
140 Păun M. Fundamental equations for a second order generalized Lagrange space endowed...

FUNDAMENTAL EQUATIONS FOR A SECOND ORDER
GENERALIZED LAGRANGE SPACE ENDOWED WITH

A BERWALD-MOOR TYPE METRIC IN INVARIANT FRAMES

Marius Păun
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The purpose of this paper is to study Vranceanu identities and Maxwell equations of a
generalized Lagrange space of order 2 endowed with a Berwald Moor type metric in invariant
frames end to emphasize their equivalence.

0. Introduction

We introduce distinct non-holonomic frames on the three components of the Whitney’s
decomposition. This will determine a non-holonomic coordinates system on the total space
E and thus its geometry can be studied with methods analogous to the mobile frame. We
obtain, in this manner, the representation of geometrical objects (vectors, 1-forms, tensors)
and prove that there are invariant at local changes of coordinates and we introduce the
invariant covariant derivative. We obtain the expressions of the coefficients of the canonical
metrical N-linear connection, we define the d-tensors of torsion and curvature in these non-
holonomic frames and prove that there are the invariant components of the d-tensors of
torsion and curvature. Using the the non-holonomy coefficients of Vranceanu we write the
Vranceanu identities. Defining the invariant electromagnetic tensors in the case of normal
frames w.r.t. the canonical metrical connection we can obtain Maxwell equations. The frames
introduced here present a theoretical importance for the geometry of a vector bundle because
through them we can outline the geometrical properties of the total space of the considerate
bundle, invariant to the transformations of the pseudoorthogonal group. We mention here
that in the case of this Berwald Moor type metric the Vranceanu identities coincide with
the Maxwell equations.

1. General invariant frames

Let us consider M a 4-dimensional differential manifold of C∞-class, the bundle

E = Osc2M , a nonlinear connection N with the coefficients
(

N
(1)

i
j, N

(2)

i
j

)
and the duals

(
M
(1)

i
j,M

(2)

i
j

)
. For a point u ∈ E let (xi, y(1)i, y(2)j) be its coordinates in a local chart. The

nonlinear connection N determines the direct decomposition:

Tu(Osc2M) = N0(u)⊕N1(u)⊕ V2(u) ∀u ∈ Osc2M = E, (1.1)

The adapted basis of the direct decomposition (1.1) is:
{

δ

δxi ,
δ

δy(1)i
,

δ

δy(2)i

}
(i = 1, ..., n) (1.2)
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where:




δ
δxi = ∂

∂xi −N
(1)

j
i

∂
∂y(1)j −N

(2)

j
i

∂
∂y(2)j

δ
δy(1)i = ∂

∂y(1)i −N
(1)

j
i

∂
∂y(2)j

δ
δy(2)i = ∂

∂y(2)i

(1.3)

The dual basis will be:
{
δxi, δy(1)i, δy(2)i

}
(i = 1, ..., n) (1.4)

where:




δxi = dxi

δy(1)i = dy(1)i + M
(1)

i
jdxj

δy(2)i = dy(2)i + M
1

i
jdy(1)j + M

2

i
jdxj

(1.5)

We shall consider a metric

G = gijdxi ⊗ dxi + gijδy
(1)i ⊗ δy(1)j + gijδy

(2)i ⊗ δy(2)j

where gij = gij(x, y(1), y(2)) such that the distributions N0, N1, V2 generated by the nonlinear
connection be orthogonal in pairs with respect to G.

Let also
F = 4

√
y(1)1y(1)2y(1)3y(1)4

be the Berwald-Moor function and the generalized Lagrange metric on M given by

hij =
1

12F 4

∂2F 4

∂yi∂yj

In this paper we shall use a particular kind of metric on E \ {0}

gij(x, y(1), y(2)) = hij(y
(1)).

The invariant frames adapted to the direct decomposition (1.1)

R = (e(0)i
α , e(1)i

α , e(2)i
α ),

where i is a component index and α counter index, are defined in this shape:

e(0)
α : u ∈ E → e(0)

α (u) ⊂ N0(u) (1.6)

e(1)
α : u ∈ E → e(1)

α (u) ⊂ N1(u)

e(2)
α : u ∈ E → e(2)

α (u) ⊂ V2(u)

(α = 1, ..., n)

For this frames we have e
(A)
α (u) = e

(A)i
α

δ
δy(A)i |u where y(0)i = xi. Denote by R∗ =

(f
(0)α
i , f

(1)α
i , f

(2)α
i ) the dual frames ofR. ForR∗, i is the counter index and α is a component

index.
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The duality conditions are:

< e(A)i
α , f

(B)α
j > = δi

j δA
B ( A,B = 0, 1, 2 ) (1.7)

The frames R şi R∗ are non-holonomic and thru them we can introduce a non-holonomic
coordinate system (s(0)α, s(1)α, s(2)α) in Vrânceanu sense. In this frames the adapted basis
and the cobasis have the representations:

δ

δxi
= f

(0)α
i

δ

δs(0)α
;

δ

δy(A)i
= f

(A)α
i

δ

δs(A)α
, (A = 1, 2) (1.8)

δxi = e(0)i
αδs(0)α ; δy(A)i = e(A)i

αδs(A)α, (A = 1, 2);

The following relations hold:
〈 δ

δs(A)α
, δs(B)β

〉
= δβ

α δB
A , (A,B = 0, 1, 2 ) (1.9)

These representations lead us to a transformation group of invariant frames R → R̄ .
Analytical expression of this group are:

e(A)i
α =

A

Cβ
α (x, y(1), y(2))e

(A)i
β; f

(B)α
j =

B

C
α

β f
(B)β

j , (A,B = 0, 1, 2) (1.10)

Proposition 1.1 The set of frame transformations (II.2.6) togheter with the product of
transformations is a group isomorphic with the multiplicative group of nonsingular matrices:




0

Cα
β 0 0

0
1

Cα
β 0

0 0
2

Cα
β




So we have:

δ

δs(A)α
= e(A)i

α

δ

δy(A)i
(A = 0, 1, 2) (y(0)i = xi) (1.11)

and

δ

δs̄(A)α
=

A

C
β
α

δ

δs(A)β
, (A = 0, 1, 2) (1.12)

together with:

δs̄(A)α =
A

C̄α
βδs(A)β (A = 0, 1, 2) (1.13)

The context in which we are working and a straightforward computing of Lie brackets lead
us to the introduction of the non-holonomy coefficients of Vranceanu. We obtain:

[
δ

δs(A)α
,

δ

δs(B)β

]
=

C

W
(AB)

γ
αβ

δ

δs(C)γ
(1.14)

(A,B, C = 0, 1, 2; A ≤ B; sum on C) where

0

W
(00)

γ
βα = f

(0)γ
l

(
δe

(0)l
β

δs(0)α
− δe

(0)l
α

δs(0)β

)
;

1

W
(00)

γ
βα =

2

W
(00)

γ
βα = 0. (1.15)
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0

W
(01)

γ
βα = f

(0)γ
l

δe
(0)l

α

δs(1)β
;

1

W
(01)

γ
βα = −f

(1)γ
l

δe
(1)l

β

δs(0)α
;

2

W
(01)

γ
αβ = 0. (1.16)

0

W
(02)

γ
βα = f

(0)γ
l

δe
(0)l

α

δs(2)β
;

1

W
(02)

γ
αβ = 0 ;

2

W
(02)

γ
βα = −f

(2)γ
l

δe
(2)l

β

δs(0)α
. (1.17)

1

W
(11)

γ
βα = f

(1)γ
l

(
δe

(1)l
β

δs(1)α
− δe

(1)l
α

δs(1)β

)
;

2

W
(11)

γ
βα = 0 (1.18)

1

W
(12)

γ
αβ = f

(1)γ
l

δe
(1)l

α

δs(2)β
;

2

W
(12)

γ
βα = −f

(2)γ
l

δe
(2)l

β

δs(1)α
; (1.19)

2

W
(22)

γ
βα = f

(2)γ
l

(
δe

(2)l
β

δs(2)α
− δe

(2)l
α

δs(2)β

)
; (1.20)

All other coefficients are 0. We observe that:
A

W
(BB)

γ
αβ −

A

W
(BB)

γ
βα = 0 (A,B = 0, 1, 2) (1.21)

2

W
(01)

γ
αβ −

2

W
(01)

γ
βα = 0;

1

W
(02)

γ
αβ −

1

W
(02)

γ
βα = 0;

Proposition 1.2 Transformation laws of the Vranceanu coefficients at frames
transformations are:

A

W̄
(AA)

λ
βα =




A

C
γ
α

A

C
ϕ
γ

A

W
(AA)

η
ϕγ +

A

C
γ
α

δ
A

C
η
β

δs(A)γ
− A

C
ϕ
β

δ
A

Cη
α

δs(A)ϕ




A

C̄λ
η , (A = 0, 1, 2) (1.22)

A

W̄
(AB)

λ
βα =




A

C
γ
α

B

C
ϕ
γ

A

W
(AB)

η
ϕγ −

A

C
ϕ
β

δ
A

Cη
α

δs(A)ϕ




A

C̄λ
η , (A,B = 0, 1, 2 A < B) (1.23)

A

W̄
(BA)

λ
βα =




B

C
γ
α

A

C
ϕ
γ

A

W
(BA)

η
ϕγ +

B

C
γ
α

δ
A

C
η
β

δs(B)γ




A

C̄λ
η , (A,B = 0, 1, 2 A > B) (1.24)

1

W̄
(00)

λ
βα =

0

C
γ
α

0

C
ϕ
β

1

W
(00)

η
ϕγ

1

C̄λ
η ;

2

W̄
(00)

λ
βα =

0

C
γ
α

0

C
ϕ
β

2

W
(00)

η
ϕγ

2

C̄λ
η ;

2

W̄
(01)

λ
βα =

0

C
γ
α

1

C
ϕ
β

2

W
(01)

η
ϕγ

2

C̄λ
η ; (1.25)

1

W̄
(02)

λ
βα =

0

C
γ
α

2

C
ϕ
β

1

W
(02)

η
ϕγ

1

C̄λ
η ;

2

W̄
(11)

λ
βα =

1

C
γ
α

2

C
ϕ
β

2

W
(11)

η
ϕγ

2

C̄λ
η

Theorem 1.1 In the case e
(0)i

α = e
(1)i

α = e
(2)i

α = ei
α and f

(0)α
i = f

(1)α
i = f

(2)α
i = fα

i the
frame R is holonomic if and only if

0

W
(00)

α
βγ =

0

W
(01)

α
βγ =

0

W
(02)

α
βγ = 0 (1.26)
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Observation 1.1 R are holonomic if and only if the Lie brackets are vertical and the
conditions imposed by the previous theorem lead us to

1

W
(11)

γ
βα =

2

W
(22)

γ
βα = 0

i.e. N1 and V2 are integrabile. The horizontal distribution is integrable if and only if R
(01)

i
jk =

R
(02)

i
jk = 0 condition wich is independent of the frame R.

Generally we have:

Theorem 1.2 The frames R are holonomic if and only if :

0

W
(00)

γ
βα =

0

W
(01)

γ
βα =

0

W
(02)

γ
βα =

1

W
(11)

γ
βα =

1

W
(12)

γ
βα =

2

W
(22)

γ
βα = 0

2. The representation of geometric objects in invariant frames R
Let X ∈ χ(E) a vector field. Then for X we have the local representations

X = X(0)i δ

δxi
+ X(1)i δ

δy(1)i
+ X(2)i δ

δy(2)i
(2.1)

in adapted basis and

X = X(0)α δ

δsα
+ X(1)α δ

δs(1)α
+ X(2)α δ

δs(2)α
. (2.2)

in invariant frames.
We have

X(A)i = e(A)i
α X(A)α or X(A)α = f

(A)α
i X(A)i (A = 0, 1, 2). (2.3)

At local coordinate changes we have:

X̄(A)α = f̄
(A)α

i X̄
(A)i = f

(A)α
k

∂x̄k

∂xi X
(A)l ∂xi

∂x̄l
= f

(A)α
k δk

i X
(A)i = X(A)α (2.4)

So:

Proposition 2.1 The nonholonomic components of the h-, v1-, v2- projections of the vector
field X are invariant at local changes of coordinates.

Let ω ∈ χ∗ be a field of 1-forms. The representation of ω in the invariant frames is:

ω = ω
(0)

iδx
i + ω

(1)
iδy

(1)i + ω
(2)

iδy
(2)i = ω(0)

αδs(0)α + ω(1)
αδs(1)α + ω(2)

αδs(2)α (2.5)

Proposition 2.2 The non-holonomic components ω
(A)

α of the projections of ω(A) on the
three distributions N0, N1, V2 are invariant at local changes of coordinates.

Dueing the fact that the geometric object studied above have invariant components at local
changes of coordinates in the frames R we call this frames invariant frames.
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3. N-linear connections in invariant frames

In the adapted basis the coefficients of a N-linear connection are given by:

D δ
δxi

δ

δxj = Lm
ji

δ

δxm , D δ
δxi

δ

δy(A)j
= Lm

ji

δ

δy(A)m
, (A = 1, 2) (3.1)

D δ
δy(A)i

δ

δy(B)j
= C

(A)

m
ji

δ

δy(B)m
, (A,B = 1, 2) (3.2)

D δ
δy(A)i

δ

δxj = C
(A)

m
ji

δ

δxm , (A = 1, 2) (3.3)

and transform after the rules

L̃i
rs

∂x̃r

∂xj

∂x̃s

∂xk
=

∂x̃i

∂xr Lr
jk −

∂2x̃i

∂xj∂xk
(3.4)

C̃
(A)

i
rs

∂x̃r

∂xj

∂x̃s

∂xk
=

∂x̃i

∂xr C
(A)

r
jk (A = 1, 2) (3.5)

Proposition 3.1 In the invariant frames R şi R∗ the essential components of the N-linear
connection are nine and are given by:

0A

Lγ
βα = f (A)γ

m

(
δe

(A)m
β

δs(0)α
+ e(0)i

αe
(A)j

βLm
ij

)
(A = 0, 1, 2) (3.6)

BA

Cγ
βα = f (A)γ

m

(
δe

(A)m
β

δs(B)α
+ e(B)i

αe
(A)j

β C
(B)

m
ij

)
(A = 0, 1, 2 ; B = 1, 2 )

Considering now the case of the canonical metrical N-linear connection CΓ(N) with the
coefficients

CΓ(N) =

(
0, C

(1)

m
ji, 0

)

we obtain

Corollary 3.1 The coefficients of the canonical metrical N-linear connection in invariant
frames are:

00

Lγ
βα =

1

2

0

W
(00)

γ
βα,

01

Lγ
βα = − 1

W
(01)

γ
βα,

02

Lγ
βα = − 2

W
(02)

γ
βα (3.7)

1A

Cγ
βα = f (A)γ

m

(
δe

(A)m
β

δs(1)α
+ e(1)i

αe
(A)j

βC
(1)

m
ij

)
(A = 0, 1, 2 ; )

20

Cγ
βα =

0

W
(02)

γ
βα,

21

Cγ
βα =

1

W
(12)

γ
βα,

22

Cγ
βα =

1

2

2

W
(22)

γ
βα (3.8)

Denoting by | and
(A)

| (A=1,2) the covariant derivatives w.r.t. CΓ(N) we obtain:

Proposition 3.2 The movement equations of the frames R and R∗ are:

e
(A)i

α|m =
0A

Lγ
βα e(A)i

γf
(0)β

m , e(A)i
α

(B)

| m =
AB

Cγ
βα e(A)i

γf
(B)β

m (A = 0, 1, 2; B = 1, 2) (3.9)

f
(A)γ

i|m = −
0A

Lγ
βα f

(A)α
i f (0)β

m , f
(A)α

i

(B)

| = −
AB

Cγ
βα f

(A)α
i f (B)β

m (A = 0, 1, 2; B = 1, 2) (3.10)
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4 Covariant invariant derivatives

Let X ∈ χ(E) and X(0)α, X(1)α, X(2)α its invariant components. We denote " )", and

"
(A)

) ", (A = 1, 2) the operators of h-, v1- şi v2- covariant invariant derivative w.r.t. CΓ(N)

acting in this manner:

Definition 4.1 The h-, v1- şi v2- invariant covariant derivatives of the components
X(0), X(1), X(2) are (A=0,1,2; B=1,2):

X
(A)α

)β =
δX(A)α

δs(0)β
+

(0A)

L
α

ϕβX(A)ϕ (4.1)

X(A)α
(B)

) β =
δX(A)α

δs(B)β
+

(BA)

C
α

ϕβX(A)ϕ (4.2)

If ω is 1-form field and ω
(A)

α, (A = 0, 1, 2) its invariant components then:

Definition 4.2 The h-, v1- şi v2- covariant invariant derivatives of the components
ω

(0)
α, ω

(1)
α, ω

(2)
α are (A=0,1,2; B=1,2):

ω
(A)

α)β =
δω

(A)
α

δs(0)β
− (0A)

L
ϕ

αβω(A)
ϕ (4.3)

ω(A)
α

(B)

) β =
δω

(A)
α

δs(B)β
− (BA)

C
ϕ

αβω(A)
ϕ (4.4)

Theorem 4.1 The h-, v1- şi v2- covariant invariant derivatives of X(A)α and ω
(A)
α are the

invariant components of the h-, v1- şi v2- covariant derivatives of the components in the
adapted basis of X and ω i. e.

X
(A)α

)β = X
(A)i
|mf

(A)α
i e

(0)m
β (4.5)

X(A)α
(B)

) β = X(A)i
(B)

| mf
(A)α

i e
(B)m

β (4.6)

ω
(A)

α)β = ω
(A)

i|me(A)i
α e

(0)m
β (4.7)

ω(A)
α

(B)

) β = ω
(A)

i

(B)

| me(A)i
α e

(B)m
β (4.8)

or equivalent:

X
(A)i
|m = X

(A)α
)βe(A)i

α f (0)β
m (4.9)

X(A)i
(B)

| m = X(A)α
(B)

) βe(A)i
α f (B)β

m ω
(A)

i|m = ω
(A)

α)βf
(A)α

i f (0)β
m (4.10)

ω
(A)

i

(B)

| m = ω(A)
α

(B)

) βf
(A)α

i f (B)β
m . (4.11)

5. Torsion and curvature tensor fields in invariant frames

The torsion tensor field of the canonical metrical N-linear connection C is given by:

T (X, Y ) = DXY − DY X − [X, Y ], ∀X, Y ∈ χ(E) (5.1)
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In the frames R this tensor field has some horizontal and vertical components corresponding
to DH , DV1 , DV2 :





hT
(

δ
δs(0)α , δ

δs(0)β

)
= T̄

(0)

γ
βα

δ
δs(0)γ

vAT
(

δ
δs(0)(α , δ

δs(0)β

)
= R̄

(0A)

γ
βα

δ
δs(A)γ

(5.2)





hT
(

δ
δs(0)α , δ

δs(1)β

)
= K̄

(1)

γ
βα

δ
δs(0)γ

vAT
(

δ
δs(0)α , δ

δs(1)β

)
= P̄

(A1)

γ
βα

δ
δs(A)γ

(5.3)





hT
(

δ
δs(0)α , δ

δs(2)β

)
= K̄

(2)

γ
βα

δ
δs(0)γ

vAT
(

δ
δs(0)α , δ

δs(2)β

)
= P̄

(A2)

γ
βα

δ
δs(A)γ

(5.4)





hT
(

δ
δs(1)α , δ

δs(1)β

)
= 0

vAT
(

δ
δs(1)α , δ

δs(1)β

)
= Q̄

(A1)

γ
βα

δ
δs(A)γ

(5.5)

{
vAT

(
δ

δs(1)α , δ
δs(2)β

)
= Q̄

(A2)

γ
βα

δ
δs(A)γ (5.6)





v1T
(

δ
δs(2)α , δ

δs(2)β

)
= 0

v2T
(

δ
δs(2)α , δ

δs(2)β

)
= S̄

(2)

γ
βα

δ
δs(2)γ

(5.7)

(A = 1, 2.)

By definition we take:




T̄
(0)

γ
βα =

(00)

Lγ
βα −

(00)

Lγ
αβ − (0)

W
(00)

γ
βα

R̄
(0A)

γ
βα =

(A)

W
(00)

γ
βα

(5.8)





K̄
(1)

γ
βα = −(10)

C
γ
βα − (0)

W
(01)

γ
βα

P̄
(11)

γ
βα =

(01)

Lγ
βα +

(1)

W
(01)

γ
βα

P̄
(12)

γ
βα =

(2)

W
(01)

γ
βα

(5.9)





K̄
(2)

γ
βα = −(20)

C
γ
βα − (0)

W
(02)

γ
βα

P̄
(21)

γ
βα =

(1)

W
(02)

γ
αβ − (1)

W
(01)

γ
βα

P̄
(22)

γ
βα =

(02)

Lγ
βα +

(2)

W
(02)

γ
βα

(5.10)
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



Q̄
(11)

γ
βα =

(11)

C
γ
βα − (11)

C
γ
αβ − (1)

W
(11)

γ
βα

(2)

Q̄
(21)

γ
βα =

(2)

W
(11)

γ
βα

(5.11)





Q̄
(12)

γ
βα =

(21)

C
γ
βα − (1)

W
(12)

γ
βα

Q̄
(22)

γ
βα = −(12)

C
γ
αβ − (2)

W
(12)

γ
βα

(5.12)

{
S̄
(2)

γ
βα =

(22)

C
γ
βα − (22)

C
γ
αβ − (2)

W
(22)

γ
βα (5.13)

Theorem 5.1 The d-tensors defined by 5.8–5.13 represent the invariant components at local
changes of coordinates of the components of the d-tensor of torsion of the connection C.

We observe that all the invariant components of the torsion tensor vanish except:

−
K
(1)

γ
βα = f (0)γ

me(1)i
αe

(0)j
β C

(1)

m
ij ,

−
P

(21)

γ
βα = f

(1)γ
l

δe
(1)l

β

δs(0)α
;

The curvature tensor field of the N-linear connection D on E are given by

R (X, Y ) = [ DX , DY ] Z − D[X,Y ]Z, ∀X,Y, Z ∈ χ(E). (5.14)

In the frame R we define the d-tensor fields with the local components:

R
(

δ

δs(0)α
,

δ

δs(0)β

)
δ

δs(0)γ
= R̄ ϕ

γ βα

δ

δs(0)ϕ
(5.15)

R
(

δ

δs(0)α
,

δ

δs(1)β

)
δ

δs(0)γ
= P̄

(1)

ϕ
γ βα

δ

δs(0)ϕ
(5.16)

R
(

δ

δs(0)α
,

δ

δs(2)β

)
δ

δs(0)γ
= P̄

(2)

ϕ
γ βα

δ

δs(0)ϕ
(5.17)

R
(

δ

δs(1)α
,

δ

δs(1)β

)
δ

δs(0)γ
= S̄

(11)

ϕ
γ βα

δ

δs(0)ϕ
(5.18)

R
(

δ

δs(1)α
,

δ

δs(2)β

)
δ

δs(0)γ
= S̄

(21)

ϕ
γ βα

δ

δs(0)ϕ
(5.19)

R
(

δ

δs(2)α
,

δ

δs(2)β

)
δ

δs(0)γ
= S̄

(22)

ϕ
γ βα

δ

δs(0)ϕ
(5.20)

where:

R̄ ϕ
γ βα =

δ
(00)

L ϕ
γβ

δs(0)α
− δ

(00)

L ϕ
γα

δs(0)β
+

(00)

L
η
γβ

(00)

L
ϕ

ηα −
(00)

L
η
γα

(00)

L
ϕ

ηβ−

− 0

W
(00)

ψ
βα

(00)

L
ϕ

γψ +
1

W
(00)

ψ
βα

(10)

C
ϕ

γψ +
2

W
(00)

ψ
βα

(20)

C
ϕ

γψ (5.21)
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P̄
(1)

ϕ
γ βα =

δ
(10)

C ϕ
γβ

δs(0)α
− δ

(00)

L ϕ
γα

δs(1)β
+

(10)

C
η
γβ

(00)

L
ϕ

ηα −
(00)

L
η
γα

(10)

C
ϕ

ηβ−

− 0

W
(01)

ψ
βα

(00)

L
ϕ

γψ +
1

W
(01)

ψ
βα

(10)

C
ϕ

γψ +
2

W
(01)

ψ
βα

(20)

C
ϕ

γψ (5.22)

P̄
(2)

ϕ
γ βα =

δ
(20)

C ϕ
γβ

δs(0)α
− δ

(00)

L ϕ
γα

δs(2)β
+

(20)

C
η
γβ

(00)

L
ϕ

ηα −
(00)

L
η
γα

(20)

C
ϕ

ηβ−

− 0

W
(02)

ψ
βα

(00)

L
ϕ

γψ +
1

W
(02)

ψ
βα

(10)

C
ϕ

γψ +
2

W
(02)

ψ
βα

(20)

C
ϕ

γψ (5.23)

S̄
(11)

ϕ
γ βα =

δ
(10)

C ϕ
γβ

δs(1)α
− δ

(10)

C ϕ
γα

δs(1)β
+

(10)

C
η
γβ

(10)

C
ϕ

ηα −
(10)

C
η
γα

(10)

C
ϕ

ηβ−

− 1

W
(11)

ψ
βα

(10)

C
ϕ

γψ +
2

W
(11)

ψ
βα

(20)

C
ϕ

γψ (5.24)

S̄
(21)

ϕ
γ βα =

δ
(20)

C ϕ
γβ

δs(1)α
− δ

(10)

C ϕ
γα

δs(2)β
+

(20)

C
η
γβ

(10)

C
ϕ

ηα −
(10)

C
η
γα

(20)

C
ϕ

ηβ+

+
1

W
(12)

ψ
βα

(10)

C
ϕ

γψ +
2

W
(12)

ψ
βα

(20)

C
ϕ

γψ (5.25)

S̄
(22)

ϕ
γ βα =

δ
(20)

C ϕ
γβ

δs(2)α
− δ

(20)

C ϕ
γα

δs(2)β
+

(20)

C
η
γβ

(20)

C
ϕ

ηα −
(20)

C
η
γα

(20)

C
ϕ

ηβ +
2

W
(22)

ψ
βα

(20)

C
ϕ

γψ (5.26)

Theorem 5.2 The formulas 5.21–5.26 represent the invariant components at local changes
of coordinates of the curvature tensor fields of an N-linear connection D, which adapted
basis have the coefficients

DΓ(N) =

(
Li

jk, C
(1)

i
jk, C

(2)

i
jk

)

Corollary 5.1 For the canonical metrical N-linear connection C all the component of the
curvature tensor fields vanish except P̄

(1)

ϕ
γ βα, S̄

(11)

ϕ
γ βα, S̄

(21)

ϕ
γ βα

6. Structure equations in invariant frames

Introducing the invariant covariant differential of the vector field X in the shape

DX =
{

dX(A)α + X(A)γ (A)

ω α
γ

} δ

δs(A)α
(6.1)

(A=0,1,2; sumation by A)

In order to obtain the structure equations in invariant frames of the canonical metrical
N-linear connection C it is necessary to compute the exterior differentials of the 1-forms of
connection and of the 1-forms δs(A)α.
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Theorem 6.1 The exterior differentials of the 1-forms δs(A)α (A=0,1,2) depend only on
the non-holonomy coefficients of Vranceanu and are given by

d(δs(0)γ) =
(0)

W
(00)

γ
βαδs(0)α ∧ δs(0)β +

(0)

W
(01)

γ
βαδs(0)α ∧ δs(1)β +

(0)

W
(02)

γ
βαδs(0)α ∧ δs(2)β (6.2)

d(δs(1)γ) =
(1)

W
(01)

γ
βαδs(0)α ∧ δs(1)β +

(1)

W
(11)

γ
βαδs(1)α ∧ δs(1)β +

(1)

W
(12)

γ
βαδs(1)α ∧ δs(2)β (6.3)

d(δs(2)γ) =
(2)

W
(02)

γ
βαδs(0)α ∧ δs(2)β +

(2)

W
(12)

γ
βαδs(1)α ∧ δs(2)β +

(2)

W
(22)

γ
βαδs(2)α ∧ δs(2)β (6.4)

Using the invariant 1-form of connection of C we prove

Theorem 6.2 The structure equations of the canonical metrical N-linear connection C in
invariant frames are given by the relations:

d(δs(A)α) − δs(A)β∧
(A)

ωα
β = −

(A)

Ωα (6.5)

d(
(A)

ωα
β) −

(A)

ωγ
β ∧

(A)

ωα
γ = −

(A)

Ωα
β (A = 0, 1, 2), (6.6)

where the 2-forms of torsion
(A)

Ωα are given by:

(0)

Ωα= K
(1)

α
βγδs

(0)β ∧ δs(1)γ;
(1)

Ωα= P
(21)

α
βγδs

(0)β ∧ δs(2)γ;
(2)

Ωα= 0 (6.7)

and the 2-forms of curvature
(A)

Ωα
β, (A=0,1,2), are given by:

(A)

Ω
α

β =
(A)

P
(1)

α
β ϕψδs(0)ϕ ∧ δs(1)ψ +

(A)

S
(11)

α
β ϕψδs(1)ϕ ∧ δs(1)ψ +

(A)

S
(21)

α
β ϕψδs(1)ϕ ∧ δs(2)ψ (6.8)

7. Vrânceanu identities

Let consider the Jacobi identity for three vector fields X, Y, Z ∈ χ(E)

[X, [Y, Z]] + [Y, [Z, X]] + [Z, [X,Y ]] = 0 (7.1)

Using the projectors h-, v1-, v2- applied on the vector fields X,Y, Z we obtain:

[XA, [Y B, ZC ]] + [Y B, [ZC , XA]] + [ZC , [XA, Y B]] = 0 (7.2)

A,B,C = 0, 1, 2; A ≤ B ≤ C; T 0 = hT, T 1 = v1T, T 2 = v2T, T ∈ {X, Y, Z}
The action of a field X on a function

f ∈ F(E), (x, y(1), y(2)) 7−→ f(x, y(1), y(2)) ∈ R

is given by the action of the operators δ
δs(a)α (a=0,1,2) on f.

Let consider the table

X U U U U U U V V V W
Y U U U V V W V V W W
Z U V W V W W V W W W
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where U = δ
δs(0)α , V = δ

δs(1)α , W = δ
δs(2)α .

Using identity (7.2) and the linear independence of the system
{

δ

δs(0)α
,

δ

δs(1)α
,

δ

δs(2)α

}

we can obtain a lot of identities. From them we mention:

Proposition 7.1 The non-holonomy coefficients of Vranceanu satisfy the fundamental
identities:

∑

α,β,γ

(
A

W
(AA)

σ
βγ

A

W
(AA)

η
ασ +

δ
A

W
(AA)

η
βγ

δs(A)α

)
= 0 (7.3)

cyclic sumation on α, β, γ, A=0,1,2.

♦(α, β)

[
0

W
(01)

σ
βγ

0

W
(00)

η
ασ +

1

W
(01)

σ
βγ

0

W
(01)

η
ασ +

δ
0

W
(01)

η
βγ

δs(0)α
+

1

2

0

W
(00)

σ
αβ

0

W
(01)

η
σγ +

1

2

δ
0

W
(00)

η
αβ

δs(1)γ

]
= 0 (7.4)

♦(α, β)

[
1

W
(01)

σ
βγ

1

W
(01)

η
ασ +

δ
1

W
(01)

η
βγ

δs(0)α
+

1

2

0

W
(00)

σ
αβ

1

W
(01)

η
σγ

]
= 0

♦(α, β)

[
0

W
(02)

σ
βγ

0

W
(00)

η
ασ +

2

W
(02)

σ
βγ

0

W
(02)

η
ασ +

δ
0

W
(02)

η
βγ

δs(0)α
+

1

2

0

W
(00)

σ
αβ

0

W
(02)

η
σγ +

1

2

δ
0

W
(00)

η
αβ

δs(1)γ
+

1

2

δ
0

W
(00)

η
αβ

δs(2)γ

]
= 0

δ
0

W
(01)

η
βγ

δs(0)α
+

δ
1

W
(12)

η
βγ

δs(0)α
+

1

W
(12)

σ
βγ

1

W
(01)

η
ασ +

0

W
(02)

σ
βγ

1

W
(01)

η
ασ +

2

W
(02)

σ
βγ

1

W
(12)

η
ασ −

1

W
(01)

σ
αβ

1

W
(12)

η
σγ = 0 (7.5)

δ
2

W
(12)

η
βγ

δs(0)α
+

δ
2

W
(02)

η
βγ

δs(0)α
+

2

W
(12)

σ
βγ

2

W
(02)

η
ασ −

0

W
(01)

σ
αβ

2

W
(02)

η
σγ −

1

W
(01)

σ
αβ

2

W
(12)

η
σγ = 0

♦(α, β) meaning index permutation and subtracting results,

8. Maxwell equations in invariant frames

Let
Y (1) = y(1)i δ

δy(1)i
, Y (2) = y(2)i δ

δy(2)i
.

be a vector field. Its expression in an invariant frame is

Y (1) = y(1)if
(1)α

i

δ

δs(1)α
; Y (2) = y(2)if

(2)α
i

δ

δs(2)α
(8.1)
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Define:

s(1)α = y(1)if
(1)α

i ; s(2)α = y(2)if
(2)α

i (8.2)

Denoting:

q(1)α = s(1)α; q(2)α = s(2)α +
1

2
M
(1)

α
βs(1)β (8.3)

Then the Liouville vector fields in invariant frames are:

1

Γ = q(1)α δ

δs(2)β
(8.4)

2

Γ = q(1)α δ

δs(1)α
+ 2q(2)α δ

δs(2)α

Consider the case where the frame has identical components on the three directions. We
denote by:

e(0)i
α = e(1)i

α = e(2)i
α = ei

α (8.5)

and for the duals we have:

f
(0)α

i = f
(1)α

i = f
(2)α

i = fα
i (8.6)

Then:
(00)

L
α

βγ =
(01)

L
α

βγ =
(02)

L
α

βγ =
1

2

0

W
(00)

α
βγ (8.7)

(10)

C
α
βγ =

(11)

C
α
βγ =

(12)

C
α
βγ =

1

2

1

W
(11)

α
βγ + fα

i ej
βek

γC
(1)

i
jk

(20)

C
α
βγ =

(21)

C
α
βγ =

(22)

C
α
βγ =

1

2

2

W
(22)

α
βγ

We denote this connection by CΓ̄(N).

Definition 8.1 The deflection tensors of CΓ̄(N) are:

D
(A)α

β = q
(A)α

)β; d
(AB)α

β = q(A)α

(B)

)β
(A, B = 1, 2) (8.8)

Definition 8.2 The invariant electromagnetic tensor fields are:

F
(A)

αβ =
1

2

(
δ q

(A)
α

δs(0)β
− δ q

(A)
β

δs(0)α

)
(8.9)

f
(AB)

αβ =
1

2

(
δ q

(A)
α

δs(B)β
− δ q

(A)
β

δs(B)α

)
(A,B = 1, 2)

where q
(A)

α = εαβq(A)β and εαβ are the invariant components of the metric tensor
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Theorem 8.1 The invariant electromagnetic tensor fields satisfy the following generalized
Maxwell equations

∑

cicl αβγ

F
(A)

αβ)γ = 0 (8.10)

∑

cicl αβγ

F
(A)

αβ

(1)

)γ
+

∑

cicl αβγ

f
(A1)

αβ)γ =
∑

cicl αβγ

{
q(A)η

(
P
(1)

ηβαγ − P
(1)

ηβγα

)
− d

(A1)
βη

(
(0)

P
(A)

η
αγ −

(0)

P
(A)

η
γα

)}

∑

cicl αβγ

F
(A)

αβ

(2)

)γ
+

∑

cicl αβγ

f
(A2)

αβ)γ = 0

∑

cicl αβγ

f
(A1)

αβ

(1)

)γ
=

∑

cicl αβγ

q(A)η
S

(A1)
ηβαγ

∑

cicl αβγ

f
(A2)

αβ

(2)

)γ
= 0

∑

cicl αβγ

f
(A1)

αβ

(2)

)γ=
∑

cicl αβγ

(
d

(A1)
βη P

(21)

η
αγ − d

(A1)
βη

(
C
(1)

η
αγ − C

(1)

η
γα

))
(8.11)

∑

cicl αβγ

f
(A2)

αβ

(1)

)γ=
∑

cicl αβγ

q(A)η
S

(21)
ηβαγ

By direct calculations we see that:

F
(A)

αβ = 1
2

0

W
(00)

αϕβs(A)ϕ ,

f
(AB)

αβ = 1
2

A

W
(AA)

αϕβs(B)ϕ (A,B = 1, 2)
(8.12)

Theorem 8.2 In a generalized Lagrange space endowed with a Berwald-Moor type metric,
w.r.t. the canonical metrical N-linear connection and in normal invariant frames Maxwell
equations 8.10 are equivalent to Vranceanu identities 7.3–7.5.
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