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The purpose of this paper is to study Vranceanu identities and Maxwell equations of a
generalized Lagrange space of order 2 endowed with a Berwald Moor type metric in invariant
frames end to emphasize their equivalence.

0. Introduction

We introduce distinct non-holonomic frames on the three components of the Whitney’s
decomposition. This will determine a non-holonomic coordinates system on the total space
E and thus its geometry can be studied with methods analogous to the mobile frame. We
obtain, in this manner, the representation of geometrical objects (vectors, 1-forms, tensors)
and prove that there are invariant at local changes of coordinates and we introduce the
invariant covariant derivative. We obtain the expressions of the coeflicients of the canonical
metrical N-linear connection, we define the d-tensors of torsion and curvature in these non-
holonomic frames and prove that there are the invariant components of the d-tensors of
torsion and curvature. Using the the non-holonomy coefficients of Vranceanu we write the
Vranceanu identities. Defining the invariant electromagnetic tensors in the case of normal
frames w.r.t. the canonical metrical connection we can obtain Maxwell equations. The frames
introduced here present a theoretical importance for the geometry of a vector bundle because
through them we can outline the geometrical properties of the total space of the considerate
bundle, invariant to the transformations of the pseudoorthogonal group. We mention here
that in the case of this Berwald Moor type metric the Vranceanu identities coincide with
the Maxwell equations.

1. General invariant frames

Let us consider M a 4-dimensional differential manifold of (C*°-class, the bundle

E = Osc®M, a nonlinear connection N with the coefficients (Ni N j) and the duals
m 7@

(Mij, M’]> For a point u € F let (27, y"?, y?7) be its coordinates in a local chart. The

(1) (2)
nonlinear connection N determines the direct decomposition:

T,.(Osc* M) = No(u) @ Ni(uv) ® Va(u) Vu € Osc?M = E, (1.1)

The adapted basis of the direct decomposition (1.1) is:

{5 0 5} (i=1,..,n) (1.2)

527 5y 5y
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where:
(6 _ 0 i 0 i 0
dxt O {Xiay(l)j (jz\)[iay@)j
o  _ 0 i 0
Sy = gy~ Nig,@i (1.3)
[ 0y oy
The dual basis will be:
{(51‘i, sy, 5y(2)i} (t=1,..,n) (1.4)
where:
dxt = dat
Sy = gy —f—Midej (1.5)
6 :

5y(2)i - dy@)i + ]vijdy(l)j + ]yijdl-j
We shall consider a metric
G = gl]dl'l & dl’z + g”(Sy(l)l X (5y(1)j + g”(Sy@)l X (5y(2)j

where g;; = gi;(z, y™M . 4?)) such that the distributions Ny, N1, Vi, generated by the nonlinear
connection be orthogonal in pairs with respect to G.
Let also

F = /y0iyh2y D3y

be the Berwald-Moor function and the generalized Lagrange metric on M given by

R
Y 12F4 Oyioyd

In this paper we shall use a particular kind of metric on E \ {0}
9ij(, y, y(z)) = hij(y(l))-

The invariant frames adapted to the direct decomposition (1.1)

e ue B — eOu) c Ny(u) (1.6)
eV ue B — eP(u) c N(u)
e ueE— eP(u) c V(v
(a=1,..,n)
For this frames we have e$"(u) = e&A)i% l. where y©* = 27, Denote by R* =
Y

( fi(o)a, fi(l)a, fi(z)a) the dual frames of R. For R*, i is the counter index and « is a component

index.
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The duality conditions are:
i B)a i
< i fPe s = §isd (A, B=0,1,2) (1.7)

The frames R si R* are non-holonomic and thru them we can introduce a non-holonomic
coordinate system (s(o)a, s(De 3(2)0‘) in Vranceanu sense. In this frames the adapted basis
and the cobasis have the representations:

0 _ @ 0 0 Aa_0 _
PR A O Sy I e (A=12) (1.8)
dr' = 6(0)2(55(0)“; Sy = e(A)iés(A)a, (A=1,2);
The following relations hold:
0
<6S(A)a ’ 5S(B)ﬂ> = 55 657 <A7B = 07 172) (19)

These representations lead us to a transformation group of invariant frames R — R .
Analytical expression of this group are:

4 | B
e = (a,y D, y@)e Wi f P TS TP (4, B =0,1,2) (1.10)

Proposition 1.1 The set of frame transformations (I1.2.6) togheter with the product of
transformations is a group isomorphic with the multiplicative group of nonsingular matrices:

0
c¢g 0 0
1
0 Cf 20
0 0 Cf
So we have:
—5 a0 0)i i
5sda e Sy (A=0,1,2) (4" =2’ (1.11)
and
) A )
- B o
550a = Casoms (4=012) (1.12)
together with:
A
§5 N = 09658 (A =0,1,2) (1.13)

The context in which we are working and a straightforward computing of Lie brackets lead
us to the introduction of the non-holonomy coefficients of Vranceanu. We obtain:

{ i i ]z W 0 (1.14)

dsAe 7 §5(B)B 18P §5C)

(A,B,C=0,1,2;, A<B; sumonC) where

©) 56(0¥ 5e! 1 :
- _ ~ _ [ X ¥ — Y — O 115
W a4 f l 550 550 ) (Iggﬁa (I(ﬁ)/)ﬁa ( )
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0 (0) 56(0)l 1 (1) 56(% 2
A vy (&7 T 0 . - . 1.16
(IO/II/)Yﬂa f 158(1) ) (‘(ﬂ/;ﬂa f l58(0)a ) (Ig‘l/)aﬁ ( )
() 5e!
0'7 _ (0)756 @ . 17 0 2'7 _ (2)y € B 1.17
(I(i/)ﬁa f ! 58(2)5 ! (I(i/; B ’ (OI/I2/) ot f l 58(0)a ( . )
(1! (1)l
sy ey 66/3_560‘ . z —0 1.18
uvg/;ﬁa =/ l <58(1)a 558 ) Kﬁa = ( . )
(11 Se@!
by _ gm0 a2y @ 9¢ 5 11
Xgaﬁ =/ Lss8 7 (IVL/)BOK f L ssMa (1.19)
() )l
Py (2 566_5ea .
ggﬁa =f ! (55(2)a 5528 |7 (1'2[))
All other coeflicients are 0. We observe that:
A A
Was— Wh,=0 (A B=0,12) (1.21)

(BB) (BB)

2 2
Wzé/g - Wga = 01

(o1) (1)

1 1

(02) (02)

Proposition 1.2 Transformation laws of the Vranceanu coefficients at frames
transformations are:

A A

2 A A, A A 502 A Jey 25

— Y P n o ' -

W= [ CaCs W+ Casamn — Ch .m0 cy, (A=0,1,2) (1.22)
A77

éA_ AWB@An Aipéca 5)\ A B A 5

Wha= [CLCE WY, = Chsryy | 0 (AB=012 A<B) (1.23)
A77

7 O vaﬁ C (A B A>B 24

(Oo)ﬁa_cacﬂggw UM (Oo)ﬁa_oaoﬁ(‘égw n? (Ol)ﬁa_caoﬂ@%w n? ( )

l)\ O 2 Lp 1_)\ Z)\ Ly 20 2, 2_)\
Wha = Ca Cs W, Oy H{)ﬁa = Ca Oy We, G

(02) (02) (11)

Theorem 1.1 In the case e = e = ¢l = ¢ and f(oga = f(lga = f(2,3a = f% the
frame R s holonomic if and only if

0 0 0
Wﬁﬂ/ == Wg,y — Wﬁ,y =0 (126)

(00) (01) (02)



144  Paun M. Fundamental equations for a second order generalized Lagrange space endowed...

Observation 1.1 R are holonomic if and only if the Lie brackets are wvertical and the
conditions imposed by the previous theorem lead us to

Who = Wha =0

(1 (22)
i.e. Ny and Vy are integrabile. The horizontal distribution is integrable if and only if R;k =

(01)

R}k = 0 condition wich is independent of the frame R.
(02)

Generally we have:

Theorem 1.2 The frames R are holonomic if and only if :

0 0 0 1 1 2
Wi = Wha = Wha = Wha = Why = W, =0

(00) (01) (02) (11) (12) (22)

2. The representation of geometric objects in invariant frames R

Let X € x(E) a vector field. Then for X we have the local representations

) ) )
— xOi 7 Li_ 2 2i_°
X=X S + X 50 + X 5y (2.1)
in adapted basis and
) o )
— xOa_7 Wa_ 7 o~
X=X 5o +X Saa + X 5e@a- (2.2)
in invariant frames.
We have
XWi = WixWe op xWa — ¢Wex (i (4 =0,1,2). (2.3)
At local coordinate changes we have:
cWa _ A gy _ a0 0T ek )i _ yia
XWe — 7 iX()Z:f (AIZ2 — f k(siX()Z:X()a (2.4)

rrd ozt

So:

Proposition 2.1 The nonholonomic components of the h-, v-, vo- projections of the vector
field X are invariant at local changes of coordinates.

Let w € x* be a field of 1-forms. The representation of w in the invariant frames is:
W= w(oz)ﬁxi + w(lz(sy(l)i 4 w(225y(2)¢ _ w(OL(SS(O)a 4 w(1()158(1)a 4 w(2()155(2)a (2.5)

Proposition 2.2 The non-holonomic components w) of the projections of W) on the

three distributions Ny, Ni, Vo are invariant at local changes of coordinates.

Dueing the fact that the geometric object studied above have invariant components at local
changes of coordinates in the frames R we call this frames invariant frames.
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3. N-linear connections in invariant frames

In the adapted basis the coefficients of a N-linear connection are given by:

) ) 1) )
Ds—=L"—— Dg—=L"%——"\ (A=1,2) (3.1)
] It §pem? 0 5.,(A) It s, (A)ym? !
5 ox ox 5 oy I oy
D 0 =0m 0 (A,B=1,2) (3.2)
) )
5y(A)i ol ) ox
and transform after the rules
~. 01" 018 oF! 0?3t
L : = - A4
"ozt gk T Oz TP Qxidxk (3-4)
~ . 01" 01° ozt
v : = iy A=12 3.5
() rsaxj 83:’“ axr(g; jk ( ) ) ( )

Proposition 3.1 In the invariant frames R si R* the essential components of the N-linear
connection are nine and are given by:

Lio = f% | Soge + V™l ] (A=0.12) (3.6)
S e

Ba et dm o
v (A B (B)i ,(A)J ~m _ R
Cga - f m ((SS(B)O‘ + eLe 5(%2] (A 0,1,2; B 1,2 )

Considering now the case of the canonical metrical N-linear connection CT'(N) with the
coefficients

CT(N) = (0, o, o)
(1)

we obtain

Corollary 3.1 The coefficients of the canonical metrical N-linear connection in invariant
frames are:

0 01 1 02 2
Lga = _Wgoa’ Lga = - Wgoa’ Lga - = Wga (37)

(01) (02)

A an [(9¢75 (A
Cha = % + Wl ien | (A=0,1,25)

dsDa (1)
C%% 2y C?'ly Ly C%% L2,
- = == 3.8
Ba (Iglz/)ﬁoﬂ Ba (1“2/)5047 Ba 2 (21/12/)506 ( )

(A)
Denoting by | and | (A=1,2) the covariant derivatives w.r.t. CI'(IN) we obtain:

Proposition 3.2 The movement equations of the frames R and R* are:

(Ai 0§‘ (A)i £(0)8 (A)i (B) _ Ag (A)i £(B)B - . =
e om =Lga €N € I m=CF, VN (A=0,1,2; B=1,2) (3.9)
0A (B) AB
PO = = Lha S0 100 F T == O S, (A=0,1.2 B=1,2) (3.10)

ilm i m i i m
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4 Covariant invariant derivatives

Let X € x(F) and X2 XM X@ it invariant components. We denote " )", and
A
") " (A =1,2) the operators of h-, v1- §i vo- covariant invariant derivative w.r.t. CT'(IV)

acting in this manner:

Definition 4.1 The h-, vi- si vo- invariant covariant derivatives of the components
X0, xWX® are (A=0,1,2; B=1,2):

o 0X@We o
X = T+ L X7 (4.1)
a(B) S X (A (BA)
XY 5= 5.8 ¢ X (42)

If w is 1-form field and w(A)a, (A =0,1,2) its invariant components then:

Definition 4.2 The h-, vi- st vo- covariant invariant derivatives of the components
w0, Wy, WPy are (A=0,1,2; B=1,2):

(4)
(A) - ow o (0A) (A)
Wias = G L Tesw (4.3)
(B) 5w(A) (BA)
A _ a A
Yo = Sy = C oo, (1)
Theorem 4.1 The h-, v1- si vo- covariant invariant derivatives of X4 and w&A) are the

mwvariant components of the h-, vi- si v9- covariant derivatives of the components in the
adapted basis of X and w 1. e.

Ao A A)a (0)m
XWe _ x @i e 0 (4.5)

N2 P L(Wa (Bm
XWey = X[ pde ) (4.6)
W(A)a)ﬂ _ W(A)i‘me(Aclie(O)gm (4.7)

(B) a4 B i (B)m
W(A)a ) 5= o )i | me(A,l ol ,(; (4.8)

or equivalent:
XU x40 (49
ok e (Wi p(B)B, () @ A @8

XA, = X)) o B8, ) e o) (4.10)

(B) (B)
W) = w@ ) g e (4.11)

5. Torsion and curvature tensor fields in invariant frames

The torsion tensor field of the canonical metrical N-linear connection C' is given by:

T(X,Y) = DxY — DyX — [X,Y], VX,Y € x(E) (5.1)
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In the frames R this tensor field has some horizontal and vertical components corresponding
to D D' DV .

5 5 I
hT (—55(o>a’ —53(0)6> = IMsag50m

. (5.2)
,UA7-< ) 7 ) ) - R )
§s0)(a? 54(0)8 ©a) B §5(A)
4
) ) o )
hT <—5s<0>a’ —55<1>3> = K sas om -
o (0 3) = P, (53)
LA \6s@ar §5MB) T () B g gl
4
) ) i )
T <5s(0)°" 55(2)5> N {2() B 550)y 54
o (3 30) = P, (54)
L 5@ 55@B) T (g P (AT
(T (05 =0) =0
65(1)O‘7 58(1)6 o
T 05) = @t (5.5)
VAl \GsMa 54MB) = < Bag (A
(A1)
) ) AN )
{ vaT (53(1)a’ 55(2)6) o (% Ba 5 o(A)y (5.6)
) ) _
UlT(ds@)a’ 55(2)f3> =0
- _ & s (5.7)
V255500 §508) T ) Bagsm
(A=1,2)
By definition we take:
I I I
= - - W
ﬁa ﬁoz ﬁ ﬁ
(0)_ n (00) (5.8)
Y 2l
©4) Ba = (‘({K Ba
. (10) 0)
Y v
{1() Ba T Ba (o1) Ba
= (gl) (1)7
<5>ﬁ°‘: LBO‘JF(EKBO‘ (5.9)
_ (2)
P — Y
\ (12) Pa (Owl/)v p
( (20) (0)
K'. — _¢c7.  _—w
(2) P Cloa = W
P’Y _ I(/Il/)’Y I(/%/)’Y
(21) Bo ™ (02) of (01) P (5'10)
¥ o )y
<£>B“: Lﬁo‘Jr(Ig)ﬁ
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A~ <11)’Y (11),)/ (1),)/
e Ba T C Ba C af (1‘/‘1/; Ba
A (5.11)
=W’
(21) po (11) s
_ (21) (1)
vy _ o Y
an P o (1m2/) Pex
=~ (12) (2)7 (512)
— O~ W
(22) Pe op (12) po
& <22)’Y <22>’Y (2),}/
(25) Ba — C Ba C af (2”2/; Ba (513)

Theorem 5.1 The d-tensors defined by 5.8-5.13 represent the invariant components at local
changes of coordinates of the components of the d-tensor of torsion of the connection C.

We observe that all the invariant components of the torsion tensor vanish except:

oY y, 8¢
(1)7, Y .
Kﬁa_ S Vee ﬁcw Pﬁa s sma s

(21)

The curvature tensor field of the N-linear connection D on E are given by
R(X,Y) = [Dx, Dy | Z — DixyZ, VX,Y,Z¢c x(E). (5.14)

In the frame R we define the d-tensor fields with the local components:

o o ) _ 5
©
. (58(0)0" 53(0)ﬁ) 550 =R, Ba's (0)p (5.15)
4] o 4] _ 5
R <5S(0)a’ 58(1)ﬂ> (SS(O)’Y ?7 Ba 68(0 (516)
4] 4] 4] _ 5
_p
R (58(0)0“7 53(2)ﬂ> 5s@r (5)7 Ba 5 (0)p (517)
o 4] o _ 5
Lp —_—
. ((53(1)0" 53(1)5) 550 (ﬁ)v Ba's (0)p (5.18)
4] 4] o - B
R ((53(1)"" 53(2)5) 55O (2S1)’Y Ba's (0)p (5.19)
o o ) - R
. ((53(2)"" 53(2)3) 550 (2‘5;)7 Ba's (0)p (5.20)
where
5(00>@ 5(00)¢
D L*p L7 (00) (00) (00) (00)
R’;pﬁa - (58(0)1 - 55(0)76 + LU’YB L‘Pna - ana L L‘Dnﬁ_

0 (00)90 L (10)[}0 2 (20)@
- Wﬂa L Yy + (Ii/;ﬁa C Y +(I£/;ﬁa C Y (521>

(00)
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(10) (00)
_ 0C? O0L*% (10)  (00) (00) (10
L B8 _ o U ¢ ¢
(]13)7 Ba = "5 (O)a 5B + ¥8 L "o — L 5a C 7y
0 (00) 1 (10) 2 (20)
P P Y
- Wﬁa L Lp’ﬂ? + (OMI/;BQ wa + (Kll/)vﬁa Ccpwﬂ (522)

(01)

(20) (00)
0C¥%yp3 O0L%y @0 0 (00)  (20)
b oa = Goma ~ @ T C s Lo = La C e

0 (00)@ L (10)90 2 (20)<p
- WﬂaL ’Y¢'+(OMQ/;5010 Y +(‘£/;ﬁac Y (523)

(02)

(10) (10)
_ 0C%yp3 0C%% o 00 (1) (10)
Sy = g~ i + Ca o = G B

(10) 2 (20)

1
- (I/V)'Ea C 90’)@ + (I/V)ga C chw (524)

(20) (10)
_ B 5C‘P,yﬂ B (50‘&/& (20)77 (10) (10) (20

)
® v B . o
@)Y P sg(Da 5527 + C"pC%a — Cya C ¥yt

1 ¥ (10)<p 2 " (2O)<p
+(1V‘2/;Bac 71/1_‘_(‘1/‘2/;,8&0 Y (525)

(20) (20)
0C?3 0C%, 20, @), MR 2 @)
(252)7 Ba T 68(2)04 - 58(2)ﬁ + C B C na C Yo C nps + (QI/IQ/)Ba C ~p (526)

Theorem 5.2 The formulas 5.21-5.26 represent the invariant components at local changes

of coordinates of the curvature tensor fields of an N-linear connection D, which adapted

basis have the coefficients

DF(N) - (Li]’k, Cijk, Czjk)
& )

Corollary 5.1 For the canonical metrical N-linear connection C all the component of the

curvature tensor fields vanish except (}15)7“05&, (g)v(pﬁa’ (551)7%0‘

6. Structure equations in invariant frames

Introducing the invariant covariant differential of the vector field X in the shape

J

= Lax@e L xn e }_
DX = {dx W x(nie } 2

(6.1)
(A=0,1,2; sumation by A)

In order to obtain the structure equations in invariant frames of the canonical metrical
N-linear connection C' it is necessary to compute the exterior differentials of the 1-forms of
connection and of the 1-forms §s(4)e.
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Theorem 6.1 The eaterior differentials of the 1-forms 854 (A=0,1,2) depend only on
the non-holonomy coefficients of Vranceanu and are given by

(0) (0) (0)
d(6s07) = Wg,aés(o)a A 6508 4 Wgaés(o)o‘ A 6s1P 1 Wg,aés(o)a A 658 (6.2)
(00) (01) (02)
(1) (1) (1)
d(6sV) = Wg,aés(o)a A 6sWP 4 Wg,aés(l)o‘ A 6s1P 4 Wg,aés(l)a A 658 (6.3)
(01) (11) (12)
(2) (2) (2)
d(6sP7) = Wgaés(o)a A 6s@P 4 Wgaés(l)o‘ A 6s2P 4 Wgaés(z)a A 658 (6.4)
(02) (12) (22)

Using the invariant 1-form of connection of C' we prove

Theorem 6.2 The structure equations of the canonical metrical N-linear connection C' in
invariant frames are given by the relations:

(A)a (A)B @ “)
d(9s"V) — dsVVPA WG = — Q (6.5)
(’22 (147) (’?X) (,4(11)
dw) — wyAw, = — Q% (A4=0,1,2), (6.6)
(A)
where the 2-forms of torsion Q% are given by:

Qo o 5508 A 557, Ghe pa 508 A 5s@. O

Q%= K%, 0877 Nds' 7 Q%= P 0577 N0sT Q=0 (6.7)

(1) (21)
(4)
and the 2-forms of curvature Q%g, (A=0,1,2), are given by:

4,

(4) (4) (4)
0% = Pﬁaw&(o)@ AosD¥ 4 g Bawés(l)“’ AdsY 4+ g go‘wés(l)“’ A §sD¥ (6.8)

(1) (11) (21)

7. Vranceanu identities
Let consider the Jacobi identity for three vector fields XY, Z € x(E)
XY 2+ [V, [2, X[+ (2, [X, Y]] = 0 (7.1)
Using the projectors h-, vi-, vo- applied on the vector fields X,Y, Z we obtain:
(XA B ZO + Y2, (29, XA + (29, (XA, VP =0 (7.2)
A,B,C=0,1,2, AKBZC; T =hT, T' =uT, T* =vT, T c{X,Y, 7}
The action of a field X on a function

ferE), (2,yM,y?) — flz,yM,y?) eR

is given by the action of the operators 5 ((Sa)a (a=0,1,2) on f.
s
Let consider the table

X(vjujuv|uvujuvu v |v; Vv |V |W
Y U|U|U|VI IV W |V |V |IW| W
Z|U|VIWIV W W |V W W| W
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__0 __0 __0
where U = 550a” V= 5o W = 50
Using identity (7.2) and the linear independence of the system

0 ) )
58(0)11 ) 5s(l)a ) 58(2)04

we can obtain a lot of identities. From them we mention:

Proposition 7.1 The non-holonomy coefficients of Vranceanu satisfy the fundamental
identities:

5WB'Y
Z(ww Wi, + o >=0 (7.3)
S

(AA (AA)
a,B,y

cyclic sumation on «, 3,v, A=0,1,2.

5W6'y 512([)/707‘5
Olon B) | WS, W, + W5, Wi, + -2 +1VOV W4+ =0 (7.4)
o™ 0% o) m)‘m 550 200)*? 01y7? 2 §sr
6(0“1/5’7 1 o .
=0
OB | W5, Wiy + g+ 5Was IV,
(5W5 514(’/’75 SW,
Ol B) | W5, Wy + 105 Wi, + -2 Loy L L
(02>ny (00) (02) 7(02) 58 2(00)aﬁ (02) 2 (58 2 58(2)7
6(?1/)% 6(%m+vf/ W, + WS Wi + W5 Wi, — Wi Wi, =0 (7.5)
6s@a 1 §s@a T @ T 0T on® 02 1% o a7 .

0 Wﬁw 0 WM

(12) (02) 2

=+, Wi, — W W — W Wi =0

58 58 (12) ' (02) (01) (02 7 (01) (12)

O(a, B) meaning index permutation and subtracting results,

8. Maxwell equations in invariant frames

Let 5 5
1) — M) (2) — ,,(2)
Y=y 5y i Yu=y Sy @i
be a vector field. Its expression in an invariant frame is
Y — i pha 0 Y@ — @i p@e 0 (8.1)

55(2)04
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Define:
@ A Da o 7 2)a
sa = yMiple. @a _ @i f2) (8.2)
Denoting:
1
gV = g, (@ — (2o 2M (VB (8.3)
™

Then the Liouville vector fields in invariant frames are:

1 1)
Ve~
=" (8.4)
1) 1)
1) 2)a
F q 68(1)a+2q 55a

Consider the case where the frame has identical components on the three directions. We
denote by:

6(025' _ e(l)of — 6(2); — e; (8.5)
and for the duals we have:
0)a Do 2)a o
O == = g (8.6)
Then:
(00) . on ©02),, 1 o,
L py= L py= L py= 2W (8.7)
(00)
(10) (11) (12) 1 i
Caﬁw: Caﬂ'y— aﬁv 2(11) f"‘eecjk
(20) ) (22) 1.2,
C 5y = C gy By — 2 (21/12/

We denote this connection by CT(N).

Definition 8.1 The deflection tensors of CT'(N) are:

pWa _ (a. 4B

Definition 8.2 The invariant electromagnetic tensor fields are:
PO = (2L 280 (8.9)
a 2\ 5508 550

1/ (Agé 5 (4)
pem = (e TS (aB=12)
o8 =5 | 558 5B

where q(A)a = eaﬁq(A)ﬁ and €, are the invariant components of the metric tensor
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Theorem 8.1 The invariant electromagnetic tensor fields satisfy the following generalized
Mazwell equations

(4) _
S W, =0 (8.10)
cicl afy
1

F(A) (1) n f(Al) - (A)n p _p . d(Al) gn . %n
2 : af )’y 2 : af)yy — § : q nBory nBya Bn ay o

; . . 1) 1 (A) (A)

cicl afy cicl afvy cicl afy

2)

> P, ¢ 3,

cicl afBy cicl afy

(1

Z f(Alozﬁ )7 - Z q(A)nSnBav

) ) (A1)
cicl afvy cicl afy

(2)
(A2) _
Z ‘f af )’y - 0

cicl afy
> M ()2): > (d(m) p",, —d* (C" Yo )) (8.11)
cicl afy o cicl afy & (21) et An (1) “ (1) e
1)
(A2) _ A
> M= 2 S e,
cicl afy cicl afBy (21)

By direct calculations we see that:

4 _ 10 A
s = 5}%%@65( ",

am) A (8.12)
/ of — 32 Wacp@S(B)SO (A,B =1, 2)

Theorem 8.2 In a generalized Lagrange space endowed with a Berwald-Moor type metric,
w.r.t. the canonical metrical N-linear connection and in normal invariant frames Mazwell
equations 8.10 are equivalent to Vranceanu identities 7.3-7.5.
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