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The notion of generalized Lagrange space should be geometrically considered as a generalized
metric space M" = (M,g;j(x,y)). A theory of invariant Finsler spaces was given by M.
Matsumoto and R. Miron with important applications. The notion of non-holonomic space was
introduced by Gh. Vranceanu in [VR]. The Vranceanu type invariant frames and the invariant
geometry of second order Lagrange spaces was studied by the author in [P3]. The purpose of the
present paper is to study the invariant geometry for a generalized Lagrange space endowed with a
Berwald-Moér metric. We introduce distinct non-holonomic frames on the two components of the
Whitney’s decomposition. This will determine a non-holonomic coordinates system on the total
space T'M and thus its geometry can be studied with methods analogous to the mobile frame.
We obtain, in this manner, invariant connections, curvatures and torsions, and the fundamental
equations in this theory. Also we can construct the invariant frames so that, with respect to
them, the metric of the total space can be written in canonical form and in this case we deduce
invariant Einstein equations. We mention that the frames introduced here depend on the metric
and all the computations are for this metric.

MSC: 53B40, 53C07

1 General invariant frames

Let M be a 4-dimensional C™ class manifold, (T'M, m, M) its tangent bundle, (z*,y")
local coordinates on TM, F' : TM — R, F' = F(y) a locally Minkowsky Finsler function
and the induced fundamental metric tensor

.19
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For F(y) = +/y'y?y3y* Pavlov has studied the "4-pseudo scalar product"
<X,Y,Z,T>= GuuX'YIZ*T (1.1)
related to the Berwald-Modér metric, where
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Gijrl =
Based on the tensor field (1.1) Balan and Brinzei have constructed an energy-dependent
metric space which is a generalized Lagrange space (which is a FEuclidean-locally
Minkowsky relativistic model).
The canonical nonlinear connection N on T'M, in this case, has the coefficients NV ]’ =0
so the adapted basis to the direct decomposition

T.(TM)=N(u)®V(u) YueTM, (1.2)
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is, in fact, the canonical one:

o 0 o 0
{ oz’ 5y2} {8x“ 83/} (i 2,3,4) (1.3)

The invariant frames adapted to the direct decomposition (1.2)

where 7 is a component index and « counter index, are defined as follows:

e ueTM — O(u) C N(u) (1.4)
e ueTM — V) cVu) (a=1,2,3,4)
For this frames we have e((fl)(u) = e(OéA)i(S ((SA)z‘ |, where, for simplicity, we put y©¢ =

¢,y = 4. Denote by R* = (fi(o)a, fi(l)a) the dual frames of R. For R*, ¢ is the
counter index and « is a component index.
The duality conditions are:
(Wi, f57) = 663 (A,B=0,1) (1.5)

(o] J

The frames R and R* are non-holonomic and thru them we can introduce a non-holonomic
coordinate system (s s(M®) in Vranceanu sense. In this frames the basis and the cobasis
have the representations:

o f(o)o‘ ) )
Srt P 5s@a 7 gy
ort = 6(0)253(0)a Sy = e(l)ia(ss(l)a;

_ e 0 (1.6)

These relations hold:

<5 (i) ,5s<B>ﬂ> = %68, (A,B =0,1) (1.7)
S [e%

The Lie brackets introduce us the non-holonomy coefficients of Vranceanu:

c
) )
= [
[53<A>a ’ 5S<B>ﬁ} Was 550 (1.8)
(AB)
(A,B,C=0,1; A<B; sum on C) where:
0 (o) (o)1l 1
56 56
_ (0 B a . _
Woa =1 <5S<o>a 5505 | Wia =0 (1.9)
(00) (00)
0 0)l 1 ()i
oc! )O‘ . (L) oe 8

_ (0)y - _
L (1.10)

(01) (01)
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0 1 (1) (1)1
de de
0 _ )y 8 a |,
Wga - 07 Wga - f [ (58(1)a 58(1)ﬁ> ’ (111)
(11) (11)
A 0 1

We observe that Wga are tensors and Wga , Wga are non-holonomic objects.
(A4) (o1) (o1)
A
The objects Wga are called Vranceanu’s non-holonomy coefficients.

(BO)

Theorem 1.1 If R are normal frames (6(0)02; =M = €', ) then R is holonomic if and

only if the entries of the matriz €', are the gradients of n functions on M.

The frame R is holonomic if and only if there exists a set of n functions ¢ defined on M

for which we have
L9

if and only if the 1-form ds®* = fda’ is exact.

Observation 1.1 R are holonomic if and only if the Lie brackets are vertical i.e. N 1is
integrable, condition which is independent of the framesR.

Generally we have:

Theorem 1.2 The frames R are holonomic if and only if :

0 0 0
T = W = W =
Wie Wie Wia 0

(00) (01) (11)

2 The representation of geometric objects in the frames R

Let X € x(E) be a vector field. Then for X we have the local representation:

) )
X =x0r — 4 x®i 2.1
ox’ * oy’ (2.1)

and the representation:

)
dse

X = x©0a_0 oy

5500 (2.2)

in invariant frames. The relations between the components in the local basis and the
non-holonomic components of the vector field X are:

XWi = eWix e o xWe — ey @i (4= 1), (2.3)

Proposition 2.1 The non-holonomic components of the h_, v_ projections of the vector
field X are invariant at local changes of coordinates.
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We can easy see that from:

K _ e gl _ paedT A)la_xj _ faghx(an _ x(a
Ox X 0T

Let w € x* be a field of 1-forms. Then:
w= w(ogdxi + w(lzéyi = w0 55O 4 ) g5 (2.4)

(4)

Proposition 2.2 The non-holonomic components w'), of the projections of w4 are

inwvariant at local changes of coordinates.

We can use the same way to define the non-holonomic components of a tensor field and
to prove that there are invariant at local changes of coordinates. Due to the fact that
the geometric objects studied above have, in the frames R, invariant components at local
changes of coordinates we call this frames invariant frames.

3 d-linear connections in invariant frames

Since F is locally Minkowsky the coefficients of the canonical linear d-connection
CT(N) are:

i i L agjh Ogkn agjk
ik — 0; ik — 59 <8y’“ =+ 8yj - 8yh (31)

Proposition 3.1 In the invariant frames R the essential components of the canonical
d-linear connection CI'(N) are four and are given by:

A
Lyo = [Phsge (A=0.1) (3.2)

1.€.

0 1 0 1
1 1
CI'(N) = <5 W3, —3 Wi, » Cla C§a> (3.3)
(00) (01)

In the case of the normal invariant frames the canonical linear d-connection has only two
distinct coefficients:

0 1
. 1 1 m
C'T(N) = (L}a Cha) = <§ Wi, 5 Wia +fgzeﬁe;q]> (3.4)
(00) (11)
Denoting by " |"and "|"the covariant derivatives with respect to CT'(/N) we have:
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Proposition 3.2 The movement equations of the frames R and R* are:

e(A)i _LI’% e(A)z' f(O)ﬁ . e(A)z' ‘ _C/"y e(A)i f(l)ﬁ (3 5)
alm T T Ba ¥ m a Im—%Y gy v m .
(A) 5 (A (A)o 2 a1
== Ly, £, == Ol SRR, (A=0,1) (3.6)

Proposition 3.3 If we have the canonical d-linear connection CT'(N) and the invariant
frames R then the coefficients of CI'(N) can be expressed in the shape:

4 5e(A%m
vy B (0)i £(A)y.
Lﬁa 51.2 € Oéf m ) (37)
or
A 5f
(0)i (A)J
L, = eaéxj ey
or:
A
Ak; Ay Ay (Ak (0)i
Lga ( (0 f( f( k)‘ze( % e(o)a
cl z( A Cm) (Wi (A, (3.8)
« 5y
or:
A 4)
Yk ,
N (TN m (A)y (A)j.
Cva_ea( (5yJ+C fmeﬁ’
or:
A
Cha = e e f ) = — e e

4 Covariant invariant derivatives

Consider the d-linear connection whose coeflicients in the frames R are

(4) (4)
CT(N) = <mﬁa, mﬁa> (A=0,1)
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Let X € x(E) and X2 XM jts invariant components. We denote by " ", and " )"

the operators of h_ and wv_ covariant invariant derivative acting in this manner:

Definition 4.1 The h_ and v_ invariant covariant derivatives of the components
XO XM gre

S X Ae
(Aa _ o xAe
X = 5507 + LWX (4.9)
N §X e
Xy, = S+ 0 X (A=00) (4.10)

If w is an 1-form field and w(A)a, (A =0,1) are its invariant components then:

Definition 4.2 The h_, wv_ covariant invariant derivatives of the components

w(o)a, w(l)a are

w 8
Wap = s~ Llag e (4.11)
(4) e

Theorem 4.1 The h_, v_ covariant invariant derivatives of XA and w are the
wmvariant components of the h_, v_ covariant derivatives of the components in the

canonical basis of X and w 1i.e.

XWe = x W p e O (4.13)
XWery = x @ (4.14)
w(A)a)ﬁ = w(A)i‘me(Agfe(O)ﬁm (4.15)
w® ) 5= w . | e(Agfe(l)ﬁm (4.16)
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or equivalent:
X(A)fm _ X(A))‘;e("‘gj F8 (4.17)
X (i | = X(A)a) , e(A()lif(lzf (4.18)
W(A)um _ w(A)a)ﬁf(/;)af(OZr? (4.19)
w(A)i | = w(A)a) , f(é)af(%- (4.20)

Now we can formulate the laws of transformation of the d-linear connection at invariant

frames changes.
A A

Proposition 4.1 At invariant frames changes Elﬁ and C’Zﬁ transform like:

A A A 0
(4.21)

A A A 1
5 (4.22)

where we have:
5 A 5 A A B
(A)Oé — o _(A)IB o _ S« AB
0s = Cg 05 C@ 05 —(575

S5a — Ch 550

and 0, 548 are Kronecker symbols.

5 Torsion and curvature tensor fields in invariant frames
The torsion tensor field of the considered d-linear connection is given by:

VX,Y € x(E). (5.1)

T(X,Y) = DxY — DyX — [X,Y],
In the frames R, for the canonical d-linear connection, this tensor fields have some

horizontal and vertical components which all vanish except:

0 0
) ) _ 5
T (55(0)a’ 55(1)6) = K, 5507 Coo T Wi, (5.2)
(01)

1
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Theorem 5.1 The d-tensors defined by 5.2 represent the invariant components of the
d-tensor of torsion of the d-linear connection C'.

The curvature tensor fields of the d-linear connection C' on T'M are given by
RX,Y) = [Dx, Dy | Z — DixyZ, VX,Y,Z e x(TM). (5.3)

In the frames R, for the canonical d-linear connection, the curvature tensor fields vanish
all except:

55 5 , 0
R (5S<1>a’ 5S<1m> 5507~ O bag o (5-4)

whose local expressions are:

0 0
0Cy,  0C%,
o0 o 0 O
e = - — P
Sw fa ™ ss(Da 5B + CZﬁ C;fa Oga C;Oﬁ + Wﬁa C$w (5.5)

(11)

Theorem 5.2 The formula 5.5 represents the invariant components at local changes of
coordinates of the curvature tensor fields of the d-linear connection C.

6 Structure equations in invariant frames

We introduce the invariant covariant differential of the vector field X in the shape:

(4)

J

DX = {dXWe 4 XA ot~ (A=0,1; sum on A) (6.1)
0 58(’4)0‘

In order to obtain the structure equations of the given d-linear connection in invariant
frames, it is necessary to compute the exterior differentials of the 1-forms of connection
and of the 1-forms s,

Theorem 6.1 The exterior differentials of the 1-forms s (A=0,1) depend only on
the non-holonomy coefficients of Vranceanu and are given by:

0 0

1
d(6s07) = 5 o 650 A 5508 4 Wi 550 A §518 (6.2)

(00) (01)

1 1
1
d(6sV7) = w3, 550 A 55 DF 4 5 Wi 55 A g8 (6.3)

(01) (11)
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Using the invariant 1-form of connection

A A
A

a_ ra §5¢(00 a §eM
ws= L3, 08\ + Cg, 0s

we prove:

Theorem 6.2 In the invariant frames R the structure equations of the canonical d-linear
connection are given by the relations:

(Aa (A)B ) ()
d(0s"V) — dsVPA WY = — Q (6.4)
(A) 4 A A
dw) — Wi AWl = — Q%  (A=0,1), (6.5)
(4)
where the 2-forms of torsion Q% are given by:
e 08 p 5o O
0= Kamds ANos‘T Q%= 0 (6.6)
1)
(4)
and the 2-forms of curvature Qo, , are given by:
(4) 1
a = _ a My Ly
Q2 —QSﬂwés Ads (6.7)

7 Einstein equations in invariant frames

The locally Minkowsky model of the GL™ space permits us to consider the normal

invariant frames R i.e.

0 _ (1)

1
a a _eoc

so that the quadratic form o
w = g;;0y'0y’
has the canonical form
w=(w)? = (W)= (@) = (")’ (7.1)

We introduce the tensors of Vranceanu

1 a=p4=1
€ap=4¢ -1 a=F=234 (7.2)
0 n rest
and let €7° so that
€ape’? =07 (7.3)

where 97 is the Kronecker symbol.
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Theorem 7.1 The frames R are pseudo orthogonal and the Vranceanu tensors represent
the invariant components of g;;.

Theorem 7.2 Invariant frames transformations which preserve the canonical form of the
metric G together with the composition of transformations is a group isomorphic with the
multiplicative group of the pseudo orthogonal matriz

( cs 0 ) |
0 Cg‘
If we consider the canonical invariant metrical connection

CI(N) ={Ll, Cls}

in the frames R it is obvious that €,5 satisfy the Matsumoto axioms and the following
relations hold good:

QPﬁLﬁ,y + Eo“‘(,Lg,y =0 (74)

69050;07 + 6049002307 =

The computation of the invariant components of Ricci tensor and scalar curvature
lead us to:

Theorem 7.3 In the frames R, Finstein equations are:
0= HTﬂh; 0= ﬁT%l 0= HTé\:I{Q
(7.5)
S]@W - %6[3,\/5 - KIT,[;/’:{

where in the right hand of the equations we have the invariant components of the energy-
momentum tensor.

Theorem 7.4 The conservation laws with respect to CI'(N) are:
@ 1 @
On TM we consider the invariant normal frames R = {X!, X! }, the duals R* =

(Y Yehy=y 521- and the restriction of the energy £ on TM \ {y = 0}. Let

. 1 ..0&
ll — _ 1] _.
29 ay'

Then ll = gijlj, * = liY;a, la = Xéll
Theorem 7.5 In this conditions

i

I'=y

) 1 ) 1 )
o (xi o (12 )0
G EHLY

then R = (e, €.) are a pseudo orthonormated invariant frames with respect to g;;.

and if

Corollary 7.1 The invariant components of g;; w.r.t R are exactly the Vranceanu
tensors.

Corollary 7.2 In the frames R every d-linear connection is metrical one.
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