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We consider a pair of metrical Finsler structure g;; (z,y),si; (z,vy),(x,y) € TM, i,j = 1,n,
dim M = n and we investigate the cases in which is possible to find Finsler connections compatible
to them: rank ||g;; (z,y)| = n, rank||si; (z,y)|| =n—k, k€ {0,1,....,n -1}, V(z,y) € TM\{0}.

1 Metrical Finsler structures and metrical Finsler connections ( [7])

Let M be an n—dimensional differentiable manifold and = = (2) and y = (y°)
denote a point of M and a supporting element respectively. We put 9; = 9/0x%, 9; =
0/dyi, (i =1,2,...,n).

Let gi; (z,y) = (8183F2> /2 be a Finsler metric and N (N';) a nonlinear connection,
which us given the adapted basis {(5,-, 81} of the tangent bundle TM =: HM & V M :
o

@:

We denote {dz’, dy'} the dual basis of adapted basis, where

§y' = dy' + N';da’. (1.2)

We shall express a Finsler connection FI' in terms of its coefficients as
FT' = (NYy, F',,C'), (cf. with M. Matsumoto [4], R.Miron [7] and E.Stoica [13]).
A Finsler connection having a fixed nonlinear connection N is also denoted by
FT (N) = (F',C"x). And the respective h- and v-covariant derivatives are denoted by

short and long bars, e.g., giji, 95|, (With respect to FT'), 9,09, 'Tk<With respect to FIO‘), ete.
271 1]

Given a Finsler metric g;;, a Finsler connection FT' is called metrical, if it satisfies
9ije =0, gijie = 0. (1.3)

For a Finsler metric g;;, we have so-called Obata’s operators, [10]:

1
/}fgq =5 (6707 — gi59™) . /2\%3 = = (6707 + gi59™) , (1.4)

N[ —

where (%) = (gi;)~". Then we have
Theorem 1.1 Let FT'(N) = <F’]k,C’Z]k> be a fived Finsler connection. For a Finsler

metric g;;, we define tensor fields U'j, U’y by

i 1 ir T 1 ir
Uipp=-=9"g Uj=—29"g o . (1.5)
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Then a Finsler connection FT' (N) = (F';, C";1) is metrical, if and only if the difference
tensor fields B'jy,, D"j), given by

F'j), = ﬁijk — By, Cjy= Cl]k — D', (1.6)

are solutions of the equations
AgiBh = Ui, Agj D% = Ul (1.7)

Conform with Obata’s theory, [10], the above equations have solutions and their general
forms are given by

Theorem 1.2 (R. Miron, [7]) Let FT' (N) = (ﬁ"jk, C’Jk> be a fixed Finsler connection.

For a Finsler metric g;;, there exists a metrical Finsler connection FT (N) = (F', C'j)
and the set of all such connections is given by

. L1 .

szk = Fljk + _gzrg . + Aq?qulm
2 rjik 1

(1.8)

, L1 .
Cli =Clir+ 2979 o +A5Y %,
2 rilk 1

where X ijk, Yijk are arbitrary Finsler tensor fields.

2 Finsler connections compatible with a pair of Finsler metrics

Let g;; and s;; be two given Finsler metrics. A Finsler connection is called compatible
with the pair (g;;, si;), if it is metrical with respect to both g;; and s;;:

gij,k = O, gmk = 0, Sij\k = 0, 5ij|k = 0 (21)

We define Obata’s operators by (1.4) and

1
0% = 5 (0761 = 555" Q% = 5 (0107 + 55). 22)

N | —

where (s¥) = (s;;)"". Then we have
Theorem 2.1 Let FT (N) = (Fljk,C”Jk> be a fized Finsler connection. For a pair of
Finsler metrics (gij, si;) we define Finsler tensor fields Ul s, Ui, Vi, Vi by (1.5) and

1

Vi = __Sz‘rsrjo Vi = _§Si7‘8 (2.3)

o .
rjlk

Then a Finsler connection FT' (N) = (F';5, C"j1.) is compatible with the pair (gij, si;) , if and
only if the difference tensor fields B' i, D';y given by (2.2) are solutions of the equations (2.3)
and following equations

QZ‘B% = Vi, Qézaj‘quk = V', (2.4)

It is complicated to solve the above equations.
We shall show the case when the equations have solutions.



I'nnepromiiiekcrble dncsia B reomerpun u usnke, 2 (6), Vol 3, 2006 95

A pair of two Finsler metrics g;;, s;; is called natural, if there exists a nonvanishing
Finsler function p (z,y) such that

JinGiqs™" = psij, (2.5)
or equivalently, if the commutativities

GO = 05AE, (0 B=12), (2.6)

«

hold. Then, we have
Proposition 2.1 All the commutativities (2.6) hold if any one of them holds.

Proposition 2.2 Let (g;5, ;) be a natural pair of Finsler metrics. If there exists a
Finsler connection compatible with the pair, the function p in (2.5) is constant.
Proof. The equations (2.1) are equivalent by the following equations:

gij = O, gij ‘k: O, Sij = O, Sij |k: 0. (27)
By (2.1) and (2.1") we have ps;; =0, p |, s;j = 0, which are reduced to p1; =0, g |,=10
because s;;s” = n # 0. Hence the nonvanishing function p is constant.

Proposition 2.3 Let g;; be a Finsler metric. There exists a Finsler metric s;; such that
the pair (gij, si;) is natural by a constant p = ec® (¢ = £1,¢ > 0), if and only if there exists
a Finsler tensor field t'; of type (1,1) satisfying

et't; =85, egpgt®it?; = gij. (2.8)
The correspondence between t; and s;; in Proposition 2.3 is given by
) ir 1 r
tj = CG  Srj, Sij = ngt g (29)
Remark 2.1 If e = —1, then p = —c? and t'; is an almost complex Finsler structure

[ f2=—1I, (n=2m). In this case, the natural pair (g;;, s;;) is called of elliptical type,
or a (g, f, —1)—structure (cf. with Gh. Atanasiu [12], Gh. Atanasiu, M. Hashiguchi, R.
Miron [3]), or an anti-Hermitian structure:

SofTi==65 gpafPif% = —gij- (2.10)

Remark 2.2 If ¢ = +1, then g = ¢® and ¢; is an almost product Finsler structure
p'; : p* = I. In this case, the natural pair (g;;, s;;) is called of hyperbolical type, or a
(g, p, +1)—structure (see [12], [3]:

=065 gup 'y = g (2.11)

Using Proposition 2.3 we can show that for a natural pair (elliptic or hyperbolic) with

a constant p # 0 the equations (2.3) and (2.4) have solutions and their general forms are
given by

Theorem 2.2 Let FT' (N) = (F'j,,C%) be a fived Finsler connection. For a natural

pair with a constant p # 0 of Finsler metric g;;, sij, there exists a Finsler connection
FT'(N) = (F'j, C"ji) compatible with the pair and the set of all such connections is given by

i i 1 ir i i ~ar
F ]]C = F jk; + 5 ( g grok + /lxqgsqtstpolk ) + A/l\q??ngtr]ﬁ

. (2.12)
Cijk: = Oijk + B (9”97& |k +11\;I;3qt3tp |k> + /1\;1’;(1)?;}/1‘%,

where X', Y are arbitrary Finsler tensor fields.
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3 The case of Finsler metric with an additional structure

The previous results for a pair of Finsler metrics g;;(x,v), s;;(z,y) are generalized to the
case s;;(x,y) is degenerate.
Let a Finsler space (M, g;;) admit a symmetric and degenerate Finsler tensor field
sij(x,y)
Sij = Sji (31)

rank (s;;) =n — k, (3.2)

where k is an integer and 0 < k£ < n. Then (M, g;;) is called to have an additional
structure of index k. The case of a Finsler metric s;; (z,y) is contained in the following
duscussions as the exceptional case k = 0.

The matrix (g;;) has the inverse (¢*), but the matrix (s;;) is not regular. So we shall
construct some matrix (sjk) which plays the role similar to the inverse matrix. (see, V.
Oproiu [11], [12]). Because (g;;) is positive-definite, then on each local chart there are exaktly
k independent Finsler vector fields ¢! (a = 1, ..., k) with the properties

Sijgé = O, gzgéégg = 6ab (a, b = 17 ceey ]C) . (33)
Then we define local Finsler covector fields n¢ (a = 1, ..., k) by
= gi&- (3.4)

If we define local Finsler tensor fields I’; and m’; by
Uy =3gmt, m'y =06 -1}, (3.5)

then I'; and m’; are independent on the choice of & and globally defined as the respective
projectors on the kernel K of the mapping s;; : & — s;;&/ and the orthogonal H to K with
respect to g;;. Then a global Finsler tensor field s/* is uniquely determined from (g;;, s;;) by

Siijk == mki, lijsjk =0. (36)

A Finsler connection of a Finsler space (M, g;;) with an additional structure s;; is called
compatible with the pair (g;;,si;), if it satisfies (2.1). Then the condition that a Finsler
connection FT' is compatible with the pair (gi;, s;;) is given by Theorem 2.1, if we define

Vi, Vi by

) 1 ) ) .
Vig = —= (5”5 o 43I, — s ) ,
rjik 1k 1k
T (37
and Obata’s operators 2%‘-7 (e =1,2) by
1

fo =3 (6767 — 6719 — 1767 4 BIX1T — s;557) s
Opq _ 1 SPSY 1 §P19 L Pse — 3P pq |
Qij_i(i j 10l + 105 — objt; + SijS )
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and impose on the B’ and D’;; the additional conditions:

t t 1
I"is¢jB'vi, = —1"is o, 1"is4B'p = =178y,

| | rjik’ ' ' i (39)
Pym" Bl = =3l o ym” Dl = =Lt

If we define the naturality of a pair (g;j, s;;) by (2.5), or equivalently (2.6) where 9%’

are defined by (3.8), then Propositions 2.1 and 2.2 still hold. Corresponding to Proposition
2.3, the condition that a Finsler space (M, g;;) admits an additional structure s;; of index k
such that the pair (g;;, s;;) is natural by a constant p = ec? (e = +1,¢ > 0) is given by the
existence of a Finsler tensor field ¢; of type (1,1),k Finsler vector fields & (a =1,...,k)
and k Finsler covector fields n¢ (i = 1,..., k) satisfying

et't” = 05 — &l egpal”il?; = gij — Sning,

‘ o , (3.10)
nit'y; =0, ;8 =0, n' & = 0.
Remark 3.1 If ¢ = —1, then p = —¢? and t'; is an degenerate almost complex Finsler
structure f; (z,y) :
LfT =8 e, P fl = —gi + Sntn?,
[ fT b 5% IpaIPif; Yij T 207 (3.11)

Uffij:()y fijfg:()’ 77?6;;:61?

In this case we have a (g, f, £, n, —1) —structure, [10], [9].

Remark 3.2 If ¢ = +1, then p = ¢® and t'; is an degenerate almost product Finsler
structure p'; (z,y):

pp's =05 = &t gmp"in's = gi — i,
nip'y =0, P& =0, nig =2

(3.12)

and we have a (g,p, &, n, +1) —structure, [3], [9].

The existence and arbitrariness of Finsler connections compatible with a pair (g;;, si;)
with a constant u # 0, is given by

Theorem 3.1 Let FT (N) = (ﬁijk, Cljk> be a fixed Finsler connection. There exists

a Finsler connection FT' (N) = (F';;, C';;) compatible with the pair and the set of all such
connections is given by

. o . 1 . i B T
Fle = Fj + 2 [glrgrji’k * /1\‘1? <Sqt8tp‘7k + 3lqtltp7k B lqp°k>] + /}ngngtrk ; 5.13)
1

. o . 1 . © 7 ] o o 4 -
Oljk = Czjk + 5 {g“"gm-lk + fl\q? (Sqtstp|k + 3lqtltp’k; - lqp|k>:| + jl\q?(l)ngtrk.

where (l)%q is given by (3.8) and X';x, Y";; are arbitrary Finsler tensor fields.

Lastly, it is noted whether the naturality is necessary in order that the system of
equations (2.3), (2.4), (3.9) with unknowns B';;, D*;; has a solution is an open problem.



98 Atanasiu Gh. Pairs of metrical Finsler structures and Finsler connections compatible to them

1]
2]
3]
[4]
[5]
[6]
7]
8]
19]

[10]
[11]
[12]
[13]

[14]

References

Atanasiu, Gh., Variétés différentiables douées de couples de structures Finsler, Proc. of the
Nat. Sem. on Finsler Spaces, Univ. of Brasov, Roménia, vol. II, 1982, 35-67.

Atanasiu, Gh., Structures Finsler presque horsimplectiques, An.Stiint. Univ. "Al. 1. Cuza” Iagi,
Sect. I-a Mat, 30-4, 1984, 15-18.

Atanasiu, Gh., Hashiguchi, M., Miron, R., Supergeneralized Finsler spaces, Rep. Fac. Sci.
Kagoshima Univ. (Math. Phys. Chem.), 18, 1985, 19-34.

Atanasiu, Gh., Hashiguchi, M., Miron, R., Lagrange connections compatible with a pair of
generalized Lagrange metrics, Rep. Fac. Sci. Kagoshima Univ. (Math. Phys. Chem.), 19,
1986, 1-6.

Goldberg, S.1., Yano, K., Globally framed f-manifolds, Ilinois J. Math., 15, 1971, 456-474.
Matsumoto, M., The theory of Finsler connections, Publ. Study Group Geom., 5, Okayama
Univ., 1970.

Miron, R., Metrical Finsler structures and metrical Finsler connections, J. Math. Kyoto Univ.,
23, 1983, 219-224.

Miron, R., Atanasiu, Gh., Existence et arbitraire des connexions compatibles aux structure
Riemann généralisées du type Hermitien, Tensor, N.S., 38, 1982, 8-12.

Miron, R., Atanasiu, Gh., Existence et arbitrariété des connexions compatible & une structure
Riemann généralisée de type presque k-horsymplectique métrique, Kodai Math. J., 6, 1983,
228-237.

Obata, M., Affine connections on manifold with almost complex, quaternion or Hermitian
structure, Jap. J. Math., 26, 1957, 43-77.

Oproiu, V., Degenerate Riemannian and degenerate conformal connections, An. Univ. Al I.
Cuza” lagi, 16, 1970, 357-376.

Oproiu, V., Degenerate almost symplectic structure and degenerate almost symplectic
connections, Bull. Math. t. 14 (62), nr. 2, 1970, 197-207

Stoica, E., A geometrical characterization of normal Finsler connections, An. Stiint. Univ. Al
1. Cuza” lagi, Sect. I-a Math., 30, 1984, 3.

Yano, K., Ishihara, S., Tangent and cotangent bundle, M. Dekker, New-York, 1973,



