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Let E be the (m + n)-dimensional total space of a vector bundle (E, p, M), dim M = n,
a given fixed nonlinear connection N on E and a given (h, v)-metrical structure G ∈ T 0

2 (E). In the
paper, we determine the Einstein equations of an h- and v-semisymmetric metrical distinguished
connection on E = TM , if n = 4, for a Riemann – local Minkowski model.

1 Vector bundles. Distinguished linear connections ( [11])

Let ξ = (E, p, M) be a vector bundle with dim E = m + n, p : E → M , where M is a
n-dimensional smooth differentiable manifold. If N is a nonlinear connection on E and V is
a complementary vertical distribution of N then,

TuE = HuE ⊕ VuE, ∀u ∈ E. (1.1)

Definition 1.1 A linear connection D on E is called distinguished linear connection or
d-connection if the linear connection D preserves by parallelism the horizontal and vertical
distributions:

DZX ∈ HE, DZY ∈ V E, ∀X ∈ HE, Y ∈ V E, Z ∈ X (E) . (1.2)

For a d-connection D we have the unique decomposition

D = DH + DV . (1.3)

where DH and DV are the h- and v-covariant derivatives on X (E)
We denote by XH

(
XV

)
and ωH

(
ωV

)
, the horizontal (vertical) components of X ∈

X (E) respectively ω ∈ X ∗ (E)
In the local coordinates (xi, ya) of point u (uα) ∈ E, α = 1,m + n, i = 1, n, a = 1,m,

we have
(
δi, ∂̇a

)
, (dxi, δya) the adapted frames to N (Na

i (x, y)):

δi = ∂i −Na
i (x, y) ∂̇a, δya = dya + Na

i (x, y) dxi, (1.4)(
δi = δ/δxi, ∂i = ∂/∂xi, ∂̇a = ∂/∂ya

)
.

Then,
(
Li

jk (x, y) , La
bk (x, y) , Ci

jc (x, y) , Ca
bc (x, y)

)
are the local components of a

d-connection DΓ (N) .

Dδk
δj = Li

jk (x, y) δi, D∂̇c
δj = Ci

jcδi, (1.5)

Dδk
∂̇b = La

bk (x, y) ∂̇a, D∂̇c
∂̇b = Ca

bc∂̇a.

Also, we denote by: T i
jk, R

a
jk, P

a
jc, C

i
jc, S

a
bc, the local components of five d-tensor fields

of torsion of d-connection DΓ(N), (1.4) and with: Rj
i
kh, Rb

a
jk, P j

i
kd, P b

a
kd, Sj

i
cd, Sb

a
cd, the

local component of six d-tensors fields of curvature of d-connection DΓ(N), (1.4).
The Algebra of d-tensor fields on E is locally generated by

{
1, δi∂̇a

}
over the

differentiable functions F (E).
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2 Metrical structures and metrical d-connections on E ( [11])

We will consider a given fixed nonlinear connection N on E with the local components
Na

i (x, y) and a given (h, v)−metrical structure G ∈ τ 0
2 (E) :

G = gij (x, y) dxi ⊗ dxj + hab (x, y) δya ⊗ δyb, (2.1)

where

gij (x, y) = gji (x, y) , rank ‖gij (x, y)‖ = n, (2.2)
hab (x, y) = hba (x, y) , rank ‖hab (x, y)‖ = m

Obviously, we have

G
(
XH , Y V

)
= 0, ∀X ∈ HE, Y ∈ V E, (2.3)

in other words, the distributions H and V are orthogonal with respect to G given by (2.1).
Remark If E = TM, there exist metrics of type (2.1) wich satisfy (2.2). Indeed, we

shall consider a Lagrange (Finsler) structure gij (x, y) on TM and by Sasaki-Matsumoto lift:

G = gij (x, y) dxi ⊗ dxj + gij (x, y) δyi ⊗ δyj (2.4)

is obtained a metric of type (2.1) wich satisfy the relation (2.2).
Conversly, if G ∈ τ 0

2 (E) is a metric on E, then there exists a nonlinear connection
N

(
Na

i (x, y)
)
given by G

(
XH , Y V

)
= 0.

Definition 2.1 A d-connexion D on E is called a metrical d-connexion with respect
to G ∈ τ 0

2 (E) given by (2.1), if DXG =0, ∀X ∈ X (E) .

Proposition 2.1 A d-connexion D on E it is metrical if and only if

DH
XGH = 0, DH

XGV = 0, DV
XGH = 0, DV

XGV = 0, ∀X ∈ X (E) , (2.5)

where GH = gij (x, y) dxi ⊗ dxj is the horizontal part and GV = hab (x, y) δya ⊗ δyb is the
vertical part of G given by (2.1).

Proposition 2.2 There exists a metrical d−connection on E which dependes only
Na

i (x, y) , gij (x, y) and hab (x, y) . This is given by

M

Li
jk (x, y) = 1/2gih (δjghk + δkgjh − δhgjk) , (2.6)

M

La
bk (x, y) = ∂̇bN

a
k + 1/2had

(
δkhbd − hbc∂̇dN

c
k − hcd∂̇bN

c
k

)
,

M

Ci
jc (x, y) = 1/2gih∂̇cgjh,

M

Ca
bc (x, y) = 1/2had

(
∂̇bhdc + ∂̇chbd − ∂̇dhbc

)
,

where ‖gij‖ = ‖gij‖−1 ,
∥∥hab

∥∥ = ‖hab‖−1.
The distinguished metrical d-connection (2.4) is said to be Miron connection of G

and it will denoted by MDΓ (N) .

Proposition 2.3 There exists an unique metrical d−connection DΓ (N) =(
Li

jk, L
a
bk, C

i
jc, C

a
bc

)
on E for which:

La
bk (x, y) =

M

La
bk (x, y) , C i

jc (x, y) =
M

Ci
jc (x, y) (2.7)
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and the d-tensor fields T i
jk, S

a
bc are prescribed. This connection is given by (2.5) and

Li
jk (x, y) =

M

Li
jk (x, y) + 1/2gir

(
grhT

h
jk − gjhT

h
rk + gkhT

h
jr

)
,

Ca
bc (x, y) =

M

Ca
bc (x, y) + 1/2had

(
hdfS

f
bc − hbfS

f
dc + hcfS

f
bd

)
.

(2.8)

The metrical distinguished connection given by (2.5) and (2.6) will be called
generalized Miron connection of the metric G given by (2.1) and it will denoted by
GMDΓ (N) .

We note
ε (x, y) =< y, y >= hab (x, y) yayb (2.9)

the absolut energy of vertical part GV and

h∗ab (x, y) =
1

2

∂2ε

∂ya∂yb
. (2.10)

Definition 2.2 The d-tensor field hab (x, y) δya ⊗ δyb is said to be weakly regular
if the d-tensor field with components h∗ab (x, y) given by (2.8) is nondegenerate, i.e.
det ‖h∗ab (x, y)‖ 6= 0, where E = TM.

Theorem 2.1 (R. Miron, [10] ; see also [11] pg. 127 and [12]) If hab (x, y) δya ⊗ δyb is
a weakly regular v-metric on E = TM then the functions

Na
i (x, y) = ∂̇bG

a (x, y) δb
i , Ga =

1

2
h∗ab

[(
∂̇b∂kε

)
δk
c y

c − (∂kε) δk
b

]
, (2.11)

are the coefficients of a nonlinear connection completely determined by hab (x, y) .

3 h- and v-semisymmetric metrical d-connections and their transformations

Definition 3.1 A metrical d-connection on E is said to be h-semisymmetric if

T i
jk = σjδ

i
k − σkδ

i
j, (3.1)

and v-semisymmetric if
Sa

bc = τbδ
a
c − τcδ

a
b , (3.2)

where σi, τa are d-covector fields on E.

Theorem 3.1 There exists on E an unique metrical d-connection both h-and v-
semisymmetric, DΓ (N) =

(
Li

jk, L
a
bk, C

i
jc, C

a
bc

)
, with prescribed d-covector fields σi, τa.

That d-connection is given by (2.5) and

Li
jk = 1

2
gih

(
δjghk + δkgjh − δhgjk

)
+ σjδ

i
k − gjkσ

i,

Ca
bc = 1

2
had

(
∂̇bhdc + ∂̇chbd − ∂̇dhbc

)
+ τbδ

a
c − hbcτ

a,
(3.3)

where σi = gijσj and τa = habτb.
Now, we have the following interesting transformations of h- and v-semisymmetric

metrical d-connections.
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Theorem 3.2 The transformations of h-and v-semisymmetric metrical d-connections,
which preserve the nonlinear connection N,DΓ (N) −→ DΓ̄ (N) , are given by

L̄i
jk = Li

jk + pjδ
i
k − gjkp

i,

L̄a
bk = La

bk,

C̄ i
jc = Ci

jc,

C̄a
bc = Ca

bc + qbδ
a
c − hbcq

a,

(3.4)

where pi = gijpj, q
a = habqb and pi, qa are arbitrary d-covector fields on E.

We shall denote these transformations by t (p, q) .

Theorem 3.3 The set of all transformations t (p, q) given by (3.4) is a transformations
group GN of the set of all h- and v-semisymmetric metrical d-connections, with respect to
(2.1) , together with the mapping product

t (p′, q′) ◦ t (p, q) = t (p + p′, q + q′) .

This group GN is an Abelian group and acts on the set of all h-and v-semisymmetric metrical
d-connections, having the same nonlinear connection, transitively.

If we investigate the influences for the torsion and curvature tensor fields, we have
Theorem 3.4 The following d-tensor fields

Ra
jk, P a

jc, C i
jc

T i
jk − 1

n−1

(
Tjδ

i
k − Tkδ

i
j

)
, Sa

bc − 1
m−1

(Sbδ
a
c − Scδ

a
b ) ,(

Tj = T k
jk, Sb = Sc

bc

)
,

(3.5)

are invariants with respect to transformations of the group GN .

Theorem 3.5 For n > 2, m > 2, the following d-tensor fields Hj
i
kl,M b

a
cd of h- and

v-semisymmetric metrical d-connections, are invariants of the group GN :

Hj
i
kl = Rj

i
kl + 2 A

(k,l)

{
Ω
1

si
jk [Rsl −Rgsl/2 (n− 1)]

}
/ (n− 2) , (3.6)

M b
a
cd = Sb

a
cd + 2 A

(c,d)

{
∧
1

cd
bc [Sed − Shed/2 (m− 1)]

}
/ (m− 2) , (3.7)

where we denoted the alternation operator by A, the Obata operators Ω
1
and ∧

1
of gij and hab

respectively, by:

Ω
1

ij
kl =

1

2

(
δi
kδ

j
l − gklg

ij
)
, ∧

1

ab
cd =

1

2

(
δa
c δ

b
d − hcdh

ab
)
,

and
Rjk = Rj

l
kl, Sbc = Sb

d
cd, R = gijRij, S = habSab.

Theorem 3.6 We have

Hj
i
kl =

M

Hj
i
kl, M b

a
cd =

M

M b
a
cd, (3.8)

where
M

Hj
i
kl,

M

M b
a
cd are construct by means of the Miron connection of G, MDΓ (N) , given

by (2.4) .
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Proof. We consider (3.3) as a transformation of h- and v-semisymmetric metrical d-
connections MDΓ (N) −→ DΓ (N) and we obtain (3.8) , with respect to (3.6) , (3.7)

By straightforward calculus, we get:
Theorem 3.7 If the Miron connection, MDΓ (N) , (2.4) , has the properties of h− and

v-isotropie:
M

Rj
i
kl = h (x, y)

(
gjkδ

i
l − gjlδ

i
k

)
,

M

S b
a
cd = v (x, y) (hbcδ

a
d − hbdδ

a
c ) (3.9)

then, we have
Hj

i
kl = 0, M b

a
cd = 0 (3.10)

4 The Riemann-local Minkowski model of relativity
with h- and v-semisymmetric torsions

In this Section, we consider E = TM, dim M = n.
If hab (x, y) = hab (y) , the metric G given by (2.1) is called v-local Minkowski
We have
Theorem 4.1 If the metric structure G given by (2.1) is h-Riemannian, v-locally

Minkowski and hab (y) is weakly regular, then:
I) The h- and v-semisymmetric metrical d-connection, compatible with respect to

G, that corresponds to the 1-forms σi (x, y) = σi (x) , τa (x, y) = τa (y) has the coefficients
given by

L̂i
jk = γi

jk + σjδ
i
k − gjkσ

i, (4.1)

L̂a
bk = 0,

Ĉa
jc = 0,

Ĉa
bc = γa

bc + τbδ
a
c − hbcτ

a,

here γi
jk and γa

bc are the Levi-Civita connections corresponding to the gij (x) and hab (y) ,
respectively.

II) d-tensor fields of (4.1) are

T̂ i
jk = σjδ

i
k − σkδ

i
j, (4.2)

R̂a
jk = 0, Ĉi

jc = 0, P̂ a
jc = 0,

Ŝa
bc = τbδ

a
c − τcδ

a
b .

III) d-curvature fields of (4.1) are

R̂j
i
kl = rj

i
kl + 2 A

(k,l)

{
Ω
1

si
jkσsl

}
, (4.3)

R̂b
a
kl = 0, P̂ j

i
kd = 0, P̂ b

a
kd = 0, Ŝj

i
cd = 0,

Ŝb
a
cd = sb

a
cd + 2 A

(c,d)

{
∧
1

fa
bcτfd

}
,

where we denoted A, Ω
1
, ∧

1
, as in Theorem 3.6, by rj

i
kl, sb

a
cd the tensor fields of curvatures

of γi
jk, γ

a
bc respectively, and

σij = σibp j − 2σiσj + gijα, 2α = gijσiσj, (4.4)

τab = τ
ab| b − 2τaτb + habβ, 2β = habτaτb;
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( here p̂ and |̂ denote the h- and v-covariante derivatives with respect to DΓ̂, (3.4)).

Remark 4.1 For d-connection (4.1), h (h)-torsion and h (hh)-curvature are internal,
only and v (v)-torsion and v (vv)-curvature are external, only.

Let G be a metrical h-Riemannian, v-locally Minkowski on E = TM, v-weakly regular
(Theorem 2.1) and we denote rij = ri

k
jk, r = gijrij, sab = sa

c
bc, s = habsab, etc.

Taking into account the results of [1] and [2] (see, also [5] and [11] , pg.83), we obtain
Theorem 4.2 The Einstein equations of d-connection DΓ̂, (4.1) of Riemann-local

Minkowski metric G, (2.1), are given by

rjk − 1
2
(r + s) gjk − (n− 2)

(
σjk − 1

2
σgjk

)
+ 1

2
(m− 1) τgjk = κ

1

T jk,

sbc − 1
2
(s + r) hbc − (m− 2)

(
τbc − 1

2
τhbc

)
+ 1

2
(n− 1) σhbc = κ

4

T bc,
(4.5)

where κ is constant,
1

T ij,
2

T ij = 0,
3

T ib = 0,
4

T ab are the components in the adapted basis of
the energy-momentum tensor field

T =
1

T ijdxi ⊗ dxj +
4

T abδy
a ⊗ δyb, (4.6)

σ = 2gijσij, τ = 2habτab. (4.7)

Theorem 4.3 The conservation law in this model is given by
[
ri
j −

1

2
rδi

j − (n− 2)

(
σi

j −
1

2
σδi

j

)]

bpi
= 0,

[
sa

b −
1

2
sδa

b − (m− 2)

(
τa
b −

1

2
τδa

b

)]

b|a
= 0

(4.8)

where
ri
j = gikrkj, σi

j = gikσkj, sa
b = hacscb, τa

b = hacτcb. (4.9)

Theorem 4.4 The divergence of energy-momentum tensor is as follows

(
Div

1

T
)

j
=

1

κ
Uj = 0,

(
Div

4

T
)

b
=

1

κ
Ub = 0, (4.10)

where (
Div

1

T
)

j
=

1

T i
jbp i,

(
Div

4

T
)

b
=

4

T a

bb| a

and

Uj =
1

2
σi

(
ri
j −

1

2
σδi

j

)
+ (n− 2)

[
σi (∂iσj − ∂jσi)− 1

2
(∂jα− 3ασj)

]
, (4.11)

Ub =
1

2
τa

(
sa

b −
1

2
τδa

b

)
+ (m− 2)

[
τa

(
∂̇aτb − ∂̇bτa

)
− 1

2

(
∂̇bβ − 3βτb

)]
.

Generally, the equations (4.4) are not identically satisfied. Therefore, we need to find
the conditions for 1-forms σi and τa, such that the conservation law to be satisfied.

In this aim, if we denote by q the covariant derivative with respect to Levi-Civita
connection γi

jk of gij (x) and with ‖ the covariant derivative with respect to Levi-Civita
connection γa

bc of hab (y), we obtain
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Theorem 4.5 The conservation law in the Riemann-local Minkowski model with h- and
v-semisymmetric torsions is satisfied, if and only if the fields of 1-forms σi and τa satisfies
the equations

(
ri
j − 1

2
rδi

j

)
σi + (n− 2) [σjqiσ

i + σσj + (n− 4) ∂jα− 3 (n− 3) σjα] = 0,

(
sa

b − 1
2
sδa

b

)
τa + (m− 2)

[
τb‖aτa + ττb + (m− 4) ∂̇bβ − 3 (m− 3) τbβ

]
= 0.

(4.12)

Now, we consider dim M = 4. We have, also m = 4.
Taking into account the above notations, we obtain:
Theorem 4.6 Let G be a Riemannian-locally Minkowski structure on E = TM ,

dim M = 4, v-weakly regular. Then:
(i) The Einstein equations of the d-connection (4.1) are given by:

rjk − 1

2
(r + s− 2σ − 3τ) gjk − 2σjk = κ

1

T jk, (4.13)

sbc − 1

2
(r + s− 2τ − 3σ) hbc − 2τbc = κ

4

T bc.

(ii) The conservation law is given by:
[
ri
j −

1

2
(r − 2σ) δi

j − 2σi
j

]

bp i
= 0, (4.14)

[
sa

b −
1

2
(s− 2τ) δa

b − 2τa
b

]

b| a
= 0.

(iii) The conservation law is satisfied if and only if the fields of 1-forms σi (x) and
τa (y) satisfies the equations

(
ri
j −

1

2
rδi

j

)
σi + 2

[
σj q iσ

i + (σ − 3α) σj

]
= 0, (4.15)

(
sa

b −
1

2
sδa

b

)
τa + 2

[
τb ‖ aτ

a + (τ − 3β) τb

]
= 0.
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