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The aim of this paper is to expose some geometrical properties of the locally Minkowski-Cartan
space with the Berwald-Modr metric of momenta L(p) = {/pipa2...pn. This space is regarded as a
particular case of the m-th root Cartan space. Thus, Section 2 studies the wv-covariant derivation
components of the m-th root Cartan space. Section 3 computes the v-curvature d-tensor S™7% of
the m-th root Cartan space and studies conditions for S3-likeness. Section 4 computes the T-tensor
Thik of the m-th root Cartan space. Section 5 particularizes the preceding geometrical results for the
Berwald-Moér metric of momenta.
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1 Introduction

Owing to the studies of E. Cartan, R. Miron [6], [7], Gh. Atanasiu [2] and many others,
the geometry of Cartan spaces is today an important chapter of differential geometry, regarded
as a particular case of the Hamilton geometry. By the Legendre duality of the Cartan spaces
with the Finsler spaces studied by R. Miron, D. Hrimiuc, H. Shimada and S. V. Sabau [§], it
was shown that the theory of Cartan spaces has the same symmetry like the Finsler geometry,
giving in this way a geometrical framework for the Hamiltonian theory of Mechanics or Physical
fields. In a such geometrical context we recall that a Cartan space is a pair C* = (M™, K(z,p))
such that the following axioms hold good:

1. K is a real positive function on the cotangent bundle 7*M, differentiable on T*M\{0} and
continuous on the null section of the canonical projection 7* : T*M — M;

2. K is positively 1-homogenous with respect to the momenta p;;
3. The Hessian of K?, with the elements

y 1 0°K?
9" (x,p) = 5 p0p.
iU

is positive-defined on T*M\{0}.

On the other hand, in the last two decades, physical studies due to G. S. Asanov [1], D. G.
Pavlov [9], [10] and their co-workers emphasize the important role played by the Berwald-Mo6r
metric L : TTM — R,

1
L(y) = (y'y*y") ",
in the theory of space-time structure and gravitation as well as in unified gauge field theories.
For such geometrical-physics reasons, following the geometrical ideas exposed by M.
Matsumoto and H. Shimada in [4], [5] and [11] or by ourselves in [3], in this paper we investigate

some geometrical properties of the m-th root Cartan space which is a natural generalization of
the locally Minkowski-Cartan space with the Berwald-Modér metric of momenta.
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2 The m-th root metric and v-derivation components
Let C" = (M"™, K(z,p)), n > 4, be an n-dimensional Cartan space with the metric

K($,p) = W\l/ailmmim($)pi1pi2"'pim7 (2'1)

where a2 (z), depending on the position alone, is symmetric in all the indices i1, ia, ..., i
and m > 3.

Definition 1 The Cartan space with the metric (2.1) is called the m-th root Cartan space.

Let us consider the following notations:
a’i = [aiiﬂgmim <x>pi2pi3'“pim] /Km_17
= (a5 (@) i) [K7 (2.2
@t = [0 (@), .. i, ) [ K7

The normalized supporting element I*(= OK, d = d/dp;), the fundamental metrical d-
tensor ¢ (= (1/2) 9'%? K?) and the angular metrical d-tensor A (= K9'0’ K) are given by

i i
I"=a',

g = (m —1)a¥ — (m —2a‘a’, 239)
R = (m—1)(a” — a'd?).

Remark 1 From the positively 1-homogeneity of the m-th root Cartan metrical function (2.1)
it follows that we have B
K*(x,p) = ¢ (x,p)pip; = a” (z, p)pip;.

Let us suppose now that the d-tensor a¥ is regular, that is there exists the inverse matrix
(a’)~' = (a;;). Obviously, we have a; - a’ = 1, where
pi
&
Under these assumptions, we obtain the inverse components g;;(z,p) of the fundamental
metrical d-tensor g% (z, p), which are given by

1

m—1

a; = a;sa’ =

—1

m
gij = CLZ']' + m CLZ'CLJ'. (24)

The relations (2.2) and (2.3) imply that the components of the v—torsion d-tensor C*7*(=
—(1/2)0%g") are given in the form

(m—1)(m —2)
2K
Consequently, using the relations (2.4) and (2.5), together with the formula

Cik = — (a% — a7 — a¥*a' — a"a? + 2d'ala") . (2.5)

asa** = ok,
we find the components of the v—derivation C’ij k(: gisC¥*) in the following form:

C’ijk — _% [agk — ((ﬁak + 5faj) + a;(2d7 a* — ajk)] , (2.6)

where agk = a;,a**. From (2.6) we easily find the following geometrical result:
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Proposition 1 The torsion covector C'(= C) is given by the formula

where n = dim M .

3 The v-curvature d-tensor S"*

Taking into account the relations (2.5) and (2.6), by calculation, we obtain

Theorem 3.1 The v-curvature d-tensor S"ik(= CUC™ — C*RCThI) can be written in the

form

(m—1)(m—2
4K?

where Ay means an alternate sum.

2
ghik = E A iylala™ — a9 (@ — atab) + dada),

Remark 2 Using the relations (2.3), we underline that the v- curvature d-tensor S™% can be
written as

(m — 2)?

K2ghiik _
4

[(RMR% — B* R [(m = 1) + (m — 1)U (3.1)

where
hijk _ _ij rhk _ ik rhj
U™ =a?a™" —aya™. (3.2)

In the sequel, let us recall the following important geometrical concept [4]:

Definition 2 A Cartan space C* = (M", K(x,p)), n > 4, is called S3-like if there exists a
positively 0-homogenous scalar function S = S(x,p) such that the v-curvature d-tensor S"* to
have the form

K2SMk = S {hM % — pM R (3.3)

Let C" = (M",K(x,p)), n > 4, be the m-th root Cartan space. As an immediate
consequence of the above definition we have the following important result:

Theorem 3.2 The m-th root Cartan space C" is an S3-like Cartan space if and only if the
d-tensor UM is of the form

thyk A {hh] hzk hhkhij} ’ (34)
where A = Xz, p) is a positively 0-homogenous scalar function.

Proof. Taking into account the formula (3.1) and the condition (3.4), we find the scalar function
(see (3.3))

S:w (m _1)A+%1 (3.5)
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4 The T-tensor Thik

Let N = (NN;;) be the canonical nonlinear connection of the m-th root Cartan space with
the metric (2.1), whose local coefficients are given by |[§]

1 ..
Ny = —7j; + 5’7208h9z’j7

where .
r

i g
Vik = 7(ak9rj + 0;9rk — Orgji), O = 0/0z",
Vi = ViiPs: Vo = Vi PiDs-

Let CT(N) = (H}, C7%) be the Cartan canonical connection of the m-th root Cartan space
with the metric (2.1). The local components of the Cartan canonical connection CT'(N) have
the expressions (8]

; gir
k= 7(%9@ +0i9rk — 0rGjk),
CIF = g;, Ok = —%3%”,
where .
(Sj — 8j —|— stas.

In the sequel, let us compute the T-tensor T"¥* of the m-th root Cartan space, which is
defined as [11]

higk def Kchij|k + (hOik L ikl i okl lkChij’
where "|* "denotes the local v-covariant derivation with respect to CT'(N), that is we have
Chij|k _ 6kchij + Crijcvhk + Chrjcvik + Chircjk.

Using the definition of the local v-covariant derivation [8|, together with the relations (2.6)
and (2.3), by direct computations, we find the relations:

K[F = a* = I,
i (m—=1) ik_hik
i = D iy = 1 m
y — L . o -2 o o
ailk = (mK )(a’kcﬂ + a’*a’ — 2a‘ala) = 7(7(%771_ 1);((%’“[] + hIRIY).

Suppose that we have m > 4. Then, the notation
ik — [ahijki5i6...im(l,>pi5pi6.“pim} JKm
is very useful. In this context, we can give the next geometrical results:

Lemma 1 The v-covariant derivation of the tensor a" is given by the following formula:

. —3) .. 3 —9 N
ahzy|k _ (mK )ahzjk + %ahmak o (TnQK ) . {a?karw _._a;karhj_._ (42)

_l_aikarhz o akzyah o ahk]az o ahzka] o azgahk o ah]azk o

—a"al* 42 (a”ahak—ir aala® + a’”ajak)} )



Ch. Atanasiu, M. Neagu On Cartan Spaces with m-th Root Metric K (z,p) = %/a"2im(2)p; piy...pi,, (1

Proof. Note that, by a direct computation, we obtain the relation

8pk n K

hij _ 3 g
oa (m—3) (ahzjk _ ah”ak) . (4.3)

Finally, using the definition of the local v-covariant derivation, together with the formulas
(4.3) and (2.6), we find the equality (4.2). m

Theorem 4.1 The T-tensor T"% of the m-th root Cartan space is given by the expression

y —1 -2 —3) . —1 —2)?
Thzgk — _(m )(TnQK )(m )ahz]k+ (m i(m ) . (44)
(hkTij ik _rhj gk rhi\ m(m —1)(m — 2) )
(aMa™ + a¥*a™ + al*a™) 1

. (ahijak + ah]kai + aijkah + ahzka] _ azgahk _ ahjazk _ azha]k) )

Proof. It is obvious that we have the equality
Thijk — (KchZJ)lk 4 lhcijk 4 licjkh + ljckhi —
— (KchZJ)lk 4 ahcijk 4 aicjkh + ajcrkhi.

Consequently, differentiating v-covariantly the relation (2.5) multiplied by K and using the
formulas (4.1), together with the Lemma 1, by laborious computations, it follows the required

result. =

5 The particular case of Berwald-Moér metric of momenta

Let us consider now the particular case when m = n > 4 and

0, otherwise.

ailig...in (x) —

In this special case, the m-th root metric (2.1) becomes the Berwald-Moér metric of

K(p) = {/p1pa---pn- (5.1)

By direct computations, we deduce that the n-dimensional locally Minkowski-Cartan space
C" = (M", K(p)) endowed with the Berwald-Modr metric of momenta (5.1) is characterized by
the following geometrical entities and relations (E-R):

momenta [§]

aizi_l’ ai:&’ ai.ai:l (no sum by i),
nop; K n
n o
—a'd?, i#] n-a;a; i #£ ]
iy ) iUy
al = "M » i = 9
0 = —nn=2)- (@) i<
i .
=) =g P FIEE

otherwise

=
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and

gk _ (n—l)(n—Q)(n—?)).ahaiajak’ h#i#j#k

0, otherwise.

Moreover, the equalities (E-R) imply that the components a{k are given by the formulas:

2

agk:_(n_l)(n_2>'aia]ak7 Z#]#k

alt = alt = n a a”, i # k (no sum by 1) (5:2)
n —

att =0, Vi=1,n, (nosum by k).

In this context, we obtain the following important geometrical result:

Theorem 5.1 The locally Minkowski-Cartan space C* = (M™, K(p)), n > 4, endowed with the
Berwald-Modor metric of momenta (5.1) is characterized by the following geometrical properties:

1. The torsion covector C* vanish;
2. S3-likeness with the scalar function S = —1;
3. The T-tensor T"I* yanish.

Proof. 1. It is easy to see that we have

ir sir __ sir ir )
E a, = E ArsQ =N E a,asa =n E a,a” = na.
r r,8

7,8 T

2. It is obvious that we have
i
—(n—=1)-(a;)? i=j.

Consequently, by computations, we obtain

Bl =

n2

(n —1)%(n

Uhijk - _ — 2>2 {hh]hzk . hhkhm} ’

where U"/* is given by the relation (3.2). It follows what we were looking for (see the equalities
(3.4) and (3.5)).

3. Using the relation (4.4) and the formulas (E-R) and (5.2), by laborious computations,
we deduce that 7"k = 0. m

References

[1] Asanov G.S., Finslerian extension of general relativity, Reidel, Dordrecht, 1984.
[2] Atanasiu Gh., The invariant expression of Hamilton geometry, Tensor N. S. 47, 3 (1988), 225-234.

[3] Atanasiu Gh., Balan V., Neagu M., The Pavlov’s 4-polyform of momenta K(p) = &p1p2p3p4
and its applications in Hamilton geometry, Hypercomplex Numbers in Geometry and Physics 2, 4
(2005), 134-139.

[4] Matsumoto M., On Finsler spaces with curvature tensors of some special forms, Tensor N. S. 22
(1971), 201-204.



Ch. Atanasiu, M. Neagu On Cartan Spaces with m-th Root Metric K (x,p) \/am2 m (X)Diy Dig--Di,, (D

atsumoto M., imada H., On Finsler spaces with 1-form metric. II. Berwald-Modér’s metric
5| M M., Shimada H., On Finsl ith 1-f ic. II. B 1d-Moé6r’ i
L= (y'2..4™)"", Tensor N. S. 32 (1978), 275-2T8.
[6] Miron R., Hamilton geometry, An. St. "Al. I. Cuza" Univ. Iasi 35 (1989), 33-67.
iron R., e geometry of Cartan spaces, Prog. in Math. , 1-38.
7| Mi R., Th fC P in Math. 22 (1988), 1-38
iron R., Hrimiuc D., Shimada H., Sabau S. V., The geometry of Hamilton and Lagrange spaces,
8] Miron R., Hrimiuc D., Shimada H., Sabau S. V., Th f Hamil dL
Kluwer Academic Publishers, 2001.
[9] Pavlov D. G., Four-dimensional time, Hypercomplexz Numbers in Geometry and Physics 1,1 (2004),
31-39.
avlov D. G., Generalization of scalar product axioms, Hypercomplex Numbers in Geometry an
10| Pavlov D.G., G lization of scal d i H lex Numbers in G d
Physics 1, 1 (2004), 5-18.
[11] Shlmada H., On Finsler spaces with the metric L(z,y) \/aZ122 i (@)Y Y2, ytm | Tensor N. S.
3 (1979), 365 372.

O HPOCTPAHCTBAX KAPTAHA C METPUKOM M-KOPHYI
\/CLZ1Z2 Zm p21p22 pim
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ess craTbu COCTOUT B TOM, 9TOOBI BBISIBUTH HEKOTOPBIE I'€OMETPUYECKHE CBONCTBA JIOKAJIBHBIX
npocrpancTs Munkosckoro-Kaprana ¢ merpukoit mmiryabcos Bepsampaa-Moopa L(p) = /p1p2...pn-
DTO IPOCTPAHCTBO PaCcCMaTPUBAETCs KaK YaCTHBIN ciIydail m-KOpHEBBIX mpocrpaHcTB Kaprana. Pas-
Je/T 2 u3ydaeT v-KoBapuaHTHBIE JuddepeHnajibHble KOMIIOHEHTBI M-KOPHEBOTO IpocTpancTBa Kap-
rama. Cekimst 3 Beraucser d-Tensop v-kpususubl S™7% m-kopresbix npocrpancrs Kaprana u nccite-
nyer ycaosust S3-momobusi. Cekrmst 4 Borancisier T-terzop T7% m-xopresoro mpocrpamcrsa Kap-
Tafa. Cekiust 5 KOHKPETU3UPYET MPEIbIAYINNE N'€OMETPUIECKIE PE3yJIbTaThl JIJIT METPUKH MOMEHTOB
Beppaabmga-Moopa.

KiroueBble cioBa: m-KopHeBble pocTpancTa Kaprana, S3-mogobue, T-TeH30p, METPUKA UMITYIHCA
Bepsaabma-Moopa.
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