
A, module.

By a generalized function of class D' := [D(R",Y)]’ is called a continuous R-linear A,-
additive function g : D — A,. The set of all such functionals is denoted by D’. That is,
g is continuous, if for each sequence f, € D, converging to zero, a sequence of numbers
9(fn) =: g, fa) € A, converges to zero for n tending to the infinity.

A generalized function g is zero on an open subset V in R™ if [g, f) = 0 for each f € D
equal to zero outside V. By a support of a generalized function g is called the family, denoted
by supp(g), of all points ¢ € R™ such that in each neighborhood of each point ¢ € supp(g) the
functional g is different from zero. The addition of generalized functions g, h is given by the
formula:

(1) lg+h, f) =19, F) + [h, f).
The multiplication g € D’ on an infinite differentiable function w is given by the equality:

(2) [gw, f) = g, wf) either for w : R" — A, and each test function f € D with a real image
f(R™) C R, where R is embedded into Y; or w : R* - R and f : R* — Y.

A generalized function ¢’ prescribed by the equation:

(3) ¢, f) = —lg, f') is called a derivative ¢’ of a generalized function g, where f’ €
D(R", Ly(R"Y)), ¢’ € [D(R", Ly(R",Y))]".

Another space B := B(R",Y) of test functions consists of all infinite differentiable functions
f : R® — Y such that the limit limp_, o [t|"fY(t) = 0 exists for each m = 0,1,2, ...,
j =0,1,2,.... A sequence f,, € B is called converging to zero, if the sequence |t|mf,§j)(t)
converges to zero uniformly on R\ B(R"™, 0, R) for each m,j = 0,1,2,... and each 0 < R < 400,
where B(Z,z,R) :={y € Z : p(y,z) < R} denotes a ball with center at z of radius R in a
metric space Z with a metric p. The family of all R-linear and A,-additive functionals on B is
denoted by B'.

In particular we can take X = A% Y = A? with 1 < a, 3 € Z. Analogously spaces D(U,Y),
[D(U,Y)], B(U,Y) and [B(U,Y)] are defined for domains U in R", for example, U = U, (see
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also §1).
A generalized function f € B’ we call a generalized original, if there exist real numbers
a1 < a_1 such that for each a; < w_q,wq,...,w_,,w, < a_; the generalized function

(4) f(t)exp(—(gqv,t))xv, is in [B(U,,Y)]" for all v = (vy,...,v,), v; € {—1,1} for every
j=1,..,n for each t € R" with t;u; > 0 for each j =1, ...,n, where ¢, = (V1Wy,1, .., U Wy, n)-

By an image of such original we call a function

(5) F(f,u;p;C) := [f, exp(—u(p,t;¢))) of the variable p € A, with the parameter ¢ € A,,
defined in the domain Wy = {p € A, : a1 < Re(p) < a_1} by the following rule. For a given
p € Wy choose a1 < wy, ..., w, < Re(p) < w_q,...,w_, < a_q, then

(6) [f, exp(—u(p, t; Q) == 22, [f exp(—(qu, 1)), exp{—[u(p, £; ¢) — (qv, )]} X03,),
since exp{—[u(p,t; () — (quv,t)]} € B(U,,Y), where in each term

[f exp(—(qu, 1)), exp{—[u(p,t;¢) — (qu, )]} xv,) the generalized function belongs to [B(U,,Y))
by Condition (4), while the sum in (6) is by all admissible vectors v € {—1,1}".

20. Note and Examples. Evidently the transform F"(f,u; p; ¢) does not depend on a choice
of {w_1,wy, ..., w_p,w,}, since

[f exp(—(qv, 1), exp(—[ulp, ;¢) — (@, t)])xv,) =

[f exp(—(qu, t) — (bo, 1)), exp(=[u(p, t; ¢) = (qv, t) — (bo, 1)])xw,)
for each b € R™ such that a; < w;+b; < Re(p) < w_;+b_; < a_; for each j = 1,...,n, because
exp(—(by,t)) € R. At the same time the real field R is the center of the Cayley-Dickson algebra
A,, where 2 <r € N.

Let 0 be the Dirac delta function, defined by the equation

(DF) [6(t),¢(t)) := ¢(0) for each ¢ € B. Then

(1) 720Vt =7),u:9;C) = Xpeo1,1 [0 (t=7) exp(—(gv, 1)), exp(=[u(p, £; O) = (00, )] )x7,)
= (—=1)70; exp(—[u(p, t; O)])|e=r
since it is possible to take —oco < a1 < 0 < a; < oo and wy = 0 for each k €
{-1,1,-2,2, ..., —n,n}, where 7 € R" is the parameter, 9} := 9Vl /9tJ*...0t}*. In particular, for
j =0 we have

(2) F*(6(t — 7),u; p; ¢) = exp(—u(p, 7;¢)).
In the general case:

(3) f"(ﬁ‘j‘é(t)/aiil---asf;",U;p; ()= ,

Zogklgjl (ﬁ)pg)li 1(p1561)k1 (pQSez)]z“‘(anen)]n exp(—(o - M(p7 0; C))
in the A, spherical coordinates, or

(3.1) Fr(oVl§(t) /ot ..ot u;p; ¢) =

(Po + P1Se, )™ (Po + P2Se,)2...(Po + PuSe,, ) exp(—u(p, 0;¢))
in the A, Cartesian coordinates, where j; + ... + j, = |j|, k1,71, ..., Jn are nonnegative integers,
2rt <n <27 —1, (1) :=1l/[m!(l—m)!] denotes the binomial coefficient, 0! =1, 11 =1, 2! = 2;
N'=1-2....-lforeachl >3, s; =s;(n;t).

The transform F"(f) of any generalized function f is the holomorphic function by p € Wy
and by ¢ € A,, since the right side of Equation 19(5) is holomorphic by p in Wy and by ¢ in
view of Theorem 4. Equation 19(5) implies, that Theorems 11 - 13 are accomplished also for
generalized functions.

For a; = a_; the region of convergence reduces to the vertical hyperplane in A, over R.
For a_; < ay there is no any common domain of convergence and f(t) can not be transformed.

21. Theorem. If f(t) is an original function on R™, F™(p; () is its image, OV f(t)/0s"...0sir
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or VI f(t) /Ot ...0tIn is an original, |j| = j1 4 ... + jn, 0 < J1,enfn € Z, 2771 < n < 20 — 15
then

&) F (99 £(2) /052 . Ol ui pi )

= > (ﬁ)pﬁl’“1(plsel)’“(p2Se2)j2.~-<anen)j”f”(f(t),u;psO

0<ki<ji N

for u(p,t;¢) = pos1 + M(p,t; ) + (o given by 2(1,2,2.1), or
(1) F (0915 (0)/ 08 0 ui i €)=

(po + P1Se, )  (Po + P2Ses)2...(Po + PuSe, )" F(f (1), w; p; €)

for u(p,t;¢) given by 1(8,8.1) over the Cayley-Dickson algebra A, with 2 < r < oo. Do-
mains, where Formulas (1,1.1) are true may be different from a domain of the multiparameter
noncommutative transform for f, but they are satisfied in the domain a; < Re(p) < a_1, where

a1 = min(a_i(f),a_1 (0™ f(t)/0¢7"...007")  [m| < |j],0 < my < jiVI);

a; = max(ay(f), a1 (0™ f(t)/0¢7"...007) = |m| < |k|,0 < my < 5V1), if ay < a_1, where
¢; = s; or ¢; =t; for each j correspondingly.

Proof. To each domain U, the domain U_, symmetrically corresponds. The number of
different vectors v € {—1,1}" is even 2". Therefore, for u = pot+{o+ M (p, t; () due to Theorem
12 the equality

(2) /n(af(t)/asj>e—u(p,t;4)ds _ /n(af(t)/asj)e_u(p’t;odt _

/Rnl(dtj) [f(t)efu(p,t;@} ‘(io_ /Rnl(dtj) (/_Z f(t)[@e“(p’mo/asj}dsj>

is satisfied in the A, spherical coordinates, since the absolute value of the Jacobian 9t/9(#, s;)
is unit. Since for a; < Re(p) < a_; the first additive is zero, while the second integral converts
with the help of Formulas 12(2,2.1), Formula (1) follows for k = 1:

(3) Fr(0f(t)/0sj,u;p; C) = podr ; F(f(t), w;p; C) + piSe, F™(f (), u; p; ).

To accomplish the derivation we use Theorem 14 so that

lim [f"(f(t),u;p; Q) = F(f(t—Tej), u;p; g)] I

T—0

= lim [f"(f(t),u;p; ¢) = F(f(t),u; p; ¢ + 7(po + prix + ... "‘pjij))} /T

= lim f( )[ —u(p,t;{) _ (p,t;C+T(po+p1i1+v..+pjij))] T_ldt,
=0 Jrn
where ¢; = (0,...,0,1,0,..,0) € R™ with 1 on the j-th place. If the original 819! f(t)/8si...0sln
exists, then O™ f(¢)/0s7™...0s™ is continuous for 0 < |m| < [j| — 1 with 0 < my; < j
for each [ = 1,...,n, where f® := f. The interchanging of lim,_,, and fRn may change a
domain of convergence, but in the indicated in the theorem domain a; < Re(p) < a_;, when
it is non void, Formula (3) is valid. Applying Formula (3) in the A, spherical coordinates
by induction to (8™ f(¢)/ds7...0sm) : |m| < |j],0 < my < 5Vl) with the corresponding
order subordinated to 9Vl f(t)/ds)'...0sin, or in the A, Cartesian coordinates using Formula
12(1.1) for the partial derivatives (0™ f(t)/0t7*...0t™) : |m| < |j],0 < my < 5;VI) with the
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corresponding order subordinated to 9V f(t)/0t)...0t» we deduce Expressions (1) and (1.1)
with the help of Statement 6 from §XVII.2.3 [30] about the differentiation of an improper
integral by a parameter and §2.

22. Remarks. For the entire Euclidean space R"™ Theorem 21 for 0f(t)/0s; gives only one
or two additives on the right side of 21(1) in accordance with 21(3).

Evidently Theorems 4, 11 and Proposition 10 are accomplished for FFtia»tiw (f u;p; ()
also.

Theorem 12 is satisfied for F*tim»~-t® and any j € {j(1),...,7(k)}, so that s; = s;(k;t) =
tiqy + .. + tjwy for each 1 <1 <k, pp, = 0 and ¢, = 0 for each 1 < m ¢ {j(1),...,5(k)}

Formula 13(1) it is natural to put t,, = 0 and h,, = 0 for each 1 <m ¢ {j(1),...,5(k)}, so that
only (k4 1) additives with ho, hjay,...,h;x) on the right side generally may remain. Theorems
14 and 17 and 21 modify for F*%im»-%w putting in 14(1) and 17(1,2) and 21(1) t; = 0 and
7; = 0 respectively for each j ¢ {j(1),...,5(k)}.

To take into account boundary conditions for domains different from U, for example, for
bounded domains V' in R™ we consider a bounded noncommutative multiparameter transform

(1) F(fOxv, u;p; Q) = FR(f(8), us p; €).
For it evidently Theorems 4, 6-8, 11, 13, 14, 16, 17, Proposition 10 and Corollary 4.1 are
satisfied as well taking specific originals f with supports in V.

At first take domains W which are quadrants, that is canonical closed subsets affine diffeo-

morphic with Q" = [[}_,[aj, bj], where —oo < a; < b; <00, [a;,b;] :=={z € R: a; <z < b}

denotes the segment in R. This means that there exists a vector w € R™ and a linear invert-
ible mapping C' on R™ so that C(W) —w = Q. We put &' := (t1,...,t5,....,tn : t; = a;),
9% := (t1y ey tjy ooyt o t; = b;). Consider t = (ty,...,t,) € Q™

23. Theorem. Let f(t) be a function-original with a support by t variables in Q™ and zero
outside Q" such that 0f(t)/0t; also satisfies Conditions 1(1 — 4). Suppose that u(p,t;¢) is
giwen by 2(1,2,2.1) or 1(8,8.1) over A, with2 <r < oo, 21 <n <2"—1. Then

1) Fr((04(8)/0t)xqn (8), wi )=
FrIE (F(#2)xgn (82), s 95 ) = F" 5 (F(E ) xn (#7), w3 p; )

[P0+ D7 miSe | F (F 00 (1), wi 5 0)

k=1
in the A, spherical coordinates, or

(1.1) Fr(OF(1)/0t;)x@n(t), us p; ()=

Froi (F (82 xqn (%), u; 5 Q) = F 5 (F (87 ) xgn (1), w5 p; €)
+[po + p;Se, | F™ (f (£)xqn (1), u; p; €)
in the A, Cartesian coordinates in a domain W C A,; if a; = —oo or b; = +oo, then the
addendum with t"* or t9? correspondingly is zero.

Proof. Here the domain Q" is bounded and f is almost everywhere continuous and sat-
isfies Conditions 1(1 — 4), hence f(t)exp(—u(p,t;¢)) € L*(R™ \,, A,) for each p € A,, since
exp(—u(p, t;¢)) is continuous and supp(f(t)) C Q™.

Analogously to §12 the integration by parts gives

thbj

tj=a;

b
@) / (OF(1)/0t;) exp(—u(p,t:O))dt; = F(£) exp(—u(p,£:C))

J
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_/j[f(t)(@exp(—u(pyt;C))/atJ‘)]dt

J

where ¢ = (ty,...,t,). Then the Fubini’s theorem implies:

®) | @r(6)/0t) exp(-utp. t: )it =

[ L] enmencinom]
— [/teQn, - f(t7?) exp(—u(p, t772; g))dtﬂ‘] — [/tem - FEY) exp(—u(p, 9 O)dtj]

b1 b
+|po + Zpksek] / (¢) exp(—u(p, t; ¢))dt

in the A, spherical coordinates or

(31) | @rt0on) exp(-uip, )y

= [/ f(tj’Q)exp(—U(p,tj’2;C))dtj] — [/ F(#Y) exp(—u(p, t"; ¢))dt’
teQn, tj=b; teQn, tj=a;

b1 bn
P+ ;5. | / ) exp(—ulp, 5 0))dt

in the A, Cartesian coordinates, where as usually # = (t1,...,t;_1,0,tj41,...,t,), dt/ =
dty...dtj_1dt;+q...dt,. This gives Formulas (1,1.1), where

(4) FroB0N (F(#%) xgn (877), u(p, 95, C); p; €) =

b1 bj,1 bj+1 bn, ) . )
[ e ety e et
al aj,1 aj+1 a

n

is the non-commutative transform by #* 2771 < n < 2" — 1, dt?* is the Lebesgue volume
element on R" 1.

24. Theorem. If a function f(t)xon(t) is original together with its derivative
O"f(t)xon(t)/0s1...0s, or O"f(t)xgn(t)/0t1...0t,, where F!(p;C) is an image function of
f(t)xon(t) over the Cayley-Dickson algebra A, with 2 < r € N, 27t < n < 2" — 1, for
the function u(p,t;C) given by 2(1,2,2.1) or 1(8,8.1), Q" = H?Zl[o,bj], bj > 0 for each j, then

n—1
(1) Tim {[po + piSe,poSes-PuSe, i (pi )+ D (<1)"
m=0
Z [poél,jl + pj1SEj1 ]p]2 Sejz "‘pjnfmsejnfm

1< < <Jn—m<n; 1<h <. <Im<n; la#jg Vol

Fr (050 = (-1 f(0)e 00
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in the A, spherical coordinates, or

n—1
(1.1) ]}Lrgo{[po + P1Se,][Po + P2Ses]---[Po + PrSe. | Fy (0 ) + Y (=)™
m=0
Z [po + pjy Sejl][]?o + Djs Sem]---[po + pjn_msejn_m]

1<1 <o Sinem <n; 1<l <eoolm<n; la#is Va8

Frm (050 = (-1 f(0)e 00

in the A, Cartesian coordinates, where f(0) = limyegn, +—0 f(t), p tends to the infinity inside
the angle |Arg(p)| < ©/2 — 9§ for some 0 < § < 7/2.

Proof. In accordance with Theorem 23 we have Equalities 23(1,1.1). Therefore we infer
that

2) FrrBEE(F (5 xon (75, u(p, 855 C); p; €)=

b1 bj 1 b1 bn
lim dtl.../ dtjl/ dt]-H.../ (dt,) f(t) exp(—u(p,t;()),

ti—=05k+0 J4, y ajt1 an
where 31 = a; = 0, B2 = b; > 0, k = 1,2. Mention, that (...((¢"")>%2).. )0 = (t: t; =
Biis -ty = Bjy,) for every 1 < j <n. Analogously to §12 we apply Formula (2) by induction
j=1,...,n,2"1<n<2" —1, to
O"f(t(s))/Ds1...08p,...,0" T f(£(5))/08;...08n,....,0f (t(s))/Dsn
instead of f(t(s))/0s;, s; = s;(n;t) as in §2, or applying to the partial derivatives
o"f(t)/0t;...0ty,....,0" T f(t)/Ot;...0t,...,0f (t) /O,
instead of Of(t)/0t; correspondingly. If s; > 0 for some j > 1, then s; > 0 for Q" and
lim, o0 e~uPt0) = 0 for such tO, where ¢t = (t1y e tn), (1) = (L1, ooy bn), [l = 4 oo + 1,
t0 = (tgl), s 55)), t§l) =a, for I; =1 and t§-l) =b; for [; =2, 1 < j <27 — 1. Therefore,

im > () fE0)e @O = (—1) f(0)e 009,

— 00
lj€{172}§ Jj=1,.., n

since u(p, 0; C) = u<07 O; C)? where f((l)) = limteQ”;t—nf(l) f<t)
In accordance with Note 8 [18§]
lim FH(9"f(t)/0s1...08n) xn (1), u(p, t; C); p; €) = 0

p—roo,|Arg(p)|<m/2—4

in the A, spherical coordinates and

lim F (9" f(t)/0t1...0tn) xon (8), ulp, 1 ¢);p; ¢) = 0

p—00,|Arg(p)|<m/2-6
in the A, Cartesian coordinates, which gives the statement of this theorem.

25. Suppose that f(t)xon(t) is an original function, F"(p;() is its image,
VL f (t)xon (t) /O] ...0t" is an original, |j| = 51 + ... + jn, 0 < Jiyeoyfin € Z, 2771 < <27 — 1,
—00 < a < by < oo for each k = 1,...,n, (I) = (l1,...,0n), lx € {0,1,2}, W = A, for
bounded Q". Let W = {p € A, : a1 < Re(p)} for by = oo for some k and finite aj for
ecach k; W = {p € A, : Re(p) < a_1} for a = —oo for some k and finite by for each
k;, W ={pe A : a < Re(p) < a_1} when a = —oo and b, = 400 for some k and I;
t0 = (¢ Dy,
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We put t,(cl) =t and ¢ = 0 for I, = 0, t,gl) = a for [, = 1, th) by for 1, = 2,
(Q) = (q17"'aQn)7 ’(J‘ :(I1+ +Qn7

ay = max(ay (f), ar (O™ f(t) /7.0t < Jm| < |j,0 < my < §VE),

a_y =min(a_1(f),a_1 (™ f(t)/0t7*...0tm )« |m| < |5],0 < my < g VE) ifa; < a_y.

If a = —o0 and b, = 400 for Q™ with a given k, then [, = 0. If either ap > —o0 or
by < +oo for a marked k, then I, € {0,1,2}. We also put hy = hi(l) = sign(ly) for each k,
where sign(z) = —1for z < 0, sign(0) = 0, sign(z) = 1 for z > 0, h = h(l), |h| = |h1|+...+]|hnl,

(lj) = (ZISign(j1>? ) lnSZgn(jn))

Let the vector (I) enumerate faces 9Q(), in 0Q}_, for [h(l)] = k > 1, so that 0Q}_; =
U= @y 0Q NOQY,,) = () for each (1) # (m) (see also more detailed notations in §28).

Let the shift operator be defined:

Ty F (p; Q) := F(p; ¢ — (i2mq + ... +i,my)m/2), also the operator

(SO) Sy F'(p; €) := SE*-.. ST F (p; ),
where (m) = (my,...,m,) € [0,00)" C R", Sfm) = Si(m) for each positive number 0 < k € R,
So = I is the unit operator for (m) = 0 (see also Formulas 12(3.1 — 3.7)). As usually let

= (1,0,...,0),...,e, = (0,...,0,1) be the standard orthonormal basis in R™ so that (m) =
mie1 + ... + mpén,.

Theorem. Then

M F (0715 (0)xqn (8) /08 . 082 ulp 1 C)ipi € ) =
RARE R F™ (F()xon (1), ;i )

+ >
1<) mptar+he=4k;0<my; 0<qr; hp=sign(lxjr); qx=0 for ljx=0, for each k=1,..n; (1)e{0,1,2}"
(_1)|(lj)|R:}1 RgszZ;nj:n—lh(lj)l(aIQIf(t(lj))XaQ?l (t +(19) )/OtI .00 u; p; )

for u(p,t; ) in the A, spherical coordinates or the A, Cartesian coordinates over the Cayley-
Dickson algebra A, with 2 < r < oo, where

(11) R€1 ‘= Do +pls€17 Rez = Do +pls€1 +p2$€27"'; Ren ‘= Do +pls€1 +p2582 + o +pns€n
in the A, spherical coordinates, while

(1.2) Re, := po + p1Se,, Rey := po + p2Seys---, Re, = po + DuSe, in the A, Cartesian
coordinates, i.e. R.;, = Re,(p) are operators depending on the parameter p. If t§l) = oo for
some 1 < j < n, then the corresponding addendum on the right of (1) is zero.

Proof. In view of Theorem 23 we get the equality

b
/ (dtk) |:(8\m\f(t)/at;nl mat?n)e—u(p,t;g)] k
R—1nQ"™ o
by,
_/ (dtk) (/ (8‘m\f( ) /Ot .. tm") [&an(p,t;C)/atk] dtk>
Rnilan ak

is satisfied for 0 < my, < ji for each k = 1,...,n with |m| < |j|. On the other hand, for p € W
additives on the right of (2) convert with the help of Formula 23(1). Each term of the form

/ (dt(l))[(ﬁ‘q|f(t(l))x(9@n( ) /Ot Ot e (p,t;c)}
R— 1R (DINQn @
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can be further transformed with the help of (2) by the considered variable t; only in the
case I, = 0. Applying Formula (2) by induction to partial derivatives 9Vl f/ot)'...oti,
a‘j‘*jlf/ﬁt?...atjn'“,...,8“]”/815{%”,...,af/atn as in §21 and using Theorem 14 and Remarks 22
we deduce (1).

26. Theorem. Let f(t)xu, ,(t) be a function-original with values in A, with 2 < r < oo,
211 <n < 2" — 1, u is given by 2(1,2,2.1) or 1(8,8.1),

(1) o(t) = /Otl .../Otnf(m)dm, then

(2) F*(fxuvn... (), u;0;¢) = Re,Rey .. Re, F™ (gt xv,. 1 (), w5 p; €)

,,,,,,,,,,

in the domain Re(p) > max(ai,0), where the operators R, are given by Formulas 25(1.1,1.2).
Proof. In view of Theorem 25 the equation

(3) fn(fXU1 1(t)7 u; p; C) =
Re,Rey---Re, F(g(t), u; p; )
+ >
1<|I|; 0<mE<1; mp+hi=1; hp=sign(lx); for each k=1,.., n; q1=0,...,qn=
(1) ORIREE . RE O (g (0), 5 ),

is satisfied, since 9"g(t)/0t:1...0t, = (fxv,. ,)(t), where j; = 1,...5, = 1, [; = 1 for each
j = 1,..,n. Equation (3) is accomplished in the same domain Re(p) > max(as,0), since
g(0) = 0 and g(t) also fulfills conditions of Definition 1, while a;(g) < max(a;(f),0) + b for
1 and outside

.....

-----
.....

.....

.....

function f(t) for u given by 2(1,2,2.1) in the half space W = {p € A, : Re(p) > a1} with
2<r<oo,pr=0,.,pj-1=0; G =7/2,....,¢;_1 = 7/2 for each j > 2 in the A, spherical
coordinates or (1 = 0,...,(;—1 = 0 for each j > 2 in the A, Cartesian coordinates;

(1) the integral foo” F*(po+z;¢)dz converges, where p = po+p1i1 +... +piix, € A, p; € R
for each j =0,..,2" =1, 271 <k <2" —1, Uy 4 :={(ts,....tx) € R¥: t; > 0,...,t > 0}.
Let also

(2) the function F*(p;¢) be continuous by the variable p € A, on the open domain W,
moreover, for each w > a; there exist constants C,' > 0 and €, > 0 such that

(3) |F*(p; Q)| < C' exp(—ewlp|) for each p € Srm), Sk :={2z € A, : Re(z) > w}, 0 <
R(n) < R(n+1) for each n € N, lim,,_,o, R(n) = oo, where a; is fized, { = (oio+ ...+ (xix € A,
is marked, ¢; € R for each j =0,...,k. Then

(4) / FMpo+ 2Q)dz = S FE ()X, (D)6, w05 ),
Pji;

where py = 0,...,p;— 1—0f0reachj >2; ¢ =7/2,...(_1=7/2 and & = s;(k;t) in the A,

spherical coordinates, while ¢; = 0,...,¢;—1 = 0 and §J = t; in the A, Cartesian coordinates

correspondingly for each 7 > 1.
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Proof. Take a path of an integration belonging to the half space Re(p) > w for some
constant w > a;. Then

/ £(8) exp(—u(p,t; O))dt

< C’/ exp(—(po — a1)(t1 + ... + t))dt < oo

converges, where C' = const > 0, pg > w. For t; > 0 for each j =1, ...,k conditions of Lemma
2.23 [18] (that is of the noncommutative analog over A, of Jordan’s lemma) are satisfied. If
t; — oo, then s; — oo, since all ¢;,...,¢; are non-negative. Up to a set OU;,__; of A Lebesgue
measure zero we can consider that t; > 0,...,ty > 0. If s; — oo, then also s; — oo. The
converging integral can be written as the following limit:

ooij OOij
(5) / F*(po + 2; C)alz:olim0 F*(po + 2;¢) exp(—k|z|)dz

Pji; <=0 Jpji;
for 1 < j < k, since the integral ffgooo [F*(w + 2;¢)]dz is absolutely converging and the limit
lim,_,oexp(—k|z|) = 1 uniformly by z on each compact subset in A,, where S is a purely
imaginary marked Cayley-Dickson number with |S| = 1. Therefore, in the integral

o " Fo (o + 25 0)dz = / °° (

i)

/U f(t) [exp(—u(po + z,t; C))} dt) dz

the order of the integration can be changed in accordance with the Fubini’s theorem applied
componentwise to an integrand g = goig + ... + gntn With ¢, € R for each [ =0, ..., n:

@ [ P = |

bjtj

dt( - f(t) exp(—u(po + 2, ¢; C))d2>

bjtj

,,,,,

f (t){ / - [e—“@ﬁz:t@} dz}dt.
1 Dt

VA

.....

Generally, the condition p; = 0,....pj—; = 0 and ¢; = 7/2,...,(;_1 = 7/2 in the A, spherical
coordinates or ¢; = 0,...,(j_1 = 0 in the A, Cartesian coordinates for each j > 2 is essential for
the convergence of such integral. We certainly have

bji; 0;,=b; 0;=b;
(8) / - cos(ijzE; + ()dz = [Sin(ejﬁj + Cj)/ﬁj] o = [— cos(0;&; + ¢ + 7T/Q)/&}
Djtj i=Pj i =DPj
and
0,=b; 0,=b,

bi,
9) / sin(i}2€; + (j)dz; = [— cos(0;; + Cj)/ﬁ;}

bjty

- [_ sin(0;¢; + ¢+ 7/ 2)/&}

i=D; i=P

for each {; > 0 and —oo < p; < b; < oo and j = 1,...,k. Applying Formulas (5 — 9) and
2(1,2,2.1) or 1(8,8.1) and 12(3.1 — 3.7) we deduce that:

/ °° [F “(po + 2 Q}dz =S, / [f(t)/&5] exp{—u(p, t; ¢) }dt

= S_o, FH st (f(t)xo,,. . (8)/&,u; p; €),

,,,,,
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where t = (t1,...,t), S; =t; + ...+t for each 1 < j < k, s = ty, & = s; in the A, spherical
coordinates or §; = t; in the A, Cartesian coordinates.

28. Application of the noncommutative multiparameter transform to partial dif-
ferential equations.
Consider a partial differential equation of the form:

(1) ALfI(t) = 9(t), where |
(2) ALFI() = 0 (O (008 .01,

a;(t) € A, are continuous functions, where 0 < k € Z, j = (J1, ..., Jn)s |J| = J1 + - + Jns
0 < ji € Z, o is a natural order of a differential operator A, 2 < r, 2"~! < n < 2" — 1. Since
sk = Sg(n;t) = tp+...+t, for each k = 1, ..., n, the operator A can be rewritten in s coordinates
as

(2.1) A[fI(t()) == X)j1<a (D)@Y (2(5)) /057" .07
That is, there exists b; # 0 for some j with |j| = a and b; = 0 for |j| > a, while a function
> ljl=a b;(t(s))s]'...si» is not zero identically on the corresponding domain V. We consider
that

(D1) U is a canonical closed subset in the Euclidean space R", that is U = cl(Int(U)),
where Int(U) denotes the interior of U and cl(U) denotes the closure of U.

Particularly, the entire space R™ may also be taken. Under the linear mapping (t1, ..., t,) —
(81, ...y Sp) the domain U transforms onto V.
We consider a manifold W satisfying the following conditions (i — v).

(). The manifold W is continuous and piecewise C®, where C! denotes the family of [ times
continuously differentiable functions. This means by the definition that W as the manifold is
of class C° N Cf.. That is W is of class C* on open subsets Wy ; in W and W'\ (U] Wo,;) has

loc*
a codimension not less than one in W.

(17). W = U;”:O W;, where Wy = |J, Wor, W; N Wy, = 0 for each k # j, m = dimgW,
dimRWj =m — j, I/I/j_t,_l - 8VVJ

(#77). Each W; with j = 0,...,m — 1 is an oriented C*-manifold, W} is open in [J;_; Wi. An
orientation of Wj,, is consistent with that of OW; for each 7 = 0,1,...,m — 2. For 7 > 0 the
set W; is allowed to be void or non-void.

(iv). A sequence W* of C* orientable manifolds embedded into R™, a > 1, exists such that
W* uniformly converges to W on each compact subset in R™ relative to the metric dist.

For two subsets B and E in a metric space X with a metric p we put

(3) dist(B, E) := max{sup,cg dist({b}, E),sup,cp dist(B,{e})}, where

dist({b}, E) := inf.cg p(b,e), dist(B,{e}) := infycp p(b,e), b € B, e € E.
Generally, dimpW = m < n. Let (ef(x),...,e" (z)) be a basis in the tangent space T,W* at
x € W* consistent with the orientation of W*, k € N.

We suppose that the sequence of orientation frames (e¥(xy), ..., eF (zx)) of W* at x; con-
verges to (e1(x), ..., e (z)) for each x € Wy, where limy, ), = © € Wy, while e;(z),....en(x) are
linearly independent vectors in R™.

(v). Let a sequence of Riemann volume elements A\, on W* (see §XII1.2 [30]) induce a limit
volume element A on W, that is, A(B N W) = limy_,.(B N W*) for each compact canonical
closed subset B in R", consequently, A(W \ W) = 0. We shall consider surface integrals of
the second kind, i.e. by the oriented surface W (see (iv)), where each W;, j = 0,...,m — 1 is
oriented (see also §XIII.2.5 [30]).

Recall, that a subset V in R™ is called convex, if from a,b € V it follows that ea+(1—€)b € V
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for each € € [0, 1].

(vi). Let a vector w € Int(U) exist so that U —w is convex in R™ and let QU be connected.
Suppose that a boundary OU of U satisfies Conditions (i — v) and

(vii) let the orientations of OU* and U* be consistent for each k € N (see Proposition 2
and Definition 3 [30]).

Particularly, the Riemann volume element )\ on OUF is consistent with the Lebesgue mea-
sure on U* induced from R" for each k. This induces the measure A on 9U as in (v).

Also the boundary conditions are imposed:

(4) f()]ov = fo(t)), (DM f(t)/0sF...08%)|or = fiq(t') for |q| < a—1, where s = (51, ..., $,) €
R™ (¢) = (¢15 ), |9l = @1 + ... + qn, 0 < g € Z for each k, t € OU is denoted by t', fo, fiq
are given functions. Generally these conditions may be excessive, so one uses some of them or
their linear combinations (see (5.1) below). Frequently, the boundary conditions

(5) fF()|ov = fo(t'), (O f(t)/0VY)|ov = fi(t') for 1 <1 < a—1 are also used, where v denotes
a real variable along a unit external normal to the boundary OU at a point ¢ € 9U,. Using
partial differentiation in local coordinates on QU and (5) one can calculate in principle all other
boundary conditions in (4) almost everywhere on 9U.

Suppose that a domain U; and its boundary 0U; satisfy Conditions (D1,i — vii) and g; =
gXu, is an original on R™ with its support in U;. Then any original g on R" gives the original
gXu, =: go on R" where Uy = R™\ U;. Therefore, g; + g is the original on R™, when ¢; and g,
are two originals with their supports contained in U; and U, correspondingly. Take now new
domain U satisfying Conditions (D1,i — vii) and (D2 — D5):

(D2) U D Uy and U C 9Uy;

(D3) if a straight line £ containing a point w; (see (vi)) intersects OU; at two points y; and
2, then only one point either y; or y, belongs to OU, where w; € Uy, U — wy; and U; — w; are
convex; if £ intersects QU; only at one point, then it intersects QU at the same point. That is,

(D4) any straight line ¢ through the point w; either does not intersect OU or intersects the
boundary OU only at one point.

Take now g with supp(g) C U, then supp(gxv,) C Uy. Therefore, any problem (1) on U; can
be considered as the restriction of the problem (1) defined on U, satistfying (D1 — D4, — vii).
Any solution f of (1) on U with the boundary conditions on OU gives the solution as the
restriction f|y, on U; with the boundary conditions on 9U.

Henceforward, we suppose that the domain U satisfies Conditions (D1, D4, — vii), which
are rather mild and natural. In particular, for Q™ this means that either a;, = —oo or by, = +00
for each k. Another example is: U is a ball in R™ with the center at zero, U = UU(R"\Uy,.. 1),
wy =0;or U=U,U{t € R": t, > —e} with a marked number 0 < ¢ < 1/2. But subsets
OU(;y in QU can also be specified, if the boundary conditions demand it.

The complex field has the natural realization by 2 x 2 real matrices so that i = ( 0 1),

~10
i = —( (1) (1)) The quaternion skew field, as it is well-known, can be realized with the help of
2 x 2 complex matrices with the generators I = ( (1) ?), J = (_01 B), K = (5 _Oi), L= (O_i*é), or

equivalently by 4 x 4 real matrices. Considering matrices with entries in the Cayley-Dickson
algebra A, one gets the complexified or quaternionified Cayley-Dickson algebras (A,)c or
(A,)m with elements z = al + bi or z = al + bJ + cK + eL, where a,b,c,e € A,, such that
each a € A, commutes with the generators i, I, J, K and L.

When r = 2, f and g have values in A = H and 2 < n < 4 and coefficients of differential
operators belong to Aj, then the multiparameter noncommutative transform operates with the
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associative case so that

Fr(af) = aF"(f)
for each a € H. The left linearity property F"(af) = aF"(f) for any a € H; k1 is also
accomplished for either operators with coefficients in R or C; = IR@® iR or Hy 1, = IR ®
JR® KR @ LR and f with values in A, with 1 <n < 2Y — 1; or vice versa f with values in
C; or H; g, and coefficients a in A, but with 1 <n < 4. Thus all such variants of operator
coefficients a; and values of functions f can be treated by the noncommutative transform.
Henceforward, we suppose that these variants take place.

We suppose that g(t) is an original function, that is satisfying Conditions 1(1—4). Consider
at first the case of constant coefficients a; on a quadrant domain Q". Let Q™ be oriented so
that a, = —oo and b, = +oo for each k& < n — k; either ay, = —o0 or by = +oo for each
k > n — k, where 0 < k < n is a marked integer number. If conditions of Theorem 25 are
satisfied, then

6)  F A5 = Y a{Re @) Rea(p) Re () F(£(8)xqe (8), i €)

7| <

+ 2.

1<|(t)]; ma+ar-+ha=ir; 0<muy; 0<qr; hx=sign(lxjx); ax=0 for 1.5,=0, for each k=1,...n; 1)e{0,1,2}"
(=) Rey (p))™ Ry ()] . R (p) ™ 101 (09 £ (10 oy (199) /085" . 008 i€ ) }

= F™"(9()xqn (1), u; p; €)
for u(p,t;¢) in the A, spherical or A, Cartesian coordinates, where the operators R, (p) are
given by Formulas 25(1.1) or 25(1.2). Here (I) enumerates faces Q) in 0Qp_; for |h(l)| =
k > 1, so that 8@?_1 = U\.h(l)|:k QZ), Q) NOQY,,) = 0 for each (I) # (m) in accordance with
§25 and the notation of this section.
Therefore, Equation (6) shows that the boundary conditions are necessary:

(8‘q|f(t(l))/8t‘1“...8tg")|a%) for 7] < a, [(I5)] > 1, a; # 0, ¢& = 0 for lyj =0, mp+q+hy =

Jky b = sign(lxje), k=1,. A0S 9Q7y- But dimr0Q"™ = n—1for 9Q" # (), consequently,
(01917 (¢V) /0t ..0t8 ) oy, can be calculated if know (917 f(t™)/ot2,,..ot0" )|a% for |B| =
lq|, where 8 = (f1, .. ,ﬁm) = |h(l)|, a number (k) corresponds to Ly > 0, since g = 0 for

Iy =0 and g > 0 only for l;jx > 0 and k > n — k. That is, t,x),...,t(m) are coordinates in R"
along unit vectors orthogonal to 8@’&)

Take a sequence U* of sub-domains U* C U**! C U for each k € N so that each U* =
Ul"i(lk ) Qy,; is the finite union of quadrants Q};, m(k) € N. We choose them so that each two
different quadrants may intersect only by their borders, each U* satisfies the same conditions

as U and

(7)) limy_o0 dist(U, U*) = 0.

Therefore, Equation (6) can be written for more general domain U also.

For U instead of Q" we get a face OUj;) instead of 8@6) and local coordinates 7,(1),...,7y(m)
orthogonal to OUy; instead of t.(1),...,ty(m) (see Conditions (i — iii) above).

Thus the sufficient boundary conditions are:

181 £ (+(13) B Pm - NEAC
(5'1) (8 f(t >/87—’Y(1)”'6T’Y(m))’GU(U) ¢B,(l])(t )

for || = |q|, where m = [h(l7)], 7] < o, [(Ij)| > 1,a; # 0, gx = 0 for lyjix = 0, mp+qe+hy = ji,
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hi, = sign(lyjr), 0 < qx < jx — 1 for k > n — k; (b/g’(l)(t(l)) are known functions on 9Uy,
tW ¢ OU(y. In the half-space t,, > 0 only

(5.2) 9°f(t)/ 0t} 1,=0
are necessary for § = |¢| < a and ¢ as above.

Depending on coefficients of the operator A and the domain U some boundary conditions
may be dropped, when the corresponding terms vanish in Formula (6). For example, if A =
0?/0t,0ty, U = Uyy, n = 2, then 8f/0v|sy, is not necessary, only the boundary condition
flav is sufficient.

If U = R", then no any boundary condition appears. Mention that

(5.3) FO(f(a);u;p; ¢) = f(a)e ®9),
which happens in (6), when a = t® and |h(l)| = n.

Conditions in (5.1) are given on disjoint for different (I) submanifolds 0Uy) in OU and
partial derivatives are along orthogonal to them coordinates in R", so they are correctly posed.

In A, spherical coordinates due to Corollary 4.1 Equation (6) with different values of the pa-
rameter ¢ gives a system of linear equations relative to unknown functions S, F"(f(t), u; p; ),
from which F™(f(t),u;p; () can be expressed through a family

{S(m)f"”(g(t),wp; ¢); SemF" "V (3'q'f(t(l))><a@g)(t(”)/at‘{l.--ati”,U;p; C)r (m) € Z"}

and polynomials of p, where Z denotes the ring of integer numbers, where the corresponding
term F" MOl i zero when ty) = 400 for some j. In the A, Cartesian coordinates there are
not so well periodicity properties generally, so the family may be infinite. This means that
F™(f(t),u;p; ¢) can be expressed in the form:

(8) FH(f (), w595¢) =Y Py (P)Sem) F (g (1), 15 15 €)
(m)

+ > Piwm®SmF" _'h(”)'(8'q‘f(t(lj))x@u<lj)(t(“))/at?l---5t2”,u;p; C),
3:(@),(D,1()]=1,(m)

where P,y (p) and Pj () 1),im)(p) are quotients of polynomials of real variables pg, p1, ..., p,. The
sum in (8) is finite in the A, spherical coordinates and may be infinite in the A, Cartesian
coordinates. To the obtained Equation (8) we apply the theorem about the inversion of the
noncommutative multiparameter transform. Thus this gives an expression of f through g as a
particular solution of the problem given by (1,2,5.1) and it is prescribed by Formulas 6.1(1)
and 8.1(1).

For F™(f;u;p;¢) Conditions 8(1,2) are satisfied, since P,y (p) and P; ) @),mm)(p) are quo-
tients of polynomials with real, complex or quaternion coefficients and real variables, also G™
and F* 10l terms on the right of (6) satisfy them. Thus we have demonstrated the theorem.

28.1. Theorem. Suppose that F"(f;u;p; () given by the right side of (8) satisfies Condi-
tions 8(3). Then Problem (1,2,5.1) has a solution in the class of original functions, when g and
¢,y are originals, or in the class of generalized functions, when g and ¢g ;) are generalized
functions.

Mention, that a general solution of (1,2) is the sum of its particular solution and a general
solution of the homogeneous problem Af = 0. If ¢35 ) = ¢,18,(l) + q%,(l)’ g=ag1+92, f = fi+ fo,
Af; = g; and f; on OU; satisfies (5.1) with ¢Z3,(l)’ j=1,2, then Af = g and f on QU satisfies
Conditions (5.1) with ¢g ).

28.2. Example. We take the partial differential operator of the second order

A= Z ap,m0>/0T0T,, + Z ap0/0T, + w,
h=1

h,m=1 =
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where the quadratic form a(7) := )" hm @h,mThTm 18 non-degenerate and is not always negative,
because otherwise we can consider —A. Suppose that aj,, = an, € R, ap, 7 € R for each
h,m=1,...n, w € As. Then we reduce this form a(7) by an invertible R linear operator C' to
the sum of squares. Thus

(9) A= "a,0°/ot + ) 30/0ty +w,
h=1 h=1

where (t1,...,t,) = (11, ..., 7,,)C with real a; and ), for each h. If coefficients of A are constant,
using a multiplier of the type exp(}_, €xsp) it is possible to reduce this equation to the case so
that if aj, # 0, then 5, = 0 (see §3, Chapter 4 in [26]). Then we can simplify the operator with
the help of a linear transformation of coordinates and consider that only 3, may be non-zero
if a, = 0. For A with constant coefficients as it is well-known from algebra one can choose a
constant invertible real matrix (¢pm)n.m=1,. corresponding to C' so that a, = 1 for h < k.
and ap = —1 for h > k,, where 0 < k, <n. For k, =n and 8 = 0 the operator is elliptic, for
k, =n —1 with a, = 0 and 3, # 0 the operator is parabolic, for 0 < k, < n and g = 0 the
operator is hyperbolic. Then Equation (6) simplifies:

n

(10) FH A1), u;p; €) :Zah{[Reh(p)]QFn(f(t)XQ"(t)au;p; ¢)

h=1

Y CDR[F O )xoay, (1) /0t wi i )

Ihe{1,2};(D=lnen
R, IF(F () xoay, (¢0), wips )| |
0 T (P2 xaan,, (02), w05 C) = F 0 ()Xo, (¢, s C)

+[Re,, (D) F™ (f () xqn (£), u; p; C) }+wf"”(f(t)xQn (t), u;p; €)= F*(g(t), u; p; )

in the A, spherical or A, Cartesian coordinates, where e, = (0, ...,0,1,0,...,0) € R" with 1 on
the h-th place, So = I is the unit operator, the operators R, (p) are given by Formulas 25(1.1)
or 25(1.2) respectively.

We denote by dg(z) the delta function of a continuous piecewise differentiable manifold S
in R" satisfying conditions (i — vi) so that

@) [ a@sste)ds = [ amrala)

for a continuous integrable function n(x) on R", where dim(S) = m < n, A\,(dy) denotes
a volume element on the m dimensional surface S (see Condition (v) above). Thus we can
consider a non-commutative multiparameter transform on QU for an original f on U given by
the formula:

(11) Fpr ™ (F () xou (t'), us p; €) = F(f(£)dou (t), u; p; C).
Therefore, terms like 7"~ in (10) correspond to the boundary Q™. They can be simplified:

(12) B F (o, (0w Q) —F T (£ xaas, (), uipi€) |

= Fpor (BE) F () xagn (t), us p; €),
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where ((t') is a piecewise constant function on dQ™ equal to (3, on the corresponding faces of
Q™ orthogonal to e, given by condition: either ¢, = a,, or ¢, = b,; B(t') = 0 is zero otherwise.

If a, = —o0 or b, = +o0, then the corresponding term disappears. If R™ embed into A,
with 2771 <n < 2" —1 as Ri; @ ... ® Ri,, then this induces the corresponding embedding ©
of Q" or U into A,. This permits to make further simplification:

(12.1) Zah{ S U R @IF ) xaag, (10), w51 )

h=1 Ihe{1,25(D=lnen
+ 7 (04 (0 xoap, (40) /0, wipi C) |3
= Tt (alt) (OF () xoas (£)/0v) ulp. ' ): i)
+ Tzt (PU) S xoag (#), s 13 ),

where v = v(t') denotes a real coordinate along an external unit normal M(t') to ©(0U) at
O(t'), so that M (t') is a purely imaginary Cayley-Dickson number, a(t') is a piecewise constant
function equal to ay, for the corresponding ¢’ in the face 0Q7 . with I, > 0; P(¢',p) := P(t') :=
Re,(p) for t' € Q7 ., h =1,...,n, since sin(y) + ) = —sin(¢)) and cos(y) + 7) = — cos(¢) for
each ¢ € R. Certainly the operator-valued function P(¢’) has a piecewise continuous extension
P(t) on Q™. That is

(13) Foor (€A F()xou (1), ulp, t'5 () p3 €)

[ 07000 0) exp{ —u(p,:C) o

for an integrable operator-valued function £(t) so that [£(f)f(¢)] is an original on U whenever
this integral exists. For example, when ¢ is a linear combination of shift operators S,y with
coefficients €()(t, p) such that each () (¢, p) as a function by ¢t € U for each p € W and f(t) are
originals or f and g are generalized functions. For two quadrants @),,,; and @, intersecting by
a common face T external normals to it for these quadrants have opposite directions. Thus the
corresponding integrals in F5, ! and Fgé ! restricted on T summands cancel in fg(_le,lUQm,k).

Using Conditions (iv — vi1) and the sequence U™ and quadrants Q7 ; outlined above we get
for a boundary problem on U instead of Q" the following equation:

(14) F(A[f1(t), w5 p; ¢ {Zah en( (f(t)XU(t)au§p§<)}+

{Fa0 (B + P D) () xo0n (8), w93 )+ F5 (a(E) (OF (¢ Yxoun () /00), s p: €) }

F(BuRa(@)]f (&) xu (1), us p; ) +wF™ (f ) xu (t), us p; ¢)= F (g(t), us p; €),

where P(t',p) := P(t') := > _7_, an[Rn(p)](Ov/0t,) for each ¢ € OU (see also Stokes’ formula
in §XII1.3.4 [30] and Formulas (14.2,14.3) below). Particularly, for the quadrant domain Q"
we have a(t) = ay, for t € Q7 with I, > 0, B(t) = B, for t € 9Q} . with [, > 0 and zero
otherwise.

The boundary conditions are:

(14.1) f(®)lovy = &(®)lovs, (O ()/0V)|avs = ¢1(t)]ovs,-

The functions a(t) and ((t) can be calculated from {a; : h} and (3, almost everywhere on OU
with the help of change of variables from (t1,...,t,) t0 (Y1, .., Yn—1,Yn), Where (y1,...,y,) are
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local coordinates in dUp in a neighborhood of a point t' € Uy, y,, = v, since 9V is of class C 1
Consider the differential form >, _ (—1)""aydt; A ... Adty A ... Adt, = ady; A ... A dy,—q and
its external product with dv =", _,(0v/0t)dt, then

(142) a(t)|3U0 = 22:1 ah(aV/ath)|an and

(14.3) B(t)lovy = BrXv., s, (OV/Otn)|ou,-

This is sufficient for the calculation of Fj .

28.3. Inversion procedure in the A, spherical coordinates.

When boundary conditions 28(5.1) are specified, this equation 28(6) can be resolved relative
to F*(f(t)xu(t),u(p,t;C);p; ¢), particularly, for Equations 28.2(14,14.1) also. The operators
Se, and T of §12 have the periodicity properties: Sffij(p; () = S’;jF(p; ¢) and T;HI“F(p; ¢) =
TFF(p;C) , SZFF(p;¢) = =SE F(p;¢) and TP F(p; () = =T F (p; ¢) for each positive integer
number k and 1 < j < 2" — 1. We put

(6.1) Fj(p; ¢) := (S¢, — Se,,, ) F(p; ¢) for any 1 < j < 2" —2,

€j+1
(6.2) For_1(p;¢) :==S;,._ F(p;¢). Then from Formula 28(6) we get the following equations:
(6.3) Z aj{[po + pi T po + prTh + p2To)”

lil<er

Ipo+piTy+ +pnTn]j"}

pp=0 Vb>w Fw(p; C) - {_ jz<:a aj
2

1<) ]; ma+qr+he=jr; 0<mu; 0<qy; hrp=sign(lyjr); qx=0 for 1,j,=0, for each k=1,...,n; (1)e{0,1,2}»

(=D [po +pi )™ [po + pr1 Ty + p2To]™  [po + 1Ty + oo+ 2T ™ o e

Fo M0 £ () xaqn,  (¢7) /0.0t u; p; C)}+Gw(p; ¢)

for each w = 1,..,n, where F(p;{) = F"(f(t)xon(t),u;p;¢{) and G(p;¢) =
F™(g(t)xon(t),u;p; (). These equations are resolved for each w = 1,...,n as it is indicated
below. Taking the sum one gets the result

(6.4) F(p;¢) = Fi(p; ¢) + ... + Fu(p; €),
since {[ZT 2(54 —S? )}—1—54 } —u(p,t;C) f54 u(ptiC) — p—ulptiC).

€j+1 €ar_1

The analogous procedure is for Equation (14) with the domain U instead of Q™.
From Equation (6.3) or (14) we get the linear equation:

(15) > bwme =0
0

where ¢ is the known function and depends on the parameter ¢, 1) are known coefficients
depending on p, z() are indeterminates and may depend on ¢, [; = 0,1 for h = 1, so that
T()42e, = —2); In = 0,1,2,3 for h > 1, where ()4, = (1) for each b > 1 in accordance with
Corollary 4.1, (1) = (I1, ..., 1,).

Acting on both sides of (6.3) or (14) with the shift operators T{,,) (see Formula 25(S0)),
where m; = 0,1, my, = 0,1,2,3 for each h > 1, we get from (15) a system of 2+2*~1) Jinear
equations with the known functions ¢, := T(;,)¢ instead of ¢, ¢ ) = ¢:

(15.1) Z(l) ¢(Z)T(m)$(l) = Qb(m) for each (m)
Each such shift of ¢ left coefficients ¢ intact and z@)imm) = (—1)"z@y with Iy =
li + my (mod 2), I'y, = U, + my (mod 4) for each h > 1, where n = 1 for Iy + my — I'y = 2,
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n = 2 otherwise. This system can be reduced, when a minimal additive group G :=
{() : & (mod 2), l; (mod 4) V2 < j < k; generated by all (I) with non-zero coefficients
in Equation (15)} is a proper subgroup of gy x g¥~!, where g, := Z/(hZ) denotes the finite
additive group for 0 < h € Z. Generally the obtained system is non-degenerate for \,,; almost
all p = (po, ..., pn) € R"™ or in W, where \,;; denotes the Lebesgue measure on the real space

We consider the non-degenerate operator A with real, complex C; or quaternion Hjx 1,
coefficients. Certainly in the real and complex cases at each point p, where its determinate
A = A(p) is non-zero, a solution can be found by the Cramer’s rule.

Generally, the system can be solved by the following algorithm. We can group variables by
l1, la,...,l,. For a given Iy, ..., 1, and [; = 0,1 subtracting all other terms from both sides of (15)
after an action of T{,,) with m; = 0,1 and marked m,, for each h > 1 we get the system of the
form

(16) axy + fzy = by,
—Bz1 4+ axy = by,
which generally has a unique solution for A, ; almost all p:
(17) 1 = (a(a®+ %) ~1)by — (B(a® + 5%) " 1)ba); z2 = (a(a® 4+ 3%) )by + (B(a? + %) )by,
where by, by € A, for a given set (mg,...my,).

When [, are specified for each 1 < h < k with h # hg, where 1 < hy < k, then the system
is of the type:

(18) axy + bxy + cx3 + dxy = by,
de’l + axy + b.’l?g +cxry = bg,
cx1 + dxy + axs + bxy = bg,
ba:l + cro + d:L'g +axry = b4,

where a,b,c,d € R or C; or Hj g 1, while by, by, bs, by € A,. In the latter case of Hj g 1, it can
be solved by the Gauss’ exclusion algorithm. In the first two cases of R or C; the solution is:

(19) z; = A;/A, where

A = a&y — d&s + c§3 — by,

Ay =b1&1 — b2y + b3z — baly,

Ay = —b1&y + ba&y — bsz&s + byl

Az = b1&§3 — ba&s + b3&y — balo,

Ay = —bi& + bas — b3y + by,

& = a® + b?c+ cd?* — ac® — 2abd,

& = a?b + be? + d® — b*d — 2acd,

& = ab® + A + ad® — a’c — 2bcd,

& = a’d+ b + Ad — bd* — 2abe.

Thus on each step either two or four indeterminates are calculated and substituted into
the initial linear algebraic system that gives new linear algebraic system with a number of
indeterminates less on two or four respectively. May be pairwise resolution on each step is
simpler, because the denominator of the type (a? + 3?) should be Ay almost everywhere by
p € A, positive (see (6), (14) above). This algorithm acts analogously to the Gauss’ algorithm.
Finally the last two or four indeterminates remain and they are found with the help of Formulas
either (17) or (19) respectively. When for a marked h in (6) or (14) all [, = 0 (mod 2) (remains
only z; for h = 1, or remain z; and z3 for A > 1) or for some h > 1 all [, = 0 (mod 4) (remains
only z;) a system of linear equations as in (15, 15.1) simplifies.

Thus a solution of the type prescribed by (8) generally A, ;; almost everywhere by p € W
exists, where W is a domain W = {p € A, : a1 < Re(p) < a_1, p; = 0Vj > n} of convergence
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of the noncommutative multiparameter transform, when it is non-void, 2" ! < n < 2" — 1,
Re(p) = po, p = poio + .- + Dnlin.

This domain W is caused by properties of g and initial conditions on QU and by the domain
U also. Generally U is worthwhile to choose with its interior Int(U) non-intersecting with a
characteristic surface ¢(x1,...,x,) = 0, i.e. at each point z of it the condition is satisfied

(C8) 3)j1=a 2(t(2))(0¢/0x1)...(0¢ /O, )" =
and at least one of the partial derivatives (0¢/0zy) # 0 is non-zero.

In particular, the boundary problem may be with the right side g = ¢f in (2,2.1, 14), where
¢ is a real or complex C; or quaternion Hj j ; multiplier, when boundary conditions are non-
trivial. In the space either D(R", 4,) or B(R", A,) (see §19) a partial differential problem
simplifies, because all boundary terms disappear. If f € B(R", A,), then {p € A, : Re(p) >
0} € Wy. For f € D(R™, A,) certainly Wy = A, (see also §9).

28.4. Examples. Take partial differential equations of the fourth order. In this subsection
the noncommutative multiparameter transforms in A, spherical coordinates are considered. For

(20) A =0°/0s} + > _,7;0/0s]
with constants v; € Hj g \ {0} on the space either D(R", A,) or B(R",A,), where n > 2,
Equation (6) takes the form:

(21) FAf1(#),usp; €) =
{po(po + 3(p1Se,)?) + Z% ;Se, } "(f(t),u;p; ¢) + pr(3p5 + (P1Se,)?)Se, F'(f(£), u; p; €)

F(9(t), u; p; €)
due to Corollary 4.1. In accordance with (16,17) we get:
(22) Fu(p; ¢) = (a(a® + B3 HGu(p;¢) — (B(a? + 8% HT1Gw(p; €)) for each w =1, ..., n,
where @ — o = [~ 3) + Slawpl| Bu—B-p(Gi-s)| . From
pp=0 Vb>w pp=0 Vb>w
Theorem 6, Corollary 6.1 and Remarks 24 we infer that:

(23) 10 =0 [ PlatmOesplulp ) )apr-.dp,

supposing that the conditions of Theorem 6 and Corollary 6.1 are satisfied, where F(p;({) =
Fr(f(8),u; 95 C).

If on the space either D(RF, A,) or B(R*, A,) an operator is as follows:

(24) A = 0%/0s70s5 + 37 _37;0/0s}, where v; € H g\ {0}, where n > 3, then (6) reads
as:

(25) FM(AS(8), w pi ) = P30 + (P15e,)*)Se, 7" (£ (1), i p3 )
+2p0p105Se, SLF(f (1)), w5 05 €) 4 D07 vi(03Se, ) F (f(t)), u; p; €)
= F"(g(t),u; p; C).-

If on the same spaces an operator is:

(26) A= 0°/0s510s5 + 3 __3v;0*/0s], where n > 3, then (6) takes the form:

27)  FHAf(t),wsp;C) = popsSLFM(f(t),w;p;C) + pipsSe, SLF(f(t),uip; () +
> g Vi(0iSe; )P F(f (1), us 05 C) = F*(g(t), u; 5 €).

To find F*(f(t),u;p; ¢) in (25) or (27) after an action of suitable shift operators T{g2,0...0),
Th,...0 and T(120,...0) We get the system of linear algebraic equations:

.....
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(28) axq + bxs + cxy = by,
bxy 4 cxy + axs = by,

axry — Cr3 + biE’4 = bg,
—cx1 + by + axy = by

with coefficients a, b and ¢, and Cayley-Dickson numbers on the right side by,...,by € A,,

where 21 = Fu(p;¢), 22 = TiFu(p;Q), 25 = T3Fu(p;¢), ©a = TIZF,(p;(), b1 =

G (p;€) = (F™(g(t),u; 05 C))ws ba = T5 Gy (p; €), bs = T1Gu(p; (), by = T3 Gy(p; ). Co-

efficients are: a, = a = [Z?:'g’yjp‘?ﬂpb:o wsw € Hygr, by = b = p3(0§ — pl) € R,

Cw = € = 2pop1P3lp,=0 vb>w € R for A given by (24); a,, = a = [ = 3’pr]] 0 Voo €Hykr,
Pv= w

by = b= popg‘pbzo vhowE Ry Cw = €= plpg\pbzo whowE R for A given by (26), w =1,...,n. If
a = 0 the system reduces to two systems with two indeterminates (x,z2) and (z3,x4) of the
type described by (16) with solutions given by Formulas (17). It is seen that these coefficients
are non-zero \,,1 almost everywhere on R"*!. Solving this system for a # 0 we get:

(29) Fu(p;¢) = a'by —[a® = * + )2+ 4b*c*] La(a® — b* + %) ((c® — b?)by + abby — 2bcbs +
acby) — 2be(2bcby — acby + (¢ — b%)bs + abby))].
Finally Formula (23) provides the expression for f on the corresponding domain W for suitable
known function g for which integrals converge. If v; > 0 for each j, then a > 0 for each
p3+ ... +p2 >0

For (21,24) on a bounded domain with given boundary conditions equations will be of an
analogous type with a term on the right F"(g(t),u; p; () minus boundary terms appearing in
(6) in these particular cases.

For a partial differential equation

(30) a(tye1)Af(te, .oy tnsr) + Of (t1, s tng1) /Ot = g(t1, ooy tng)

with octonion valued functions f,g, where A is a partial differential operator by variables
t1, ..., t, of the type given by (2,2.1) with coefficients independent of ¢4, ..., ¢, it may be simpler
the followmg procedure. If a domain V is not the entire Euclidean space R we impose
boundary conditions as above in (5.1). Make the noncommutative transform F"™-- of both
sides of Equation (30), so it takes the form:

(B1)  altpy) Fr - (Af(t1, s tng), w; p; €) A+ OF 0t (F(ty, oy tnga), 405 €) /Otnga

— P’L;t17~"7t" (g(t]_’ ceey tn+1)7 u7p7 C)

In the particular case, when ‘
a(t"'H) Z|j|§a aj <t"+1) ZOSkléjl (ill)S(kl7j2,--~,jk)6_U(p’t;O = e )

for each t,,11, p, t and (, with the help of (6,8) one can deduce an expression of F"™(p; (;t,.1) :=

Frifvestn (f(tr, oo tasr), w5 p; Q) through G™(p; Gitpyr) = Fr-n(g(ty, .., tnsa), us p; () and
boundary terms in the following form:

(32) b(p(), -evy Pnj tn—i—l)Fn(p; C; tn—i—l) + 6Fn(p; C; tn—i—l)/atn—i-l = Q(p07 -ovy Pns tn+1)7

where b(po, ..., Pn; tne1) is a real mapping and Q(py, ..., Pn; tas1) is an octonion valued function.
The latter differential equation by t,,; has a solution analogously to the real case, since ¢,
is the real variable, while R is the center of the Cayley-Dickson algebra A,. Thus we infer:

70

(33) F™(p; i tng) Zexp{—/n+1 b(po,...,pn;ﬁ)dﬁ}
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tni1 T
{OO+ Q(poa"'7pn;7—) exp{/ b(poaapnag)dg}d’r] }a

since the octonion algebra is alternative and each equation bz = c¢ with non-zero b has the
unique solution x = b~ !¢, where Cy is an octonion constant which can be specified by an
initial condition. More general partial differential equations as (30), but with &' f / oth 1, 1> 2,
instead of O f/0t,1 can be considered. Making the inverse transform (F™t-n)=1 of the right
side of (33) one gets the particular solution f.

28.5. Integral kernel. We rewrite Equation 28(6) in the form:

(34) AsF" (fxar,u;p; ¢) = F (gxqn, u;p; ) —
PIEY 2.
lil<e 1<|(15)], 0<my, 0<qr, hu=sign(lejr), mu+qu+hr=rjr; qx=0 fOT 1;j,=0; Vk=1,...n; (1)€{0,1,2}"
(—1)Wlgmgn=WI (9 £ (119 /Ot]'..0te ) xoqy,, (1)), u; pi (), where
(34.1) Sk(p) := Sk := R, (p)

in the A, spherical or A, Cartesian coordinates respectively (see also Formulas 25(1.1,1.2)),
foreach k=1,...,n

(34.2) S™(p) :== 8™ =SS,
Then we have the integral formula:

(36) ASF”(fXQ", u)pa an AS exp(—U(p, t; g))]
in accordance with 1(7) and 2(4). Due to §28.3 the operator Ag has the inverse operator for
Ant1 almost all (po, ..., p,) in R™. Practically, its calculation may be cumbersome, but finding

for an integral inversion formula its kernel is sufficient. In view of the inversion Theorem 6 or
Corollary 6.1 and §§19 and 20 we have

(37) fRn exp(— (a +p,t;C)) exp(u(a + p, 7; ) )dpy...dpn = 6(t; ), where
(38 = Jgn fF@O(t;7)dty...dt, = f(T)

at each pornt 7€ R", Where the original f(7) satisfies Holder’s condition. That is, the func-
tional d(¢;7) is A, linear. Thus the inversion of Equation (36) is:

@) [ ( | xe O] [Asexp(—ulp +a,t: )] +a.t,7 o}dt) dpr.-dp, = f(7),

so that
(40) [As exp(—u(p+a,t; ()| E(p+a,t, 7;¢) = (2m) ™ exp(—u(p+a, t; ¢)) exp(—u(p+a, 7; (),

where the coefficients of As commute with generators i; of the Cayley-Dickson algebra A, for
each j. Consider at first the alternative case, i.e. over the Cayley-Dickson algebra A, with
r<3J.

Let by our definition the adjoint operator A% be defined by the formula

(41) Asn(p,t;¢) = nga a;ijn*(p,t;C) for any function n : A, x R" x A, — A,, where
teR", pand ¢ € A, Sn*(p,t;¢) == [STn(p,t; Q)]* Any Cayley-Dickson number z € A, can
be written with the help of the iterated exponent (see §3) in A, spherical coordinates as

(42) z = [z] exp(—u(0, 0; %)),
where v > r, ¢ € A,, u € A,, Re(y)) = 0. Certainly the phase shift operator is isometrical:

(43) | T .. Tk 2| = |2|
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for any ki,..,k, € R, since |exp(—u(0,0;Im(¢p))] = 1 for each ¢ € A,, while
Tf . Thne=w00Im¥)) — exp{—u(0,0; Im(v)) — (kyiy + ... + kpin)7/2)} (see §12).

In the A, Cartesian coordinates each Cayley-Dickson number can be presented as:

(42.1) z = |z| exp(¢M), where ¢ € R is a real parameter, M is a purely imaginary Cayley-
Dickson number (see also §3 in [17, 16|). Therefore, we deduce that

(44) |As exp(—u(p + a, £ ()| = exp(—(po + a)s1 — Co)|As exp(—u(Im(p), t; Im(()))|,
since R is the center of the Cayley-Dickson algebra A, and po, a, (o, s1 € R, s1 = s1(t),
where particularly Agl := Age “0%0)|_, (see also Formulas 12(3.1 — 3.7)).

Then expressing £ from (40) and using Formulas (41, 42,42.1,44) we infer, that

(45) &(p, t,75¢) = (2m) "[AG exp(—u(Im(p),t; Im(())]

[exp(—u(Im(p), t; Im(()) exp(u(p, 7; )| As exp(—u(Im(p), t; Im(())| 72,
since 2~ = 2*/|z|* for each non-zero Cayley-Dickson number z € A,, v > 1, where Im(p) =
P1i1 + ... + DPpln, P = Polo + ... + Prin, Do = Re(p).

Generally, for r > 4, Formula (45) gives the integral kernel (p,t, ;) for any restriction
of £ on the octonion subalgebra algr (N1, Na, Ny) embedded into A,. In view of §28.3 ¢ is
unique and is defined by (45) on each subalgebra algr (N1, N2, N4), consequently, Formula (45)
expresses ¢ by all variables p, £ € A, and t, 7 € R". Applying Formulas (39,45) and 28.2(A)
to Equation (34), when Condition 8(3) is satisfied, we deduce, that

n

Z a; Z (—1)/@

i< 1<)(15)], 0<my, 0<gx, hx=sign(lxjr); mx+ax+he=jr; =0 LOT 1j,=0, V k=1,...n; (1)€{0,1,2}»

() (fxo)n) = [ ( | 9t Olexp(-ulp + a,t (o + st o]dt> dpr-dpn

/ ( / [a\ql f(tﬂj)/atzl...atgn] [{sm(p) exp(—u(p + a,t); )}
R \ JoQ

{19
£(p + a,tW) 7 C)} dt(m) dps...dp,,

where dimR(‘)Q?lj) = n — |n(l5)], tW) € (%27&].) in accordance with §28.1, S™(p) is given by
Formulas (34.1,34.2) above.
For simplicity the zero phase parameter ¢ = 0 in (46) can be taken. In the particular case

Q" = R" all terms with |, oon  vanish.
)
Terms of the form [g,, [{S8™(p) exp(—u(p+a,t;¢))}(p+a,t,7;¢)]dp1...dp, in Formula (46)
can be interpreted as left A, linear functionals due to Fubini’s theorem and §§19 and 20, where
S°=1.

For the second order operator from (14) one gets:

(47) AS = (ZZ:l ah[Sh(p)]2> + ﬁnSn(p) + w and

(48)  (F)t) = /

n

</ ) g(t)xu(t) [eXp(—U(p +a,t;¢))¢(p, t,7; C)] dt) dp1...dp,—

/Rn < o0 f(t) [{(ﬂ(t’) + P, p)) exp(—u(p + a, t; C))}g(n t 7 O} dt’) dpy...dp, —
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/ ( [ a)@5(¢)/00) [expl—ulp + o, C)elp. .70 dt') dps.-dp.
R 0Uy

For a calculation of the appearing integrals the generalized Jordan lemma (see §§23 and 24 in
[18]) and residues of functions at poles corresponding to zeros |Ags exp(—u(Im(p),t; Im(¢)))|=0
by variables p1, ..., p, can be used.

Take g(t) = §(y;t), where y € R™ is a parameter, then

(49) /n (/n 6(y;t) [eXp(—u(p +a,t,0)Ep +a,t, T C)} dt) dpy...dp,,

_ /n[exp(—u(p—l—CL,ZU?O)&(Z)‘?‘a,ZU;T;O}dpl---dpn = E(y; 7)

is the fundamental solution in the class of generalized functions, where
(50) A& (y;t) = 6(y; 1),

(51) Jgn O(y; 1) f(t)dt = f(y)

for each continuous function f(t) from the space L*(R™ A,); A; is the partial differential
operator as above acting by the variables ¢t = (t1,...,t,) (see also §§19, 20 and 33-35).

29. The decomposition theorem of partial differential operators over the Cayley-
Dickson algebras.
We consider a partial differential operator of order wu:

(1) Af(z) = aa(2)0"f(2),
lo|<u
where 9%f = 0l f(2)/0z°...02%", = zpip + ...Tnin, ¥; € R for each j, 1 < n = 2" — 1,
a = (ag,...,an), || =ag+...+ay, 0 < a; € Z. By the definition this means that the principal
symbol

(2) A=) a,(z)0"

|a|=u

has a so that |a] = uw and a,(z) € A, is not identically zero on a domain U in A,. As
usually C*(U, A,) denotes the space of k times continuously differentiable functions by all real
variables xg,...,z, on U with values in A,, while the z-differentiability corresponds to the
super-differentiability by the Cayley-Dickson variable x.

Speaking about locally constant or locally differentiable coefficients we shall undermine
that a domain U is the union of subdomains U’ satisfying conditions 28(D1,i — vii) and
UiNU* = U’ NOU* for each j # k. All coefficients a, are either constant or differentiable of
the same class on each Int(U?) with the continuous extensions on U’. More generally it is up
to a C* or z-differentiable diffeomorphism of U respectively.

If an operator A is of the odd order u = 2s — 1, then an operator E of the even order
u+ 1 = 2s by variables (t,z) exists so that

(3) Eg(t,x)|i=0 = Ag(0,z) for any g € C***([c,d] x U, A,), where t € [¢,d] CR, ¢ <0 < d,
for example, Fg(t,z) = 0(tAg(t,x))/0t.

Therefore, it remains the case of the operator A of the even order u = 2s. Take z =
20%0 + ... + 2p_1i0_1 € A,, z; € R. Operators depending on a less set 2, ..., 2, of variables
can be considered as restrictions of operators by all variables on spaces of functions constant
by variables z, with s ¢ {l1,...,1,}.
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Theorem. Let A = A, be a partial differential operator of an even order uw = 2s with
locally constant or variable C* or x-differentiable on U coefficients a,(x) € A, such that it has
the form

(4) Af = cu1(Burf) + ... + cun(Burf), where each

(5) Bu,p = Bu,p,O + Qu—l,p
is a partial differential operator by variables Tpy, 1. 4myp 141 Tmy 1 +..tma, aNd of the order
u, myo =0, cyix(z) € A, for each k, its principal part

(6) Bupo = Z\OA:S Ay 20(2) 0%
is elliptic with real coefficients a,a0(x) > 0, either 0 < r < 3 and f € C*(U, A,), orr > 4
and f € C*(U,R). Then three partial differential operators T* and Y5 and Q of orders s and

p with p < u — 1 with locally constant or variable C° or x-differentiable correspondingly on U
coefficients with values in A, exist, r < v, such that

(7) Af =T(T1f) + QFf.

Proof. Certainly we have ord@,_1, <u—1, ord(A—Ay) < u—1. We choose the following
operators:

(8) Tf@)=2, > (9% f(2)) [wythpa] and

p=1 la|<s, aqg=0Vg<(muy,1+...4+Myp—1+1) and q>(my,1+...+mu,p)

9)  Yif(z)= > (0°f (@) [wps o,

la|<s, ag=0Vq<(mqy,1+...+myp—1+1) and q>(my,1+...+muy p)

S
Il =
MR

where wg = ¢y, for all p and @Z)fm(ac) = —a,9,(z) for each p and z, w, € A,, Ypa(z) € A,
and 9, () is purely imaginary for a,s,(x) > 0 for all @ and z, Re(wp,Im(,,)) = 0 for
all p and a, Im(z) = (z — 2*)/2, v > r. Here A,, = A,/ A, is the real quotient algebra.
The algebra A,, has the generators ¢or, j = 0,...,2°7" — 1. A natural number v so that
2T —1> ZI;:1 > a0 (mpzqfl) is sufficient, where (T(’;) =m!/(q!(m —q)!) denotes the binomial
coefficient, (m+q_1) is the number of different solutions of the equation oy + ... + o, = ¢ in
non-negative integers o;. We have either 9*7°f € A, for 0 <r <3 or §**°f € R for r > 4.
Therefore, we can take ¥, (x) € i R, where ¢ = q(p,a) > 1, q(p',a') # q(p,a) when
(p,a) # (p',a').

Thus Decomposition (7) is valid due to the following. For b = 9“2 f(2) and 1 = iy, and
w € A, one has the identities:

(10) (b(wl))(w*1) = ((wb)1)(w*l) = —w(wb) = —w?b and

)
(11) ((Mw")Nw = (((bw)))w = —(bw)w = —bw? in the considered here cases, since A,
is alternative for » < 3 while R is the center of the Cayley-Dickson algebra (see Formulas
(M1, M2) in the introduction).

This decomposition of the operator Asg is generally up to a partial differential operator of
order not greater, than (2s — 1):

(12) Qf(2) = X Cup@u-10+
DRE———— | vl [ (] | Cat e () N [CON I e
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where operators T* and Y§ are already written in accordance with the general form

(13) Tf(2) = >_)01<s (0% f(2) )0 (2);

(14) Tif (@) = 32151<5(07 f (2))mp ().

When A in (3) is with constant coefficients, then the coefficients w, and v, , for T™ and
Y™ can also be chosen constant and @ — ZI;ZI CupQu-1p = 0.

30. Corollary. Let suppositions of Theorem 29 be satisfied. Then a change of variables locally
affine or variable C' or x-differentiable on U correspondingly exists so that the principal part
As o of Ay becomes with constant coefficients, when ay o, > 0 for each p, o and x.

31. Corollary. If two operators E = Ass and A = Ass_1 are related by Equation 29(3), and
Ay, is presented in accordance with Formulas 29(4,5), then three operators Y, T*71 and Q
of orders s, s — 1 and 2s — 2 exist so that

(1) Age 1 = eyt -+ Q

Proof. It remains to verify that ord(Q) < 2s — 2 in the case of Ays_1, where @ =
{0(tAgs—1)/0t — Y5} —0. Indeed, the form A(E) corresponding to E is of degree 2s — 1
by x and each addendum of degree 2s in it is of degree not less than 1 by ¢, consequently, the
product of forms A(Y)A(T3) corresponding to T* and Y*# is also of degree 2s — 1 by x and each
addendum of degree 2s in it is of degree not less than 1 by ¢. But the principal parts of A\(E)
and A(T5)A(YF) coincide identically by variables (¢,z), hence ord({E — T*Y5 }Hi—0) < 25 — 2.
Let a(t,z) and h(t,z) be coefficients from T35 and Y*. Using the identities

a(t,z)00"tg(z) = a(t,z)07"g(x) and

h(t,z)0°0[a(t,x)0"g(z)] = h(t,z)0"[(Dsa(t, x))07g(x)]
for any functions g(x) € C?**~! and a(t,z) € C%, ord[(h(t, z)0"), (a(t,z)0")]|i=0 < 25 — 2, where
Oy =0/0t, |8 <s—1, |y| <s, [A,B] := AB — BA denotes the commutator of two operators,
we reduce (T*T% + Q1)|i=o from Formula 29(7) to the form prescribes by equation (1).

32. We consider operators of the form:

(1) (Y* + BL) f(2) = {X0c)acr (07 (2)na(2)} + f(2)B(2),
with 1,(2) € Ay, a = (ap, ..., a2r—1), 0 < a;j € N
for each j, |a] = ap + ... + agr_1, BL.f(2) := f(2)5,

0°f(2) = O f(2)/025°...0297 7", 2 < r < v < o0, B(2) € Ay, 20,2001 € R, 2 =
200 + ... + Zor_1lor_1.

Proposition. The operator (T* + 3)*(Y* + 3) is elliptic on the space C**(R*" | A,), where
(Yk 4+ B)* denotes the adjoint operator (i.e. with adjoint coefficients).
Proof. We establish the identity

(2) (ay)z" + (az)y” = a2Re(yz")
for any a,y,z € A,. Tt is sufficient to prove Equality (2) for any three basic generators of the
Cayley-Dickson algebra A,, since the real field R is its center, while the multiplication in A,
is distributive (a +y)z = az + yz and ((aa)(By))(vz*) = (afv)((ay)z*) for all a, 5,7 € R and
a,y,z € A,. If a =iy, then (2) is evident, since yz* + zy* = yz* + (yz*)* = 2Re(yz*). If y = 1o,
then (ay)z* + (az)y* = az* + az = a2Re(z) = a2Re(yz*). Analogously for z = i.

For three purely imaginary generators i,, %5, 9 consider the minimal Cayley-Dickson algebra
® = algr (ip, is, i) over the real field generated by them. If it is associative, then it is isomorphic
with either the complex field C or the quaternion skew field H, so that (ay)z* + (az)y* =
a(yz* + zy*) = a2Re(yz*).

If the algebra @ is isomorphic with the octonion algebra, then we use Formulas (M1, M2)
from the introduction for either a,y € H and z =l or a,z € H and y = 1. This gives (2) in
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all cases, since the algebra algr(ip,is) with two basic generators i, and i is always associative.
Particularly, if y = is # 2z = iy, s, k > 1, then the result in (2) is zero.
Using (2) we get more generally, that
(3) ((ay)z")b" + ((az)y")b" = (a2Re(yz"))b" = (ab")2Re(yz"),
consequently,
(4) ((ay)z")b" + ((a2)y")b" + ((by)z")a” + ((bz)y")a” = 4Re(ab") Re(yz")
for any Cayley-Dickson numbers a,b,y,z € A,. In view of Formulas (1,4) the form corre-

sponding to the principal symbol of the operator (Y% + 8)*(T* + 3) is with real coefficients, of
degree 2k and non-negative definite, consequently, the operator (T* + 3)*(T* + 3) is elliptic.

33. Fundamental solutions. Let either Y be a real Y = A, or complexified Y = (A,)c
or quaternionified Y = (A,)g Cayley-Dickson algebra (see §28). Consider the space B(R",Y’)
(see §19) supplied with a topology in it is given by the countable family of semi-norms

(1) Pak(f) = suDyern |(1+ [z])*0° f ()],
where £k =0,1,2,...; o = (a1, ...,a,), 0 < o € Z. On this space we take the space B'(R",Y),
of all Y valued continuous generalized functions (functionals) of the form

(2) f = foig + ...+ fgv_ligv_l and g = goig + ... + ggv_ligv_l, where fj and g; €
B'(R",Y), with restrictions on B(R",R) being real or C; or H; g 1, -valued generalized func-

tions fo, ..., fov_1, 9o, ---, g2v_1 respectively. Let ¢ = ¢gig + ... + Pov_1i90_1 With ¢g, ..., pov_1 €
B(R™",R), then

(3) [f,0) = Zijj;lo [fj, ®x)iri;. We define their convolution as

(4) [f xg,0) = Z?;jk_:l()([fj * gk, 9)1;)i) for each ¢ € B(R",Y). As usually

(5) (f = g)(x) = f(z —y) * g(y) = f(y) * g(x — v)
for all z,y € R™ due to (4), since the latter equality (5) is satisfied for each pair f; and gy.
Thus a solution of the equation

(6) (Y*+ 06)f =g in B(R",Y) or in the space B'(R™,Y), is:
(7)
(8) (Y* + B)Evrip =19, (0,¢) = #(0). The fundamental solution of the equation
(9) AgV =6 with Ag = (T°+ B)(TT" + 51)

using Equalities 32(2 — 4) can be written as the convolution

f = &Evysyp x g, where Eysi 3 denotes a fundamental solution of the equation

(10) V= Va, = Evoqp* Exnyp,-

More generally we can consider the equation
where Ag = (T4 5)(T1+51), T, Y1, Yo are operators of orders s, s; and s, respectively given
by 32(1) with z-differentiable coefficients. For Y5 + B2 = 0 this equation was solved above.
Suppose now, that the operator T + 35 is non-zero.

To solve Equation (11) on a domain U one can write it as the system:

(12) (T1+B)f = g1, (T +B)g1 = g — (T2 + Bo) f-
Find at first a fundamental solution V4 of Equation (11) for g = §. We have:

(13) f =Evi48 * g1 = Eryup, ¥ (9 — (YT + B)g1), consequently,

(13'1> Exi1p * g1+ Exyip, * ((T + /8>gl) =&yt * G-
In accordance with (3 — 5) and 32(1) the identity is satisfied: [Ev,15, * (T + 3)g1), ¢0) =
(T + 8)(Erytp, * 91), o). Thus (13) is equivalent to

(14) 8T1+ﬂ1 * g1+ (T + ﬁ)(8T2+ﬂ2 * gl) = 5T2+/32
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for g =4, since Ex,48, ¥ 0 = Ex,ip,-

We consider the Fourier transform F' by real variables with the generator i commuting with
i; for each j =0,...,2Y — 1 such that

(F1) ( fRn (z)dzy...dz,
for any g € Ll(R” A,), ie. fR" lg(x)|dzy...dx,, < oo, where g : R" — Y is an integrable
function, (y,z) = z1y1 + ... + TpYn, ¢ = (z1,...,2,) € R, z; € R for every j. The inverse
Fourier transform is:

(F2) (F'g)(y) = (20)" [y, 0 g(2)d..d
For a generahzed functlon f from the space B'(R™,Y"); its Fourier transform is defined by
the formula

(F3) (Ff,0) = (f,F¢), (F7'f,¢)=(f,F'9).

In view of (2 — 5) the Fourier transform of (14) gives:

(15) [F(Er,4)[F(90)] + X5 [F((T + 8);€x,18)[F(90))i; = F(Ersvs,)
for ¢ = 6. With generators i, ..., 79v_1, %ol, ..., 12011 the latter equation gives the linear system

of 2vT! equations over the real field, or 2°*2 equations when Y = (A,)u. From it F(g;)
and using the inverse transform F~! a generalized function g; can be found, since F(g) =
F(go)ig + ... + F(gao_1)igv_1 and F~(g) = F(go)ip + ... + F*(gao_1)iav_1 (see also the
Fourier transform of real and complex generalized functions in [5, 29]). Then

(16) V4o = Ev,1p, * g1 and f = V4 * g gives the solution of (11), where g; was calculated
from (15).
Let ¥ : (A,)m — (A,)m be the R-linear projection operator defined as the sum of projection
operators my + ... + mor_1, where 7; : (A,)u — Hij,

(17) m;j(h) = hji;, h = 25 o' hyiz, hj € Hygp, that gives the corresponding restrictions
when h; € G or h; € R for j = 0,. 2" — 1. Indeed, Formulas 2(5,6) have the natural
extension on (A, )g, since the generators J, K and L commute with ¢; for each j.

Finally, the restriction from the domain in 4, onto the initial domain of real variables in
the real shadow and the extraction of 7¥ o f € A, with the help of Formulas 2(5,6) gives the
reduction of a solution from A, to A,.

Theorems 29, Proposition 32 and Corollaries 30, 31 together with formulas of this section
provide the algorithm for subsequent resolution of partial differential equations for s,s—1, ..., 2,
because principal parts of operators A, on the final step are with constant coefficients. A
residue term ) of the first order can be integrated along a path using a non-commutative line
integration over the Cayley-Dickson algebra [17, 16].

34. Multiparameter transforms of generalized functions.
If g € BR"Y) and g € B'(R™,Y), (see §§19 and 33) we put

(1) S35 (g5 w93 Q), @)ty == D25 g, F (5 45 p; €))ij or shortly
(2) X2, gye w80, g)iy = 323 Mgy, e D),

If the support supp(g) of g is contained in a domain U, then it is sufficient to take a base
function ¢ with the restriction ¢|y € B(U,Y') and any ¢|gn\v € C*°

34.1. Remark. It is possible to use Theorem 29, Corollaries 30 and 31, Proposition 32 and
§33 for solutions of definite differential equations with variable coefficients. For this purpose one
can present an operator A as the composition A = YT 4+ Q, where ord(A) = ord(Y)+ord(Y;),
ord(Q) < ord(A) — 1, T and T; are operators with variable coefficients, T*Y and YiY,
are elliptic operators with constant coefficients of their principal symbols at least. Then use
Formulas 33(1 — 16) to find fundamental solutions &y, vy, and £4 or iterate this procedure
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(see also §35). A generalization of Feynman’s formula over the Cayley-Dickson algebras for
the second order partial differential operators with the first order addendum ) with variable
coefficients from [20] also can be used.

35. Examples.
Let

(1) Af(t) = 3251 (02 f(t)/08)c;
be the operator with constant coefficients ¢; € A, |¢;| = 1, by the variables ¢y, ...,¢,, n > 2.
We suppose that ¢; are such that the minimal subalgebra algr(c;,cx) containing ¢; and ¢y is

alternative for each j and k and |(...(c}/205/2) .)en 2

(2) Of(t)/0t; = > r_(Of(t(s))/Osk)(0sk/0t;) = > 7_, Of (t(s))/Osk, the operator A takes

the form

(3) Af = Zg 1<Zl<k b<](82 (t(s))/0sk0sp))c;,

where s; = t; + ... + t,, for each j. Therefore, by Theorem 12 and Formulas 25(S0) and 28(6)
we get:

(4) F"(Af;u;p;¢) = Z?Zl{[Rej(p)PFﬁ(p; Q) }ej for u(p,t;C) either in A, spherical or A,
Cartesian coordinates with the corresponding operators R, (p) (see also Formulas 25(1.1,1.2)).
On the other hand,

(5) F(8;u;p;¢) = e PO = ¢7u000) in accordance with Formula 20(2). The delta
function 4(t) is invariant relative to any invertible linear operator C' : R™ — R™ with the
determinant |det(C')| = 1, since

| = 1. Since

0(Ca)p(z)de = | d(y)p(C~"y)|det(C)|dy = $(C~0) = ¢(0).

R" R"
Thus
(5) FM(C(Af);usp; €) = Fr(Af;u;p;€)

for any Fundamental solution f, where Cg¢(t) := g(Ct), Af = 4. If C : R™ — R" is an invertible
linear operator and ¢ = Ct, ¢ = Cp, (' = C(, thent = C7, p=C'qgand ( = O~ In the
multiparameter noncommutative transform F" there are the corresponding variables (¢;, p;, ¢;)-
This is accomplished in particular for the operator C'(¢y,...,t,) = (s1, ..., 8,). The operator C*
transforms the right side of Formula (4), when it is written in the A, spherical coordinates,
into 7 {(po + 4;Se;)*Fy(q; () }¢j. The Cayley-Dickson number ¢ = go + qii1 + .. + gnin
can be written as ¢ = qo + gy M, where |M| = 1, M is a purely imaginary Cayley-Dickson
number, gy € R, gy M = qui1 + ... + quin, since qo = Re(q). After a suitable automorphism
0: A, — A, we can take 0(q) = qo+ qari1, so that 6(z) = x for any real number. The functions
22721 @2S2.¢j] and [307_ piS2 c;] are even by each variable g; and p; respectively. Therefore,
we deduce in accordance Wlth (5) and 2(3,4) and Corollary 6.1 with parameters py = 0 and
¢ =0and ¢; € {—1,1} for each j that

(6) (Fm)~ (1/[23'1:1{219,(;9' pksekpbseb}cj];u;y;C>= - [97€N([y]’[q]))
in the A, spherical coordinates, where g = 1 / [Z?:l q?cj}, or

(6.1) (F)L(1/[0 {p2S2 Yol ws 45 C) = — g, eN(WHD)
in the A, Cartesian coordinates, where g = 1/[2] 1p]cj] = y/|ly| for y # 0, N =
fOr Yy = 07 Yy = ylil + ...+ ynZn S A/r? [y] (yla- 7yn> , ([ ] [ ]) Z?:l ijJ? since
S2, cos(p+Ck) = cos(p+Ce+m) = — cos(¢p+(x) and S, Sin(¢+§k) = sin(¢+Cot7) = — sin(dp+Cr)
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for each k.

Particularly, we take ¢; = 1 for each j = 1,...,k; and ¢; = —1 for any j = ky +1,...,n,
where 1 < k; < n. Thus the inverse Laplace transform for ¢y = 0 and ¢ = 0 in accordance
with Formulas 2(1 — 4) reduces to

(1) (F) (1[5 { Sicenss prSeumSe, fes s uiwi¢) =

(2m) ™" fr exp(ilarys + -+ qun)) (1/ [ 255, 62 = S 4 62 ) dan.-dg
in the A, spherical coordinates and

(7.1) ()7 (1) | S st o] suini )=

_ . k
(2m) ™" [gnexp(i(pryr + - + Patn)) (1/ [Zjil P =D k1 p?])dpl---dpn
in the A, Cartesian coordinates,
since for any even function its cosine Fourier transform coincides with the Fourier transform.

The inverse Fourier transform (F~'g)(z) = (2r)™(Fg)(—z) =: ¥, of the functions g =

1/(327, #3) for n > 3 and P(1/ (Z?Zl z7)) for n = 2 in the class of the generalized functions is

known (see [5] and §§9.7 and 11.8 [29]) and gives
(8) Wn(21,-20) = Cu(Dy 2)172 for 3 < n, where C, = —1/[(n — 2)oy), 0, =

472 /T'((n/2) — 1) denotes the surface of the unit sphere in R", I'(x) denotes Euler’s gamma-
function, while

(9) Wy(z1, 20) = Cy ln(Z?zl z7) for n = 2, where Cy = 1/(4n).
Thus the technique of §2 over the Cayley-Dickson algebra has permitted to get the solution of
the Laplace operator.

For the function

(10) P(z) = Zfil a? =30y, 127 with 1 < ky < n the generalized functions (P(z) 4 i0)*
and (P(z) — i0)* are defined for any A € C = R @ iR (see Chapter 3 in [5]). The function P*
has the cone surface P(zy,...,2,) = 0 of zeros, so that for the correct definition of generalized
functions corresponding to P* the generalized functions

(11) (P(x) + ci0)* = limge e 50(P(7)? + €2)2 exp(idarg(P(z) + ice))
with either ¢ = —1 or ¢ = 1 were introduced. Therefore, the identity

2

(12) F( o r)(@) = = (25022 = S 22) [Pk i) (@)] o

(13) F(¥) = —1/(P(x) + ci0) follows, where ¢ = —1 or ¢ = 1.

The inverse Fourier transform in the class of the generalized functions is:

(14) F7Y((P(z)+ci0)M) (21, ..., 2,) = exp(—me(n—ky )i/2)22 720 (A 4+n/2)(Q(21, .-y 2n) —
ci0) ==/ /[[(=X)| D[]
for each A € C and n > 3 (see §IV.2.6 [5]), where D = det(g;) denotes a discriminant of the
quadratic form P(z) = Y%, | g;xa;2x, while Q(y) = -7, _; ¢”*x;xy, is the dual quadratic form
so that > °p_, ¢7*gy, = (5{ for all j,1; 5{ =1 for j =1 and (5{ = 0 for j # [. In the particular
case of n = 2 the inverse Fourier transform is given by the formula:

(15) F~Y((P(x) + ci0) 1) (21, 20) = =47 D|"Y2 exp(—me(n — ky)i/2) In(Q(z1, ..., 2,) — ci0).
Making the inverse Fourier transform F~! of the function —1/(P(z) + i0) in this particular
case of A = —1 we get two complex conjugated fundamental solutions

(16) Weop i(otonm) =  —esplmeln — EOY2T(/2) — D(@G1m) +
ci0)1=(/2) /(47™/2) for 3 < n and 1 < ky < n, while

(17) Wy 1(21, 22) = 4 exp(me(n — k4)i/2) In(Q(z1, 22) + ¢i0) for n = 2,
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where either ¢ =1 or ¢ = —1.

Generally for the operator A given by Formula (1) we get P(z) = Py(z) + P;(x), where
Po(z) = Y77 25Re(c;) and Pi(x) = 377, x3Im(c;) are the real and imaginary parts of P,
Im(z) = z — Re(z) for any Cayley-Dickson number z. Take 1 = iy and consider the form
P(z) + ecl with € # 0 and either ¢ = 1 or ¢ = —1, then P(x) + ecl # 0 for each x € R™. We

put

(18) (P(x) + cl0)* = limgececso(P(x)? + €2)M2exp(iAArg(P(z) + lce)). Consider A € R,
the generalized function (P(z)? 4 €2)»2 exp(iAArg(P(x) +1ce)) is non-degenerate and for it the
Fourier transform is defined. The limit limg<ce 0 gives by our definition the Fourier transform
of (P(x) + cl0)*. Since

(19) ¢ (B + X 1chanis; G k) = 271 ¢
for all 8; € R and any 1 < j < n in accordance with the conditions imposed on ¢; at the
beginning of this section and iN; = Nji for each j, the Fourier transform with the generator i
can be accomplished subsequently by each variable using Identity (19). The transform z; —

(¢;)Y/?z; is diagonal and 1(..((cl2eY)..)e?| = 1, so we can put |D| = 1.

Each Cayley-Dickson number can be presented in the polar form z = [z[e?M ¢ € R,
|¢| < m, M is a purely imaginary Cayley-Dickson number |M| =1, Arg(z) = (¢ + 27k)M has
the countable number of values, k € Z (see §3 in [17, 16]). Therefore, we choose the branch
212 = 12|V2 exp((Argz)/2), |2|*/? > 0 for z # 0, with |Arg(2)| < m, Arg(M) = M= /2 for each
purely imaginary M with |M| = 1.

We treat the iterated integral as in §6, i.e. with the same order of brackets. Taking initially
¢; € R and considering the complex analytic extension of formulas given above in each complex
plane R @ N;R by ¢; for each j by induction from 1 to n, when ¢; is not real in the operator
A, Im(cj) € RNj, we get the fundamental solutions for A with the form (P(zx) + cl0)* instead
of (P(x)+ ¢i0)* with multipliers (...(¢¥*c5/?)...)¢%/* instead of exp(mc(n — k4 )i/2) as above and
putting |D| = 1. Thus

(20) W(z1, ..., 20) = —T((n/2) = 1)(P*(21, ..., 20) — A0V =D [ (22 ) )" ) (47™/2) for
3 < n, while

(21) W (21, 20) = 472 %¢]* Ln(P* (21, 22) — cl0) for n = 2,
since ¢ = ¢; ! for |e;| = 1, y;q; = yj(cj/Q)*qjc}ﬂ, while

(...(dc’i/qudcg/qu)...)dcfl/Qqn] = dq1...dqn[(...(c'{/chﬂ)...)ch/Q} and

(- (2670l = 1.

36. Partial differential equations with polynomial real coefficients.
Let

(1) A = 3 1<m (@), aalq) = >4 aapq’, ¢° = ¢"..¢°", as3 and f have values as
in §28, and Af be an original. Using the transform in the A, Cartesian coordinates we take
q; = t; for each j, while using the transform in A, spherical coordinates we choose q; = s,(t)
for each j. Then

(2) F(Af;u;p;¢) = Yo 5(—1)PISs(p)05

[>-5 @as([po + p1Se, " p3°Se2...pn" Se ) ™ (p; €) = G™ (3 €)
in the A, spherical coordinates and

(2.1) Fr(Af;u;p;¢) = 2 5(=1)11S5(p) 0]

(225 @a,8[P0 + P1Se; | [Po + PaSe, %% [P0 + PnSe, |*) F™ (p; €) = G"(p; €)
in the A, Cartesian coordinates (see Theorems 12 and 13 above). It may happen that the
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second differential equation is simpler than the initial one:

3) Af =g.
For example, when coefficients depend only on one variable t¢,,, then the second differential
equation is ordinary and linear.

37. Noncommutative transforms of products and convolutions of functions in the
A, spherical coordinates.
For any Cayley-Dickson number z = zyig + ... + 220 _1i9»_1 We consider projections

(1) 0(z) = 2zj, zj € Ror Cyor Hykr, j =0,...,2" — 1, 0;(2) = m;(2)7],
given by Formulas 2(5,6) and 33(17). We define the following operators

(2) Raj(F™(p;€)) == F™(po, (—1)*'py, .o, (1) Pimpi 5, Djsa—5; 0
oy P oy (= 1)+ e /2, o, (1) Gy s, TG, /20 Gigamgy s e Cn)
on images F", 2771 <n < 2" —1, j =0,..,n. For o; and 3; € {0,1} their sum a; + G, is
considered by (mod 2), i.e. in the ring Z, = Z/(2Z), for two vectors a and 8 € {0,1}? ! their
sum is considered componentwise in Z,. Let

n 2"-1
(3) f:u p7 Zze y U, p7§))zk137
7=0 k=0
also FJ'(p; () = 2 0 (FM0L(fF); u; p; Q)i for an original f, where u(p,t;¢) is given by

Formulas 2(1, 2, 2.1) If f is real or C; or H g 1, -valued, then FJ' = 0;(F").

Theorem. If f and g are two originals, then

4) F (fgiuips Q) = D00 >on peqoayn (1) 0750 (R 5 (F7 (p—q0; ¢ —1)) % (R 4 (G (p+
o — Po;1))i;,

41 F'(f * gupC) = Yo asepup (DR (FR(p ¢ -
1) (Rs3 (G5 (p;1))i,
whenever F"(fg), F*(f), F"(g) exist, where 1 <n <2"—1,2<7r; o + O = 1 (mod 2) for
k<jork=j4+1=mn,ar+08=0 (mod?2) fork=j+1<nand oy =p0,=0 fork>j+1
in the j-th addendum on the right of Formulas (4,4.1); the convolution is by (p1,...,pn) in (4),
at the same time qo € R and n € A, are fized.

Proof. The product of two originals can be written in the form:

(5) F(D)g() = 720" Dot iyins, Ok (F(£)00(9(1))i
The functions 6( f) and 0,(g) are real or C; or Hj valued respectively. The non-
commutative transform of fg is:

(6) F'(f9)(p;¢) = Rnf(t)g(t) exp(—u(p,t; C))dt =
{ / (f(R)g(2))e ™" cos(prsy + Cl)iodt}+

{Z / n(f(t)g(t))efposl sin(pis1 + (1)...sin(pj_15;-1 + (j-1) cos(p;s; + Cj)ijldt}—i—

j=2

/ (f(t)g(t))e ™ sin(prsi + C1)-.. sin(pnsn + Go)indt.
On the other hand,

(7) f(t)g(t> —p081+1zj L(Pis;+¢5) Vit —
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/ < f(t)e—(po—qo)81+i2§1((pj—qj)5j+cj—nj)7jdt> (/ g(t)e—qosﬁiZf1(qjsg-+nj)7jdt> dg,
n R’V‘L n

where k = 1,2,...,n, 7; € {—1,1}. Therefore, using Euler’s formula € = cos(¢) + isin(¢)
and the trigonometric formulas cos(¢ + ¥) = cos(¢) cos(¢)) — sin(¢)sin(¢)),  sin(¢p + ¢) =
sin(¢) cos(v)) + cos(¢)sin(y) for all ¢, ¥ € R, and Formulas (6,7), we deduce expressions
for 0;(F™(fg)). We get the integration by ¢, ..., ¢,, which gives convolutions by the py, ..., p,
variables. Here ¢y € R and n € A, are any marked numbers. Thus from Formulas (5 —7) and
2(1,2,2.1,4) we deduce Formula (4).

Moreover, one certainly has

(8) / (f g>(t)e—p051+iZle(ijjJer)vjdt =

( f(t>e—pos1+iZ?—l(pjs]-—i-Cj—nj)’det) (/ g(t)e_p051+iZ?zl(pj8j+nj)7j dt)
Rn n

foreach 1 <k <mn,~; € {—1,1}, since s;(t
Thus from Relations (6,8) and 2(1,2,2.1,
0;,(F™(f * g)) and Formula (4.1).

) =s;(t—7)+s;(r)forallj=1,..,nandt, T € R™
4) and Euler’s formula one deduces expressions for

38. Moving boundary problem.
Let us consider a boundary problem

(1) Af = g in the half-space t, > ¢(t,), where ¢(0) = 0 and ¢(t,) < t,, for each 0 < ¢, € R.
Suppose that the function t, — ¢(t,) =: ¥(t,) is differentiable and bijective. For example, if
0 < v < 1and ¢(t,) = vt,, then the boundary is moving with the speed v. Make the change of
variables y, = ¥(t,), Y1 = t1,sYn_1 = tn_1, then t, = = (y,) and dt,, = ds,, = (dt,/dy,)dy,
and due to Theorem 25 we infer that

(2) F LY badxyzofips¢ | = > ba(doa, — 1)

lo|<m || <m,0<gn<an—1

(Po + SeaP1) ¥ P52 P 1 DA T IS e —(gnt en F Y (0w (y), u(p, (¥™); €);p; )
+ ) ba(po+ Se,p1)™ D5 P Sacarer T (Xynz0 (W) w ()5 25 ¢) = G™(p; )
laj<m

in the A, spherical coordinates and

(2.1) F Y aadixy.=0f (1);pi ¢ | = > aa(doa, — 1)
la|<m || <m,0<gn<an—1
(pO + Selpl)al (pO + p25e2)a2---(p0 + pn—lsenfl)aTLil(pO + pnsen)an_qn_l
FrH (0 w(y), ulp, (y"); €); i €)
+ Y aa(Po + Se,p1)* (Po + P2Se)* - (Po + PuSe, )" F (Xyuz0(m)w ()i p; ¢) = G™(p; )
lal<m

in the A, Cartesian coordinates, where w(y) := f(t(y))(dt,/dy,)-

Expressing  F"(xy.>0(y)w(y);p;¢) through G"(p;¢) and the boundary terms
Fr=tv" (08 w(y), u(p, (y™); ¢); p; ¢) as in §28.3 and making the inverse transform 8(4) or 8.1(1),
or using the integral kernel ¢ as in §28.5, one gets a solution w(y) or f(t) = w(y(t))(dyn(t,)/dty).
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39. Partial differential equations with discontinuous coefficients.

Consider a domain U and its subdomains U D U; D .. D Uy satisfying Conditions
28(D1, D4,i — vii) so that coefficients of an operator A (see 28(2)) are constant on Int(Uy)
and on Vi = U\ Int(Uy), Vo = Uy \ Int(Us),...,Vi = Uk—1 \ Int(Ux) and are allowed to be
discontinuous at the common borders dV; N U; for each j =1, ..., k. Each function fyy, is an
original on U or a generalized function with the support supp(fxvy;) C U; if f is an original
or a generalized function on U. Choose operators A’ with constant coefficients on U7 and
A 1ny(v;) = 0, where U® =U, so that Aly, = A*,..., Aly, = A+ AR Aly = A+ AR
Therefore, in the class of originals or generalized functions on U the problem (see 28(1,2)) can
be written as

(1) Af =g, or

(2) A%fxvi = gxvir A xw = g9xvi A fxu, = 9xun,
since xv; + ... + Xv, + Xv, = Xv- Thus the equivalent problem is:

(3) AOfO — gO’ Alfl —_ gl,...,Akfk —_ gk
with f* = fxu,, 9* = gxv,. also f7 = fxv,,., ¢ = gxv,,, for each j = 0,...,k —1. On 9U
take the boundary condition in accordance with 28(5.1). With any boundary conditions in the
class of originals or generalized functions on additional borders 0U; \ OU given in accordance
with 28(5.1) a solution f7 on U’ exists, when the corresponding condition 8(3) is satisfied (see
Theorems 8 and 28.1).

Each problem A’ f7 = ¢/ can be considered on Uj, since supp(¢g’) C U;. Extend f7 by zero
on U\ V; for each 0 < j < k — 1. When the right side of 28(6) is non-trivial, then f7 is
non-trivial. If /=1 is calculated, then the boundary conditions on AU \ OU can be chosen in
accordance with values of f/~! and its corresponding derivatives (9° fi=1/01°) |(oui\ou) for some
B < ord(A?) in accordance with the operator A7 and the boundary conditions 28(5.1) on the
boundary OU’ \ OU. Having found f7 for each j = 0, ..., k one gets the solution f = fO+ ...+ f*
on U of Problem (1) with the boundary conditions 28(5.1) on 9U.

40. Remark. The multiparameter noncommutative transform over the Cayley-Dickson alge-
bras presented above is the natural generalization of the usual complex one-parameter Laplace
transform. It opens new opportunities for solving partial differential equations of different
types.

It may happen that Theorem 13 is simpler to use, than Theorem 21 for partial differential
equations with real variables. Theorem 13 has an advantage that it can be simpler used
for partial differential equations of complex and hyper-complex variables, because each pair
(p1 + pjifi;) for | # j is the complex variable. In these variants boundary conditions may be
for F*(p;¢) on a hyperplane Re(p) = a in A,.

As it was seen above the appearing integrals are by multidimensional domains. For their
calculations the Fubini’s theorem, residues, Jordan Lemma and tables of known integrals also
can be used. Generally in computational mathematics integrals are easier to calculate, than to
solve partial differential equations numerically. As a rule iterations of algorithms for integrals
converge faster, than iterations of numerical methods for partial differential equations.

Functions with octonion values may be used to resolve systems of partial differential equa-
tions. Using conjugations of Cayley-Dickson numbers one gets the transition between opera-
tors with coefficients either on the left or on the right of partial derivatives: [(0%f(x))ca|* =
ck (0% f(z))*, particularly, (0% f(x))* = 0*f*(z) for x € R", 0% = 02.

Using of Formulas 2(5,6) gives variables ¢; = z; for z € A,. So one can consider a class
of super-differentiable originals f(z), z € V' C A,. In the class of piecewise on open subsets
super-differentiable originals f(z), z € V C A,, with ¢; = z; foreach j =1,...,n, n = 2" — 1,
in the fixed z-representations we get the noncommutative transform for f(z)xy(z) relative to
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the Cayley-Dickson variable z € A,. Therefore, the results given above transfer on this variant
also.

Theorem 17 also opens new opportunities to investigate and solve certain types of nonlinear
partial differential equations using previous results on spectral theory of functions of operators
[21, 22]. For example, analytic functions ¢(z) in Theorem 17 permit to consider nonlinear
operators ¢(o), where o f(z) := Z?;Bl(af(z)/é)Zj)ij. It is planned to study in the next paper.

Partial differential equations with periodic g and f with vector period corresponding to
Q" may be considered also. Certainly others classes of smoothness, for example, Sobolev’s or
generalized functions can also be considered. It is planned in a next paper to consider this
and also problems with boundary conditions as well as with non-constant coefficients in more
details.

The technique described above permits to consider partial differential equations of different
types and write their solutions in integral forms. If appearing integrals can be calculated in
elementary or special of generalized functions, then this gives the explicit formulas in terms of
known functions. In conjunction with the line integration over the Cayley-Dickson algebras it
permits to solve some types of non linear partial differential equations. The multiparameter
Laplace transform over the Cayley-Dickson algebras takes into account the boundary condi-
tions. It naturally means the treatment of systems of partial differential equations due to the
multidimensionality of the Cayley-Dickson algebras.
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14 oktabpsa 2010 r. B Kem6pumxe, mrar Maccadycerc, B Bo3pacTe BOCHMUIECATH IIATH
JIET yIIeJ U3 YKU3HU Cco3HaTesb (hpakTaJbHOi reomerpun — benya Manmennopor. Hiuke-
CeIYIONIAas CTaThd — JAaHb MAMITH BBIIAIOMIEMYCS YICHOMY.

KuaroueBbie cioBa: dpakrtai, (ppakTagbHas TeoMeTpus, (ppakTajibHas Pa3MEpPHOCTD,
Benya Manmgeanopor.

BBenenue

Ecmm cocraBuTh KpaTKnil CIECOK OCHOBHBIX HAYYHBIX JTOCTUKEHWII MPOIIEIIEro /1B IIIATOTO
BEKa, TO B 9TOM CITUCKe 003aTeIbHO BCTPETATCS CI0Ba «(PaKTaIy, «ppaKkTalbHasd FeOMeTPU »,
«(pakTagbHas pa3sMepHOCTby. OpaKTasbl, KAK CIOCO0 yCTPONUCTBA MPUPOIHBIX CUCTEM, PEaJIt-
3YIOIIMI MPUHIIUATT TIOJ00UST 9acTU ¥ IEJ0T0, CyliecTBoBaiu Beerjga. Ho mpeamerom Hay<qHO#
pediekcun OHU CTAIH TOJBKO BO BTOPOIl TOJIOBUHE MPOIIIEIIEro Beka, OJiarogapst JIesiTeIbHO-
ctu benya Manieis0poTa, KOTOPBII U BBEJI 9TOT TEPMUH B HAyJHBIH 0OOPOT.

IepeBo, obytako, Geperopast JIMHUsST — MPUBBIYHBIE O0BEKTHI €2KETHEBHOTO OMBITA Ha, MPOTSI-
JKEHHUH BCell 9eJI0BEUECKON NCTOPUHN, MEXKTy KOTOPBIME, KA3a/I0Ch OBI, CYIIECTBYET MAJIO OOIIEro.
Ho mocite Mangenb0poTa MOXKHO CKa3aTh, 9YTO BCE 9TO — MPUMEPHI (DPAKTAIOB U UTO BCE OHU
«CKOHCTPYUPOBAHBI» TI0 OJHOMY HMPUHIIUITY: MTOI00Us YaCTH U IeJIOTO.

CaM 3TOT IPUHIUIT U3BECTEH ¢ JApeBHeiuX BpeMeH. OH BCTpedaeTcs: yKe B PEJUTHO3HO-
dunocodcknx yuenunsx apeBHocTu. fprwmit mpumep — «ABaramcaka-cyTpay: «B mebecax n-
JIPBL €CTh, TOBOPAT, HUThH yKeMIyTa, MOJ00paHHas TaK, UYTO €CJIH IVISHeNlb B OHY YKeMIYKIHY,
TO YBUJIUIIL BCE OCTAJIbHbBIE, OTPazKeHHbIe B Heil. ] TouHOo Tak ke KayKk/iasl Belllb B MUPe He eCTh
IIPOCTO OHA CaMa, a 3aKJI0YaeT B cebe Bce JIPyTHe BEIU U Ha CAMOM JieJie eCTh BCEe OCTAJIbHOEY.
He obxoasar ero coum BHuManHueM u Oosiee nozauue dbunocodekue cucreMbl. Tak, Tordpum
Bunbrensm don Jleitoaun B cBoeit « MoHajoiornms mojaraer, 9To BCe 3HAHUE O IEJIOKYITHOM
Bcenennoit MOXKHO BBIBECTH W3 MHQOPMAIUN, OTHOCSIIEHCS K OXHON-eInHCTBEHHON MOHAaIe
[1]. KpaeyrosbHbiM KaMHEM COBPEMEHHOl To0rpadudecKoil mapajurMbl, CO3JIAHHON TPy IaMu
Hssuga Boma u Kapia Ilpubpama [2-4] Takke siBageTCsl NPUHIUI TTO00KsT YaCTH U LEJIOTO.
Coe HazBanme rojiorpadpudeckas mapagurma moayduia U3 I3BeCTHOIO CBOWCTBA TOIOIDAMMBI:
Jo0ast ee 9acTh COJMEPKUT MHGPOPMAIUIO 00 M300pazkKeHnn, KOTOPOe 3aluCaHo Ha Tojorpadu-
YEeCKOU MJIACTUHKE B IEJIOM.

Maniesib6poT, BcriomMuHast mpociymannyto uMm B [Ipuncrone jeknuio [epmana Beitst (ko-
TOpasi B JaJIbHEIIeM JIeryia B OCHOBY ero 3HameHuToit Kuurn «Cummerpusi» [5]) ormedaer, 1to
JIpEBHIUE, JI0-KJIACCHIECKUe TPEKHU UCITOIB30Ba/IN WJIEI0 CAMMETPUN HAMHOTO H0Jtee 60raTyto, 1em
COBPEMEHHOE y3KOe TIOHSATHE 3ePKAJIbHOI0 OTparkeHWs. |'peKn, B IelCTBUTENTHHOCTH CUUTAJIM,
9TO CUMMETDHsI BHIPAYKAET HEKUIl BUJI CBSI3U UJIM TAPDMOHUIO MEXKJIY YaCThIO U TEeJbiM [6].

[Tomobue gacTu 1 mesToro wim camornogodue (B ciydae ecyiu pedb uueT 6osee deM 06 0HOM
MmacirabHoM hakTope — caMoadUHHOCTD) CBA3aHO ¢ WHBAPUAHTHOCTHIO OTHOCUTEBHO M3Me-
HeHUil MacmITada u aBJIsieTcd OJHON N3 PyHIaMeHTaIbHbIX cuMMeTpuil. B oT/inane mpuBBIYHBIX
TPAHC/IAIIMOHHON, TIOBOPOTHOMN 1 3ePKAJILHON CUMMETPHil, CBA3aHHBIX ¢ MHBAPUAHTHOCTHIO TIPU
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Puc. 1: Kosep Anomnonus ITeprckoro
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QJTATUBHBIX CIBUTAX CAMOIIOI00ME CBA3aHO C MHBAPUAHTHOCTHIO TIPU MYJIbTUILINKATUBHBIX H3-
MeHeHnAX MaciiTada. JJaHHbI TUIT CHMMETPUH HEOOBIIaHO IITMPOKO PACIIPOCTPAHEH B IIPUPO/IE
— OT pacIpejieJIeHlsI aTOMOB B BeIIeCTBE — JI0 paclpejiesieHns rajakTuk Bo Beemennoii. Ca-
MOTIO/I00Me — €IMHCTBEHHAsd U3 BCEX CUMMETPUil, MOPOXKIAIoNIasd XaoC — COCTOSIHUE TIOJTHOTO
Hecropsiika 1 OTCYTCTBUS KaKoii-mbo cuvmerpui |7].

N3z06pazkennsi TOCTPOEHHBIE ¢ UCIIOIBL30BAHUEM MTPUHIIUIIA MOIO0US YacTH U IIEJIOT0 TAKXKe
U3BECTHBI ¢ ApeBHEHNNX BpeMeH. Kak mpumep MOKHO BCIIOMHUATH NeOMETPHIECKOE TIOCTPOEHUE,
nU3BeCTHOE, KaK KoBep Amnosutonus Ileprckoro, puc. 1, kotopoe oraocar K 300 r. 10 H.3., TIpo-
nm3Benenns Annopexta Topepa (1520 r.), puc. 2, HeKOTOpble KapTuHbl diiepa. MHOMOKpaTHO
MOBTOPSAOIMINNCS CAMOTIO00HBI MOTUB B 9TUX U MHOTUX JAPYTUX CAyUasxX ObLI JIUIIb CIIOCOOOM
MMOCTPOEHNsT SCTETUIECKU IPUBJIEKATETLHOTO n3o0paskerus. Ceiidac Mbl ObI HA3BaIN MOIO0OHBIE
n3o6paxkerus: ppaxragamu. Ho 1o Mangeap0pora HUKTO, VI Ha 9TH N300parKeHusl He MOT
MIPE/ITONOKUATh, UTO 38 HUMU CKPBIBAETCS WHTEpPeCHas MaTeMaThudecKas 3ajada WA 9TO OHU
MOI'YT PAacCMaTPUBATBCSA, KaK MOIETN PeabHOCTH.

[Togobue wacTt U 1MEJIOr0 NPUBOAUT K TOMY, UTO HEKOTOPBII MOTUB MOBTOPSIETCS CHOBa, U
CHOBA Ha pa3HbIX MaclnTabax. B KadecTBe mpuMepa MOYXKHO IPUBECTH KPUBYIO, PUC. 3, HA3BAH-
HyIO 10 uMeHn ee cozaarens Xenabre ¢on Koxa (Helge von Koch) kpusoit Koxa 1 cocrosiyto
U3 TPEYTrOJbHUKOB Ha CTOPOHAX KOTOPBIX MOCTPOEHBI TPEYTOJbHUKHU, Ha CTOPOHAX KOTOPBIX, B
CBOIO OYepejib, MOCTPOEHBI MEHbINNE TPEYTOJbHUKU U T.JI. /10 OeckoHeunoctu. Ha puc. 3 mo-
Kas3aHbl TIePBble HECKOJIBKO IIAroB UTEPAIMOHHON MPOIELYPhI, UCIOIB3yEeMO JIJIsI TTOCTPOECHUS
KpUBOil. JIerko Bu1eTh, 9T0 ¢ Ka2KIbIM ITOCJIE/IYIOIIIM IIIaroM OHa CTAHOBUTCs Bee Hostee u Hojiee
MU3JIOMAHHONW Ha BCe MEHBIINX U MEHBINNX MaciTabax. B mpesese Mbl OJIydYnM TapaioKcaIb-
HBII ¢ TOYKHU 3pEeHUs OOBIYHON TeOMeTpUn 00bEKT — OECKOHEYHO U3JIOMAHHYIO KPUBYIO: BCIOLY
HEINpPEPBIBHYIO, HO HU B OJIHOI TouKe He auddpepeHrmpyeMyo, KoTopas K TOMY »Ke 00/1a/1aeT
HeckoHevHOIT 1THOi [8].

B magane XX-ro Beka Mmoao0OHbIe 00BEKTHI HAaYaJM MPUBJIEKATH BHUMAHHE MAaTEMaTHKOB:
muoxkectBo Kanrtopa, kpusbie Ileano, ¢dyukiun Beitepintpacca. Ho, kak 310 WacTo ObIBaer,
UX TOSIBJIEHIE B MaTeMaTUIECKOil iuTepaType ObLI0 BeTpedeHo ¢ Henpus3ubio. [lapas Dpvur
Ha3BaJ UX «IATOJOTHICCKUMU MOHCTPaMU», Bbipazkas o0Illee MHEHUE, YTO OHH ITPEICTABJISIOT
UHTEPEC TOJILKO JIJIsd UCCaegoBaTes e, 3710ymoTpedIdonuX MaTeMaTHIeCKUMU TPUIyIaMu, & He
Jutst HacToAmux yueHbix [8]. C momobubiMu o6beKTaMu CBA3aH Kpu3uc B MareMaruke 1875-1925
I.T., BBIXOJI U3 KOTOPOTO HAMETUJICS MOC/Ie BBEJIEHUS MMOHSATUs JIPOOHOI pasMepHOCTH XayCcaop-
dbom B 1919 oy [9].

CBOICTBO M3JIOMAHHOCTH (DPAKTATBHBIX KPUBBIX MOCTYKUI0 OCHOBOM JIJIsT CO3JIAHUST POJIO-
BOIO MMEHN MO00HBIX 00bekToB. TepmuH pommicsa B 1975 r., korga Manaeab0poT rOTOBHIII
neproe m3nanne Les objects fractals [10]. Kak ormewaerca B xuure Dietika [11]!, cosByume na-
THUHCKOTO TpuaraTenbHoro fractus, mpousBomgHoro or riarosa frangere — «momMarby, ¢ OJHOKO-
pennbIMu anrauitckumu ciaoBamu fracture u fraction mokazanucs Mauaeb0pPOTY MOAXOIAIIIIMEI
KaH/IMIaTaMU Ha POJIb UCKOMOT'O TepMuHa. Tak MOsiBUJIOCH CJIOBO «(paKTaIs.

IlepBoe ompenenenne dpakTasa OCHOBBIBAJIOCh Ha JIpoOHOIN pasmepHOcTH Xaycmaopda.
PpakTaJoM Ha3bIBAJIOCH MHOXKECTBO Pa3MEpPHOCTHh Xaycaopda KOTOPOTO CTPOro OOJIbIIEe ero
TOMOJIOPMYECKON Pa3MEPHOCTH ¥, KaK MPABUJIO, BbIpaykaeTcst HeresbiM unciaom [14]. Tax, Ha-
npumep, ppaxTaabHble KpUBbIE, BPoje MPUBEIeHHOI Ha puc. 1 kpupoit Koxa, MoryT paccma-
TPUBATHCA KaK HEUTO CpeJlHee MKy TPaJIUIIMOHHON KPUBOW U TJIOCKOCTHIO. Tomomorndeckast
pa3mMepHOCTbL KpuBoil — 1, miockoctu — 2. Pa3zmepHocTh (ppakTajbHOl KPUBO Ha TJIOCKOCTH
nexut mexay 1 n 2. Tak, pazmepnoctb kpuBoit Koxa pasna 1.2618, a pazMepHOCTH OeperoBoii

LCymectryer Taxze pycckuit mepesos kauru Lieiika [12]. K coxasennto, oH BbInosiHeH Kpaiite Hermpodeccuo-
HAJILHO U COJIEP?KUT MHOYKECTBO OMINOOK. AHAJIN3 HEKOTOPBIX U3 3TuX omuboK cM. B [13]. IToaromy, nosb3oBarbest
pycckuM nepeBogoM [12] sydine ¢ orisiikoii Ha opuruHaAbHBIH Teker [11].



176 I'mnepkominiekcHble dncia B reomMerpun u ¢usuke, 2 (14), rom 7, 2010

Puc. 2: Ilenraron Anbbpexra Hiopepa.
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JIMHUHT MOxKeT ObITh 1.213. B mambHeiimeM, ¢ oco3HaHUEM TOTO, YTO PA3MEPHOCTD (hpaKTasia Mo-
JKeT BBIPAXKATHCS TAKKe 1E/IBIM YUCIOM U UTO IPUHATOE OIIPE/Ie/IeHIe He YIUThIBAeT HEKOTOPbhIE
BasKHBIE CBOICTBa dppakTaaoB, Manaep0poT OT Hero orkasajics. Pasmeprocts mo Xaycaopdy
[TO3BOJISIA PA3INIATH KATETOPUHU «TJIAJIKNANY U «XaOTHIHBIN», HO IIPH 9TOM OKa3bIBAJIACH HETYB-
CTBUTEJILHOI, HE TTO3BOJISIIA PA3JIE/ISITh KATETOPUN «HEPeryJ IsIPHBI, HO CAMOTIOI00HBI» — Xa0C
MTO/TAIONINICH U3YYEeHNIO B paMKaxX (PpaKTaJIbHON TeOMETPUN U «TeOMETPUYECKU XAOTHIHbIN»
— T.e. Xa0C TOJHOCTBIO Gecriopsitounsbiii [15, 33]. CornacHo 6osiee pacIMpPeHHOMY OTIPe/IeJIeHUTO,
dpakTaIOM Ha3BIBAETCA TaKOW 00BEKT, /sl KOTOPOI'O CYIIECTBYET CBOMCTBO MaCIITaOHON MHBA-
pHAHTHOCTH — T000us dacTr u 1esoro |15, 16]. [Ipu sTom nmeercs B BuIy MMEHHO momobue,
a He TOYHOEe COOTBETCTBUE YaCTU U IeJIOTO. Takoe ompejeseHune (ppakTaga 3HATUTETHHO Pac-
mupsieT 06JIacTh €ero MPUMEHUMOCTH, OCOOEHHO JIJId (PUBUUECKUX CUCTEM, KOTOPbIE, B OTINYNE
OT MaTEeMaTUIEeCKUX MOCTPOECHUH, MPAKTHIECKH HUKOT/Ia He JAI0T TOYHOIO COOTBETCTBUSA IIEJI0-
ro u ero vacreii. Heobxoanumo orMeTnTh, 9T0 camMonoaobue u JIpodHasi pa3MepPHOCTb CBSI3aHBbI.
DTa CBSA3b COCTOUT B TOM, UTO C TIOMOIIBIO CAMOIIOI00UsT MOYKHO CKOHCTPYUPOBATH MHOYKECTBO
JIPOOHOM Pa3MEpHOCTH CAMBIM IIPOCTBIM CIIOcOOOM |[§].

CkazanHoe 00bsICHSET, oYeMy ObLIO HeOOXOJIUMO pas3padaThiBATh HOBYIO T€OMETPHUIO MPH-
poast. Jlo Manaens0pora Bce KpUBbIE U TIOBEPXHOCTH OT TeX, KOTOPhIE JIEMOHCTPUPOBAJIN JIETIM
B IIIKOJIE JIO T€X, YTO UCIOIb30BAJIN YIEHbIE B CBOUX MOJIE/IAX, ObLIN rankumu. Ecam yacTh Ta-
KO KPUBO WJIN MMOBEPXHOCTU TIOCTENEHHO YBEJIMINBATH, TO OHA CTAHOBUTCS BCe Oosiee u Hosee
MOXOKell Ha MPAMYIO JIMHU. Takoro poja KpUBble U OCHOBAaHHAsI Ha HUX TeOMETpUsi Oecro-
JIEBHBI, €C/IN CTOUT 3aJiada ONUCcaTh KAaKOH-TMO0 MPUPOIHBINA 00bEKT, KOTOPBIN, KaK MPaBHUJIO,
CYIIECTBYET Ha PA3JIMIHBIX MaciiTabax. Ecam Mbl OyieM Mmoc/ie0BaTe/IbHO YBEJIMINBaTh YacTh
TAKOro O0ObEeKTa, TO HUKOI/A He MPUAeM K MPAMON JuHum. Mbl yBUANM H3JIOMaHHbBIE JIUHUMU,
COCTOSAIINE, B CBOIO OYePe b, N3 W3JIOMAHHBIX JIMHUI, KOTOPBIE COCTOST M3 W3JIOMAHHBIX JTUHUI
U T.JI. BIUIOTH JI0 MOJIEKYJIIPHOTO YpoBHS. T.e. TpauIinoHHbIE IJIaJIKe KPUBbIE U TOBEPXHOCTU
HE MOTYT JaTh aJIeKBATHOE OMUCAHUE TAKUX MPUPOTHBIX OOHEKTOB.

Tonbko Haunnast ¢ 1975 1. MM OKOJIO TOrO, OBLIO TPU3HAHO, ITO (PpaKTaIbHbIe KPUBBIE MO-
IyT PacCMaTPUBATHLCS, KAK BIIOJIHE €CTECTBEHHBIE U YI00HBIE MOJIEN TPUPOIHBIX TTpoiieccos. U1
9TO Tpu3HaHue npunLio oaarogaps b. Mauaes0poTy, KOTOPBI K 9TOMY BpeMeHU 00beTUHUT
Mog00HOr0 poAa OOBEKTHI IOJ eINHBLIM TepMuHoM — dpakrtana. /Lo sToro Bpemenu dpaxra-
JIBI — ellle Jlayke He Ha3BaHHbIe UM TaK — ObLIN ero JudHoit Manueit. CerojiHs OHU ABJISAIOTCS
CTaHIAPTHBIM HHCTPYMEHTOM BO MHOXKeCTBe obJjacreit Hayku. Kak «orer dppaxkTamoB» Man-
JIeJIbOPOT MPOJAEMOHCTPUPOBAJ UX PEJIEBAHTHOCTH PEAJTHLHOMY MUDPY, B TO BpPeMsl KakK JIPYyrue
BUJIEJIN B HUX WM OECIIO/IE3HYIO UTPYIIKY UJIU MATOJOITIECKIX MOHCTPOB.

Ceityac, HaBepHOe, IpPOIIE CKa3aTb, Ije (ppaKkTaabl HE HCIOAb3YIOTCS, YeM IEePEeUnC/IuThb
obJracTi X MpuMeHeHns. BOT TOIBKO HEKOTOpbIE U3 TaKUX 00JacTeil: pacupeaeeHne raJakTuK
Bo Beenrennoii, marrepHb! OMMOOK B JIMHUSIX CBSI3U, MOBEJCHUE XKIJIKIX KPUCTAJLIOB, PACCESTHIE
PaJIMOIOKAIIMOHHOTO Iy IKa TOPHON Tpsoii [6]. ®pakTagbHble MOJEIN TPUMEHSIOT B MeIUIIN-
He, B T€OJIOTUH W TOYBOBEJIEHNN, B MaTEPUAIOBEICHUN ITPU U3YYEHUU MPOIECCOB PAa3pyIIeHUs
U3/, B AJepHOM (hU3UKe /st N3YUeHUs SJIeMeHTapHBIX JacTHll, rporeccoB Ha CoJrHIe, /I
aHaIM3a KojaebaHuil PHIHOYHBIX IIEH B 9KOHOMUKE, CePAeIHOr0 PUTMa B KapIUOJIOTUU, ITOTOIbI
B METEOPOJIOTUM, B XUMUU, UCKYCCTBOBEJICHUU. . . — MEPEUCHb MOXKHO MPOIOIKATH OECKOHEU-
HO [15]. Ceromusi MOXKHO ¢ yBEPEHHOCTBIO YTBEPK/IATh, UTO (DpaKTAJTbHAS M€OMETDHs BOIILIA
B Cepbe3HyI0 mHxKeHepHyio (azy. KoMmmepueckne nmpuioykeHusi BOSHUKIN B 00JIACTIX CKATHA
n300pakeHuit 1 BUJIEO, JjId yaydinenns Tpaduka B cetn VHTepHET, B KOMIBIOTEPHOI rpaduke
u obpazosanun [17| u maxe jjig npoeKTUpOBaHUs KOpabJiel Gojiee yCTONIUBBIX K ONPOKUIbI-
BaHuio [18].

Benunuaiitras 3aciyra Manieis0pota COCTOUT B 00beIMHEHUN STOTO PA3PO3HEHHOI'O0 MHOTO-
oOpa3us KadeCcTBEeHHO Pa3/IMYHbIX 3aJa4d B €JIUHbIN MMOIX0/, KOHIIEHTPUPOBAHHbBIN B TepMUHAX
«pparTay, «ppakTaabHasg PasMepPHOCTby, «(DpaKTaJIbHasT Ne€OMETPUS>.
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Puc. 4: MuoxecrBo MannensopoTa.
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Bunorpadpnsa

Benya Mangennopor poguica 20 nostopsa 1924 r. B Bapmage. Ero orenr — Kaps Mangeasopor
OBLT raJaHTEPENIIINKOM, POJOM U3 BapIIaBCKUX eBpeeB, MaTh — Besta Jlypue Oblia BpadoM,
pomxom u3 Jlutser [19, 20|. OHu nozKeHUIUCH 10 IEPBO MUPOBOIT BOIHBI.

[Tocne Toro, kak Opar MammgeabOpoTa ymMep BO BpeMsi STUJIEMUM, POIUTENH, OMAcCasCh 3a
37I0POBbe U KU3HL MaHIe1p0poTa, He pa3pelnin eMy XOAUTh B ITKOJLY.

Hsinst, koTopsrii, o cioBam Mammens6pora [20], 6611 0ueHb 06pa30BaHHBI YeI0BEK, CTaJl
€ro JIOMAIITHUM HACTABHUKOM. YYHUJ OH €ro OYeHb CBOeOOPA3HO — HUKOTJA He 3aCTaBJIs 3a-
MIOMUHATHL HU TAOJIUIy yMHOXKeHus, Hu ajdasut. Mangegas0poT mokasza paHHIO JII0OOOBL K
reoMeTpun u OoJbINe ycrexu B maxmarax. [lo3zke oH pacckasbiBaj, UTO BOCIPUHUMAT ITY
UTPY HE JIOTUYECKH, & CKOpPee TeOMeTPUIECKN, KaK MPOCTPAHCTBEHHYIO B3aMMOCBA3b yIACTKOB.
leorpacdudeckne KapThl ObLIH BTOPOil cTpacTbio MamnmesOpora. Ero orerr iro0mI nx KOJIeK-
[MOHUPOBATh, U JOM OblI Beerga umu Hanonuer [18]. Kak ormedaerca B (6] ero pamnee ma-
TeMaTudeckoe o0paszoBaHue ObLIO0 HEPEryJIssPHBIM M BO MHOTOM OCHOBAHHBIM Ha CTAPOMOJIHOI
KJIACCUKE JIEBATHA/IIATOTO U HAYAJA IBAJIATOIO CTOJIETUN.

OxonoMmuueckuit Kpusuc B [losbie u yXy/rienne OTHOIIEHNS K €BPesiM MPUBEJIU K TOMY,
gro B 1936 romy Besd cembs smurpuposaia B Opanruio n nocenunach B [lapmke. 31ecs Man-
Jepopor monas nog BiaugHue coero jdanu [Mlonema MannenbOpoiita, SMUrpupoBaBIIero B
®paniyo B Bo3pacTe JIBAJIATH JIET [0 TPHYHHAM MHTEJIEKTYa bHOrO xapakrepa [21]. sst
K TOMY BpeMeHHU OBbLJT U3BECTHBIM MAaPUKCKAM MATEMATHKOM, PO eCCOPOM MaTeMaTUKN U Me-
xanukyu B Komnex e @panc, a Takyke WIEHOM I'DYIIIbI MATEMATHKOB, U3BECTHOMN MO/ OOIIUIM
nceponnvoM «Huxkonst Bypbakms [19].

Poct mammsma B I'epmanun B 1939 1. npunyaun cembio Manaeasopora ocraButh [laprxk u
nepeexath B I. T — GeHyIo neHTpasbayio dactb Opannun. [15] 31eck o nomesn B Koty n
3JIECh 7K€ MPOSIBUJIOCH €0 BEJTMKOJIEITHOE TTPOCTPAHCTBEHHOE BOOOPasKeHNe, MO3BOJISBIIeE Tazke
asrebpanveckue 3aa4r PelaTh reoMeTpuIeckumM myreM [18].

B konre BTropoit MupoBoii Boitnbl on BepHyJicd B [lapuxk, rie B munee Jliogouka Benukoro
FOTOBWJICSI K BCTYNHUTEIBHBIM 9K3aMeHaM B yHuBepcureT [15]. DK3ameHbl oH cian Grectsie,
noctynuB B Ecole Normale orkyma 3aTem nepertien Ecole Polytechnique. Ilociee ee okondanus
on noctynuia B Kamudopuuiickuit rexnosiorndeckuii unctutyT B [lacagene. V3yuan asponas-
THUKY, 3aMHTEpPecoBajCs Mpod/eMoit TypOyJIeHTHOCTH. TaM »Ke MOJIyYml/l CTeleHb MAarucTpa B
asponasruke [18].

JIOKTOPCKYIO IUCCEPTAINIO, B KOTOPO#l BBIBOJIMINCH 3aKOHBI CTATUCTUYIECKON CTPYKTYPBI
sa3bika, Manjenpopor 3amutu B [lapmkckom yamBepcurere B 1952 1. B ocHOBe J10KTOpCKOI
pabotsr Jexkan 3akon unda [22], yreepKaatonuit, 9To B JOOOM JT0CTATOIHO 00BEMHOM CO-
JlepyKaTeTbHOM TEKCTe YaCTOTHI YIOTPEeOJIeHNs CJIOB OMUCHIBAIOTCA CTEMEHHBIM 3aKOHOM. Mamn-
JIeJILOPOT JIajT MaTeMaTU4IecKoe 000CHOBaHNe TOro, 4To 3akon [lunda MoxkeT ObIThH mosryvueH u3
[OPUHIANA HANMEHBIINX YCUInit (KOrjia B MpoIecce KOMMYHHUKAIIMHA 00€ CTOPOHBI 3aTpadnBa-
0T MUHUMAJIbHBIE YCUJIUS JJTsI TIepeadu pedeBoit nHMOpMAaIui, MUHUMI3UPYS TAKUM 00pa3oM
CPEJIHIOI CTOMMOCTDH ¢JIoBa) U cdopmyrnpoBain obobmenubiii 3akon [lunda-Manneasbpora.
Vayumennsrit BapuanT dopmysibl [nmnda mo3Bosis KoTmdecTBEHHO ONEHUTH U PAHKUPOBATH
6OraTcTBO CJIOBAPHOIO 3amaca Kak OTJEJbHOIO YeJIOBeKAa TaK M PasndHbIX A3biKoB [16]. Ho,
BO3MOKHO, CAMbBIM IJIABHBIM PE3YJILTATOM JOKTOPCKOI paborskl Manmenb0pora OBLIO OCO3HA-
HIe BAXKHOCTU CTEIIeHHBIX 3aKOHOB.

[Tocste moyuenust cremnenu HOKTOpa, OH 1o npuriaiiennto /xxoua don Hefimana, Bepryiics
B CHIA B Uncruryr Boiciiux ucciaepoanuii B [Ipuncrone (Institute for Advanced Study in
Princeton), mrar Heto [Ixkepcu. 3ech OH pasMBIILISeT HaJ| ujeeil pasmeprocT Xaycaopda-
DBesnkoBuya n Ha | ABJIEHUAMEI, PA3MEPHOCTH KOTOPBIX JIE2KUT BHE OJTHOMEPHOT'O ITPOCTPAHCTBA,
HO, B TO K€ BpeMs, OHa MeHbIle deM nBa u3Mmepenus. B [Ipuncrone Mannensopor mpopaboras
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Puc. 5: Muoxecrso Mangenbopora. @parMeHT rpaHuIlb.
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JIBa TojIa.

B 1955 rogy ou Bepuyscs Bo @pannuio, xenmicsa Ha Asnbert Karan (Aliette Kagan) u
nepeexas B 2Keney [19]. ITocie sToro Hekoropoe Bpemsi paboras mpodeccopoM B YHUBEPCH-
rere JInts, a sarem B HannmonanbHoMm nentpe Hay4aabix nceaepopanmii (Centre National de la
Recherche Scientifique) B ITapuxe.

Hecmotpst Ha To, 9T0 €ro akajgeMudeckoe Oy/1yIiee BhIISAeI0 0e300/I1adHbIM, OH TYBCTBOBAT
cebst HeKoMDOPTHO B HayaIHOI aTMocdepe Tormamnaeit @panmun u, modTomy, B 1958 1. OH mpuHsLI
npurnamrenne Koproparun IBM mopaGorars B Uccienosarensekom menTpe B Mopkrays-Xeiire,
mrrar Heo-Ilopk. DToT 1ar mpuser ero kK okondaTenbroMy mepeesay B CITTA.

B IBM Manaens0poT paboTas HaJl UCKIIOYEHUEM CIYyYIalHbIX OMMOOK BOSHUKAIOIINX B Te-
JIe(POHHBIX JIMHUSX CBsI3U, UCIIOJIB3YEMbIX /Il IIepeaadn KOMIbIoTepHO# nHpopMannn. Takne
JIMHUW XapaKTEPHBbI TeM, 4To HH(MOPMaIlnsd B HUX Tepeaaercs B GhopMe UMITYJIbcoB (6UTOB)
dpukcupoBanHoit ammnTyI6l. Ecin oHOBBIE (DIYKTYAIMN OCTAIOTCS HUXKE OMPEIE/IEHHON Be-
JIMYWHBI OHU HE BO3MYIIIAIOT TepeaBaeMoe coodIeHne. Ecim ke OHU MPEBBIIAIT 9TOT MOPOT,
HEKOTOPBIe OUTHI MOT'YT ObITH u3Menenbl ¢ 0 Ha 1 uim ¢ 1 Ha 0. Bosaukaer ommbka. DTu ommoOKH,
B TO BpeMsl, BOCIPUHUMAJINCH KAK COBEPIIEHHO CIydaiiHble, BbI3BAHHBIE BHEITHUMU, HEKOHTPO-
JupyeMbiMu yeaoBusiMu. OOBIMHO TOBOPHUJIOCH O «IAPHAX C OTBEPTKAMU» PAOOTAIOIINX TJe-TO
Ha JIMHUU U CO3JIAIOIINX TE€M CAMBIM HEKOHTPOJUPYEMbIE TTOMEXH, CIyZKalllne MPUINHON BO3-
HUKHOBEHHSsI OIINOOK B IepeiaBaeMbIx coobiennax. Ho, kak mokazas Maraenb0poT, momexu, B
JIECTBUTENTHHOCTH, HE OBLIN IMMOJTHOCTBIO CJIYIafiHBIMU — OHU I'PYIIIHPOBAINCH B CAMOIIOI00HBIE
kyacrepsl [23|. Ilpudem, cremnenb KaacTepU3alni OCTABAIACH TIOCTOSHHOMN, eCIIU ee N300Pa3UTh
rpadudaeckn B Maciirtabe Mecsna, Hegean win aus [18]. T.e. ommbku MoKHO 6BLTO paccMaTpu-
BaTh KaK CIydailHOe sABJIEHUE C ONMpPeIeJeHHBIM TUIIOM BHYTPEHHEro caMoronodms. X MoKHO
OBLIIO TIPEJICTABATH, KAK KAHTOPOBY MBLIb 9JIEMEHTHI KOTOPOi (OIIHO0YHBIE GUTHI) TIEPEMEIIAHBI.
Manaeas0poT nccieoBaI MaTeMaTuIecKnue MPOIECChl, KOTOPbIE MO3BOISIOT CO3/IaTh CIIydaii-
HYIO KAHTOPOBY IIbLITb, KOTOPasi MPEeKpacHO MOJEInpoBaa (PpakTaJbHyI0 CTPYKTYPY OMINOOK,
BOBHUKAIOIINX B KOMIIBIOTEPHBIX JIMHUSIX CBA3M.

Omubku, B pesyabrare, OKa3a/lCh HEYCTPAHUMBIMY, T.K. ObLIN TPUCYIINA BHYTPEHHEH TPH-
pojie niporiecca. [lonnmanme 3TOro Mo3BONIMIO OTKA3AThCA OT TAKTUKH YBEJTHYEHUs] OTHOIICHUS
CHUTHAJI/IIIYM IIyTeM YBEJTMIeHUsI MOIIHOCTH [ePeIaBaeMOro B JIMHUIO CUTHAJA U 3aHATHCS AJl-
FOPUTMAMU KOJIMPOBAHMUS, MOBBIIIAIONINMI HAJIEXKHOCTH Tepeiadn nndopmamnun. Pacemorpen-
HBII BBIIIIE TPUMED MO3BOJISIET HAM OTMETUTh BaXKHYIO 4epTy HAyIHOTro Meroga MammgenopoTa.
Cozmanne MaTeMaTUIeCcKol MOJIEN MPABUIBHO OTParKAIOIIel 0COOEHHOCTH, CTPYKTYPY U3yda-
€MBIX OObEKTOB WJIN SBJIEHUI NMPUPOIHBIX WU MCKYCCTBEHHBIX TOXKJIECTBEHHO OIPEIeIeHHOM
CTEIeHN MMOHUMaHUs 3TUX gBaeHnii. Takke HEOOXOIUMO OTMETUTD, UTO TOYTH BCE MOJIENH, KO-
TOpBIE OH HCIIOIb30BaJI, UMEIN BEPOATHOCTHYIO Tpupoay. MaHaeap0poT He TPUMEHST TOHSITHEe
«dpakTaji» K JeTepMUHUPOBAHHBIM 00beKTaM BILIOTH /10 1979-1980 r.r.

Pa6ortas B IBM, Mangeas0poT yimes Jajgeko B CTOPOHY OT YHUCTO MPUKJIAIHBIX MPOOJIEM
komnanuu. OH paboTaa B 00/1aCTH JUHIBUCTUKH, TEOPUU UTP, SKOHOMUKH, a9POHABTUKHU, I'€O-
rpacdun, busnosornm, acTpoHOMIN, GU3NKU. EMy HpaBUIOCH EPEeKII0IaThCs ¢ OJHON TeMbI Ha
JIPYTYIO0, U3y4YaTh Pa3JudIHbIe HAPABICHUS. DTOMY CIIOCODCTBOBAJIA aKaJeMUIecKas CBOOOIA,
npenoctapiaennasi IBM corpymaukam jraboparopun B Koropoii paboraa Mangeasopor. Bor kak
oH omnmchiBaeT cBoio pabory B IBM: «Illenx 1961 roa. { y»ke HeckonbKo JeT paboTaa B IJIaB-
Hoit aboparopun IBM, pacrnonoxkenHoit Hemaieko or MaHX TTeHa, €Clii ABUTAThCS BBEPX II0
tedernio ['ya3oHa. D9T0 OBLIO yAMBUTEIBHOE MECTO /i yueHoro. KoMmmanus Kak pas3 3aHIMAa-
JIACh TEXHUYIECKUM IT€PEBOOPYKEHIEM, YTOObI CMEHUTH CBOI CTATYC MPOU3BOIUTEIS MEXAHIIE-
CKUX TaOYIUPYIOMIINX CIETHBIX MAIIUH HA TMTHOHEPA IJIEKTPOHHO-BBIIUCINTE/THHBIX MAIINH, WJIH
KOMIBIOTEPOB. i perrenus 3Toit 3aa4mu co3aan OObITYIO JadOpaTOPUIo U Habpa/In IITaT
COTPY/THUKOB; HEKOTOPbIE U3 HUX OBLIN OJIECTAIMMU Uy IaKaMU-UHTEIIEKTYaJIaMu, U UM T10-
3BOJININA 3aHUMATHCs JTIOOBIMU, CAMBIMEI HEBEPOSITHBIMU, TeMaMi Ha COOCTBEHHOE YCMOTPEHHE.
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OtiesibHBIE TeMBI OBLIH SIBHO CBS3aHBI ¢ KOMIIbIOTEpaMu, HO MHOTHe — Her» |16, c¢. 186]. Takoit
CTIJIb pabOTHI BHOTHE cebsi onmpaBiasl. V3 mMpoMBIIIIEHHON HCCIeI0BaTeIbCKON J1a00paTOpUH
IBM Research, B koTopoit padboran Mangenbopor, nsaTh denoBek cragu HobereBckumu Jsiaype-
atamu. ['oBopg o pabore B IBM Research, Mangens6por ormedaeT, 910 0cO60T0 yIIOMUHAHUS
nocrour Panbd 9. T'omopu — pykoBomurenb MaHmaean0poTa Ha TPOTSZKEHIN OOJbIIEH TacTH
ero kapbepbl B IBM. [16]

Kpome zajiaun uccieioBanms CTpyKTYypPbl OMMUOOK B KOMIILIOTEPHBIX JIMHUSAX CBS3M, B CO-
craBe IBM Research Mamnaens6por 3anmmalicst Tak»Ke MPUKJIATHBIM KOMIBIOTEPHBIM aHAJII30M.
OjiHa U3 ero MepBbIX UCCIEI0BATETLCKIX 3384 B 9TOM 00/1ACTH — MPUMEHEHUEe KOMITBIOTEPOB
B 9KOHOMUKE.

«DKCIIEPUMEHTAIHLHON OCHOBOIT» 9TUX MCCIEI0BAHUN OBLT PsiJl €2KeTHEBHBIX IIEH Ha XJIOMOK
3a 0ojiee YeM CTOJIETHUN MepUoJ. IJTOT PpsJi Hadaa (pOpPMUPOBATH <«IIpeIiecTBeHHUK Man-
JeIb0OpoTa 10 MCCAEOBAHUIO TIeH Ha XJIO0moK npodeccop Xenapuk Xayrekkep u3 lapsapa.
XayTekkep, UCTIO/b3ysl CTaH/IapTHbIE HHCTPYMEHTBI CTATHCTUYECKOTO aHaIu3a U COBPEMEHHbBIE
eMy 9KOHOMeTPUYEeCKHe METOJBI, MBITAJICSI HAHTH XOTh KaKOW-TO MOPSIOK, 3aKOHOMEPHOCTH B
XOJle M3MEHEeHNUs XJIOMKOBBIX IIeH. BOT ero BbICKa3bIBaHUeE, MOJIBITOXKUBAIONIEE 3Ty PabOTY, KO-
topoe npusogurT Mangeas6por B [16]: «C Mmens xsarutr ... ¢ cuenan Bce BO3MOXKHOE, ITOOBI
HalTH CMBICT B 9TUX XJIONKOBBLIX IeHaX. lIbITatoch m3mMepuTh HEYCTOMYINBOCTH, & OHA BCE Bpe-
Ms MeHsercs. Bee mensercs. Her Hudero nocrosinaoro. Crpamnraas myTanuias. [16, c. 189] B
JIECTBUTETHLHOCTH TIEHBI U3MEHSIUCH He HEIPEPBhIBHO, HAO/IIOIAINCH OOJIBIITNE CKAYKY TIE€H, YeM
CJIEJIOBAJIO M3 CTAHJIAPTHOIM SKOHOMUYIECKOI MOJIE/IH, BCJIEJICTBUE Yero UX pacipesesieHrne nMe-
JIO «TOJICTBIE XBOCTBI» U He MOIYUHAJIOCH pacipeienennio ['aycca, Kak Toro TpedoBaja MOJIEb.
Taxzxe Mane10poTOM 0TMEYATIOCH CaMOoIo100ue TpaduKOB IeH: N300parKeHus, TOCTPOEHHbIE
JIJIS pa3JIMYHbIX MACIITAOOB BPEMEHU BBITVISIJIAT MTOJOOHBIMUI.

Maneap0poT «BBIIpOCHI Jiist cebst B KoMmIbioTepHoM tieHTpe IBM mporpammucras |16,
c. 189] u mpoaHasu3MpoOBas JAHHBINA DA TAK ¥Ke, KAK OH AHAJMU3UPOBAJ JIO ITOIO JAHHBIE O
JIMYHBIX JTOXOJIaX: MOJACYUTHIBAs YUCTIO MEHOBBIX CKAYKOB PA3/JIMYHON BeJMIUHBI. Pe3ynbraTs
JIaHHOU paboThI ObLIN TpeicTaBIeHbl B craThe 1963 roga «Komebanus omnpeie/leHHBIX CIIEKYJ s
TUBHBIX [I€H» |24], KOTOpasi Ha TO BpeMsI CTajia OHOI U3 CAMbIX IIUTHPYEMbIX B 9KOHOMITIECKOM
JIMTEpaType.

Y10o0b! TPUITH K a/IEKBATHOMY TTOHUMAHUIO MTOJIyY€HHOTO PsiJia XJIOMKOBBIX IIeH OTPpeboBa-
JIOCh CBECTU BOEJINHO TPU HAIIPABJIEHU: CTEIeHHbIE (SKCIIOHEHIINAIBHbBIE) 3aKOHBI, 3aKOH Pac-
NIpeJIeJIEHNS JIMIHBIX JIOXOJI0B U MAaTEeMATUKYy YCTONYMBBLIX pacupejienennii. /lannbie Hampasiie-
HUSA IBUJIUCH KJTIOYOM, TIO3BOJIUBIITM TTOCTPOUTH MOJIE/b, 8JICKBATHO OMUCHIBAIOILYIO ITOBE/ICHIE
peaIbHbIX (PMHAHCOBBIX BPEMEHHBIX PSIOB.

Kak yzke ynmoMuHaI0Ch BIIEPBBIE CTENEHHBbIE 3aKOHBI (3aKkoH Llunda) mosBuimcs B J0KTOP-
ckoit pabore Manaes0poTa.

3aKoH pacipejiesieHtsi TMIHBIX JT0X0I0B ObLT BlepBble motyder Buibdpeao [Tapero (1848-
1923) korpa oH pasouI Jrojieil Ha IPYIIIBI [0 BeJINYUHE JIMTTHOTO J0XO0/a U TOICUUTA YUC/IeH-
HOCTBb KazkJI0#l rpynnbl. OKa3aaoch, 9TO MOIyYeHHAs 3aBUCUMOCTD JIMHEHa B JIBOWHOM JIOTa-
pudMuIeckoM MaciITabe ¢ HaKJIOHOM paBHbIM (1o MHenuto [lapero) 3/2. Kak BeisicHuIOCH B
JIAJIbHENIIeM, BeJIMIMHA HAK/IOHA MOYKeT OTJIMIATbCA OT 3/2 1 3aBUCUT OT TOTO, KAKOW KOHKPET-
HBII cIydail paccMmarpuBaeTcs. HeoOxoanMo orMeTuThb, uTo 3akoH [lapeTo Takke oTHOCHTCS K
CTETIEHHBIM 3aKOHAM.

[TonsgTne ycToiidmBLIX pacrpejesiennil Brepsble nogBuinchk B paborax [lons Jlesu, xkorma
Bckope mocye IlepBoit MUpPOBOIT BOIHBI €ro MONPOCUIN TMPOYECTh KYpC JEKIU O TOYHOCTU
MPUIETBHON apTU/LIEPUNHCKON CTPEIbOBI. DTO MOATOMKHYJIO €r0 K BBIMOJHEHUIO CaMOOBITHOM
paboThHI 1O UCC/IEIOBAHUAIO «YCTONYUBBIX» BEPOATHOCTHBIX PACIIPEICICHU, T.e. TAKUX PaCIpe-
nesteHnit, hopMa KOTOPBIX OCTAETCsl HEM3MEHHOI He3aBUCHMO OT TOrO, KaKWe JIeWCTBUS Mbl
BBITIOJTHSAEM HaJ] OOHLEKTOM Omucanus. JIeBu mokasas, 9To CyIIeCTBYyeT CeMeHCTBO YCTONINBBIX



184 IunepkomiiekcHble yucia B reomerpun u ¢usuke, 2 (14), rom 7, 2010

Puc. 7: MuoxkectBo 2Kronmma s 3HaUeHnsT KOMILIeKCcHOTrO mmapamerpa ¢ = —0.7454 + 0.1130s.



B.A. ITanuenrora Berya MaranepOpor: yTh K (DpaKTaIbHOH T€OMETPHH ITPUPOIBI 185

pacrpe/iesieHuil, 4IeHbl KOTOPOro OTJIMYAIOTCS APYT OT APYTra OTHOCUTETHHONW BAXKHOCTHIO HaU-
OoBIINX OTAebHBIX m3Mepennii. Takue pacnpenenenus Manaeas0por Haszpas L-ycroitanBeivum
B yectb [lona Jlesu. [16]

DT pacupesenenns: ObLIN UCTOIB30BaHbl ManaeasoporoM B 1963 roy Koria MpUILIo mo-
HUMaHHUe TOTO, 9TO IeHBl He W3MEeHSAIOTCS HelpPEepBIBHO W UTO JJIs ONMMCAHUS WX JIUHAMUKHI
JIydllle TOJAXOIUT He Mojesb laycca, a Oojiee obiiee moHaTHe L-yCcTORYMBBIX pacipeieeHunii,
001a/1aIoNX OECKOHEYHON JUCIepcrell, BCJIEJICTBIE Yero CKauKU IeH, TMOJ00HO OIIMOKaM TTpu
nepejade JAHHBIX, CKJIOHHBI TPYIIUPOBATLCA B KiacTepbl. Takxke OBbLIO MOKA3AHO CYIIECTBO-
BaHUE CTEIEHHOW 3aBUCUMOCTHU MEXK/Iy Pa3MepOM CKAYKOB M YaCTOTOM UX TOSIBJIEHUsI, & TAK¥kKe,
9710 B (POPMHUPOBAHUH [IEHBI CYIIECTBEHHYIO POJIh UTpaeT npeasicropust. [15] Bor obpasunoe omnn-
caHre BHYTPEHHell TUHAMUKW IIeHOBOro psja, nannoe MannenbOporom: «KpymHble n3menenus
YacTO CIEJYIOT OBICTPO OJHO 3a JAPYTUM, TMOJ00HO apTU/LIEPUNHCKUM 3aJjIaM; 3aTeM HacTyIa-
€T ouepe/ib JJTMHHBIX MePUOI0B MEJKUX U3MEHEHUil, BPOJe TpecKa UTPYIIEYHBIX MMHCTOJIETOB.
Ho u 3mech ectb camomnoBTOpeHne B Maciitabe: ecjii PacCMOTPETb B JeTassIX JI0OYI0 TPYIITY
KPYIHBIX M3MEHEHU, TO MOXKHO YBUJETh, YTO OHA COCTOUT U3 MEHbINUX Trpymi. [Ipu mepexo-
Jie K erne 0ojiee MeJKUM JIeTajIsiM MbI OOHAPYKUM HOBBIE, €Ille MEHBIINe TPYIIbl. A 3TO yKe
dbpakTanbHas cTpykTypas. [16, ¢. 245]

B nanbHeiiiem pazBuTuu SKOHOMUYECKOTO 1MO/xoa MaHaeap0pora MOKHO OTMETUTH MO-
JIeJIb TEeHOBBIX 1My3bIpeil (1966 T.), KOHIENIHo TOMOJHITEIBHOIO TOproBoro Bpemenn (1967 1.)
U, HAKOHEIl, MyJbTH(hPAKTATLHYO0 MOeb (1972 1.), BKIIOUYUBILYIO U 0GOOIIUBHYIO MTPEIBIILY-
e KOHIENINN U HazBaHHylo Manaenboporom «MymbTrdpakTagabHO MOAETBIO JTOXOIHOCTH
aKTUBOB». [106]

[TocTpoenne MacmTabHBIX MOJIE/Iel PHIHKOB OBLIO T€M FOPHUJIOM, B KOTOPOM KOBAJIUCh MHO-
rue 6a30BbIe MOHATHS (PpaKTAIbHON reomeTpun. Yepes cOpok JieT mocyie Hadaia CBoel SKOHOMU-
4Jeckoit snmonen Manietb0poT ckaxker: «Ha myTu K mMoeit ocHOBHOI paboTe, pazpaboTke dhpak-
TAJIBHON TeOMETPUN, SKOHOMUYECKUE NCCIeIOBAHNS U (DUHAHCOBBIE MOJIEJIN CTAIN KJIIOUEBBIMU
BexaMmu. ... Ho s elle He 3aKOHYUJI CBOE JIEJIO; U 5 JIO CUX MOP HE BEPIO, 9TO HaM KOI/Ia-HUOY /b
YJAACTCs MOJIHOCTBIO TIOHATH TAKYIO CJIOXKHYIO CUCTEMY, KaK IJI00abHasT JeHEKHAsT MAITHA. ...
Ho s Bepro, 910 ¢ KaxKJ10il MOMBITKON MBI BCe OOJIbIITE MPUOINKAEMCsT K TTPABUILHOMY TTOHUMA~
HUIO IPUHIIATIOB PabOTHI PHIHKOB». |16, c. 244|

Oxkomno 1968 roma Manaensbpor B3siicsa 3a npodiaemy Huma. VI xord sroit mpobiemoit on
HavaJ 3aHUMATBLCS [IOC/IE€ TOTO KAK BBINLIN TEPBbIe MyOJHKAIIMHA 110 SKOHOMUIECKIM MOJIETISIM,
pPe3yJIbTATHI JaHHOW pabOThI B JAJIbHEHIIIEM TOXKe HAILIA MPUMEHEHNE B SKOHOMUIECKUX H3bI-
ckanugx Maniep0pora.

[Ipobsrema Husta cocTosiia B TOM, YTO IEPUOBI 3aCYyX U HABOJIHEHUI, CBS3AHHbBIE C PA3JINBa-
vu Hua, gepeoBasuch Kpaiiie HepaBHOMEPHO U UMeJTH PA3HYIO JIUTe bHOCTD. [15] Kiouesoit
durypoii cchopmyiupoBasiieit 3Ty mpodeMy ObLT anrInIanuH ['aposiba Dasun XepeT, KOTOPbIit
B 1906 roxy npubsLt B Kaup, mpeanoraras mpoObITH TaM HEJ0T0, HO B PE3YJIbTaTe 3aJ1ePKATICA
Ha 62 roga. U Bce 3TU rojibl ObLIN MPEMMYIIIECTBEHHO MOCBANIEHBI U3y4YeHUI0 pa3nBoB Hua.
OT ypoBHS BOJBI BO BpeMsl Pa3/IMBOB 3aBUCEJIO OYIET TOM YPOXKANHBIM WX HET. A OT 5TOro, B
CBOIO OYepe/ib, Ha MPOTIKEHUN THICTYeJIeTHl 3aBUcesa KIU3Hb Krunra.

C kononunzanueit Erunra anrimaanaMu BOSHUKIIA UJIes CTPOUTEIbCTBA «XPAHUIUIIA CTOJIE-
THsI» — pe3epByapa, B KOTOPOM MOXKHO ObLIO Obl HAKAILIMBATE BOJY Ha Caydail 3acyxu. Beraa
3a/1a4a, KOTOPYIO MOPYYUIN XepCTy, pacdera HeoOXOIMMOro o0beMa TakKoro xpaHuauma. s
9TOT0 HEOOXOIMMO OBLIO HAYUNUTHCS ONMHMCHIBATH YPOBEHDb BOAbI B Huite Bo Bpemst pasyimBoB.

XepeT nMpoaHaJIM3uPOBAJI 3aIUCH O TIOBEJIEHUN PEKHU, HAKOILIEHHBIE 38 HECKOJIHKO THICSY JIET,
U TIPUIIEN K BBIBO/LY, O HEBO3MOYKHOCTH CIIPOTHO3UPOBATH HE TOJBKO MOMEHT HAYa/Ia WM KOHIA
3aCyXH, HO JlazKe CPeJIHUIl ypoBeHb BOIbI B Huste. Y poBeHDb PeKM BBITJISIET KaK CIyIailHbIi 1y M,
HAJIOXKEHHBIN Ha (DOH, TakzKe MOMHbIT mryma. [15]

Mannennopor pazpaboTas CTATUCTUYECKYIO MOJIe/Ih, OCHOBAHHYIO HA CaMOIIO00UN BpeMeH-
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HBIX PSAJIOB U BKJIIOYAIONLYI0 Oa30Bble cBoiicTBa Huma m apyrux pek. C mMOMOIIBIO 3TOH MOjIe-
JIn OBLIH TOJydeHbl rpaduKu Koiebanuit ypoBHsa Bojbl. Korja 3Tu rpaduku, BIepeMenKy ¢
peaJbHBIMU BPEMEHHBIMU Psi/laMU, a TakxKe I'paduKaMu, MOJYIeHHBIMIA Ha OCHOBE CTaHIapT-
HBIX THIPOJIOTHIECKIX MOeseil, ObLIN peabaBIeHbl TPOoheCcCnoHAIBLHOMY THAPOIOTY YOITepy
JIsurbeiiny oH He cMor OTIMYUTH rpadukn Manaeab0poTa oT rpaduKOB, Ha KOTOPbIE OBLITH Ha-
HeCeHbl peasibHble JaHHbe. [16]

Takke HEJIb3s HE OTMETHTH y Ke CTABIIYIO KJIaccukoii crarbio [23]| «Kakosa mmuna 1o-
Oepexbst Bputannu?s CraTbs SBJIACH TPOJIOIYKEHIEM UCCAEI0BAHUN aHTJIMICKOTO YIeHOTO
JIptonca Pugapcona u geMoHcTpupoBasa (ppakTaabHyIO IPUPOILY OEPeroBoil TMHUN U, KaK CJIe/I-
CTBUE, HEIIPUMEHIMOCTh MMOHSATHUS JIJIMHBI K TAKOTO POJIa 00bEeKTaM, a TaKKe BBOIIA OCHOBaH-
HBII Ha APOOHOI pasMEepHOCTH MapaMeTp, XapaKTepU3YIOIIUil CTeleHb N3PE3aHHOCTH OePeroBoit
suann. [lo3aHee sToT mapamerp craj paccMaTpUBATbCs, Kak (ppakTajbHas pa3MEepHOCTD.

Hageproe, B GOMBIIMHCTBE C/IyYaeB, KOT/JA Y€J0BEK CJBIIIUT CJIOBO «(ppaKTaji» B €ro Co-
3HAHUU BO3HUKAIOT 0Opa3bl MHOXKecTBa Mangennopora, MuHokecTB 2Kionma. Henmoctmkmmas
SCTeTUYecKas MPUBJIEKATEIbHOCTD 3TUX, KA3aJI0Ch Obl, YICTO MaTeMaTHIECCKUX OObEKTOB, MIPH-
TATUBAET K HUM BHUMAaHUE KaK MPodeccnoHaioB TakK U JIIOJel JaJeKuX OT MaTeMaTUKU.

Tepmun «muOKecTBo Mangenanbpora M» npeoxkun Axpuen [lyamam, «[10TOMY 9TO IIEPBBIM
M300parkKeHusi STOr0 MHOYKECTBA TOJIyUNI ¢ IOMOIIBI0 KoMITbloTepa bernya Mawies0poT, 1 oH
JKe MePBBIM OMUCAJI HEKOTOPBIe ero cBoiictBay. |21, c¢. 30| IlyTe, npusemmuii Manneasbpora K
OTKPBITUIO 3TOTO MHOYKECTBA HAJYaJICA ¢ UHTepeca K (ppakTagaM WHBAPUAHTHBIM OTHOCUTETHHO
HEJIMHEHHBIX TTpeobpasoBanuii. [lepBhiM OBLIO MpeebHOe MHOXKECTBO I'pymnbl Kieitna, ocra-
folreecss HEeM3MEHHBIM TP BCEX MHBEPCHUSX OTHOCUTEIHHO JIFOOOI M3 HECKOJIBKUX 38 IaHHBIX HA
IJIOCKOCTH OKpY2KHOCTel, 3areM Manaenp0poTa 3anHTepecoBan padboThl ['acrona 2Kionmma u
[Trepa @Dary [25-26]|, Bomonaentbie eme B 1918-1919 romer, o Teopun urepanuii parmuoHab-
HBIX OTOOpazKeHuit KoMIuteKcHoi ttockoctu. [15] Brepseie ¢ stuvu paboramu Mawgeabopor
no3HakoMuicsd B 1945 roy moryduB aBTOpCKUe MpenpuHThl 0T cBoero jgau [lorema Manaenb-
opoiita. Torma oHr He TPOW3BEIN HA HErO JOJKHOIO BIedaT/IeHus. BepHYBIIHCH K 9TUM pabo-
TaM depe3 35 JIeT OH PacHIupU paccMaTpuBaeMble MPeoOpa30BaHUs C BEIIECTBEHHON MPSAMOit
Ha KOMILJIEKCHYO TIJIOCKOCTD U MIPUMEHIT KOMIBIOTED /I TIOCTPOEHUS TTOTy9aeMbIX MHOKECTB.
Tak 66110 MOy YeHO MHO)KecTBO Manens6pora. [15]

JlaHHOE MHOYKECTBO — OJINH U3 CJIOKHEHIINX 00bEeKTOB COBPEMEHHOI MaTeMaTHuKu. Tak, n3-
BECTHO, ITO OHO CBSI3HO U ero (ppakTaabHas pa3MepPHOCTh PaBHA 2, HO J0 CUX IOP He BBISICHEHO,
SIBJISIETCSI JIN OHO JIOKAJIBHO CBSI3HBIM U MMeEeT JIU MOJIOKUTETHHYO Toma ib. [Ipobrema omnu-
caHust MHOKeCcTBa MaH1emp0poTa 0cTaeTcss OTKPBITOM, 1 MHOYKECTBO MCCIeI0BATE el 110 BCeMy
MUDPY TPOJIOIKAIOT pabOTAIOT HAJI HEiA.

loBopst 0 MHOKecTBax Manensopora u 2Kionna, Manaeas0poT moiaepKuBaeT, 9To /s He-
ro HanboJIee BIEUAT/IAIONINM B JAHHOM padoTe OBLIO TO, UTO OYEHB MPOCTHIE (DOPMYJIbI TPUBOIAT
K HEOOBIYAHO CJI0KHOMY pe3ysbrary. OH MpoBOJUT CpaBHEHHUE ¢ 3aKOHOM HbIoTOHA, KOTODBIi
TOYKE BBIPAXKAETCdA OYEHb IMPOCTON (POPMYJIOif — BCETO HECKOIBKO CUMBOJIOB, — HO ITOCJIE YyIIOP-
HOIT PabOTHI TO3BOJIIET OOBICHUTD JBMKEeHHE ITaHeT BOKPYT CoJIHIIA 1 MHOTO€, MHOT'O€ JIPYTOeE.
To ke m ¢ 9TUMH MHOXKECTBAMU — OHU MOTYT CJIYXKHTb apXeTUIIaMU JJisi MHOTUX ITPUPOIHBIX
CTPYKTYP, KOTJIa TTPOCTON U, KAK CJIEJICTBUE HAJIE’KHBIIN, IPUHIIAIT UX 00PA30BaAHUs IPUBOIUT K
HeOOBIUANHO CII0KHOMY KOHETHOMY pe3ysbrary. (6]

B zakmodenue xoresoch Ob1 yIOMAHYTH Kjaaccudeckyio Kuury Manaenbopora «PpakTaib-
Hasi TeOMeTpPHUsi MPUPOIbI», TIEpBoe U3JaHue KoTopoil Boinuio B 1977 romy. Pyccknit mepeso
9TON KHUTU 3al03/a] Ha 4eTBePTh BeKa — OH Bhimes B 2002 romy. 3a BpeMs MpOIIEIIIee ¢
MOMEHTa ee HAIMCAHWUS KHUTAa COBCEM He ycTapeja U OCTAeTCs JIYUIIUM ¥ OCHOBHBIM BBEJICHUEM
B Teopuio (hpakTaaoB n (ppakTaabHYIO T€OMETPUIO.

Kaura nanmcana B »KaHpe HAYIHOTO 9CCE U COJIEP:KUT BCE UJEH, O KOTOPBIX PACCKA3BIBAIOCH
BhbIIIe. BBIXOJ 9TOl KHUTM pa3iaen UCTOPUI0 (DpakTaJbHOW reoMeTpUu Ha JIBa Mepuoja. B
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Puc. 9: MuoxecrBo @ary juid 3HaUeHUS KOMILIEKCHOTO mTapamMerpa ¢ = —0.194 4 0.65574
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MIEPBOM, JI0 BBIXO/Ia KHWUTH, CYIIECTBOBaHNE U Pa3BUTHe (HBPAKTATHHON TeoMeTprun OBLIO HEpas-
PBIBHO CBSI3aHO C JIMIHOCTBIO €€ CO3JaTeNsd — C ero YCUJINSAMU 110 PA3BUTHUIO U TOIMYJISPU3aIun
cBoux wujeit. Bropoit mepmoji 3HAMEHYeTCsI JTABUHOOOPA3HBIM yBEIUYIECHUEM YHUCIa CTOPOHHU-
KOB (DpaKTaIbHONI MeOMETPHUH, YHCIOM HAYIHBIX MyOTUKAIU, colepyKaIlinX B HA3BAHUN CJIOBO
«dpaxTasi», TPOHUKHOBEHUEM METOJIOB (PPAKTAJILHON TeOMETPUN MPAKTUIECKU BO BCE PA3/Ie bl
He TOJBKO €CTeCTBEHHBIX HAYK, HO U TYMAHUTAPHBIX U JaXKe MCKYCCTBA.

Ho romoc Benya Manaeas06porta He OTEpsiicss B 9TOM ThicsderoiocoM xope. OH 110 moc/e-
HUX JTHEl IPOJI0JIKa aKTUBHO U IJIOIOTBOPHO paboTarh. B pabore [16], momBomsiimeii mpomexKy-
TOYHBII UTOr ero paboT B 9KoHOMUKe OH numieT: «Hecmorpsa wa 40 Jsrer nccienosanmii, pabora
npogoszkaercs. OHa He TOJIBKO He 3aKOHYEHA — OHA e/1Ba Hadasach». |16, c. 157

CraBmme Kiaccukoit paborsr MaHmenb0poTa 0COOEHHO BayKHBI, KOTJIa BO3HUKAET 3a/a49a,
HCCJIEIOBATH HOBBIE TUIIBI (DPAKTAJIOB, CBsI3aHHbBIE C TON MJIM MHOHM TUIEPKOMILIEKCHON InCI0BOI
cucremoii [27]. Kak mpumep MOXKHO npuBecTu paboThl o (hpakTaiam Ha nojnanciax [28-31]. B
X0jie pabOT HAJI STUMU U MOJIOOHBIMU 3a[adaMy TOCTOSHHO BO3HUKAIOT TTPOOJIEMbBI, TPeOyoline
JIJIS CBOET'O PEIIeHUs OOpallleHnsl K UCTOKAM — OPUTHHAJIBHBIM PadoTaM OTIA (DpPaKTaJIbHOIM
reometrpun Benya B. Mannennopora.

Manraeas0poT mpoKuJI BCIO ¢BOIO Ku3Hb ¢ Aliette m mmen aByx cerHoB Laurent m Didier.
On ymep 14 okrabps 2010 roga B Kembpumxke (Maccaaycerc, CIIIA), B Bospacte 85 jer, mo
COODIIEHNIO YKEHBI, OT PAKa MOJZKETYI0IHOMN Kesesbl. [32]
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BENOIT MANDELBROT: THE WAY TO FRACTAL GEOMETRY
OF NATURE

V.A. Panchelyuga

Research Institute of Hypercomplex Systems in Geometry and Physics, Friazino, Russia
Institute of Theoretical and FExperimental Biophysics of the RAS, Pushchino, Russia

panvic333Q@Qyahoo.com

October 14, 2010 in Cambridge, Massachusetts died founder of fractal geometry Benoit
Mandelbrot at the age of 85. Following paper is writing in memory of prominent scientist.
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