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The notion of generalized Lagrange space should be geometrically considered as a generalized
metric space Mn = (M,gij(x, y)). A theory of invariant Finsler spaces was given by M.
Matsumoto and R. Miron with important applications. The notion of non-holonomic space was
introduced by Gh. Vranceanu in [VR]. The Vranceanu type invariant frames and the invariant
geometry of second order Lagrange spaces was studied by the author in [P3]. The purpose of the
present paper is to study the invariant geometry for a generalized Lagrange space endowed with a
Berwald-Moór metric. We introduce distinct non-holonomic frames on the two components of the
Whitney’s decomposition. This will determine a non-holonomic coordinates system on the total
space TM and thus its geometry can be studied with methods analogous to the mobile frame.
We obtain, in this manner, invariant connections, curvatures and torsions, and the fundamental
equations in this theory. Also we can construct the invariant frames so that, with respect to
them, the metric of the total space can be written in canonical form and in this case we deduce
invariant Einstein equations. We mention that the frames introduced here depend on the metric
and all the computations are for this metric.

MSC: 53B40, 53C07

1 General invariant frames

Let M be a 4-dimensional C∞ class manifold, (TM, π,M) its tangent bundle, (xi, yi)
local coordinates on TM , F : TM → R, F = F (y) a locally Minkowsky Finsler function
and the induced fundamental metric tensor

g∗ij =
1

2

∂2F 2

∂yi∂yj
, i, j = 1, 2, 3, 4.

For F (y) = 4
√
y1y2y3y4 Pavlov has studied the "4-pseudo scalar product"

< X, Y, Z, T >= GijklX
iY jZkT l (1.1)

related to the Berwald-Moór metric, where

Gijkl =
1

4!

∂4L
∂yi∂yj∂yk∂yl

, and L = F 4.

Based on the tensor field (1.1) Balan and Brinzei have constructed an energy-dependent
metric space which is a generalized Lagrange space (which is a Euclidean-locally
Minkowsky relativistic model).

The canonical nonlinear connection N on TM , in this case, has the coefficients N i
j = 0

so the adapted basis to the direct decomposition

Tu(TM) = N(u) ⊕ V (u) ∀u ∈ TM, (1.2)
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is, in fact, the canonical one:
{

δ

δxi
,
δ

δyi

}
=

{
∂

∂xi
,
∂

∂yi

}
(i = 1, 2, 3, 4) (1.3)

The invariant frames adapted to the direct decomposition (1.2)

R = (e(0)iα , e(1)iα ),

where i is a component index and α counter index, are defined as follows:

e(0)α : u ∈ TM → e(0)α (u) ⊂ N(u) (1.4)

e(1)α : u ∈ TM → e(1)α (u) ⊂ V (u) (α = 1, 2, 3, 4)

For this frames we have e
(A)
α (u) = e

(A)i
α

δ
δy(A)i |u where, for simplicity, we put y(0)i =

xi, y(1)i = yi. Denote by R∗ = (f
(0)α
i , f

(1)α
i ) the dual frames of R. For R∗, i is the

counter index and α is a component index.
The duality conditions are:

〈 e(A)i
α , f

(B)α
j 〉 = δij δ

A
B (A,B = 0, 1 ) (1.5)

The frames R and R∗ are non-holonomic and thru them we can introduce a non-holonomic
coordinate system (s(0)α,s(1)α) in Vrânceanu sense. In this frames the basis and the cobasis
have the representations:

δ

δxi
= f

(0)α
i

δ

δs(0)α
;
δ

δyi
= f

(1)α
i

δ

δs(1)α
, (1.6)

δxi = e(0)iαδs
(0)α ; δyi = e(1)iαδs

(1)α;

These relations hold:
〈

δ

δs(A)α
, δs(B)β

〉
= δβα δ

B
A , (A,B = 0, 1 ) (1.7)

The Lie brackets introduce us the non-holonomy coefficients of Vranceanu:

[
δ

δs(A)α
,

δ

δs(B)β

]
=

C

W γ
αβ

(AB)

δ

δs(C)γ
(1.8)

(A,B,C = 0, 1; A ≤ B; sum on C) where:

0

W γ
βα

(00)

= f
(0)γ
l

(
δe

(0)l
β

δs(0)α
− δe

(0)l
α

δs(0)β

)
;

1

W γ
βα

(00)

= 0 (1.9)

0

W γ
βα

(01)

= f
(0)γ
l

δe
(0)l
α

δs(1)β
;

1

W γ
βα

(01)

= −f (1)γ
l

δe
(1)l
β

δs(0)α
; (1.10)
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0

W γ
βα

(11)

= 0;

1

W γ
βα

(11)

= f
(1)γ
l

(
δe

(1)l
β

δs(1)α
− δe

(1)l
α

δs(1)β

)
; (1.11)

We observe that

A

W γ
βα

(AA)

are tensors and

0

W γ
βα

(01)

,

1

W γ
βα

(01)

are non-holonomic objects.

The objects

A

W γ
βα

(BC)

are called Vranceanu’s non-holonomy coefficients.

Theorem 1.1 If R are normal frames (e(0)iα = e
(1)i
α = eiα) then R is holonomic if and

only if the entries of the matrix eiα are the gradients of n functions on M .

The frame R is holonomic if and only if there exists a set of n functions ϕ defined on M
for which we have

fαi =
∂ϕα

∂xi

if and only if the 1-form ds(0)α = fαi dx
i is exact.

Observation 1.1 R are holonomic if and only if the Lie brackets are vertical i.e. N is
integrable, condition which is independent of the framesR.

Generally we have:

Theorem 1.2 The frames R are holonomic if and only if :

0

W γ
βα

(00)

=

0

W γ
βα

(01)

=

0

W γ
βα

(11)

= 0

2 The representation of geometric objects in the frames R

Let X ∈ χ(E) be a vector field. Then for X we have the local representation:

X = X(0)i δ

δxi
+X(1)i δ

δyi
(2.1)

and the representation:

X = X(0)α δ

δs(0)α
+X(1)α δ

δs(1)α
(2.2)

in invariant frames. The relations between the components in the local basis and the
non-holonomic components of the vector field X are:

X(A)i = e(A)i
α X(A)α or X(A)α = f

(A)α
i X(A)i (A = 0, 1). (2.3)

Proposition 2.1 The non-holonomic components of the h−, v− projections of the vector
field X are invariant at local changes of coordinates.
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We can easy see that from:

X̄(A)α = f̄
(A)α

i X̄
(A)i = f

(A)α
k

∂x̄k

∂xi
X(A)l∂x

i

∂x̄l
= f

(A)α
k δ

k
l X

(A)l = X(A)α

Let ω ∈ χ∗ be a field of 1-forms. Then:

ω = ω
(0)
iδx

i + ω
(1)
iδy

i = ω(0)
αδs

(0)α + ω(1)
αδs

(1)α (2.4)

Proposition 2.2 The non-holonomic components ω
(A)
α of the projections of ω(A) are

invariant at local changes of coordinates.

We can use the same way to define the non-holonomic components of a tensor field and
to prove that there are invariant at local changes of coordinates. Due to the fact that
the geometric objects studied above have, in the frames R, invariant components at local
changes of coordinates we call this frames invariant frames.

3 d-linear connections in invariant frames

Since F is locally Minkowsky the coefficients of the canonical linear d-connection
CΓ(N) are:

Lijk = 0; Ci
jk =

1

2
gih
(
∂gjh
∂yk

+
∂gkh
∂yj

− ∂gjk
∂yh

)
(3.1)

Proposition 3.1 In the invariant frames R the essential components of the canonical
d-linear connection CΓ(N) are four and are given by:

A

Lγβα = f (A)γ
m

δe
(A)m

β

δs(0)α
(A = 0, 1) (3.2)

A

Cγ
βα = f (A)γ

m

(
δe

(A)m
β

δs(1)α
+ e(1)iαe

(A)j
βC

m
ij

)
(A = 0, 1)

i.e.

CΓ(N) =

(
1

2

0

W γ
βα

(00)

, −1

2

1

W γ
βα

(01)

,

0

Cγ
βα
,

1

Cγ
βα

)
(3.3)

In the case of the normal invariant frames the canonical linear d-connection has only two
distinct coefficients:

C∗Γ(N) =
(
Lγβα, C

γ
βα

)
=

(
1

2

0

W γ
βα

(00)

,
1

2

1

W γ
βα

(11)

+ fγme
i
βe
j
αC

m
ij

)
(3.4)

Denoting by " |"and "|"the covariant derivatives with respect to CΓ(N) we have:
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Proposition 3.2 The movement equations of the frames R and R∗ are:

e
(A)i

α|m =
A

Lγβα e
(A)i

γf
(0)β

m ; e(A)i
α |m=

A

Cγ
βα e

(A)i
γf

(1)β
m (3.5)

f
(A)γ

i|m = −
A

Lγβα f
(A)α

i f
(0)β

m ; f
(A)α

i |= −
A

Cγ
βα f

(A)α
i f

(1)β
m (A = 0, 1) (3.6)

Proposition 3.3 If we have the canonical d-linear connection CΓ(N) and the invariant
frames R then the coefficients of CΓ(N) can be expressed in the shape:

A

Lγβα =
δe

(A)m
β

δxi
e(0)iαf

(A)γ
m ; (3.7)

or

A

Lγβα = −e(0)iα
δf

(A)γ
i

δxj
e
(A)j
β ;

or:

A

Lγβα = e
(A)k
β|ie

(0)i
αf

(A)γ
k = −f (A)γ

k|ie
(A)k
β e

(0)i
α

A

Cγ
βα

=

(
δe

(A)m
β

δyi
+ e

(A)j
β Cm

ij

)
e(1)iαf

(A)γ
m ; (3.8)

or:

A

Cγ
βα

= e(0)iα

(
−δf

(A)γ
i

δyj
+ Cm

ij
f (A)γ

m

)
e
(A)j
β ;

or:

A

Cγ
βα

= e
(A)k
β |ie(0)iαf

(A)γ
k = −f (A)γ

k |ie(a)kβ e(0)iα

4 Covariant invariant derivatives

Consider the d-linear connection whose coefficients in the frames R are

CΓ(N) =

( (A)

Lγβα ,

(A)

Cγ
βα

)
(A = 0, 1)
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Let X ∈ χ(E) and X(0)α, X(1)α its invariant components. We denote by " )", and " ) " ,

the operators of h− and v− covariant invariant derivative acting in this manner:

Definition 4.1 The h− and v− invariant covariant derivatives of the components
X(0), X(1) are

X
(A)α

)β =
δX(A)α

δs(0)β
+

A

Lαϕβ X
(A)ϕ (4.9)

X(A)α
) β

=
δX(A)α

δs(1)β
+

A

Cα
ϕβ
X(A)ϕ ; (A = 0, 1) (4.10)

If ω is an 1-form field and ω(A)
α, (A = 0, 1) are its invariant components then:

Definition 4.2 The h−, v− covariant invariant derivatives of the components
ω

(0)
α, ω

(1)
α are

ω
(A)
α)β =

δω
(A)

α

δs(0)β
−

A

Lϕαβ ω
(A)

ϕ (4.11)

ω(A)
α ) β

=
δω

(A)
α

δs(1)β
−

A

Cϕ
αβ
ω(A)

ϕ ; (A = 0, 1) (4.12)

Theorem 4.1 The h−, v− covariant invariant derivatives of X(A)α and ω
(A)
α are the

invariant components of the h−, v− covariant derivatives of the components in the
canonical basis of X and ω i.e.

X
(A)α

)β = X
(A)i

|mf
(A)α
i e

(0)m
β (4.13)

X(A)α
) β

= X(A)i | m f
(A)α
i e

(1)m
β (4.14)

ω
(A)

α)β = ω
(A)

i|me
(A)i
α e

(0)m
β (4.15)

ω(A)
α ) β

= ω
(A)

i | m e(A)i
α e

(1)m
β (4.16)
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or equivalent:

X
(A)i

|m = X
(A)α

)βe
(A)i
α f

(0)β
m (4.17)

X(A)i | m = X(A)α
) β

e(A)i
α f

(1)β
m (4.18)

ω
(A)

i|m = ω
(A)

α)βf
(A)α
i f (0)β

m (4.19)

ω
(A)

i | m = ω(A)
α ) β

f
(A)α
i f (1)β

m . (4.20)

Now we can formulate the laws of transformation of the d-linear connection at invariant
frames changes.

Proposition 4.1 At invariant frames changes
A

L̄γαβ and
A

C̄γ
αβ

transform like:

A

L̄γαβ =

A

C̄γ
ψ

A

Cψ
β)η

0

Cη
α

(4.21)

A

C̄γ
αβ

=

A

C̄γ
ψ

A

Cψ
β

)η

1

Cη
α

(4.22)

where we have:

δ

δs̄(A)α
=

A

Cβ
α

δ

δs(A)β
δs(A)α =

A

C̄α
β
δs̄(A)β

A

C̄α
β

B

Cβ
γ

= δαγ δ
AB

and δαγ , δ
AB are Kronecker symbols.

5 Torsion and curvature tensor fields in invariant frames

The torsion tensor field of the considered d-linear connection is given by:

T (X, Y ) = DXY − DYX − [X, Y ], ∀X, Y ∈ χ(E). (5.1)

In the frames R, for the canonical d-linear connection, this tensor fields have some
horizontal and vertical components which all vanish except:

hT
(

δ

δs(0)α
,

δ

δs(1)β

)
= K̄γ

βα

(1)

δ

δs(0)γ
=

0

Cγ
βα

+

0

W γ
βα

(01)

(5.2)
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Theorem 5.1 The d-tensors defined by 5.2 represent the invariant components of the
d-tensor of torsion of the d-linear connection C.

The curvature tensor fields of the d-linear connection C on TM are given by

ℜ(X, Y ) = [ DX , DY ] Z − D[X,Y ]Z, ∀X, Y, Z ∈ χ(TM). (5.3)

In the frames R, for the canonical d-linear connection, the curvature tensor fields vanish
all except:

ℜ
(

δ

δs(1)α
,

δ

δs(1)β

)
δ

δs(0)γ
= S ϕ

γ βα

δ

δs(0)ϕ
(5.4)

whose local expressions are:

S ϕ
γ βα =

δ

0

Cϕ
γβ

δs(1)α
−

δ

0

Cϕ
γα

δs(1)β
+

0

Cη
γβ

0

Cϕ
ηα

−
0

Cη
γα

0

Cϕ
ηβ

+

1

W ψ
βα

(11)

(0)

Cϕ
γψ

(5.5)

Theorem 5.2 The formula 5.5 represents the invariant components at local changes of
coordinates of the curvature tensor fields of the d-linear connection C.

6 Structure equations in invariant frames

We introduce the invariant covariant differential of the vector field X in the shape:

DX =

{
dX(A)α +X(A)γ

(A)

ωαγ

}
δ

δs(A)α
(A = 0, 1; sum on A) (6.1)

In order to obtain the structure equations of the given d-linear connection in invariant
frames, it is necessary to compute the exterior differentials of the 1-forms of connection
and of the 1-forms δs(A)α.

Theorem 6.1 The exterior differentials of the 1-forms δs(A)α (A=0,1) depend only on
the non-holonomy coefficients of Vranceanu and are given by:

d(δs(0)γ) =
1

2

0

W γ
βα

(00)

δs(0)α ∧ δs(0)β +

0

W γ
βα

(01)

δs(0)α ∧ δs(1)β (6.2)

d(δs(1)γ) =

1

W γ
βα

(01)

δs(0)α ∧ δs(1)β +
1

2

1

W γ
βα

(11)

δs(1)α ∧ δs(1)β (6.3)



Гиперкомплексные числа в геометрии и физике, 2 (4), 2005 131

Using the invariant 1-form of connection

A

ωαβ=

A

Lαβγ δs
(0)γ +

A

Cα
βγ
δs(1)γ

we prove:

Theorem 6.2 In the invariant frames R the structure equations of the canonical d-linear
connection are given by the relations:

d(δs(A)α) − δs(A)β∧
(A)

ωαβ = −
(A)

Ωα (6.4)

d(
(A)

ωαβ) −
(A)

ωγβ ∧
(A)

ωαγ = −
(A)

Ωα
β (A = 0, 1), (6.5)

where the 2-forms of torsion
(A)

Ωα are given by:

(0)

Ωα= Kα
βγ

(1)

δs(0)β ∧ δs(1)γ ;
(1)

Ωα= 0 (6.6)

and the 2-forms of curvature
(A)

Ωα
β
, are given by:

(A)

Ωα
β

=
1

2
S α
β ϕψ

δs(1)ϕ ∧ δs(1)ψ (6.7)

7 Einstein equations in invariant frames

The locally Minkowsky model of the GL(4) space permits us to consider the normal
invariant frames R̄ i.e.

e(0)iα = e(1)iα = eiα

so that the quadratic form
ω = gijδy

iδyj

has the canonical form

ω = (ω1)2 − (ω2)2 − (ω3)2 − (ω4)2 (7.1)

We introduce the tensors of Vranceanu

ǫαβ =





1 α = β = 1

−1 α = β = 2, 3, 4

0 in rest

(7.2)

and let ǫγβ so that

ǫαβǫ
γβ = δγα (7.3)

where δγα is the Kronecker symbol.
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Theorem 7.1 The frames R̄ are pseudo orthogonal and the Vrânceanu tensors represent
the invariant components of gij.

Theorem 7.2 Invariant frames transformations which preserve the canonical form of the
metric G together with the composition of transformations is a group isomorphic with the
multiplicative group of the pseudo orthogonal matrix

(
Cα
β 0

0 Cα
β

)
.

If we consider the canonical invariant metrical connection

C̄Γ(N) =
{
Lγαβ , C

γ
αβ

}

in the frames R̄ it is obvious that ǫαβ satisfy the Matsumoto axioms and the following
relations hold good:

ǫϕβL
ϕ
αγ + ǫαϕL

ϕ
βγ = 0 (7.4)

ǫϕβC
ϕ
αγ + ǫαϕC

ϕ
βγ = 0

The computation of the invariant components of Ricci tensor and scalar curvature
lead us to:

Theorem 7.3 In the frames R̄, Einstein equations are:

0 = κTHβγ 0 = κTM1
βγ 0 = κTM2

βγ

Sβγ − 1
2
ǫβγS = κT Vβγ

(7.5)

where in the right hand of the equations we have the invariant components of the energy-
momentum tensor.

Theorem 7.4 The conservation laws with respect to C̄Γ(N) are:
(
Sαβ −

1

2
Sδαβ

)
)α = 0 (7.6)

On TM we consider the invariant normal frames R = {X i
α, X

i
α }, the duals R∗ =

{Y α
i , Y

α
i }, y = yi δ

δyi
and the restriction of the energy E on TM \ {y = 0}. Let

li =
1

2
gij

∂E
∂yi

.

Then li = gijl
j , lα = liY α

i , lα = X i
αli.

Theorem 7.5 In this conditions
li = yi

and if

eiα =
1

E

(
X i
α −

(
1 − 1

E

)
lilα

)

then R = (eiα, e
i
α) are a pseudo orthonormated invariant frames with respect to gij.

Corollary 7.1 The invariant components of gij w.r.t R are exactly the Vranceanu
tensors.

Corollary 7.2 In the frames R every d-linear connection is metrical one.
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