
Гиперкомплексные числа в геометрии и физике, 2 (6), Vol 3, 2006 93

PAIRS OF METRICAL FINSLER STRUCTURES
AND FINSLER CONNECTIONS COMPATIBLE TO THEM

Gheorghe Atanasiu

Faculty of Mathematics and Computer Science,
”Transilvania” University of Braşov, România
gh_atanasiu@yahoo.com; g.atanasiu@unitbv.ro

We consider a pair of metrical Finsler structure gij (x, y) , sij (x, y) , (x, y) ∈ TM, i, j = 1, n,

dimM = n and we investigate the cases in which is possible to find Finsler connections compatible
to them: rank ‖gij (x, y)‖ = n, rank ‖sij (x, y)‖ = n−k, k ∈ {0, 1, ..., n− 1} , ∀ (x, y) ∈ TM \{0} .

1 Metrical Finsler structures and metrical Finsler connections ( [7])

Let M be an n−dimensional differentiable manifold and x = (xi) and y = (yi)
denote a point of M and a supporting element respectively. We put ∂i = ∂/∂xi, ∂̇i =
∂/∂yi, (i = 1, 2, ..., n) .

Let gij (x, y) =
(
∂̇i∂̇jF

2
)

/2 be a Finsler metric and N (N i
j) a nonlinear connection,

which us given the adapted basis
{

δi, ∂̇i

}
of the tangent bundle TM =: HM ⊕ V M :

δi =
δ

δxi
= ∂i −N j

i∂̇j. (1.1)

We denote {dxi, dyi} the dual basis of adapted basis, where

δyi = dyi + N i
jdxj. (1.2)

We shall express a Finsler connection FΓ in terms of its coefficients as
FΓ = (N j

k, F
i
jk, C

i
jk) , (cf. with M.Matsumoto [4], R.Miron [7] and E. Stoica [13]).

A Finsler connection having a fixed nonlinear connection N is also denoted by
FΓ (N) = (F i

jk, C
i
jk) . And the respective h- and v-covariant derivatives are denoted by

short and long bars, e.g., gijpk, gij|k (with respect to FΓ), g
ij
◦
pk

, g
ij
◦
|k
(with respect to F Γ̊), etc.

Given a Finsler metric gij, a Finsler connection FΓ is called metrical, if it satisfies

gijpk = 0, gij|k = 0. (1.3)

For a Finsler metric gij, we have so-called Obata’s operators, [10]:

Λ
1

pq
ij =

1

2

(
δp
i δ

q
j − gijg

pq
)
, Λ

2

qp
ij =

1

2

(
δp
i δ

q
j + gijg

pq
)
, (1.4)

where (gij) = (gij)
−1. Then we have

Theorem 1.1 Let F Γ̊ (N) =
(
Γ̊i

jk, C̊
i
jk

)
be a fixed Finsler connection. For a Finsler

metric gij, we define tensor fields U i
jk, Ũ

i
jk by

U i
jk = −1

2
girg

rj
◦
pk

, Ũ i
jk = −1

2
girg

rj
◦
|k

. (1.5)
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Then a Finsler connection FΓ (N) = (F i
jk, C

i
jk) is metrical, if and only if the difference

tensor fields Bi
jk, D

i
jk given by

F i
jk = F̊ i

jk −Bi
jk, C i

jk = C̊i
jk −Di

jk, (1.6)

are solutions of the equations

Λ
2

ip
qjB

q
pk = U i

jk, Λ
2

ip
qjD

q
pk = Ũ i

jk. (1.7)

Conform with Obata’s theory, [10], the above equations have solutions and their general
forms are given by

Theorem 1.2 (R. Miron, [7]) Let F Γ̊ (N) =
(
F̊ i

jk, C̊
i
jk

)
be a fixed Finsler connection.

For a Finsler metric gij, there exists a metrical Finsler connection FΓ (N) = (F i
jk, C

i
jk)

and the set of all such connections is given by

F i
jk = F̊ i

jk +
1

2
girg

rj
◦
pk

+ Λ
1

ip
qjX

q
pk,

Ci
jk = C̊i

jk +
1

2
girg

rj
◦
|k

+ Λ
1

ip
qjY

q
pk,

(1.8)

where X i
jk, Y

i
jk are arbitrary Finsler tensor fields.

2 Finsler connections compatible with a pair of Finsler metrics

Let gij and sij be two given Finsler metrics. A Finsler connection is called compatible
with the pair (gij, sij) , if it is metrical with respect to both gij and sij:

gijpk = 0, gij|k = 0, sijpk = 0, sij|k = 0. (2.1)

We define Obata’s operators by (1.4) and

O
1

pq
ij =

1

2

(
δp
i δ

q
j − sijs

pq
)
, O

2

pq
ij =

1

2

(
δp
i δ

q
j + sijs

pq
)
, (2.2)

where (sij) = (sij)
−1. Then we have

Theorem 2.1 Let F Γ̊ (N) =
(
F̊ i

jk, C̊
i
jk

)
be a fixed Finsler connection. For a pair of

Finsler metrics (gij, sij) we define Finsler tensor fields U i
jk, Ũ

i
jk, V

i
jk, Ṽ

i
jk by (1.5) and

V i
jk = −1

2
sirs

rj
◦
pk

, Ṽ i
jk = −1

2
sirs

rj
◦
|k

. (2.3)

Then a Finsler connection FΓ (N) = (F i
jk, C

i
jk) is compatible with the pair (gij, sij) , if and

only if the difference tensor fields Bi
jk, D

i
jk given by (2.2) are solutions of the equations (2.3)

and following equations

O
2

ip
qjB

q
pk = V i

jk, O
2

ip
qjD

q
pk = Ṽ i

jk. (2.4)

It is complicated to solve the above equations.
We shall show the case when the equations have solutions.
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A pair of two Finsler metrics gij, sij is called natural, if there exists a nonvanishing
Finsler function µ (x, y) such that

gipgjqs
pq = µsij, (2.5)

or equivalently, if the commutativities

Λ
α

ip
qjO

β

qr
tp = O

β

ip
qjΛ

α

qr
tp, (α, β = 1, 2) , (2.6)

hold. Then, we have
Proposition 2.1 All the commutativities (2.6) hold if any one of them holds.
Proposition 2.2 Let (gij, sij) be a natural pair of Finsler metrics. If there exists a

Finsler connection compatible with the pair, the function µ in (2.5) is constant.
Proof. The equations (2.1) are equivalent by the following equations:

gij pk= 0, gij |k= 0, sij pk= 0, sij |k= 0. (2.7)

By (2.1) and (2.1′) we have µpksij = 0, µ |k sij = 0, which are reduced to µpk = 0, µ |k= 0
because sijs

ij = n 6= 0. Hence the nonvanishing function µ is constant.
Proposition 2.3 Let gij be a Finsler metric. There exists a Finsler metric sij such that

the pair (gij, sij) is natural by a constant µ = εc2 (ε = ±1, c > 0) , if and only if there exists
a Finsler tensor field tij of type (1, 1) satisfying

εtirt
r
j = δi

j, εgpqt
p
it

q
j = gij. (2.8)

The correspondence between tij and sij in Proposition 2.3 is given by

tij = cgirsrj, sij =
1

c
girt

r
j. (2.9)

Remark 2.1 If ε = −1, then µ = −c2 and tij is an almost complex Finsler structure
f i

j : f 2 = −I, (n = 2m) . In this case, the natural pair (gij, sij) is called of elliptical type,
or a (g, f , –1)−structure (cf. with Gh. Atanasiu [12], Gh. Atanasiu, M. Hashiguchi, R.
Miron [3]), or an anti-Hermitian structure:

f i
rf

r
j = −δi

j, gpqf
p
if

q
j = −gij. (2.10)

Remark 2.2 If ε = +1, then µ = c2 and tij is an almost product Finsler structure
pi

j : p2 = I. In this case, the natural pair (gij, sij) is called of hyperbolical type, or a
(g, p, +1)−structure (see [12], [3]:

pi
rp

r
j = δi

j, grtp
r
ip

t
j = gij. (2.11)

Using Proposition 2.3 we can show that for a natural pair (elliptic or hyperbolic) with
a constant µ 6= 0 the equations (2.3) and (2.4) have solutions and their general forms are
given by

Theorem 2.2 Let F Γ̊ (N) =
(
F̊ i

jk, C̊
i
jk

)
be a fixed Finsler connection. For a natural

pair with a constant µ 6= 0 of Finsler metric gij, sij, there exists a Finsler connection
FΓ (N) = (F i

jk, C
i
jk) compatible with the pair and the set of all such connections is given by

F i
jk = F̊ i

jk +
1

2

(
girg

rj
◦
pk

+ Λ
1

ip
qjs

qts
tp
◦
pk

)
+ Λ

1

ip
qjO

1

qr
tpX

t
rk,

Ci
jk = C̊i

jk +
1

2

(
girgrj

◦
|k +Λ

1

ip
qjs

qtstp

◦
|k

)
+ Λ

1

ip
qjO

1

qr
tpY

t
rk,

(2.12)

where X i
jk, Y

i
jk are arbitrary Finsler tensor fields.
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3 The case of Finsler metric with an additional structure

The previous results for a pair of Finsler metrics gij(x, y), sij(x, y) are generalized to the
case sij(x, y) is degenerate.

Let a Finsler space (M, gij) admit a symmetric and degenerate Finsler tensor field
sij(x, y) :

sij = sji (3.1)

rank (sij) = n− k, (3.2)

where k is an integer and 0 < k < n. Then (M, gij) is called to have an additional
structure of index k. The case of a Finsler metric sij (x, y) is contained in the following
duscussions as the exceptional case k = 0.

The matrix (gij) has the inverse
(
gjk

)
, but the matrix (sij) is not regular. So we shall

construct some matrix
(
sjk

)
which plays the role similar to the inverse matrix. (see, V.

Oproiu [11], [12]). Because (gij) is positive-definite, then on each local chart there are exaktly
k independent Finsler vector fields ξi

a (a = 1, ..., k) with the properties

sijξ
i
a = 0, gijξ

i
aξ

j
b = δab (a, b = 1, ..., k) . (3.3)

Then we define local Finsler covector fields ηa
i (a = 1, ..., k) by

ηa
i = gijξ

j
a. (3.4)

If we define local Finsler tensor fields lij and mi
j by

lij = Σ
a
ξi
aη

a
i , mi

j = δi
j − lij, (3.5)

then lij and mi
j are independent on the choice of ξi

a and globally defined as the respective
projectors on the kernel K of the mapping sij : ξj

a −→ sijξ
j
a and the orthogonal H to K with

respect to gij. Then a global Finsler tensor field sjk is uniquely determined from (gij, sij) by

sijs
jk = mk

i, lijs
jk = 0. (3.6)

A Finsler connection of a Finsler space (M, gij) with an additional structure sij is called
compatible with the pair (gij, sij) , if it satisfies (2.1) . Then the condition that a Finsler
connection FΓ is compatible with the pair (gij, sij) is given by Theorem 2.1, if we define
V i

jk, Ṽ
i
jk by

V i
jk = −1

2

(
sirs

rj
◦
pk

+ 3litl
t

j
◦
pk
− li

j
◦
pk

)
,

Ṽ i
jk = −1

2

(
sirsrj̊|k + 3litl

t
j̊|k − lij̊|k

)
,

(3.7)

and Obata’s operators O
α

pq
ij (α = 1, 2) by

O
1

pq
ij =

1

2

(
δp
i δ

q
j − δp

i l
q
j − lpi δ

q
j + 3lpi l

q
j − sijs

pq
)
,

O
2

pq
ij =

1

2

(
δp
i δ

q
j + δp

i l
q
j + lpi δ

q
j − 3lpi l

q
j + sijs

pq
)
,

(3.8)
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and impose on the Bi
jk and Di

jk the additional conditions:

lristjB
t
rk = −lris

rj
◦
pk

, lristjB
t
rk = −lrisrj̊|k,

litm
r
jB

t
rk = −litl

t

j
◦
pk

, litm
r
jD

t
rk = −litltj̊|k.

(3.9)

If we define the naturality of a pair (gij, sij) by (2.5), or equivalently (2.6) where O
α

pq
ij

are defined by (3.8), then Propositions 2.1 and 2.2 still hold. Corresponding to Proposition
2.3, the condition that a Finsler space (M, gij) admits an additional structure sij of index k
such that the pair (gij, sij) is natural by a constant µ = εc2 (ε = ±1, c > 0) is given by the
existence of a Finsler tensor field tij of type (1, 1) , k Finsler vector fields ξi

a (a = 1, ..., k)
and k Finsler covector fields ηa

i (i = 1, ..., k) satisfying

εtirt
r
j = δi

j − ξi
aη

a
j , εgpqt

p
it

q
j = gij − Σ

a
ηa

i η
a
j ,

ηa
i t

i
j = 0, tijξ

j
a = 0, ηa

i ξi
b = δa

b .
(3.10)

Remark 3.1 If ε = −1, then µ = −c2 and tij is an degenerate almost complex Finsler
structure f i

j (x, y) :

f i
rf

r
j = −δi

j + ξi
aη

a
j , gpqf

p
if

q
j = −gij + Σ

a
ηa

i η
a
j ,

ηa
i f

i
j = 0, f i

jξ
j
a = 0, ηa

i ξ
i
b = δa

b .
(3.11)

In this case we have a (g, f, ξ, η,−1)−structure, [10], [9].
Remark 3.2 If ε = +1, then µ = c2 and tij is an degenerate almost product Finsler

structure pi
j (x, y):

pi
rp

r
j = δi

j − ξi
aη

a
j , grtp

r
ip

t
j = gij − Σ

a
ηa

i η
a
j ,

ηa
i p

i
j = 0, pi

jξ
j
a = 0, ηa

i ξ
i
b = δa

b .
(3.12)

and we have a (g, p, ξ, η, +1)−structure, [3], [9].
The existence and arbitrariness of Finsler connections compatible with a pair (gij, sij)

with a constant µ 6= 0, is given by

Theorem 3.1 Let FΓ
(
N̊

)
=

(
F̊ i

jk, C̊
i
jk

)
be a fixed Finsler connection. There exists

a Finsler connection FΓ (N) = (F i
jk, C

i
jk) compatible with the pair and the set of all such

connections is given by

F i
jk = F̊ i

jk +
1

2

[
girg

rj
◦
pk

+ Λ
1

ip
qj

(
sqts

tp
◦
pk

+ 3lqtl
t

p
◦
pk
− lq

p
◦
pk

)]
+ Λ

1

ip
qjO

1

qr
tpX

t
rk ,

Ci
jk = C̊i

jk +
1

2

[
girgrj̊|k + Λ

1

ip
qj

(
sqtstp̊|k + 3lqtl

t
p̊|k − lqp̊|k

)]
+ Λ

1

ip
qjO

1

qr
tpY

t
rk.

(3.13)

where O
1

pq
ij is given by (3.8) and X i

jk, Y
i
jk are arbitrary Finsler tensor fields.

Lastly, it is noted whether the naturality is necessary in order that the system of
equations (2.3), (2.4), (3.9) with unknowns Bi

jk, D
i
jk has a solution is an open problem.
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Cuza” Iaşi, 16, 1970, 357–376.

[12] Oproiu, V., Degenerate almost symplectic structure and degenerate almost symplectic
connections, Bull. Math. t. 14 (62), nr. 2, 1970, 197–207

[13] Stoica, E., A geometrical characterization of normal Finsler connections, An. Ştiinţ. Univ. ”Al.
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