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For Randers and Kropina Finsler spaces are described the extended equations of minimal
and CMC hypersurfaces. For the Berwald-Moor type Finsler metric are then considered different
types of symmetric polynomials generating the fundamental function and classes of CMC surfaces
are evidentiated. Maple 9.5 representations of indicatrices point out structural differences among
Berwald-Moor fundamental functions of different order, leading to different CMC approaches.
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1 Introduction

Recently Z. Shen ([16]), and further M. Souza and K. Tenenblat ( [17]) have investigated
minimal surfaces immersed in Finsler spaces from differential geometric point of view. Still,
earlier rigorous attempts using functional analysis exist in the works of G. Bellettini and
M. Paolini (after 1995, e.g., [7–9]). In 1998, based on the notion of Hausdorff measure,
Z. Shen ( [16]) has introduced the notion of mean curvature on submanifolds of Finsler
spaces as follows.

If (M̃, F̃ ) is a Finsler structure, and ϕ : (M,F ) → (M̃, F̃ ) is an isometric immersion
(hence F is induced by F̃ ), then the mean curvature of M is given by ( [16, (57), p. 563])

Hϕ(X) =
1

G

(
G;xi −G;zi

azj
b
ϕj

;uaub −G;xjzi
a
ϕj

;ua

)
X i,

where lower indices stand for corresponding partial derivatives and:
• (ua, vb)a,b∈1,n are local coordinates in TM (dim M = n);
• (xi, yj)i,j∈1,m are local coordinates in TM̃ (dim M̃ = m);
• zi

a are the entries of the Jacobian matrix [J(ϕ)] = (∂ϕi/∂ua)a=1,n, i=1,m;
• ϕt : M → M̃, t ∈ (−ε, ε), ϕ0 = ϕ, is the variation of the surface;
• X is the vector field Xx = ∂ϕt

∂t
| t=0 (x) induced along ϕ attached to the variation;

• G is the Finsler induced volume form

Gẽ(z) =
vol[Bn]

vol{(va) ∈ Rn | F̃ (vazi
aẽi) ≤ 1} , (1.1)

where z = (zi
a)a=1,n, i=1,m ∈ GLm×n(R), ẽ = {ẽi}i=1,m is an arbitrary basis in Rm and

Bn ⊂ Rn is the standard Euclidean ball.
It was proved that the variation of the volume in M reaches a minimum for Hϕ = 0 ([16]).

Recent advances in constructing minimal surfaces (n = 2) based on (1.1) were provided in
( [17]), by characterizing the minimal surfaces of revolution in Randers spaces (M̃ = R3, F̃ )
with the Finsler (α, β)-fundamental function

F̃ (x, y) = α(x, y) + β(x, y), α(x, y) =
√

aij(x)iyj, β(x, y) = bi(x)yi,

for the particular case when aij = δij (the Euclidean metric) and β = b ·dx3, with b ∈ [0, 1).
We further consider a real smooth manifold M̃ of dimension n+1 endowed with a positive

1-homogeneous locally Minkowski Finsler fundamental function F : TM̃ → R ( [MA]).
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2 Generalized Randers-Kropina hypersurfaces ( [4])

Let H = Im ϕ, ϕ : D ⊂ Rn → M̃ = Rn+1 be a simple hypersurface. We denote
zi

α = ∂ϕi

∂uα , u = (u1, . . . , un) ∈ D. We shall further determine the volume of the body
Q ⊂ Tϕ(u)H bounded by the induced on Tϕ(u)H indicatrix from M̃

Σ∗ = Tϕ(u)H ∩ {y ∈ Tϕ(u) Rn+1|F (y) = 1}.

If v = vα ∂
∂uα ∈ TuD, then ϕ∗,u(v) = zi

αvα ∂
∂yi

∣∣∣
ϕ(u)

∈ Tϕ(u)H and hence at some fixed point

u ∈ D, Q is given by
Q = {v ∈ TuD | F (ϕ(u), ϕ∗,u(v)) ≤ 1}.

We have the following:

Theorem 1. If the body Q is given by

Q :
n∑

i=1

(zi
αvα)2 + µ(zn+1

α vα)2 + 2νzn+1
α vα + ρ ≤ 0, (2.1)

where µ, ν, ρ ∈ R , then

V ol(Q) =





V ol(Bn)√
δ · (1 + τ)(n+1)/2

·
(

ν2τ

µ− 1
− ρ(1 + τ)

)n/2

, for µ 6= 1

V ol(Bn) · (−ρ + ν2zn+1
a zn+1

b hab)n/2

√
δ

, for µ = 1,

(2.2)

where τ and δ are given by (2.3).

τ = (µ− 1)zn+1
a zn+1

b hab, δ = det(hab)a,b=1,n, (2.3)

and Bn ⊂ Rn is the standard n-dimensional ball and hab is the dual of hab (hashsb = δa
b ).

In particular, we obtain the following result:

Corollary 1. a) In the Randers case

F (x, y) =

√√√√
n+1∑
i=1

(yi)2 + byn+1, b ∈ [0, 1), (2.4)

we obtain the known result ( [17, (5), p. 627]),

V ol(QR) =
V ol(Bn)√

δ(1− b2zn+1
a zn+1

b hab)(n+1)/2
.

b) In the Kropina case

F (x, y) = (byn+1)−1 ·
n+1∑
i=1

(yi)2, b ∈ [0, 1), (2.5)

we have

V ol(QK) =
V ol(Bn)

(
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4
zn+1

a zn+1
b hab

)n/2

√
δ

.
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Remarks. In the Kropina case, the function G in (1.1) has the expression

G =
V ol(Bn)

V ol(QK)
=

√
δ

(zn+1
a zn+1

b hab · b2/4)n/2
= 2n · CB−n/2,

where we have used the notations from [17], B = b2zn+1
a zn+1

b hab, C =
√

δ. Then the mean
curvature vector field has the components

H̄i =
1

G

(
∂2G

∂zi
εz

j
η

· ∂2ϕ

∂uε∂uη

)
, i = 1, n + 1,

and the volume form of the hypersurface H is

dVF =

√
δ

(
b2

4
zn+1

a zn+1
b hab

)n/2
du1 ∧ · · · ∧ dun.

Theorem 2. The mean curvature vector field of the hypersurface M in the Kropina
space M̃ = Rn+1 with the fundamental function (2.5) has the following expression in terms
of B and C

Hi = 2nB−(n+4)/2
[

∂2C

∂zi
ε∂zj

η
B2 + n(n+2)

4
C ∂B

∂zi
ε

∂B

∂zj
η
−

−nB
2

(
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ε

∂B

∂zj
η

+ ∂C

∂zj
η

∂B
∂zi

ε
+ C ∂2B
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ε∂zj

η

)]
∂2ϕ

∂uε∂uη , i = 1, n + 1.

Corollary 2. The mean curvature vector field of the surface M in the Kropina space
M̃ = Rn+1 with the fundamental function (2.5) has the following expression

Hi = 4C
E3

[
6E2 ∂C

∂zi
ε

∂C

∂zj
η

+ 2C2 ∂E
∂zi

ε

∂E

∂zj
η
− C2E ∂2E

∂zi
ε∂zj

η
−

−3CE
(

∂E
∂zi

ε

∂C

∂zj
η

+ ∂E

∂zj
η

∂C
∂zi

ε

)
+ 3E2C ∂2C

∂zi
ε∂zj

η

]
∂2ϕ

∂uε∂uη , i = 1, n + 1,
(2.6)

where

E = b2

3∑

k=1

2∑

α,β=1

(−1)α+βzk
α̃zk

β̃
z3

αz3
β, α̃ = 3− α.

Corollary 3. The mean curvature of the surface M in the Kropina space (2.5) is
H∗ = HiX

i, where Hi are given by (2.6),

X ∈ Ker(G∗Z1) ∩Ker(G∗Z2) ∩ {y ∈ Tϕ(u)M̃ | F (y) = 1},

Z1 = (z1
1 , z

2
1 , z

3
1), Z2 = (z1

2 , z
2
2 , z

3
2), and G∗v is defined by the equality (G∗v)(v′) = 〈v, v′〉F =

1
2

∂F 2

∂yi∂yj v
iv′j.

Corollary 4. Let M = Σ = Im ϕ be a surface of revolution described by

ϕ(t, θ) = (f(t) cos θ, f(t) sin θ, t), (t, θ) ∈ D = R × [0, 2π).

Then M is minimal iff the function f satisfies the ODE

1 + f ′2 = 3ff ′′(1 + 2f ′2).
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3 The Berwald-Moor Finsler case

We shall further point out the obstructions present in the case of a Berwald-Moor
Finsler metric and evidentiate the means of construction of spatial and temporal CMC and
minimal surfaces. The substantial difference between the Randers-Kropina framework and
the Berwald-Moor Finsler metric relies in the fact that the indicatrix Σ : F (x, y) = 1, x ∈ M
is in general noncompact for all values of x. Hence, one may not talk about the volume
contained inside this hypersurface Σ, which in the latter case extends to infinity and the
volume is provided by a divergent integral.

However, specializing to certain temporal or spatial slices, one may define within them
CMC or minimal submanifolds of codimension 1, in particular surfaces.First we note that
in the case of Minkowski Finsler metrics of Berwald Moor type

F (x, y) = k
√

Pk(y1, . . . , yn), (dim M = n ≥ 3),

provided by appropriate order square roots of homogeneous polynomials Pk, even in the
case when the indicatrix Σ is compact and strongly convex, e.g.,

F (x, y) = 2k
√

(y1)2k + · · ·+ (yn)2k, (k ≥ 2), (3.1)

the task of computing the volume bounded by Σ becomes difficult for higher orders k (see
Appendix I). This points out once more that from technical point of view choosing an
appropriate submanifold which would decrease the dimension, is a desirable attempt.

We shall discuss further several cases of nonpositive signature of the Finsler metric tensor
field given by the halved y-Hessian of F 2.

1. The H(4) ∼ R ⊕ R ⊕ R ⊕ R - type Berwald-Moor Minkowski - Finsler metrics [11]:

F2(y) =
√
|(a + b)(c + d) + ab + cd|,

F3(y) = 3
√
|ab(c + d) + cd(a + b)|,

F4(y) = 4
√
|abcd|,

(3.2)

where n = 4, y = (y1, y2, y3, y4) = (a, b, c, d) ∈ Tp(R4). After performing the Hadamard

change of basis of matrix C = 1
4

(
A A

A −A

)
, with A =

(
1 1

1 −1

)
given by yT = CŷT ,

ŷ = (t, x, y, z), the functions (3.2) transform into

F̂2(ŷ) =
√
|6t2 − 2(x2 + y2 + z2)|,

F̂3(ŷ) = 3
√
|8xyz + 4t(t2 − x2 − y2 − z2)|,

F̂4(ŷ) = 4
√
|x4 + y4 + z4 + t4 + 8txyz − 2[(x2 + y2)(z2 + t2) + x2y2 + z2t2]|.

Hence for F̂2 one might consider the slice submanifold ŷ1 ≡ t = const where the CMC
imbedded surfaces are the Euclidean ones.

For F̃4, besides considering the spatial slices vi = const, (i ∈ 1, 4) one might look for
subclasses of CMC surfaces which satisfy additional PDEs, by reformulating the energy-
minimizing problem using Lagrange multipliers imposed, e.g., by

(v1)4 + · · ·+ (vn)4 ≡ F̃4(ŷ)|ŷi=(C−1)i
jzj

αvα, i=1,4 ,
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or, for the initial basis,

(v1)4 + · · ·+ (vn)4 ≡ (z1
αvα)(z2

βvβ)(z3
γv

γ)(z4
δv

δ),

where the Greek indices run through 1, n, with n ≥ 1.

2. In general, for m ≥ 3 and Berwald-Moor metrics of type (3.1), valid additional PDEs
which impose the change of energy to provide surface-like CMC surfaces are

(v1)2k + · · ·+ (vn)2k ≡ F (y)|yi=zi
αvα, i=1,m ,

with the same conventions as above.

3. A notable difference exhibited by Berwald-Moor Finsler fundamental functions

F (v) = k
√

(v1)k + . . . + (vn)k, n ∈ {2, 3} (3.3)

and hence, by their indicatrices, is the dependence of the topologic properties on the index
k. For k even, the indicatrices are compact and have a strictly convex interior set, while for
k odd, the indicatrices are unbounded and define no finite volume. This is illustrated for
m = 2 by the following Maple plots of indicatrices F (v) = 1 with F provided by (3.3):

Berwald-Moor indicatrices (m = 2; even (k ∈ {2, 4, 6}) and odd (k ∈ {3, 5}) root index).
In higher dimensions (e.g. for m = 3) the topology strongly differs as well:

Berwald-Moor indicatrices for k ∈ {2, . . . , 6} (m = 3)
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Moreover, even for small even values of k, to compute the encompassed volume inside a
bounded indicatrix implies the usage of special functions. Though the case k = 2 is calssical,
providing volumes of (hyper)-spheres (V ol(Q)m=2,k=2 = π, V ol(Q)m=2,k=2 = 4π/3, etc), for
larger values of k we get results as:

V ol(Q)m=2,k=4 =
1

4
B

(
1

4
,
3

2

)
, V ol(Q)m=2,k=6 =

1

6
B

(
1

6
,
3

2

)
,

where B( · , · ) is the Bessel function.
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